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ON THE GEOMETRY OF GOURSAT STRUCTURES

WILLIAM PASILLAS-LEPINE! AND WITOLD RESPONDEK 2

Abstract. A Goursat structure on a manifold of dimension n is a rank two distribution D such
that dim D® =i + 2, for 0 < i < n— 2, where D@ denote the elements of the derived flag of D,
defined by D = D and DUV = DO 4 [DO DW]. Goursat structures appeared first in the work of
von Weber and Cartan, who have shown that on an open and dense subset they can be converted into
the so-called Goursat normal form. Later, Goursat structures have been studied by Kumpera and Ruiz.
In the paper, we introduce a new local invariant for Goursat structures, called the singularity type, and
prove that the growth vector and the abnormal curves of all elements of the derived flag are determined
by this invariant. We provide a detailed analysis of all abnormal and rigid curves of Goursat structures.
We show that neither abnormal curves, if n > 6, nor abnormal curves of all elements of the derived
flag, if n > 9, determine the local equivalence class of a Goursat structure. The latter observation is
deduced from a generalized version of Backlund’s theorem. We also propose a new proof of a classical
theorem of Kumpera and Ruiz. All results are illustrated by the n-trailer system, which, as we show,
turns out to be a universal model for all local Goursat structures.

Résumé. Une structure de Goursat sur une variété de dimension n est une distribution D de rang
deux telle que dim DO =442, pour i = 0,...,n — 2, ou les D@ sont les éléments du drapeau dérivé
de D, définis par D@ = D et DD = DO 4 [DWD DO Les structures de Goursat sont d’abord
apparues dans les travaux de von Weber et de Cartan, qui ont montré que sur un ouvert dense elles
peuvent étre transformées en la forme normale de Goursat. Ensuite, les structures de Goursat ont été
étudiées par Kumpera et Ruiz. Dans cet article, nous introduisons un nouvel invariant local pour les
structures des Goursat, appelé le type de singulatité, et montrons que le vecteur de croissance et les
courbes anormales de tous les éléments du drapeau dérivé sont déterminés par cet invariant. Nous
donnons une analyse détaillée de toutes les courbes anormales et rigides. Nous montrons que ni les
courbes anormales, lorsque n > 6, ni les courbes anormales de tous les éléments du drapeau dérivé,
lorsque n > 9, determinent la classe d’équivalence locale d’une structure de Goursat. Cette derniére
observation est déduite d’une version généralisée du théoreme de Backlund. Nous proposons aussi une
nouvelle preuve d’un théoréme classique de Kumpera et Ruiz. Tous nos résultats sont illustrés par le
camion avec n remorques, qui, comme nous le montrons, s’avere étre un modele universel pour toutes
les structures de Goursat.
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INTRODUCTION

Let D be a smooth rank k distribution on a smooth manifold M, that is a map that assigns smoothly to each
point p in M a linear subspace D(p) C T, M of dimension k. The derived flag of D is the sequence defined by
D) = D and DUHY = DO 4 [DO) D] fori > 1. A Goursat structure on a manifold M of dimension n > 3 is
a rank two distribution D such that, for 0 < ¢ < n—2, the elements of its derived flag satisfy dim D(i)(p) =i+2,
for each point p in M. Goursat structures were introduced, using the dual language of Pfaffian systems, by
von Weber in 1898. The first period of interest in this special class of distributions culminated in the work of
Cartan and Goursat. A new period was initiated by Giaro, Kumpera, and Ruiz at the end of the seventies.
A renewal of interest in Goursat structures has been observed from the mid of nineties.

There are at least three reasons explaining those one century long studies. The first reason is that any
Goursat structure on R™ can be locally converted (on an open and dense subset, as it was observed only later
by Giaro et al. [20]) into the so-called Goursat normal form, also known as chained form:

00 L0 oY
oxy’ “n OTp_1 3 Oxy Oz

It seems that von Weber [72] was the first to exhibit this property and, indeed, Goursat [22] attributes to him
this result. In fact, the starting point of von Weber’s studies was the following question: “when is a given
distribution equivalent to Goursat normal form?”, which had led him to discover the concept of derived flag.
This question is very natural because Goursat normal form has a clear geometric interpretation. Indeed, let
us consider the space J* (R,R) of k-jets of maps from R to R. On the one hand, a necessary condition for a
curve in J*(R,R) to be a prolongation of a graph of a function from R to R is that it is an integral curve of a
distribution which, in the canonical coordinates of J*(R, R), is spanned by the Goursat normal form on R¥+2,
On the other hand, a necessary and sufficient condition for a diffeomorphism of J*(R,R) to map prolongations
of graphs of functions into prolongations of graphs of functions is to preserve the distribution spanned by the
Goursat normal form on R**2. Such diffeomorphisms are called contact transformations [55] of order k and
have been intensively studied by Bécklund [2], and by Lie and Scheffers [40].

The second reason of interest in Goursat structures has been the classical problem, first considered by Monge,
of integrating underdetermined differential equations (equivalently, Pfaffian systems) without integration. To
be more precise, let D be a rank k distribution on M. The problem (see e.g. [21] and [74]) is to find k smooth
functions ¢1, .. . , ¢k such that any integral curve v(t) of D can be expressed as a smooth function of ¢1, ... , @k
and their time-derivatives along v(¢). The most important achievement of the first period of studies on Goursat
structures was a result of Cartan [11], who showed that a rank two distribution possesses the above described
property if and only if it is transformable into Goursat normal form.

The third reason of importance of Goursat structures is that they describe the nonholonomic constraints
of many mechanical systems. For example, the kinematical constraints of a passenger car are described by a
Goursat structure on R? x (S1)2; those of a truck by a Goursat structure on R? x (S1)3. Moreover, for Goursat
structures the nonholonomic motion planning problem can be solved explicitly; either by transforming them
into Goursat normal form, as suggested by Murray and Sastry (see e.g. [53] and [54]), or by using the concept
of flatness, introduced in control theory by Fliess, Lévine, Martin, and Rouchon, which is the above described
property of calculating the trajectories without integration (see e.g. [43] and [17]).

As we said, the second period of studies on Goursat structures began with a work of Giaro et al. [20], who
observed that there are Goursat structures which are not locally equivalent to Goursat normal form. This
observation raised the problem of classification of Goursat structures and that of finding their invariants, and
has led Kumpera and Ruiz to write their important paper [32], where they gave a complete classification, up
to dimension 7, together with a set of general results on Goursat structures.

In the nineties, research on Goursat structures was concentrated around two main topics: the classifica-
tion problem and the nonholonomic motion planning problem for mechanical systems described by Goursat
structures. Among results concerning the classification problem, Murray [53] obtained, using the concept of
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growth vector!, an easily checkable necessary and sufficient condition for a Goursat structure to be equivalent to
Goursat normal form (his condition simplifies those of Libermann [39] and Kumpera and Ruiz [32]). Gaspar [19]
and, independently, Cheaito and Mormul [12] corrected the classification proposed by Kumpera and Ruiz in
dimension 7. Complete classifications were then obtained in dimension 8, by Cheaito and Mormul [12], and in
dimension 9, by Mormul [50]. It turns out that this dimension is the highest one in which there is a finite number
of non-equivalent Goursat structures. Indeed, Cheaito et al. [13] showed that in higher dimensions there are
real continuous parameters in the classification. Note, however, that in each dimension all Goursat structures
are finitely determined, which implies that there are no functional parameters in the classification. Although
new important results have been recently obtained by Mormul [52] and Montgomery and Zhitomirskil [46], the
general classification problem is still open in dimensions higher that 9.

Most of the work concerning mechanical control systems described by Goursat structures has been motivated
by the study of the n-trailer system. It would be impossible to give here a complete set of references on this
subject. We have thus chosen to cite two books [36,38], and to give a few references concerning standard control
theory problems for the n-trailer system and chained systems.

The controllability of the n-trailer system has been proved by Laumond both for regular [34] and singular [35]
configurations. Improved bounds for the nonholonomy degree of the n-trailer at singular configurations have
been obtained by Sgrdalen [63], Luca and Risler [42], and Jean [29]. For regular configurations, an explicit
conversion of the n-trailer system into chained form has been obtained by Sgrdalen [62]; for singular configura-
tions, an explicit conversion of the n-trailer system into Kumpera-Ruiz normal form has been obtained by the
authors [57] (see also Sect. 3).

Open loop motion planning has been investigated for general nonholonomic systems by Brockett [4],
Lafferriere and Sussmann [33], and Liu [41]. For chained systems, these results have been considerably simplified
by Murray and Sastry [54] (using the special properties of chained form) and by Fliess et al. [17] (using the con-
cept of flatness). Combined with the conversion of the n-trailer into chained form obtained by Sgrdalen [62], they
have led to a solution of the nonholonomic motion planning problem for the n-trailer system (see e.g. [37,60],
and [69]).

Path tracking of non-abnormal trajectories has been studied by Fliess et al. [17], Jiang and
Nijmeijer [30], and Walsh et al. [71]. Since for chained systems constant trajectories (points) are abnormal, the
proposed path tracking strategies cannot be applied to achieve pointwise stabilization. Indeed, the lineariza-
tion of a chained system around such trajectories is not controllable. The first who observed the difficulties
of pointwise stabilization for control systems without drift was Brockett [5]. General algorithms for pointwise
stabilization of nonholonomic systems can be found in the work of Coron [14], Pomet [58], McCloskey and
Murray [44], and Morin and Samson [47]. For chained systems, improved results have been obtained by
Samson [61], Sgrdalen and Egeland [64], and Teel et al. [68]. These methods have been successfully applied to
the n-trailer system (see e.g. Samson [61], Sgrdalen and Wichlund [66], and the references given there).

Our paper is devoted to a study of the geometry of Goursat structures. Our first main contribution is to
introduce a new local invariant for Goursat structures, called the singularity type, whose definition is based on
the following observation, which goes back to Cartan [11] (compare [8,13,32,43,46], and Appendix C). If D is
a Goursat structure then each element D of its derived flag contains an involutive subdistribution ¢; ¢ D@
that has constant corank one in D and is characteristic for DU+, The singularity type reflects the geometry
of incidence between the distributions D) and the distributions C;. Although, as we prove, the singularity type
keeps the same information about a Goursat structure as the growth vector, that information is encoded in the
singularity type in a much more systematic and, what is extremely important, in a much more geometric way.
In particular, the geometric information contained in the singularity type enables us to describe completely all
abnormal curves of all elements of the derived flag. This can be summarized in the following theorem, which is
a combination of Theorem 5.6 and Theorem 6.3, and gives one of the main results of the paper.

1The Lie flag of a distribution D is the sequence defined by Dy = D and Di+1 = D; + [Do, D;], for ¢ > 1. The sequence
(dimD;(p))i>o is called the growth vector of D at p.
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Theorem 1. Let D and D be two Goursat structures defined on two manifolds M and M, respectively, of
dimension n > 3. Fix two points p and p of M and M, respectively. The three following conditions are
equivalent:
(i) the singularity type of D at p equals the singularity type of D at p;
(ii) the growth vector of D at p equals the growth vector of@ at p;
(iii) there exists a diffeomorphism @, with p = ¢(p), between two small enough neighborhoods of p and p that
transforms the abnormal curves of D) into the abnormal curves of D), for each i > 0.

A crucial example that we will use to illustrate our results on Goursat structures is the n-trailer system, that is
a mobile robot (unicycle) towing n trailers. We will explicitly show how to transform locally the n-trailer system
into a Kumpera-Ruiz normal form, and we will prove a surprising result, which is the second main contribution
of the paper, stating that any Goursat structure is locally equivalent to the n-trailer system around a well
chosen point of its configuration space (after the paper had been submitted, we learnt that an alternative proof
of this result has been proposed by Montgomery and Zhitomirskii [46]). This property will enable us to use
for any Goursat structure a deep result of Jean [29] devoted to singular configurations of the n-trailer system,
in particular we will extend to all Goursat structures Jean’s formula for the growth vector of the n-trailer
system. In our work, the singularity type will replace the angles of the n-trailer system that appear in Jean’s
theorem. We will also calculate rigid curves of the n-trailer and give their natural mechanical interpretation:
they correspond to motions that fix the positions of the centers of at least two trailers.

In the paper, we propose an inductive procedure of constructing Kumpera-Ruiz normal forms of Goursat
structures based on two types of prolongations: regular and singular. This construction provides a systematic
and unifying approach to many results of the paper. In particular, it will be used to show that any Goursat
structure can be brought to a Kumpera-Ruiz normal form; to study generalized contact transformations, that
is transformations which preserve Goursat structures; and to define the above mentioned transformations that
transform locally the n-trailer system into a Kumpera-Ruiz normal form, and, conversely, that convert locally
an arbitrary Goursat structure into the n-trailer system around a well chosen point of its configuration space.

Recent studies (see [26] and [45]) show that most distributions are determined by their abnormal curves. Our
complete description of abnormal curves of Goursat structures enables us to conclude that this is not the case
for Goursat structures. Indeed, combining our study with the main theorem of [13] leads us to the following
result, which is the third main contribution of the paper: neither abnormal curves, if n > 6, nor abnormal
curves of all elements of the derived flag, if n > 9, determine the local equivalence class of a Goursat structure
(see Prop. 7.4 and Prop. 7.5). The latter observation is deduced from Theorem 7.3, which provides a generalized
version of Béacklund’s theorem. In other words, the singularity type (equivalently, the growth vector) determines
completely the collection of all abnormal curves of a Goursat structure but does not characterize the collection
of all integral curves.

The paper is organized as follows. In Section 1, we introduce Goursat structures, we give some examples
in small dimension, and we define Goursat normal form. In Section 2, we provide an inductive definition of
Kumpera-Ruiz normal form. The proposed concept of prolongations enables us to give a new proof of the
Kumpera-Ruiz theorem (presented in Appendix A), which states that any Goursat structure can be converted
locally into a Kumpera-Ruiz normal form. In Section 3, we introduce the n-trailer system and we construct
transformations that bring locally the n-trailer system into a Kumpera-Ruiz normal form and, conversely, that
bring an arbitrary Goursat structure into the n-trailer system. In Section 4, we introduce our main invariant
of Goursat structures, namely, the singularity type. We also compute the singularity type for Kumpera-Ruiz
normal forms and for the n-trailer system. As we have said, the singularity type keeps the same information
about Goursat structures as the growth vector although in both invariants that information is encoded in a
different way. Section 5 is devoted to study relations between these two invariants. In particular, we give a
formula to compute the growth vector of an arbitrary Goursat structure and another to compute the singularity
type using the growth vector. In Section 6 we study abnormal curves of Goursat structures. We give a complete
description of absolutely continuous abnormal curves for all elements of the derived flag of any Goursat structure.



124 W. PASILLAS-LEPINE AND W. RESPONDEK

We prove that the whole information about all abnormal curves is given by the singularity type. In Section 7
we study generalized contact transformations, that is transformations which preserve Goursat structures (also
called symmetries) and we give formulas to calculate them starting from first order contract transformations.
Those formulas are used to analyze examples of Goursat structures that are non-equivalent but that have
diffeomorphic abnormal curves.

In Appendix A, we give our proof of the Kumpera-Ruiz theorem. Appendix B contains proofs of results that
describe abnormal curves. Appendix C is devoted to a class of distributions that, although of rank greater than
two, are very close to Goursat structures. This class was initially studied by von Weber. In Appendix D, we
construct a normal form that we use in our study of rigidity of integral curves of Goursat structures. Finally, in
Appendix E, we illustrate through a set of figures different configurations of the n-trailer system corresponding
to various Kumpera-Ruiz normal forms in dimensions 3, 4, 5, and 6.

The authors would like to thank an anonymous reviewer for his comments, which helped to improve the presentation.

1. GOURSAT STRUCTURES

In this section we introduce Goursat structures, the main object of our study, which form a particular class
of rank two distributions. In the successive subsections we, respectively, define Goursat structures, give simple
examples, and introduce Goursat normal form, which serves as a canonical form for any Goursat structure at a
typical point.

1.1. Derived flag and Goursat structures

A rank k distribution D on a smooth manifold M is a map that assigns smoothly to each point p in M a linear
subspace D(p) C T, M of dimension k. In other words, a rank k distribution is a smooth rank k subbundle of
the tangent bundle T'M. Such a field of tangent k-planes is spanned locally by &k pointwise linearly independent
smooth vector fields f1, ..., fr on M, which will be denoted by D = (f1, ..., fx)-

Two distributions D and D defined on two manifolds M and M , respectively, are equivalent if there exists a
smooth diffeomorphism ¢ between M and M such that

(¢+D)(p) = D(p),

for each point p in M. They are locally equivalent at two points p and p that belong to M and M, respectively,
if there exists two small enough neighborhoods U and U of p and p, respectively, and a diffeomorphism ¢
between U and U such that o(p) =p and (p.D)(p) = 75(15), for each point p in U.

The derived flag of a distribution D is the sequence D) ¢ D) ¢ ... defined inductively by

DO =D and DY =DO 4 [DO DO] fori >0. (1)

This sequence should not be confused with the Lie flag (33), which will be introduced in Section 5.1.

Definition 1.1. A Goursat structure on a manifold M of dimension n > 3 is a rank two distribution D such
that, for 0 < i < n — 2, the elements of its derived flag satisfy dim D®)(p) = i 4 2, for each point p in M.

1.2. Examples of Goursat structures

A Goursat structure on a three-manifold is a contact structure, and is locally equivalent to the distribution

spanned by
0 0,0
8333 %3 8332 8331 ’
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which is called Pfaff-Darboux normal form. A Goursat structure on a four-manifold is an Engel structure, and
is locally equivalent to the distribution spanned by

(a 9 9 a>
trg—+o— |,

8—334’3348—333 8332 8331

which is called Engel normal form. Observe that, for a generic field of planes D on R?, we have dim D(l)(p) =3,
for any point p on an open and dense subset of R3; for a generic field of planes D on R*, we have dim D(l)(p) =3
and dim D(Q)(p) = 4, for any point p on an open and dense subset of R*. Therefore, in a small enough neigh-
borhood of a typical point, a generic field of planes on a manifold of dimension three or four is a Goursat
structure. Note, however, that starting from dimension five the class of Goursat structures is of infinite codi-
mension within the class of all rank two distributions. Indeed, for a generic field of planes D on R"”, for n > 5,
we have dim DM (p) = 3 and dim D?) (p) = 5, for any point p on an open and dense subset of R™.

We give now a mechanical example. For n > 0, the distribution spanned by the following pair of vector fields:

9 9 ) n—1 ' )
(Wn’ cos(ﬂo)ﬂoa—gl + sm(ﬂo)ﬂoa—§2 + ; sm(@iH)mHa—ei) , (2)

where m; = H;’L:i 41c08(0;) and m, = 1, is a Goursat structure on R? x (S1)"*t! equipped with coordinates
(&1,&2,00, ... ,0,). This distribution is the kinematical model for the “nonholonomic manipulator” of Sgrdalen
et al. [65]. Another example is the n-trailer system (see Sect. 3), which will play a fundamental role in this
article.

1.3. Goursat normal form

The concepts of derived flag and Goursat structure were introduced, using the dual language of Pfaffian
systems, by von Weber [72] in order to characterize the class of Pfaffian systems that can be converted into a
particular normal form, also introduced by him, which is now known as Goursat normal form (see (3) below;
see also Appendix C).

Although it is not clear who was the first to prove that Goursat structures can be converted locally into
Goursat normal form, at least on an open and dense subset ([72], Th. VI), compare [6,11,22,32,53,72]; it is
clear that the foundations of this result were set by Engel and von Weber (see [9,16,72], and the references
given there; see also Appendix C). The importance of this result was, however, fully understood only later,
by Cartan when he solved a long standing problem of that time: the characterization of explicitly integrable
Monge equations [11] (see also [6,20,22,23,43,74]).

Theorem 1.2 (von Weber-Cartan-Goursat). Let D be a Goursat structure defined on a manifold M of dimen-
sionn > 3. There exists an open and dense subset U C M such that, for any point p in U, the distribution D
is locally equivalent at p to the distribution spanned by the following pair of vector fields:

ixi—l—x L‘F"""x 14_1 (3)
833n7 naxn—l n_laxn—Q 38332 01 ’

considered on a small enough neighborhood V.C R™ of zero. Moreover, if n =3 or 4 then U = M.

In control theory, the normal form (3) is usually called chained form. In order to keep the classical name, we
will call it Goursat normal form. An elegant characterization, using the growth vector, of the above mentioned
open and dense set U was obtained by Murray [53] (see Th. 5.2). Observe that, in most of the above mentioned
references, Goursat structures are not defined by distributions but by their duals, that is by Pfaffian systems.
Note also that many other names have been given to Goursat structures: “systeme vom Charakter eins und
vom Rang zwei” [72], “systémes de classe zéro” [11], “systémes spéciaux” [22], “systémes en drapeaux” [32],
“systems of Goursat type” [7], and “systems that satisfy the Goursat condition” [50].



