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CONTROL PROBLEMS FOR CONVECTION-DIFFUSION EQUATIONS
WITH CONTROL LOCALIZED ON MANIFOLDS

PHUONG ANH NGUYEN! AND JEAN-PIERRE RAYMOND!

Abstract. We consider optimal control problems for convection-diffusion equations with a pointwise
control or a control localized on a smooth manifold. We prove optimality conditions for the control
variable and for the position of the control. We do not suppose that the coefficient of the convection
term is regular or bounded, we only suppose that it has the regularity of strong solutions of the
Navier—Stokes equations. We consider functionals with an observation on the gradient of the state.
To obtain optimality conditions we have to prove that the trace of the adjoint state on the control
manifold belongs to the dual of the control space. To study the state equation, which is an equation
with measures as data, and the adjoint equation, which involves the divergence of LP-vector fields, we
first study equations without convection term, and we next use a fixed point method to deal with the
complete equations.
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1. INTRODUCTION

We are interested in the following optimal control problem:
Can we control the temperature distribution of a fluid in a three dimensional domain by heating sources
localized on a network of wires?

More generally we are interested in heating sources (the control variables) concentrated on thin structures.
For simplicity we consider the case of controls localized on a manifold v included in a N-dimensional bounded
domain Q, but the case of a finite union of manifolds (a network of wires) can be considered as well. This
optimal control problem clearly refers to a system of equations where the temperature and the fluid velocity
are coupled. Such problems have been studied in the case of distributed or boundary controls (see for examples
the references in [19]). The case of controls localized on thin structures, which is interesting for technological
applications, has not yet been studied in the literature. As it is shown in [20], a fundamental step to tackle the
complete Boussinesq system with controls localized on thin structures, first consists in studying a problem in

which the fluid velocity is known. If y denotes the fluid temperature and V the fluid velocity, the temperature y
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is the solution to the following convection-diffusion equation:

B .
8—ZZ+Ay+V-Vy:u5,Y|Q in Q,

WY s lson s, y(0)=yoin (1)
8n,4

where € is a bounded domain in RY with a regular boundary I', N > 2, Q = Qx]0,T[, T > 0 is given fixed,
¥ =Tx]0,T], A is a second order elliptic operator of the form Ay = — Zf\’[j:l Dj(a;;(z)D;y) + ao(z)y, v C Q
is a regular manifold of dimension 0 < D < N — 2, §, denotes the Dirac distribution on vy, and u is a function
from vx]0, T'[ with values in R.

Convection-diffusion equations are often refered to flow related models, and a computational approach in
the case of Neumann boundary control is carried out in [5]. In [4,8], the case of pointwise controls (which is a
particular type of thin structure) is considered for the one-dimensional Burgers’ equation.

In order to next study the complete Boussinesq system we must suppose that V is not too regular. In
control problems for convection-diffusion equation studied in the literature, it is often supposed that V is
bounded [5,11,12]. However, it is not reasonable to suppose that the solution (y, ‘7) to the Boussinesq system is
such that V belongs to L>°(0,T’; (L>(2))N). Here we only suppose that V belongs to L™ (0, T; (L™ (Q))N), for
some m > 2, m > 2 satisfying %—i—% < % (for N =2 or N = 3, the limit cases %—i—%: %,Withm=m=4
if N =2, and m =8 and m = 4 if N = 3, correspond to the regularity of strong solutions of the Navier—Stokes
equations).

These assumptions are sufficient to next study problems where the heat equation is coupled with the Navier—
Stokes equations in the two following cases [20]:

e the Boussinesq system linearized at (z, U ), where (z, U ) has the same regularity as strong solutions of the
Boussinesq system;
e the two-dimensional nonlinear Boussinesq system.

As it is shown in [13], even in the case when V =0, studying equation (1) is not completely obvious. (In [13],
the domain is supposed to be a 3-dimensional cylindrical domain, and taking advantage of the particular form
of the domain, the equation is split into a 2-dimensional elliptic equation with measures as data, and a heat
equation with regular source terms.)

Here we shall use new regularity results for parabolic equations with measures as data obtained in [21], where
we have studied optimal control problems with controls localized on thin structures for semilinear parabolic
equations.

In the present paper, we first study the control problem

(Py) inf{I(y,u) | (y,u) € L"(0,T; W"*(Q)) x Ky, (y,u) satisfies (1)},
where
T N
I(y,u) = CQ/ |Vy — Vg|®dzdt + CQ/ ly(T) — yq|?dx + Cy/ (/ |u|"d§> dt.
Q Q 0 o

(Cq, Cq, C, are nonnegative constants.)

Next, we consider the case when  is a point zo (that is 6, = dz,. A finite union of points can be considered
as well). In this case we are interested in characterizing the best location x¢ which minimizes the distance to
an observed profile of temperature. The problem is formulated as follows:

(P2) Inf{J(Yu,z0s % €0) | (Yu,z0, U, To) € LI(O,T; WU(Q)) x Ky x Kg, (y,u,zo) satisfies (1)},

where
_ 0 - 5
T ) = [ (1) = ldz,  and K <70,
Q
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This problem can be related to the identification of sources of pollution (see [16]).

Also mention that the techniques we have developed for parabolic equations with measures as data can be
adapted to study the corresponding stationnary elliptic equations with measures as data. In both cases (elliptic
and parabolic) these new results can be useful to tackle optimal control problems with point observations. In
this case the Dirac measures are involved in the adjoint equations [9]. For a review on control problems with
pointwise controls we refer to [17] (see also [3]).

Let us briefly present the difficulties encountered in studying (P;) and (P). Equation (1) is an equation
with measures as data which may be studied by the transposition method [6]. However the regularity results
in the literature [6, 18] are not sufficient to deal with the control problems (P;) and (P).

To obtain optimal regularity results for a convection-diffusion equation of the form (1), or for the adjoint
equation associated with (P;), throughout the paper the idea consists in studying equations firstly when V= 0,
and next, by using a fixed point method, extending theses results to the general case. The fixed point method
is developed in details in the proof of Proposition 2.7, and is next used for different propositions in the paper.
We prove regularity results for the state equation in Section 2. The control problem (P;) is studied in Section 3.
The main difficulty to obtain optimality conditions for (P;) is to prove that the trace of the adjoint state on
vx]0, T[ belongs to L7 (0, T; L (v)). The adjoint equation for (P;) is of the form

—@+Ap—‘7-Vp=—divﬁinQ, L —h-fony, p(T) = pr in Q.
ot ona

Still using the fixed point method described above, we study the minimal regularity required on h and pr
to have p|, 0,77 € L9(0,T;L° (7)) (Ths. 3.2, 3.3). Since in the adjoint equation h is equal to kCo|Vyy —
V| =2(Vy, — Vi), where y, is the solution to (1) corresponding to the optimal control u, and pr is equal to
0Ca|yu(T) — ya|®~2(yu(T) — yq), the conditions on k and pr to have Plyxjo, 1 € L9 (0,T; L7 (7)), are satisfied
under additional conditions on x and 6 (these conditions are stated in assumptions (A9, A10)). Optimality
conditions for (P;) are obtained in Theorem 3.5.

The control problem (F2) is studied in Section 4. To obtain optimality conditions for (P»), we prove that
the adjoint state belongs to L'(0,T; C*¥(2)) (Th. 4.2). Next, we are able to characterize the optimal location
of a pointwise control (Th. 4.3).

Numerical experiments for the computation of optimal solutions w for (P;), and optimal pairs (u, zg) for (Ps)
are reported in [20] (Chap. 6).

