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APPROXIMATE CONTROLLABILITY OF LINEAR PARABOLIC
EQUATIONS IN PERFORATED DOMAINS

PATRIZIA DONATO! AND ATssaM NABIL?

Abstract. In this paper we consider an approximate controllability problem for linear
parabolic equations with rapidly oscillating coefficients in a periodically perforated domain.
The holes are e-periodic and of size e. We show that, as € — 0, the approximate control
and the corresponding solution converge respectively to the approximate control and to
the solution of the homogenized problem. In the limit problem, the approximation of the
final state is alterated by a constant which depends on the proportion of material in the
perforated domain and is equal to 1 when there are no holes. We also prove that the solution
of the approximate controllability problem in the perforated domain behaves, as € — 0, as
that of the problem posed in the perforated domain having as rigth-hand side the (fixed)
control of the limit problem.

Mathematics Subject Classification. 35K05, 49A50, 93C20.

Received March 2, 1999. Revised January 7, July 10 and September 8, 2000.

1. INTRODUCTION

In this paper we study the asymptotic behaviour, as ¢ — 0, of an approximate controllability
problem for linear parabolic equations with rapidly oscillating coefficients in a perforated domain.
The holes in the perforated domain are e-periodic and of size €. The oscillations of the coefficients
are also of order €.

By definition, one has approximate controllability if the set of reachable final states is dense in L2.
Following Lions [12], we construct, for a fixed e, an approximate internal control as the (unique)
solution of a related transposed problem (see Sect. 4). The final data of this problem is the (unique)
minimum point of a suitable functional J.. We study then the asymptotic behavior of the system as e
goes to zero.

In Section 3 we state the main result of this paper (Th. 3.4). It shows that the approximate
control and the corresponding solution converge respectively to the control and to the solution of the
homogenized problem. This means that the control problem in the highly heterogeneous system may
be replaced by the homogenized one, which might be relevant from a computational point of view.

At the limit, the approximation of the desired final state is altered by a constant Le > 1, where 0
represents the proportion of the material in the perforated domain. When there are no holes this
constant is equal to 1, which gives the result proved by Zuazua [14].

We also show (Cor. 3.7) that one can replace, in the problem posed in the perforated domain, the
approximate control by the approximate control of the homogenized problem.
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In Sections 4 and 5 we construct, for a fixed e, the approximate control of the system in the
perforated domain and we give some a priori estimates. To do that, we adapt to our case some
methods introduced by Fabre et al. in [10] and [11], where they prove the approximate controllability
of the semilinear heat equation with Dirichlet conditions. We also follow some ideas from Zuazua [14],
where he studies the asymptotic behaviour of the heat equation with oscillating coefficients in a fixed
domain.

The proof of the main result is given in Section 7. For passing to the limit as € — 0, we use some
results on the homogenization and correctors for linear parabolic equations in perforated domains
proved by the authors in [9]. We recall them in Section 2. The main point of the proof is to identify
the limit of the controls. We do that in Section 6 by using De Giorgi’s I'-convergence techniques
(see Props. 6.4 and 6.5). We prove that the minimum point of J. converge, as € tends to zero, to the
(unique) minimum point of a suitable functional J. Moreover, this functional is that associated to
the homogenized problem in the construction of the approximate control. One of the main difficulties
coming from the presence of the holes is that one cannot simply use the lower semicontinuity of
the L2-norm in order to identify the limit control. Lemma 6.6 in Section 6 allows to overcome this
difficulty.

The results of this paper were announced in [8].

2. PRELIMINARIES

Let Q be a bounded connected open set of R", n > 2, with boundary 0 of class C2. Let
Y =]0,l1[x --- x]0,1,[ be the reference cell and S CC Y an open subset (the reference hole) with
boundary 95 of class C2. We denote by ¢ a positive parameter taking its values in a positive sequence
which tends to zero. Introduce the set of holes in R™ defined by

7(eS) = {e(k(l) + S),k € Z", k(l) = (k1la, -+, knln)}-
Assume that the sequence (¢) and the open set 2 are such that
oNUT(eS) = 0.

This means that there exists a subset K. of Z™ such that

QN 7(e8) = Unerc. (e(k(1) + 5)). (2.1)

Set

Se = Ugex. (e(k(1) + 5)).
Then, the perforated domain Q. is defined by

Q. = O\S..

From (2.1), we have then
00N as. =0, 0. = 00U 0S..

