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ON THE L -STABILIZATION OF THE DOUBLE INTEGRATOR SUBJECT
TO INPUT SATURATION

YACINE CHITOUR!

Abstract. We consider a finite-dimensional control system (X) #(t) = f(z(¢),u(t)), such that there
exists a feedback stabilizer k that renders & = f(z,k(z)) globally asymptotically stable. Moreover,
for (H,p,q) with H an output map and 1 < p < g < 0o, we assume that there exists a Koo-function «
such that ||H (zv)|lq < a(||u||p), where z, is the maximal solution of (X)x @(t) = f(z(t), k(z(t)) +u(t)),
corresponding to v and to the initial condition 2(0) = 0. Then, the gain function G(g ;) of (H,p,q)
given by
Cutpp(X¥)= swp [H@l,
u P:

is well-defined. We call profile of & for (H, p, q) any Keo-function which is of the same order of magnitude
as G(p,p,q)- For the double integrator subject to input saturation and stabilized by k(z) = —(1 1)z,
we determine the profiles corresponding to the main output maps. In particular, if og is used to denote
the standard saturation function, we show that the Ls-gain from the output of the saturation nonlin-
earity to u of the system & = oo(—z — & + u) with z(0) = ©(0) = 0, is finite. We also provide a class of
feedback stabilizers kr that have a linear profile for (z,p,p), 1 < p < co. For instance, we show that
the Lo-gains from x and & to u of the system & = oo(—x — & — () 4 u) with z(0) = £(0) = 0, are
finite.
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1. INTRODUCTION

Let (X) be the finite dimensional control system of the form:

(X) @(t) = f(x(t), u(t)), (1.1)

where states z(t) € R" for all ¢ > 0 (the integer n is the dimension of (X)), inputs u : [0, c0) — R™ are measurable
locally essentially bounded maps (the integer m is the dimension of the input space), and f is locally Lipschitz
in (z,u) with f(0,0) = 0. Assume that (X) admits a feedback stabilizer, i.e., a map k : R® — R™ locally
bounded such that k(0) = 0 and the closed loop system given by
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is globally asymptotically stable (GAS for short) with respect to the origin. For basic terminology on control
theory, we refer to [9]. We are interested in the robustness of the feedback k, i.e., in the stability of k& with
respect to measurement and actuator noise. We first recall the following definition: the class of K -functions
consists of all & : RT — R* which are continuous, strictly increasing, unbounded and satisfy «(0) = 0. For
simplicity of the exposition, we also assume that k is locally Lipschitz. We hence consider the control system
(X)k given by

Xk &(t) = f(x(t), k(z(t)) + u(t). (1.3)

We use z,, to denote the maximal solution of (1.3) corresponding to w and to the initial condition z(0) = 0. For
p,q € [1,00], p < ¢, and an output map H : R” x R™ — R! locally Lipschitz with H(0,0) = 0, we then ask if
(3) verifies the following properties:

(P(IH,p,q)) the assignment u +— H (z,,u) defines a map F(p ) : LP(RT,R™) — LY(RT,RY);

(P(QH’p’q)) there exists a(grp,q) € Koo such that

[ F 0.0 (u)Hq S O‘(H,p,Q)(Hqu) (1.4)

(Indices such as (H,p, q) are dropped when the context is clear.) The main output maps H are z, f(z,u), (the
integer [ is then equal to n), hTz, hT f(x,u) where h is a fixed nonzero vector of R™ (the integer [ is then equal

to 1). We also have local versions of (P(QH,p,q)) when (1.4) only holds in a neighborhood of 0 or a neighborhood
of co. The feedback k is said to be of shape o for (H,p,q) (at 0 or at oo respectively) or « is a shape of k for
(H,p,q) (at 0 or at oo respectively) if (H,p, q) satisfies (P(QHP q)> (in a neighborhood of 0 or oo respectively)

with Ca € Ko in equation (1.4) and C' > 0 is a constant independent of u. Remark that if there exists a shape
a of k for (H,p,q), we can define the gain function Gy pq) : Rt — R associated to (H,p,q) by

Gt ,p,g)(X) £ | S”uEX HF(H,ILQ) (U)Hq : (1.5)

Then G is a nondecreasing function, continuous at 0 with G(0) = 0. In other words, k is of shape « for (H,p, q)
(at 0 or at oo respectively) if G (g p, ) = O() (at 0 or oo respectively). We say that k is of profile a for (H,p, q)
at 0 (at oo respectively) or a is a profile of k for (H,p,q) at 0 (at co respectively) if there exists ¢, ca, Xo > 0
such that for every X < Xy (X > X respectively),

ClG(H,p,q) (X) < a(X) < CQG(Hypyq) (X)

This can be denoted by a <o G p,q) (a =oo G(H,p,q) respectively). When u — f(0,u) and u — H(0,u) are
not identically zero, and if the gain function G is defined and continuous at 0, then a profile for G exists at 0.
If, in addition, G is unbounded, then it also exists at co (see proof in Lem. 2.2 below). Note that a profile is
uniquely determined up to the multiplication by a positive bounded function. A profile of k for (H, p, q) both
at 0 and at oo is simply called a profile of k for (H,p, q).

A natural way to quantify the robustness of a feedback stabilizer k satisfying (P2 ) for some (H,p,q) is

(H,p,q)
to determine (when possible) the asymptotic behaviors of a corresponding profile o« when ||u||, tends firstly to

0 and secondly to co. Moreover, given two feedback stabilizers k; and ks for (X) and (H,p, q), we can compare
k1 and kg by comparing the asymptotic behaviors at 0 and oo of their respective profiles (when they exist). In
particular we say that k1 is better than ko at 0 (at co respectively) for (H, p, q) if we have, for their corresponding
profiles a1, as (when they exist), that a1(X) = o(a2(X)) as X tends to 0 (to oo respectively). Therefore, the
notion of profile is a weaker generalization of the concept of finite-gain stability as it is defined in input/output
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studies and related works on computation of norms for nonlinear systems in state-space form (cf. [2,15] and the
references given therein). The definition of profile is also closely linked to the concept of input-to-state stability
(ISS) and related notions (e.g. integral input-to-state stability etc.) see [10]. For instance, if H(x,u) = x and
p = g = o0, having a shape for (z,00,00) is equivalent to have the (ISS) property (¢f. Th. H in [10]). To
illustrate the previous definitions, we consider a simple case namely the linear one. We assume that (X) is a
linear system & = Ax + Bu such that the uncontrollable modes have negative real parts. Then, there exists a
linear feedback k such that for every p, q € [1, 0], p < ¢ and main output map H, k is of linear profile (i.e. the
corresponding « is a linear function for (H,p,q)). We can see with the previous example that that the notion
of linear profile is less precise than the notion of finite gain.

Under which conditions on f,k and on (H,p, q), the control system (X) satisfies the properties (Pl)(Hypyq)
or (PQ)( H,p,q) are general issues one can address. In addition, other questions can be considered such as the
relationships between the two previous properties and (in the spirit of 1.5S results) the links between the fact
of admitting a profile and admitting a control Lyapunov function satisfying some dissipative inequality. In
this paper, we rather focus on a particular control system (SI2) (defined below) and we address through that
example the two following issues: given a control system admitting a feedback stabilizer £ and a main output
map (H,p, q), then find first the profile of &k for (H,p, q) and second, a feedback stabilizer with the best profile
for (H,p,q).

The control system (SI3) belongs to the class of linear control systems subject to input saturation:

& = Az + Bo(u), (1.6)

where A is an n X n matrix, B an n x m matrix and o is of “saturation” type. For instance, arctan, tanh and the
standard saturation function o¢(s) = m are 1-dimensional examples of saturation functions. For this class
of systems, examples of feedback stabilizers are well-known under the necessary and sufficient condition that the
controllable modes are of non positive real part and the uncontrollable ones of negative real part (cf. [8,11-14],
and references therein). The interesting problems for control systems (1.6) occur when A admits at least one
eigenvalue A\ with zero real part and more particularly when the multiplicity of A is larger than one (we refer to
the latter as the critical case). The feedback stabilizer is necessarily nonlinear in general: in [3] and [14], it is
shown that, if (A, B) is controllable, m = 1 and A is equal to the nth-Jordan matrix, then the corresponding
control system (S1I,), called the n-th-integrator with saturated input, cannot be globally stabilized by means of
a linear feedback if n > 3. In [5], the authors consider the case when (A, B) is controllable and A is just neutrally

stable (i.e. the eigenvalues of A have non positive real parts and there are no nontrivial Jordan blocks). It is

shown there, that for the linear feedback stabilizer given by k(z) 4 _BT2, we have for every p < g € [1,00)

or p=q =00 and H(z,u) = z, a linear profile for (H,p,q). Moreover, for (H,p,q) = (x,p,o0) with p finite,

the profile of k is linear at 0 and equal to X — XP/P*1 at co. Finally, as a first result regarding the critical

case, it is shown in [5] that for (SI3), the linear feedback stabilizer kr (x) dof —(1 1)Tz is not of linear profile

at oo for (x,p,p) with p € [1,00]. For related work, in [6], the authors show that any linear system subject to
input saturation with poles of non positive real parts can be semi-globally stabilized (that is, on compact sets)
by means of linear feedback. In addition, they show in [7] that for every D > 0, there exists a linear feedback
stabilizer which is of linear profile (depending on D) under the restriction that all the inputs considered are
essentially bounded by D.

In the present paper, we consider the control system (SI3) given by

(512){ o=@,

t2 = o(u).

In a first part we determine the profiles of the linear feedback stabilizer kj, for the main output maps. We show
that, at 0, all the profiles considered are linear and, at oo, they are of the type X — X", where r depends on
(H,p,q) (¢f. Th. 2.5 below). Let us illustrate the aforementioned results. For that purpose, (z1,z2) is used to
denote the trajectory of (SIz)k, starting at 0 and corresponding to u € LP(0,00). Then, we prove that there
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exist a;,b; > 0 and C > 0 such that, for every input u € L?(0, 00) with |jul|2 > C, we have

4

1l < aillull3,  llz1llee < brllulld, (1.7)
4 2

lzzlle < asllulls,  [le2lleo < bollull3, (1.8)

22l = [lo(=21 — 22 +u)l]2 < as||ulf2.

We also prove that the exponents of ||u||2 in the above equations are best possible. As a corollary, we partially
solve part 2 of Problem 36 as defined in [1]: equation (1.9) shows that the La-gain from the output of the
saturation nonlinearity to u of the system & = o¢(—x — & + u) with 2(0) = #(0) = 0 is finite. However, we are
not able to compute the value of that Lo-gain.

If one uses C! feedback stabilizers for (SIz), the best profile one can get for the output map H(z,u) = z,
is a linear profile. In the second part of the paper, we exhibit a set of nonlinear feedback stabilizers for (SIs)
such that each of them admits a linear profile for H (¢f. Th. 2.8 below). We also provide additional results
regarding nonzero initial states and the perturbed control system (PS1s)g:

jf‘l = X2+ vy,
(PSIQ)k{ 1-,2 _ O'(k(l‘) +u> + vg,

with v = (v1,v2), v1,v2 € LP (0,00), p > 1 and ||v]|os < Co, for some constant Cy only depending on (STy) (cf.
Ths. 2.6 and 2.9 below). We conclude this introduction with a remark regarding the techniques used to obtain
the results. In [5] and [7], the passivity technique is essentially generalized: for p € [1, o], the main argument of
the proofs consists of finding a suitable “storage function” V}, and establishing for V}, a “dissipation inequality”
of the form

dVp(zu(t))

S llza®IF + A llu@)l, (1.10)

for some constant A, > 0. We recall that in [5] a non-smooth V,, was needed. For more discussion on passivity,
see for instance [4] and [15]. In our situation, we are not able to find such storage functions. We just have at
our disposal a control Lyapunov function V (in the case of the feedback kr,, the saturation function o has to be
increasing and V' is not even (i15S5)-Lyapunov — see [10] —). Therefore the “dissipation inequality” satisfied by
V' does not lead directly to the desired estimates. However, on a time interval I = [to, ¢1] where the variation
of V is positive and “large”, we estimate the measures of subsets of I where the input u is “big”. We can then

bound integrals on I of various quantities in terms of / |u|” and get global results.
I

2. NOTATIONS AND STATEMENT OF THE RESULTS

In this section we define the class of saturation functions to be considered and state the main results we
obtain for (SI). In addition, we provide simple remarks.