2. STATE EQUATION

2.1. Notation and assumptions
We make the following assumptions on the data.
(A1) The elliptic operator A is defined by Ay = — Zf,[j:l D;(aij(xz)Djy) + ao(x)y. The coefficient a is positive
and belongs to C(9), the coefficients a;; belong to C**(Q) with 0 < v < 1, a;; = aj;, and they satisfy

N
Z aij(x)€:€; > molé|> for every € € RN and every x € Q,  with mg > 0.
ij=1

(A2) T is of class C*, and v is a submanifold in € of dimension D < N — 2, of class C* with k =
max (2, [2=2] +1).
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(A3) V belongs to L™(0,T; (L"™(Q))N) and satisfies
divV=0inQ, V-i=0onY, 2<m<oo, 2<N<m<oo, —+

where “div” denotes the divergence operator with respect to = € Q2.

(A4) u belongs to L9(0,T; L% (7)) with ¢ > 2, o > .

(A5) yo belongs to LP(Q) with p = —5—

N
D
P

2

(A6) Ky is a closed convex subset of L4(0,T; L?(v)). Either Ky is bounded in L?(0,T"; L7 (7)), or C,, > 0.

(A7) The function Vj belongs to L"(0,T; (L"(2))"), the function y4 belongs to L%(Q), with x > 1, 6 > 1.

Remark. For simplicity we have supposed that I' is of class C'°°, but the results of the paper can be extended
to less regular domains by using the techniques of [7] (Prop. 5).

Throughout the paper, we denote by T, (respectively T jo, [, Ts) the trace mapping on v (respectively on
vx]0,T[, on X). We denote by C, C;, K, K; for i € N, various constants depending on known quantities. The
same letter may be used for different constants.

In [21] we have studied equation (1) in the case when V = 0. By the transposition method, we have proven
the following regularity results.

Proposition 2.1. [21] (Prop. 2.3) Suppose that V = 0 and yo = 0. Equation (1) admits a unique solution
Yo in LY0,T; WH(Q)). The mapping u — 1y, is continuous from LI(0,T; L7 (7)) into L%+ (0, T; Wh4(Q)) for
every (01,d1) satisfying:

e g N N-D D 1_1 N 1 . N-D
b r 1 N 1 L N-D
=0 0= 0 T T2 g6 2y 2 N-D-1"
- @)
N-D N-D 1 _1 N-D 1 N-D
< 1<d e+ — 24z fo>-— 2 .
I vy S L B A A A A vy > g

The mapping that associates y,, with u is continuous from L1(0,T; L° (7)) into L>=(0,T; L™(£2)) for every 1 < r <

inf NZ;?A’ Nﬁg — } Moreover, y,, belongs to C([0,T]; LT (2)) for every 1 < r < inf NYB—DA’ N,ﬁ,;

C([0,T]; L () denotes the space of continuous functions from [0,T] into L"(Q2), endowed with its weak
) w

topology.

Remark. The conditions expressed in (2) can be written in the following shorter form

=0 9= 2 2% g o 24 2

Indeed if d; > o, taking §; = ¢ in (3), we obtain:

N—D+D<N—D D<N 1
2 2d; 2 200 2dy 2

Therefore we have ¢ < d; < %. This means that (3) cannot be used if o > N]igjzl. Now, if u €
LY(0,T; L°(v)) with o > N]Y_DDA, then u € L9(0,T;L°(v)) for any 6 < NZXBJZI. Therefore y belongs to
L0, T; Wha(Q)) for every (61, d;) satisfying:




CONTROL LOCALIZED ON MANIFOLDS 471

that is
N-D 1_1 N-D 1
2 q (51 2d1 2 ’

which is nothing else than the second condition in (2). Finally observe that the condition d; < ﬁ
follows from (3) by taking 6; = ¢. Even if (2) and (3) are equivalent, using (2) avoids forgetting the condition
dy < 7N1X_DD71'

Proposition 2.2. [21] (Prop. 2.5) Suppose that V =0 and u = 0. Let yo belong to LP(Q) with p = —

N— 7 % ’
o q
and let y be the solution to equation (1). The mapping yo — y is continuous from LP(QY) into L>°(0,T; L°(Q)) N

L%2(0,T; Wh42(Q)), for every (82, d2) satisfying

N
1<0<2, psdy< ) I o< F o Fo- (4)

In this section we want to extend these results to the case when V satisfies (A3) (Props. 2.7 and 2.8). Due to
the weak regularity of V', we cannot use the transposition method. We obtain existence and regularity results
for equation (1) by using a fixed point method. For this, we need some preliminary estimates that are stated
below.

2.2. Preliminary estimates

First recall some results for analytic semigroups. We denote by A the operator defined by

For 1 < ¢ < oo, we denote by A, the closure of A in LY(Q). The operator —A, is the generator of a
strongly continuous analytic semigroup Sy(t);>0 in L*(Q) [2]. For 1 < ¢ < oo the domain of Ay is D(A,) =

y € W24Q) | 94 —gonT}. For any 1 < ¢ < 0o, 0 belongs to the resolvent of —A, and there exists § > 0
on a

such that Reo(A¢) > d (it is a consequence of (A1) and of the fact that o(A,) is independent of £). Therefore,
for o > 0, there exists a constant K = K (¢, ) such that

[AZSe(t)ellLe) < Kt~ @llLea)s
for every t > 0 and every ¢ € LY(2) (see [14,22], A is the a-power of A;). Thanks to this result the following
lemma can be established.

Lemma 2.1. [2,24] For every 1 < { < X\ < oo with £ < 0o, there exists a constant K1 = Kq(\,£) such that

1 1

_ N1 _ 1
[1Se()¢llry < Kit™ 2@ o]l e (5)

for every ¢ € LY(Q) and every t > 0. For every 1 < £ < X\ < oo with { < 0o, and every a > 0, there erists a
constant Ko = Ko(\, ¢, ) such that

148 Se(t)ell @y < Kat™> T3] e (6)

for every ¢ € LY(Q) and every t > 0.

Proposition 2.3. [1] (Th. 7.58) If assumption (A2) is satisfied, then T, is a continuous linear operator from

WTP(Q) into L(y) for all (r,p,q) such that 0 <r <k, 0< N —rp< D, p<q< NDf;p.
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Remark. Theorem 7.58 in [1] is stated with Q and ~ replaced by R and RP, but as it is noticed in [1],
just before Theorem 7.58, the statement is also true for domains by using coverings, partitions of unity, and
diffeomorphisms of class C*.

Proposition 2.4. [21] (Prop. 2.1) Let ¢ be in D(R2), and w be the solution of the Cauchy problem:

ow ow o .
E—I—Aw—o in Q, M—O on X, w(0) = AG ¢ in Q, (7)

where 0 < a < 1. The mapping that associates w with ¢ is continuous from Ldl(Q) into L'(0, T; W™I(Q)) for
all (e, q,7,1,7,d) satisfying:

. . N 1 N
2>r>0, 121, ]Zdla OCJF +2—d, JFZ (8)

Proposition 2.5. Let f be in (D(Q))N, and z be the solution of the equation:

0z 0z .
8t+Az_ div f in Q, M—O on X, z(0) =0 in Q. 9)

YY) dinto L1(0,T; WE(Q)). It is also

The mapping that associates z with f is continuous from L7(0,T; (L )
d,d) satisfying:

"(Q)
continuous from L7(0,T; (L"())N) into L(0, T; W"4(Q)) for all (r,7,n,

N 1 ﬁ_’_
2d

1
0<r<1,1<73<4, 1<n<d, —_|_ <
U]

o 6 (10)

1
2

The mapping that associates z with fis continuous from L7(0,T; (L"(Q))N) into L2(0,T; L4(Q)) for all (7},n, 6, d)
satisfying:

l<i<d, 1<n<d +N 1+N+1 (11)
7 U T R

Remark. Since f belongs to (D(Q))Y, equation (9) is defined in a classical sense.

