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NULL CONTROLLABILITY
OF NONLINEAR CONVECTIVE HEAT EQUATIONS*

SEBASTIAN ANITA! AND VIOREL BARBU!

Abstract. The internal and boundary exact null controllability of nonlinear convective heat equations
with homogeneous Dirichlet boundary conditions are studied. The methods we use combine Kakutani
fixed point theorem, Carleman estimates for the backward adjoint linearized system, interpolation
inequalities and some estimates in the theory of parabolic boundary value problems in L*.
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1. INTRODUCTION

This paper concerns the internal controllability of the system

ye — Ay +div(b(y(z,1))) = m(z)u(z,1), (2,t) €Q
y(I,t) =0, (.Z‘,t) €X (1.1)
y(m,O):yo(x), x €N

(T € (0,+00)), where Q is a bounded domain of R™, n > 1, with a smooth boundary 99, @ = Q x (0,T)
and ¥ = 9Q x (0,T). Here w C € is a nonempty open subset and m is the characteristic function of w. We
denote by A, V and div the Laplace, gradient, respectively divergence operators with respect to . The function
b:R — R™ is supposed to belong to Wli’coo (R; R™).

Equation (1.1); describes the heat propagation or the gas diffusion when the flux has the form
Q(xvt) = 7Vy(xat) +b(y(l’,t)), (l‘,t) €Q.

The main results of this paper amount to saying that system (1.1) is exactly null controllable under certain
smoothness assumptions on the initial data yg and growth conditions on the nonlinearity. The boundary exact
null controllability will also be discussed.

System (1.1) is said to be null controllable if for every T' > 0 and for all yy in a suitable space, there are
(y,u) € H>1(Q) x L?*(Q) which satisfy (1.1) and such that y(x,T) = 0 a.e. x € .
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We recall that the internal null controllability of the linear heat equation, when the control acts on a subset
of the domain, was established by Lebeau and Robbiano [14] and was later extended to the semilinear equation

yie(2,t) — By(e,t) + f(y(z, 1) = m(z)u(z,t), (z,t) € Q (1.2)

by Fursikov and Imanuvilov [11] in the sublinear case and by Barbu [3] and Ferndndez—Cara [8] in the superlinear
case. A related result has been proved by Imanuvilov and Yamamoto [12] for parabolic equations in Sobolev
spaces of negative order.

Approximate and local controllability results for superlinear heat equation of the form (1.2) were established
in [7,9] and [17]. An approximate controllability result for the heat equation

yt($7t) - Ay(l‘,t) + f(y(x,t), Vy(x,t)) = m(x)u(m, t)7 ('rvt) €qQ

has been obtained by Zuazua [18] in the case when f : RxR"—R is globally Lipschitz.

The paper is organized as follows: the main results are stated in Section 2 and proved in the next sections via
Kakutani fixed point theorem. The proofs are based on Carleman inequality for the backward adjoint linearized
system associated with (1.1) and on some interpolation inequalities.

We shall use the standard notions for the Sobolev spaces H*(€2), Hi(2) and the L* spaces on Q and Q,
1 < k < 400, with the norm denoted || - ||z. Denote by |- | the usual norm of R” and by (-,) the inner product
of L2().

Moreover, we set

WZ(Q) = {y € L¥(Q); Dyye LMQ), s=1,2, i=1,2,..,n}
WP Q) ={y € L*(Q); D;D3y € L*Q), 2r +s <2, i =1,2,...,n},

2<k<+4+x

W0, 75 27(@) = {y € 20T @) Y € 120,75 20)

H>1(Q) = W5 (Q) N L*(0,T; Hy (),

d
where d_Z: and Dy D3 y are taken in the sense of distributions.

For the definitions and basic properties of the fractional order spaces W () and H*(Q2), s > 0, k > 1, we
refer to [1].

2. THE MAIN RESULTS
We set

a=1"b and ag=10".