Definition 2.1. We call o : R — R a saturation function (or an S-function) if there exist two real numbers
0 < a < K, such that for all ,#' € R

(i) |o(t) — o(t')] < Ko inf(1, [t —t']);

(1) |o(t) — at| < Kyto(t).
A constant K, defined as above is called an S-bound for ¢. When the context is clear, we simply use K to
denote an S-bound. Note that (i) is equivalent to the fact that o is bounded and globally Lipschitz. On the
other hand, (i7) is equivalent to

(t) — o' (0)¢t

to(t) > 0 for t # 0, llir‘ninf lo(t)] > 0, limsup UT < 00.
t|—oo t—0
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We say that o is an iS-function if ¢ is an increasing S-function. If m is a positive integer, o is an R™-valued

S-function if o = (01, ...,0.,), where each component o; is an S-function and
o(t) = (o1(t),...,om(t)),
for x = (x1,...,2,m)T. Here, we use (---)T to denote the transpose of (---). Throughout this paper, if x € R",

we use ||z|| def (37_,22)/2 to denote the usual Euclidean norm. If E is a measurable set of R, |E| is its Lebesgue
measure. If S is a finite set, we use S# to denote its cardinality. For p € [1,00] and T > 0, we use LP to denote

LP(0,00) and we let [|x[|, (||z][p,0,7] respectively) denote the LP-norm:

def ([ e aef [ [T v
el ([ hatolrar) . (elgom (/ |x<t>||ﬂdt> respectively |
0 0

and
def def .
|2]|lcc = ess sup |lz(t)]], <||x|m7[07T] = ess sup |z(t)] respectlvely) .
0<t<oo 0<t<T
Various constants depending only on (SI3) and (H,p,q) will be considered. We will use the symbol const. to
denote those that depend on (SIy) and (H, p, q). Sometimes, a constant term may depend on an extra parameter
R. In this case, instead of const., we use const.r. For a € R, let a* ef sup(a,0) and we use sgn a to denote the

sign of a (ﬁ if a#0and 0 otherwise). For a,b > 0, the symbol a < b means that b is much larger than a. If

b
a,b € R, we use Af’ or Af’ to denote f(b) — f(a) where f is a function on R and I is the interval between a
a I
and b.
Let us consider a control system of the form (3;) together with a feedback stabilizer k that gives rise to a
control system of the form (31);. For (H,p,q) with H a main output map and 1 < p < ¢ < oo, assume that
(P(lH’p’q)) holds. Suppose that there exists Xo > 0 such that supy,,—x, [[F(#m,p.q) ()¢ is infinite. In this case,

we say that k has infinite gain for (H,p,q). Otherwise, the gain function G g ) Rt — RT is well-defined and
we say that k has finite gain G (g p.q) (or simply G) for (H,p,q). The function G is not necessarily continuous
but we have:

Lemma 2.2. Let (31) and (H,p,q) be defined as above. Suppose that k has finite gain G for (H,p,q). Then,
(a) G(X) = supy,<x [ F(m,p.q) (w)llq and thus G is nondecreasing;

(b) the gain function G : RT — R is well-defined and continuous at 0 if and only if (P(QHpq)) holds. In

addition, the shape o given by (1.4) can be taken as a profile of k for (H,p,q) if,

(b1) for p < oo, G is unbounded;

(b2) for p = oo, G is unbounded and ||f(0,uy)|| > 0 for some sequence (un)n>0, Un € R™, such that
lim, o0 un, = 0.

Proof of Lemma 2.2. We assume that X > 0. Let A = G(X) and B = sup,, <x [ F(m,p.q) (w)[lq- We clearly
have A < B < co. Assume first that B = co. Then, for every R > 0, there exists ug € LP such that ||ug|, < X
and 2R < ||Fig,p,q)(ur)llq < 0o. If [ugrll, < X, we change ur outside an interval (0,7r) in order to construct
some vg € LP such that |[vg|l, = X and ||F(gp.q (vr)|lq > R. The time Tg is chosen as follows: if ¢ is finite,
we should have fOTR |Fitp.q) (ur)|? > R? and if ¢ = o0, |Fig,p q)(ur)(Tr)| = R. Then, A > R for every R > 0,
which implies that A = co. We now assume that B is finite. For every € > 0, there exists u. € LP such that
luellp, < X and B — & < || Fi p,q)(ue)llq < B. Exactly as before, if ||uc||, < X, we change u. outside an interval
(0,T%) in order to construct some v. € LP such that |[v|[, = X and B —2¢ < ||Fig,p,q)(ve)llg- Then A > B —2¢
for every € > 0, which implies that A > B.
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We now prove item (b). We have two alternatives; either u — f(0,u) is the zero function or there exists Xo > 0
such that G(X) > 0 if X > X, and G(Xy) = 0. In the first case, z,, = 0 for every locally essentially bounded

measurable u. Any « € K is a shape of k for (H,p,q). In the second case, let GT(Xj) Lef limXHX; G(X). If
G (Xp) > 0, replace G by the function defined by G on (Xp, o) and X G“‘(XO)XL0 on [0, Xp]. We can then

assume without loss of generality that G is continuous at Xg. Let g el (Xo+1). The argument that follows is
standard. Since G(Xp) = 0 and G is increasing, we can find a sequence of times (t,)n>0 such that tg = Xo + 1,
G(t,) = g/2™ and for n > 0, G(tp+1) < G(t) < G(tp) for ¢ € [tn41,tn]. Then (t,)n>0 is a decreasing sequence
to Xo. Let a be the piecewise linear function defined on [Xg, Xo + 1] such that for n > 0 and ¢ € [tny1,tn],
« is the line segment between (t,41,2G(tn+1)) and (t,,2G(t,)). Then « is continuous, increasing, a(Xg) = 0
and for all ¢ € [Xo, Xo + 1] we have % < G(t) < aft). If p < oo, then Xy = 0 since there exist v € LP

with arbitrary small LP-norm and arbitrary large L*°-norm. If p = oo, take a(t) dof + «(t). Then, for every
p € [1,00], we have constructed a shape of k at 0 for (H,p,q). Remark that the extra hypothesis on f in (b2)
implies that we have Xy = 0.

For the behavior at co, we distinguish whether G is unbounded or not. When G is unbounded, the procedure
described as above holds in a similar way, by considering now a sequence of times (sy),>0 such that so = 1,
G(sp) = 2"g and, for n > 0, G(sp) < G(t) < G(spy1) for t € [sp,Snt1]. It is clear that the function o
previously defined is a Koo-function and is a profile of k for (H, p, q) at oo. If G is bounded, there exists ng such
that 2" g < sup,cp+ G(t) < 2"°T1g. Then for t > s,,41, we take for o a half-line of positive slope starting at
(S(tno+1)’2G(Sno+1))' U

We give next a criterion for a shape to be a profile. This result will be used repeatedly in the sequel.

Lemma 2.3. Let (31) and (H,p,q) be defined as above. Suppose that a is a shape of k for (H,p,q) such that
there exists K > 1 and
(a) there exist r > 0,Xo > 1 and A > 1 such that we have a(X/K) > a(X)/AK" for X <1/Xo (a(KX) <
AK"a(X) for X > X respectively);
(b) there exist a > 0 and a sequence (Un)n>0 ((Vn)n>0 Tespectively) such that ||unllp — 0, ||untillp > |tnllp/K
(lvnllp = 00, lvnsallp < Kllvnllp) and

1E @)l
allualls) — \a(llvally)

Then « is a profile of k for (H,p,q) at 0 (at oo respectively).

> a respectively

Condition (a) simply says that if 3(X) def O‘}(gf), then B(K X)/6(X) is bounded below (above respectively) for

X in a neighborhood of 0 (of co respectively). This is obvious if 8 is constant.
Proof of Lemma 2.3. We just prove the lemma in the neighborhood of co. We may also assume that (vy,),>0
is increasing. For X large enough, there exists ng such that ||vn,|lp < X < ||Ung+1llp- Then, we get

G(X)

Gvnollp) @lvnolle) o 1 El[vngllp) AK™a(([Vnollp) o _a
a(X)

> > . O
a(anoHp) a(X) AK" O‘(HUnoHp) O‘(ano—&-l”p) AK"

>

At the light of Lemma 2.3, one can follow the two-step strategy described below in order to show that the profile
of k for (H,p,q) is a certain function o € K:

Step 1: Establish that some a € K, verifies the inequality (1.4).
Step 2: Exhibit a sequence of inputs such that the hypothesis of Lemma 2.3 are satisfied.

Remark 2.4. Let (X1) and (H,p,q) be defined as above, with H a main output map and ¢ finite. Suppose
that (z,u) — f(z, k(z) + u) is differentiable at (0,0) and k has finite gain for (H,p,q). If £ = Az + Bu is the
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linearized control system at (0,0), assume for simplicity that A is Hurwitz. Then, a profile of k at 0 is linear.
In addition, there exist v > 0 and a sequence (uy)n>0 With ||u, ||, — oo such that

IF @)y -

Huan N

(2.1)

(Simply consider inputs of small L*>°-norm but large LP-norm. The corresponding trajectories have small L*°-
norm.) Then, G is unbounded and, if k is of profile a at co, we have X = O(«(X)). Therefore, the real issue
is to determine « and the best profile of k for (H,p,q) at oo is at least linear.

We now state the main results of the paper. In Section 3, we study the linear feedback k;, = —(z1 + x2) for
(SI3) and get the following two theorems:

Theorem 2.5. Let us consider the control system (SI3)y,, where o is an (iS)-function. For (H,p,q) with H
a main output map and p < q € [1,00], the profile of k1, at 0 is linear and, at oo, is as follows:
(1) for H(z,u) =z or x1, X — X" P9 with ry(p,q) = qu)(;q:f; ;

(2) for H(z,u) = xo, X + X729 with ro(p, q) = EEZﬁS ;

(3) for H(z,u) =0(—x1 — 22 +u) = 9, X — XP/9 with g < .