Proof. The first continuity results are already proved in [21] and [27]. Here we only prove the second one. Let
w be the solution of the Cauchy problem (7) when a = 0, then:

/Qz(:n,t)gzﬁ(a:)dx—/ot{%/ﬂw(x,tT)Z(:E,T)da:} dr
= /Ot/ﬂ{—aa—?:(x,t—r)z(x,ﬂ + w(z,t —T)%(.Z‘,T)} dzdr

= /Ot/Q {Aw(x,t —7)z(x,7) —wlz, t — 7)Az(z,7) + div fz, )w(z,t — T)} dzdr
= /Ot/ﬂvw(ﬂ%tﬂ - flz, 7) dzdr.
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Using (6) in Lemma 2.1 with 1 < d’ <7’ < oo,d’ < 0o, we have:

() oy = sup{\ | Aatote)as

= Sup{ /Ot /Q Vw(z,t —7) - fz,7)dzdr

t
N

_1_ N1 _ 1 rY
<K | (t—7)72 26D ()| Ly~ dr.
0

Nl o = 1}

Nl gty = 1}

The mapping 7 +— Hf(T)H(Ln(Q))N belongs to L7(0,T). We denote by L(0,T) the weak-L¢(0, T') space defined
as follows ([23], p. 30):

Li(0,T) := {g :(0,T)+— R | g is measurable, and sup ('L {t||g(t)| > £}) < oo} ,
£>0

1 1

where £ denotes the Lebesgue measure on (0,7'). Then the mapping t +— 722 (G- belongs to L:(0,T)

with ¢ > 1 defined by 1 + %(% —1)=1 Dueto (11), 1+ 3> 1+ % From the generalized Young inequality,
1

complete. 0

Remark. Since (D(Q))Y is dense in L7(0,T; (L"(Q))Y), the regularity result of Proposition 2.5 is also true for
the solution z to the variational equation

N
,/ .20 da:dtJr/ > ai;D;zDig diﬂdtJr/ apz¢ dadt dzdt = */ [V dadt

for all ¢ € C1(Q) such that ¢(T') = 0 on Q, where f € L7(0,T; (L"(2))N).

Proposition 2.6. Let f be in D(Q), and z be the solution of the equation:

0 0

—Z—I—Az:fz'nQ, —Z=00n2, z(0) =0 in Q. (12)
8nA
The mapping that associates z with f is continuous from L(0,T; L"(2)) into L°(0, T; W4(Q)) for all (r,7,n,,d)
satisfying:

0<r<2 1<i<ol<n<d -+t Ly Ny (13)

=T ) =Nx0, n=a, 9 77 27’ 6 2 .

The mapping that associates z with f is continuous from L(0,T; L"(2)) into L°(0, T; W*4(Q)) for all (k,7,n,d,d)
satisfying:

N

<
2n —

+1. (14)

gl=

+

| =

k1
kzOork:1,1<ﬁ<5,1<n§d75+t+
n

Proof. The first continuity result is already proved in [21]. Here we only prove the second one. Let us set o = %
1
We have D(A%) = L4(Q) and D(A2) = W14(Q). Let w be the solution of the Cauchy problem (7), then:

/QAgz(x, t)p(x) da = /0 /QAg,Sd/ (t — 7)p(x) f(z, 7)dadr.
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Using (6) in Lemma 2.1 with 1 < d’ <9’ < oo,d" < oo, we have:

|Z@Hhvh«9>SZClASZ@thQ>S(TSHP{‘K¥A32@AQ¢@ﬂd$’|¢pr9>=1}
¢
=C SUP{ ; AAngd'(t —7)pf () dzdr |, |6l o () = 1}
¢
< [t n) FG D) oy
0
The mapping 7 ||f( 7)||Ln(e belongs to L7(0,T). The mapping ¢ — oy G- belongs to Li(0,T) with
i > 1 defined by o + 5 (— — é) = % Due to (14), 1 + % > % + % From the generalized Young inequality, it
follows that the mapping ¢ — fo (t— T)_O‘_%(%_%) | £(7)|| Ln (e A7 belongs to L°(0,T). O

2.3. State equation

In this section, we prove regularity results for equation (1). We shall say that a function y € L2(0,T; W%(Q))
is a weak solution to equation (1) if and only if § > m/, d > m’ and

/ ma+/§:% wD¢mmf/wwmm+/VtMMMt

zjl

T
= / /u¢ d¢ dt +/ #(0)yo dz  for all ¢ € C*(Q) such that ¢(T) =0 on Q. (15)
0 0% Q

To simplify the writing, throughout the sequel, we suppose that 7 is included in I', but the results are true for
vy C Q.

Proposition 2.7. We consider the equation

Jy
ot

Oy

+Ay+V Vy=0in Q, A

=ud, on X, y(0) =0 in Q. (16)

Equation (16) admits a unique solution y in LS(O,T; Wl’é(Q)) for all (8,d) obeying m' < &6 < ¢, m' <d <
N N-D

N-D -1’ N-D-1

L5(0,T; Wh4(Q)) for every (6,d) satisfying:

inf{ } . Moreover, the mapping that associates y with u is continuous from L%(0,T; L°(y)) into

<6 <d< N N D+l)+1< +N€— f o < N-D
e T 5 2d TOSNTD-1
o’ (17)
N-D 1 1 N-D 1 N-D
g<d, m<d< NoD oy~ <-4 if o>

N-D-1 = 4557 Taq To “N-D-1

The mapping that associates y with u is continuous from L1(0,T; L (7)) into L>°(0,T; L"(Q)) for every 1 < r <

inf{N—NL]i—%’N—]—f\’f—l,}‘ Moreover, y belongs to C([0,T];LI,(R2)) for every 1 < r <

b

. N
inf
{N—ﬁ—ﬁ’ N-—

o=z

m\l )
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Proof. 1 - Existence of a local solution. Let us set Q7 := Q2x]0,¢[, Xj:= I'x]0,t[. Let (J,d) be a pair
obeying (17). By a fixed point method, we prove that the equation

dy 0
+Ay+V -Vy=0in Qz, 9y _ ud on Xg, y(0) =0 in Q, (18)
6t ona

admits a solution for £ > 0 small enough. Let & belong to L%(0,%; W4(Q2)), and ye be the solution to the
equation:

Oye
8n,4

Oye

5 + Aye =-V. V¢ in Qg,

=udy on X7, ye(0) =0in Q. (19)

Then y¢ = § + ¢, where §j and ¢ are the solutions to the equations:

9y
ot

9y

+ Ay =01in Qf, N

=udy on Xz, §(0)=01in Q,

9y - - . 0y
En + Ay = -V - V& in Qy, BTN

From Proposition 2.1, we know that § € L5(0 tWhd(Q)). Since § > ¢ > 2> m/, and d > 0 > F=
md

then f"—_fa > 1, mm—_fd >1,and V- V¢ € L5 (0,¢; Lm+a(9))). Due to Proposition 2.6, it follows that § €
L%(0,% WH4(Q)). Thus ye belongs to L°(0,# Wh4(Q)).

Let & and & belong to L°(0, % W14(Q)). Still with Proposition 2.6, we have

=0on Xz H(0)=0in .

> m/,

lye, — vesllLso,zwra)) < CillVIimo.6m @M lI§1 — &2llso.6wre @)

where C; can be chosen depending on T, but independent of £. The mapping t + CI" fo ‘7( )| ,,L(Q) ~dr is
absolutely continuous, then there exists ¢ > 0 such that C; ftmm{tH T HV(.77)| L Q)N )*

t €[0,T]. Thus the mapping & + ¢ is a contraction in the Banach space L%(0,%; W14(Q)).