126 W. PASILLAS-LEPINE AND W. RESPONDEK

2. KUMPERA-RUIZ’S THEOREM

In this section we introduce Kumpera-Ruiz normal forms, which are normal forms for Goursat structures,
at any (regular or singular) point, that generalize Goursat normal form, defined in Section 1. In Section 2.1,
we propose an inductive definition of Kumpera-Ruiz normal forms using the notion of (regular and singular)
prolongations of vector fields. In Section 2.2, we recall a theorem of Kumpera and Ruiz, which states that
any Goursat structure is locally equivalent to a Kumpera-Ruiz normal form. A new proof of that theorem,
based on the notion of prolongation of vector fields, is given in Appendix A. In Section 2.3, we give examples
of Kumpera-Ruiz normal forms in dimensions five and six and very briefly discuss the classification problem of
Goursat structures.

2.1. Kumpera-Ruiz normal forms

If at a given point a Goursat structure can be converted into Goursat normal form then this point is called
reqular; otherwise, it is called singular. The first who observed the existence of singular points were Giaro
et al. [20]. This initial observation has led Kumpera and Ruiz to write their pioneering paper [32], where they
introduced the normal forms that we will consider in this section.

We start with the Pfaff-Darboux and Engel normal forms, given respectively on R?, equipped with coordinates
(71, 22, 73), and R*, equipped with coordinates (1,72, 3,24), by the pairs of vector fields xk* = (x3, x3) and
k* = (k1, k3), defined by

0
3 _ N
M= 8333
K3 =1 i 4 i
2 3 8332 8331
and
0
4 —_—
F1= 8334
0 0 0
4 _ 9 AT
F2 = T4 8333 * 3 8332 * 8331
Loosely speaking, we can write
0
4 —_—
F1= 8334

4 3 3
Ko = T4K] + K5.

In order to make this precise we will adopt the following natural notation. Consider a vector field

n—1 )
n—1 __ n—1 —_
f _Zfz (xlw" ,xn_l)aﬂ?i
i=1
on R"~! equipped with coordinates (z1,...,7,—1). We can lift f*~! to a vector field, denoted also by f"~1,
on R™ equipped with coordinates (x1,...,Zn_1,Z,) by taking
n—1
0 0
n—1 n—1
= PN (xy ey Tp—1)=— + 0 .
JUE =T w5 0 5

=1

That is, we lift f~! by translating it along the x,-direction.
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Notation 2.1. From now on, in any expression of the form x5 = a(z)x " + B(x)x) ', the vector fields 7+

and k! should be considered as the above defined lifts of 7" and k3!, respectively.

Let k"1 = (k771 k571) denote a pair of vector fields on R*~'. A regular prolongation, with parameter c,,
of k71, denoted by k" = R, (k" '), is a pair of vector fields k" = (k7, k%) defined on R™ by

o)
H7l —
Y on,
Ky = (T + co)kl !+ Ry (4)

where c¢,, belongs to R. The singular prolongation of k"', denoted by ™ = S(k™~1), is the pair of vector fields
K" = (K}, k%) defined on R™ by

K — 9
1=
0xy,
n n—1 n—1
Ky =Kk 4 anky . (5)

Definition 2.2. A pair of vector fields k™ on R", for n > 3, is called a Kumpera-Ruiz normal form if k™ =
Opn_30---001(k), where each o;, for 1 <i < n — 3, equals either S or R.,, for some real constants ¢;.

We will also call a Kumpera-Ruiz normal form the restriction of a Kumpera-Ruiz normal form to any open
subset of R™. Most often, the coordinates x1,...,x, will be the elements of a coordinate chart = : M — R™,
defined in a neighborhood of a given point p in M. If we have x(p) = 0 then we will say that the Kumpera-Ruiz
normal form is centered at p. For example, the two models considered in [20]:

(a 9 9 9 a>
— Ty — 35—+ 5

8—335’ 5 8334 8333 8332 8331
9 9, (09D
8335 ’ 8334 5 4 8333 3 8332 8331 ’

defined by Ro(k*) and S(k*), respectively, are Kumpera-Ruiz normal forms on R®, equipped with coordinates
(21,...,x5), centered at zero.

2.2. Kumpera-Ruiz’s theorem

The following theorem of Kumpera and Ruiz shows clearly the importance of their normal forms. We will
prove this theorem in Appendix A because many of our results are based on a construction that also appears
in our proof. Moreover, we would like to emphasize two features of our proof. Firstly, it is quite close to the
original ideas of von Weber. Indeed, though we use distributions instead of Pfaffian systems, the two proofs
share the same fundamental lemma (compare [72], Th. V and Prop. A.1; see also Appendix C). Secondly, it is
to our knowledge the only one that does not mix the language of vector fields and differential forms (everything
is done in terms of vector fields). For alternative proofs we refer the reader to [12] and to the original work of
Kumpera and Ruiz [32].

Theorem 2.3 (Kumpera-Ruiz). Any Goursat structure on a manifold M of dimension n is locally equivalent,
at any point p in M, to a distribution spanned by a Kumpera-Ruiz normal form centered at p and defined on a
suitably chosen neighborhood U C R™ of zero.

This theorem is the cornerstone to understand the geometry of Goursat structures. On the one hand,
this result implies that locally, even at singular points, Goursat structures do not have functional invariants;
this property makes them precious but rare and distinguishes them from generic rank two distributions on
n-manifolds, which do have local functional invariants when n > 5 (see [10,27,70,78]). But on the other hand,
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the real constants that appear in Kumpera-Ruiz normal forms are unavoidable; this fact has been observed only
recently and implies that Goursat structures do have real invariants (see [13,50], and Sect. 7).

Though our definition of Kumpera-Ruiz normal forms was inductive, it is possible to give the following
equivalent explicit definition (6), which will also be used in the paper. Observe that in the normal form (6),
we use a double indexation JT; of coordinates, for 0 < ¢ < m + 1, where the integer m gives the number of
singularities of the normal form, that is the number of singular prolongations (provided that oy is regular,
which can always be assumed without lose of generality).

Corollary 2.4. Any Goursat structure defined on a manifold M of dimension n > 4 is locally equivalent, at
any point p in M, to a distribution spanned in a small neighborhood of zero by a pair of vector fields that has
the following form:

o m i—1 ] ki—1 P P
—_ ) ) —— 4 —— , (6)

where the coordinates 3: ,for0 < i <m+4+1and 1 < j < k;, are centered at p; the integer m is such that
0<m<n-—4; and the mtegers ki, for 0 <i <m+1, satisfy ko > 1,... ) kpm—1 21, kyy > 3, k1 = 1 and
Z;’;—gl ki =mn. The constants cj, for 1 <j <k; —1, are real constants.

2.3. Low dimensional examples

Let us recall the complete local classification of Goursat structures on manifolds of dimension five and six,
obtained by Giaro et al. (see [20] and [32]).

(i) Any Goursat structure on a five-manifold is locally equivalent to one of the two following Kumpera-Ruiz
normal forms

0 0 0 0 0

(8—.135’3358—334 +x48—3:3+x38—332+8—331> (7)
0 0 0 0 0

(8335 Dra + x5 ( 81:3 +x38_332 + 8_331>> , (8)

which are not locally equivalent at zero.
(ii) Any Goursat structure on a six-manifold is locally equivalent to one of the five following Kumpera-Ruiz
normal forms

0 0 0 0 0 0

(8—.135’3368—335 +J§58—x4+$48—x$+$38—x2+8—xl> (9)
0 0 0 0 0 0

(8—.135’8—.135_‘_336 (.1358—334 +x48—.133 +x38—$2+8—$1>> (10)
0 0 0 0 0 0

(8—%73368—3354-8—3344-335 (3348—333 +$38—x2+8—xl>> (11)

(8;;,(3354-1)% %—l—%( 88 + 38%:2_’_8%:1)) (12)
0 0 0 0 0 0

(a—xﬁ,a—%—l-xﬁ (8—m+x5 (334%4-3338 83:1)))’ (13)

which are pairwise locally non-equivalent at zero. Observe that these two results are not implied by Theorem 2.3.
Indeed, they show that in dimension five and six the constants that appear in Kumpera-Ruiz’s theorem can be
“normalized” to either 0 or 1.
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For n = 7, 8 and 9 the complete classification is more delicate, but there is still a finite number of models
(see [12,19,32], and [50]). For n > 10, the number of local models is infinite (see [13,50], and Sect. 7) and the
complete classification remains an open problem (see recent results in [51]).

3. THE N-TRAILER SYSTEM

This section is devoted to the n-trailer system, which will be a crucial example in our study of Goursat
structures. This system is composed of a mobile robot that tows n passive trailers. Since the n-trailer system is a
Goursat structure, it can be transformed locally into Goursat normal form, at regular points, and into Kumpera-
Ruiz normal form, at singular points. In Section 3.2, we provide an explicit construction of transformations that
bring locally the n-trailer system into a Kumpera-Ruiz normal form. In Section 3.3, we prove a surprising result,
which is one of the main contributions of the paper, stating that any Goursat structure is locally equivalent to
the n-trailer system around a well chosen point of its configuration space.

3.1. Definition of the N-trailer system

The kinematical model for a unicycle-like mobile robot towing n trailers such that the tow hook of each
trailer is located at the center of its unique axle is usually called, in control theory, the n-trailer system (see the
books [36] and [38]; the papers [17,25,29,34,60-62,68,69] and the references given there). Figures representing
this system are given in Appendix E. For simplicity, we will assume that the distances between any two
consecutive trailers are equal.

Definition 3.1. The n-trailer system is the distribution defined on R? x (S*)"*1, for n > 0, by the following
pair of vector fields:

0 o ) n—1 ’ P
(Wn’ ) cos(ﬁo)a—gl + 7o sm(eo)a—§2 + ; Tip1sin(@i11 — 9i)8_6z> , (14)

where m; = H?:i-u cos(f; —6;_1) and 7, = 1.

In the above definition, the functions &1, &, 6o,..., 0, are coordinates on the manifold R? x (S1)"*1. The
coordinates & and & represent the position of the last trailer, while the coordinates 6y, ..., 60, represent,
starting from the last trailer, the angles between each trailer’s axle and the &;-axis. It is easy to check that the
n-trailer system is a Goursat structure (see e.g. [35]).

We give now an equivalent inductive definition of the n-trailer. This definition already appears in [29] and
reminds the one given in the previous section for Kumpera-Ruiz normal forms. To start with, consider the pair
of vector fields (70,79) on R? x S' that describe the kinematics of the unicycle-like mobile robot towing no
trailers:

d
0_
1 96
0 . 0
9= cos(eo)a—§1 + sm(@o)a—52 .

The n-trailer system can be defined by applying successively a sequence of prolongations to this mobile robot.
In order to do this, suppose that a pair of vector fields 77! = (7"~ 77~ !) on R? x (S')", associated to the
mobile robot towing n — 1 trailers, has been defined. The pair of vector fields 7" = (7, 73') on R? x (') +1

corresponding to the n-trailer system is then given by
0
T7l —
b0,

Ty = sin(f,, — 9n_1)7'1"_1 +cos(0y, — Op_1)73

—1
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Observe that this definition should be understood in the sense of Notation 2.1, and that the pair of vector fields
(', 73 coincides with that of Definition 3.1. Mechanically, to prolongate the n-trailer means to add one more
trailer to the system.

3.2. Conversion of the N-trailer system into a Kumpera-Ruiz normal form

Since the n-trailer is a Goursat structure, it follows directly from Kumpera-Ruiz’s theorem that, in a small
enough neighborhood of any point of its configuration space, in particular at any singular configuration, the
n-trailer can be converted into Kumpera-Ruiz normal form. In this section we describe this conversion ex-
plicitly. For regular configurations, our result gives the transformations proposed in [62] and [69]; for singular
configurations, our result gives a new kind of transformations.

Denote by ( the coordinates of R? x (S1)"*1 that is

C = (<17 ---7Cn+3) = (§17§27607 ---76n)-

Fix a point p of R? x (S')"*! given in (-coordinates by ((p) = ¢ = (&,&5,67,...,6%). In order to convert,
locally at p, the n-trailer into a Kumpera-Ruiz normal form we look for a local change of coordinates

(.1?1, cee 7x7l+3) = ¢7l(§17§27607 cee 76n)7

a Kumpera-Ruiz normal form (/4{"’3, HS"’B) on R**3 and three smooth functions v, 1,, and u, such that

G(T) = (v 0 U™

G(r) = (1 o) K 4 (0 07) 7, (15)

where 1" = (¢™)~! denotes the inverse of the local diffeomorphism ¢™ and both v, (¢P) # 0 and p, (¢P) # 0.
Observe that we do not demand the z-coordinates to be centered at p, and thus the point z(p) = (¢™ o {)(p)
will be, in general, different from zero.

We construct inductively here a change of coordinates ¢™ = (¢1, ..., ¢n13)” and three smooth functions v,
Tn, and p, that satisfy (15). We start with n = 0. If 65 # £7/2mod 27 then define ¢1 = &, g2 = &, and
¢3 = tan(fy). Moreover, take po = cos(f), vo = sec?(6p), and o = 0. If 6§ = +7/2mod 27 then define ¢1 = &5,
¢ = &1, and ¢3 = cot(fy). Moreover, take g = sin(fp), vo = — csc?(6p), and 1o = 0. Denote s; = sin(f; —0;_1)
and ¢; = cos(f; —0;,_1), for 0 < i <mn.

Now, consider the sequence of smooth functions defined locally around the point {(p), for 1 < i < n, by
either

SiVi—1 + CiNi—1

i3 = o
Hi = Cilbi—1
vi=Liidiys
ni = Ly @iys, (16)
if 7 — 07 | # +7/2mod 2w (regular case) or by
Cilli—1

iy = ——————
SiVi—1 + CiMi—1

Mi = SiVi—1 + CiNi—1
vi=Liidiys
i = LTé ¢i+37 (17)
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if 07 — 6?_| = +7/2mod 27 (singular case). It is easy to prove that, for 0 < i < n, the transformations defined

by (21,...,%i+3) = ¢* (&1, E2,00, ... ,0;) are smooth changes of coordinates around p; and that, moreover, we
have both v;(¢P?) # 0 and y;(CP?) # 0, where p; denotes the projection of p on R? x (S!)i*1 the product of R?
and the first ¢ + 1 copies of S', that is (P1 = (&4, €5,605,...,67).

Proposition 3.2. Forn > 0, the local diffeomorphism ¢™ and the smooth functions vy, Ny, and uy, satisfy (15),
and thus convert locally the n-trailer system into a Kumpera-Ruiz normal form.

Proof of Proposition 3.2. We will prove that the relation (15) holds for n > 0 by induction on the number n of
trailers. Relation (15) is clearly true for n = 0. Assume that it holds for n — 1 trailers, that is
¢ = (a1 oy ) YT

G (5 = (o 0 ") AP (o 0 07 RS
The inductive definition of the n-trailer gives

9
26,

Ty = sin(f,, — Qn_l)rln_l + cos(6p, — Op—1)Ty "

=

1

Recall (see the proof of Th. 2.3, given in Appendix A) that for a diffeomorphism ¢" = (¢" 7!, ¢,,13)T of R™+3,
such that ¢"~! depends on the first n + 2 coordinates only, and for a vector field f on R"*3 of the form
f =af" !+ f,.3, where a is a smooth function on R"*3, the vector field f*~! is the lift of a vector field
on R"*2 (see Notation 2.1), and the only non-zero component of f,, 13 is the last one, we have

a .
8$n+3

¢L(f) = (o)t (f" 1) + (Lydnta) o ¥") (18)

Note that the vector field ¢7~1(f"~1) is lifted along the x,3-coordinate, which is defined by ¢y, 3.
In the regular case, that is if 7 —07 | # +7/2mod 27, we take a regular prolongation and, using relations (16)
and (18), we obtain:

0
S2(75) = (50 0U)OL (AT (w0 ¥ ) + (L) 07 5

= ((sn¥n—1 + cntin—1) 0 ") 1% + ((enptn—1) 0 ") 53 % + (1 0 " )7+

_ (CnMn—l ° wn) ((Snyn—l + CnMln—1 o wn) H;H_Q + Hg+2> + (77n ° W)/‘”»?H
Cnlin—1
= (Mn S wn) (xn+3’%?+2 + Hg+2) + (77" © wn)ﬁ?-i-?ﬁ

= (77n © W)/ﬂ”g + (Mn © wn)“g—w'

In the singular case, that is if 67 — 6 | = +7/2mod 2w, we take the singular prolongation and, using rela-
tions (17) and (18), we obtain:

wva=«%%4+%%quﬂ(w“+( Cnin=1 ow)£“)+mwwﬂw%

SnVn—1+ CpMn—-1
= (Mn o 'lpn) (/f;H_Q + $n+3/f§+2) + (77n o wn)/{?-i-?ﬁ = (77n o wn)/{?-i-?ﬁ + (Mn o wn)/{g-i-?).
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Moreover, in both cases, we have:

0
833n+3

— (Vn ° wn)/{?—i-?).

() = (Lrp Suys) 0 v")

It follows that relation (15) holds for any n > 0. O

3.3. Conversion of an arbitrary Goursat structure into the N-trailer system

Reversing the construction given in the proof of Proposition 3.2 leads to the following surprising result
(already announced in [56] and proved in [57]), which states that the n-trailer system is a universal model for
all Goursat structures (after the paper had been submitted, we learnt that an alternative proof of this result
has been proposed by Montgomery and Zhitomirskii [46]). This theorem will play a fundamental role in this
article. Indeed, it will allow us to generalize local results known for the n-trailer, like the formula for the growth
vector obtained by Jean [29], to all Goursat structures.

Theorem 3.3. Any Goursat structure on a manifold M of dimension n+ 3 is locally equivalent, at any point q
in M, to the n-trailer considered around a suitably chosen point p of its configuration space R? x (S*)"+1,

Proof of Theorem 3.3. By Theorem 2.3, our Goursat structure is, in a small enough neighborhood of any point
q in M, equivalent to a Kumpera-Ruiz normal form x"*3. Denote by y = (y1,...,Yn+3) the coordinates of
" and put (yf, ..y 5) = y(a). ,

Recall that, by definition, the pair of vector fields s is given by a sequence of prolongations k' = o;_3
0---0 01(,%3), where o; belongs to {ch, St for 1 <j<i—3and3 <i<n+3. Wecall acoordinate y; such
that x = S(k*~1) a singular coordinate, and a coordinate y; such that k' = R.(k'"!) a regular coordinate. It
follows from the proof of Theorem 2.3 (see Appendix A) that for all singular coordinates we have y! = 0; but
for regular coordinates, the constants y! can be arbitrary real numbers.

To prove Theorem 3.3, we will define a point p of R? x (S1)"*! whose coordinates

n+3

satisfy (o) (p) = y(q), where z and ¢ denote the coordinates used in the proof of Proposition 3.2. First, put the
axle of the last trailer at (y{,yd), that is (£7,&) = (y{,v4), and take 6} = arctan(y4). Compute z3 = tan(6),
po = cos(fy), vo = sec?(fp), and g = 0. Then, take for i = 1 up to n, the following values for the angles
6” mod 27. If the coordinate y;13 is singular then put 67 = 67 | + 7/2 and compute the coordinate z;13 and
the smooth functions y;, v;, and n; using (17). If y; 13 is regular then put

. Piyyd . —m_q(CP
Mz—l(c l)/zyi—jC%? 1(< )>+9f_1

6? = arctan (

and compute the coordinate x;y3 and the smooth functions p;, v;, and 7; using (16). The result of this
construction is that (z o ¢)(p) = y(q). By Proposition 3.2, the coordinates x o ¢ convert the n-trailer into
a Kumpera-Ruiz normal form. By the above defined construction, this normal form has the same singular
coordinates as k"3 and is defined around the same point of R"*3 (if we translate the regular coordinates
in order to center them then those two Kumpera-Ruiz normal forms have the same constants in the regular
prolongations). Hence, the diffeomorphism (~! o 271 o y gives the claimed equivalence. O

4. SINGULARITY TYPE

One of the main contributions of our paper is to introduce a new local invariant of Goursat structures.
This invariant, which we call the singularity type, is defined in Section 4.3 using the notion of characteristic
distributions, recalled in Section 4.1, and that of Jacquard’s language, defined in Section 4.2. The concept
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of singularity type is illustrated and explained in the three consecutive subsections: for Goursat structures in
small dimensions in Section 4.4, for Kumpera-Ruiz normal forms in Section 4.5, and for the n-trailer system in
Section 4.6.

4.1. Characteristic distributions

A characteristic vector field of a distribution D is a vector field f that belongs to D and satisfies [f, D] C D.
The characteristic distribution of a distribution D is the module, over the ring of smooth functions, generated
by all its characteristic vector fields. A characteristic distribution need not be of constant rank; but it follows
directly from the Jacobi identity that a characteristic distribution is always involutive. The main ingredient in
the definition of the singularity type will be the characteristic distributions C; defined by the following result,
which is apparently due to Cartan [11], although he did not state it explicitly in his published works. Its proof
can be found in [32] and [43] (see also [8,46], and Appendix C), were slightly stronger versions are proved using
the dual language of Pfaffian systems.