In the previous results, we define r;(p, 00) and r;(0c0, 00) as

;i (p, 00) def qlir{}o r;(p, q) if p finite and r; (o0, 00) 4f Jim r;(p, 00).

p—0o0

In order to state results relative to (PSIz2), , we consider the following Lyapunov function for (STz) (introduced
in [14]):

T T1+T2
V (w1, x2) = 23 +/ o(s)ds +/ o(s)ds. (2.2)
0 0

If o is an (i5)-function, then V is a strict Lyapunov function for the closed loop system (1.2) associated to
(SI3)k, - In addition, V is not a (i1.5S)-Lyapunov function for the system (SIz),. Note though that Viisa
(¢1I58) Lyapunov (but not (155)) for the system (SIz)s,. We have:

Theorem 2.6. Let us consider (PSIy)y,. There exists g > 0 such that for p € [1,00], p1 < p and p1 finite,
u € LP, v € LP and ||v]|oo < €0, T € R, if (21, 12) is the trajectory of (PSIs)y, corresponding to (u,v) starting
at T, we get

(1) for pr € [1,2),

il Pl _\ptl
la1llp < const. (L(v,u, ) + lul2 + o]0 " + V(@) ), (2.3)
pt2 p—”cp p+2
Jwallp < const. (L(v,u,2) + [ull 77 + ol ™ + V()5 ), (2.4
2p_
sup([[2]loo, [|72]1%,) < const. |21l < Const(L(v,u,f) + i+ (ol + v(g—;)), (2.5)
Jilly < const.(L(v,u,) + ol +V(@)5), (2.6)

with L(v,u,7) € 0]y, + [ull, + V(@) and ¢, = 22
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2p
(2) for p1 =2, set Q(v,u,z) (||u||§+1 +V(z)+ 1)eC°“St-HvII§ — 1. We have

larllp < const. (Lw,u,2) + Jull3 + V(@) 5 +Qv,u, ) ol ), (2.7)
2l < const. ((o,0,2) + [l + V(@) +Q(o,u,2) % lf), (2.8)
sup (23| ocs 212, < const. a1 < const.(L(v,u,2) + Qv,u,7)), (2.9)

a2l < const.(L(u,u,:z) +V(@E) ™+ (Q(U,u,i)Hng)%); (2.10)

(3) for p1 > 2 and € > 0, there exist u,v with u continuous and compactly supported, v € LP' and ||v| o < €,
such that the trajectory of (PSIs)y, corresponding to (u,v) starting at (0,0) is unbounded.

In the statement of Theorem 2.6, the exponents corresponding to the case p = oo are the limits of the exponents
when p tends to co.

In Section 4, we consider nonlinear feedbacks for (SI3). For that purpose, we define the class of F-functions
as follows:

Definition 2.7. A function F : R — R is an F-function if F is C*, odd, F’(0) = 0 and there exist r > 1 such
that, for |za| > 1, we have

F'(2) > sup (3|x2|,rF ”) - (2.11)

The next theorems describe the performances of the feedback kg defined below:

Theorem 2.8. Let us consider the control system (SIy) with o an S-function, and the feedback kr(x) given by
krp(z) = —(.1‘1 + @9 +F(I2)), (2.12)

where F an F-function. Forp € [1,00], kp is a feedback stabilizer for (SI3) and is of linear profile for (x,p,p).

For instance —(x1 + x2 + 372|x2|) and — (21 + 29+ x3) are examples of kp-feedbacks. The function F: R — R
defined by F(z2) f s+ F(z3) is a C'-diffeomorphism and let K : R — R be defined by K(y) def F~(y).
In order to state the results for the perturbed system (PSI3),., we need to consider a Lyapunov function Vg

defined in (4.5) below, for which there exist a,b > 0 such that, for all (z1,22) € R?, we have
a(w%—i—ﬁ(xg)Q) < Vp(zy,22) < b($%+F(l‘2)2). (2.13)

We get the following theorem (compare to Th. 2 of [5]):

Theorem 2.9. Let us consider (PSIs)k,.. There exists €9 > 0 such that, for p € [1,00], u,v € LP and
lv]loo < €0, T € R2, if (w1, 22) is the trajectory of (PSIy)k, corresponding to (u,v) starting at &, the following
estimate holds

Jallp < const. (Iellp + l[ull, + Ly(Vir(2)'/2)), (2.14)
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where

aet [ [ 8P v def
Ly(X) = (/0 mds) for p finite and Loo(X) = X. (2.15)

3. THE LINEAR FEEDBACK k.
We rewrite (S1z)y, as follows

{5 =ty

where z = 21 + 22, y = 22 and o(-) (u(-) respectively) stands for —o(—-) (—u(-) respectively). Moreover, up
to a time reparameterization and a linear change of variables, we can assume that ¢/(0) = 1. Let us define
oy =limy 0,0 = —lim_,, o and, for r > 0,

K, % inf{|o(z)|, |z| > r} and §, def sup lo(z) — a(2)].

|z],]2"|>27,22">0

Let K be an S-bound for o and oy, = min(o4,0_), op def max(o4,0-). Then we have
K > max(1, 0, ||0']|c)-
Fix C,p > 0 and p, for p finite such that

p < 1<,
3
eo(eC) > -o.ife=4,

1. Ky
2KCp, < 5 min 1,7 ,
p

Pp < )
d¢ < min(1,K 3
C y O 160m .
In addition, let § &' 2(%_”() € (0,1/2). The Lyapunov function defined in (2.2) is written now

Viz,y) =v* + /Ozy o(s)ds + /OZ o(s)ds. (3.1)

For r > 0, set V, & max{V (z,y), ||(z,7)|]| <7}. We use V to denote the time derivative of V along trajectories

of (SIy)g, and we have

+

V= 20| 4yAe] = o(2)a(z +u). (3.2)

z —
z z

We sometimes consider a classical Lyapunov function for (SI3) given by

2 z
W(z,y) d:ef%+ /0 o(s)ds. (3.3)
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Remark 3.1. When yz < 0, z(z +u) < 0 and |y| > max(|z],|u|) > 1, an easy computation shows that
vV > %|y| This situation explains why V' cannot give rise to a dissipation inequality of the kind (1.10).
However, in the case described previously, we also have that |2 > |y| — K, which implies that the previous
situation firstly cannot last more than a time interval of length 1 and secondly is preceded and followed by
time intervals where |z| > |y| and whose lengths are of same order as |y|. Therefore, by integrating (3.2) on
appropriate time intervals, one hopes to achieve the desired results.

Remark 3.2. The above remark is related to the following fact: assume that, at some point t3, we have
ly(to)| > K and z(to) = 0. Then, ¢y is an isolated zero of z and, if ¢; is an another zero of z, then

It — to] > 2 (&;{0)' - 1) . (3.4)

Indeed, without loss of generality, we can assume that y(tg) > 0 and t; > to. For t > tg, we have y(t) >
y(to) — (t — to) K, which implies that

H(0) > ylto) — K — ( — to)K.
A simple integration yields equation (3.4).

3.1. Proof of Theorem 2.5

Thanks to Remark 2.4, for the rest of the paper, we look for profiles at co. Therefore, we can assume that
all the inputs considered in the sequel satisfy |ul|, > C, for p € [1, x0].

The next proposition is a preliminary step towards the proof of Theorem 2.5 for p = oo and its proof is given
in the Appendix:

Proposition 3.3. Let p € [1,00], T > 0 and u € L?. Let (z,y) be the corresponding trajectory of (PSIs)y, .
Then, we have

(@) 1112 o1 < const. [1llc0m
(b) either HyHgO’[O’T] > 22|zl o j0,1) OF

_2p
12l oo.f0.77 < const. [[ull 57, (3.5)

where 2;% 1s taken to be equal to 1 for p = oo.

We now prove (1.4) for p = co. Taking into account Proposition 3.3, it is enough to show that:

Proposition 3.4. Foru € L™ and ||ul|s > C we have

Iz]lco < const. Hquo

Proof of Proposition 3.4. Let M = |lu||oc > C. For T > 0, we pick [to,t1] € [0,7T] such that we have, for
t € [to, 1],

Winax
W(to) = 2a

< W(t) < W(tl) = Wmax-
Define A > 0 such that Wiax = W(t1) = \M 2. Without loss of generality, we can assume that A > 2. Then,

proving Proposition 3.4 amounts to show that A is actually bounded independently of w. This is what we do
next.
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Thanks to Proposition 3.3, we can suppose that
const. A\AM? < yfnax < const. Zmax < const. AM?, (3.6)

where Ymax, Zmax are defined as before.
The conclusion will be the consequence of two lemmas given below and whose proofs are given in the appendix.
First, we prove that:

Lemma 3.5. With the previous notations, either \ is bounded independently of u or there exists, on [to,t1], a
sequence of times (t7)1<j<an+1 such that
(i) on [t1,t2NF1) |2(t)] = M + C exactly for t equal to some t/, 1 < j < 2N +1;
(1) |z(t)| > M+ C on Iy def 21 12 and |z2| < M + C on Iy = [t2, 12+ forl=1,--- | N;
t2N+l

(ii) AW > A2,
1

= 16
def it
In a second step, we evaluate the variations of W along I3;—1 and Is. Set AW’ = AW , for j =
j t
1,--+ ,2N + 1. We get the following key estimate:
Lemma 3.6. With the previous notations, we have for l=1,--- N,
AWsy_1 + AWy < —const. VAM + const. M. (3.7)

Finally, by adding all the inequalities (3.7) for [ = 1,---, N, we obtain that

)\ t2N+l

1_6M2 < AW < NM (—const. VX + const.).

tl

Then, A has to be bounded above by some const. and the proof of Proposition 3.4 is finished. g

We now consider (3) of Theorem 2.5, in the case where p = ¢ < co. The first step consists of showing the
next proposition:

Proposition 3.7. Let p € [1,00), u € LP and x, = (z,y) be the trajectory of (Sl2)k, corresponding to v and

starting at 0. Then, we have

llo(z + u)|lp < const. ||ullp. (3.8)

Proof of Proposition 3.7. Equation (3.8) will be obtained from the integration of (3.2) on non-overlapping
measurable sets S, whose countable union is equal to Rt. We will distinguish several cases for the S’s and, for
each case, we aim at establishing the inequality

/(V + const. |o(z +u)|P) < const./ |ul?, (3.9)
s s

either by the corresponding differential inequality V +const. |o(z4u)[? < const. [u|? or by a direct computation.
We will also use repeatedly a result given in [5]:

Remark 3.8. The trajectories of (SIz2)k, corresponding to inputs u € LP with p < oo converge to 0 at infinity.

For the rest of the proof, we assume that ||u||, > C. We will consider the following cases:

(A) ly| < C; we have two sub-cases defined by
(A1) [2] > p
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(42) [2] < s
(B) Iyl > C.

Before starting the study of cases (A) and (B), we provide the following remark in order to motivate the
technical details of the proof of Proposition 3.7:

Remark 3.9. We have defined the previous cases in such a way that we can reduce the core of the argument
to the proof of equation (3.9) when S = I, an open interval on which |z| — |y| — C has a constant sign and, more
importantly, where z is monotone. As usual, we introduce the subset E of I defined as

jo {te I ju) > 2 a.e.}-

- 3
Next, we write V as a sum of several terms (see Eq. (3.14)), whose integrals over I can be easily estimated in

terms of / |u|P and |E|, except for one of them (a quantity J; defined below in Eq. (3.15)). Similarly to the

integral J defined in equation (5.13), J; is handled after being written first, by using z as a parameter instead
of the time ¢, and finally as a double integral. Note that, in most of the estimations, the hypothesis of o being
increasing is crucial.

If (A1) holds, we have clearly have

V + const. |o(z +u)|P < const. |ul?, (3.10)
whether |u| > p, or not.
If (A2) holds, we consider the sets
So = {t=20]ly®)] < C, V(z(t),y(1) <4pp},
So = {t=0][y®)<C, [2(t)] < p}-

As ¢ tends to 0T, Sy and S} are the limits of the open sets

S. = {t20]ly(t)] < C+e, V(t),5(0) < 462},

SLo= {t=0]ly®)]<C+e, |2(t)] <p}
Note that Sy C Sj and S. C S.. Thanks to Remark 3.8, the open sets S./Sp and S7/S; are bounded and
their measures tend to zero as € tends to 0. Since V + const.|o(z + u)|P is bounded over RT, in order to

establish (3.9) for E = S, it is enough to do it for E = S, with constants independent of .
On S., we have

V < const. |u|v'V — const. V. (3.11)

Set V, 4fyp/2 Then, using (3.11), we get

p—=1

V, < const. V}, — const. V. (3.12)

t/

On each finite interval (¢,t') of S;, we have V,(¢) = V,,(t'), which implies that AV‘ = 0. By integrating (3.12)
t

(and applying Holder’s inequality for p > 1), we get

t

t’ t’
AV +const./ lo(z +u)P < const./ [ul?. (3.13)
t t

t
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If (t,00) C Sp, we have
/t VP <VP(1) —|—const./t |u|P,

which leads to (3.13) with ¢’ = oco. On S’/S., we clearly have (3.10) since the dominant term in V' is 1yo(—y)
if |u| < p. Thus, we have established (3.9) for E = S’ and £ > 0 small enough.