= for all

2 - Estimate of the local solution. Consider the sequence (&), defined by § = 0 and &, = y¢, ,. Then
(&n)n converges to the unique solution y of (18). From the definition of y¢,, and due to Proposition 2.1, we
deduce that

lyeo s 0. zwr ey < KllullLao,gL0(4))-
Moreover for all n we have

e, s o.zwia@) < 2l|YellLso.zwra)) < Kllullpao,r;Lo)-
By letting n goes to oo, we obtain:
lyllzso.zwre)) < Kllullpao,r;Lo))- (20)

3 - Existence of a global solution. We prove that a solution exists in L5(0 T; WH4(Q)), by repeating the
above process. Let ¢ be the solution constructed on (0,%) in Step 2. Let (£1,&) ‘belong to Lo(L, 26 W ().
Define (€1, &) belonging to L2(0,26 Wh4(Q)) by & = & = § on (0,1), and & = &1, & = & on (£, 2). We still
denote by ye, the solution to equation (19) on (0,2¢) corresponding to &; for ¢ = 1,2. As in Step 2, we have:

lye, — yesllnso.2ewra)) = ¥e — Yeu llLs@2zwra)) < —||§1 &2l Lo (0,214 (02))-
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Thus the mapping & — ye admits a unique fixed point in the metric space {7 € L°(0,26Wh4(Q)) | 7 =
4§ on ]0,%[ }. We want to estimate the solution in L°(0,2f; W4(2)). Let (£,), be the sequence defined by:

& =9 on (0,1), & = 0 on (1, 21), &n = Ve, , on (0,2¢) .
Then (&), converges to y in L°(0, 2¢; W14(€2)). From the properties of the fixed point, we have
lve., — yEo”Lﬁ*(O,Qt_;Wl’d(Q)) < [lyeo — £0|‘L5(0,2Z;W1’d(9))'

Since y¢, is the solution to the equation

Ay 0 .
5t + Ay = -V V& in Qo % =udy on Yo7, y(0) =01in Q,

then
Hy&)HL‘S(O,QE;led(Q)) <K (1 + ||V||LM(0,T;(LM(Q))N)) HUHLQ(O,T;L“(V))-

Therefore, we have:

HyHLé(O,Qt_;Wl’d(Q)) <K (1 + V| LﬁL(O,T;(Lm(Q))N)) HUHL‘?(QT;L“(’Y))' (21)
4 - Estimate of the global solution in L°(0,7; W' %(Q)). By induction, it is easy to prove that
lyllso,mwra)) < Kn (1 +IVllm o, (Lm@)N) ot IV Zmlo T (Lm(ﬂ))w)) llull Laco, 152 () (22)

where n = [%] + 1, and where K, depends on n (observe that n depends on ¢, and ¢ depends on ‘7) Therefore,
there exists a constant C depending on V and T, such that

19l Lso.rwra g0y < CliullLago, Lo (v))-

5 - Estimate in L*°(0,T; L"(€2)). Observe that y = y1 +y2, where y; and y» are the solutions to the equations:

8y1 . ayl _ _n;
= + Ay; =0 in Q, B =udy on X, y1(0) =0 1in Q,
aath—l—Ayg —V . Vyin Q, %:Oon 3, y2(0) =0 in Q.

Due to Proposition 2.1, y; belongs to L°°(0,T;L"(2)) for every 1 < r < inf{N N, Nﬁg
N-D ¢/ o7

q
. N-D N
mf{ND%,NQ/%}.

} <

.a\‘l\,

N N N _ N N : N
Ifo<m,then1nf{NNDDq% ' N-D- f/}_Nf/% ando<@.Letrsat1sfya<N7%71<
N 1 1,1 1 N N N 1 D 1 D 2 1 N |1

q
Therefore, there exists d Satlsfymg

N NIy D VNN NN 11
P12 T om0 2 o 2d ™M\ 207 2 T2 g
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Since 3(N — £ - 1) < %, applying (17), we deduce that y belongs to L(0, T led( )) Set l =X+ l and

[oa

% = % + é. Then ¢ >1,¢>1,and V - Vy belongs to LZ(O,T;L[( Q)). Since % — E < d, we have r> 4. From
% < % + % — % and % + QJXL <3 Lt follows that 1 < 2—1\7{ + 1. Due to Proposition 2.6, we deduce that yo
belongs to L>°(0,T; L"(2)) for all r< ﬁ.
(7’ ql
If o > 222, then inf N*ngff’ Ngf/} = N*ngi%' Let r satisfy 1 < r < #ﬁ We
have ¢ > 2, ]\7_ D=1 o L and ((]X;_DD;D < +1- %. Thus there exists d satisfying

D m’?

N N NN-D-D} N _ N N 1 1
Sup 2d om' 2 2 g

o om  AN=D) J“2da~"

Applying (17), we deduce that y belongs to L?(0,T; W14(€2)). Set % = E + —, and = % é Then ¢ > 1,
> 1, and ‘7 Vy belongs to LZ(O T;L*(2)). Since L — L < 1 we have r > ¢. From N Xyl %
and Ti + 35, < 2, it follows that 1 21\2 < % + 1. Due to Proposition 2.6, we deduce that yo belongs to
LOO(O,T,L’“(Q)) for all r < Nﬁ,%

N-D) o’

Using the same argument as in the proof of Proposition 2.1 in [10], we can prove that y belongs to

C([0,T); Ly, () for every 1 <r < inf{N_i_l, N—g—l }
N—-D ¢ o T

6 - Uniqueness. If we consider the equation

9y - s dy _ o
atJrAerV-Vy—OmQ, 8n,4700n2’ y(0) =01in Q,

we can apply the above fixed point method to prove that y = 0 is the unique solution to this equation in

LS(O,T; le&(Q)) for all (5 d) obeying m’' < § < ¢, and all m’ < d < mf{N pop % |

Proposition 2.8. Consider the equation

0 ~ 0
—y+Ay+V~Vy:0mQ, —y:00n2, y(0) = yo in £, (23)
ot ona

where yo belongs to LP(Q) with p = M% The mapping that associates the solution y with yo is continuous

from LP(Q) into L22(0,T; W12(Q)) for every (d2,ds) satisfying

ﬁll<52<2, p§d2<

l+—<—4—+=- 24
pr’ +2p<52+2d2+2 ( )

The mapping that associates the solution y with yo is continuous from LP () into L>°(0,T;L"(2)) for every
1 <r < p. Moreover, y belongs to C([0,T]; L"(2)) for every 1 <r < p.

Proof. 1 - We still use a fixed point method. Let (J2,ds) be a pair satisfying (24). Let & € L%2(0,1; Wh92(Q)),
and y¢ be the solution to the equation:

Oye

T + Aye = —V V¢ in Q, e =0on X7 ye(0) =yo in Q. (25)

8n,4



478 P.A. NGUYEN AND J.-P. RAYMOND

Then y¢ = ¢ + ¢, where § and § satisfy the following equations:

9y | ] N .
5 TAI=0in Qs MZOOHEE 9(0) = yo in Q,
0y - - . 0y . .
8t+A = -V -V¢in Qy, %:Oon Y7 7(0)=01in Q.
From Proposition 2.2, it follows that § € L%2(0, W19 (Q)). Since d > M/, and do > m’, then ﬁ;h-fgg >

mdo
1, n;’fj >1,and V - V¢ belongs to Lm+52 (0,¢; Lwids (©)). Using Proposition 2.6 for £ = 1, we deduce that
g € L%2(0, Wh9(Q)). Thus ye € L%(0,¢ Wh%(Q)).
We prove that the mapping & +— y¢ admits a fixed point in L%2(0,# W1 92(Q)) for some £ > 0. Let (&1,&2)

belong to L%(0,%; W142(Q)). Still with Proposition 2.6, we have:

lye: — YeallLoa 0. 5w102)) < CrllV I ipmo.50m @) 160 — &2l Loz (0,5w 142 ())-

The mapping ¢ — CJ* fot ||‘7(T) d7 is absolutely continuous, there exists ¢ depending on V, such that
{t+£,T}
Ci(fm IV (7)]
in L%(0,%; Wh42(Q)), and it admits a unique fixed point in this space. Next, we can prove the existence of a
unique global solution in L% (0,7; W92(Q)) as in the proof of Proposition 2.7.