Now we are ready to formulate the main result of this paper.
Theorem 2.1. Let n =1 and
la()] < (143 (r] + 1)) (1), vreR

1 2.1)
lao(r)| < (1 Flnd (| + 1)) (17| +1)"Yo(r),  ae. reR,



NULL CONTROLLABILITY OF NONLINEAR CONVECTIVE HEAT EQUATIONS 159

where ¢, o : R — R are continuous functions such that lim ¢(r) = lm ¢o(r) = 0. Then the system (1.1)

|r|—00 |r[—o0
is exactly null controllable for all yo € HE(Q), i.e., for every T € (0,+00) there are (y,u) € H>Y(Q) x L*(Q)
which satisfy (1.1) and y(z,T) =0 a.e. x € Q.
Letn =2, 3 and

la(r)] < (1+In2(|r| + 1))¢(r), vreR (2.2)

1—-28

lao(r)] < (T4+In= (|| +1))(|r| + 1) tpo(r), ae. reR,

1
where § € <0, 5) and @, po : R — R are as above. Then the system (1.1) is exactly null controllable for all
Yo € HY () N H2(Q).
Remark 2.2. Ifn =2, the conclusion of the theorem remains true for all yo € Hg (£2) ﬂWkQ_% (Q), where k > 2
is arbitrary but fized.

This is a more general case because there exists k > 2 such that

2

H*(Q) c W, ()

algebraically and topologically (as a consequence of Th. 7.58 in [1]).

As expected, this result may be extended to a larger class of initial data by means of the smoothing effect of
the heat equation. As regards the condition 1 < n < 3, this is a restriction imposed by the Sobolev imbedding
theorem (see Rem. 4.3 below).

Theorem 2.3. Under assumptions of Theorem 2.1, for each yo € L*(2) and every T € (0,+00) there are
u e L*(Q),

y € C([0,T]; L*(2)) N L*(0, T; Hy(Q)) N L* (e, T; H*(Q))

(for any 0 < e <T), a(y) - Vy € LY(Q), which satisfy (1.1) and such that y(z,T) =0 a.e. z € Q.

In the latter case the solution y to (1.1) is considered in the weak or mild sense, i.e.,

y(t) = S(t)yo — /0 S(t—s)(aly(s)) - Vy(s))ds +/0 S(t = s)(mu(s))ds,
t € [0, 7], where S(t), t > 0 is the semigroup generated on L!(Q) by A = A,
D(A) = {y € W3 (@) Ay e L'()}

(see e.g. [2,5]).

In the same manner as in [3] one can prove the exact boundary null controllability result as a consequence
of Theorem 2.1.
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Corollary 2.4. Under the assumptions in Theorem 2.1, there are v € L*(Xg) and y € W221(Q) such that

yr — Ay + div(b(y)) = 0, (z,t) €Q

v, (z,t) € Xy
y_{q (z,t) € £\ o
y($70) = yo(l‘), z €
y(z,T) =0, x €.

Here Yo = ¥ N B(zo;€), where zy € 02 and € > 0 is a constant (which may be choosen as small as we wish).

If we denote by
p(r) = sup{la(w)|; w € R, |w| <7} (2.3)
and
po(r) = esssup{lap(w)|; w € R, |w| < r} (2.4)

we immediately remark that (2.1) implies that

lim (ref“(f(r”pg(rw)) =400, Yu>0 (2.1)
and that (2.2) implies that
nm(mﬂ4ﬂﬂﬁmm”£%U:>HQ Vi > 0. (2.2)/

Conditions (2.1)" and (2.2)" will be used in the next two sections.

Remark 2.5. Consider now the exact null controllability problem of the following more general equation

ye — Ay +div(b(y(z, 1)) + f(z. t,y(z, 1)) = m(z)u(z,t),  (z.,1) €Q
y(x,t) =0, (Iat) €X (2.5)
y(z,0) = yo(x), T€EN.