We assume that (B) |y| > C holds. The open set Sy = {t > 0| |y(t)| > C} is a union (at most countable) of
open intervals (I5). Since u € LP, the trajectories of (SI2)k, converge to 0 at infinity, each interval I5 has finite
length.

We now focus on an interval I = (to,t;) where y(to) = y(t1) = C and y > C on I. We will prove (3.9) for
S=1. LetT def t1 — to. We assume that T > %, otherwise we are back to case (A). We say that condition
(R) is satisfied at ¢ € I if

(R) y(t) +C < [=(D)]
Moreover, z is strictly increasing from I to [z, z1], where zp = 2(to) and z; = z(¢1). Then, z is equal to 0 at
most once. We have the following situation:

Lemma 3.10. With the notations above, one of the two next cases occurs:
(B1) z has a constant sign on I and (R) is satisfied on I except (maybe) on an interval (t,t;) such that
if z <0, t) =t1 and there is equality in (R) at tj;
if 2> 0, t, =to and there is equality in (R) at t};
z has a unique zero at t an is satisfied on I, except on an interval I' = (t,t}) such thatt € I' an
B2) z h j t% and (R tisfied on T t terval I' = (t),t}) such that £ € I' and
there is equality in (R) at t{, and t}.
Proof of Lemma 3.10. Consider the function f defined on I by

F(8) 20| = y(t) — C = sgn 2(£)=(t) — y(t) — C.

For all ¢t € I, except maybe for at most one point, we have

(sgn 2)f = y(t) — (sgn z(t) + )o(z(t) + u(t)) > 0.

Depending on the sign of z, f(tg) and f(t1), we easily get the conclusion. O
In each above case, we will establish (3.9) first on I’ and second on I/I’. We also need to rewrite (3.2) as
. z4+u z—0y z—0y z4+u 9
V =-2:Ac — Ao — zAo —o(z+u)Ao —0%(z 4+ u). (3.14)
z—0y z z—y z—y
We get
¢
AV] =i+ S+ s,
to
where
t1 z—0y
Jio= / - / ZAo ) (3.15)
z—y
z4+u
Jy = / <22Aa +o(z—y)Ac ) ) (3.16)
z—0y z—y
gy = /’< %vaga (3.17)
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We now suppose that (B1) holds. We will only treat the case when z > 0 and indicate the minor modifications
occurring, when z < 0, before treating case (B2). Then, we assume that z > 0 and I’ = [tg,t]). Let T" =t} —to.

We have

2
T < —% |AV} | <CT, Az} < CT' and Ay‘ <7,
1 _ = I’ I’ I’

by simply taking into account that z > C' — K and y > K. Let us consider the set E given by

E = {t el |u(t) > ? a.e.} : (3.18)

Then, we have:

Lemma 3.11. With the previous notations, |E| > const. T' with const. independent of C.

Proof of Lemma 3.11. From (5.8) written on I’ and the fact that Ay‘ > 0, we get
I/

0<-o(5) @ -181-1F) + 2K,

where F'={t € I’; z < 1}. We clearly have

¢ 1
|F| < m—35— <3,
C
and, if F' is not empty, we have
2t)) - € 5
rogpz 250 (3.19)
-5
We conclude easily. O

In the case where F is not empty, E contains a subset E’ of E of measure ‘—]23‘ > const. T” such that
z > const. C on E’. Then |u| will be larger than const. C on E’ of E and we have

/ lulP > / |ul? > const. CPT' > |AV’ |—|—const./ lo(z 4+ u)P.
I/ El Il I/
In the case where F' is empty, we simply take £/ = E, and now
C
/ |ulP > / z > const. ET/ > const. C(|AV’ | +const./ lo(z + u)|P).
I’ E 1’ I

Then (3.9) is obtained.

We next establish (3.9) on I/I' = [t},#1]. This is a consequence of the following lemma, whose proof is
delayed to the Appendix:
Lemma 3.12. Let J1, Jo and Js be defined in (3.15, 3.16) and (8.17) respectively. we have

(J1) Jy < const.sup(y(t1),C)dc < const. d¢T';

(J2) Jy < const. d¢T + const./ |u|P;
r
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(J3) J3 < —const. T' +const./ |ulP;
yr

where const. is independent of C.

Equation (3.9) is obtained on I and that concludes case (B1). When z < 0, the only differences with the
other case occur in the proof of (J2) given in the Appendix.

We now suppose that case (B2) holds. The case where z < 0 can be deduced from the case where z > 0
similarly to what ws done in case (B1). Then, it is enough to establish (3.9) on the interval [f,¢1] where z
remains positive. The interval [t,¢;] is the union of I’ = [¢,]) and [t},#1]. It is easy to see that the procedure
that led to (3.9) on I/I" above (the inequalities (3.15, 3.16) and (3.17) together with Lems. 3.12 and 5.1) will
also prove (3.9) on [t},t1]. Therefore, the last part of the proof of Proposition 3.7 consists of getting (3.9) on I’.

We can suppose that y(¢) > 8C since t; — t can be taken larger than 100—0 Indeed, if y(t) < 8C, we
reproduce the argument involving the set E, defined in (3.18), and Lemma 3.11 (with [¢,¢;] now instead of I")
and obtain (3.9).

Until the end of the proof of Proposition 3.7, we assume that y(t) > 8C.

We have that z(t) = 0 and 2(¢]) = y(t}) + C. Let

t
_ def é 4 )

def -
TSt —tand j = T

Since

t
—Kgy‘gKandT”ch”y:[ y=C+y(b),
t

we get T/ <1+ @ and y(t) — KT" < g < y(t) + KT". Then, we get

y(f)<1%)§ﬂ§y(f)<l+%)-

We finally obtain the following estimate for T”:

6 oK 1455 1+25 9 AK
?§1?§1+%§Tﬂg1_%§§(1+?>' (3:20)

Define tfj € [t,t]] such that z(t)) = y(t{). We have

’

tl
Alz=w)|,
Vo< oo
G s
Then, T) %' th—t>1—28 1 >3 Using (3.2), we have

t

: Jr/{ 1 lo(z +u)|P < J+J’f/fla(z)a(z+u), (3.21)

t

AV

where

1

s "o+ ) - o) and 7% / " (ot =) - o).
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We first have that )
tl
—/ o(2)o(z +u) < 2K2,
t

and o
J < 7/ i yo(z) < 7@le@'
7

Suppose that |J| < |J’|. Then (3.9) follows readily. If |.J| > |J'|, by taking into account the next equation,
1 < 3(T" = || - |[F)y (B) 6c + 5Ky (2) |,
with B = {t € [(,t]], |u| > £ a.e.} and F = {t € [t,#]], |2| < 1}, we obtain, as in Lemma 3.11,
|E| > const. T".

This implies that (3.9) holds on [£,#;]. Then, case (B) is finished, which ends the proof of Proposition 3.7. O
The second step of (3) of Theorem 2.5 in the case where p = ¢ < oo consists of providing an appropriate
sequence of inputs u,, € LP satisfying the conditions of Lemma 2.3. This is done in the Appendix.
We now prove (1) and (2) of Theorem 2.5 in the case where p = ¢ < oco. We first establish the next
proposition:

Proposition 3.13. Let p € [1,00), u € LP and x,, = (2,y) be the trajectory of (SIz)k, corresponding to u and
starting at 0. Then, there exists const. > 0 such that for ||u||, > const. we have

lolp < const. flul?, (3.22)
P2
lyll, < comst. [lufls™, (3.23)
2p_
lyll2, < const. ||z]|oo < const. |lulf™". (3.24)

Before starting the proof of the above proposition, we give three preliminary lemmas. The proofs of the last
two are given in the Appendix.

Lemma 3.14. Let p € [1,00). If v, > 0 is the LP-gain of the linear system given by & = Ax + bu with
A:<_1 (1)> and b= (1 1)7,
then, for every u € LP with x,, = (z,y) the trajectory of (SIz)k, corresponding to u and starting at 0, we have
zullp < vpllEllp, (3.25)
where & = z — o(z + u).
Proof of Lemma 3.14. This is simply a consequence of the rewriting of (S1Iz2) as
Ty = Az, + bu.

Note that, for all t € R,

a(t)] < |u(t)] + K (2(t) + u(t))o(2(t) + u(t)) < const. |u(t)] + Kz(t)a(z(t) + u(t)).
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Lemma 3.15. Let p € [1,00), u € LP and x, = (z,y) be the trajectory of (SI2)k, corresponding to u and
(3.26)

starting at 0. Then, we have
12l < const. [lzo (2 + u)]|.

Let w € L? and x, = (z,y) be the trajectory of (SIz)g, corresponding to u and starting at 0. For R > 0,

Erp={teR" V(t) > R}

consider the set Fr given by
(3.27)

Lemma 3.16. With the notations above, we either have |V, < const.g ||ul|, or
VP,

V5 < const.r /
ERr

With the previous lemma at hand, we can start the argument of Proposition 3.13.
For the rest of this proof, we choose R o2, For T > 0, we will “slice” [0,T] U Egr into a finite number of
(3.28)

disjoint measurable sets Lj and M} defined below and prove, for each N = Lj U M), the estimates

(3.29)

2
/|z|p < const. (/ |u|p> ,
N

N
pt+2
p+1
lylP < const. (/ |u|p> ,
N N
with of course const. independent of k and T'.
Vin
Let V,, def Voo,[O,T] and k,, def {I?E} For k=0, ,kp, we define Ly and M} as
def Vm Vm
Ly < {t S [O,T] U ER, W < V(t) < ?}, (330)
and
def Vm

It is easy to see that estimates (3.22) and (3.23) of Proposition 3.13 are consequences of Lemma 3.16 together
with (3.28, 3.29) and the following inequality: for every o > 1, integer n > 1 and positive real numbers

ay, -
We first establish (3.22) and (3.23) for the L;’s. In the sequel, we fix k € {0, ,kp} and use L and V to

, 4y, we have
n n «
< ()
1 1
respectively. Since V' is continuous, L is the countable union of disjoint intervals I; = (t,1),

Vin
ok

denote Lj and
j € Q, such that for every t € (t/,7) we have
Vv
5 < V(t) < V,




308 Y. CHITOUR

and each I falls into one of the three following cases:
(1) V() = V() (= );

(2) V() = ¥ and V(1) =
(e3) V() =V and V() =

S

]

=

M|<I' <\ <

Forl=1,2,3and j € Q, we use ; to denote the set of indices j € 2 such that I; verifies (cl). Let 76 i,

Remark 3.17. The sets 25 and {23 are nonempty. In addition (V%)., the time derivative of V2 along x,, is

bounded by 5K. Then, we have that Q# and Q# are finite. In addition, a simple continuity argument together
with Remark 3.2 shows that each 1nterval I;, j € Q3, has a closest interval I;(;), [(j) € Q2, on its left and

T
QF = QF < const. — - (3.32)
Va
Moreover, for every j € 2, we have on I; that |V| < 80y V% and
/ |z|P < const. TW VP and / ly|P < const. TWV5, (3.33)
I; I

We fix j € 2 and we will get an estimate of AV| . We first assume that z has at least two zeros on I;. Since

J

|2] > const. V% at a zero of 2 and, thanks to Remark 3.2, z has a finite number N; of isolated zeros on I;, with
N; < const. ;—J% Let to < --- <tn, be the sequence of zeros of z on I;. Set
def def tit1
T, = tix1 —t; and AV, = AV
ti
Notice that T; > const t. V2. Fori= 0,---,N;, we define the following sets:
Ei = {t S tz;tz+1 s |U| > |3| e}, (334)
;o lz] ,
E, = <teltytiv], Jul < 3 &€ (3.35)
Fo= {t € [tirtina],s |yl < |2] — } (3.36)
F = {t € F;, |ul > |‘g|, uy <0 a.e.} (3.37)
Gi = {t € F, |u|>pV? a.e.} : (3.38)

Set © = {i € {0,---,N;}, |E;| > p}. Note that

Nj
o# < 20 1Bl
B P

Moreover, for i € {0,--- ,N; — 1}, we have y(¢;)y(ti+1) < 0.
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The next lemma is the key estimate for getting Proposition 3.13:

Lemma 3.18. With the above notations, we have
o2 o2 L
AV; + mTZ ?mw nst. V3 (|E |+ |G |) (3.39)

In order to relate the left hand side of equation (3.39) and / |u|P, we use the set E; together with the next

estimate.

