CAHIERS DE
TOPOLOGIE ET GEOMETRIE DIFFERENTIELLE
CATEGORIQUES

BOHUMIL CENKL
On the higher order connections

Cahiers de topologie et géométrie différentielle catégoriques, tome
9,n°1(1967), p. 11-32

<http://www.numdam.org/item?id=CTGDC_1967__9_1_11_0>

© Andrée C. Ehresmann et les auteurs, 1967, tous droits réservés.

L’acces aux archives de la revue « Cahiers de topologie et géométrie
différentielle catégoriques » implique I’accord avec les conditions
générales d’utilisation (http://www.numdam.org/conditions). Toute
utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier
doit contenir la présente mention de copyright.

NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CTGDC_1967__9_1_11_0
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

CAHIERS DE TOPOLOGIE IX
ET GEOMETRIE DIFFERENTIELLE

ON THE HIGHER ORDER CONNECTIONS
by Bobumil CENKL

The non-holonomic cunnection of order r on a principal fibre bundle
H which is geometrically defined in this paper is considered in relation to
that one studied in [ 5] . A given connection gives rise to 7~ 1 tensor
forms on the considered principal bundle H. Some characterisation of these

forms is given.
After this paper has been finished, there appeared quite a few pa-

pers on differential geometry of higher order and particulatly on the higher
order connections. For example, the papers of C. Ehresmann, E.A. Feldman,
P. Libermann, Ngo-Van-Que and others. Then some of the results, or simi-

lar theorems, have been proved by other mathematicians in the mean time.

1. Non-holonomic jets.

Let % be the set of the C*-mappings (s2 1) [ of R into the C*-
manifold V, such that f(0) = x for some fixed x € V. Two such mappings
f. g €M are said to be equivalent if f(0)=g(0) and if the partial deriva-
tives of the first order of the functions which give the mappings f, g in some
local coordinates in the neighborhood of x on V are equal at the point 0. We
shall denote by T, (V) the set of all so defined equivalence classes from
. This vector space is called the tangent (vector) space to V at x and
T(V)= xL¢JV Tx(V) the tangent bundle of the manifold V.

Let p: W+ V be a projection of a manifold W onto a manifold V.
(Throughout this paper will be considered only C*.manifolds for s suffi-
ciently large). If Hom(Tx(V), Ty(W)) denotes the set of homomorphisms

of vector spaces, we shall consider the sets

bom(T (V). T, (W))={XeHom(T(V), T (W)| p oh=id}

and

Part of this work was done during th e author's stay at the Tata Institute of Fundamental Re-
search, Bombay.
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2 B. CENKL

bom(T(V), T(W)= U bom(T (V), T (W)).
py=xeV y
If we consider the product V X W of any manifolds V and W with the

canonical projections T,: VX WV, T, :V XW-W, we shall take

hom(T(V), T(VXW)) =]k
We have well defined projections
a:J sV, Bt J eV XW, B=T,0B,:] W,
Analogously can be defined by induction j:"" bom(T(V), T(;"l)) r>0,
]" Let us denote V >< W=j°= ] For each r> 0 there are the pro-
jections a : ]'-oV B,: ]'-»]"1 B=T 0,810,820 .0 f3,.
DEFINITION 1.1. The elements of the manifold ] "= bom(T(V), T(] ™))

are called the non- bholonomic jets of order r of the manifold V into W.

We shall denote by J'(V,W) or briefly J7 the manifold of the non-
holonomic r-jets of V into W. For X €]JT(V,W),x =a(X) is called
the source and y = 3( X ) the target of the jet X. The set of non-holono-
mic r-jets of |7 with source x (resp. target y, resp. with source x and
target y) is denoted by J | (resp. ] ,,, resp. 1% WE
DEFINITION 1.2. The elements of the manifold

TUV.W)=T ={ X €bom(T(V), T(]™ )| B,X=(B,,) 0X},
/0172:2,'T'=]': r':O;I-
are called the semi-bholonomic jets of order r of the manifold V into W.

It is not difficult to prove that there exists a local mapping @ of
the manifold ]' into the vector bundle 2 T(W)@(@T*(V)) which is in-
jective. A map of an element from ] is caIIed its tensorial representation.

Let us denote by O'(T’;(V)) the r-tuple symmetric product of T’:(V).

It is clear that

EiTy(W)@’O (T*(V))C ET (W)®(®T* (V).
o=

The injection (@ depends on the coordinates chosen in the respective neigh-

borhoods. But if for some X 67', A(x) e 'ZTy(W)®Os(T’;(V)), then the
s=1
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ON THE HIGHER ORDER CONNECTIONS 3

fact that @(X) belongs to the manifold
zT (W)BOS(T*(V))

s=1
is independent of the coordinate systems. Or briefly, the symmetry of the
tensorial representation of an element X € J’ does not depend on the coor-

dinate system.
DEFINITION. The elements of

JT={XeT|@(X)€ élr(wmos(r*(v»}

are called the holonomic jets of order r of the manifold V into W.