In the following we use the notations:

e V*=Y\S;
e |w| = the Lesbegue measure of a measurable set w of R™;
o 0=[Y"[/IY];

lifzew
0 elsewhere’
e U = the extension by zero on € of any function v defined on €;
o v = (1;);=1,.. n the unit external normal vector with respect to Y\S’ or ..

e X, = the characteristic function of the set w, x_(z) = {

In the following we denote by ¢ different constants independent of ¢.
Recall that (for a proof see for instance [3], Chap. 2), as ¢ — 0,

Xo, = 0=IY*|/IY] L*(Q) weak . (2.2)
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This is due to fact that, by assumption (2.1), one has

Yo, (@) = (6,07 (2).

€

where (XY*)# is defined by
(XY*)#(y +kliei) =xy.(y) ae onY, VkeZ Vie{l,... n},

and {ei,...,e,} is the canonical basis of R".
Let A(y) = (aij(y))1<; j<n e an x n matrix-valued function defined on R" such that

Ae (Ol(}_/))n27 aij; =a; YV1<i4,j<n,

A is Y — periodic,

there exists o > 0 such that for any A = (A1,..., \,) € R™, (2.3)
n

Z aij (Y) MiNj >« [Al? a.e. onY,

ij=1

and denote for any ¢,

As(z) = A (g) a.e. on €.
Let V. be the Hilbert space

V.={ve H' (Q.) : Vjyo = 0}
equipped with the H'(.)—norm.

Let us consider the following problem:

ul — div (A*Vue) = fo inQ.x(0,7T),
Ue = 0 ondQx(0,T),
(2.4)
AVu.-v = 0 ondS: x(0,7T),
us(2,0) = u? in Q..

It is well known (see [5], Chap. XVIII, Sect. 3) that if f. € L?(Q. x (0,T)) and u? € L?*(Q.),
problem (2.4) has a unique solution u. such that

ue € L*(0,T; Vo) N C°([0, T1; L (). (2.5)

In the following, we will make use of some homogenization results for linear parabolic problems in €.,
proved in [9]. We recall them here for the reader’s convenience.
We make the following assumptions, as ¢ — 0:

{ i) 17? —u®  weakly in L?(Q), (2.6)

i) fo—f weaklyin L2(Q x (0,T)).

Let us introduce the homogenized matrix A%, which is the same as in the elliptic case studied in [4].
For any A € R™, let X be the solution of the following problem:

—div(AV(y-A=Xx»)) = 0 inY™
(AV(y-A—=xa))-v = 0 onds,
X» Y-periodic, (2.7)

/ ) dy =0,
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where A is the matrix given by (2.3). Set
y) = —(y)+ Ay ae onY* (2.8)
Then the n x n homogenized matrix A° = {a; }1<; j<n is defined by

1
AN\ = —
Y] Jy-

AV@* dy, for any A € R™. (2.9)
We also introduce the (n x n) Y-periodic corrector matrix, C(y) = {Cy;(y) }1<i j<n where Cy;(y) is
defined by _ _
ox? . ow

Cij(y) =655 (y) — 0 (y) = o Y)

a.e. on Y™,
with _ _
w! = Ty — 5(\];
where X7 is the solution of (2.7) for A = e; and §;; is the Kronecker symbol.
We define

Cé(z)=0C (g) , a.e. on €, (2.10)

which, by construction, is €Y -periodic.
We have the following result (see [9]):

Theorem 2.1. Under hypothesis (2.3) and (2.6), let u. be the solution of problem (2.4). Then, there
exists an extension operator P€ € L (L2 (0,T; V.); L?(0,T; Hg (Q))), such that, as € — 0, the following
convergences hold:

i) Péu, —u weakly in L(0,T; HE(Q)),
ii) AsVu. — A°Vu  weakly in [L*(Q x (0,7))]", (&11)
where u is the solution of the homogenized equation
ou' —div (A°Vu) = f inQx(0,T),
u = 0 ondQx(0,7), (2.12)
u(zx,0) = %j) in
with A° given by (2.9).
Moreover, as ¢ — 0, we have the following convergences:
{ i) ue —0u  weakly in L*°(0,T; L*(%)), (2.13)
ii)  w. — Ou strongly in C°([0,T]; H=*(Q)).
If further we suppose that
tim 172 —  fllz20 0.1 = 0, (2.14)
tg l? = 0220y = O (2.15)
we have
() lim [Jue — ulloqo,r; z202)) =0,
(i) lim [[Vue = OVl 20,7121 @1 =0,

where C® is the corrector matriz defined by (2.10).
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Remark 2.2. i) For the construction of the extension operator P¢ we refer to [1] and [2] (see also [4]).
ii) Assumption (2.15) is equivalent to the following two conditions (see for instance [8], Lem. 5.4),
as € — O

ud — 40 weakly in L%(1),
HugH%ﬁ(Qs) - §||UO||2L2(Q)-
Observe also that, if (2.15) holds, then for any sequence {¢.}. C L?({2.) such that
P — ¢ weakly in L*(Q),

as € — 0, one has

e—=0 Jo

1
lim up. dr = / —u¢ dx.
. ol

3. MAIN RESULTS

In this section we state the main results of this paper. They will be proved in the next sections.
Let w be an open nonempty subset of €2 and set

we = wN .