Proposition 4.1 (Cartan). Consider a Goursat structure D defined on a manifold of dimension n > 4. Each
distribution D@ for 0 < i < n — 4, contains a unique involutive subdistribution C; C DW that is characteristic
for DUHY and has constant corank one in D).

4.2. Jacquard’s language

An alphabet is a finite set A whose elements are called letters. A word over A is a finite sequence w =
(w1, ... ,w;), where each w; belongs to A for 1 < i <. The integer [ is called the length of the word w and we
denote it by |w|. The empty word is the only word of length 0. We denote it by e. By abuse of notation, we will
often write wy - - -w; instead of (w1, ... ,w;) and a' instead of (a, ... ,a), for any letter a repeated [ times. Now,
call A* the set of all words, including the empty word, over the alphabet A. A language over A is a subset L
of A*. The concatenation of two words v and w over A is the word vw = (vy,..., v, w1, ..., W), where | = |v]
and m = |w|. The concatenation of a language L and a word w over A is the language

Lw={uw: uelL}-
The shift of a word w = (w1, ... ,w;) is the word (w)’ = (w1,...,w;—1). By definition, we take (¢)' =e.
We define now a sequence of languages that will play an important role in this paper, since they will
describe all possible singularity types of a Goursat structure. For a fixed n > 0, consider the alphabet

A, = {aog,...,an—1} (note that Ay = 0). Following [24] define, inductively, the Jacquard language J, by
Jo = {e}, J1 = {ap}, and

In = Jn_1a0 U Jp_1a1 U Jy_2a1a2 U ... U Jiataz - - - an_1,

for any integer n > 2. Clearly, the elements of J,, are words over A, that all have length n. For example, we
have Jo = {apag, apar } and

J3 = {aoaoao, apaoar, apaiag, apaai, apaias} -
It is easy to check, using an induction argument, that
card(J,,) = 3 card(J,—1) — card(J,—2),

for n > 2 (see [24]).



134 W. PASILLAS-LEPINE AND W. RESPONDEK

4.3. Definition of the singularity type

We start with the definition of a sequence of canonical submanifolds, which will lead to the definition of the
singularity type. Let D be a Goursat structure on a manifold M of dimension n. For 0 <i < n — 5, define the
subset S(()z) C M by

S$ ={pe M : DD (p) = Ci1(p)}, (19)

where the distribution C; denotes the characteristic distribution of D(+1) (see Prop. 4.1). For i > n — 4 define
S = 0.

Furthermore, starting from S(()i) define, for 1 < j < i, a sequence of subsets M D S(()i) DD SJ(-i_)l D S](-i)
5.5 8% by

S ={pes? DDy nT,S, £ i)} (20)

For 7 > i 4+ 1 define S — §. The above definition is correct since, for any non-negative integers ¢ and j, the
J j

subset SJ(-“ C M is a smooth submanifold of M (we consider an empty set as smooth). Indeed, we have the
following result, which will be proved later, in Section 4.5.

Proposition 4.2. Let D be a Goursat structure on a manifold M.
(i) For any non-negative integers i and j, the subset SJ(-“ C M defined by the relations (19) and (20) is either
empty or a smooth submanifold of M that has codimension j+ 1 in M.
(ii) For any non-negative integers i, j and k such that k # j we have the following relation: S](-i+j)ﬂ5',(:+k) =0.

The fact that a point p belongs to some submanifolds SJ(-“, for two given non-negative integers ¢ and j, is
invariantly related to the Goursat structure at this point p. This information, however, is in general redundant.
For example, if p belongs to S](-z) we know, by definition, that p belongs also to Sj(z_) i for 0 <k < j, and that, by
S(H—k)

ko
the essential part of this information in a word of the Jacquard language (see Cor. 4.8, at the end of Sect. 4.5).

Proposition 4.2, it does not belong to for k # 0. In the following definition we propose a way to encode

Definition 4.3. Let D be a Goursat structure defined in a neighborhood of a fixed point p in a manifold of
dimension n. The singularity type of D at p is the word

Op(p) = Wn—4---wo

defined as follows: for 0 < i < n — 4, we take w; = a1 if there exists some integer j > 0 such that p belongs

to S](i-irj); we take w; = ag otherwise.

The correctness of this definition is assured by Proposition 4.2, which states that if there exists an integer
7 > 0 such that p belongs to SJ(-Hj ) then this integer is unique. For some readers this definition may seem
rather abstract at a first glance; but it appears quickly, once computed for concrete Goursat structures, that
the singularity type really encodes essential geometric information. In fact, we will see that the growth vector
and the abnormal curves of a Goursat structure are given by its singularity type (see Sects. 5 and 6).

The singularity type should not be confused with the codes used in [12] and [50] to label Kumpera-Ruiz
normal forms. Indeed, the singularity type is, by construction, an invariant of a given Goursat structure; while
the codes of [12] and [50] are not invariant: a given Goursat structure can have different codes, depending on
how it is represented by a Kumpera-Ruiz normal form.
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4.4. Low dimensional examples

For any Goursat structure on a manifold of dimension three or four the singularity type is equal, at any point,
to € or ag, respectively. That is, the singularity type of a contact or an Engel structure does not depend on the
point at which the distribution is considered. This should be compared with the singularity type of a Goursat
structure on a five-manifold, which can be either agag or apa; at a given point p, depending on whether or not
the Goursat structure can be converted into Goursat normal form in a small enough neighborhood of p. Indeed,
for the Goursat structure spanned by the regular Kumpera-Ruiz normal form (7), the canonical submanifold
S(()O) is empty, and thus the singularity type equals agag at each point of R; for the Goursat structure spanned
by the singular Kumpera-Ruiz normal form (8) we have S(()O) = {5 = 0}, and thus the singularity type equals
apay if x5 = 0; and agag if x5 # 0.

Let us give one more example, in dimension six. Consider the distribution D spanned by the following
Kumpera-Ruiz normal form on RS:

i (.L“ +c)i+i+x T i+x T i+x i

8335’ 6 6 8335 8334 5 48.133 5 38.132 58.131 ’
where the constant cg is either equal to 0 or 1. For both values of cg, we have S(()O) = () and S(()l) = {a5 = 0}.
For ¢g = 1 the submanifold S%l) is empty (in a small enough neighborhood of zero); for ¢c¢ = 0 we have

Sﬁl) = {x5 = g = 0}. Therefore, the singularity type of D at zero equals agajag if cg = 1; and equals agajaz
if Ce = 0.

4.5. Singularity type of Kumpera-Ruiz normal forms

Let k™ be a Kumpera-Ruiz normal form on R”™ obtained by the inductive procedure described in Section 2.
We define inductively the word §,» of J,—3 by d.3 =€, d.4 = ag, and, for n > 5, by the relations

6,;71, = 6,%"_1 aq if K" = S(/{n—l);
Opn = Ogn—1 ;41 f K" = RQ(H"—l) and 6,n-1 = Opn—2 a;, i > 1; (21)

Opn = Oxn—1 Qg otherwise;

where the maps S and R, denote respectively the singular and regular prolongations defined in Section 2. This
definition leads to a characterization of the singularity type in the coordinates of the Kumpera-Ruiz normal form
(see Cor. 4.6 below). We start with a proposition that will allow us to prove the results that were announced,
without proof, in Section 4.3.

Proposition 4.4. Consider the distribution defined on R™ by a Kumpera-Ruiz normal form &™. For any pair
of integers i and j such that 0 < j < i and for any pair of words wi and wy such that w = wiaiaz - - aj 41w
belongs to J,_3 and |wa| =i—j, we have 04 = w if and only if zero belongs to SJ@. Moreover, if a submanifold

SJ(-“ contains zero then, in the coordinates (x1,...,xy) of the Kumpera-Ruiz normal form k™, we have

SJ(-“ ={2,—i=0,... » Tn—itj = 0}, (22)

where 0 <i<n—>5and 0<j5 <.

The proof of Proposition 4.4 will be based on the following lemma, which is a direct consequence of the
definition of Kumpera-Ruiz normal forms given in Section 2 (see Def. 2.2); its proof is straightforward. Note
that below all vector fields x5~ * should be considered as vector fields on R™, obtained from x4~ * by 4 successive

lifts, as defined by Notation 2.1 (see Sect. 2).
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Lemma 4.5. Let D be a Goursat structure on R™ spanned by a Kumpera-Ruiz normal form ™ = (K7, K3).
Suppose that k™ = g,_30---001(k3) and denote k"% = 0,,_3_;0---001(k3). The derived flag of D is given by

D(i):(ai 7.“7%,/{3_1)7 for 0<i<n-—3. (23)
n n—i

The characteristic distribution C; C D@ of DUt s given by

Ciz(a L), for 0<i<n-—4. (24)

Oy, Y O0Tpn_;

Moreover, if dun = wnaiasz - - - ajaws, where lwa| =i —j and a € {ao, a1, aj+1}, then we have

l
_ 0 0 i1
/fg = § Ln—i+k =+ +xn—i/¥2l B (25)
k=1

axn—i—i—k—l OTp—i—1

for0<I<j—1.

Proof of Proposition 4.4. For any fixed integer ¢ such that 0 < ¢ < n — 5, we will prove the proposition by
induction on the integer j, for 0 < j < i. We start with j = 0. Assume that d,,» = wiaws, where |wz| =i and
a € A,_1. If a # ay then the definition of §,» implies

Hg_i = (xn—i + Cn—i) 8xn—i—1 + Hg_i_1§
and it follows from relation (23) that
; 0 0 0 ,
D(l):( ,...,—,x_v—l—c_vi—l-/Jl_l_l).
0z O0Tpn_; ( e " z) O0Tp—_i—1 2

Together with relation (24) this expression implies that, for any point p € R™, we have D) (p) # C;1(p), which
implies that S(()z) is empty. In particular 0 ¢ S(()z). Otherwise a = a1, and then the definition of §,» implies

n—i __ en—i—1,
2 833n—i—1 itz 7
and it follows, again from relation (23), that
, 0 0 0 ,
pEH — s =l
(axn ' "Oxp—i Oxp_i1 ity

Hence, for any point p € R”, we have D@ (p) = Ci41(p) if and only if z,,_;(p) = 0. In particular 0 € S(()i). It
follows that Proposition 4.4 is true when j = 0.
Now, assume that Proposition 4.4 is true up to the integer j — 1 and that
dgn = wia1a2 - - - G;AW2,

where |we| =i — j and a € {a1, ao, a;j4+1}. Since

Sj(z_)l = {xn—i = =Tpn—it+j—1= 0};
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we have

i 0 0 0 0
Tps;glz{_,... _}.

) ) ) )
8.13" 8.13"_“_]' 8.13"_1'_1 8.131

Observe that relation (23) gives

o o P .
pl—i) = [ . L gniti). 26
(axn 7 CO0Tp ity "2 ) (26)

Moreover, it follows from relation (25), taken for [ = j — 1, that

0 0
n i+j—1 n—i— 1 27
an i+k B i1 + D% 51 + Tp—ikg ( )

If a = a; then the definition of d.» implies

0

n—i+ n i+j— 1
Kg = t Tn—itjk
8$n—z‘+j—1

Therefore the vector field m;“”j that appears in the relation (26) is, using (27), given by

j—1
+ 0 0 0 1
Ky = =5 T Tn—itj (an—Hk + O + Tn_iky ).
n—i—1

8$n—i+j—1 el OTn—iyk—1

Hence, for any p € S( )1, we have D7) (p) N TpS'J(-i_)1 = Ci—;(p), which implies that SJ(-“ is empty. In particular
0¢ S](-i). If @ = ap then the definition of d,» implies

n—itj __

) = (Tn—i+j +¢) + ’fg_iﬂ_l

8$n—z‘+j—1

where ¢ # 0. Therefore the vector field m;“”j that appears in the relation (26) is, using (27), given by

j—1
. ) ) ) .
Ky = = (zp— z+]+c)7+zxn itk + + Tn_iky i
8$n—i+j—1 OTn—iyk—1 0Tpn—i—1

Thus for any p € SJ(-i_)l we have DU=9) (p)NT, S(z)l = Ci—;(p), which implies that SJ(-“ is empty (at least in small

enough neighborhood of zero). In particular 0 ¢ S](- ), Finally, if we have a = a;41 then the definition of §,n
implies

Therefore the vector field /ig_H_j that appears in the relation (26) is, using (27), given by

) ) .
n ity an itk + + T z/{g i—
OTn—iyk—1 0Tpn—i—1
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Thus for any p € SJ(-i_)l we have D7) (p) N TpS’J(.i_)1 # C;—;(p) if and only if
xn—i(p) == xn—i—i—j(p) =0.

In particular, we have 0 € SJ(-“, which ends the proof. ([l
Proof of Proposition 4.2. Consider a Goursat structure D defined on a smooth manifold M of dimension n.

First Item: Ttem (i) of Proposition 4.2 follows directly from Proposition 4.4, which states that, in the coordinates
of a Kumpera-Ruiz normal form, the restriction of each set SJ(- 9 to a small enough neighborhood of zero is either
empty or smooth. Indeed, by Theorem 2.3, the Goursat structure D is locally equivalent, at any point p in
M, to a Kumpera-Ruiz normal form centered at p; and hence the restriction of each set S](-i) to a small enough

neighborhood of any point p in M is either empty or smooth. This obviously implies that the whole set S’J(-i) is
either empty or smooth.

Second Item: We will prove Item (ii) by contradiction. Let D be a Goursat structure such that at a point p
we have p € SJ(-H]) N S,(;—Fk) for a given triple of non-negative integers ¢, j, and k, such that £ < j. Take a
Kumpera-Ruiz normal form k™, centered at p, that is locally equivalent to D at p. In the coordinates of k",
we have 0 € SJ(-Hj N S,(:'Fk). Let w = 04 be the word uniquely attached to ™ by (21), and denote the letters
of w by w = wy—4---wo. By Proposition 4.4, we have both w;+; = a;_;41, for 0 <1 < j, and w;; = ag—i41,
for 0 <[ < k. In particular, we have w; = a;41 and w; = ap1, which is impossible since the inequality k < j
implies that ag+1 # aj41. O

The three Corollaries listed below follow directly from Proposition 4.4 and from the definition of the singu-
larity type.

Corollary 4.6. Let D be the Goursat structure spanned on R™ by a Kumpera-Ruiz normal form ™. We have
dp(0) = by,

that is the singularity type at zero of K™ is given by Oun .

Corollary 4.7. Let D be a Goursat structure defined in a neighborhood of a fized point p of a manifold of
dimension n. For any integers such that 0 < j <, the point p belongs to S if and only if the singularity type
of D at p is of the form dp(p) = wiaiaz - - - ajy1we, with |we| =1 — j.

Corollary 4.8. The singularity type of any Goursat structure on a manifold of dimension n belongs to the
Jacquard language J,_3. Conversely, any word of J,—_3 is the singularity type of some Goursat structure.

4.6. Singularity type of the N-trailer system

In this section, we come back to the n-trailer system, for which we compute the singularity type. Our study
stays very close to that of Jean [29]. For the n-trailer system 7™ at a configuration p = (&1,&2,00,...,6n)
of R? x (§1)"*1 we define inductively, following [29], a word §,» (p) = wy - --w, of J, by w1 = ap and, for
i=2,...,n, by the relations

w; = ay ifai—ei_lzi%;
W; = Qgy1 if wi_1 = ayg, for k > 1, and tan(6; — 0;,_1) = sin(6;—1 — 0;_2); (28)
w; = ag otherwise.

This definition leads to a characterization of the singularity type in the coordinates of the m-trailer system,
which coincides with the stratification of the singular locus given in [29].
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Proposition 4.9. Let D be the Goursat structure spanned by the n-trailer system " on R? x (S*)"*1. For
any point p of R? x (S1)" 1 we have

op(p) = 07 (p).

Moreover, in the coordinates (£1,&2, 60, ... ,0n) of the n-trailer system, we have
, T .
S](z) = {p €R? x (Sl)n—i_l $On—i —On_i1 = 3'35 and tan(en—i+k - en—i—i-k—l) = Sln(en—i—i-k—l - 9n—i+k—2)7
for1§k§j}, (29)

for0<i<n—2and 0<j<i.

Like in Section 3, for a fixed point p = (£1,&2,60, ... ,0,) of R? x (S1)"+1 we will use the notation s; =

Ik Ik _

sin(6; — 0;_1) and ¢; = cos(#; — 6;—1). Moreover, we define the product =, by the relation ;% = Hé’:kcn—i-i-j?

if0<k<Il and by wlk =1,if k> [.
The proof of Proposition 4.9 will use the two following lemmas. The first one is analogous to Lemma 4.5,
of Section 4.5, it shows that the characteristic distributions of the n-trailer are rectified in (£1,&2,00, ... ,0,)

coordinates. Its proof is straightforward and left to the reader.

Lemma 4.10. Let D be the distribution spanned by the n-trailer system (77',75). The derived flag of D is
given by

D) — (%’ o 898  Sn—igg 9 + cn_iTQ"_i_l) , for0<i<n. (30)
n n—i n—i—1

The characteristic distributions C; of DY) are given by

C’:(ag"“’aea ,>’ for0<i<n-—1. (31)
Moreover, we have
o o o it . 9 . ,
'D(l—J) = = i gky_ Y Jj0,_n—i-1 32
(89n , , aen—i—i-j ) k§=1(8 +k 1)(77'7”) 89n—i+k—2 + T iTo ( )

for0<i<n—1and 0<j <.

The lemma below is essentially a trigonometric identity and its proof, based on an induction argument, is
also straightforward. We also leave it to the reader.

Lemma 4.11. Let (&1,&2,00, ... ,0,) € R2x (SY)" L be a fived point of the configuration space of the n-trailer.
If0p i — i1 = :l:% and tan(en—i+k - en—i—i-k—l) = Sin(en—i—i-k—l - 9n—i+k—2); for 1 <k<j—1, then

0

J J P
j k
E (Sn—z’+k—1)(7ﬂm)7 = Sp—i+j—1Cn—i+j — |-
h—1 89n—i+k—2 1 89n—i+k—2

Proof of Proposition 4.9. To start with, let us prove relation (29). For any fixed ¢ we will prove the result by
induction on j. The relations (30) and (31) imply that D) (p) = C;41(p) if and only if ¢, _; = 0. That is, if and
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only if 6, ; — 0,_;_1 = £7, which implies that the proposition is true for j = 0. Now, assume the proposition
true up to j — 1. Relation (32) implies that D7) is given by

0 0 S ik 9 j0_n—i—1
(Wn, ey m7k2=1(8n—i+k—l)(ﬂ'ni)m + 75, i T2 .

The induction assumption, together with Lemma 4.11, implies that for any point p that belongs to SJ(-i_)l the

linear subspace D7) (p) is equal to

) ) ) J )
(Wn, ceey 739n—¢+j s Sn—i+j 73%—”]’—1 + (Sn—itj—1Cn—itj) (; 73%-1%-2)) .

The induction assumption says that
; T . .
SJ('z_)lz{p:en—i - 9n—i—1:j:§ and tan(en—i+k - en—i—i-k—l) = Sln(en—i—i-k—l - 9n—i+k—2); for1<k<j— 1} :

Since

rs _ (2 B 0 0 0 0
P TN 00 00ty =t Dihz Dz D0y 06 O )

we have D7) (p) N TpS’J(-i_)1 # C;—;(p) if and only if s,_i+; = Sp—it+j—1 Cn—i+;. That is, we have p € SJ(-“ if and

only if p € SJ(-i_)l and tan(6p,—i4+; — On—i+j—1) = sin(Op_;4j—1 — 0n_i1j—2), which ends the induction argument.

Now, the form of S](-i) obtained in the previous paragraph together with the definitions of dp and d», imply
directly that dp(p) = 6 (p). O

5. GROWTH VECTOR

Perhaps the most elementary invariant of distributions is the growth vector. The aim of this section is to
study relations between two invariants: the growth vector and the singularity type. We recall the definition of
the growth vector in Section 5.1, where we also give a very elegant characterization, due to Murray, of Goursat
structures equivalent to Goursat normal form. In Section 5.2 we provide another important result, due to
Jean, which gives the growth vector of the n-trailer system. Next we will show that the growth vector and the
singularity type are equivalent as local invariants: in Section 5.3 we show that the growth vector is a function
of the singularity type while in Section 5.4 we prove the converse, namely, that the growth vector determines
the singularity type. The definition of the singularity type given in Section 5.1 is geometric and independent
of a particular representation of the Goursat structure. We can, however, hardly use it to calculate this new
invariant. For this reason, we give in Section 5.5 a formula to calculate the singularity type in terms of the
growth vector.

5.1. Lie flag and growth vector

The Lie flag of a distribution D is the sequence of modules of vector fields Dy C Dy C --- defined induc-
tively by

DQ =D and Di—i—l = Di + ['DQ,'Di] 5 for i Z 0. (33)

This sequence should not be confused with the derived flag (1), introduced at the beginning of the article. In
general these two sequences are different. Nevertheless, for any point p in the underlying manifold M, the
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inclusion D;(p) C D(i)(p) holds, for 7 > 0. Note that for a Goursat structure, unlike the elements of the derived
flag, the elements of the Lie flag are mot necessarily distributions of constant rank.