It is not difficult to see that each element from ' can be given by
some local mapping f of V into W. The element from ];,y’ if f is defined
in the neighborhood of a point x € V and f(x) =y € W, which is given by
f.is denoted by 7. f. An element X 6;' is said to be regular if the corres~

ponding linear mapping
'T2(,32(,33(...(,8r(X)...) € Hom (T, (V), Ty(W)),x =a(X),y=p8(X)

is of the maximal rank. It is not difficult to show that there exists a ten-

sorial representation (a local mapping) of the manifold " into the space

r S

ST(W)®( ® T*(V,; )

s=1 a=1 a
1§i1<...<ia§r

Via. being different copies of the manifold V. The composition of non-
holonomic jets is defined analogously to that one defmed in[3]. Let
V,N,W be three manifolds. LetXE] V. N), Y€] (N W).An ele-
ment Y X e]’ (V W) is called composztton of X and Y and is defined
as follows : let us denote X' = ,B (X), Y' ,B'(Y). There exists a neigh-
borhood of the point x in V and a mapping [ of this neighborhood into
some neighborhood of X' in ;"1( V., N ) such that ao f is the identity onV
and /' = X. Analogously there exists a mapping g of a ne1ghborhood of a
point z in N into some neighborhood of a point Y’ in ]"X(N W) such

that a og is the identity on N and =Y. It is easy to see that the compo~
y 84 y p

sition Y X is trivially defined for r = I asthe composition of the linear
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4 B. CENKL

mappings. Let us assume that the composition is well defined for jets of
order r-]1. Then there exists the composition g o/ which is a mapping
defined on the neighborhood of the point x on V into some neighborhood of
a point Y'X' such that a0 gof is the identity on V. Let us define YX =
(gof), . It isclear that YX ef'(V. W). The composition of semi-holo-
nomic jets is a semi-holonomic jet and the composition of holonomic jets
is a holonomic jet. Let n be the dimension of the manifold V. The regular
non-holonomic r- ]etse] (R” V) are called non- bolonomic r- /rames at
a point x eV and we shall denote their set by H (V) and further H'(V) =

= U H (V) L' m denotes the set of non-holonomxc n'-velocities of
(R”, R™). The

regular jets of order r of ]; o(R”, R™) form the group Ln, so called non-

x
the mamfold R™ at the pomt O, i.e. the elements of ]o'o
holonomic prolongation of order r of the linear group L = GL(n, R). Let

us denote further

T (V)= ];’(R”. V) and T;*(V) = ]',O(V, R™).
We shall take similar notations for semi-holonomic and holonomic jets. It
follows easily from the definition, that the manifold J'(V,W), where

dimV =n, dimW=m, has three natural structures of fibre bundle [ 2],
namely
]~'{ V X W,E;‘M,L; X LY, H(V)XH"(W;],
J L v, T;(W),L;,H'(V)] ,JTLw, T:n*(W),L:",H'(W)] .

The groupoid ﬁ'( V )contained in ]~’(V V)isa groupoid acting on ;'(V w).
The class of intransitivity of the element z 6] (V,W) with respect to
H'(V) is the set of all the elements z0¢ ]'(V W), ® GH'(V) To the
class of 1ntrans1t1v1ty of z 6] (V, W) with respect to H'(V) there corres-
ponds in T;(V) the class YL;, =2zh, h €eH'(V). The class YL; is
called the non-holonomic element of contact associated to Y or z. We speak
also about a non-holonomic n”- element of contact of W at the point,@(z)’—' y.
A non-holonomic element of contact X of W at y is said to be regularif
all the non-holonomic n"-velocities in the class X are regular, i.e. the

corresponding n ! -velocities are regular I - jets of dimension n.

1%



ON THE HIGHER ORDER CONNECTIONS b]

REMARK. Let V and W be two differentiable manifolds and let X be a
non-holonomic r-jet of V into W, a(X)=x, B(X)=y. Theelement X
nges rise to a unique linear mapping X of the vector space T «(V)into

T'(W) and a unique linear mapping X* of T' (W) into T' (V), where

" (V)-] (V.R),T"(V)=(T" (V))*

PROPOSITION 1.1. Let H(B, G) be a principal fibre bundle. The set

DI=UX €] (B.H)| 9, X =iy, ]
has a structure of a fibre bundle with the base B and the fibre

r oot _1r
G X Gn’Gn=]o,e(Rﬂ’G)'

On the fibre G X G acts the r-th prolongation of the operation L X G
on R® X G.
PROOF. We shall identify first D"(R”,R" X G) with R" X G X G|. Let
X €eD'"(R®,R" X G), a(X)=x, B(X)=(x, a). Let us denote by

T,: R"XG=+R", T,:R"XG+G
the canonical projections. The isomorphism D"(R”,R” X G) & R" X GX G},
is given by the identification X «— (x, a, T, (i::,atx.a)x(fro t;l)), where

t,: R™ » R", t(y)=x-~y

The operation of the pseudogroup \/ of operations on R" X G is
givenby the formula U :(x,a)+(Y(x), ga), Y=({,g) €Y, (x,a)e€
€R" X G. Let us consider the prolongation \/l:’ of this pseudogroup on
R” X G X GI.

The ptolongatxon of the atlas @ X { of R* X R” X G onto B X H
on the atlas (ix H oof D'(R™, R® X G) onto D"(B,H) is given for the
above chosen X € D"(R",R" X G) and (g,bh) €@ x X by the formula

;-1 =1y ar -t
(g.b): X"”x ab)(lo e x a)(7x a x a)X(7 t )(7xtx)(lg(x)g ).
This prolonged atlas is compatible with the operation of the pseudogroup 5[;;
on D'(R"”,R" X G).

X €D"(R", R*X G), T=(.g) €, X (il )Xl b7,

The operation of the group G X L; on the fibre G X G; is given in a natu-
ral way :(g,s)(a,w)=(ga,ws™), (g,s)€GXL,(a, w)€GXG].