We can always assume that |w N Q.| # 0, for any € > 0. We consider the following approximate
controllability system:

ul — div (A°Vue) = X, % infex (0,7),
Ue =0 on 09 x (0,T),
(3.1)
A*Vu.-v = 0 on 05 x (0,7),
ue(z,0) = U in €.,

where u? € L?(Q.) and ¢. € L?(Q x (0,7)).

Definition 3.1. We say that we have approximate controllability for system (3.1) in L?(Q.) at time
T > 0 if the following holds:
For every u? € L?(€2.), the set E(T) of the reachable states at time T > 0 defined by

E(T) = {uc(z,T),u. is solution of (3.1) with ¢. € L*(w. x (0,T))}

is dense in L?(€2.).

In other words:
Given T > 0, for any u? € L%(Q.), o > 0 and for any w! € L?(€).), there exists ¢. € L?(w. x (0,T))
such that the corresponding solution of (3.1) satisfies

l|ue(z, T) — w;HLQ(QE) < a. (3.2)

Remark 3.2. Let ¢ be given in L?(€).). From the unique continuation principle (see [13]), applied
to the solution of the transposed heterogeneous problem
—¢L —div(AVe¢:) = 0 in Q. x(0,7),
e = 0 ondQx(0,T),
AVe¢.-v = 0 ondS: x(0,7),
(2, T) = ¢2 in Qe

€
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one has that if
¢ =0 inw. x (0,7),
then
¢ =0 in Q. x (0,7).
Hence, for e fixed, the approximate controllability of system (3.1) follows by using classical duality
arguments. But this method is not constructive. 1

A general method for constructing an approximate control was introduced by Lions [12]. The idea
is to built the control as the solution of a transposed problem associated to some initial condition.
This initial condition is obtained as the minimum point of a suitable functional associated to the
problem. Here, we construct a functional J. as in Zuazua [14] (see also Fabre et al. [10] and [11]). To
do that, for u? € L?(€.) let us introduce the solution v, of the problem

vl —div(4°Vv:) = 0 in Q. x (0,7),
Ve = 0 ondQx(0,7), (3.4)
AV, - v = 0 ondS: x(0,T), '
ve(x,0) = u? inQ..
Let now w! € L?(€).) be given. For any ¢! € L*(Q.), we set
1 T
1) =5 [ 10 dodts i, - [ (ol =) of do (35)
0 We e

where ¢ is the solution of (3.3) (remark that w! — v.(T) is still in L?(Q.), since w! is in L?(£2.) and
ve is in C([0,T]; L?(2)).

The following theorem gives the approximate controllability for € fixed.
Theorem 3.3. Given T > 0, under hypothesis (2.3), let « > 0, u? € L?(2.) and w! € L*(Q.) be

fived. Then J. has a unique minimum point ®°. Moreover, if ®. is the solution of (3.3) for ¢° = ®2,
then the solution u. of the following system:

ug —div (A°Vue) = x, @ in Q. x (0,7),
Ue =0 on 9 x (0,T),
(3.6)
A*Vu, - v =0 on 9S: x (0,7,
ue(z, 0) = u! in .,
satisfies the estimate:
[ue(T) = well 220, < o (3.7)

This result will be proved in Section 4. In Section 5 (Cor. 5.3 and Rem. 5.4) we give some
a priori estimates on the controls. They will allow, together with the homogenization results quoted
in Section 2, to describe the asymptotic behaviour of problem (3.6).

To do that, let us introduce, for u® € L?(Q), the solution v of the problem

0v' —div (A°Vo) = 0 inQx(0,7),
v = 0 ondQx(0,T), (3.8)
v(z,0) = u® inQ.

For a given w! € L?(Q), we define the functional J on L?(Q) by

T
J(¢) = %e/o [ 16 da e+ @Bl 100) - e/Q (w! = o(T)) ¢° da, (3.9)



APPROXIMATE CONTROLLABILITY OF LINEAR PARABOLIC EQUATIONS IN PERFORATED DOMAINS 27

for any ¢¥ € L%(Q), where ¢ is the solution of the following homogeneous transposed problem:

¢/ —div (A°Ve¢) = 0 inQx(0,7),
o) = 0 ond2x(0,7), (3.10)
o(x, T) = ¢° inQ.