A distribution D is completely nonholonomic if, for each point p in M, there exists an integer N(p) such
that Dy, (p) = Tp M. The smallest such integer is called the nonholonomy degree of D at p and we denote it
by N,. For a Goursat structure on a manifold of dimension n, the inequality N, < 2"~3 holds for each point p
in M (see e.g. [35]). For the n-trailer system, sharper bounds were obtained in [29,42, 63]. It follows from our
Theorem 3.3, which states that any Goursat structure is locally equivalent to the n-trailer system, that they
hold also for any Goursat structure.

Definition 5.1. Let D be a completely nonholonomic distribution. Put d;(p) = dimD;(p), for 0 < i < Nj,.
The growth vector at p of the distribution D is the finite sequence (do(p), ... ,dn,(p))-

Recall that if at a given point a Goursat structure can be converted into Goursat normal form (3) then this
point is called regular and that otherwise it is called singular (see Sect. 2). The set of singular points is called
the singular locus. An elegant characterization of this set, that emphasizes the importance of the growth vector
in the study of Goursat structures, has been obtained by Murray [53]. A different characterization can be found
in [32] and [39].

Theorem 5.2 (Murray). Let p be a point in a manifold M of dimension n. A Goursat structure on M can
be converted into Goursat normal form in a small enough neighborhood of p if and only if D;(p) = D(i)(p), for
0<i1<n-—2.

5.2. Growth vector of the N-trailer system

Let d = (dy, ... ,dn) be a finite sequence of integers such that dy = 2, dy =n, and d; < d;41 < d; + 1, for
0 <i< N —1. The dual of the sequence d is the sequence d* = (ds, ..., d}) defined by

di =card{j >0:d; <i}+1 for 2<i<n.

In other words, the integer dj indicates the first position, starting from the left, where the integer i appears
in d. We obviously have d5 = 1 and d}, = N + 1. It is trivial to check that each sequence d is uniquely
defined by its dual d*. For example, we have the following dual sequences: (2,3,4,5,6)* = (1,2,3,4,5),
(2,3,4,5,5,5,6)* =(1,2,3,4,7), and (2,3,4,4,5,5,5,6)* = (1,2, 3,5,8).

Now, following [29], we define a set of functions that will allow us to obtain a formula that gives the growth
vector of an arbitrary Goursat structure at an arbitrary point, as a function of its singularity type at this point.
We start with Jean’s formula [29] for the n-trailer. Recall that .J,, denotes the Jacquard language (see Sect. 4)
and that the shift of a word is defined by (w; - --wy) = w1 -+ -wp—1 and (€)' = € (we will denote (w’)" by w”).

For any i > 2, we define functions 3; : |J,,>;_3Jn — N. We take f2(w) = 1, f3(w) = 2, and f4(w) = 3, for
any word w in | J,,~; _3Jn. If i > 5 then we define inductively, for any word w in |J,,~,;_3/n,

Bi(w) = Bica(w') + Bi—2(w”) if w=(w)ay
Bi(w) =2 Bi—1(w') — Bi—2(w”) if w= (w)ay and k > 2;
Bi(w) = Bi—i(w')+1 if w = (w")ao.

For example, for the word agaiag, we have:

Bs(aparag) = Pa(apar) +1=3+1=14
Bs(agarag) = Bs(apar) +1 = (Ba(ao) + B3(€)) +1=(34+2) +1=6.
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Another example is given for the word agajas, for which we have:

Bs(aparaz) = Ba(apar) +1=3+1=14
Bs(agaraz) = 205(agar) — Ba(ao) = 2(Balao) + B3(e)) —3 =T.

Having recalled the functions 3; we are now able to recall the formula, obtained by Jean [29], that gives the
growth vector of the n-trailer system.

Theorem 5.3 (Jean). Consider the n-trailer system at a given point p of its configuration space R? x (S*)"+1
at which it has singularity type 6.~ (p). The sequence of integers (ds(p), ... ,dy, 3(p)) dual to the growth vector
of the n-trailer system at p is given by df(p) = 5; (0 (p)).

5.3. Growth vector of Goursat structures

The following result is fundamental. It shows that the growth vector of any Goursat structure is a function
of its singularity type.

Theorem 5.4. Let D be a Goursat structure on a manifold M of dimension n > 3, defined in a neighborhood
of a given point p in M that has singularity type ép(p). The sequence of integers (d5(p),...,d5(p)) dual to its
growth vector at p is given by d} (p) = Bi(dp(p)).

Proof of Theorem 5.4. Let D be a Goursat structure on a manifold M of dimension n > 3, defined in a
neighborhood of a given point p in M. By Theorem 3.3, the Goursat structure D is locally equivalent at p
to the n-trailer system, considered around a well chosen point g of its configuration space. By Theorem 5.3,
the sequence of integers (d3(q), ... ,d;, 3(¢)) dual to the growth vector of the n-trailer system at ¢ is given by
d?(q) = Bi(d:n(¢)). By Proposition 4.9, the singularity type of the n-trailer system at ¢ equals d.»(g). Since
the singularity type is invariant under diffeomorphisms, we have dp(p) = d,»(gq). Since the growth vector is
invariant under diffeomorphisms, the sequence of integers (d3(p), ... ,d};  3(p)) dual to the growth vector of D
at p is given by d?(p) = B (6 (0)) = B:(9p (p)). O

The latter result obviously implies the following one, which gives the formula for the growth vector of an
arbitrary Kumpera-Ruiz normal form.

Corollary 5.5. Let k™ be a Kumpera-Ruiz normal form on R™, for n > 3. The sequence (ds,...,d}) dual to
its growth vector at zero is given by df = B;(0xn ).
5.4. Growth vector and singularity type

We proved in the previous section (Th. 5.4) that the singularity type of any Goursat structure at a given
point determines its growth vector at this point. Now, we will prove the converse of this fact.

Theorem 5.6. Two Goursat structures have the same growth vector at a given point if and only if they have
the same singularity type at this point.

The proof of Theorem 5.6 will be based on two lemmas:

Lemma 5.7. Let i and k be two integers such that i > 1 and 0 < k < i —1. For any word w in |J,,~,Jn we
have the following relations: B

(i) Bita(waraz---a;) =20+ 3;

(i) Bira(warag---a;_rak) =2i—k+ 3;

(iil) Biya(wer---¢) =1+ 3;
where c;, for 1 < j <1, are any letters satisfying c; # a;.

Proof of Lemma 5.7. First Item. Ttem (i) is true if ¢ = 1 because, for any word w in Un21Jn, we have

Bs(way) = Ba(w) + B3(w') =3+2=2-1+3.
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It is also true if ¢ = 2 because, for any word w in Un21Jn, we have
66(’(1}&1@2) =2- 65(’(1}&1) — 64(’(1}) =2:-5—-3=2-2+3.

Now proceed by induction on i > 3. Assume that Item (i) is true up to i — 1. Then, for any word w in J,,~Jn,
we have

Biya(waraz---a;) =2 Bi—1y4a(waraz - --a;—1) — Bi—2)ra(waras - - -a;_2)
=2-2-(—-1)4+3)—(2-(i—2)+3)=2i+3.
Second Item. Let us proceed by induction on i. It follows from Item (i) that, for ¢ > 1, Item (ii) is true for ¢ = 1

and k = 0. Assume that Item (ii) is true up to ¢ — 1 for any 0 < k <4 — 2. Then we have, for 1 <k <i—1 and
for any w in Unzvjm the following relation:

Biva(waras - a;i_paf) = Bi—1)44(waras - - 'a(i—l)—(k—l)ag_l) +1
=2-i—1)—(k—1)+3=21—k+3.

Since, by Item (i), Item (ii) is true for k = 0, it follows that Item (ii) holds for any ¢ > 1 and any 0 < k < i —1.

Third Item. Item (iii) is true if i = 1 because fB5(wc1) = 4 for any word w in J,,~,Jn (recall that c1 # a1). It
is also true if i = 0. Now proceed by induction on i. Assume that this Item is true up to ¢ — 1, then we have
either

Biyalwer ---¢;) = 2+ Bi—1ypa(wer - - ci—1) — PBri—2ya(wer - - - ¢i—2)
—2 (1) +3)—((i-2)+3)=i+3

or
Bita(wer -+ ¢;) = Bu—1yya(wer--cim1) +1=((( = 1) +3) + 1 =i +3,

which ends the proof. O

Lemma 5.8. Let i be an integer such that i > 5. Consider two words wi and ws of the Jacquard language Jy,
with | > i — 3, such that:

(i) Bi(wr) > Bi(wa);

(i) Bi—1(wi) > Bi-1(wy);

(iii) Bi(w1) = Bi—1(wh) > Bi(wa) — Bi—1(ws3).
Then, for any integer k > 1 and for any word w such that wiw and wew belong to Jix1i, we have Btk (wrw) >
Bi+k (wgw)
Proof of Lemma 5.8. Consider two words wy and ws in Jj, with [ > i — 3, that satisfy conditions (i)—(iii). Let
a be any letter such that wia and wea belong to Jiy1. Then we have the three following cases:

If a = ag then

Bit1(wiag) = Bi(wi) + 1
Bit1(weag) = Bi(wz) + 1.
If @ = a; then

Bit1(wiar) = Bi(w1) + Bi—1(w))
Bit1(waar) = B (wa) + Bi—1(wh).
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If a = aj, for j > 2, then

Biv1(wiay) = Bi(wr) + Bi(wr) — Bi—1(w))
Biv1(waay) = Bi(wa) + Bi(wa) — Bi—1(wy).

Therefore, in any case, the words wja and wqa satisfy the three conditions (i-iii); and in particular, we have
Bit1(wia) > Biy1(waa). Hence the lemma is true for £ = 1. An induction argument on the length of w, based
on the same relations as for k = 1, ends the proof. ([l

Proof of Theorem 5.6. By Theorem 5.4, if two Goursat structures have the same singularity types at p and p,
respectively, then they have the same growth vector at p and p, respectively. Now, we will prove the converse.
Suppose that w and w are the singularity types of two distributions D and D at p and p, respectively, that is
w = op(p) and @ = dp(p). We will show that if w # w then there exists an integer g such that G, (w) # i, (0).

It is easy to check that if w and @ are two words of the Jacquard language J, such that w # @ then there
exists (after a permutation of w and w, if necessary) three words z, v, and v such that both w = vz and W = vz,
and which satisfy either

v = uaiag-- -ai_kalg
v = ’aClCQ s Gy

where 0 <k <i—1andc¢; #ay for1 <j <4, or

v = uaiag-- -ai_kalg
v = uaiag-- -ai_laé,

where k # [.

For each of these two cases we can apply Lemma 5.7. In the first case we have f3;14(v) = 2i — k + 3; while
Bia(0) = i4+3. Since k < i—1 we have [;14(v) # Bi+4(0). In the second case we have §;14(v) = 2i—k+3; while
Bita(0) = 2i—143. Since k # [ we have (;14(v) # Bi+4(0). Therefore, in both cases, we have 8;44(v) # Gi+4(0);
but SBiy3(v) = Bi+3(0), since by the Item (iii) of Lemma 5.7 they are both equal to i +2. Put ig = (i +4) + |z|.
By Lemma 5.8, we have f3;, (w) # G, (W). O

5.5. Computing the singularity type

Up to now, we have worked with a definition of the singularity type that uses the submanifolds S](-i). Although
being geometric, that is independent of a description of the Goursat structure in particular coordinates, it does
not tell us how to compute this invariant (unless we know how to compute all SJ(-“ explicitly). In order to fill
this gap we give the following proposition, which yields to a constructive procedure to compute the singularity
type of any Goursat structure in terms of its growth vector. Its proof is straightforward.

Proposition 5.9. Let D be a Goursat structure considered in a neighborhood of a point p that belongs to a
manifold of dimensionn > 5. For0 <i:<mn-—>5and 1 < j <1, the point p belongs to SJ@ if and only if the
growth vector at p of the distribution D7) starts with

(t—j+2,i—j+3,...,i+2,i+3,i+4,...,i+4,i+5),

where the integer i + 4 is repeated j + 2 times.
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6. ABNORMAL CURVES

We proved in the last section that the singularity type and the growth vector contain the same information
about a given Goursat structure. That information is, however, encoded in the singularity type in a more
systematic and much more geometric way. An illustration of the latter claim is this section in which we study
abnormal curves of Goursat structures and we show that the submanifolds S](-z), used to define the singularity
type, determine all abnormal curves of any element of the derived flag of a Goursat structure. A precise
statement of that result is given as Theorem 6.2 and is followed by a description of the geometry of abnormal
curves and by an illustrative example in R7. A proof of Theorem 6.2 is given in Appendix B. In Section 6.3, we
prove that two Goursat structures have the same singularity type at a given point if and only if the distributions
of their derived flags have the same abnormal curves, up to a local diffeomorphism. Our study of abnormal
curves (Th. 6.6) and our analysis, performed in Section 5, of the growth vector and singularity type (Th. 5.6) are
summarized in the Introduction as Theorem 1, which gives one of the main contributions of the paper. Roughly
speaking, this theorem says that the local information about a Goursat structure encoded in the growth vector,
in the singularity type, and in abnormal curves, of all elements of the derived flag, coincide. In the two last
sections we study rigid curves of Goursat structures. Although rigid curves are always abnormal, abnormal
curves are not always rigid. We will prove that in the case of Goursat structures these two concepts coincide
(for C' immersed curves). In the last subsection we will calculate rigid curves of the n-trailer and give their
natural mechanical interpretation: they correspond to motions that fix the positions of the centers of at least
two trailers.

6.1. Integral and abnormal curves

Let M be a smooth manifold of dimension n and let A be a set-valued map A : M — TM such that
A(p) € T,M, for each point p in M. Note that we do not ask A(p) to be a linear subspace of T, M, but just
a subset of T, M. Neither we ask A to be smooth. An integral curve of A is an absolutely continuous map
2z : I — M, from an interval I C R to M, such that &(¢) belongs to A(x(t)) for almost all ¢ in I. A nontrivial
lift of x(-) is an absolutely continuous map P : I — T™M such that P(t) belongs to Ty ,) M and P(t) # 0 for
each t in I.

Locally, all integral curves of a rank k distribution D = (f1,..., fx) can be described as solutions of an
(underdetermined) ordinary differential equation. Indeed, for any given integral curve z(-) of D we can clearly
find k real-valued measurable functions u;, for 1 < i < k, such that

k
@(t) = Z fila(t)) wi(t) (34)

holds for almost all ¢t in I. These functions u; are called controls. Observe that the controls associated to
an integral curve are not uniquely defined. In control theory, an overdetermined differential equation of the
form (34), where the functions u; for 1 < ¢ < k can be taken as arbitrary measurable functions, is called a
control system. Informally, the system (34) can be seen as a “parametrization” of the set of all integral curves
of D by k real-valued measurable functions.

Roughly speaking, a solution z(-) of (34) is abnormal if it is a singular point of the end-point mapping or,
equivalently, if the linearization of the control system along x(+) is not controllable. Many equivalent definitions
of the concept of abnormal curves are available (see e.g. the papers [1,3,7,67,77], the survey article [45], and
the references given there). The definition that we will use is the one that appears in Pontryagin’s Maximum
principle [59]. For further details, we refer the reader to the above mentioned works.

Since the results of this section will be local we can work in a coordinate chart x : M — R". Denote by
(x,p) the corresponding coordinates on T*M. In these coordinates, the Hamiltonian of the control system (34)
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associated to a distribution D = (f1,..., fx) is the function defined on R™ x R" x R¥ by

k
H(J:,p,u) = <p72f1(x)uz> 5

where both z and p belong to R® and u = (u1, ... ,u;) belongs to R* and (-,-) denotes the pairing between
vector fields and differential forms.

Definition 6.1. An integral curve x : I — R”, corresponding to a measurable control u : I — RF, of the
control system (34) is called abnormal if it admits a nontrivial lift (z(-), p(+)) such that

and

for almost all ¢ in 1.

By definition, an integral curve of a distribution D = (fi,..., fx) is abnormal if it is an abnormal curve of
the corresponding control system. It is well known that the abnormal curves of D depend neither on the choice
of coordinates nor on the vector fields fi, ..., fr chosen to span the distribution.

Let I C R be an interval. For any to € I and for any € > 0, denote by I.(to) the intersection I N[tg—e, to+e].
An integral curve x : I — M is locally abnormal if for each ty in I there exists a small enough ¢ > 0 such that
the restriction of z(+) to I.(to) is abnormal.

6.2. Abnormal curves of Goursat structures

Let D be a Goursat structure on a manifold M of dimension n > 3. Recall that its singularity type can be
computed using the sequence of canonical manifolds defined, for 0 < i <n — 5, by

S5 = {g€ M : DD (q) = Cis1(q)}
and, for 1 < j <4, by
S ={ge 89, : DN (N T80, #Cij(a)},

where the distributions C; are the canonical distributions of Proposition 4.1 (see Sect. 4). Assume that for two
given non-negative integers ¢ and j, such that 0 < i+ j < n —5 we have SJ(-HJ ) # (. In this case, we can define
on SJ(-Hj ) a smooth distribution .Ag-i) by taking

@y — Dl (i+7)
-Aj (q) = 'D(z)(Q) n Tqu )

for each point ¢ in SJ(-Hj ) Ttis easy to check, using a Kumpera-Ruiz normal form, that .Ag-i) is indeed a smooth
distribution and that its rank is i+ 1. Although each .Ag-i) is defined only on SJ(-Hj ), we can extend the definition
of .Ag-i) to M by taking .Ag-i)(q) = 0 for all points ¢ that do not belong to SJ(-Hj ) and thus consider .Ag-i) as a
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set valued map defined everywhere on M. This extension allows us to define, for any 0 < i < n — 5, a subset
A% c TM by

AN =cou| | A%,

0<j<n—i—5

for each point ¢ in M. Note that, usually, the subset A® C T'M is not a distribution.

By definition, we take A% = C,_,. Moreover, we define A"3) as the characteristic distribution of
D("=3) which is equal to C,_4 if n > 4 and equal to {0} if n = 3. Finally, we take A(=2) = (). Observe that
the set-valued maps A3 = {0} and A™~2) = () are different. Indeed, the first one has trivial integral curves
(points); while the second one has no integral curves at all.

Theorem 6.2. Consider a Goursat structure D defined on a manifold of dimension n and fix an integer i such
that 0 < i < n—2. An integral curve of D@ is locally abnormal if and only if it is an integral curve of A®.

Fori=n—4,n—3, and n— 2, the distribution D is of rank n — 2, n — 1, and n, respectively, and the proof
of Theorem 6.2 follows easily from well known results. Indeed, if i = n — 4 then the distribution D), which is
of rank n —2, can be transformed into a direct generalization of Engel’s normal form ([32,43,76], and [78]) given
by Theorem C.4 (see Appendix C), where we have to take k = n — 2 and m = 2. In this case, the abnormal
curves of D("~4) are clearly the integral curves of C, 4 (see Lem. B.1 below). If i = n — 3 then the distribution
D) which is of rank n — 1, is annihilated locally by a 1-form w such that dw A w # 0 and (dw)? A w = 0.
This property is equivalent to the fact that the characteristic distribution of D(=3) is of corank 2 in D("~3)
(see [6]), and it implies that D(™~3) is locally given by the normal form of Theorem C.4, where k = n — 1 and
m = 1. Note, however, that this form does not follow from Theorem C.4 whose condition, when m = 1, is only
necessary but not sufficient. In this case, it is straightforward to see that the abnormal curves of D("~3) are
the integral curves of the characteristic distribution of D(~3) which is an involutive distribution that has rank
n — 3. Finally, if i = n — 2 then the situation is even simpler because D("~2) = T'M, which implies that D(?~2)
has no abnormal curves at all. Hence the only values of ¢ that will be considered in the proof of Theorem 6.2
are 0 <3< n-—>5.

In order to explain further the meaning of Theorem 6.2 we would like to emphasize the following points,
relative to the geometric structure of A% and its integral curves. These facts follow directly from our study of
the singularity type (see Sect. 4) and will be used in the proof of Theorem 6.2.

(i) Although for each point ¢ in M we have, by definition,

AV =cipu| U 4APw@],

0<j<n—i—5

the relations S,(:—Fk) N SJ(-Hj ) = () for k # j (see Prop. 4.2) imply that, for a fixed point g, only two possibilities
can occur. Indeed, we have either

AD(g) =Cilg) or AD(g) =Ci(q) UAV(g),

for a unique integer j such that 0 < j < n —i—5. In other words, for each point ¢ the subset A(i)(q) CTyM is
the union (not the sum!) of either one or two linear subspaces of Ty M. Note that if ¢ > 1 then C;(¢) N .Ag.i)(q) =
Ci-1(q)-

(ii) For 0 < i < n—5, we define the set K; = U;:fSéj); for any other value of ¢ we take K; = (). We will call
this set the singular locus of DO Ifi=n—4,n—3, or n— 2 then, by definition, the singular locus is empty,
which explains why these cases are simpler. If i = 0 then this definition agrees with the one given in Section 5
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for the singular locus of D. It follows directly from the properties of the submanifolds S(()j ) (see Prop. 4.4) that
K is a stratified manifold. In fact, in Kumpera-Ruiz normal form coordinates, this set is an algebraic variety
defined by a single polynomial equation of the form H;”:_lezr = 0, where the integer m corresponds to the
number of singularities of D), which is, in general, smaller than the number of singularities of D. For any
point ¢ that does not belong to K; we clearly have A% (q) = C;(q). Note, however, that there exist points of
K; for which we also have A®(q) = C;(q).