Lemma 3.19. With the above notations, we have, for i € O,

yo

/ |2|? > const. |E;|Vz. (3.40)
E;

We now want to establish that, for every i € 2,

tit1 2 02 .
/ |u|? > const. <AV + ;T + 12V2) : (3.41)
t

7

Thanks to Lemma 3.18, (3.41) is immediate if |E;| < p, since we can rewrite (3.39) as

For the remaining case, i € © and (3.41) follows from Lemma 3.19.
By adding up (3.41) for ¢ =0, --- , N, we get

Ny _ p—1
/ |u|P > const. V= (AV

tN. 2 2 _
I Tm (¢ — to) +Njg—mV%> .
to

o 2

In addition, on each of the two intervals [t7,%o] and [ty;,t]], we have
T Yo 1 1
AV + TAt < const. V2 (|E |+ |G |),

where AV and At are the variations of V' and t respectively, E' and G' correspond to E; and G; defined
in (3.34) and (3.38) for [t7, 1] and [tn;,t;]. We hence obtain, for every j € €,

—1 2 . 2 1 — p—
Vi (AV ; +%"T(J) j?mva> < const. V (|E | +|GW) g/ ul?, (3.42)
J I;
where
EUV) = tel;, |ul> |i3| a.e.}
GY) = {tel, |ul > sup( Vz, |y|) ,uy <0, |yl <|z|—-C a.e.}~

Note that (3.42) remains valid in the case where z has at most one zero on I;.
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For j € Q1, equation (3.42) implies that

/ |ulP > const. TV (3.43)
I
For j € Q9, equation (3.42) implies that
/ |u|P > const. (T(j) + V) Vi, (3.44)
IJ

As for j € Q3, two possibilities occur whether 70) > j—2‘7 (case (¢31)) or not (case (¢32)). Thanks to Remark 3.17,
if j € Qg verifies case (¢32), consider I(j) € Q2. Then,
)
Nij)

+2AV
I

2 . .,
/ |u|? + 2/ |u|P > const. (%" (T(]) + 270 )) + AV
1 D)

Since AV

+2AV
I;

Liiz)

/ |u|P” > const. (T(j) +71U) 4 Z) v
1;Un) 4

If j € Q3 verifies case (¢31), then
T 1) Ton 3)
ImpG) < ( AV Im (s
w10 < (av], + S19),

which means that this case is equivalent to case (cl). From now on, ] is the set of indices j for which case
(c1) or (¢32) holds and 2 is the set of indices j for which case (¢2) or (¢31) holds.

I;

Set ~
def i def i |4
T - < () _ < @4 2.
o YTV and Ty p S (T vy
JEQ, JEQ,
Note that
Vv _
Tyy > I and Ty y + T3 y > const. (L] + V). (3.45)
Then, we have
/ |u|P > const. v (T y +Tsy), (3.46)
L
/ |27 < const. VP(Ty v + Ty y), (3.47)
L

and

/ ly|P < const. VE(T} y + T p). (3.48)
L
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Using (3.45-3.48), we get

2
</L |u|p> > const. VPN (T v + Ty p)?, (3.49)
and
p+2
P+l — (p—1)(p+2) p+2
</ |u|p> > const. V' 2w+ D (Ty i + Ty ) » ot (3.50)
L

It remains to establish (3.49) and (3.50) for M}, (instead of Ly in the aforementioned equations). Similarly to
the way in which case (A2) was handled, it is enough to do it for M}, . given by

My ={t€[0,TIUER, V—-e<V(t)<V+e},

with € > 0 small enough. For k and ¢ fixed, we reproduce the argument given above with L equal now to Mj, .
until getting equation (3.50). The first relevant modification occurs in equation (3.44) where the right-hand side

becomes const. (T(j) +2¢)V"2 . The cases (c31) and (c32) are now defined whether 7() > const. € or not.

Then, ones gets (3.45, 3.49) and (3.50) with 75 iy > const. €. By taking limits as ¢ tends to zero, we get (3.49)
and (3.50) for My with Ty ¢ + Ty v > |My|. Adding up (3.49) for Ly, and (3.49) for M}, we obtain

2
(/ |u|p) > const. VP~ITZ,
L UMy

with Ty > sup (|Lk U My, const. \_/). Then

2
_ T;
(/ |u|p> > const. VPT} (Tk> > const./ |z|P. (3.51)
LyUM;, 4 LyUM;,

Similarly, adding up (3.50) for L and (3.50) for M}, we obtain

p+2
p+1 _ (p—1)(pt2) BE2
|ulP > const. V2D TP
L UM

It follows that

(/ |u|p> > const. V2T (T) > const./ lylP. (3.52)
L UMy V L UMy

Therefore the proof of (3.22) and (3.23) is finished. As for (3.24), it is obtained by considering (3.46) on LoU My,

p+1

p—1
/ |u|? > const. Vi? Ty > const. Vi, 2 .
LoUMy

Then, the proof of Proposition 3.13 is completed. g
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Proposition 3.20. Let p < g € [1,00), u € LP and x,, = (z,y) be the trajectory of (SIa), corresponding to u
and starting at 0. Then, there exists const. > 0 such that for ||u|, > const. we have

Izlly < const. [Jull7®9, (3.53)

lylly < const. [Jul[72®9, (3.54)

I9llq < const. |lullg, (3.55)
2p(g+1) _ p(g+2)

where 11(p,q) = J551y and r2(p, @) = G -

Proof of Proposition 3.20. By interpolating ¢ between p and oo, and if £ = z,y or &, we have

a—-p P
€llq < NElloc” NIl -

Using Propositions 3.13 and 3.7, the conclusions of the above proposition are reached. O

In order to finish the proof of Theorem 2.5, we have to show that the several shapes obtained in Proposi-
tions 3.7 and 3.13 are in fact the profiles announced in Theorem 2.5. For that purpose, it remains to exhibit
sequences of inputs verifying the hypotheses of Lemma 2.3. This is done in the Appendix, where we construct
two such sequences (ul) and (u?). It turns out that (ul) works to get (1) and (2) of Theorem 2.5 and (u2) to

get (3) of Theorem 2.5.

3.2. Proof of Theorem 2.6
First, recall that (SI3)y, is controllable. In addition, we have the following proposition:

Proposition 3.21. For p € [1,00], there exists C,, such that for every (z,y) € R? and ||(z,y)|| > C, there exists
U(z,y) € LP such that

const. [|u(;y)llp, < V(z,y)%1 < const. [[ugz,y)|lp- (3.56)

Proof of Proposition 3.21. Let (z,y) € R? and ||(z,y)|| > Cp. It is enough to show that we can reach (0,%)
with § =V (z, y)%. This can easily be deduced from the construction of the sequence (ul) in the Appendix. [J

Therefore, any trajectory of (PSIy), starting at (z,y) € R? and corresponding to u € LP and v € LP* (with
p1 € [1,00]), can be seen as the trajectory of (PSIy)y, starting at 0 and corresponding to @ € LP and v € LP*
(with py € [1,00]), where @ is the concatenation of u; .y defined in Proposition 3.21 and wu.

For the rest of the section, we will only consider trajectories of (PSIy)j, starting at 0 and use the estimates
given below to get Theorem 2.6: for p € [1,00], for every (z,y) € R? and ||(z,y)|| > C,, for every u € LP, we
have

p+1l B pt1
const. (V(z.)'F + |lull,) < llill, < const. (V(z,9)5 +lul,). (3.57)
Remark 3.22. The previous paragraph indicates how to get (1.55)-type estimates. By taking into account (3.57),

then, for p € [1,00], there exist Cy, C1,Co > 0 such that, for (z,y) € R? and u € LP, if = is the trajectory of
(PSIy)y, starting at (z,y) and corresponding to u € LP, the following inequality holds for ¢ > 0,

lz@)] < const. V(x(t)) < const. (Sup(l\ﬂf(O)II,Hﬂf(O)IIQ)e’CQt(l — [sgn (sup([|z(0)]1, [[2(0)]1*) — Co)]¥)

+(sup([|z(0)]], l2(0)[*) — C1t)[sgn (sup(|lz(0)]l, [|=(0)]*) ~ Co)]+> + |l p%t] (3.58)
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Let p € [1,00] and u € LP, p; € [1,00), with p; < p and v = (v1,v2)) € LPL. Set ¢g 4 0w where Yoo 1is the

470’

L°°-gain of the linear control system (L2) defined by
(L2) &= A1z + bu,

0 1
-1 -1
Let © = (z,y) be the trajectory of (PSI2)x, starting at 0 and corresponding to u and v. Let 1 = (z1,41)
be the trajectory of (L2) starting at 0 and corresponding to v. Then, (Z,Y) = (z — 21,y — y1) is the trajectory
of (PSIy)y, starting at 0 and corresponding to @ = z1 +u and o = (0, 21 + y1). We suppose that ||v]|e < 0.
Then, ¥ is a locally absolutely continuous (l.a.c. for short) input such that

ve P, i)l < "7 : (3.59)

Therefore, we have reduced the proof of Theorem 2.6 to the case where the trajectory of (PSIs)y, starts at 0
and corresponds to an input v of the type (0, 7).

We first prove part (3) of Theorem 2.6 and suppose hence that p; > 2.

For every ¢ > 0, we construct a curve x which is La.c., unbounded and can be seen as the trajectory of
(PSIy), starting at 0 and corresponding to some continuous and compactly supported input v and to some
¥ € LP* such that ||7]|c < e. We will suppose that o is equal to the standard saturation function oy. Let

2p
5\t
0>(_) 1 .
3

1
There exists a continuous input u steering 0 to (0, W) in time 7' > 0 along (SI2)g,. Then, z is defined on
[0,T7] as the resulting trajectory. For ¢t > T', we take u = 0 and @ as follows: let (tx)r>0 be the sequence of zeros

of z on [T, 00). For k > 0, define Wy, dof W (z(tr), y(tr)) and

)
p1—1

2p1
W,

Cr =

Then, for k > 0 and t € (tx, tk+1], we define the input v as

7\ def
o(t) & Ck%.
(1+y?) 2
The derivative of W along x, on (tk, tk+1], is equal to
. y2
W = —0(2)* +yo = —0(2)* + ey ———557
(14 2) %0

If |y| > 1, we have

py—1

. y? 5 <y2)2m
k . = e .
A+p2)H (1B \ W

Then W is bounded and it is larger than % as soon as y2 > %W, i.e. when |y| > —V4|Z|. This situation occurs

during %(tk+1 — tx), as a careful examination of the dynamics of (z,y) shows. Then, we prove inductively that



314 Y. CHITOUR

the above sequences are well-defined by using the next equation: for & > 0, we have

o(t) < g,
1 1
We < oty — e <2W2,
1 1
GWE < Wipr — Wi < 6.