The main result of this paper is the following:

Theorem 3.4. Let T > 0 be given. Under hypothesis (2.3), let also o > 0, u® € L?(Q) and w! €
L%(Q) be given. Suppose that {w!}. C L?(Q) and {ul}. C L*(Q2.) satisfy the following assumptions:

i) lim fJws = w22, =0,

i) lim u® — w0 2o, = 0. (3.11)
e—0
Let uc(x,t) be the solution of the controllability problem:
ug —div (A°Vue) = x , @ in Q. x (0,7),
Ue =0 on 9 x (0,T),
A*Vu, -v =0 on 9S: x (0,T),
ue(z, 0) = u! in .,
where @, is the control given by Theorem 3.3.
We have, as € — 0, the following convergences:
) x, P, — x 0P weakly in L3(Q2 x (0,T)), (3.12)
ii) Pfu. —u weakly in L?(0,T; H}(2)), (3.13)

where ® is the solution of (3.10) for ¢° = ®°, ®° being the unique minimum point of the functional
J defined by (3.9) and w is the solution of

Ou’ — div (A°Vu) = X, 0@ inQx(0,T),
u = 0 on 02 x (0,T), (3.14)
u(r,0) = u° in Q.

Moreover, we have the following approximate controllability:

[u(z, T) —w'|| L2 (3.15)

oo
RV
This theorem will be proved in Section 7. Its proof needs to know the asymptotic behaviour of the
controls. This will be studied in Section 6.

Remark 3.5. Notice that in (3.15) the approximate controllability is altered by a constant which
depends on the proportion of material in the reference cell. This is related to the fact that the
coerciveness constant of the limit functional of J. is multiplied (with respect to that of J.) by V0.
The case where 6 = 1 corresponds to the case without holes studied by Zuazua (see [14]). n

Remark 3.6. Introduce the functional

J. 1 L*(Q) —R

by
Tow®) =g (¥, )
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where wo‘ q. 1s the restriction of ¥° to Q. and J. is the functional given by (3.5). One can show, using
Propositions 6.4 and 6.5 of Section 6, that J. I-converges, in the sense of De Giorgi (see [6]), for the
strong L2(2) topology.

On the other hand, the functionals J. are not uniformly coercive (see De Giorgi and Franzoni [7]
for the definition and related properties), since a set of the form {v € L*(Q), je < c¢¢ is not compact

in L?(2). Nevertheless, in Theorem 6.1 we give a direct proof of the convergence of the minimum
points. |

The last result of this section shows that the solution w. of the control problem (3.6) behaves, at
the limit, as the solution of the system obtained replacing the right-hand side in (3.6) by the control
of the homogenized problem (3.14). Actually, one has

Corollary 3.7. Under the assumptions of Theorem 8.4, let u. be the solution of the controllability
problem (3.6), ® being the control given by Theorem 3.3.
Then, if z. is the solution of

zl —div (A°Vz,) = X, 2 in Qe X (0,7),
Ze =0 on 092 x (0,T),
A*Vz. v =0 on 9S: x (0,T),
ze(z,0) = u? in Q,

one has, as € — 0, the following convergences:

(i) Pfu. — Pz, — 0 weakly in L?(0,T; HL()),

(i) lim [Jue = zelleo,7); 22(00)) = 0, (3.16)
(iii) glil'(l) Vue — Vel r2(0,7; (21 (2. )7) = 0.
Moreover
lim Sélp |2:(T) — wl 20y < o (3.17)
P

This result will be proved in Section 7.

4. THE CONTROL FOR FIXED &

In this section we give, by adapting to our case some technics of Fabre et al. [10,11] and Zuazua [14],
some properties of the functional J. defined by (3.5). This allows us to characterize the control of
system (3.1).

We have the following lemma:

Lemma 4.1. Under assumption (2.3) the functional J. defined by (3.5) is continuous, strictly convex
and satisfies

0
lim inf M >a, foranye >0 fized. (4.1)

19211220y —o0 1921 L2020y —
Moreover, if ®° is the (unique) minimum point of J., we have
| (! = 0e(D)) 130 < @ = B2 = 0. (4.2)
We skip here the proof which follows exactly that given in [11], for the study of the approximate

controllability of the semilinear heat equation. In Section 3 (Lem. 5.2) we will prove that this inequality
holds uniformly in €.
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We have the following characterization of the minimum point of J:

Corollary 4.2. Under the assumption of Lemma 4.1, for € fived, let ®° be the minimum point of the
functional J.. We have

T
/ / .U, dmdt—/ (w} = ve(T)) ¥2 dz| < |92 r2(a.), (4.3)
0 We

Qe

for any ¥? € L?(Q), with ®. solution of (3.3) for ¢¥ = ®° and V. solution of (3.8) for ¢ = 2.
Proof. For A € R} and 42 € L?(Q.), we have
J(®2) < (P + WD),
Thus
192 + M2 L2(0.) — 92| 22(0.)