(iii) For 0 < ¢ < n — 5, define the set L; = U?z_g_5SJ(-z+J). Since for any j we have SJ(-z) C S(()z), it follows
that L; C K;. For 0 < i < n — 5, the set of points such that A®(q) # C;(q) is precisely L;. In other words,
the set A(i)(q) is a linear subspace of T, M if and only if ¢ does not belong to L;. Unlike Kj, the set L; is
always a smooth submanifold of M. Note, however, that L; can have several connected components and that
the dimensions of these components can be different. Nevertheless, in a small enough neighborhood U of any
of its points, the submanifold L; is connected and coincides with one and only one of the smooth manifolds
S AU,

For example, in the case of a distribution spanned by a Kumpera-Ruiz normal form on R”, the set L; is
connected. If non-empty, the set L; is a codimension j 4 1 linear subspace of R", where j is the only integer
such that SJ(-HJ ) is non-empty. In the case of the n-trailer system, the situation is quite different. For example,
for the two-trailer system, the submanifold Ly has two connected components, given by {6, — 61 = 7/2} and
{03 — 01 = —7n/2}. Each of them has codimension 1. For the three-trailer system, the submanifold Ly has six
connected components given, respectively, by {03 —60y = 7/2}, {03 —02 = —7/2}, {05 —02 = 7/4; 02— 0, = 7/2},
{93 —92 = —377/4; 92 —91 = 7T/2}, {93 —92 = —7T/4; 92 —91 = —77/2}, {93 —92 = 377'/4; 92 —91 = —77/2}. Two
of them have codimension 1; four of them have codimension 2.

6.3. An illustrative example

We consider now a more detailed example. Let D be the distribution spanned by the following Kumpera-Ruiz
normal form on R”:

0 (x7 + c7) 0 + 0 + 0 + 0 + 0 + 0
—_— —F+ — x| =— t+ a5 | T4=— + 23— + — ,
oz T Org Oxs 6 04 >\ Oz3 3 Ory  Ox1
where c7 is either equal to 0 or 1. When ¢; = 1, the singularity type of D at zero is agaiaiag and the growth
vector at zero is (2, 3,4, 5,5, 6,6, 6, 7); while when ¢; = 0, the singularity type is agaiaiaz and the growth vector

(2,3,4,5,5,5,6,6,6,6,7).
In both cases, we have

S5 =9, 88 ={zg =0}, and S = {x5=0}-
Therefore, the singular loci of the distributions D@, DM and D2 are given respectively by
Ko ={zer5 =0}, K; ={rer5 =0}, and Ky={x5=0}"
If ¢; = 1 then, in a small enough neighborhood of zero, we have Sﬁl) = B; but if c; = 0 then we have

Sﬁl) = {27 = z¢ = 0}. In both cases we have Sf) =0.
If ¢; = 1 then, in a small enough neighborhood U of zero, we have A©) = ¢y = (8%7), which is a smooth

distribution on U; but if ¢; = 0 then the subset A coincides with the smooth distribution Cy = (8%7) outside
Lo = {x7 = z¢ = 0} while for any point p of Ly we have

AO) () = (%) (p) U (%) (P),
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which is clearly not a distribution. In both cases, we have AL =¢; = (8%77 8%6) outside L1 = {xg = 0} while

A0 = (55 ) 0V (55 7 ) 0

Finally, we have A®) = (3%7, 3%67 8%5) outside Ly = {x5 = 0} while for any point p of Ly we have

o o0 0 o o0 0
(2) (= = =2 - =z 2
A(P) (83:7’ Oxg’ 8335) (p) U (83:7’ Oxg’ 8334) (p)-

6.4. Abnormal curves and singularity type

for any point p of L, we have

Theorem 6.3. Let D and D be two Goursat structures defined respectively on two manifolds M and M, both
of dimension n. Fix two points p and p of M and M, respectively. There exists a diffeomorphism @, with
D = @©(p), between two small enough neighborhoods of p and p that transforms, for 0 < i < mn — 4, the abnormal
curves of DWW into the abnormal curves of D@ if and only if the singularity type of D at p equals the singularity
type of D at p.

Proof of Theorem 6.3. Necessity: Consider two distributions D and D, defined on two manifolds M and M,
respectively, that have different singularity types w and @ at p and p, respectively, that is w = dép(p) and
W = 65(p). We have already pointed out (see the proof of Th. 5.6) that if w and W are two words of the
Jacquard language J,, such that w # @ then there exists (after a permutation of w and w, if necessary) three
words z, v, and v such that both w = vz and w = vz, and which satisfy either

v o= uaiag-- -ai_kalg
v = ’aClCQ s Gy

where 0 <k <i—1andc¢; #ay for 1 <j <4, or

v = uaiag-- -ai_kalg
v = uaiag-- -ai_laé,
where £ < [. )
In both cases, consider the abnormal curves of D0F*) and Do) where iy = |2|. Tt follows directly from

the definition of the singularity type (see Def. 4.3) that for D we have p € Sz(?;_zfl) while for D the point j does

not belong to any submanifold S§i°+k+j ), Therefore, the subset A(io"’k)(p) is not a linear subspace of 1), M while
the subset A0t%)(5) is a linear subspace of T;M. For each vector 7, of A0tk (p) there exists an abnormal
curve of DU0Fk) that is tangent to Tp; for each vector 7, of A(i0+k)(ﬁ) there exists an abnormal curve of Do +k)
that is tangent to 7,. It follows that no diffeomorphism can transform the abnormal curves of Dlio+k) into the
abnormal curves of Do+k), locally at p and p.

Sufficiency: Now, assume that the singularity type dp(p) of D at p and §5(p) of D at p coincide and are equal
to w. The distribution D (respectively D) can be converted into a Kumpera-Ruiz normal form " (respectively
™) centered at p (respectively p) via a diffeomorphisms ¢ (respectively ¢). Let z = (21, .. ,x,) (respectively
Z = (Z1,...,Zn)) denote the coordinates in which k™ (respectively &™) is expressed. By Corollary 4.6 and
the invariance of the singularity type we have d.,» = dzn = w. Moreover, by Proposition 4.4, a submani-

fold S](-Hj ) contains zero if and only if the submanifold S’](-Hj ) contains zero, which is the case if and only if
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W = w1aq - - - Gj4+1We, for some words wy and ws such that |ws| = 4. If those manifolds contain zero then, once
again by Proposition 4.4, they are respectively given by

S](-i—i_j) = {xn_i_j = 0, ey Ip—j = 0} and S’](-i—i_j) = {i"n—i—j = 0, e ;i"n—i = 0} .

Now, for each integer 7, we must distinguish two cases. First case: If for each integer j the submanifolds S’J(-Hj )
and S’J(-Hj ) are empty, in a small enough neighborhood of zero, then, by Theorem 6.2, the abnormal curves

of D) (respectively D~(i)) are, in a small enough neighborhood of zero, the integral curves of C; (respectively CE)

Moreover, we have
0 0 5 0 0
Ci = (%n, ,—8xn_i> and Ci = (%ﬂ’ ’—8jn_i> .

Second case: If for some integer j the submanifolds SJ(-Hj ) and 5’](-i+j ) contain zero then, by Proposition 4.2,
this integer j is unique. By Theorem 6.2, the abnormal curves of D) (respectively D@) are, in a small enough
neighborhood of zero, the integral curves of .Ag-z) (respectively Ag-z)). Moreover, we have

oy (9 9 @) _ [0 9N ,-
A (q) = (axn,... 73@%—1’) (@) and AJ7(q) = (ai"n e (@),

for each point ¢ (respectively ¢) that does not belong to SJ(-Hj ) (respectively 5’](-i+j )), and

@y (9 9 9 0 0
A] (q) B (axn T 8xn—i+17 axn—i—j—1> (q) . (8xn Y axn—i (q)
e (D 9 Y i 9\
A] (q) B (a-in T 85?7L—i+17 ajn—i—j—1> (q) . (a‘in Y a‘in—i (q),

for each point ¢ (respectively §) that belongs to SJ(-Hj ) (respectively S’J(-Hj )).
Let ® be the local diffeomorphism of R™ defined by z; = x;, for 1 < i < n. In both cases, the diffeomorphism

p=¢lodog

transforms the integral curves of A® into the integral curves of A and thus, by Theorem 6.2, the abnormal
curves of D@ into the abnormal curves of D). O

6.5. Rigid curves of Goursat structures

The concept of rigidity for integral curves of distributions was introduced by Bryant and Hsu [7]. Rigid
curves are always abnormal but there exist abnormal curves that are not rigid (see e.g. [1,7,77]). Nevertheless,
we will prove that in the case of Goursat structures these two concepts coincide (for C'* immersed curves).

Definition 6.4. Let D be a completely nonholonomic distribution defined on a manifold M. Fix a closed
interval [a, b] and two points p and ¢ in M. Denote by O, , the space of all C! integral curves  : [a,b] — M
of D such that x(a) = p and z(b) = ¢, endowed with the C'-topology. An integral curve z(-) that belongs to
Op.q 1s rigid if there exists a small enough neighborhood V of z(-) in Oy 4 such that any curve z : [a,b] — M
contained in V is a reparametrization of z(-).

Roughly speaking, a curve x : [a,b] — M is rigid if it is an isolated point of Oy (4) (). Our study of abnormal
curves leads easily to the following result, which characterizes immersed rigid curves. This result gives also, for
Goursat structures, a more intuitive view of the concept of abnormal curve.
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Let I C R be a closed interval. For any to € I and for any ¢ > 0, denote by I.(tg) the intersection
IN[to—e,to+¢€]. Anintegral curve z : I — M of D is locally rigid if for each ¢ in I there exists a small enough
€ > 0 such that the restriction of () to I-(to) is rigid.

Theorem 6.5. Let x(-) be a C* immersed integral curve of a Goursat structure D, defined on a manifold of
dimension n. The three following conditions are equivalent:

(i) the curve x(-) is locally abnormal;

(i1) the curve x(-) is locally rigid;

(iii) the curve x(-) is either an integral curve of Cy or an integral curve of «42?_1; for some 1 < kg < n — 4.

We supposed in this theorem that the integral curve is immersed, which means that its velocity (defined
everywhere, since the curve is C'!) never vanishes. This assumption is fundamental. Indeed, an immersed rigid
curve can loose its rigidity if we change its parametrization in such a way that it is not immersed anymore (see
g. [73]). Observe also that the theorem is stated for integral curves of D(®) but not for those of D), if i > 1.
In fact, the abnormal curves of D) such that their velocity does not belong to C;_; have only a weaker form
of rigidity: all curves that are close enough to them in the C' topology stay in a submanifold of the original
manifold. We will consider this situation in a forthcoming work.
Our proof of Theorem 6.5 is mainly based on the ideas introduced by Bryant and Hsu [7] and Zhitomirskii [77].
In particular, it is a direct consequence of Zhitomirskii’s work that the immersed integral curves of Cy are rigid.
To prove the rigidity of the integral curves of .Ag:))_l we follow the main ideas of [77]. Note, however, that the

statement for .Ag;)_l is not implied by any of the results of [1,7,67], or [77] because Goursat structures are highly
non-generic and do not fit into the large categories of (generic) rank two distributions studied in those papers.
We would like to point out that, in the particular case of dimension five, the rigidity of the immersed integral
curves of .A(()O) was already observed in [49]. Moreover, the equivalence of Items (ii) and (iiii) of Theorem 6.5
has already been announced in [56].

Our proof of Theorem 6.5 will use the following lemma, which will be proved later in Appendix D. The
normal form that we introduce in it is analogous to the one used in [77] to prove that the integral curves of Cy
are rigid.

Lemma 6.6. Let D be a Goursat structure on a manifold M of dimension n > 5. If the singularity type of D
at p is equal to dp(p) = way - - -ag, for some 1 < kg < n —4, where w is an arbitrary word of Jy_j,—a, then D
is locally equivalent at p to the distribution spanned by a pair of vector fields that has the following form:

0
&= e
Y1
0 0 15 0 " 0
=y15— + -+ Yk + + = — + ((Y) =,
§2 Y1 8:(]2 Y 0 ayko—'rl 8yk0+2 2yk0+1 ayk0+3 i:kZO_Hl (2 (y) 8yz
where the coordinates y1, ... ,y, are centered at p. In these coordinates, the canonical submanifold S,gﬁi;l) is

given by

ko—
S](goo—ll) :{yl :Oa ayko :0}

Moreover, we have Co = (&1), for any point p of R™, and .Ag;)_l(p) = (&)(p), for any point p of S,g’;o__ll).

Proof of Theorem 6.5. Tt is well known that rigidity implies abnormality (see [1,7,77]) and thus, that (ii)
implies (i). By Theorem 6.2, any abnormal curve of D(9) is an integral curve of A®). Recall that A (p) =

Co(p) U .Ag;)_l(p), for a unique 1 < kg < n — 4, and that Co(p) N .Ag;)_l(p) = 0. Therefore any C'! immersed

abnormal curve of D(®) is either an integral curve of Cy or an integral curve of .Ag;)_l. Hence (i) implies (iii).
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What remains to prove is that if a C'! immersed integral curve y : I.(tg) — R™ of DO is an integral curve of
either Cy or .Ag;)_l then it is rigid. This result is known [77] for the integral curves of Cy. We can thus assume
that y(-) is an immersed integral curve of .Ag;)_l (which then, by definition, stays in S,g’;o__ll)). It follows from
Lemma 6.6 that we can find coordinates such that y(-) satisfies y(to — ) = 0 and is a solution of the following
control system:

Y= Ul

Yo = Y12
yko-i-l = YkoU2 (35)
yko+2 = U2

Ukot3 = 3Yho 4102
Ui = wi(y)ug for kg +4 <i<mn,

with u1 () = 0 (because y;1(t) = 0 on S,(;;O__ll)) and us(t) # 0 for each ¢ in I (tg) (because the curve is immersed).
Since the coordinates of Lemma 6.6 are chosen to be centered at y(tg — &) = 0, from yy,(t) = 0 we conclude
that yr,+1(t) =0, and thus that yg,43(t) = 0, for each ¢ in I (tg).

Now, consider a C'! immersed integral curve § : I.(ty) — R" of D) that has the same end-points as the curve
y(+). In particular, we have gy,+3(to — &) = 0 and gg,+3(to + €) = 0. By taking a small enough neighborhood
of y(-) in Oyg—e) y(to+e) (Which is not the same as taking a smaller ¢ > 0), we can assume that () # 0
for each t in I (o), where 4y and Uy denote the controls for which g(-) is a solution of (35). Without loss of
generality, we can assume that @z(t) > 0 (the proof for 42 (t) < 0 is identical). Since we have %gjio 4102 (t) >0
for each ¢ in I.(tp) and both gk,+3(to — &) = 0 and gr,+3(to + €) = 0, we must have gji0+1(t) =0, for each t
in I.(tog). Together with @ > 0, the latter relation implies that, for 1 <i < kg + 1, we have §;(¢) = 0 for each
t in I.(to), which clearly implies @, (¢t) = 0 for each ¢ in I.(¢y). Hence, the curve g(-) is a reparametrization of
the original curve y(-). Indeed, these two curves are C'! immersed integral curves of &, and have the same end
points (see [77] for more details about this last point). O

6.6. Rigid curves of the N-trailer system

Let us illustrate Theorem 6.5 by applying it to the n-trailer system. Let D be the Goursat structure spanned
by the n-trailer system 7" on R? x (S1)"*!. By Proposition 4.9, we have

. ™ .
S](z) = {p € R? x (Sl)n—i_l $On—i —On_i1 = 3'35 and tan(en—i+k - 9n—i+k—1) = Sln(en—i—i-k—l - 9n—i+k—2)7

forlgkgj},

for 0 <i<n—2and0 < j<i (recall that n is the number of trailers, not the dimension of the configuration
space!). It obviously follows that

. ™ .
S](J) = {p €R? x (Sl)n—i_l : en—j - en—j—l = :l:§ and tan(en—j+k - en—j—i-k—l) = Sln(en—j—i-k—l - 9n—j+k—2)7

forlgkgj},
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for 0 < j < n—2. Each submanifold S](-j ) has clearly codimension j+ 1. Moreover, these manifolds are pairwise
disjoint. Thus a given point p is either in none of the submanifold SJ(-j ) at all or in one and only one of them.
Recall also that .Ag-o)(p) =D (p)N TpS](-j) and that A©) (p) = Co(p) U .Ag-o)(p), for a unique 0 < j < n — 2.
The canonical line field Cy is given on R? x (S1)"*+1 by (%). A simple computation shows that, on each
submanifold SJ(-j), the line field Ago) is given by Ago) = (%ﬂ +- 4 39”1_1 ).
By Theorem 6.5, a C'! motion of the n-trailer for which the velocity never vanishes is rigid if and only if:

(i) it is an integral curve of Cp or (ii) it is an integral curve of .Ag-o). In the second case, the motion lies in S](-j ),
In fact, there is an easy way to visualize these rigid trajectories:

Corollary 6.7. An immersed motion of the n-trailer system is locally rigid if and only if it fizes the positions
in the (&1, &2)-plane of the centers of the azles of at least two trailers.

For example, there passes through any configuration of R? x (S*)"*! an integral curve of Cy. The corre-
sponding motion fixes the positions in the (£1,&2)-plane of all trailers (we just turn the front wheels). If a
configuration is such that 6, — 6,1 = £7 (it belongs to S(()O)) then, besides the motions associated to Cy, there
is an additional motion given by .A(()O) for which the positions in the (&1, &2)-plane of all trailers, excepted the
first one, are fixed. For these motions, the center of the first trailer moves on a circle around the center of the

second trailer, which turns with its center fixed (see e.g. Fig. 4). Observe that such a motion is possible if and
only if 0, — 0,1 = £75.

7. CONTACT TRANSFORMATIONS

In this section we study transformations preserving Goursat structures. Clearly, at regular points, they are
contact transformations. Theorem 7.3 describes such transformations in the case of arbitrary points (regular
or singular). In Section 7.2, we study the fundamental question of whether Goursat structures are locally
determined by their abnormal curves, a property which is shared by most distributions. Using the description
of abnormal curves obtained in Section 6, we will show that in the world of Goursat structures this property
does not hold if the dimension of the underlying manifold is at least six. Then, we will study the question of
whether Goursat structures are determined by abnormal curves of all distributions of their derived flags. In
view of the results of Sections 5 and 6, the latter problem turns out to be that of whether Goursat structures are
determined by the singularity type or, equivalently, by the growth vector. It was announced in [18] by Cheaito
et al. that the growth vector is not a complete local invariant for Goursat structures if the dimension of the
underlying manifold is at least nine. We give a proof of this result in Section 7.2. An alternative proof can be
found in [60]. Then we will construct on R!! a continuous family (parametrized by a real number) of locally
non-equivalent Goursat structures that have the same singularity type, and thus diffeomorphic collections of
abnormal curves for all elements of their derived flags. An analogous example of a continuous family of locally
non-equivalent Goursat structures on R19, all of them having the same growth vector, was given in [60]. Our
method of proving non-equivalence is based on the characterization of singular contact transformations, given
in Section 7.1, and it seems to apply, in general, to different cases than the method of [60].

7.1. A singular version of Backlund’s theorem

Let D and D be two Goursat structures defined on two manifolds M and M, respectively, of dimension n > 3.
A (generalized) contact transformation (of order n — 2) is a smooth diffeomorphism ¢ between M and M such
that (¢.D)(p) = 75(15), for each point p in M. Such transformations are called automorphisms in the work of
Kumpera and Ruiz [32] (see also [19] and [51]). In a neighborhood of a regular point our definition coincides
with the classical definition of a contact transformation on the space J"~2(R,R) of (n — 2)-jets of functions that
have one dependent and one independent variable (see [6] and [55]). From now on, unless we want to distinguish
generalized contact transformations from the classical ones, we will omit the word “generalized”.
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Fix two points p and p of M and M, respectively. Let ¢ be a local contact transformation between D and D
such that ¢(p) = p. Fix two small enough neighborhoods U and U of p and p, respectively, such that U = ¢(U)
and such that D on U and D on U are equivalent to two Kumpera-Ruiz normal forms ™ and " centered at p
and p, respectively, and defined on two open subsets #(U) and #(U) of R™, where z and Z denote coordinates
that transform the Goursat structures D and D into their Kumpera-Ruiz normal forms ™ and &", respectively.
We can assume, without loss of generality, that the first prolongation (in the sequence of prolongations that
define x™ and &") is regular. Namely k* = Rg(k3) and #* = Rg(%%). Once such a pair of Kumpera-Ruiz
charts (z,U) and (Z, U) has been fixed, we can associate to the contact transformation ¢ a unique contact

transformation ®, between k™ on x(U) and &" on Z(U), by taking
d=Fopoxr L.