15



6 B. CENKL

The operation of Y/, X G X L7 on R"” X G X G} is in fact the operation of
the pseudogroup 7. Ths prolongation of the operation R, g €G on H is
the right translation on J"( B, H) given by the elements of G. Then D'/
as a quotient has a structure of fibre bundle with the base B, fibre G and
structural group L! (s €L}, w€G,, s:w=+ ws™!).Let us now consider
some global section o " of the fibre bundle D'/G over B. We shall con-
sider the restriction D’ of the tangent bundle T(;'(B, H)) on D'(B,H).
The section o7 ¢an be looked at as a section of D"(B, H) over H which
is invariant under the transformations of G. The restriction of D' to that
section 0" is a manifold D" and because 9’ x G+ D’ is a natural map-
ping we have the vector bundle Q7 = D’ /G with the base B. Analogously
let us consider the sub-bundle F(;'(B, H)) of T(]-'(B, H)) of vertical
tangent vectors on f'(B, H). If we consider the restriction ?' of F onto
D'(B,H) and the restriction F" of F’ on the section o': B+ D7, we
have a well defined vector-bundle R" = F"/G over B. Then holds the fol-
lowing
THEOREM 1.1. Let H be a principal fibre bundle with the base B, struc-
tural group G. Let 0" be a global section of the fibre bundle D"/G over
B. Then there exists a canonical exact sequence @(H, o’)
0+R"+Q"+T(B)-0
of vector bundles over B.

It is immediately clear, that the splittings of the exact sequence

A(H,o0") are in 1-1 correspondence with the global sections ort? of
D"*1/G over B. Let us take B as a section of the respective fibre bundle
over B for r=0. @(H,o°) is the well known Atiyah's sequence [ 1] .
We shall use later the following.
PROPOSITION 1.2. Let V, W, B be three differentiable manifolds. Let a be
a mapping of V into B, .,B— a mapping of VX W into B so that ;(x) =
=B(x, y) ¥ (x,y) eVXW. If Xe]'(B, V), YeJ(B,W), a(X)=
=a(Y)=u, B(X)=x, B(Y)=y, then (jLa)X =(jl, B)(X.,Y).

PROOF. Let 7, be the canonical projection of the product V X Wonto V. Then

16



ON THE HIGHER ORDER CONNECTIONS
j('x'y)7’1(X,Y)=X

and

.y ~.r _.r - T )

Tery) @1 0,y T = T 0x,9) @ T1 =T (x5 B
so that

iyaX=j. aj(;.y) T(X,Y)= j(;'y)ﬁ(x. Y),

as was to be shown.

2. The non-holonomic connections of order r.

Let E(B,F,G,H) be a fibre bundle with the structural group G,
basis B, dim B = n, standard fibre F and projection p. Let H(B, G) be
the associated principal bundle to E. Basis B is a differentiable manifold
of the d1mens1on n. A vector T, of a non-holonomic tangent vector space

of order r, T' (H ) is said to be vertical if p Ty is a zero vector of p(z)(B)°

DEFINITION 2.1. We say that a non-holonomic connection of order r on
a prznczpal bundle H is given if :

1) to each z € H there is a vector space }(' (subspace of T' (H)),
assigned so that this assignement is C®

2) The field of spaces .f(' is invariant under the right translation
on H, i.e. }( e = Re *}( g€G, Rz =zg.

3) Tbere exzsts just one element z,=2 e]'(B H), a(Z)=
=p(z), B(Z)==z,pZ = 7p(z)‘ where 7p(z) is the r-jet of the identical
mapping of ~B onto itself with source p(z), such that }(' =Z T; (z)(B ).
The space }(; is called the bhorizontal space at the point z € H.

THEOREM 2.1. Let H be a principal bundle. The set of non-holonomic
connections of order r on H is in 1-1 correspondence with the fields of
regular non-holonomic elements of contact on H such that :

1°)X ,being the regular n'-element of contact at z €H, (jp)X,
(i.e. the set (jop)Y, LT, Y, L" =X, ) is a regular n'- element of contact

of B at p(z).
2°)ng =(7';Rg)Xz.

17



8 B. CENKL

An element of such a field is called a horizontal n"- element of contact at

a point z of the manifold H.

PROOF. We shall prove presently that the field of horizontal non-holonomic
n'"- elements of contact gives rise to the non-holonomic connection of order
ron H.Let Y, bea representanve of the class X,. Anr-jet Y _ defines
just one linear mappmg Y x of T'(R ) into T'(H) It is clear that the
space ]{ 2% T'(R") is independent of the choice of Y, in the class
X,. X, is namely the set of the elements Y, s, s €L' and L' is the
group of transformations on T'(R") The mappmg Y is clearly c®. On
the basis of 2° follows that }( = Rg*}(z, g €G. We havti (j;p)Yz €
6] "(R",B), a{(; p)Y,}=0. Let b be an element of H'(B), then
g=h 1(]zp)Y eL’ We show that Z =Y g'lh ! has the property 3
from the definition of connection. If we consider an element st, s € L;
instead of Y , then Y ss"'g'lb'1 =Y g"'b"' and it is easy to see that
Z, depends only on the non-holonomic 7 "-element of contact X,. If we
take namely instead of b any other isomorphism % = ha, a € L'.of T'(R )
b (z)(B) we have Y {a™b7(jlp)Y } et =y g'lb 1. And
further (j7p)Z, =hb™ (i p)Z, = b7 (jlp)Y g7 h ‘—zp,z,