Suppose that the hypotheses in Theorem 2.1 hold and the function f : Q x R — R is continuous in the third
variable, measurable in (x,t) and satisfies

flz,t,r)r > —por?, VreR, (z,t) € Q, (2.6)

[P t)] < Jrlg@) (1+ M+ [r])F), ¥atr) € Q xR, (2.7)

where po > 0 is a constant and £ : R — R is a continuous function, such that lim &(r) = 0 (f satisfies the

assumptions in [3]).
Combining the estimates in our paper and those in [3] the exact null controllability of (2.5) can be proved for
all yo € HY(Q) N H2(Q), if n =1 and yo € HY(Q) N WEZ(Q), if n € {2, 3).
2

The controllability result of [3] was recently extended in [10] to functions f which do not satisfy the growth
condition (2.6). One might suspect that the later result remains true for system (2.5) as well.
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3. PROOF OF THEOREM 2.1 FOR n = 1, 2

We fix
yOEHol(Q), ifn=1,

o € Hi Q) NnW2H(Q), ifn=2,
where k > 2 is arbitrary but fixed and define

K= {w € L2(Q); |lwt)|. <M, |[Vuw(®)|l, <M ae. te (o,T)}, (3.1)

where M is an arbitrary but fixed positive constant.
For any arbitrary, but fixed w € K consider the exact null controllability problem for

Y — Ay + a(w) - Vy = m(x)u(z, t), (x,t) € Q
y =0, (x,t) € X (3.2)
y(x,0) = yo(z), x €,

where m is the characteristic function of w and u € L*(Q).

In what follows we shall use the general Carleman inequality for linear parabolic equations given in [11].
Namely, let @ CC w be a nonempty bounded set and ¢ € C?(Q) be such that

P(x) >0, Vo € Q, P(x) =0, Vo € 90
|V (z)| >0, Vo € Q\&

and set
. eMb(z) _ 62)‘”w||0(ﬁ)
al@,t) = Wr—t)

where A is an appropriate positive constant.
The following result holds:

Lemma 3.1. There exist positive constants Cq, s1 such that

1 25

1 T_ 25 2 A 2 / € 2
S/Qt( t)e (|qt| + |Aq| )dmdt+s Qit(T—t)Wq' dx dt

25
€ 2
+53/Qm|q| dx dt (3.3)

2sa

<C / 2% q; + Aq|dx dt + 5‘3/ 673|q|2dx dt]
Q

wx (0,1 B3(T —1)

for all g € C?(Q), q=0 on ¥ and s > s1.

One knows that for each yo € L?(Q) and w € K, the exact null controllability problem associated to (3.2)
has at least one solution (u,y).

In Lemma 3.2 below we shall prove some estimates on such a solution.

In the following we shall denote by the same symbol C|, several constants independent of yg, w, M and all
other variables.
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Lemma 3.2. Let k > 2. For each w € K and
Yo € HE (), forn=1
yo € HY(Q) MW F(Q),  forn=2,
there are y € L*(0,T; H () N W2 (Q) and u € L*(Q), which satisfy (3.2),
y(x,T)=0, ae x€0

2 2
[mullLiq) < CLAMM)[yolls»

for any l € (2,400), where C) is a positive constant independent of yo, w and M and

Clo* (M)+p3 (M)M?] ifn=1
eC[pQ(M)Jr(Po(M)M)l_z%], if n =2,

(p(M) and po(M) are defined by (2.3) and (2.4), respectively).

Proof. For any € > 0 consider the optimal control problem
. 1
Minimize / e 3T — t)3udx dt + —/ y*(x, T)dx, (P1e)
Q €Ja

subject to (3.2).
By standard arguments it follows there is an optimal pair (ue,y.) and by the maximum principle (see e.g. [4])
we have

ue(z,t) = m(x)pe(z,1)e®*t3(T — )73, a.e. (z,t) € Q, (3.4)
where p. € H?1(Q) is the solution of
e+ Ap + div(a(w)p) =0, (:L'a t) €Q
1
p(z,T) = fgye(ac,T), x € Q.