We also obtain that, for £ > 0,
const. k% + Wy < Wy, < const. k2 + W.

The above equations imply that, for & > 1, we have

tht1
/ |o|P* < const.

In
. Epi—1
Since ) 5, % is finite, we have ||7||,, is finite and we are done. It is easy to adapt the above construction
to an arbitrary ¢S-function.

From now on, we only consider trajectories of (PS1z)y, starting at 0 and corresponding to u, v, with u € LP,
v = (0,v)) with v La.c. and satisfying (3.59). Moreover, we assume that p; < 2.

The key estimates to get Proposition 3.4 (p = oo) and Proposition 3.13 (p finite) respectively are equa-
tion (3.6) and equation (3.18). Considering (PSIy)g, , the two previous equations are still valid with, however,

the addition on their respective right-hand side of the term / |yv|, where I is the ad hoc interval. Indeed, the
I

important point is that all the estimates on z, %, y and ¢ that were made (in particular the lower bounds), are
not essentially modified if ||v||p~ is small enough with respect to o, (and thus to K, C).

In the sequel, we will only treat the case where p is finite since the argument when p = oo follows the same
lines.

In the present situation, equation (3.42) becomes

AV

+ const. (T(j) + V%) < const. V2 (|E(j)| + |G(j)|) + const./ lyv. (3.60)
, 16

1

Setting Ty = Ty i + Ty i > const. V, equation (3.46) becomes

V"= Ty < const. (/ |u|p+17%/ |v|>. (3.61)
L L

We have to consider two sub-cases.
First, we suppose that p; < 2. By applying Holder’s inequality in (3.61), we get

— p+1 — p— _p 1— L
V72" < const. VTlTV < const. (/L lulP + V2T, ™ |v||p1) . (3.62)
Therefore, we obtain
2_2
Ty < const. / |ulP 4 (/ |v|p1> ,
L L
— pt1 2—2P1
V= < const. / |ulP 4+ </ |v|p1> .
L L
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Recall that
/stzmmum%,
lyl? < const. VETy,

lo(z +w)P < const. Ty.

Next, we only prove (2.3). If/ |ulP > V=T Ty, o [lv|lp, , then we get (3.22). Otherwise, we get

/m%gmwvw%m\<mwﬁ“>
L

and we conclude.
The second sub-case occurs for p; = 2. This case is more delicate than the previous one since (3.60) does
not provide directly any interesting estimate. We will rewrite it in two different ways: first, we easily get that

AV
I

J

) 1 |u|p
+ const. (T 7+ V?) < const. ——+ [ |yvl, (3.63)
L V= I;

and second, if we divide (3.60) by V, we can write it as

14 dt |w /|v
— -+ const. — < const. ——— + const. . 3.64

J

This leads to rewrite (3.61) as

|ul?
Ty <const. [ ——=+ [ |yv], (3.65)
V= L

or

dt |ul? ol
1 +/ — < const./ —+ +const. | — 3.66
LV LV LVE (3:66)

Let JO = / ‘lfll . By applying the Cauchy-Scharwz inequality for J° and then the Young’s inequality for
L 2
x +— x2, we have that, for every pu > 0,

1 1
de) 2 2 const. dt
JY < const. (/ —) (/ 1)2) < /—+const. u/ v|?. 3.67
5) (fw i 1o (367)

Then, equations (3.66) and (3.67) imply that

dt
1+/ v gconst./ |p|+1 + const. / |v]?. (3.68)
L

We next divide the set of integers {0, - -, ky,} in two disjoint subsets Ky and Ky such that k € Ky, if
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and k € Ko, if the opposite inequality holds. Let ky = IC;# and k1 = infx, k. Then ko > k1. By applying (3.62)
to k1, we have
Vi, < const. ||u||%,

and by summing up (3.66) for k € Ky, we obtain
ko < conmst. ||v]3.
Since V,,, = 2M1V;, < 2RV, we get
2p 2
Vi < const. ||ul|7+1econst-llvlz)
and (2.9) follows. The other inequalities of Theorem 2.6 can be deduced as done before. O

4. THE FEEDBACK kg

From now on, o is an iS-function and F is an F-function. Note that K is odd, C' and increasing. In
addition, we have the following obvious estimates:

Lemma 4.1. The function y — f% is even, increasing on RY and for every y € R,

1 1

const. inf(|y|, 1) < | K (y)| < const.inf(|y|, [y|2, |y|*) and K'(y) > ———-

(lyl, 1) < [K(y)| (Iyl, lyl=, lyl7) ¥) TF 1K)
Proof of Lemma 4.1. This easily follows from (2.11). O

As a consequence of Lemma 4.1, we have that, for every A € (0,1) and y > 0,
K(Ay)

> A 4.1
K@) ~ b

Up to a time reparameterization and a linear change of variable in (SI2), we may assume that |o(¢)| > 2 for
[t| > 1. We use the C! change of variable given by

z &f x1 + F(13), 4.2
y = Fla), (43)
to rewrite (SIz)k, as
o(z+u)
z = K(y)f K/ ) )
g = _o(z+uw)
K'(y)
For y € R, we define the odd function G by
Gly) Ly — K(y)? - 1K 4.4
(y) =y —sen (V) K(y)” — 1 K(y), (4.4)
and, for y € R, we have
2 1+ |y
W< (e < ol

3Ty
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We define the Lyapunov function Vg by
1
Vr(z,y) = 52 —2G(y / G(s (4.5)

There exist const. > 0 such that for every z,y € R?
const. (22 + y2) < Vr(z,y) < const. (22 + y2) ,

which implies (2.13). Moreover, Vg is a strict Lyapunov function for (SIz)g,.. It follows from the dissipation
inequality given below:

Lemma 4.2. If we use Vi to denote the time derivative of Vp along the trajectories of (SI2)ky, we have

. 1+ |K 1 1
Ve + MVE in (VFé 1)+ <401+ K @)DIlo(3lu) M (2, w), (4.6)
where
E vz
. z . 1
M(zyw ] L >t (V1) 2L

0, otherwise.

Proof of Lemma 4.2. We compute Vi and obtain
. 1
Ve = 2K (o) ~20(:+ ) (2K W) + 7 ) = K)GO)

1
By considering the sub-cases defined whether % < |u| or not and V2 > 1 or not, we conclude. |
As a consequence, we can see that Vg is an (I.55)-Lyapunov function.

4.1. Proof of Theorem 2.8
We first assume that p = 0o and ||ullcc > C. Then, by Lemma 4.2, we have

Vi < —(1+|K(y)|) inf (1,v§,) (VF - 24K||u||oo).

1
Therefore HVF? < 24K ||u| oo-
oo

For the rest of the pgper, we assume that p € (1,00). Let us show a result similar to Remark 3.2:

Lemma 4.3. The trajectories of (SIa)k, corresponding to inputs u € LP, with p finite, converge to 0 at infinity.

Proof of Lemma 4.3. For X > 0,let R(X) = ) »(X2)P, where L, was defined in (2.15). We use R and R to de-
note the Lyapunov function R(Vp(z, y)) and its time derivative along trajectories of (S12)g,.. Multiplying (4.6)

Bt
by Ve —, we get
(V¥)

» 14+ |K(

2sup (K (Vz_') , 1) (VF‘)

|z|VF a3|u|) (z,y,u). (4.7
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Then, we have

R+VE < 8V.7 a(3|u|) (z,y,u), if Vp < 1, (4.8)
. 1+ |K(y 2 1
g LRI e LW st a0 M ) i Ve > 1. (4.9)
2

2K (V ) K (Vi)

R < const. |ul?,

We deduce that

which implies that L, (HVF%

and (4.9), we also have

) < const. ||u||,. Moreover, since x,, is bounded, #,, is also bounded and by (4.8)
o0

Const.”uup/ Vi §/ T < const. ||ulp.
0 0  sup (K (VF?) ,1)

Therefore, by Barbalat’s lemma, we get that x, converges to 0 at infinity. g
Next, we establish a similar result to Lemma 3.15:

Lemma 4.4. Let p € [1,00), u € L? and z, = (z,y) be the trajectory of (SI3)k, corresponding to u and
starting at 0. Then, we have

1K (y)?|lp < const. ||z (2 + )|, (4.10)
with equality if p = 1.
Proof of Lemma 4.4. Consider the function

p—1

Qr(zy) “ —=K ) (K (1)) +/OyK<s> (Kw?)" as.

Let Qp be the time derivative of Qp along z,. We have

p—1

K@)+ (20~ D(KW?) 200+ ). (4.11)

Similarly to Lemma 3.15, we integrate (4.11) between 0 and T for every T > 0, then we apply Holder’s inequality
(for p > 1), and we conclude by letting T goes to oo and by taking into account Lemma 4.3. |
As a corollary, we prove Theorem 2.8 for p = 1. According to Lemma 4.4, we have

lz0(2 +u)lls = 1K (y)*[l1 < const. [yl

1
Moreover, dividing (4.6) by V2 implies that

(L (vi)) V%mf (Vi) < 4LI‘SW|Z|U(3|U|)M(Z,W), (4.12)

where Ly was defined in (2.15). Since y — % is increasing for y > 0, we have

1

2

E__ > const. £l
K(V2) |K ()
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Then, we deduce from equation (4.12) that
(4 (VF> )+ |—‘Z| < 12K]ul.

After integration, we obtain |y||1 < const. ||ull1. A trajectory of (SI3)k, starting at 0 and corresponding to the
input w is also the trajectory of the linear system given by & = Az + byw with

0 1
Al:(l 1)’ bi = (0 )7,

and with w = (erufa(eru)) —u—y+K(y). By (i7) of Definition 1, we get |w| < counst. (|zo(z+u)|+ |u|+|y]).

Since A; is Hurwitz, we conclude.

From now on, we assume that Ry, def | R0, ’

1
Vi H ,lull, > C%. In order to prove Theorem 2.8, we look
(o)

for establishing the inequality

/ Va2 Sconst./ V2 ul, (4.13)
0 0
which provides the result together with Holder’s inequality.
R
Set k,, def [mlng ] ‘We consider
So = t>0, R(z(t),y(t)) >C¢,
S;1 = <qt>0, R(z(t),ylt)) <C

As done before, we approximate S; by a decreasing sequence of open sets (S1) such that |Sy /S| tends to
zero as € tends to. On each interval I’ of S ., we look for

D p_1
AR‘I +const. [ V2 < const./ Vi? |ul. (4.14)
’ I/

I’

This last equation is a direct consequence of the fact that (4.7) can be simply written on S7 as

. P p—1
R + const. V> < const. V] 2 |ul.