And now let us suppose on the contrary that there is given a non-

onto T

holonomic connection of order r on H. Let h €H"(B),y(h)=p(z),
z € H,y being a projectionof the fibre bundle H" onto B, then Z,h ef'(R",H).
Let us define an equivalence relation Zzh ~Z,bs, s € L;. A class defi-
ned by Z, (the connection is given) is a non-holonomic regular n'-element
of contact of H at the point z. The property 1 is satisfied on the basis of
(j;p)Zzb =j;(z)b =h. By the definition there is ﬁz z *T(z)(B).
K.=2, *T'(,g,(B) *T',z,(B)— *H'-R *Z % T (B,

ie. Z )Z . And th1s finishes the proof of the theorem

g = (1zR
Let ® be the groupoid assocxated to the principal bundle H, i.e,
®= HH™. If we denote by B the units of ®, there are two projections
a,b of ®onto B. a is a right unit of @€ ®and 60O is a left unit of
© € d. We have now a mapping 9: H X H- HH™! so that @(h, b’ )=h'h"1,

The targets of the elements of the diagonal A of H X H by the mapping ¢ ,

418



ON THE HIGHER ORDER CONNECTIONS 9

¢(h,h)=hbh"t,belong to B. bb~lis atarget of all elements (bg, hg) € A
g €G. We can in a natural way identify A and H. We can also to each
Z=hb"' €B associate a point x = p(h) € B and on the contrary. Let &
be the projection of ® onto B defined as follows :
a: (b Yy a(b'ht)=bb"tsp(h).

In the same way can be defined a projection b:®sB. Let X €Jj’(B,®),
a(X)=x, B(X)==x, 4(X)= j.;, (;; is an r-jet of the retraction of B
to the point x € B this notation is used throughout this paper), b(X) =

Let Q' be a set of all these r- )ets Q' is a fibre bundle with basis B [5]

There exists a cross-section of Q' over B.

THEOREM 22.[5]. The cross-sections iné' are in 1-1 correspondence with
the non-holonomic connections of order r on the principal bundle H. An ele-
ment X of this cross-section over a point x € B is said to be an element
of the non-bholonomic connection of order r (or an element of the connec -

tion at x).

PROOF Let be given a connection on H and let Z, be the element of
]'(B H) mentioned in 3. Let k& be a mapping of the nelgththood of x =
=p(z) in B into the point z € H. Then (]xk,Zz) e]'(B H xH). Let
W= (j;k) e Z , where @ is the non-holonomic prolongation of order r of
the composition rule ¢: H XH + HH™. By the definition [3] we have
(]xk)oZ —(](z z)cp)(y k,Z,). Obviously
Wel'(B,®),a(W)= a(jrkeZ,)=x,B(W)=B(jf, ,¢)=%.
d(W) is anabreviated notation for (j%d)W = (j;z'z)ﬁ o ®)(jLk,Z,). Be-
cause of (do 9)(h,bh')=p(h),(h,h') €H X H,we have on the basis
of proposition 1.2 the following :
(W) =(jig pydo®) (iLh,Z,)=(i"p)  (iTk)=

Analogously we get the relation

b(W)—(J(, z,bo<P)(1'k Z,)=(ip)Z,

19



10 B. CENKL

We have to show now that W is independent on the choice of a point z on
the fibre H _ over x. Because by the definition Zzg = (j;Rg)Zz, we have
(i;(Rgok)) OZzg = {(]';Rg)(i;k)} o{(i;Rg)Zz} =
= (T(zg,2g) P IZRI(iLR). (3R )Z, ) =
= (i;zg‘zg)CP)(i;Rg) {itk.Z,}= (i;z.z)cP){i;k. zi=w,

realizing 9o Rg = Q.

Let now on the contrary X € J"(B,®) be an element of a cross-
section in Q' over B;then a(X)=1x, 8(X)=x. Consider the mapping
Y:®xH+H, y(6,z)=0z. The groupoid acts thus on H. Let &
be a mapping of the neighborhood of a point x on B into the point z € H.
The prolongation of the composition rule  gives rise to the composition
Xez=Xe(jlk)= (j(f; z)\/; )X,j7k)€]J"(B,H). On the basis of the
relation p(Y (0,2)) = l:(@) and by the proposition 1.2 we get

(7z0) (X 02)=(Go0)(igg )W X, i3k) = (jfy b o N X, jik) =
=(jzb)X =4".

A non-holonomic n"-element of contact belonging to X @z is then regu-
lar. We have further

X 0zg = (i;‘;’zg)‘ﬁ )(X.(i;Rg)(i;k)) = (f;Rg)(i;?,z)‘rl’ WX, k)=

= (]';Rg)(X ez),
because Y (6, zg) = Rg {Y (8, z)}. The theorem is then proved.
Let W be any m - dimensional manifold and let Z €J"(W, H ).

DEFINITION 2.2. A bhorizontal projection of Z with respect to an element
X of the non-bholonomic connection of order r on H at a point p(z) is a
non-holonomic r-jet X™1Z =(X'pzZ)eZ, where ® is a non-holonomic
prolongation of order r of the composition rule J: ® X H>H; X » X! is
a prolongation of mapping 6+ 6t defined on ®.

Obviously X1z ef'(W, H). A horizontal projection is called by
C. Ehresmann [5] an absolute differential. It can be shown that the fol-

lowing proposition holds.

20



ON THE HIGHER ORDER CONNECTIONS 11

PROPOSITION2.1.[5].An element X™*Z belongs to J"(W,H ), H, being
the fibre of H over x € B.