Multiplying (3.5) by y. and integrating on @, we get after some calculation (and using (3.4)) that

1 1
/ e 23 (T —t)3u?(x, t)dx dt—l——/yg(x,T)dx :/ e ™3(T—t)3p2 (x, t)dx dt—l——/y?(m,T)dm
wx(0,T) €Ja w €Ja

% (0,T)
:—/ yo(x)pe(x,0)dx.
Q

It is obvious that (3.5) can be equivalently written as
pt + Ap + a(w) - Vp + (ag(w)Vw) p =0, (z,t) € Q
p=0, (z,t) €% (3.6)
1
p(z,T) = - Ye(z, T), z €N
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and by Carleman’s inequality (3.3) we infer that
t(T — t) 2 S 2 83 2
25 2
—_— A ) — |V —_— dx dt
e [P (o 180) + 5 98+ g el
<1 [ @ (|a(w) P95 +lao(w) *|Tullp. ) do di
Q

+Cls3/ e =3(T — )73 |p.[*da dt.
wx(0,T)

Denote by
L(w) :/625a|a(w)|2|Vp€|2d:E dt
Q
L(w) :/6280‘|a0(w)|2|Vw|2|p5|2dm dt.
Q

By (2.3) and (2.4) we conclude that
2 2sc 2
L(w)<p (M)/e |Vpe|“dx dt
Q

and

B(w) < 401 [ 0 |Tullpde dr
Q

Recalling that H2(Q)CC(Q) for n < 2 and using the Sobolev imbedding theorem we get

T T 2
/623a|Vw|2|p5|2dx dt = / /|Vw|2|peeso‘|2dx dt g/ [p- e /|Vw(t)|2dm dt
Q 0 Ja 0 ~Ja

2
dt

o0

Pe (t)esa(t)

T
2
SR —

and as a consequence we have

T 2
Cp%(M)MQ/ Hpe(t)esa(t)H dt, ifn=1
dt < 0 Hy(Q)

2
o =

T
B(w) £ CAONM? [ [[pa()es=®
0

We have used the inclusions
H&(Q)CLOO(Q), ifn=1,

HTS(Q)CL>(Q), ifn=2
for any ¢ > 0 (algebraically and topologically).
If n =1, we have that

2sa

2 2 2501 2 2 € 2
Ci1x(w) < Cpg(M)M (/Qe |Vpe|“dx dt + s /Qm|pg| dmdt)

T 2
CQMMQ/ H ¢ SW)H dt. ifn=2.
aonar? [ e ar it

163

(3.8)

(3.9)

(3.10)
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and using (3.7-3.10) we obtain that

s 2, HT 1) 2 2y | 2
€ T 3 - 3 A € o
| [t g Vo + L (o + ) o
(3.11)
< pe|e®*dz dt,
/w><(0T B3(T —t)® 3 IPe|
for any s > C[p?(M) + p3(M)M?].
If n = 2, we shall use the interpolation inequality
)
2l s ) < Cllzlgz (o) - ||ZHH1(Q)
Vz € H%(Q) (see [15,16]). This implies that
=) s
2 2(1-5) - 2 s - 2
Ielins oy < CUAZLE - 722 s |z | v e
Vz € HX(Q)N HY(Q), Vt € (0,T), Vs > 0. From (3.10) and (3.12) we obtain that
é
T — M 2M2 =
cinw) < [ Dagen s i cpone [ [PEDSEN T w0 P
(3.13)
< / U= D) A pees) P dt + Cloo (M)M] 25 - 5355 / L V(pe)Pda dt
Taking now
s> C (M) + (po(M)M) 5 |
we obtain via (3.7-3.9) and (3.13) that
3
S 2 S 2 t(T — t) 9 2 2
R/ N3 € N € € A € sa
L= g e+ e 18| v
(3.14)

83

<C —  _|p|fe**dx dt,
wx (0,1 (T —1)3 el

for any s > C [pZ(M) + (po(M)M)l—%é}.