In other words & = (® o x) o), where v denotes the inverse of the diffeomorphism ¢. Observe that, since the
Kumpera-Ruiz charts = and Z are centered at p and p, respectively, we have ®(0) = 0. We will denote by ®;
the i*" component of ®.

In the next two propositions we will assume that all the above defined data (the Goursat structures D and D,
the diffeomorphism ¢, the coordinates z and #, and the Kumpera-Ruiz normal forms k" and k") have been
fixed and, therefore, that the diffeomorphism @ is uniquely defined. The following result is a direct consequence
of the obvious relations

(b* (cz) - Ci)
for 0 < i < n— 4, where C; € D denotes the characteristic distribution of D+1) and C; ¢ D@ that of D+

(see Prop. 4.1).

Proposition 7.1. For each 1 < i < 3 we have ®;(x) = ®;(x1,22,23). For each 4 < i < n we have ®;(z) =
(Di(.l?l, e ,J?i).

Decompose R™ into a direct product R® = R? x R*~%. It follows directly from Proposition 7.1 that for each
3 < i < n we can build a diffeomorphism &), between the projection of (/) on R? and the projection of Z(U)
on RY, by taking the components ®;, for 1 < j < 4, as the components of ®(®) . Denote by U the inverse
of @, We obviously have &™) = ®. The following result is a direct consequence of Proposition 7.1 and the
obvious relations

6.(D0) = DO,

which hold for 0 < i < n — 2. Recall that, by definition, the two Kumpera-Ruiz normal forms " and "
are given by two sequences of prolongations. We will denote by x3,...,s" and &3,..., ", respectively, the
Kumpera-Ruiz normal forms obtained as intermediate steps of these successive prolongations.

Proposition 7.2. There ezist four smooth functions, denoted by vs, n3, us, and A3, that depend on the coor-
dinates x1, x2, and x3 only, such that

<I>§3)(/<§) =(v3o0 \I/(B))/%
P (k3) = (130 )iz

Moreover, for each i@ > 4, there exist three smooth functions, denoted by v;, n;, and u;, that depend on the
coordinates x1, ... ,x; only, such that

O (k) = (vio Ui}
L (k) = (n; 0 WA} + (s 0 W)R5.
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The functions v;, n;, i, and \; are uniquely defined, for each i > 3, once the diffeomorphism ® has been fixed.
They obviously satisfy (vsus — Asn3)(0) # 0 and (v;u;)(0) # 0, fori > 4.

The following result can be considered as a singular version of Béacklund’s theorem [2] (see [55] for a modern
approach). It shows that any contact transformation is the “prolongation” of a first order contact transformation.
Though the case n = 4 is classical [7], it seems that our result for n > 5 is new. Notice that a weaker version
of Theorem 7.3 has already been announced in [13]. Independently, an infinitesimal version of Theorem 7.3 has
been announced in [48] and proved in [51].

Theorem 7.3. Let ¢ be a local (generalized) contact transformation between two Goursat structures D and D,
defined locally at p and p, respectively. Let x and & be local coordinates that transform D and D into their
Kumpera-Ruiz normal forms k™ and R™, respectively, and let ép(p) = wo - - - wn—_4 be the singularity type of D
at p, which equals d5(p) since D at p and D at p are locally equivalent. The constants ¢; and ¢; that appear
in K" and K", respectively, and the contact transformation ® associated to ¢ and to the coordinates x and T

fulfill the following relations:
(i) the diffeomorphism ®B) is a first order contact transformation and the functions vs, 13, us, and A3 are

uniquely determined by ®G);
(ii) the diffeomorphism ®% is uniquely defined by

() = L0
13 + TaAs
Ha = p13 + T4A3

vs = Lypa®y = (panz — Asvz)/(v3 + 2ans)?
Ty = LK,‘QL(D47

(iii) ifi > 5 and w4 # a1 then ®9) is uniquely defined by

. _CVVi—l(O) n 7;—1(0)

“ T T i (0)
D, (z) = L ((x; + ci)Vic1 +1im1) — &
Hi—1
Hi = Hi-1
Vi =L ®i=vio1/pia
M = Ly 4

(iv) ifi>5 and wi_4 = ay then ®@ is uniquely defined by
L Jbi—1
Vi—1+ XiNi—1
Mi = Vi—1 +Tini—1
vi = L @i = (pi—avi—1)/(vi-1 + zimi—1)?
ni = Lﬁag(bz

(Dz(.l?) =

Therefore, the (generalized) contact transformation ® is uniquely determined by the first order contact
transformation ®G).

This theorem says that any (generalized) contact transformation between two Goursat structures is uniquely
defined by a first order contact transformation ®), and by the singularity type and constants of the chosen
Kumpera-Ruiz normal forms. In fact, the component ®, of ®®) is a linear fractional transformation (M&bius
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transformation) whose coefficients are uniquely determined by the components of ®®) (compare [7]). For i > 5,
successively, the component ®; of ®(*) is either, in the case of a singular prolongation, a zero preserving linear
fractional transformation with z; = 0 being fixed by the fact that ®® preserves the hypersurface {z; = 0}
or, in the case of a regular prolongation, by an affine transformation. In both cases, the coefficients of the
linear fractional transformation or of the affine transformation are uniquely determined by ®(~1) and by the
singularity type and constants of the chosen Kumpera-Ruiz normal forms.

Proof of Theorem 7.3. If n = 3 then there is nothing to prove. If n = 4 then the result is well known (see
e.g. [7]). Therefore, we can proceed by induction on the integer n > 5. Assume that the theorem is true for
n — 1. By Proposition 7.2, we have

<I>£"_1)(/<7f_1) _ (Vn—l ° \I/(n—l))/%?—l

(I)S«n_l)(’%g_l) = (nn—l © \I/(n_l))/%?_l + (Mn—l © \I/(n_l))’%g_l'

In other words, the restriction of ® to z(U) N R"~!, equipped with coordinates x1,...,x,_1, is a contact
transformation between £~ ! and #"~!. Since the theorem is assumed to be true for n — 1, each component ®;,
for 1 < ¢ < n — 1, satisfies the relations given by the theorem, as do, for 3 < i < n — 1, the smooth functions
Vi, Wi, Ai, and 1;, given by Proposition 7.2. What remains to check is that ®,,, v,, u,, and 7, satisfy our
conditions.

Recall that for any diffeomorphism &™) = (<I>("_1), ®,)" of R”, such that &1 depends on the first n — 1
coordinates x1, ... ,x,_; only, and for any vector field f = af" ! + f, on R", where « is a smooth function
on R", the vector field f»~! is the lift of a vector field on R*~!, and the only non-zero component of f,, is the
last one, we have:

n n n— m— n a
(1) = (a0 W)@ (1) + ((LyB) 0 W) (36)

Observe that the vector field <I>£"_1)( 1) is lifted (see Notation 2.1) along the coordinate Z,,, which is given
by ®,,.

Regular case: If wy,_4 # ay then we have K = (z, + cn)/ﬂl_1 + /-;3—1. This relation, together with (36) and the
induction hypothesis leads to:

(I)Sﬂn)('%g) = ((xn + Cn) o \I/(n)) (I)S‘n_l)(’%?_l) + (I)S«n_l)(’%g_l) + ((ng (I)n) o \I/(n)) '%7{
= ((@a+ eyt + ) W) R (g 0 WOV ) RET 4 ((Lig @) 0 W) A

= (Mn—l o \I/(n)) ((w o \I/(")) /%7{—1 + /%72;—1) + ((ngq)n) o \I/(")) /%7{.

Hn—1

By Proposition 7.2, we know that there exist two smooth functions p, and 7, (with u, # 0) such that

B8 = (o W) &+ (0 00 .

Comparing the last two relations and taking into account that i} = % while /%7{_1, /%3—1, and k4 have zeros as
components multiplying % we see that 1, = Lxy ®,. From the inductive definition of Kumpera-Ruiz normal

forms (regular prolongation) given in Section 2, we have

~n =, ~ \mn—1 ~n—1
Ry = (Tpn + Cu)RY ™ + RS .
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We can now conclude that p,, = p,—1 and that

1

P, (z) =
n( ) Hn—1

((xn + Cn)Vn—l + 77n—1) — Cn,

where

Vn—l(o) 77n—1(0) .
Mn—l(o) * Mn—l(o)

Cn = Cn
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Now consider 7. Relation (36) gives @gl)(/ﬂf) = ((Lﬁ?ﬁbn) o \I/(")) kY, which implies v, = Len®,. This

obviously gives v, = v;_1/pi—1.

n—1

Singular case: If w,_4 = a1 then we have k% = & + xRt L Together with relation (36) and with the
g 2 1 2

induction hypothesis, this relation leads to:

017 (k5) = @V ()T + (2 0 W) (k57
+ ((ng )0 \I/(n)) Ry

= ((Vn—l + xnnn—l) o \I/(n)) /%?_1 + (337LM7L—1 o \I/(n)) /%3_1

° W(n)) Rg—l)

+ ((L,gg ®,) o0 \1/<">) R0

= (s + zaa) 0 ) (;4;—1 i (L

Un—1+ TnMn-1

+ ((Lmé” ®,)o0 \I/(n)) K.

By Proposition 7.2, we know that there exist two functions u, and 7, such that

(I)S«n) (Hg) = (77n S \I/(n)) "%7{ + (Mn S \I/(n)) '%g

The same argument as in the regular case implies 7, = Ly ®n, fin = Vn—1 + Tpin—1, and

Ly —1

P, (r) = —m"———-
n( ) Un—1+ Tphn-1

Moreover, like in the regular case, the relation
D (f) = (L @) 0 U &

impheS Vp = Lnf’ P, = (/M—ll/i—l)/(l/i—l + 331'771'_1)2.

7.2. Are Goursat structures locally determined by their abnormal curves?

In this section we will be interested, in the case of Goursat structures, in the following question asked by

Jakubczyk: “are nonholonomic distributions determined by their abnormal curves?”.

Several results have

been obtained giving a positive answer to this question: for stable degenerations of Engel structures by
Zhitomirskii [75], for singular contact structures by Jakubczyk and Zhitomirskii [28], for generic distributions
of corank at least equal to three, at typical points, by Montgomery [45]. Recently, Jakubczyk [26] has proved
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that the answer is positive if we consider abnormal curves of the complexified problem, for all distributions with
the exception of a small subclass. We will show in this section that this subclass contains Goursat structures.

To start with, let us be more precise on what we mean by the statement that distributions are determined
by their abnormal curves. We will follow the definitions given in [45]. Distributions that belong to a class
Q of distributions are strongly determined by their abnormal curves if, for any pair of distributions D and
D that belong to Q, any local diffeomorphism that transforms each abnormal curve of D into an abnormal
curve of D, and the other way around, transforms also D into D. It is clear that Goursat structures are not
strongly determined by their abnormal curves because they have very few abnormal curves. For example,
contact structures do not have any non-trivial abnormal curve.

A weaker property can be defined as follows. Distributions that belong to a class Q of distributions are
weakly determined by their abnormal curves if, for any pair of distributions D and D that belong to Q, the
existence of a local diffeomorphism that transforms each abnormal curve of D into an abnormal curve of D, and
the other way around, implies the local equivalence of D and D.

Proposition 7.4. Goursat structures on m-manifolds are not weakly determined by their abnormal curves if
n > 6.

Proof of Proposition 7.4. Consider the two following Kumpera-Ruiz normal forms defined on R® by

0 0 0 0 0 0
a0 Teg - tUs o — +Tay— + T3+ o —
8335 8335 X4

0. 8333 8332 8331
and
8335 %6 8335 8334 o | T 8333 3 8332 8331 '

On the one hand, by Theorem 6.2, the distributions spanned by these two Kumpera-Ruiz normal forms have
the same abnormal curves, locally at zero. Indeed, for each of them, the submanifolds S](-J ), for j = 0 and 1,
are empty in a small enough neighborhood of zero (see Prop. 4.4); and thus their abnormal curves are given, in

both cases, by A®) = ¢y = ( o ), in a small enough neighborhood of zero. But on the other hand, it has been

Bz
shown by Kumpera and Ruiz [32] that these two distributions are not locally equivalent at zero. Indeed, the
first one has singularity type agagag at zero while the second one has singularity type agaiag at zero. Analogous
examples can be constructed for any n > 6. O

Our study of relations between abnormal curves and their singularity type shows that the geometry of a
Goursat structure is reflected by abnormal curves of all elements of the derived flag. It is thus natural to
introduce the following definition. Distributions that belong to a class Q of distributions are weakly determined
by abnormal curves of their derived flags if, for any pair of distributions D and D that belong to Q, the existence
of a local diffeomorphism that transforms each abnormal curve of D) into an abnormal curve of D@ and the
other way around, for each 7 > 0, implies the local equivalence of D and D. It is a direct consequence of
Theorem 6.2 and of the classification obtained in [12,19], and [32], that Goursat structures on R™, for 3 <n < 8
are determined by abnormal curves of their derived flags. It is surprising that in higher dimensions it is not
the case. Indeed, we have the following result which is a direct consequence of Theorem 6.2 and the theorem
announced in [13].

Proposition 7.5. Goursat structures on n-manifolds are not weakly determined by abnormal curves of their
derived flags if n > 9.

It has already been announced in [13] that the growth vector is not a complete invariant for Goursat structures
on R”, for n > 9 (which, together with Th. 6.2, implies the above result). We will give in this section our
proof of this latter fact. An alternative proof, together with a complete classification, can be found in [50].
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It is important to stress that the method used in [50] and the method that we will present in this section are
different. It seems that both methods apply, in general, to different cases of non-equivalence.

Our aim now is to prove Proposition 7.5. This will be done by giving an example (Prop. 7.6) of two Goursat
structures D and D that are locally non-equivalent but that have the same singularity type (which, by Th. 6.2,
implies the existence of a diffeomorphism between the abnormal curves of D) and those of D™, for i > 0). Then,
this example will be improved (Prop. 7.7) by constructing, instead of a pair of distributions, a continuous family
(parametrized by a real number) of locally non-equivalent Goursat structures that have the same singularity
type, and thus diffeomorphic collections of abnormal curves for all elements of their derived flags.

Consider two Kumpera-Ruiz normal forms (s}, k5) and (R}, k%), defined on R™, centered at zero, and given,
respectively, in coordinates z = (z1,...,2,) and & = (Z1,...,Z,). Assume that they have been obtained from
(ki, k%) and (K%, &%), respectively, by a sequence of regular prolongations, for i > 3. Suppose, moreover, that the
Goursat structures spanned by (k7, k%) and (&}, kY) are locally equivalent and let & = ®(x) be a (generalized)
contact transformation, of order n — 2, that establishes this equivalence. We have z; = ®;(z), for 1 < j < n.
We are going to prove that the components ®;, for i +1 < j < n, can be obtained by a sequence of derivations
(with respect to a well chosen vector field) from the component ®;. To start with, apply Theorem 7.3 to the
component ®;,1. We have

1 _
Dy = M_ ((®ig1 + Cig1)Vi +14) — it

(3

In follows also from Theorem 7.3 (regular case) that this expression can be written in the following form:

(3

1 ~
PQit1 = " ((3«“1’+1 + ¢it1)Lei @i + Ly (I)i) — Cit1

1 ~
= ;L(x,‘,+1+c,ﬂ,+1),q+,€g b, — ¢
7
= LL i1 ®; — 51'4_1.
)
Hi
But since ®; is a function of x4, ..., z; only, the latter expression can be rewritten as

(Di—i-l = LL n,(bi — Ei—i—l-
i 2

Theorem 7.3 implies, moreover, that u; = y;, for 2 +1 < j < n. Thus, the previous argument can be repeated
to obtain, for 1 < k < n — 4, the following relations:

k» ~
Diyy = Liﬁnq)i — Citk,
pi 2

which imply that

Civh = (L’fL ,ﬂ%) (0)
i 2
because the coordinates are centered. Therefore, in the case of a sequence of regular prolongations, the constants
Cit+k can be obtained by computing the successive derivatives Lﬁ Sy ®; of the component ®; (that defines the
coordinate Z;) and by taking their values at zero.
The following definition is natural and will simplify the proofs of next results given in this section. Let ~
be a smooth function defined on R™ and let g be a smooth vector field, also defined on R™. The degree of the
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function v, with respect to the vector field g, is the smallest integer k (maybe infinite) such that L’; (7)(0) #0.
Note that if the degree of v, is 47 and the degree of 5 is i3 then the degree of 1y is obviously 1 + 5.

Proposition 7.6. Consider the two following Kumpera-Ruiz normal forms defined on R by
9 0
1

R = 7
8339

9()(+)a+(+1)a+ 0 , 0, P R

k5(co) = (Tg + cg) = + (x —trr—+—+ws | v5s—+Ta— F+ 37—+ —

219 O e 8 Oxr 783:5 Oxs 6\ " 0r, 4 Ors 0ry " O0r, )’

where cg = 0 or 1. They are locally non-equivalent at zero, although both of them have the same singularity type
apapa1a2a9aqy at zero.

Proof of Proposition 7.6. Denote by x° the Kumpera-Ruiz normal form given by (x?, x5(0)), in (z1,...,x9)-
coordinates, and denote by &” the Kumpera-Ruiz normal form given by (k{, k3(é9)), in (Z1, ... , ¥g)-coordinates.
We are going to show that if a (generalized) contact transformation & = ®(z) converts the Goursat structure
generated by x” into the one generated by %° then we must have & = 0.

Denote by &*,...,x" and by &%,...,&° the elements of the two sequences of Kumpera-Ruiz normal forms
used to construct, via prolongations, the normal forms x° and &%, respectively. Since k% = Ro(k?) we have, by
the regular case of Theorem 7.3, the following relations:

vy
ps =ps and vy = —-
M4
Hence ju5 and vs are functions of @1, ..., x4 only. Denote p = g, v = vy, and 1 = n5. Since kK% = S(k%) we

have, by the singular case of Theorem 7.3, the following relations:

Te b
(I)ﬁ(x) =7, .-
m + xgm
v
He = — + 1]
o

Denote a = 1/ug and g = akj. Since both % and &° are obtained by a sequence of regular prolongations

from % and &%, respectively, it follows from the discussion given at the beginning of this section that the new
constant ¢g can be calculated by computing the successive derivatives of ®g, in the direction of the vector field
g9 = (1/pe)r3. Namely

o = (Li®g) (0).

Instead of computing the successive derivatives of ®g directly, take the Taylor series expansion of ®5. The
terms of this expansion that contain coordinate functions of degree d > 4, with respect to g, can obviously be
discarded. To this aim, we will start by computing the degree, with respect to g, of the functions x1, ..., xg,
that is of the variables on which ®4 depends.

For xg, we have:

Loz = axy
szﬁ =a*(vs + 1) + (Lya) zr
szﬁ =a’rg + 3a (Lya) (zs + 1) + (Lza) 7.
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Since (L2xg) (0) = *(0) = (11(0)/v(0))* # 0, the degree of zg is 2. We have L,z = a. Therefore the degree
of x5 is 1. We have Loxy = axers. Thus the degree of x4 is 4. Analogously, the degree of z3 is 7, the degree
of x5 is 10, and the degree of z is 3.

Now observe that ®g(x) = zgp(x1,...,26), for a suitable function ¢. This implies that each term of the
Taylor series expansion of ¥ is of the form xﬁx’fl - -xlﬁ%, for some integers ki, ..., kg. Since ¢g = (L§<D5) (0),
we consider only terms of degree d < 3 with respect to g. Therefore we have:

(I)ﬁ(x) = Axg + Bxgrs,

up to terms of degree d > 4 with respect to g. Recall that neither u nor v depend on the variables x5 and xg.
Hence

8<I>5 _ v
8336 1% 2
(; + xﬁn)
82(1)6 - _23367%5

Ox501¢ (ﬁ N 33577)3 .

Thus A = p(0) and B = 0. This implies that ®g(z) = p(0)zs, up to terms of degree d > 4. Since we have
already computed the successive derivatives of xg, it is easy to obtain that:

(qu)ﬁ) (0) =0

(L5 @) (0) = p(0)0*(0)

(L30) (0) = 3u(0)a(0) (Lya) (0).

But (Lgya) (0) = 0. Hence, since ¢ = (L3®s) (0), we have ég = 0. O

Proposition 7.7. Consider the following family of Kumpera-Ruiz normal forms defined on R by

0
1
= 011
0 0 0 0
11 _ v 9 v
kg (c11) = (211 + 611)83310 + (z10+1) Big +(zg+1) Os + xg .

+ 0 + 0 + 0 + 0 + 0 + 0
Tr—+ —+as | Ts— + 24—+ 23—+ —

78.135 8335 6 58.134 48.133 38.132 8331
where c11 s an arbitrary real constant. Two Kumpera-Ruiz normal forms that belong to this family are locally
equivalent at zero if and only if they have the same constant c11, although all of them have the same singularity
type apapaiazasagagago at zero.