I 2y
1

L,,,L(Q)NdT)ﬁ <(C = % for all ¢ € [0,T]. Therefore the mapping £ — y¢ is a contraction

2 - Let pﬂ_—mm < r < p. Observe that y = y; + y2, where y; and ys are the solutions to the equations:

8y1+Ay1—01n Q, %:Oon 3, y1(0) = yo in Q,
ot Ona
3y2+Ay2 ~V . Vyin Q, a——O on X, y2(0) =0 in Q.
ot Ona

Due to Proposition 2.4, y; belongs to LOO(O T'LP(Q)). Slnce é + é\; - é\,{ + % < % + %, we can choose
m’ < d2 < 2 such that %—FQ—[\;—Q—]\T[,—F% < 62 <Ll L Wetake = %— L Then (52,d2) satisfies (24),
and y belongs to L%2(0,T; W42(Q)). Moreover - 5T 2d2 —|— 1— = — 2. Set 1~ =1 —|— 5 , then ¢ > 1, and
V - Vy belongs to LZ(O, T;L"(£2)). Due to Proposition 2.6, we deduce that Yo belongs to c(o, T); L7()). O

3. CONTROL PROBLEM (P;)

3.1. Existence of solutions to problem (P;)

Theorem 3.1. Assume that hypotheses (A1) to (A7) are satisfied. Suppose that there exist (§,d) satisfying (17),
and (d2,d2) satisfying (24), such that k < 6,k < d, k < 62, and kK < do. Suppose in addition that 6 <
N N

N—-L __2>N_D_ 2
N—D q’ o/ q’

inf . Then the control problem (P1) admits solutions.

Proof. Let (un), be a minimizing sequence in Ky. Then (up), is bounded in L7(0,T; L°(vy)). We can
suppose that (u,), converges to some @ weakly-star in L?(0,T; L°(v)). Since Ky is convex and closed in
L(0,T;L°(7)), then @ € Ky;. Due to Propositions 2.7 and 2.8, the sequence (), is bounded in L°(0,T;
Whd (Q)) + L%2(0,T; Wh42(Q)) for all (§,d) satisfying (17), and all (Js,ds) satisfying (24). Therefore we
can suppose that (y,), converges to some ¢ for the weak topology of L2(0,T; W'4(Q)) + L%2(0, T; W142(Q))
for all (4,d) satisfying (17), and all (d2,ds) satisfying (24). We can easily verify that g is the solution to
equation (1) corresponding to @. Since k < 0, k < d, k < d2, k < do for some (6, d) satisfying (17), and some
(82,do) satisfying (24), (yn)n converges to ¢ for the weak topology of L*(0,T;W1*(€Q)). Moreover, due to
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Propositions 2.8 and 2.7, we can prove that (i, (7)), is bounded in L%(Q), and that (y,,(T)),, converges to 7i(T)
for the weak topology of L?(Q). By classical arguments, we can prove that (u, ) is a solution of (P;). a

3.2. Regularity results for the adjoint equation

To study the control problem (P;), we look for solutions to equation (1) belonging to L*(0,7; W%(Q)).
Therefore we must have k < §, & < d Kk < 2, k < dy for some (d,d) satisfying (17), and some (d2,ds)
satisfying (24). Observe that if o > W’ and if we take § = ¢, then (17) is satisfied for all 1 <d < Nli_Djzl.
If we take d2 = p, then (24) is satisfied for all 1 < §3 < 2. Due to these observations, to simplify the calculations,
throughout the sequel we make the following additional assumptions.

(A8) o> =L > 0. The function Vi belongs to LU(0,T; (L¥-5-1 (Q))N) 4 (L2(0, T; (LP())).
N

The function y, belongs to L™(2), where # = p——

We consider the following terminal boundary value problem

W Ay Vp=—diviin O, Op

ot na =h-ionX, p(T) = pr in Q. (26)

When £ - 7 is not defined, equation (26) is a formal writing for the variational equation:

0 -
/ % + Z aij DjpDiy + aopy — V. -Vpy| dedt = / h-Vy dzdt +/ y(T)pr dz ,

2,7=1

for all y € C1(Q) such that y(0) = 0. If u is a solution of (P;), if v, is the solution of (1) corresponding to u, if
we set h = kCq|Viyu — Val*2(Vyu — Vi), and pr = 0Ca|yu(T) — ya|®2(yu(T) — ya), then equation (26) corre-
sponds to the adjoint equation for (P;) associated with (u,y,,). Due to Propositions 2.7, 2.8, assumption (AS8),
and Lemma 4.1 in [21], the function k = kCq|Vy, — Va|*~2(Vy. — Vi) belongs to L= (0, T} (Lwil ()M +
L%(O,T; (Lﬂﬁl ()N for all 1 < d < N]XB€1 and all 1 < §; < 2. The function pr = 0Cq|y.(T) —
Ya|®~%(yu(T) — ya) belongs to L(2) for all 1 < € < - 7;\17)(9 - This is the reason why we now study
the regularity of the solution p to equation (26) when h and pr satisfy such conditions. In particular, to prove
the optimality conditions for (P;), we establish that the trace of p on vx]0,7T[ belongs to Lq'(O,T;L"' 7).
We study equation (26) for pr = 0 and h # 0 in Theorem 3.2 and Theorem 3.3, for h =0 and pr %= 0 in
Theorem 3.3. We summarize these results in Theorem 3.4.

Theorem 3.2. Suppose that h belongs to L(0,T; (L"(Q))N) with 77 > m’ and n > m’. Consider the equation:

dp

8t+A p—V -Vp=—divhinQ, = —h-fony, p(T) =0 in Q. (27)

Equation (27) admits a unique weak solution in L7(0, T; WY1(Q)). If 7 > ¢’ and n > N — D, then the trace of
p on yx]0,T[ belongs to LY (0, T; L% (7).

Proof. To study equation (27), we still use a fixed point method as in the proof of Proposition 2.7. Let £ belong
to L(T — ¢, T; W11(Q)), and let pe be the solution of the equation:

Op -

—a——i—Ap—— div b+ V - V€ in Qx|T — 1, T], =h-#onX]T—£T[, p(T)=0inQ.

ot Ona

Set % = % %, % = % +%. Then ¢ > 1, > 1, and V- V¢ belongs to LZ(T —t,T; L¥(Q)). From Proposition 2.5,
and Proposition 2.6 for k = 1, it follows that p¢ belongs to L7(T — ¢, T; W1(Q)).
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Let & and & belong to L(T — &, T; W1(Q)). Still with Proposition 2.6, we have:

Ipe, = Pesllar—tmwingy) < CIVIpa@—trm@) 1€ — &l Lar—grmwin@)),

where C' is independent of £. For £ > 0 small enough, we have C’||‘7| L(r—£,r5(Lm@)N) < 1.

Therefore, there exists £ > 0 such that the mapping & — pg is a contraction in the Banach space L(T —t, T}
Whn(Q)), and it admits a fixed point. As in the proof of Proposition 2.7, we can prove that equation (27)
admits a unique global solution in L7(0,T; W7(Q)).

If 7 > ¢ and n > N — D, using Proposition 2.3, the trace of p on vx]0,T[ belongs to LY (0,T; L"(7y)). Since
n >N — D > o', the trace of p on yx]0,T[ belongs to L (0,T; L7 (v)). O

Remark. Since N — D > % > m’, the condition n > N — D is stronger than n > m/’.