T
/ (w} —ve(T)) ¥? da S/ / ®.U, + aliminf
Q 0 Juw A—0 A
) ’ (4.4)

T
< / / OV, + oz||1jzg||L2(Qa) for any ¢§ € LZ(QE).
0 We

The same computation with A € R* gives

T
/ (w; - vE(T)) 1/)2 dx > / / O U, — OszgHLQ(QE) for any 1/)2 S LQ(QE). (4.5)
Q. 0 We

Inequalities (4.4) and (4.5) give the result. 7

Proof of Theorem 3.3. We decompose the solution u. as u. = w. + v. where v, is defined by (3.4)
and w, is the solution of the following problem:

w, —div (A*Vw:) = x_ P in Qe x(0,7),
We =0 on 092 x (0,7T),
(4.6)
A*Vuw, - v = 0 on 0S. x (0,T),
we(z,0) =0 in Q,

where ®. is the solution of (3.3) for ¢Y = ®2, ®° being the unique minimum point of the functional
J. defined by (3.5). Let now 90 € L?(€.) and let ¥, be the solution of the transposed problem (3.3)
for ¢¥ = 4. By multiplying (4.6) by ¥, and integrating by parts, we get

T T T
f/ (we, OL)v, v dt+/ we(T)V(T) da +/ / A*Vw VY, dx dt:/ /cbexpg dz dt. (4.7)
0 Q. 0 Q. 0 Jwe

From (3.3) and Corollary 4.2, it comes

< a2l 2.

/ we (T)(T) do — / (w; —v:(T)) Y2 da
Qe

Qe

Since U (T) = 0 is arbitrary we deduce that
lwe(T) = (wz = ve(T)) llz2(0) < o

which gives
lus(T) = will 2oy < o
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Remark 4.3. Let us point out that the symmetry and the C'-regularity of the matrix A have been
only used when applying the unique continuation property mentioned in Remark 2.2. For the ho-
mogenization results recalled in Section 2, symmetry is not necessary and it suffices to suppose A

2
in (L>(Y))" . Observe also that the unique continuation property is not needed in the case of a
control distributed over €2, i.e. for w = Q. 71

5. A priori ESTIMATES ON THE CONTROLS

In this section we give some a priori estimates for the control obtained in Section 4, when the
data w! and u? satisfy (3.11), i.e.

i) lim [Jw} —w!||2 a.) =0,

i) lim [u = u°[| 2.y = 0.

Remark 5.1. Under assumption (5.1), using the corrector result stated in Theorem 2.1, we deduce
that

lim | (1}~ 0-(T)) = (' = o(T)) | 20y = 0 (5.2)

where v is solution of (3.8). m

In the same spirit as in [14], we show in the next lemma that inequality (4.1) is uniform in e. This
will provide a uniform estimate in ¢ for the unique minimum point ® of the functional J..

Lemma 5.2. Under assumptions (2.3) and (5.1), the functional J. defined by (3.5) satisfies:

lim inf L(bg) > a. (5.3)

1620 120,y — o0 [92llL2(00) —
e—0

Proof. Consider a sequence {j} C N and {e;}jen C {e}e>0 such that
e;j —0 and ||¢2j|\L2(QEj) — 00 asj — oo.
To simplify, we still denote by e such a sequence. We have

sz)SHLz(QE) — o0 ase— 0.

0
Set 90 = W. Then, there exists a subsequence (still denoted by €) and 1° € L?(£2) such that
€ L2(Qs)
0 — 0 weakly in L2(Q2). (5.4)
Set U, = OL, where ¢, is solution of (3.3). We have
021l 2@e)
0! —div(4°VP,) = 0 in Q. x(0,7),
v, = 0 ondQx(0,T),
(5.5)
AVU.-v = 0 ondS: x(0,7),
U (z,T) = 92 inQe..

From Theorem 2.1, we have

U, — 00 weakly in L>(0,T; L*(2)), (5.6)
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where W is solution of

-0’ —div (A°V¥) = 0 inQx(0,7),
v = 0 ondx(0,T),
wO
U(z, T) = v in Q.

From the definitions of J. (see (3.5)), /0 and ¥., we have

e = 2|2 U | de dt + o — wl — v (T 0 dx.
T = Sl [ [ 19 [ (1wl =) v

Two cases arise

e—0

hmmf/ /|\Il | da dt = 0.