PROOF. We have by the definition
(750)X2Z = (ftg oW N XNiLp)Z,Z) = (56)X7Y(Lp2Z).
Let %k be the mapping of the neighborhood of the point a(Z ) on W into the
point x € B. On the basis of the relation (jLé;)X"z j‘;. x=p(z),we
have 4X = ;7 and then (] p)Xz = H(iP)Z = o)k
Let W, €H'(H), B(W,) =z, then (X'W_)W ™ = X717 X being
an element of connection at the point x =p(z). Wz1 is well defined
because W, is a regular element. Using the composition rule of non-holo~
nomic r- jets, we have Wsz'l = j7 . Now we have
(XTWIWE= (ifg, ) )XTHGLRIW, W)Wt =
= g, JOXTA G0 IW W7 W) =
= (igg, ) HXTHiL)i%.i0) = XL,
Let j’re be an r-jet of the injective mapping of the fibre H, into

H, with source z € H_. Let us consider now
X jore) = (fgg, o0 NXTHiLp)(fhre), jlre) =
= (igg, ¥ HX 7 i dgre).
If x is a fixed point, then the mapping 1 (¥, z) = z is the projection
(x) X H, - H, and by the proposition 1.2 we have X 1(] re) =i’
We have now a linear mapping P, of T'(H) into T'(H ) defi-
. . -1.r _ -1
ned by the non—hologomlc r-jet 3( jp=P, w= { (72 )Pz}* is then a
linear mapping of T} (H) into T7(G).
Let cpg be an inner endomorphism of G associated with g €G,
. . .r r ;
Ad(g) the linear mapping (7, P )* of T(G) onto itself and by
T"(v)=U T10(V)
xeV
the non-holonomic tangent bundle of order r over V. A cross-section in

';"(V) over V is called a non-holonomic vector field of order r. It is

easy to see that the set of non-holonomic r-jets of V into T®(V) with

R1



12 B. CENKL

source x, denoted by S;'s( V), is a vector space.

REMARK. Let Lg be a left translation defined on G by the element g € G.
The structural group G is a right transformation group on H which is sim-
ply transitive on each fibre H, = p~Y(x). We shall now define, analogously
as it is for an infinitesimal connection of the 1% order, a non-holonomlc fun-
damental vector field of order r on H associated to a vector Y=eY eT:,( G)
(e is a unit of G). Let =(jL ) .Y Let b be a homomorphism of
G onto H_ so that bxe =z. Consnder the element Y = (j:bx)* Y

at the point z € H_ and the element b,), oY atthepoint zg €H .

g zg—”s x)xg

Y . We have nowon H a

It is easy to seé¢ that ngg =(jh 8y e¥ =, g

vector field which corresponds to the left invariant vector field on G , and
this correspondence does not depend on the choice of b €H . Weshall
speak about the non-holonomic fundamental vector field Y of order r asso-
ciated to Y (or briefly about a fundamental vector field only). It is clear

that R g% Yz is a vector of the vector field associated to Ad(g'l) Y .

DEFINITION. Let V be a differentiable manifold, and ¢, a linear mapping
of K §7'°(V) into a vector space M. A differentiable field x » ¢ _ is cal-
led an M- valued differentiable form ¢ on V of degree m> 0, order(r,s) .

THEOREM 2.3. A non-bholonomic connection of order r on H can be defined
. . t

by aT'e(G)-ualued differential form w onH of the 15%-degree, order (0,r1)
so that the following condz'tz'ons are satisfied :

I)w(Y )=Y, Y€T'(G) z €H,

2) w(R, LX) =4d(g™)w(X), X eT'(H),

3) Tbere exists a non-bolonomic r-jet Z € ]'(H H, ), a(Z)=
=B(Z) =z so that (Iez)*a)— Z*

PROOF. First let us suppose that a non-holonomic connection on H is
ngen We have a linear mapping w =1{(j,z “yx? )} of T'(H)mto
T'(G) We shall prove presently that w is a form consxdered in the theo-

rem. We know that H, is a submanifold of H. Let V €H (H )andW €
€ H "(H), be the r- frames at thepoint z.Let Y _ be any vertical vector at

z €H, i.e. a vector of T'(H ). Let m be the dimension of H and n the

22



ON THE HIGHER ORDER CONNECTIONS 13

dimension of H, .Then Y’ -(V'l) Y, ET'(R") y» -(W’i) Y, ET'(R"').
It is cleatthat

(XTW) Y= (il W) XN 0 W Y7 W, V"] =
=iz W) XTH) 0V, YV, Y= (XY ) v

*  Zk

-1 -1 — -1 -1 -1 -1_ .r
We have then { (X W)W, }*Yz—{(X V)V, }*Yz.But(X W W, =7,

and analogously (X"‘Vz)V;1 = jire. On the basis of the relation
=1r.r 14
X" (jpre) =j,re
we see that the mappings
w={(joz" )X}, and w,={(jiz"1)(j re)},
are linear mappings of TL(H,) onto T'e(G) so that w ( Yz.,) =Y, Y,
being a vector of a fundamental vector field belonging to Y € T:(G). Ve
have proved then that 1) is satisfied for w.
Let 4, €T;(H) and let Azg = R'g*Az. We have then w(Azg) =
- . -1 -1 .r 1% 4 .
= {(I;g(zg) WX lzg)(l,_Rg)f*Az. Let us prove first that
(X7 ) (igR) = (1R I(X7V).
We have namely the relations

(LR IXT L) = (FRRIieg, oy W I X pi.i5) =

= (10, gy W ILRIX T 00 0 = (i85 WX i e ) (12R )=
= (X7 )iLR,
—_ 4 b Y4 -1 r .
Then w(Azg)"{(fzg(Zg) )(]zRg)(X )} A,. Denoting by Lg a
left translation on G defined by g € G we have
iy =1y ; r . =1)r 3 =1;
W(Aye) =L 1) (g 2 M iZR I(1oz) iz N X A,
= (L )RR N ALz )X 4, =
= (i, 9,m1), @(A,)=Ad(g™)w(A,).
An element X71;7

ping (]eZ) @ isthe mapping assocxatcd with it.