Theorem 3.3. Consider the equation

Jp

0 .
8t+Ap V. -Vp=0inQ, %20 on X, p(T) = pr in Q, (28)

where pr belongs to LS(Q), with € satisfying &£ < L + Q(ND By and X< % + ﬁ. Equation (28) admits a
unique solution in L’;(O, T; WLk (Q)) for some (k, k;) satisfying

N 1 N
4

~ 1
k>m, k> k>N-D 4= — 29
>m/, > €, > >ml, et g k+2k (29)
Moreover, the trace of p on vx|0,T] belongs to LY (0, T L"/('y)).
Proof. We distinguish the cases e < N — D and e > N — D.
1 - First consider the case ¢ < N — D. From the inequality IN-D) N ) <3 N % + ﬁ, it follows that ¢’ < 2.
There exists max(¢/, ') < k < 2 such that
N, 1, D 1.1 1 N 1
2¢ E 2(N-D) 2 2 | 2(N-D) 2
Therefore there exists k > N — D > m’ such that
b N 11< N + 1 + 1 N 1 + 1
=9 2 ok 2(N-D) %2

To study equation (28), we still use a fixed point argument. Let £ belong to Lk (T —t,T; WHE(Q)), and pe be
the solution of the equation:

_Op
ot

9 0 on I'x|T —¢,T], p(T) = pr in Q. (30)

+ Ap =V - V¢ in Qx]T —,T7, B
A

Set % = % + %, % = % + % Observe that V - V& belongs to LZ(Tif,T;LZ(Q)), with ¢ > 1, ¢ > 1. From
Proposition 2.6, and Proposition 2.4 with a = 0, it follows that pe € L*(T — ¢, T; W1*(Q)).

Let & and & belong to Lk (T —t, T; WHE(Q)). Still with Proposition 2.6, we have:

Hp€1 - p€2HL75(T7ﬂT;W1,k(Q)) < C”VHLWL(T—Z,T;LM(Q))H§1 - §2HL7;(T7E7T;W1J€(Q))7
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where C' is independent of ¢. There exists ¢ > 0 such that the mapping { — pe is a contraction in the Banach
space Lk (T — ¢, T; WHk(Q)), and it admits a fixed point. As in the proof of Proposition 2.7, we can prove that
equation (28) admits a unique solution in LF (0, T; WHF(Q)).

Since k > ¢/, and k > N — D > ¢, the trace of p on 'y><]0 T[ belongs to L4 (0,T; L (7).

2 - Now we study the case ¢ > N — D. We choose &
choose

D <1 <1, for example we can set r = %(1 + g) We

1 1 1 r
§<E<m1n<m,,1§>~ (31)
Still using a fixed point method, we prove that equation (28) admits a unique solution in L’;(O, T; Whe(Q)) N
L2(0,T; W™€(Q)). Let € belong to LE(T —, T; WH€(Q)NL2(T —,T; W™¢(Q)) be the solution of the equation:

aerAp V- VEin QX]T — T, QZOOHFX]TfﬂT[, p(T) =pr in Q. (32)
ot ona
Set~:%+%,%:% % Then V - V{belongstoLe( —1,T; LY(Q)), with £ > 1, £ > 1. Due to (31), we
have
Ny Ly v, r
2e 2 k27 2 2 2 2’
and
€£—2ek2’265222

From Propositions 2.4 and 2.6, it follows that pe belongs to Lk( —t, T;Whe(Q)) N LT — t,T; W™¢(2)). Let
& and & belong to L*(T —, T; Wh<(Q)) N L3(T — ¢, T; W™<(Q)). Still with Proposition 2.6, we have:

HP&1"psgﬂL%gr_zgymnﬁ(Q»‘+|Hk1"P&QHchr—fﬂtw”w(Q» < CW“/”LM(TfﬂTKLm(QDN)”fl"gQHLﬁgr_ﬂTﬂylm(Qna

where C' is independent of ¢. There exists ¢ > 0 such that the mapping £ — pe is a contraction in the Banach
space LE(T —, T;WH€(Q)) N L3(T — t,T; W™¢(Q)), and it admits a fixed point. As in the proof of Proposi-
tion 2.7, we can prove that equation (28) admits a unique solution in L¥(0,T; W1<(Q)) N L2(0,T; W™<(Q)).

Since 2 > ¢’, and re > N — D > ¢’, the trace of p on vx]0,T[ belongs to LY 0,T; L"l('y)). O
= q 5 P
We have to study equation (26) in the case when h belongs to L==1 (0, T (L w4 ())N)+L+21(0,T; (L= ()N
foralll <d < NN_D 7 and all 1 < 62 < 2, and pr belongs to L¢(€2) for all 1 < e < (N_D ]\il)(e—l)' In
N—-D ¢

this case, due to Theorems 3.2 and 3.3, the trace of p on x]0,T[ belong to LY (0,T; L (7)) if the following
conditions are satisfied:

N-D
>N—D>m
(N-D-1)(k—1) "
P >N-D>m,
k—1
D 2 2 D D 2 D
N————-—-—](0-1 - N————-——]0-1)< —
( N-D q’>( )<yt oD ( N-D q’)( ) <w T N-D
q ’ ’ ~ ~
_— > _— > _— > > .
B 1% B
The condition% > N — Dis equivalent t0&<1+ﬁ Ifn<1+ﬁ,thenn<2 and
the condltlons L >q, =>4, = 1 > m/, and - > m/ are automatically satisfied. Moreover, we have
N-D> &>, andp— 71_57%2N7N]7VD7%>NND r Thus 225 > N =D if =P > N-D.
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We can summarize the above conditions in the assumptions stated below.

(A9) The exponent r satisfies

l<r<1l+ . (33)
" N-D-1
(A10) The exponent 6 satisfies
D 2 2 D
)N 22 4
o-0(V- 55 2) <3+ yop. (34)

D 2 2 D
(leNN?B?><W+NTE'

These assumptions are satisfied in the following cases. When N =3, D =1, m =8 m =4,q = 0 = 2,
we can set p = 2, and (A9, A10) are satisfied for all 1 < k < 2, and all 1 < § < 2. In the case where
N=3, D=1, m=8,m=4,q=0 =00, we can set p = 00, and the previous assumptions are satisfied for all
l<k<2andall<f<il

(35)

Theorem 3.4. Set h = kCo|Vyu — Va|" 2(Vyu — Va), and pr = 0Co|yu(T) — ya|® 2 (yu(T) — ya), where y,, is
the solution of (1) corresponding to uw € L1(0,T; L7 (v)). Let p be the solution to the equation
dp dp

— 4 Ap—V - -Vp=—div h in Q, = =h-fony, p(T) =pr in Q. (36)
ot ona

Then, the trace of p on vx]0,T| belongs to LY (0,T; L7 (7).

Proof. From assumption (33), it follows that h € L7 (0, T; L™ (€))+ L (0, T; L™ (£2)), for some (7j1,m1), (7iz2,72)
satisfying 7; > m/, 7; > ¢, n; > N —D > m/ for i = 1,2. From assumptions (34, 35), it follows that pr € L¢(Q)
for some e satisfying % < % + ﬁ and % < % + ﬁ. Thus, the theorem is a direct consequence of
Theorems 3.2 and 3.3.