T
(i) hmmf/ /|\Il | dx dt >0,

In case (i), in view of (5.1) and (5.4), the term / wg — 11/6(\6) ¥Q dz is uniformly bounded with
Q

respect to €. Hence, one has

J=(42)

— el — 4o
=0 [|¢2l L2 (0. ’

which gives (5.3).
For case (ii), since 6 # 0, we deduce from (5.6) that

=0 inwx(0,7T).

From the unique-continuation property due to Saut and Scheurer [13], we deduce that
U=0 inQx(0,7).

0

Since ¥ € C([0,T]; L*(2)) and due to (5.7), we have ¥(T) = 7 Then we deduce that

Y? =0 in L*(9).

On the other hand, from (5.2, 5.4, 5.9) and Remark 2.2 (written for . = 2, u? = w!
u® = O(w! —v(T))), it comes that

ti (v e (7)) ¥ e =0

Passing to the limit as € — 0 in (5.8), we find

liminf ———5-— (d)o)

=0 [|¢2llL2ny

which shows that we have again (5.3) and ends the proof.

(5.9)

—v:(T) and

(5.10)

1

Corollary 5.3. Under the assumptions of Lemma 5.2, there exists a constant ¢ independent of € such

that

192 22(00.) <

(5.11)
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Proof. By contradiction, we suppose that there exists a subsequence (still denoted by ¢), such that
192 20y — 00, ase— 0,
so that, from Lemma 5.2,

J- ()

> q.
e=0 | D2l L2y

Since ®2 minimizes the functional J. one has

J(®%) < J.(0)=0 Ve

Hence,
J. (D
o < lim # <0
e=0 (|92 L2(a.)
which contradicts the fact that « is strictly positive. j

Remark 5.4. From estimate (5.11) we deduce that there exists ®° and a subsequence (still denoted
by ¢€) such that

0 — 99°  weakly in L2(). (5.12)

One can then apply Theorem 2.1 to the controls {®.}., solutions of (3.3) for ¢? = ®%. All the
difficulty is to identify the weak limit ®° as the unique minimum point of a suitable functional. In
this case, convergence (5.12) holds for the whole sequence {®%}.~. M

6. SOME PRELIMINARY RESULTS

In this section we study the limit behaviour of the control ®. given by Theorem 3.3. The following
theorem shows that the limit control can be uniquely identified as the solution of the transposed
problem (3.10) associated to the minimum point of the functional (3.9).

Theorem 6.1. Under hypothesis (2.3) and (5.1), let u® and w' be given in L*(Q)). The sequence
{®Y}. of the minimum points associated to the functionals J., satisfies, as € — 0, the following
convergences:

{ i) ng — 0% weakly in L*(Q), 6.1)

i) 92 20y — VOOl L2,

where ®° is the minimum point of the functional J defined by (3.9).

The proof of this theorem will be given at the end of this section. It makes use of Propositions 6.4
and 6.5 below.
An immediate consequence of Theorem 6.1 is the following:

Corollary 6.2. Under the hypothesis of Theorem 6.1 the control ®. given by Theorem 3.3 satisfies,
ase — 0,

{ (i) Pe®. —® weakly in L?(0,T; HL()), 62)

(ii) ®. — 6O  weakly in L0, T; L()),

with ® solution of (3.10) for ¢° = ®°, ®° being the minimum point of the functional J given by (3.9).
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Moreover, we have the following corrector result:

() lim || @2 — @llco,71; £2(520)) =0,
(i) Jim [[VOe = C*V@| p2(0,1; (£2 0y =0,

where C®(z) is the corrector matriz given by (2.10).

Proof. Thanks to convergences (6.1) given by Theorem 6.1, the result is a direct consequence of the
homogenization result given in Theorem 2.1, applied to the control ®.. _

Remark 6.3. As for the functional J. given by (3.5), one can easily show that the functional .J(¢°)
defined by (3.9) is continuous, strictly convex and satisfies the following coercivity condition:

0
lim inf 7i(¢ ) > aVe. (6.4)
1601 12 ) —o0 (1901 L2

Moreover, if ®° € L2(Q) is such that

J(@%) = min J(¢"), 6.5
(@7) ol (¢) (6.5)
we have
T
/ / 0w — / 6 (w! — o(T)) | < avBlOl|L2a). (6.6)
0o Ja Q
for any ° € L2(Q2), with ® and ¥ solutions of (3.10) for ¢° = ®° and ¢° = 9° respectively. 7

Proposition 6.4. Let ¢ € L2(Q)). Under hypothesis (2.3) and (5.1) the functional J. defined
by (3.5) satisfies

lim J.(4°)0.) = J (),
where wo\ﬂg is the restriction of ¥° to Qe and J is the functional given by (3.9).