Similarly to the proof of Proposition 3.13, we “slice” up Sy according to (3.30) with the obvious modifications.
On each interval I of Lj or My, . falling into one of the (ci) cases, we look for obtaining the inequality

AR’IJrconst./VFg §const./VFp%|u|. (4.15)
1 I

Equation (4.13) is finally obtained by summing up (4.15) on Sy and (4.14) on S;.
Therefore, it remains to show (4.15) to finish the proof of Theorem 2.8. Let I = (to,¢1) be an interval of

some Ly or Mj . such that AR’I = ,ug where = 41,0 and R = g—’,f Let

T d:ef tl - to and V déf R_l(R)
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We easily get that R™! (%) = \V with

i~

1\7 1\ 7
= <A< [ = .
(2) <<(3)
Therefore AVF‘I = (1 — A\)V and we have, for every t € I, \V < Vp(t) < V. In addition, we get
Lovs < /V% <TV%,
V2 “F

Consider the following subsets of I:

1
El = tEI, |y| szFg )
1
E2 = tEIa |y| <pVFg )
E = JSteEy |ul> |i2| a.e.}-

We first assume that |Eq| > pT. Then, for t € E7, we have

L+ [K(y)|

N> 5
2K (Vi)

which implies that

1+ |K P p _
/L%J”VF2 > const. p Vi > const. pT'V2,
12K (V) By
and we get (4.15) by integration of (4.9).
1 e
We next assume that |Eq| < pT. Then, |2| > (1 — p)VZ on Es. Let ko def supg, |[K(y)|. We have
1

ko < K (pVFQ) and the following lemma;:

Lemma 4.5. With the above notations, let

Then, either Eo =1 or |U|+ |E| > const. T.

1
Proof of Lemma 4.5. 1f F4 is not empty, then kg = K (pVF2 ) Since F» is open, it is the countable union of open

def

intervals. For every interval J = (¢,t') of Fa, let U; f AJ and E; = ENJ. Wehave |K(y(t))], | K (y(t))] < ko

with equality at ¢ or at ¢’. Similarly to (5.8), we get
o(C)(¢ —t) — const. |EJ|‘ < 2k (4.16)
Since the time derivative of K (y) is bounded (by K, ), we have ko < const. |Us|. Therefore, we obtain

|Us| + |Es| > const. (t' —t).
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Adding up, we conclude.
Suppose first, that |E| > const. T. Then, for a.e. t € E, we have

lu| > Ll > const. V;2
5 V2.

According to the previous lemma, three possibilities may occur: FEj is empty, |E| > const. T or |U| > const. T'.

We deduce that
p—1 P
/VF2 |u| > Const./VFQ.
I I

g. But we also have

This implies (4.15), except in the case where AR’I

ptl
V.? _ .
i and V < const. AVF’I < const. TK(V%)V%

R < const.

Then, AR‘ < const. / VFP% |u| and we conclude this case.
I I
Suppose now that |U| > const. T. We may also assume that kg = K (pVg). Then

/ TR |K(£J)| Vé > const. L (p‘_/f) (1-— )\)Tff% >TVE.
v 2K (Vi) K (V1)

We easily conclude here.
Finally, suppose that E; is empty. Then, z has a constant sign on I, let say z > (1 — p)V;2 on I. Equa-
(4.17)

tion (4.16) becomes
’a(C)T — const. |E|| < 2kg < const. K (pV%) .

g, then |AVF)I| > const. V. Thanks to (4.6), we deduce that |AVF‘I| < const. koV'Z, which

<
[N

If |JAR I| =
implies that

T > const. —,

<)

< const. pVz, we obtain, from (4.17), that |E|

N

v

2

with the last const. independent of p. Since K p‘_/%)
const. T'. That situation was already treated. Therefore, the proof of Theorem 2.8 is finished.

4.2. Proof of Theorem 2.9
Using the change of variables given by (4.3), we rewrite (PSI3)g, as

- K(y)JFWJr%
g = —o(z+u)+vs
K'(y)

z
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We choose g¢ = #. The time derivative of Vp along trajectories of (PSI2)k, becomes

1+ |K(y)l

. 1 1
Ve + — LV int (V2 1) < 8(1+ K (y)Dlelo (const. (ful + for] + [e2])) M(z,y, u) + const. o [y]N (z,),

where

def 1, if Vp <1,
N(z,y) = { 0, otherwise.

From the previous equation, we can follow exactly the lines of the proof of Theorem 2.8 only changing |u| by
|u] + |v1] + |v2| and checking at each step that the extra term |v1||y|N(z,y) does not alter the computations.
The term Lp(VF(j)l/Q), appearing in (2.14), comes from the integration of (4.7).

5. APPENDIX

We first notice that (SI3) is controllable. We construct the required sequences assuming that o is the standard
saturation function og. The difference with an arbitrary ¢S-function simply consists of having a different set of
const. below.

5.1. Comnstruction of (u(l))

We construct a la.c. curve ¢ : [0,00) — R? such that c is a trajectory of (SI3)g, corresponding to an
piecewise C'! input u. Then, each input of the sequence (u%l )) will be the concatenation of w,, the restriction
of u to an finite time interval [0, T},], and the zero input for ¢t > T;,. There exists a continuous input @ steering 0
to (0, VO%) with VO% > C'in time Ty > 0 along (SI3)k, . Then, ¢ is defined on [0, Tp] as the resulting trajectory.

We take u = C' — z until 2 = y + 2. In time 7’, we reach the point 2/ = (V', V' — 2), with

T =Vy +Vo—dand V' = Vy? —24 Vo — 4.

From 2/, we take u to be 0, until 2 = 0. In time T”, we are, hence, at some point (0, —V"), with T” V" =

2V + o0 (%) By symmetry with respect to (0,0), we repeat the procedure from (0,—V") and we end up at

(0,V7) for a time Ty. We clearly have

1 1
T1—To,V1—Vo=4V02+0< 1>-
‘/E)‘z

The above construction is then repeated. We, thus, define two sequences (Vi)r>0 and (T)r>0 such that we
have

1 1 1 1
const. V;? <Tpy1 —T) < const. V;?, const. V;> < Vi1 — Vi < const. V2.
We also obtain that, for £ > 0,
const. k% 4+ Vo <V}, < const. k2 + V.
It is easy then to get that, for 1 < p < ¢ and k large,
Thy1

const. k24t1 const. k9t < / ly|? < const. k971,
Tk

Tyt
const. k29! < / |2]¢

Ty

IN

Trt1
const. kP < / |u|? < const. kP.
T
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For n > 0, the input usll) is defined as w on [0, T},] and 0 afterwards. If we use (z,(ll), yﬁP) to denote the resulting

trajectory, then we get, for 1 < p < ¢ < o0,

2(qt+1) 2(q+1)

const. n”~ a < Jz2W), < const. @, (5.1)
a+2 (1) a+2

const. n ¢« < |y, |lg < const.m e, (5.2)
= (1) wzt

const. n » < |lu,’|lp <const.n . (5.3)

5.2. Comnstruction of (u(2))

We already know that the shape found in Proposition 3.7 is the profile (3) in Theorem 2.5, thanks to
Remark 2.4. But, even though the LP-norms of the inputs 4, involved to obtain the preceding result can be
chosen increasing to oo, their L°°-norms are, of course, very small. For n > 0, the input ug) is simply obtained
as the concatenation of an input v,, and an input 4,, given as follows: v, is defined on some [0, T, ] with large

L*>-norm and such that the resulting trajectory reaches the origin at time T, ; 4y, is chosen such that its

n?
LP-norm is bigger than the LP-norm of v,. Therefore, the sequence (US? )) completes the proof that, the shape

found in Proposition 3.7, is the profile (3) in Theorem 2.5 and the ug) have arbitrarily large L°°-norm.

5.3. Proof of Proposition 3.3

We use ymax and zmax to denote ||yl j0,7) and [|z||s,[0,77 Tespectively.
We start with the argument for (a). We pick [to, t1] € [0, T] such that we have, for ¢ € [to, t1],

y
ly(to)| = % < ly@)| < [y(t1)] = Ymax-

Recall that #%2 is in the range of y since the initial state is zero. Without loss of generality, we consider the
case y(t) > 0 on [to,t1]. Let L def t1 — to. Then,

Ymax _ Ay

t1 t1
5 :f/ o(z+u) <KL,

to

and

2
The two previous equations imply that zpax > yS—"‘
As for item (b), we pick [to, t1] € [0, T] such that we have, for ¢ € [to, t1],

Wiax
Wito) = —5= < W(t) < W(t1) = Winax,
where W is given by (3.3) and Wiax = ||[W||«,j0,77- Note that o, < I/va_: < const. We may assume that, for

every t € [to, t1], |y(t)] < % This clearly implies that, for every ¢ € [to, t1],

Winax
t)| >
(0] = 52

)
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in which case z has a constant sign on [tg,¢1]. Assume now that Wi.x < C. Then (3.5) follows immediately
since ||u||, > C. For the rest of the argument, Wax > C. Consider the two following subsets of [to, t1] given by

B = {te lto, ta], |u(t)] < |th)| a.e.}, (5.4)
E, = {t € [to, t1], |u(t)] > @ a.e.}~ (5.5)

We derive W along the trajectory of (SIz)y, corresponding to u and get

W=—yAo| —o(2)o(z+u)=—2Ac] —o%(z+u). (5.6)

z+u z+u
z z

2
f:l W= I5, I/V—l—fE2 W, we get

0

z
z

+u
Note that |2] < |/ %max 4+ K and |Aa’ | < dc on E;. We integrate (5.6) between ¢y and ¢; and since

Wmax Wmax Wmax
o2 (L~ |Bal) + =2 S(L|E2|)5C< : +K>+< : +K>2K|Ezl.

The above equation can be written as

Wmax Wmax
o2 L+ < Lo/ 2Wmax + 3K | Ea| ( 5 T K) : (5.7)
On the other hand, we have
11 t1 t1 z4+u
Ay| = —/ o(z) —|—/ Ao| (5.8)
to to to z

which implies that

b t1 z4+u z4+u
omL < / o(z) < —Ay Jr/ Ao +/ Ao
to to E; z E- z

Using the definition of F4 and Es, we get
We thus obtain

4 [Whax 6K

L<—\ =2+ —|E| (5.10)
Om 2 Om

Equations (5.7) and (5.10) give v/Wax < const. |Ez| which, in turn, implies that for p finite

p+3
lall o1 2 [ T = WEE,
2

and [{t € [to,t1], |u(t)] > const. Wiax a.e.}| > const. L. The proof of Proposition 3.3 is finished.
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5.4. Proof of Lemma 3.5

If |2(t)] = M +C for t € [to,t1], then |Z] > |y|— K > %M. Thanks to Remark 3.2, the zeros of |z| — (M +C)
are isolated. Then Lemma 3.5 simply says, unless trivial cases, there is an odd number of zeros of |z| — (M + C)
such that the variation of W between the smallest and the largest zeros is larger than I—)éM 2, We do so by
examining several cases.