O

3.3. Optimality conditions for (P;)

Proposition 3.1. Letu € L2(0,T; L (7)) and y, be the solution of (1) corresponding to u. Let p be the solution
to the adjoint equation (36). Let z be the solution to the equation

0z 0z

E—FAZ—}—V-V,Z:OWQ, m:uévonﬂ, z(0) =0 in Q. (37)
Then
T —
/ /pu d¢dt :/ Vz- hdl’dt+/ pr(z)z(x,T) dz. (38)
0 ¥ Q Q
Proof. Observe that z(T') belongs to L"(Q) for all 1 < r < N—L% With condition (34), we can find e
N-D ¢
satisfying € < N , such that z(T) belongs to L€ (). Thus prz(T) belongs to L'(€). Due to

N—x25-2)(0-1)
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Proposition 2.7, z belongs to L4(0,T; W4(Q)) for all d < ﬁ Set I = hl + h2, where Al (respectively
h_é) belongs to L=1 (0, T; (Lﬁ ()N) for all d < 72~ (respectively L2 (0, T; (L= (Q))N) for all 8, < 2).
Let (h_,ic)k (respectively (h_,%)k) be a sequence of functions in (D(Q))" converging to hi (respectively h_é) in
L77(0,T; (Lwil(Q))N) for all d < A2 (respectively L%(O T; (Lﬁ(Q))N) for all é2 < 2). Due to
52 obeying £t + <1,%214+2<1 Then Vz- (h_,i€ Jrh_,%)

belongs to L!(Q), and converges, when k tends to infinity, to Vz- h in Ll(Q). Let (pT)k be a sequence of regular
functions converging to pr in L¢(Q2) for all 1 < e < N and pg be the solution to the equation:

assumption (A9), there exists d2 < 2 and d <

(N-x2p—3)(0-1)°

_ Opx 32\ . Opx .
5 + App — V- Vp = — div (h,lc—i—hi) in Q, M:Oonz, pr(T) = pk in Q. (39)
Then we have
T - -
/ /pk(g,t)u(C, t)d¢dt = / Vz- (h,l€ + h%) dxdt + / pr(x)z(z, T) da. (40)
0 Jy Q Q
By passing to the limit when k tends to oo, we obtain:
T — —
/ / (¢, HyulC, £) dcdt = / Ve (4 12 dadt + / pr(@)(z, T) da. (41)
0 Jy Q Q
O

Theorem 3.5. If u is a solution of (Py), then

/ / "ufudCdtJqu/ (/|u|"d(> (/|u|" 2 (vu)dC)dt>0 (42)

for every v € Ky, where p is the solution to

_Op

5 + Ap—V - Vp = —rCq div (IVyu — Va|" 2 (Vyu — Va)) in Q,

0 _ . _ .
% = rkCQ(|Vyu — Va|" 2(Vyu — Vi) -7t on Z,  p(T) = 0Colyu(T) — yal|® *(yu(T) — ya) in Q,

where y,, is the solution to equation (1) corresponding to u.

Proof. Let v be in Ky, A > 0, and denote by y, the solution of (1) corresponding to u+ A(v — u). Due to (34),
applying Proposition 2.7, y and y, belong to C([0,T]; LY (Q)).
1 - We set wy = yx — yu, then wy is the solution to the equation:

Ow +Aw+V - Vw=0in Q, a—w:)\(vfu)&,onﬁ, w(0) =01in Q .
6t ona

With Proposition 2.7 and condition (34), for all (d, d) satisfying (17), we have the estimate:

lyx — vullLso,mwray) + 1UA(T) = yul(T) | o) < CAllv — ullLao, 1507 (v)) - (43)
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2 - Let us set z = (yx — yu)/A. Observe that z is independent of A. Due to Proposition 2. 7 z belongs to
L0, T; Wt d(Q)) for all (0,d) satisfying (17), and z(T") belongs to L"(Q), for all 1 <r <

=2
3 - We want to calculate the gradient of the functlonal I. Ifweset G(u) = [ [yu(T yd|9dx+fQ |Vy, —Va|Fdadt,
from the convexity of the mapping y — [, [y(T) — ya|’dz + fQ |Vy Va|®dzdt, it follows that:

QCQ/ |yu(T) - yd|9_2(yu(T) - yd)'Z(T)dx + KCQ/ |Vyu - Vd|K_2(Vyu - Vd)VZd:L'
Q Q

< —(Glu+ Av —u)) — G(u))

> =

< GCQ/ [y (T) = yal "2 (ya(T) — ya)2(T)dz + "ECQ/ [Vyr — Val" 2(Vya — Va)Veda.
Q Q

We set pr = 0Cq |y (T) — yd|/9_2(yu(T) —ya), and p3 = 0Cq|yx(T) — ya|®~2(y»(T) — ya). From (43), it follows
that pr and p} belong to L (Q), and that [, p)z(T) dz +— [, prz(T)dz as X tends to zero.

We set i_i = kCq|Vy, — Val"=2(Vy, — Vy), and H)\ /iCQ|VyA7Vd|"’2(Vy)\ — V). Since ¢ > 2 we have k < ¢

K1 =D N-D—-1 _ s—=1_1

and —+ < 1. Due to assumptions (33), we can find d such that k < d < 5=, —+ﬁ TlJrE <1
Thus we can choose 1 < §2 < 2 such that ”Tl +1 s < "621 +1 g < 1. We can Verlfy that hy - Vz belongs to L'(Q),
and fQ hy - Vz dzdt — fQ h-Vz dadt as A tends to zero. Therefore, if we set F(u) = I(yu,u), thanks to the
above calculations, we obtain:

F'(u)(v —u) = 90&2/ yu(T) = yal* 2 (yu(T) — ya)2(T) dz + HCQ/ VY — Va" " 2(Vyu — Vi) - Vzda

+qC/ </|u|"dc> </|u|‘7 2 u—u)dg)dt

Finally we can use the Green formula (38) to complete the proof. O

4. CONTROL PROBLEM (P53)

In this section we study the control problem (P,). In this case d5 is replaced by d,,, which corresponds to
D = 0. We first prove the existence of an optimal pair (u, o), and next establish optimality conditions. For
this, we make the following assumptions.
(A6’) The function yg belongs to Lv= (), Ky is a closed convex bounded subset of L>°(0,T), and Kg is a
closed convex subset of Q. (Observe that ¢ = 0 = c0.)
(A7) The exponent 6 satisfies the condition

N -1
N -2

0 < (44)

4.1. Existence of solutions to (P3)

Theorem 4.1. Assume that conditions (A1-A5) and (A6’) are fulfilled. Suppose that 0 < 2. Then the
optimal control problem (Ps) admits solutions.

Proof. Let (uy,2n), be a minimizing sequence in Ky x Kg. Then (uy,2y), is bounded in L>(0,T) x RV.
We can suppose that (u,), converges to some u weakly-star in L>°(0,7), and (x,,), converges in R to some
xo € Kq. Since Ky is convex and closed in L*>°(0,T'), u belongs to Ky. Let y, be the solution to (1) corre-
sponding to (un, zy), and yy 4, be the solution of (1) corresponding to (u,xg). As in the proof of Theorem 3.1,
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we can prove that (yy, ), converges to ¥, , for the weak topology of L(0,T; W14(Q)) + L%(0,T; W92 (1)) for
all (4, d) satisfying (17) with D = 0, and all (J2,ds) satisfying (24) with D = 0. Moreover, we can prove that
(Yn(T))n converges to yu ., (T) for the weak topology of LY(Q). By classical arguments, we can next prove that
(u, o) is a solution of (Ps). O

4.2. Regularity results of the adjoint state

We consider the following terminal boundary value problem

—@—i—Ap—V-Vp:OinQ, @:Oonz, p(T) = pr in Q, (45)
ot ona

where pr belongs to L¢(2)) for all 1 <e < WN((FI)' If  is the solution of (1) corresponding to u and xg, if

we set pr = 0|7(T) — ya|®~2(5(T) — ya), then equation (45) corresponds to the adjoint equation for J associated
with (zg, u).

Theorem 4.2. The solution p to equation (45) belongs to L'(0,T;CY (). Moreover, for all N < € <

WN(@*U’ there exists 0 < v < 1, such that the mapping that associates p with pp is continuous from L€())

into L'(0,T; C1¥ ().