z is just a non-holonomic r-jet Z mentioned in3.The map-

Let now on the contrary w be a T'(G) valued differential form of

degree 1, order (0,r) on H so that the properties 1,2, 3 are fulfilled .
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14 B. CENKL

Let o be a cross-section in H over a neighborhood of the point x € B,
o(x)=2z. Let W= j;cr . Let Z be a non-holonomic r- jet from f'(H, H,)
with the properties contained in the theorem. Let X =ZW oW, @ being a
prolongation of the composition rule ¢: HX H » HH™. It is clear that
X e;'(B,d)). We have further a(X)=1x, B(X)=x. On the basis of
G(b'h™ ) =p(h), b(b'h™2)=p(b'), b, b’ €H,we obtain
(158)(5y, @) ZW, W)= (5p)ZW =17,
(7565 5y @) ZW, W)= (FLp)W = .
X is then an element of a cross-section in é' over B. We prove now the
independence of X on the choice of the cross-section o over a neigh-
borhood of the point x € B. Let o' be another lifting, o'(y) =c(y)g(y),
g(y) €G for each y from the considered neighborhood of the point x € B,
g(x) = e. Let us notice that we have defined a holonomic prolongation of
a composition rule [ 6] . Using this operation we have jL o' = (jlo)(jlg).
Let us prove that the identity Z {W(jg)} ={ZW}(j}g) holds. Let first
r=1. Let f be a mapping of the neighborhood U, (z)CH onto the neigh-
borhood U,(z)CH, so that f(z)=z2 and Z =j;'/. Let o be a cross-
section in H over the neighborhood V(x)C'B, o(V(x))C Ul(z) and be
W=j, 0 .Let c' be another cross-section in H over V(x) so that o'(y)=
=0o(y)g(y), ye€V(x). Then ji(foo')=(jz/)(jzo)(jzg)} and
further
iYfoor)=ittfoo)gt=(ilfooile) =
={(i2ito)t(ile),
because foo', /oO‘ are the cross-sections in H over V(x). Let s be a
cross-section in ]' 1‘(B H) over V(x) defmed as follows : s(y) = ] o,
y €V(x). Let s' be a cross-section in ]' LH,H .) over U (x) so that
]xs'—Z. We have then a mapp:ng s" = s's of V(x) into Hx so that s"(x)=z.
Let A be a cross-section in J"™}(B, G) over V(x) so that A(y) = j;'lg,
y € V(x). We have then ji)\= i g- By the assumption

s"(w)is(y)Ny)b=1s"(w)s(y)} NMy), y €V(x), o(y) =w.

We have then

R%



ON THE HIGHER ORDER CONNECTIONS 15

M (sMY = (G2 ) igs i gAY,

Hes's)ON ={(iks")is )b (i)
and ,on the basis of the equality ji!(s's)?x} =j;‘{s'(s>\)},the result

Z{W(iLg)}=(ZW)(jle).
But by the definition ZW ®W =(jf, ,,9)(ZW,W). Denote W' =W(j ¢g).
It is then

ZW oW =(fl 0 )P ZW(ite) W(ilg))=
=(i;z,z)‘P)(ZW.W)-

The last equality may be proved by induction. We must show now that
{Z(]zRg)W} o{(]zRg)W} =ZWeW holds We know that Z, —(j'ez)*w

is a linear mapping of T7(H) onto T'(H ). Let A, g€ T;g(H), Azg =
= Rg*Az ; then

W Agg) = (ih28) (A, ) =1(jpz)(lL MxAd(g™) (A, ) =
={(igR i z)}, w(A) = (i R,),Z, (A,)

Z g% ZTx

because of zgg~ ag=z(Lg(CP —1(a)))=R (z(a)). Then
{Z(IZRS)W} 0{(72R )W}"{(]'R )ZW}O{(]zR )W},

On the basis of the relation %o Rg = ¢ we have the above result and so

is the theorem completely proved.

THEOREM 2.4. Let @(H,O'k), 0Lk Sr-1 » be the exact sequence asso-
ciated to a global section ok of the bundle D*/G over B, such that
kis given by a splitting pk of the exact sequence Q(H, ok, for k21
and o ° is B itself.
The non-bholonomic connections of order r on the principal fibre
bundle H are in 1-1 correspondence with the splittings p*, 1< s< riof

the exact sequence Q(H, o 5™t) of vector bundles.

PROOF. First, let be given a non-holonomic connection of order r on H
Then to each z € H there is associated by definition a non-holonomic r-
jet Z G]L'z(B.H), sit. pZ= rs Zz = RgZz, g €G. The projection
7'12 into J1(B,H) uniquely gives the section o 1 of D1/G over B.Assu-
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16 B. CENKL

ming that the section 0" of D' /G is given uniquely by the projection
i"1Z we shall prove that the section o”: B » D'/G is given by the ele-

-1 can be considered as a section of

ment Z. We know already that o
D’ over H which is invariant under the transformations of G. The jet Z
is then defined as 7':0r , where O is some section of D" over B such

— - 1 =
that o(x)= z. Further let us take Zzg = Ip(zg)(RgU ), then Zzg =
=joiO’=RgZz.We have thus a well defined section o’ of D' over H,

which is invariant under the transformations of G, namely
r. +1 -
g a"]p(a)a ’ a—,B(Z) €H,

o being the section mentioned above. And now on the contrary, let there
be given r splittings p_ (1< s gr) of the exact sequences Q(H,0 ™)
of vector bundles. We have to prove that there is given exactly one non-
holonomic connection of order r on H by these splittings. This holds for
r=1. Let us assume that the statement be true for s = r- 1. To the split-
ting Py is uniquely associated the section o ” of D'/G over B or, what
is the same, the G- invariant section o’ of DT over H and so we have the
non-holonomic connection of order r on H (straight by the definition).
From similar reasons as in [ 1] follows that a non-holonomic connection

of order r on H in the real case always exists.