Proof. Let ¢° € L?(Q) and W.(x,t) the solution of the following problem

UL —div(4A°VP,) = 0 in Q. x (0,7),
U, =0 on 002 x (0,7,
(6.7)
AVU,..v = 0 on 95, x (0,7T),
U (2, T) = wo\ﬂg in Q..
Since
Y. — 0Y°  weakly in L*(Q),
from Theorem 2.1 applied to V., we have
PO, ~ U weakly in L?(0,T; Hj(Q)), (6.8)

where W is solution of

—00' — div (A°V¥) 0 inQx(0,7),
v = 0 ondQx(0,T), (6.9)
Uz, T) = 9° inQ.
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We want to pass to the limit in the following expression:

Ja(dloma) = %/OT/M |‘I7,g|2 dr dt + « </Q XQE|’¢O|2)% dx — /Q (;;E — ;(\_T/)) 0 dx. (6.10)

It is easy to see, in virtue of (2.2), that

lim (/QXQEW’O'Q da:) — (/Qe|w0|2 dm) : (6.11)

Taking into account (5.2) and Remark 2.2, we get

/ (wl — (T )) Y0 do — / w' —v(T)) ¥° da. (6.12)
Q
T N T
lim / |U.|? da dt:/ /6|\I!|2 da dt.
e=0Jo Ju 0 Juw
Indeed, we write

T 2
lim / ‘\Il
e—0 0 w

On the other hand, convergence (2.13) from Theorem 2.1 applied to ¥¢, gives

We show now that

da dt = lim <@;,P€\IJE> .
e—0 L2(0,T; H=1(92)),L2(0,T; HY (2)

e — AU strongly in C([0,T); H ().

This convergence and (6.8) allows us to pass to the limit and we have

2 T
da dt:/ /9|\Il|2d9: dt. (6.13)
0 w

e—0 0

Finally, convergences (6.11, 6.12) and (6.13) give

gii%JE(wOma) = / /9|\1/ z,t))? dr dt+a(/ 9|¢0|2> dm—/ﬂﬂ(wl—v(T)) Y0 da

where J is the functional defined by (3.9). o

Proposition 6.5. Let ¥° € L?(Q2). Under hypothesis of Proposition 6.4, for any sequence {12},
C L%(Q.) such that, as € — 0,

1,/)\66 — 0y°  weakly in L*(Q), (6.14)
we have
lim inf J () > J(°). (6.15)

To prove this proposition, we make use of the following lemma, which we give in a more general
framework than needed here.
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Lemma 6.6. Let O be an open set of R™ and {O.}. C O a sequence of open subsets of O. Suppose
that {ve}e C LP(O¢) , p > 1, is such that,as € — 0,

L Xy — X, L2(O) weakly *,
2. vz = x,v weakly in LP(0),
for some v € LP(O). Then

e—0

liminf/ |ve|P de/ X, lvl” dz. (6.16)
O, (@]

Proof. By the convexity on R of the function g(y) = |y|?, we have
[v=()" = [o(@)|" + plo(@)P~?v() (ve(z) —v(x))  ae. on O.

Hence, passing to the zero extensions, we get

/o |0 P da > /OXOEMP dz er/o lv|P~2v (175 — DXOE) dz. (6.17)

On the other hand, it is easy to see that the assumptions imply that

Vg — UXp, — 0 weakly in L?(0),

/ 1 1
lv|P~%v € LP (O), where ~ + - =1,
p p

so we deduce the following convergences:

/ lv[P~2v (17671))(0) dr — 0,
O €

X, |v]P dz — /X|v|pdx.
/o o= o™’

Then, by passing to the lower limit, as € — 0, in (6.17) one has the result. 2

Remark 6.7. Observe that inequality (6.16) improves that obtained by using the lower semiconti-
nuity of the norm, namely

liminf/ |ve|P d:EZ/ Xg|"u|p dz,
o o

since x, < 1.

Inequality (6.16) will play an essential role on order to identify the limit of the sequence (®%) of

the minimum points of the functionals J.. 2
Proof of Proposition 6.5. By applying Lemma 6.6 for O = Q, O. = Q. and v. = ¥, we obtain, by
taking into account (2.2), the following inequality:
1iminf/ |22 dx > / 014°)? da. (6.18)
e—0 Q. Q

Let W, be the solution of (3.3) for ¢2 = ¢2. Then from Theorem 2.1 we have
PO, ~ U weakly in L0, T; Ha(9)),

with ¥ solution of (6.9) and (see (6.13))