Proof of Proposition 7.7. Denote by x!! the Kumpera-Ruiz normal form given by (k1!, k31(c11)), in coordi-
nates (z1,...,211), and denote by #'! the Kumpera-Ruiz normal form given by (ki!, k3(¢11)), in coordinates
(Z1,...,Z11). We are going to show that if a (generalized) contact transformation & = ®(z) converts the
Goursat structure generated by ~'! into the one generated by #'' then we must have &1 = ¢;1.

Denote by &%,...,x'"" and by &%,...,%&!! the elements of the two sequences of Kumpera-Ruiz normal forms

used to construct, via prolongations, the normal forms k! and #!!, respectively. Since x° = Ro(k*) we have,
by the regular case of Theorem 7.3, the following relations:
V4

ps =ps and vy =—-
M4
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Hence ps and vs are functions of zy,..., x4 only. Denote u = 4, v = vy, and 1 = 3. Since x® = S(k°) we
have, by the singular case of Theorem 7.3, the following relations:

Te b
Pg(x) = ——
() &t aen
14
Me = — + Ten).
I

Denote o = 1/pug and g = akil. Since both x'! and &' are obtained by a sequence of regular prolongations
from % and &%, respectively, it follows from the discussion given at the beginning of this section that the new
constant ¢11 can be obtained by computing the successive derivatives of ®g, in the direction of the vector field g.
Namely

&1 = (L5®g) (0).

Let us consider the Taylor series expansion of ®g. Again, the terms of this expansion that contain coordinate
functions of degree d > 6, with respect to g, will be discarded. The successive derivatives of xg are given by:

Lyze = axy

szﬁ =a’zg + (Lga)zr

L3x5 =a’(zg+1)+ 3a(Lyo)zs + (Lza)aw

w10+ 1) + 60> (Lga)(wg + 1) + (3(Lya)* + 4oz(L£27a)) xg + (Lza)aw

Lizg = a’(z11 + c11) + 100° (Lga) (z10 + 1) + (15a(Lga)® + 100 (Lia)) (wg + 1)

+ (10(Lga)( L2 )+ 50z(L30z)) s + (Lf]a)aw.

Lxﬁ—a

Since (L3xg) (0) = a3(0) = (11(0)/1(0))* # 0, the degree of z is 3. The degree of x5 is 1, the degree of 4 is 5,
the degree of x3 is 9, the degree of x5 is 13, and the degree of x; is 4 (all degrees are with respect to g).

Now observe that ®g(z) = xep(z1,. .. ,zs), for a suitable function . The Taylor series expansion of g, up
to terms of degree d < 5 with respect to g, is given by:

®g(x) = Axg + Brers + C’xﬁxg.

Recall that neither p nor v depend on the variable x5. Therefore

9%,
8—3:5(0) = 1(0)
0?Dg D3P
83358.135 0)= 823358335 (0) =0

Hence A = 1(0) and both B and C are equal to 0. This implies that ®g(z) = p(0)xs, up to terms of degree
d > 6. Since we have already computed the successive derivatives of xg, it is easy to obtain that:

(Lg®s) (0) =0

(L3%6) (0) =0

(L3Bs) (0) = u(0)a*(0)
(Ly®s) (0) = u(0)a*(0)
(Ly®6) (0) = p(0)a”(0)e1s
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Since ® transforms x'' into #'', we must have both é = 1 and & = 1. But & = (L <I>5) (0) and é9 =
(Li®6) (0). Therefore, p*(0)/v3(0) = 1 and x(0)/v*(0) = 1. This obviously implies x(0) = v(0) = 1. Hence,
since é11 = ¢1115(0)/v°(0), we have ¢11 = c11. O

APPENDIX A. PROOF OF KUMPERA-RUIZ THEOREM

Our proof of Theorem 2.3 will be based on the following classical result, which was originally formulated in
the dual language of Pfaffian systems ([72], Th. V) (see also [11,22,32], and Appendix C).

Proposition A.1 (von Weber). Let D be a Goursat structure on a manifold M of dimension n > 4. In a small
enough neighborhood of any point p in M, the distribution D is equivalent to a distribution spanned on R™ by
a pair of vector fields that has the following form:

9 n—1 n—1
(@ﬁgn . ) ) (37)

where (1 and 37 are the lifts of a pair of vector fields that span a Goursat structure on R™' and the
coordinates yi, . .. ,Yn are centered at p.

Proof of Proposition A.1. Tt is well known (see e.g. [7,67], and [77]) that any Goursat structure D on a manifold
of dimension n > 4 admits a canonical line field £ C D uniquely defined by [£,DM)] c DM, Observe that in

the preliminary normal form (37) of Proposition A.1 this line field is given by £ = (%)
It is clear that, applying around p the flow-box theorem to a vector field that spans £, we can chose local
coordinates (z1, ... ,2,), centered at p, such that D is locally equivalent to a distribution spanned on R™ by a

pair of vector fields that has the following form:

o n—1 o o
(ai;%'(Z)a—zﬁa—zl) ’

1=

where £ = (%). Since dim D™ (p) = 3 there exists an integer 7 such that 8‘” (p) # 0. We can assume that

i =n —1 and, moreover, that a,—1(0) = 0. Otherwise, replace the coordlnate Zn—1 by zn—1 — z10,—1(0). Now,
if we define y, = ap—1(2) and y; = z;, for 1 < i < n — 1, we get that D is locally equivalent to a distribution
spanned on R™ by a pair of vector fields that has the following form:

B B 2 a B
) n + 1
<ay y n 1 122 6 8y1 )

But the inclusion [£, DM] ¢ DM clearly implies 8;;% =0for 2 <i<n-—2 Thatis 3;(y) = ai(¥,,_1)yn +
bi(Yy_1), where §,,_1 = (y1,...,Yn—1). Define

) n—2 ) n—2 )
n—1 — n 2 _
= + E a;(y,_1)=— and E bi( —|— —
1 8yn—1 P 1(yn 1) 8yz 2 yn 1 8y1

We conclude that D is equivalent to ( 5 Y (4 1) where both ¢~ and ¢5 ! are lifts (see Notation 2.1)

of vector fields defined on R, Put F = (%, ¢2 ). Clearly dimDU+Y) = dim F® 41, for 0 <i < n — 3.
It follows that the distribution f isa Goursat structure on R*~ 1 . O
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Proof of Theorem 2.3. On three-manifolds, Theorem 2.3 is obviously true. Indeed, it is the solution of the Pfaff
problem (see [15] and [18]; see also [6] for a modern approach). We will proceed by induction on n > 4, showing
that if any Goursat structure on an (n — 1)-manifold can be converted locally into a Kumpera-Ruiz normal form
then the same is true for any Goursat structure on a manifold of dimension n.

Let D be a Goursat structure on a manifold M of dimension n > 4 and let p be an arbitrary point in M.
It follows from Proposition A.1 that D is equivalent, in a small enough neighborhood of p, to a distribution
spanned on R™ by a pair of vector fields (¢]*, ¢}) that has the following form:

0
OYn
G =yall G

n

1=

In the rest of the proof we will assume that D = (¢}, (¥). Note that the y-coordinates are centered at zero.
Our aim is to build a local change of coordinates

(.1?1,. .. 7x7l) = (bn(ylw .. 7yn)7

a Kumpera-Ruiz normal form (k7, k%) on R™, and three smooth functions p,, v,, and 1, such that

X () = (v o Y™Ky
¢7J(C§L) = (77n o ™)Ky + (Mn o™ )Ky, (38)

where 9" = (¢")~! denotes the inverse of the local diffeomorphism ¢ and both u,(0) # 0 and v,(0) # 0.
Moreover, we will impose the z-coordinates to be centered at zero. That is ¢™(0) = 0. Observe that the
triangular form in (38) appears because both (J* and &} span the canonical line fields of the distributions
spanned by (7', (%) and (¥, k%), respectively.

By Proposition A.1, the distribution spanned by ((}", (%) is defined by the lifts of a pair of vector fields

(¢~ ¢~ Y that span a Goursat structure on R™~'. Since the theorem is assumed to be true on R"~*

the distribution spanned by ("%, ¢3! is locally equivalent to a Kumpera-Ruiz normal form (x]%, k™)
defined on R"~! and centered at zero. It follows that there exists a local diffeomorphism (z1,...,2, 1) =
¢ L(y1,...,yn—1) and four smooth functions v,_1, An—1, Jn—1, and i, 1 such that:

Z:_l( ?_1) _ (Vn—l o wn—l)/{?—l + ()\n—l Own—l)/{g—l

Z:_l( S—l) _ (77n—1 o wn—l)/{?—l + (Mn—l o wn—l)/{g—l’ (39)

where "1 = (¢"~1)~! denotes the inverse of the local diffeomorphism ¢" = and (v, —1ftn—1—An—11n—1)(0) # 0.

Let ¢" = (¢" 1, )T be a diffeomorphism of R™ such that ¢"~! depends on the first n — 1 coordinates only.
Moreover, let f be a vector field on R™ of the form f = af"~! + f,,, where « is a smooth function on R", the
vector field f*~! is the lift of a vector field on R"~! (see Notation 2.1), and the only non-zero component of f;,
is the last one. A direct computation shows that:

0

$L(f) = (aoy™di (") + ((Lydn) 0¥™) Fr (40)

Note that the vector field ¢7~1(f"~1) is lifted along the z,-coordinate, which is defined by ¢,,.
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Regular case: If p,—1(0) # 0 then we can complete ¢" ! to a zero-preserving local diffeomorphism of R by
taking ¢" = (¢" 1, )T, where

Vp—1Yn + Mn—-1 nn 1(0)
A—1Yn + fn—1 pn-1(0)

On (y) =

In this case, we define ¢, = (9,—1/pn—1)(0) and
Vn = LC{"(bm n = LC;"(bm and  fin = Ap_1Yn + fn—1.

Observe that v,,(0) = L¢rdn(0) = (Vn—1ftn—1 — An—11n-1)(0) # 0 and that 11,,(0) = ptn,—1(0) # 0. Thus the
right hand side of (38) defines a locally invertible transformation. Moreover, the Kumpera-Ruiz normal form
(K}, k5) is defined to be the regular prolongation, with parameter ¢, of (k7% k5 ~1).

Let us check that, in this case, relation (38) holds. Together, relations (39) and (40) give:

0
6(C2) = (gm0 ") ?—1>+¢z—1< 1) + ((Leg ) 007) o
:((Vn—lyn“‘nn—l) W‘) (()‘n 1Yn + fin—1) © ) (%OW‘)H?
= (=19 + 1) 0 ") ((; L o )/-c" gy 1) + (0 ¥R}

= (ttn 0 Y") ((Tn + cn) K17+ K57Y) + (1 0 ™)K]
= (Nn o V" )KY + (pn 0 Y™ ) Ky

Moreover, we have

PL((T) = ((LCW ¢n) o P" ) % = (vp 0 p™)KIT3.

n

It follows that, in the regular case, relation (38) holds.

Singular case: If p,_1(0) = 0 then we can complete "1 to a zero-preserving local diffeomorphism of R™ by
taking ¢" = (¢" 1, )T, where

_ An—1Yn + Hn-1
%(y) B Vn—1Yn + Mn—1
Observe that p,—1(0) = 0 implies ¢, (0) = 0. Additionally, since p,—1(0) =0 and (Vp—1ftn—1 — An—17n—1)(0)
# 0, we have A,—1(0) # 0 and 7,,—1(0) # 0. In this case, we define

Vn =Lepdn, 1t =Lepdn, and  pn = vn_1yn + n-1.

Observe that v,(0) = L¢r¢n(0) = (An—1Mn—1 — Vn—1ptn—1)(0) # 0 and that 1, (0) = 7,-1(0) # 0. Thus the
right hand side of (38) defines a locally invertible transformation. Moreover, the Kumpera-Ruiz normal form
(k7, k%) is defined to be the singular prolongation of (k7 !, k3 ~1).
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Let us check that, again, relation (38) holds. Together, relations (39) and (40) give:

0
Yn Own)(bn 1( n— 1) _‘_(bn 1( n— 1) + ((LC;(bn) Own) %

n

(Vn 1Yn + Nn— 1) wn) 1 1 (()\n—lyn"‘ﬂn—l) wn) nd (77n wn) T

() =
—(
— (@i ) o) (17 (S oy ) 1) (g, 07
—(
—(

Vn—1Yn + Mn—-1
fn © wn) ( n—1 + Tk 72z 1) (77n o wn)/{?
Nn 0 P )RY + (pn 0 ™)Ky

Like in the previous case, we have

2(¢) = (Lepdn) o w")gn (v 0 ")RT T2,

It follows that relation (38) holds in both cases. O

APPENDIX B. PROOF OF THEOREM 6.2 (ABNORMAL CURVES)

We proceed now to the proof of Theorem 6.2, which states that an integral curve of D@ is locally abnormal
if and only if it is an integral curve of A®). The proof will be based on the three following lemmas.

Lemma B.1. Consider a Goursat structure D defined on a manifold of dimension n, and fix an integer i such
that 0 < i < n—4. An integral curve of D@ that has an empty intersection with the singular locus K; is locally
abnormal if and only if it is an integral curve of C;, and thus of A®.

Proof of Lemma B.1. Let v : I — M be an integral curve of D®) that does not intersect the singular locus K.
Since we are outside K; it is easy to show, using a direct generalization of Goursat’s normal form (see [32]
and [43]), given by Theorem C.4, that for any fixed to in I we can find a local coordinate chart z : U — R"
centered at y(tg) and such that:

D@ — i 9 ) 9 4+t L—l— 9
B oz’ 3$i+1 i 3$i+2 xn_Qa Ln—1 Oy,

Recall that I.(t) = I N[to — €,tp + €]. Chose a small enough ¢ > 0 such that the restriction of v to I.(to) is
completely contained in the open set U. Then, the curve x oy : I.(tg) — R™, which will be denoted shortly
by z(-), is almost everywhere a solution of the following control system

3.31 = U

i“i = Uy
Tit1 = Uit
Tit2 = Ti41Ui+2
Tp_1 = Tn—2Ui42

i“n = Ui42. (41)
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Since the coordinate chart is centered at 7(tp), we have x(tp) = 0. The Hamiltonian of this system is given by

i+1 n—1
H(z,p,u) =Y pruk+ Y Prh—1tits + Polliyo.
k=1 k=i+2

Therefore, the curve z(-) is abnormal if and only if there exists a non-trivial lift (z(-), p(-)) that satisfies, almost
everywhere, the following differential equation

pr = 0
pi = 0
Ditl = —Pit2Uit2
Dn—2 = —Pn—-1Ui+2
pn—l = 0
pn = 0 (42)
and, moreover, is such that pp, = 0, for 1 < k < i+ 1, and p, = —Zz;il+2pk$k—1- The latter condition is a

consequence of %—’Z =0.

Necessity. Assume that z(-) is not an integral curve of C;. We will prove that z(:) is not abnormal. In

1o} 1o}

the coordinates of (41) we have C; = (8—361, . ’W)' Since x(-) is not an integral curve of C;, there ex-

ists a measurable subset Iy C I.(tp) such that the Lebesgue measure of Iy is not zero and u;42(t) # 0 for
each t in Iy. If z(-) is abnormal then p(-) is such that p;11(t) = 0 for each t in I.(¢g). Therefore, we have
Pi+1 = 0 almost everywhere on Iy. Indeed, note that if an absolutely continuous function f on Iy is such that
f(t) = 0 for almost all ¢ in Iy then f'(t) = 0 for almost all ¢ in Iy. But p;11 = —pit2uit2 and u;4o # 0 imply
Pi+2 = 0 almost everywhere on Iy, which gives p;12 = 0 almost everywhere on Iy. We can repeat the previous
argument to obtain pr = 0, for 1 < k < n — 1, almost everywhere on Iy. Since p, = —Zz;ilwpkxk_l, we have
also p, = 0 almost everywhere on Iy. This gives pr = 0, almost everywhere on Iy, for 1 < k < n, which is
impossible since p must be non-trivial.

Sufficiency. Now, assume that x(-) is an integral curve of C;. In order to prove that z(-) is abnormal, we will
consider the lift defined by pr = 0 for 1 < k < n, with the exception of p,_1, for which any non-zero real
constant can be taken. Since z(-) is an integral curve of C; we must have u;2(t) = 0 almost everywhere on
I-(to), which implies that p(-) satisfies (42). Moreover, since z(tyg) = 0, we have x(t) = x(to) = 0, for each ¢ in
I.(tp) and for i + 2 < k < n. Thus p,, which was taken to be zero, satisfies p,, = —Zz;ilwpkxk_l (recall that
pite = 0). In other words p(-) satisfies %—’Z = 0. Finally, since p,—1 # 0, our lift is non-trivial, which implies
that z(-) is abnormal. O

Lemma B.2. Consider a Goursat structure D defined on a manifold of dimension n and fix an integer i such
that 0 < i < mn —5. Let z(-) be the restriction of an integral curve of D@ to the interval I.(to), where € > 0.
If a fived measurable subset Iy C R is such that for each t in I N I.(ty) we have @(t) ¢ AW (x(t)) then, for a
small enough € > 0, we have x(t) ¢ K; for almost all t in Iy N I:(to).

Proof of Lemma B.2. Let z : I.(tg) — R™ be the restriction to the interval I.(to), where € > 0, of an integral
curve of D). Firstly, if z(tg) ¢ K; then there exists a small enough e such that z(-) does not intersect K;
and thus, in this case, the lemma is trivially true. Secondly, if the Lebesgue measure of Iy is 0 then the lemma
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is also trivially true. Finally, if the closure of Iy does not contain ¢y then for a small enough € the Lebesgue
measure of Iy N I (tp) will be 0 and thus the lemma will be, once more, trivially true. Hence, from now on, we
will only consider curves such that z(tg) belongs to K;, the Lebesgue measure of Iy is not 0, and the closure of
Iy contains tg. Moreover, once a small enough € > 0 has been fixed, we will denote also by Iy the intersection
Iy N 1. (tp). That is, we will assume that Iy C I.(tp).

For any such integral curve z(-) of D) it is easy to prove, using a direct generalization of Kumpera-Ruiz’s
normal form, given by Theorem C.5 (with a double indexation of coordinates, like in Cor. 2.4), that there exist
coordinates on R™ in which z(-) is a solution of the following control system:

Ty = (V51
JJg = U2
.L“i = U;

for 1 +2<qg<koifp=0and
P r P <qg<
Tqg = H Lk, ($q_1 + Cg—l)ul-i-Q for 2< g < k?p if1< p<m
0<r<p—1
Pt = H zy, | uige for 0<p<m, (43)
0<r<p—1
where z = (29,29, ..., 2} i, ..., 2, ) and z(tg) = 0 (recall that we assume that z(t) belongs to the
singular locus, which means that m > 1). Moreover, the integers k; that appear in (43) satisfy i+1 < kg < n—4
and k1 > 1,... kp-1 > 1,k > 3, ki1 = 1 and Z;”:'Bl k, = n. Observe that the number m > 1 is the number

of singularities of D) which can be smaller than the number of singularities of D. In these coordinates, the
singular locus is given by

m—1
Kzz{Hﬂ?ZT:O}

r=0
If cg =0, foralli+1 < g < kg—1, then the only integer j such that S](-i) contains zero is j = kg — (i +1). Thus
L; is given (see Prop. 4.4) by

ko—1
Li = Sz(mo—l—)z' = {”3?+1 = 33?+2 == ”320 = 0} ‘

Note that if for some i + 1 < ¢ < kg — 1 we have 02 # 0 then the submanifold L; does not contain zero (it is

locally empty at zero).
For each point p of R™, we have

If ¢ = 0, for i+ 1 < ¢ < ko — 1, then we have

, 0 0 0 0 0
(%) Y - il =
A () (8x(1’""’8x?+1>(p)u(ax?"”’axo’ax%>(p)’
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for each point p in L; and A(i)(p) = C;(p), outside L;. If for some i + 1 < ¢ < kg — 1 we have cg # 0 then, in a
small enough neighborhood U of zero, we have A® (p) = C;(p) for each point p in U.

Recall that the integral curve z : I.(tg) — R™ of D is such that x(tg) = 0. Assume that, at a given ¢ of
I.(to), the velocity & (t) exists and satisfies (43). Then, if ¢ is small enough, we have by the above analysis that
the velocity @(t) belongs to A® (x(t)) if and only if we have u;;2(t) = 0 or the three following conditions hold:
(i) wi1(t) = 0 and (ii) 9(t) = 0, for i +1 < ¢ < ko, and (iii) ¢) = 0, for i +1 < ¢ < ko — 1.

Now, suppose that for each t in Iy C I.(to) the velocity 4(t) exists and is such that i(t) ¢ A® (z(t)). Recall
that we can assume that the Lebesgue measure of I is not 0 and the closure of I contains ty. For each t in I
we have u;42(t) # 0. Additionally: (a) If ¢) = 0 for i +1 < ¢ < ko — 1 then we can represent the subset Iy as
Iy = I; U I (with, in general, a non empty intersection of I; and I), where I; is the set of points where (i) is
not satisfied and Iy is the set of points where (ii) is not satisfied. (b) If there exists an integer i +1 < ¢ < kg —1
such that cg # 0 then Iy = {t € I.(tg) : ui+2(t) # 0}, provided that € is small enough. We are going to show
that, in both cases, we have x(t) ¢ K;, for almost all ¢ in Ij.