Multiplying now (3.6), by p. and integrating over Q we get

1 d 2 2 2
9 al}'p&(x’t)| dz —A|vpa(t)| der = _A(a(w) - Vpe)pedx —/Q(ao(w)vw)|pe| dx

- / Ve (8) Pz — CLoP(M) + p3(M)M?) / 1pe () 2de
Q Q

and consequently

2 2 2 2 2 ]. s
/Q|p6(ﬂf,0)| dx § CeC[p (M)+p5 (M)M ]/Q|p5| mez dx dt, (315)
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for any s > so + C[p?(M) + p2(M)M?] .
Relations (3.11, 3.14) and (3.15) imply that

25

2 2 e
pe(x,0 deAM/ pe(x, )" ——xdu dt,
Jpete e < 40D [ i 0 g

for s > s + A(M) .
By (3.16) we get after some calculation that

1
[ et @ e fdsd L [ o T
wx(0,T) £Ja

1
:/ > 3(T — )73 |pe(a, t)Pdw dt + —/|y5(x,T)|2da:
wx(0,T) €Ja

C||y0ngC[f(M)eré(M)Mz]’ ifn=1,

for s = so + Clp2 (M) + p3(M)M?]

IN

2
C|p?(M)+ MYM)T=23
Clwole (2 0+ 020 2) ] —

for s = so + C [pQ(M) + (pO(M)M)TQmS} .

We set v, = €25 3(T — t)~3p.. Using (3.11, 3.14) and (3.17) we infer that

165

(3.16)

(3.17)

/em i pl? + ———— |V |2+t(T*t> (1e)el* + |1Ape|?) | dx dt < AM)|lyoll3, Ve >0
0 tz(T—t)3p€ t(T —t) pe s Pe)t Pe - vollz» '

This yields
013721 gy < A yoll5 -
Since H21(Q)CLY(Q), VI € (2,+00) (for n = 1, 2) we infer that

2 2
l[mue gy < CLAM)|lyoll3,

for any € > 0, where C; depends on [ € (2, 400).

(3.18)

This estimate and the existence theory of parabolic boundary value problems in L'(Q) (see [13]) imply that

on a subsequence we have

u. — u weakly in L'(Q)
y. — y weakly in L2(0,T; H}(Q)) N W (Q),

where (u,y) satisfy (3.2) and y(z,T) = 0 a.e. x € 2. Moreover, (3.18) implies the estimate in Lemma 3.2 and

this completes the proof of lemma.

Proof of Theorem 2.1 (continued). For each w € K denote by ®(w)CL?*(Q) the set of all solutions y* €

ﬂ}’iQWf’l(Q) N L%0,T; H(Q)) of (3.2) such that y*(x,T) =0, a.e. = € Q and

lml[71 gy < CrAM)||yoll3, VI € (2,400).
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If we multiply (3.2) by y;* — Ay™ and integrate on 2x(0,t), we obtain that
’ w2 w2 1 w2
(9" +1Ay*[de dt + 5 | [Vy*(t)]"dz
0Ja Q

(3.19)
1 t t

g—/ |Vyo|2dx+2//|a(w)|2|Vy“|2dmds+2//m(m)|u(x,t)|2dxdt
2 Q 0JQ 0JQ

and
m 2 2 2
/QW?J (t)[da < Cet 0T (HyOH?{g(Q) + Hmu”L‘Z(Q)) < A(M)Hyonfyg(n)- (3.20)

It is readly seen that ®(w) is a closed (this follows by (3.19) and (3.20)) and convex subset of L?(Q).
Moreover, Lemma 3.2 implies

2 .
A(M)”yOHHg(Q)a ifn=1

Iy ) < . (3.21)
DN Cly e o) < AMDIwol? ,_, , ifn=2

W, F (@)

(see [13]).
Thus it follows by (3.20) and (3.21) that if

loll 3y < CMeCFODHAONM  for 1y — 1

and ,
2 1=—28
ol os < CMe—c[p (M)-+(p0 (M) M) T 25}’ for n 2.
w, F()
then we obtain via (3.1) that ®(K)CK.
Moreover, by estimate (3.19) it follows ®(K) is a relatively compact subset of L?(Q).
Note also that ® is upper semicontinuous in L?*(Q)xL?(Q). Indeed, let w,—w in L?(Q), w, € K and

Yn—>y in L2(Q), yn € ®(wy), yn = y*». By Lemma 3.2 it follows (selecting a subsequence if necessary) that
wp(z,t) — w(x,t) ae. inQ
Up — U weakly in L?(Q)
Yn — Y strongly in C([0,T]; L?(Q2)) and
weakly in H>1(Q).