T T
1im/ / 0.2 dmdtz&/ / U2 dadt. (6.19)
=0 Jo Ja. 0 Ja
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On the other hand, we deduce from (5.2, 6.14) and Remark 2.2 that

lim (wl —v(T)) 2 do = 313(1)/9 (;)E - QY_T)) 1,/1\? dx = /QH (w' —o(T)) ¢ da. (6.20)

e—0 Q
€

Combining (6.18, 6.19) and (6.20) we get

1 /7
liminf J.(v7) = nm%ﬂ{g/ / WA%Mdr+mw&L%m>—/‘«@—UAT»waa}
£— £— 0 we Q.
1 T
> 59/ / U [? dw dt + avVO||y° ) — / 0 (w' —o(T)) ¢° da, (6.21)
0 w Q
which is the desired result. _

Proof of Theorem 6.1. As seen in Remark 5.4, the sequence {®%}. of the minimum points of J,
satisfies (up to a subsequence),

DU — 90 weakly in L2(9). (6.22)
From Proposition 6.5, we deduce

J(@°) < lim inf Jo(@Y). (6.23)

On the other hand, let ¥° be in L?(€2). Using Proposition 6.4, we have

limsup J.(92) < limsup /(6 )0, ) = lim J. (1)) = J (1), (6.24)
e—0 e—0 £—
From (6.23) and (6.24) and Remark 6.3, we deduce that ®° is the unique minimum point of the

functional J given by (3.9). Consequently all the sequence {E}E)}E weakly converges to §®° in L?(1Q),
which gives (6.1)i.
To prove (6.1)ii, we use (6.23) and we choose in (6.24) ° = ®°. We get

J(®°) < lim inf Jo(®Y) < limsup J. (%) = J(27),

e—0
S0
lim Jo (%) = J(@). (6.25)
Moreover, writing (6.13) for the solution ®. of
—®. —div(A°VP.) = 0 inQ.x(0,7),
D, = 0 ond2x(0,T),
AVO.-v = 0 on0dS. x (0,7),
O (x, T) = @ inQ,,
it comes that
T , T
lim / || dx dt :/ /9|c1>|2 dadt, (6.26)
e—~YJo w 0 w

where @ is solution of (3.10) for ¢° = ®°. By virtue of (5.2) and Remark 2.2, we have

lim [ (w! = v (T)) @0 do = lim (1171 - UE(T)) 0 d = / 0 (w' —o(T) 20 du.  (6.27)
e—0 Q. e—0 Q Q
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Taking into account (6.25, 6.26) and (6.27), we deduce finally
lim (|92 L2 (o, = V0|9 L2
This ends the proof of Theorem 6.1. 1

7. PROOFS OF THEOREM 3.4 AND COROLLARY 3.7

Proof of Theorem 8.4. Let us notice first that (3.12) is a consequence of Corollary 6.2. On the
other hand, as in the proof of Theorem 3.3, we decompose the solution u. as u. = ve + we, v
and w, being defined respectively by (3.4) and (4.6). Then, the linearity of the extension operator
P#, assumption (3.11) and Theorem 2.1 give

Pfu. = Pv. + Pw. ~u=v+w weakly in L*(0,T; H}(Q)),

where v is the solution of (3.8) and w satisfies the following equation

Ow' — div (AOVw) = x,0® inQx(0,7),
w =0 on 092 x (0,T), (7.1)
w(z,0) =0 in .

This gives convergence (3.13) with u the unique solution of (3.14).
To show (3.15), we consider ¢° € L?(Q) and ¥ solution of (3.10) for ¢° = ¢°.
Multiplying equation (7.1) by ¥ and integrating by parts, it comes

T T
/ / (=00 — div(A°V¥)) w dzdt +/ Ow(T)¥(T) dv = / / DV drdt
0 Q Q 0 w
so that
T
/Hw(T)\I/(T) dx :/ /GCIJ\II dzxdt.
Q 0 w
By replacing ¥(T') by ¢° and using Remark 6.3 we have

‘9/ w(T)° d — 9/ (w' —o(T)) ¢° dz| < Oz\/§||1/10||L2(Q).
Q

o
Thus,
[ w(T) = (w' = o(T)) |20 < .
Vo
which gives (3.15), since u(T) = w(T) + v(T). 7

Proof of Corollary 3.7. Observe that the function (. = u. — 2 solves the problem

¢ —div(ATVG) = po in Q. x (0,7),

Ce = 0 ondQx(0,T),

AV - v = 0 ondS:x(0,7),
G0 =0 mQ,

where p. = x| (P — @). On the other hand, Corollary 6.2 gives the convergences

{ (i) p- —0 weakly in L3(Q2) x (0,7)),
(7.2)

(ii) Ty [ pe| L2 (0,7; L2(02.)) = 0-
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Hence, convergences (3.16) follow from Theorem 2.1. Finally, convergences (3.16)ii together with the

estimate (3.7), imply (3.17). o
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