Proof. 1 - Due to condition (44) on 6, we can find € such that N < e < W. Then € > m’. We choose
(o, &) satisying

1 N £ N N 3 1 N N N N N

>m>N, —4+—<2<inf{dl+——— S—— 4T j___ 4 1. (46

azm=N 3T <) m{ T2 22 W 2m 2a 2 2m+2a} (46)
Since%—%<0, then%<1<1—|—T1L,. Thus there exists & such that

€ 1 1 1

SR P 4

sup{2 — 5 (<z <L (47)
1 ¢ 1 N N N 1

S I A R S £ 48

2+2+ﬁ1+2m 2a+26 Q (48)

. 1 1 N 3 1 N 1 N 1 N 3 1 N 1 N
Wlth(48),wehave§—ﬁ+2—€<1—5—57%+5+Z,and0<§+2—€<1—§—Efﬁ+g+z.

From (46), we deduce that 1 — % - XL+ >0and1- % - XL 4L > 1L N Thus there exists k
satisfying

1 1+N0 <N<.f N 1 & 1 N+1+N 1 & N N (49)
supy = — = + =— —<mf{ —,1-2-=—4+=+—,1-2——+— 5
m € € m m o m o
Pl2 7w T ae 2k 2¢’ 2 m 2 v 2a] 2 2 2

With (49), we obtain 1 + &£ — & < L and,%+é<1,%,;,%+é+%,%. From (48), we deduce
N

that%+2—1\if%<1f§f%fm+é+%f%.Thuswecanchoosel?:suchthat
1+1 1+N N <1<'f 1 1 £ 1 N+1+N N (50)
su -t =, -+ — - — —<inf{ —. 1 -2 — — — — - — — — 5
P ¥ a’2 2 2k k m'’ 2 m 2m a 2a 2k

With (49), we have k > ¢ > m’. Due to (50), the pair (k, k) obeys (29). From Theorem 3.3, we deduce that p
belongs to L*(0,T; W1k((Q)).



486 P.A. NGUYEN AND J.-P. RAYMOND

Q—Weset%:%+%and%:%+%,theng>l. From%Jr%<%+%<%+Tb:1,itfollowsthat£>1
and V - Vp € L*(0,T; LY(f2)). Let  be the solution to the equation:
0 — 0
—a—j—i-Aﬂ'zV-Vpin Q, i:OOnZ, m(T) =0 in Q.

Fromthechoiceoffcandk,withé<% < %Jr%,weobtaindzg,aza %Jr% < éJr%Jrlf%. Due to
Proposition 2.6, we deduce that 7 belongs to LY(0, T; W&<(Q)).

3 - Let 75 be the solution to the equation:

N N 3
e 1+ <o—+2-T <o (51)
(8%

From Proposition 2.4, we deduce that m belongs to L!(0,T; W¢22((Q)), which is included in L(0,T; C1(Q)).
4 - Let (a, &) obey (46), and (az,&2) obey (51). Then there exists v such that

N N
1>v>0, £>1/+1+E, €2>V+1+a—- (52)
2

We have p=7+m3 € Ll(_O, T; W&(Q)) + L1(0, T; We2:22(Q)), and L'(0,T; W&e(Q)) + LY(0, T; We2:22(Q)) is
included in L*(0,T; C**(£2)). The estimate of p in L*(0,T; C*¥(Q)) in function of ||prLc) may be deduced
from the analysis of Step 1 and Step 2. g

4.3. Optimality conditions

Lemma 4.1. Let p be the solution of (45), where pr belongs to L¢(Q)) for all 1 < e < WN(@*I)' Let (p3)a

be a sequence of functions converging to pr for the weak topology of the space L¢(Q2) for all e < WN(QA)' Let

px be the solution to the equation:
Ip

—E—i—Ap—‘_/)-Vp:OinQ, —— =0on%, p(T) = py in Q. (53)

Then the sequence (px)x converges to p in L*(0,T;C*(2)).

Proof. From Theorem 4.2, we know that the sequence (py) is bounded in L'(0,7;C*¥(Q)) for some 0 <
v < 1. The identity mapping from C'*(Q) into C*(Q) is compact. The sequence (), is bounded in
LY0,T; (W1#(Q))’) for some 3 big enough. From a compactness result ([25], Cor. 5), we deduce that the
identity mapping is compact from L'(0,T;CY¥(Q)) N WL1(0,T; (WLA(Q))’) into LY(0,T;C1(2)). Therefore
the sequence (py)x converges to p in L'(0,T;C*(Q)).

Lemma 4.2. Let p and py be defined as in Lemma 4.1. Then we have

T T
limAﬂoi/O (Pa(xo + A1 — 20)) — pa(mo))udt = /0 Vp(xo) - (x1 — zo)udt.
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Proof. We can write:

1

X/o (pa(zo + A(z1 — m0)) — pal®0))udt = /0 /0 Voa(xo + 9Na1 — x0)) - (1 — xo)udiddt

T 1 T
= / / (Vpa(xo +9A(x1 — 20)) — Vpa(zo)) - (21 — zo)udddt +/ Vor(zo) - (1 — x0)u dt.
o Jo 0

Due to Lemma 4.1, the sequence (py)x converges to p in L'(0,T; C1(Q2)). Thus we have:

T T
/ Vpa(zo) - (1 — xo)udt — / Vp(zo) - (1 —xo)udt as A —0.
0 0

Due to Theorem 4.2, (py)» is bounded in L!(0,T; C*¥(Q2)) for some 0 < v < 1. Therefore we have

/0 /0 (Vpa(zo + IN(x1 — x0)) — Vpa(xo)) - (21 — z0)uddde

< /T /1 |(Vpa(wo + 9A(z1 — x0)) — Vpa(o)) - (1 — 930)|(w|)\(361 — 20" [ul dt
“Jo 0 |.Z‘0+’l9)\(.1‘1 —IQ) —I0|V
< Cllull oo,y IPAll L0, 75000 @) A @1 — 20) [ — 0 as A — 0.
The proof is complete. O

Theorem 4.3. If (u,x0) is a solution of (Py), then

T T
/ p(zo)(v —u)dt >0 for allv € Ky, and / Vp(xo) - (x1 — xo)udt > 0, for all 1 € Kg,
0 0

where p is the solution to the equation

0 - ) 0 _ Lo .
B AV Vp=0inQ, L =00n%,  p(T)=05(T) - yal"2G(T) — ya) in Q,
ot ona

and where § is the solution of (1) corresponding to u and x.

Proof. We only prove the optimality condition for . For A > 0, we denote by y» the solution of (1) corre-

sponding to u and zg + A(x1 — zo). Set F () = J(Yu,z, u, ). We set 2y = (yx —y)/A, then z, is the solution to

the equation:
0z

Z 4+ A4V -Vz=0in Q,

5 ﬁ = u(t)(Ogg+A(z1—az0) — Oz0)/A 00 3, 2(0) =0 in Q.

8nA o
Under conditions (44) on @, and applying Proposition 2.7, we deduce that y and zy belong to C([0,T]; L% (Q2)).
Then [yA(T) — ya|*~2(ya(T) — ya)2x(T) belongs to L*(£2). From the convexity of the mapping y — [, [y(T) —
yaq|®dz, it follows that

F(zo+ AMz1 — x0)) —
A

0< Fizo) < 9/ YA (T) = yal "> (a(T) = ya)2a(T)dz.
Q

Using the Green formula of Proposition 3.1 with h= 0, we obtain

F(IQ + )\(.1‘1 — IQ)) — F(.ro)

0<
- A

<5 | a0+ M = a0) = (o) uat
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where pj is the solution to equation (53) with p3 = 0lyx(T) — ya|?~2(yA(T) — ya). We conclude with Lemma 4.2
by passing to the limit in the above inequality. O
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