3. Induced connection and prolongation.

Let H be a principal bundle with the structural group G and let M
be a vector space and R a representation of G in M. Let .;;'S(H)be the
vector space of all non-holonomic r-jets of H into ’;""’(H) with source
z€H. A vector X GS' S(H) is said to be vertical if ,B(X) 1s a zero
5(z)(B)- Denote by R X the element (j tep g )nX of S"S(H)
The operation (]"“R ) X is defmed as follows : we know that X eS"‘(H)

vector of T

is an element of ] (H, T‘(H)). If r=1, then X = 720, o being a cross~
section in "I""(H) over fa neighborhood of the point z € H. We have nowa
cross-section O : z-»(y::Rg)*U(z) in T‘(H) over a neighbothood of
the point 2g € H. We denote then Iz = (lz+1R ) . It is clear now
how is the mapping (;'+ R ) defined for r> 1. It is the prolongation of

the composition rule defined by the transformations of (ISR ) on T’(H)
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ON THE HIGHER ORDER CONNECTIONS 17

DEFINITION 3.1. An M- valued differential form ¢ of degree m> 0, order
(r,s) on a principal bundle H is said to be a tensorial form of degree m >0,
order (r,s), type R(G)if the following conditions are satisfied :

a) if at least one of the vectors Xl“ ver Xm is vertical, then <P(X1,...,Xm)=0.

- -1
BIP(R, X e Ry X, ) = R(g™IP(K s X, ).

PROPOSITION 3.1. Let Y ef'(V,N), Z ef'(N,W) and let jk be the
projection of the non-holonomic r-jets into the non-holonomic k -jets. Then
(*z)i*y) = j*czy).
PROOF. We know that

Al ikl
Let o, be a cross-section in ]' Yy,N) over a neighborhood of the point

be a cross-section in ]' 1(N,W) over a neighborhood
. Let

x €V and let o,

of the point ,B(crl(x)) =y €N and let Y = ]xcrl, Z= 7y02

o u-b0’2(v)0‘1(u), v=,3(0’1(u))
be a cross-section in J'™}(V,W) over a neighborhood of x € V. We have
then ZY = jlo and then ;7 (jlo)=o(x), "Z=0,(y), {7 Y=0,(x)
Then o(x) = Uz(y)crl(x). We have proved then the theorem for thecase

k =r~1, but it is clear that by induction one can easily prove that the

theorem is true for an arbitrary & < r.

THEOREM3.1.[5].LefC be a cross-section in QT over B, i.e. a non-holo-
nomic connection of order r. Denoting by X the element C(x), x € B, we

bave the cross-section x -+ 7'1(X) = Cl(x) in Ql over B. Let
X'=(jty ,5)¥) (i4C.i*X).
The mappingx + X' is a cross-section in Q""1 over B, i.e. a non-holono-

mic connection of order r+1 which is called the prolongation of the non~

holonomic connection C. \ is the composition rule
¢’ "]'(Bn q)) X q)"]'(qu))-

PROOF. We first show what i/, the composition rule, is looking like. Let
A:® *® D be the composition of the groupoid ®. Let A € J’(B,D ),

R17



18 B. CENKL

a(A)=x€B,B(A)=6"€®,D €] (B.®), a(D)=x,8(D)=6. Let
D =jTk, k being a mapping of a neighborhood of x € B into thepoint
G e®. We have then A oD=(7"(e.’8)>\)(A,D)6;'(3,(1))-

We can identify D with the point & and write then Y(A,0)=
A oD = A 0. On the basis of (aoA)(8',0)=a(6) we have

{(j('ﬁ',e)‘i)°"l’”A'D)=(jga)p.
We have further 71C € [*+1(B,®), j1X € J1(B,®) and then

(]r+1a)(7(x x)¢)(]xc ]1 X)—(;"Ha)le.
But we know that (75? a)x = j:" and using the operation of projection flwe
have (j;.é‘)jIX = j‘;. Let ! be a mapping of a neighborhood of the point
x on B into the point j1X € J1(B,®) and let us identify j7.[ with the point
ilX. We have then (7'+1a)71X '+1 Analogously on the basis of
(boA)(E',68)=b(0") the relation {(7(9.'6)b)ol[l}(A.D)=(j§'b)A
holds and then

(75 “b)(r(x 2y GEC ) = (5§ e)ite) =it

THEOREM 3.2. Let X' be a prolongation of order k of the element X of a

non-holonomic connection of order r, C with respect to C. Then jTX' = X.

PROOF. Denote by T the operation of prolongation of the 15 order of X with
respect to C and further
TEX = 7(T(. (T(X ) ) = X'}
k times
72X is prolongation of the 15t order of the element T X with respect to the
prolongation C’ of the first order of C. It is sufficient to prove the theorem

in the case k = 1. By the definition X' =(j}y 1)) (j;C, 7X) . Then
"X =ik, y) Wit GECL XD = (Cx), E) = X

THEOREM 3.3. Let be given a non-holonomic connection of order r on H by
the form w. This connection uniquely gives rise to the non-holonomic con-
nection of order k, (k<r) on H with the form W)= jp@, 1, being the
projection defined by the canonical projection j/e for non-holonomic r-jets

into k - jets. The following diagram is commutative.
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ON THE HIGHER ORDER CONNECTIONS 19

Tk ©(k T

TH(H) ®) > THG)
(i*), (*),

TL(H) > TL(G)

(I'k)*is the linear mapping associated to the projection j*.