Since y,, is a solution of

Yt 7Ay+a(wn(xat)) 'vy:mun(xvt)a (l‘,t) €Q
y=0, (v, t) €T
y(:L',O) = yO(x)a y(va) =0, T € Q,
we conclude (by passing to the limit) that y € ®(w) as claimed.
Then applying the Kakutani fixed point theorem (see [2], p. 7 and [6], p. 310) in the space L?(Q) to the
mapping ® we infer that there is at least one w € K such that w € ®(w). By definition of ® this implies that

there is at least one pair (u,y) satisfying the conditions of Theorem 2.1.
Since (2.1)" and (2.2)" are satisfied we may infer that if

190l g3 () < C'sup {Te_c[p2(T)+pg(T)r2]; r> O} = +o0, forn=1
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and

—C|p3(r r)r =25
||y0HW27%(Q) < Csup {7"6 [p (e ]; r> 0} = 400, formn =2,
k

then there is at least one pair (u,y) satisfying the conditions of Theorem 2.1. This completes the proof for
n=1andn=2.

4. PROOF OF THEOREM 2.1 FOR n = 3

We fix yo € H?(Q) N Hg () and define the set

K = {we r@ni=o.1 @ n @)

lw®lle < M, ()] SMaemmfﬁ,

35
H27°(Q)
where M is an arbitrary but fixed positive constant.

For any arbitrary, but fixed w € K consider the exact null controllability problem for (3.2), where
meCPE(w), 0<m(z)<1, Vrew
m(z) =1, Vo € wp .

Here wy is a nonempty open subset of w and u € L*(Q).
By Lemma 3.2 we have the existence of two positive constants C7, s1, such that

2sa 2sa

1 2 2 € 2 3/ € 2
— | (T —t)e*™ Aq|?)dx dt —|Vq|"dx dt —=|q| dx dt
LA =0l 18aPde 5 | e rdr 4t | ol
<y / e2*%|q, + Ag|*dz dt + 83/ %mzd:ﬁ dt|,

Q wox (0, (T — 1)

for all ¢ € C%(Q), g =0 on X and s > s;.
Here « is defined in Section 3, for w := wy.

For each yg € L?(Q2) and w € K, the exact null controllability problem associated to (3.2) has at least one
solution (u,y).
Lemma 4.1 below is the main ingredient of the proof.

Lemma 4.1. For each w € K and yo € HE(Q) N H2(Q), there are y € H>1(Q) and u € H*Y(Q) which satisfy
(3.2) and

y(x,T)=0 ae x€0

2
> 2 C|p*(M)+(po(M)M) T3
lmullzzza gy < Cllyollze | ]

Proof. Consider the optimal control problem

. 1
Minimize / e Z3(T — t)3m(z)u?(x, t)dx dt + g/ y*(x, T)dx, (Pac)
Q Q
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subject to u € L?(Q) and y the solution of (3.2). There exists at least one optimal pair (uc,y.) and by the
maximum principle we have

ue(z,t) = m(x)pe(z,1)e**t3(T — )2 ae. (z,t) €Q,

where p. € H?1(Q) is the solution of (3.6).
In the same manner as in the previous section it follows

sa t(r—t 2 S 2
/62 [7( )IApel + [Vpe|” + =
Q S t

Ve + e e

< Cpo(M)/ | Vp. [ dx dt + C’lpg(M)/ >\ Vw|?|p.|*dx dt
Q Q

+C183/ 3T — )3 |p.|*d dt.
wo X (0,T)

On the other hand, by the Sobolev imbedding theorem we have for n = 3:

5.5
|\Vz||1%5 < Cllzll 5~ Vze H27°(Q)