Case (a): Subset Ir. For each t in I; we have both u;i2(t) # 0 and w1 (t) # 0. Therefore, we have &, # 0
almost everywhere on I;, which implies that 1 F 9 1 almost everywhere on [;. Indeed, note that if an
absolutely continuous function f on I is such that f’(t) # 0 for almost all ¢ in I then, for any constant ¢, the
measure of the set {t € I : f(t) = ¢} is zero.

Now, using an induction argument we will show, successively, that z? 17 9 15 x? o F 9 250 xgo_l #+
cgo_l, xgo #0, 21 # ¢l x,lﬂ_l #+ c,lﬂ_l, x,lﬂ #0,..., xZ:nf_ll # 0, almost everywhere on I;. Suppose that
this assumption is true up to xg_l. We have two cases: either ¢ < k, or ¢ = k, + 1. If ¢ < k, then
&b = Tlo<pep 1 (@, ) (@h_y +cf_1)uit2. Since xj #0,for 0 <r <p-—1, and #)_; # cj_; and w42 # 0, almost
everywhere on Iy, we have @9(t) # 0 for almost all ¢ in [;. This implies, almost everywhere on Iy, that 2} # cl
if ¢ < kp — 1 or that 2 # 0 if ¢ = k. Otherwise ¢ = kj + 1 and in this case j:f“ = Hogrgp—l(xzr)ui-ﬂ' Since
x, #0,for 0 <r <p-1, and u;42 # 0, almost everywhere on I, we have j:f“(t) # 0 for almost all ¢ in Iy,
which implies 27" # & almost everywhere on I;. This ends the induction argument. In particular, we have
proved that xzr (t) # 0 for almost all ¢ in I, for each 0 < r < m —1. Now, recall that the singular locus is given

by the relation []" 'z} = 0. It thus follows that we have z(t) ¢ K; for almost all ¢ in I1.

Case (a): Subset I. We can represent the subset Ip as o = I3 U--- U I5°, where I{ = {t € I, : x)(t) # 0}
Observe that, in general, the intersection of these subsets will be non empty. Now on each subset I3, of positive
Lebesgue measure, we can follow the same proof as for the subset I, starting the induction argument with xg.
For each one of these subsets the conclusion is the same: we have z(t) ¢ K; for almost all ¢ in I3.

Case (b): We have u;2(t) # 0 for each ¢ in Iy and, moreover, there exists ¢ such that ¢ # 0, where i+1 < ¢ <
ko — 1. Since ¢ # 0, we can take a smaller € > 0, if necessary, in order to have &0, (t) = (z(t) + cJ)uit2 # 0
for each t in Iy. This implies that xg o F 02 11 almost everywhere on Iy. The rest of the proof follows like for
the subset I; and the conclusion is the same: we have z(t) ¢ K; for almost all ¢ in Iy. The only difference being
that the induction argument starts with z, , instead of zJ, . O

Lemma B.3. Consider a Goursat structure D defined on a manifold of dimension n and fix an integer i such
that 0 < i < n —5. An integral curve of A" that intersects the singular locus K; is locally, in a small enough
neighborhood of any point of intersection, an abnormal curve of D).

Proof of Lemma B.3. Let z : I.(tg) — R™ be the restriction to the interval I.(to), where € > 0, of an integral
curve of D) that intersects the singular locus at x(to). It is easy to prove (see Lem. D.2) that, for a small
enough £ > 0, there exist coordinates such that the integral curve z(-) is a solution of the following control
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system:
.1.31 = U
Ty = uy
Tit1 = Uiyl
Tipo = (Tig1 + Cip1)Uit2
Ty = (Tro—1 + Cho—1)Uit2
Thotl = ThoUi+2
i“ko+2 = U;42
Thot3 = ThoTho+2Uit2
Thotd = ThoTho+3Uit2
.i“j = xko(bj (Tk0+3)ui+2 for kg +5 < 7 <n, (44)
where x = (21, %2,...,%n) and Tio4+3 = (Trg+3, Thotd, - - - » Tn). Since z(tg) belongs to K;, we can assume that

x(tp) = 0. Moreover, like in the proof of the previous lemma, we have i +1 < kg < n — 4.
The Hamiltonian of this system is given by

1+1 ko
H(z,p,u) = ijuj + Z Pj(@j—1 + ¢j—1)Uit2 + Phot1ThoUi+2 + Phot2Uit2
j=1 j=i+2

n
+ | ProtaThos2 + Proratiors + Y Db (Tnora) | Trotiivz,
j=ko+5

which implies that any abnormal lift (z(-), p(+)) of z(-) must satisfy

p; =0 forl1 <j<i
Dj = —Dj+1Uit+2 fori+1<j<ky—1
n
Pro = | —Phot1 — Prot3Thot2 — Photathors — Y, Didj(Trors) | tite
j=ko+5
Dko+1 = 0

Pj = —Vj(Trot3, P)ThoUive  for ko +2 < j <n, (45)
where the 1);’s are some functions of Zy,43, Trotd; .- -, Tn a0d Pry13, Pkotd, - - ,Pn, for kg +2 < 7 < n. The

exact form of these functions is irrelevant for our purpose. Any abnormal lift (z(-), p(-)) of z(-) must also satisfy
the relation %—f = 0, which implies p; =0, for 1 <j <i+1, and

k‘o n
Dkot+2 = — Z Pj(@j—1+¢j—1) + — | Prot1 + Pho+3Tko+2 + Pho+4Tko+3 + Z P9 (@rot3) | Tho-
j=i+2 Jj=ko+5

Recall that 2(-) is an integral curve of D). Like in the proof of Lemma B.2, if for a given t the velocity ()
exists and satisfies (44) then we have #(t) € A® (z(t)) if and only if u; 2 (t) = 0 or the three following conditions
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hold: (i) wi+1(t) = 0 and (ii) z;(t) = 0, for i+ 1 < j < ko, and (iii) ¢; =0, for i + 1 < j < kg — 1. Now, assume
that z(-) is an integral curve of A®, that is 2 (t) € A® (z(t)) for almost all ¢ in I.(tp). In order to prove that z(-)
is abnormal we must construct a non-trivial abnormal lift (x(-),p(-)) of (-). Take p; =0, for 1 < j <n, with
the exception of pg,+4, for which we take any non-zero real constant. It is straightforward to check that our lift
satisfies (45). Indeed, the coordinate xy, 3 is constant because we have &y, 3 = Tk, Thorotit2; and u;12(t) =0
or zy,(t) = 0 for almost all ¢. Moreover, since x(0) = 0, we have x,43(t) = 0, for each t in I.(tg). It is also
trivial to check that our lift satisfies %—Iu{ = 0. Since pgy+4 7 0 our lift in non-trivial. It follows that the integral

curve z(-) is abnormal. O

Proof of Theorem 6.2. Let x : I.(tg) — R™ be the restriction to the interval I.(to) of an integral curve of D).
For € > 0 small enough, we can apply both Lemma B.1 and Lemma B.3, which imply that if the curve x(-) is
such that @(t) belongs to A® (z(t)) for almost all ¢ in I.(tp) then z(-) is abnormal. In other words, the integral
curves of A are locally abnormal.

Now assume that, for a fixed interval I.(to), the curve z(-) is abnormal. Define the subset Iy C I.(to) by

Io = {t € L(to) : &(t) exists and #(t) ¢ A(“(x(t)} :

We will show that if € is small enough then the Lebesgue measure of Iy is zero. We can decompose Iy into
Iy = I; U I5, where

Ilz{tEIQI.L“(t)EKi} and IQZ{tEIQIJJ(t)iKi}-

On the one hand, the measure of I; is equal to zero. Indeed, since for each t in Iy we have i(t) ¢ A® (z(t)),
for € small enough Lemma B.2 implies that we have x(t) ¢ K; for almost all ¢ in Iy. But, on the other hand,
the measure of I5 is also equal to zero. To see this, let us write Is as Is = Iy N I3, where

I3 = {t € I.(to) : x(t) & K} -

Since Kj; is closed (see the discussion following the statement of Th. 6.2) and «(-) is continuous, it is clear that
we can decompose I3 into a union of disjoint open intervals Is = |JJ, such that, on each of them, the curve
2(+) has an empty intersection with the singular locus K;. Moreover, since the set I3 is an open subset of R
the union can be taken to be countable. Now Lemma B.1 implies that, for each a, we have @(t) € A® (z(t))
for almost all ¢ in J,, because z(-) is abnormal and we are outside the singular locus. Hence, since the measure
of I is the sum of the measures of the sets Ip N J, (the union is countable) and the measure of each of these
sets is zero, the measure of Iy equals zero. O

APPENDIX C. WEBER’S PROBLEM

Our proof of Kumpera-Ruiz’s theorem was based on the following fact: if a rank two distribution D on a
manifold M of dimension n > 4 satisfies dim D(l)(p) = 3 and dim D(Q)(p) = 4, for each point p in M, then there
exists a canonical line field £ C D that satisfies [£, D] € D). This observation has a natural generalization:
if a rank k£ > 2 distribution D on a manifold M of dimension n > k + 2 satisfies dimD(l)(p) =k+1 and
dim D@ (p) = k + 2, for each point p in M, then there exists (i) a canonical involutive distribution £; ¢ D(©)
that has rank k —1 and is uniquely characterized by [£1, D™] € DM); and (ii) a canonical involutive distribution
Loy € DO that has rank k —2 and is uniquely characterized by [Lo, D(?] € DO (see [76], as well as [32] and [43]
for an approach based on Pfaffian systems; see also [31] and Prop. 4.1).

Though the above observation appears more or less clearly in the work of Cartan (see e.g. [11]; see also [22]),
its origin can be found in the pioneering work of Engel [16], for n = k + 2, and von Weber [72], for n > k + 2
(see also [9]). This observation is closely related to the following result, which is clearly stated in Weber’s
article ([72], Th. V) (using the dual language of Pfaffian systems).
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Theorem C.1 (von Weber). Let D be a rank k > 2 distribution on a manifold M of dimension n=m+k—2
> 4. Assume that dim DM (p) = k + 1 and dimD® (p) = k + 2, for each point p in M. Then, in a small
enough neighborhood of any point p in M, the distribution D is equivalent to a distribution spanned by a family
of vector fields that has the following form:

0 0 0 m—2 5
yee ey ) , L —+ T + 16
<8xm+k—2 DLt 0w " Om_1 Z ©i(Tm-1) P (46)
where the functions p;, for 2 <i < m — 2, depend on the variables x1,...,Tm—1 only.

The following result is a direct consequence of Theorem C.1.

Proposition C.2. Any Goursat structure on a manifold M of dimensionn > 4 is equivalent, in a small enough
neighborhood of any point p in M, to a distribution spanned by a pair of vector fields that has the following
form:

) ) n—3 )
— Ty 47
<8$n »En 8337;—1 + - 1 Lp—2 + Z sz xn 1 + 8331 ’ ( )
where the coordinates x1,...,x, are centered at p and the functions @;, for 2 < i < n — 3, depend on the

variables x1, ... ,T,_1 only.
In the particular case of four-manifolds the last result gives:

Corollary C.3 (Engel’s theorem). Any Goursat structure on a four-manifold M is equivalent, in a small
enough neighborhood of any point p in M, to the distribution spanned by the following pair of vector fields
(Engel’s normal form):

(a 0 0 a)
A Tan —+ T35 —+ o,

8334 ’ 48.133 8332 8331

where the x-coordinates are centered at p.

The following theorem can be considered as a rigorous version of Weber’s result ([72], Th. VI), it is a direct
consequence of the work of Kumpera and Ruiz [32], Martin and Rouchon [43], Murray [53], and Zhitomirskii [76]
(see also [46]).

Theorem C.4 (Weber’s problem). A rank k > 2 distribution D on a manifold M of dimension n=m+k—2
> 4 is equivalent, in a small enough neighborhood of a given point p in M, to the distribution spanned by the
following family of vector fields (Weber’s normal form,)

Tm +--tr3—+

0 0 0 0 0 0
( 923 %) (48)

AR ] ) )
833m—i—k—2 833m—i—1 0rm, O0Tm—1

if and only if dim D;(p) = dim DY (p) = k + i, for 0 < i < m — 2, in a small enough neighborhood of p.

If we have dim D® (p) = k + i, for 0 < i < n — 2, but we do not impose any condition on dimD;(p) then we
still have the following result (see also [46]), which is a direct consequence of Theorem C.1 and Theorem 2.3,
applied to the last two vectors fields of (46).

Theorem C.5 (Kumpera-Ruiz). Let D be a rank k > 2 distribution on a manifold M of dimension n =
m+k — 2 > 4, such that for any point p in M we have dimD(i)(p) =k+1, for 0 < i< m—2. Then, the
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distribution D is equivalent, in a small enough neighborhood of any point p in M, to the distribution spanned by
the following family of vector fields:

9 9 m .m
8 LIRS ] 8 7'%1 7'%2 ]
Lm+k—2 Lm+1

where the pair of vector fields (KT, k5*) denotes a Kumpera-Ruiz normal form on R™.

APPENDIX D. ADDITIONAL NORMAL FORMS

Let £™ = (&, £5") be a pair of vector fields defined on R™ that has the following form:

0 0 o m—3 ~ P 9
(o o 3 i ) ()

A pair of vector fields ™t = (7T ¢y defined on R™H, for I > 0, is called a prolongation of order 1 of ™
if we have ¢+ = g0 - -0 (£™), where each o, for 1 < i <[, equals either S or R,,, for some real constants c;
(recall that the singular and regular prolongations S and R, have been defined in Sect. 2).

The following lemma is a natural generalization of Proposition C.2.

Lemma D.1. Let D be a rank k > 2 distribution on a manifold M of dimensionn =m+ 1+ k —2 > 4, where
I and m are two non-negative integers. Assume that for each point p in M we have dimD(i)(p) =k +1, for
0<1i<I1+2. Then, in a small enough neighborhood of any point p in M, the distribution D is equivalent to a
distribution spanned by a family of vector fields that has the following form:

0 0 m m
( . ) 1+l7 2+l>7 (50)

) M ]
833m—i—l—i—k—2 833m+l+1

where the pair of vector fields (€', €7)

form (49).

is a prolongation of orderl of a pair of vector fields (€%, E5*) of the

The proof of Lemma D.1 is left to the reader. For generic points, the lemma is stated and proved in the
work of Cartan [11] and Goursat [22]. For singular points, the lemma is a direct consequence of the results
obtained by Kumpera and Ruiz [32] and its proof is almost the same as that of Theorem 2.3 but there are
essentially two differences. The first difference is that instead of using Proposition A.1, as it is done in the proof
of Theorem 2.3, one uses Theorem C.1; the second difference is that instead of starting the induction argument,
for [ = 0, with the Pfaff-Darboux normal form, as it is done in the proof of Theorem 2.3, one starts it with
Weber’s preliminary normal form (49).

Let D be a rank k£ > 2 distribution on a manifold M of dimension n = m + k — 2 > 4, such that for any
point p in M we have dim D(i)(p) =k+i, for 0 <i<m—2. Itis easy to check that each distribution D),
for 0 < i < m — 4, contains a unique involutive subdistribution C; ¢ D that has constant corank one in D%
and is characteristic for D(+1). We can generalize the canonical submanifolds S(()i) of Section 4 by the following
definition:

Si) = {p € M:DD(p) = Cira ()},
where 0 < ¢ <m —5. We say that a point p of M is singular if there exists an integer 0 <4 < m — 5 such that
pE S(()z). For a singular point p, we denote by kg the smallest integer 1 < kg < m — 4 such that p € S(()ko_l).

Lemma D.2. Let D be a rank k > 2 distribution on a manifold M of dimensionn =m+ko+k —2 >4, such
that for any point p in M we have dimD(’)(p) =k+1, for 0 <i < kg+2. Assume, moreover, that ko is the
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smallest integer such that D(ko_l)(p) = Ck,(p). Then, in a small enough neighborhood of p, the distribution D
is equivalent to a distribution spanned by a family of vector fields that has the following form:

0 0
( . , ?H-ko’ggz—i-ko) , (51)

) M ]
8xm+ko +k—2 833m—i—kg+1

where the pair of vector fields €mho = (Mo emthoy s o prolongation of order ko of a pair of vector fields
Em = (&, €0) of the form (49). Moreover, we have £k = gy o -0 01 (E™), where o1 = S and each o;, for
2 < j < ko, equals R, for some real constants c;.

The proof of Lemma D.2 follows the same line as that of Proposition 4.4. Though instead of considering a
Kumpera-Ruiz normal form we consider now a family of vector fields of the form (51), the idea is the same.

Firstly, we compute the distributions D and C;, and the submanifolds S(()i). Secondly, we observe that if

) o=1) e must have o1 = S. Thirdly, we

o1 = R., for some real constant ¢, then p ¢ S(()ko_l ; since p € S(()k
observe that if o; = S for some 2 < j < kg then p € S(()ko_j ); since kg is by definition the smallest integer such
that p € S(()ko_l) we must have o; = R,;, for 2 < j < ko.

For Goursat structures, using the singularity type leads to the following stronger result, which states that if
the singularity type is of the form wajasz - - -ak, then the constants that appear in all regular prolongations in

the above lemma equal zero.

Lemma D.3. Let D be a Goursat structure on a manifold M of dimension n > 5 and let p be a point in M.
If the singularity type of D at p is of the form wayas - - - ag,, for some 1 < kg <n — 4, where w is an arbitrary
word of Jn_k,—3, then D is locally equivalent to a distribution spanned by a pair of vector fields that has the
following form:

5128—331

§ — i+...+ 9 + 9
2= 8.132 Tho 8xk0+1

8xk0+2

8 8 n 8
+ Xy | Thor2mg—— F Tho+3 57— + () g | >
0 ( ot2 O0Tko43 0ts 0T ko414 z':;.-w oDz

where the coordinates x4, ... ,x, are centered at p.

The proof of the last lemma follows also the same line as the proof of Proposition 4.4. Again, we leave details
to the reader. The main interest of the last lemma is that it gives directly the proof of Lemma 6.6.

Proof of Lemma 6.6. 1t is straightforward to check that, in the coordinates of Lemma D.3, the canonical
submanifold S,gﬁi;l) is given by

S,(;;O__ll) ={z;=0,...,z, =0}

and that, moreover, we have Cy = (&) on M and .Ag;)_l(p) = (&2)(p) for each point p on S,g];()__ll). In order to

obtain the required normal form, we only have to change two coordinates. For 1 < i < ky+2 and kg+5 < i < n,
take y; = x;. Moreover, take yi,+4 = Tiko+3 and Yry+3 = Tho+a — Tho+3Tko+1 + %xk0+2x£0+1. O
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APPENDIX E. FIGURES OF LOW-DIMENSIONAL TRAILER SYSTEMS

E.1. The unicycle and the car

$.1 = U
$.2 = I1U2
T3 = up

FIGURE 1. The unicycle and its normal form. Growth vector: (2,3). Singularity type: e.

1 = u1

Tog = X1uz

> T3 = XU
. $.4 = U2

FIGURE 2. The car and its normal form. Growth vector: (2,3,4). Singularity type: ag.
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E.2. The two-trailer system

1 = u1
$.2 = I1U2
T3 = XU
T4 = X3U2
Ts = U2

FIGURE 3. A two-trailer and its normal form. Growth vector: (2,3,4,5). Singularity type: agaq.

T = w

$.2 = U2

$.3 = T1X2U2
Ty = T1T3U
$.5 = I1U2

FIGURE 4. A two-trailer and its normal form. Growth vector: (2,3,4,4,5). Singularity type: aga;.
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E.3. The three-trailer system

<.
N
|

1 U2
T2 U2

@ o
$ Z5 T4 U2
’ jjﬁ -

FIGURE 5. A two-trailer and its normal form. Growth vector: (2,3, 4,5, 6). Singularity type: agagag.

8 8
B~ W
[

$.1 = U
U2
T1 T2 U2

@ T4 T1 T3 U2
¢ $.5 X1 T4 U2
’ jjﬁ ) le UQ

FIGURE 6. A two-trailer and its normal form. Growth vector: (2,3,4,4,5,5,6). Singularity
type: apapas.

w N
I
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$.1 = U
- $:2 = (r1+1u
xr3 = U2
- T4 = T2x3U2

$.5 X T4 U

FIGURE 7. A two-trailer and its normal form. Growth vector: (2,3,4,5,5,6). Singularity type: agajag.

$.1 = U
Ty = Tiug
T3 = U2

.
'y
Il

T2 T3 U2
T2 Tg U

AE

FIGURE 8. A two-trailer and its normal form. Growth vector: (2,3,4,5,5,5,6). Singularity
type: apaias.

.
(o3
Il

T = w

U2

X1 Uz

1 X2 X3 U2

X1 T2 X4 U2

FIGURE 9. A two-trailer and its normal form. Growth vector: (2,3,4,4,5,5,5,6). Singularity
type: apaia;.

Tt W N
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