PROOF. Let X € Q0" be an element of the non-holonomic connection of order
r and let X(“ = j"X. It is clear that
a(X(k)) =x, /B(X(k))zx:

(740X, = UMLaRxE = R ciLa)x) = fAfT) = 7
Analogously we have

(156X 4y = GRGLEI A XY = 21 (i56)XY = j*(j7) =
Further

XY = 4 Ui ¥ (XMeiL ) =
=k 1k k) _ oyl Lk
=, eV WX )iz iz) = Xk yis:

Y being the mapping Y : ® * Ha H; Y (6,2)= Oz. We have jk(j’z"‘) =
=j,z . Then W)= { (7z 1')( k)’z)} = ]ka)the form of the non-holo-
nomic connectmn of order k assocxated to @ and to the pro;ectlon i*
Let further L e] (G), then j*L e] (G), jRL(* 2" )(x7 k);z) e] (H).
But it is easy to see that ]kL(l z 1)(X(k)jz :ﬂ‘L{(;z “1)xL; 91
If we take the dual vector spaces, we see then that the diagram is commu-
tative.

Let (%)= i*4 be theform of the non-holonomic connection of
order r+k, which is the prolongation of order k£ of the non-holonomic con-
nection of order r given by the form w. The operator i ® is the identity.

On the basis of the theorem 3.3 we see that the diagram

RY



20 B. CENKL

~ k ~
T'+k(H) w() T1+1€(G)
z > e
i 4 .7
(G, 1 (i"),
T'(H) @ > T7(G)

is commutative.

Let w be the form of the non-holonomic connection C of order r on
H. This connection gives rise to (r~1) connections of order r on H.These
connections are given by the foims = ir a] w; a=1,2,..,r-1.
The forms » = w - 77, are the n T'e(G)- valued tensorial forms of degree
1, order (0,1), type Ad(G). In the notation introduced above ile is the

form of a connection of order s+1 if w is the form of a connection of order

s. If % is a zero form, then w =i r -ajaa) and on the basis of the theorem
. - .B=a. - _ r ﬂ

3.3 we have jgw =i j@s B=a,a+l,..., r-1. Then g= ig®

= i"“jaw =@ and then g is a zero form for each B8=a,...,r+1.We

have proved then the theorem.

THEOREM 3.4. Let C be a non-holonomic connection of order r on H. This
connection gives rise to r-1 rion-bolonomic connections of order s (s =
=12,....,n=1)on Handtor—1 T’ (G )-valued tensorial formsx , of degree
1,order (0,1), type Ad(G).The form x, is a zero form if and only if there
exists a non-holonomic connection C_ so that the connection Cis a prolon-

gation of order r—a of the connection C,.

Let H'(B',G'),H(B, G) be two principal bundles. Let ¢: B'+ B
be an imbedding of B'into B, pa homomorphism of G’ into G and f a map-
ping of H' into H compatible with o, i.e

(1) f(z'g")=f(z')p(g'),

(D) p(f(2')=9(p'(2')), z' €H', g' €G".

The mapping [ is called an 1mmersxon of the principal bundle H' into H.
A linear mapping 77 of T'(G) into T’(G ) is called an invariant projection
if

a)m(Q(X")) =X, X' €T'-(G')

b)Y T(Ad(p(g' )X') = Ad(g')T1( py( X)), g' €G", X' € TT,(G").
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c) There exists a non-holonomic r-jet Z € J*(G, G')so that a(Z)=
=e€G,B(Z)=¢' EG',Z*=7T.

THEOREM 3.5. Let w be the form of a connection of order r on H. Let

f : H' » H be a homomorphism of the principal bundle H' into H and

e T:(G)-u T:,(G')
an invariant projection. Then the form w' = 7Tw/* is the formof a non-
holonomic connection of order r on H'(B',G'). We shall speak about the
induced non-holonomic connection of order r. The induction of the non-

holonomic connection is invariant under prolongation and projection of the

connection.

PROOF. Let Y _, be the vector of the fundamental vector field on H'at the point
z', which belongs to Y’ € ';':,(G'). Then /*( Yz.) is a vertical vector of
H at the point f(z'). From the definition of an immersion { follows that / (Y,)
is a vector of the fundamental vector field on H associated to P, (Y') e
eT'(G) Denoting by b : G’ -»Hp (z')’ bz. G»Hp(z), z.(e )=2z',
h,(e)=2z=f(z') the respective homomorphisms we see that the mapping
f 1s identical with b opob .. Let X, € ';";.(H’), Rg.*Xz.z X_ o . €

z'g
eT’. .(H) We have f (X, .)=R " */*(Xz.). On the basis of the
telauon

p (g

(R xX,)=Ad(g™)w(X,). X, = [ (X,.)
we have
Tw(R xX, )= T(Ad(g )w(X, )= Ad(g' ™ )Tew(X,) =
= Ad(g'" ™ )w'(X,.).
Let K be the r-jet associated to w. Let Z be an r- jet with the pro~-

perty c from the definition of an invariant projection. Let
=(f'.z')2(i; z 1)K (i)
It is easy to see that W 6] (H, Hp (z’)) a(W)—,B(W) z' and W =

=(jh. 2 ), ' Because w={(ilz71)(X 17')} , —-{(fz 1)(X(,c)]z)}
and o' ={Z(jLz71) (X7 )(7.f)}, we have

iy =1(*2 )%= '1)(x(;1)’;)(; MY, =GR2) ek =01,
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On the basis of this condition it is immediately clear that the induction

is invariant with respect to the prolongation.

REMARK. It is possible to show that the space G/ o G')being of a cer-
tain special type (generalized weak reductivity) we have an invariant pro-

jection uniquely given.
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