Assume that |z(tg)| > M + C and |2(¢1)| > M + C. In addition, suppose that

for all ¢ € [to, t1], |2(t)] > M + C. (5.11)

Then, we have |j| > 20,,. It implies that
3 t
_Um(tl - tO) § |A0—’ y| S 2ymax'
4 to
We deduce that L =t; —tg < Sy""‘“‘ By integrating (5.6) and using (3.6), we get

t1 ty
—awl" < [l miao T [ o - an,
to to | to

By using (3.6), we have
t1 |z|4+M
| ol 0180] " < 250 L
z

to
It implies that

A, , (3 )
§M < dcconst. AM* — Zam L,

which is impossible. Then (5.11) cannot hold. Therefore, let t* € [tg,#;] such that |z(t!)] = M + C and
t1
|z]| > M + C on [tg,t2]. Then AW " > %MQ. By reproducing the previous argument on [t!,#], we can find

2

t? € [t',t1] such that |2(t?)] = M + C and AW L2 2M?. Again, unless A is bounded, we can get a third
t

zero of |z| — (M + C) with the required properties. Going on in the same fashion, we prove the conclusions of
Lemma 3.5.
Let us study now the case where |z(t9)] < M + C and |z(t1)] < M + C. Suppose that

for all ¢ € [to, t1], |2(t)] < M + C. (5.12)

Then, for all ¢ € [to, 1], we have |y(t)| > %M. Hence,

t1 )\
2M +C) 2 42| | 2 L%M.
0

t
On the other hand, we also have %MZ = AW’ ' < const. VAML. We finally get that M is bounded by a
t

0
constant independent of w, which is impossible. Therefore (5.12) cannot hold and there exists ¢, € [to, 1] such
that |z(ty)| > M + C. Then if t is the first time after to such that |z(t2)] = M + C and t3 is the first time

before ¢1 such that |z(t3)] = > 2M?. Again, unless we are done, we can get a

third zero for |z| — (M + C) with the requlred propertles
All the other cases reduce to those studied above and Lemma 3.5 is thus proved.
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5.5. Proof of Lemma 3.6

On Iyi—1, |y = 30, and |y(t7)] > const. M. Therefore there exist t' < t/ € Iy such that |y| > oa on
[t2=1 '] and |t/,271] and |y| < opr on [t8,tF]. We get |2] > 0 on [t2=1 #![ and |t/,¢?!]. We may assume that
z>0on Iy_q. Let

2m & min(z(t*'~1), 2(') and 2}, = max (z (t*'7') ,z (t')) .
Then

tt t' z4+u Z(tq)
w = / —(ZAU +02(z+u))dt= —/ Ac
-1 $20—1 z . 2(£21-1)

Z;n z4u t 9
g Z — g \2 — .
/ A ] Id / (z — M)dt
z 2 t

201—1

z4+u ti
dz — / o?(z + u)dt
¢

z 201—-1

IN

m

Since o is increasing and globally Lipschitz, it has a non negative derivative function ¢’ locally essentially

bounded. Define
def [
J= / |Ac
z

m

|dz. (5.13)

z+u
z

Then, we have

z;n z+M
JS/ / o'(s)dsdz = // cmersar O (s)dsdz < //CSZSZ;”+M o' (s)dsdz.
z—M z2—M<s<z+M z2—M<s<z+M

Zm

By Fubini’s theorem, we can permute the order of integration in J and we obtain

const. AMQ min(Z;n’S+M) const. )\1\/12
J < // ericacorn O (s)dsdz §/ 0’(5)/ dzds < 2M Ao <2Méc.
C<s<const. A\M?2 C max(zm,s—M) c
Then, we get
AW ‘ < 2Mdc — @(ti —¢3h
(20-1 ¢ 2 ’

In addition, we have
_ tt
op(t =t > |Ay ,,_,| = const. VAM,
2

in which case _
)tl

AW < 2MJ¢ — const. VAM < —const. VAM.

$20—1

, t/
Moreover, since oy (tf — ) > |Ay’ | = 20, we have
t’L

tf

2
AW| <oybo — (—) -t <o.

ti

Then, we obtain AWa_; < —const. VAM. On Iy, ly| > const. VAM, which implies that

AWy < const. VAM (t2+1 — 2!) < const.

241
/ y’ < const. |Az‘ N | < const. M.
Iy t

Adding the appropriate inequalities, we get the conclusion of Lemma 3.6.
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5.6. Proof of Lemma 3.12
We start with (J2). We assume that z > 0.If u + y < 0, then |u| > y, in which case we have

z+u
|22A0 , +o(z— )Aa | < const. |ulP. (5.14)
z—0y
z4+u
If u+y >0, then Ao > 0, since o is increasing. We have to distinguish two subcases, whether u + 6y > 0
v z+u
or not. If u 4+ 0y > 0, then Ao , > 0. Then,
z—0y
z+u z+u
- <273Aa +o(z—y)Ac ) <0,
z—0y z—y

and (J2) is immediate. If u 4+ 0y < 0, then |u| > 0y and we get equation (5.14).
We turn to the case where z < 0. If u + 0y < 0, then |u] > 6y, and equation (5.14) follows readily. Assume,
then, that u+60y > 0. We also have that u+y > (1—-0)y > % We distinguish two subcases, whether z+u > —C'

z4u
or not. If z4+u > —C, then u > |z| — C > y and equation (5.14) follows. If z +u < —C, then |Ac | <dc

and

z+u z+u

+o(z—y)Aco

z—0y

zZ=yY

- (22A0 ) < const. ¢,

and we get (J2).
For (J3), we may simply assume that z > 0. We have

0’2 2
Jz < —Tmu/m + K?|E|,

where E' = {t eI/l |u(t)| > % a.e.}. Since z > 1 on I/I’, we get (J3).

It remains to show (J1). We simply assume that z > 0. Set 2] = z(t}), z1 = z(t1). Since £ > C on I/I', we
can take z as a new parameter instead of the time ¢ for functions defined on I/I’. In particular, we can consider
y as a function of z on [z, z1]. In addition, we rewrite (3.15) as

z1 Z,gy z1
—/ Ao dz—/ Aa

1

// 2 <a<n dsdz—// deen o' (s)dsdz. (5.15)
z— 9y(z)<s<z z—y(z)<s<z—0y(z)

Note that z — 8y and z — y can be reparameterized as functions of z € [z9 — y(20), z1] and they verify

1_diz—0y dz—y)
2~ dz dz

z—0y

J1 dZ,

<2.

Therefore, we can define, for s € [z9 — y(20), 1], two functions Z(s) and Z(s) as follows

)
Z(S) = for s € [ZO - y(ZO)a ZO]?
Z(s) = 0y(Z(s)) =s for s € [z0,21 = Oy(z1)],
Z(s) = for se€ [z —0y(z1), 2]

and _
Z(s) —y(Z(s)) =s for s€[z0—y(20) 21 —y(21)],
Z(s)=z for sé€lz —y(z1),2]
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By Fubini’s theorem, we can permute the order of integration in (5.15) and we obtain
Ji=J1+ Jy + I+ Jy,

where

J = /21 y(z1) (22(3) -5 — Z(S)>U/(8)ds,
Z(’;O*Qy(zo) B

/Z yz0) (Z(S) - Z(s))d(s)ds,
:Ogy(z ) (22(3) — 20— Z(S))J’(s)ds,

Jy = (Z(s) — s) o' (s)ds.

z1—y(z1)

S
Il

o
Il
——

Since Z(s) < Z(s) and Z(s) < s on s € [20 — y(20), 20], we have J; < 0 and J; < 0. In addition, we have

= [ (o) ot - 09))d < 2suply(n). C)ic

1—y(z1)
since z > z — Oy > 2C for s € [z1 — y(z1), z1]. As for J|, we can write it as follows
z1—y(z1) _
K= [ (2026 - (2o (51,
20
We get J; <0 as a consequence of the next lemma:

Lemma 5.1. For s € [20,21 — y(21)], we have 20y(Z(s)) — y(Z(s)) < 0.

Proof of Lemma 5.1. 'We have
- Z(s)
20y(Z(s)) — y(Z(s)) = 26Ay‘ (1-20)y(Z(s)) < —(1 - 20)C + QHAy)Z(S)

On the other hand, we have

Z(s) Z(s) ydy Z(s) |ya(z + u)| QCK B
Ay? <2/‘ 224 <2/ dz < A Z(s)).
We thus obtain ) ~
|Ay)Z(S)| - 2CK y(Z(s)) < 2CK
2s) — C—Ky(Z(s)) +y(Z(s)) = C— K

Then, 20y(Z(s)) — y(Z(s)) < —(1 — 20)C + 25K — .

5.7. Proof of Lemma 3.15
Consider the function

2p
def _ Yy
Q(z,y) = —zylyl 2 + %

If we use Q to denote the time derivative of Q along x,,, we get

Q =~y + 2p = DIy *20(z + ).

(5.16)
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For every T' > 0, we integrate the above inequality on [0, 7] and get

T T .
Q(T)+/O |y|?P §const./0 (lylP") % |z0(2 + u)).

By applying Holder’s inequality for p > 1, we get

1

T T P
Q)+ [ Iy < const. ( J |y|2p> 2oz +wll,
0 0
By letting T tend to infinity and thanks to Remark 3.8, we get the result.

5.8. Proof of Lemma 3.16

The two previous lemmas clearly imply that
[VIlp < const. ([[Vo(z+u)llp+ llullp) -

Therefore, we have, by using Proposition 3.7,

v
0

IN

const. (/ VP|o(z 4+ uw)|P + ||u||£> < const. (/ VP|o(z 4+ u)|P +/ VP|o(z 4+ u) + |u|£|p>
0 Er R*/ERr

const. (/ VP|o(z +u)|P + const. RP|lo(z+u)|h + ||u||£> < const./ VP + const. RP||ullb.
Er E

R

IN

From the last equation, we conclude.

5.9. Proof of Lemma 3.18

The set F; is an interval [t/,¢"”] such that % <t —t; < % and % <t —t' < % Set S; = [ti, tit1]/Fi. We
— 1
2

have 1 <[S;] <3 and |y| > %5~ on S;. Then,

/v
S

On F;, using the estimates obtained in Lemma 3.12 of case (B1), we get

. . B >, 7
/ V+/ V < const. |SiﬂEi|V%_|5imEl{|0m+72
SiNE; SiNE! 2

—%V% + const. V2|S; N Ej.

IN

. 0'2 — 1 _ey
/ V < —2™mV?2 4+ const. |FiﬂEi|+2/ |2||AU’ B

z
4 z+u

z—0y z z
/ l]a0] |§/ a0l g/ 12|A0
F!/G; z+u F! z=pV'2 F;

=1
z—pV 2
i 1 v

We also have

We need the next lemma to complete the proof of Lemma 3.18:

Lemma 5.2. With the previous notations, we have

< const. d_1 (|Ez| + V%>.
V2
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Proof of Lemma 5.2. Define L; = [t/,¢'] U[t",t"] and M; = (¥,1") in such a way that |y| > op + 1 on L; and
ly(@")| = |ly(#")| = oar + 1. Assume first that

IM; N E;| < 2Ly, (5.17)

4K

Let us show that |M;| is bounded, in which case |y| remains also bounded. For that purpose, consider the

following equation
t’ z
Aﬂ_g—/ d@+/ Ao
t’ M; M; z4u

It implies that
0m|Mi| < Q(UM + 1) + 60|M1| + 2K|MZ N El|
Then, by using (5.17), we at once get that |M;| is bounded. Therefore, we have

/ |Z|AJ
M;

Assume now that [M; N E;| > §2|L;|. Then, |M;| < const. |E;[, in which case we obtain

/ |Z|AJ
M;

_, <const. §_1.
pV2 Va2

< const. d_1|E;|.
V2

N

—pV

Finally, we have

t_//
/ |Z|Aa -1§3/ Ao
pV 2 I

We also have/ |z||AU

. Z({”)
< //(t/)<z<z(t//) o'(s)dsdz < pV2Ac| =, <const. §

z—pV2<s<z

1

| < const. |G;|V2. Adding up all the inequalities, we get (3.39).

5.10. Proof of Lemma 3.19

=1
Define U; = {t €EE;, |z| > } Then, we clearly have

M

b

/ |z|P > const. |U;|V 2.

We may assume that |U;| < p|E;|, otherwise we are done. Moreover, since E;/U; is included in S;, |E;| is
bounded. Recall that |E;/U;| > £ and |y| > V= on E;/U;. In addition, we have

|2(t)] > V[t —t,], (5.18)

where s = i or i+ 1. The set E;/U; contains a subset E; of measure larger than § and disjoint from [¢;,; +
B1U [tix1 — £, tiy1]. We deduce from (5.18) that

8
A% s ;
/ |z|chonst./ <58> ds > const. V2 > const. |E;|V 2.

" L

i 8

The author would like to thank E.D. Sontag for suggesting the inequality given in equation (1.9).
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