6(9)7

(see [1,15]) it follows

1-26

T T 3
/ /|Vw|2|peeso‘|2dx dt < C/ Hw(t)Hi{%,g(Q) (/ |psesa|1625da:) dt
0 Jo 0 Q

T
<OM2 [ IO nssartr

In the same manner as in Section 3 we get that

T —
Clpo(M)Q/ e\ Vw|?|pe|*da dt §/ u}V(pEeQO‘)|2dﬂws dt
Q Q %

JrCsQléT_;[po(M)M]&S/Qt(T%t)W(pe@m”Qdm dt

and after some calculation (analogous to that in Sect. 3) we obtain that

2
C| p?(M)+(po(M)M) T35 2s0x
[p( )+(po (M)M) }/ |pa|2 e dr dt

Ipe(2,0)|?dx < Ce
/Q : wox(0,T) (T —t)

for s > 8o+ C [p2(M) + (pO(M)M)ﬁ}
The same argument as in the previous section allows us to conclude that

2
2 o C|p*(M)+(po(M)M)1=25
[vell 721 gy < Cllollze [ }

(where v, = €259=3(T — t)~3p.) and since m € C§°(w) we get that

2
5 2 C|p*(M)+(po (M) M) T=25
[[mue |72 ) < Cllyollze [

J (4.2)
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On a subsequence we have
ue — u weakly in H>1(Q)

ye — y weakly in H>Y(Q)
where (u,y) satisfy (3.2) and y(z,T) =0, a.e. = € ). Moreover (4.2) implies the estimate in Lemma 4.1.

Proof of Theorem 2.1 (continued). For each w € K denote by ®(w)CL?(Q) the set of all solutions y* € H>1(Q)
of (3.2) such that y*(z,T) =0, a.e. z € Q and

Clp (1\4)+(po(1\4)M)ﬁ
Il 721 gy < Clivollze | }.

Let A defined by
D(A) = H(Q) N H%(Q)
Ay = —Ay, Yy € D(A).
We may write (3.2) as

(y") + Ay" + a(w) - Vy* =mu, t€(0,T)
(4.3)
y"(0) = yo

If we multiply (4.3) by A 7y*, with v = 2 — §, we obtain that

DA, (0) + (A0, A ()

1+~ dt ’ ’

< [Imu)ll (g - 1A Y @Ol + Ay (D)1l - A7 (alw(t)) - Vy* (©)) I,

1 U

< 5 (Imu®)3 o + 147y <t>||§)

+C |l Ay @), - ||V (aw(t )37 Nlaw(®) vy @)y~
(we have used the inequality

A2l < oflab=] 12137, ve e Drab)).
Integrating on (0,t) we obtain
14, u u e w 2 4y 2 2 b w 2
(A7y (), y (1) + HA Ty (9)lI3ds < C(IAT woll3 + l[mullfaa ) + ; [A2y"(s)ll5ds
) [[1AG G A3 )5 )
and consequently
1ty | p2 () +(po (M) M) T2
Ay t)” <c <|y0|H1+7 o + llyoll3e [0 +on ]) QlIHp (AT
Hence
C [ 02 (M)+ (o0 (M) M) T=75
||yu(t)|ﬁ{1+v(ﬂ) < CH?JOHEIM(Q)‘? [ ] (4.4)
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Wi

ae. t € (0,7). As mu € H>Y(Q)CL3*(Q) (for n = 3) and yo € H3(2) C W;i (2) we may conclude that

Hy“lliw@) < CH?J“”?/V;J(Q) (4.5)
(we recall that Wi (Q)CL>°(Q) for n = 3; see [13] and [15])

2
P P 2 C| p*(M)+(po(M)M)T-25
< 0 Iy + Imalies g + 2D IT ) < ClunlEreye” I

Thus it follows by (4.4) and (4.5) that if

—C|p2 (M M)M) =25
||7JOHH2(Q)§CM€ [/’( )+(po(M)M) }’

then ®(K)CK.

In the same manner as in Section 3 it follows that ®(w) is a closed and convex subset of L?(Q), for any
w € K and ® is upper semicontinuous in L?(Q)x L?(Q).

Applying the Kakutani fixed point theorem (see [2], p. 7 and [6], p. 310) in the space L?(Q) to the mapping
O, we infer that there is at least one w € K such that w € ®(w). This implies that there is at least one pair
(u,y) satisfying the conditions of Theorem 2.1.

Since (2.2)' is satisfied we may infer that if

—C[p )+ oo T |

HyOHHQ(Q) < Csup {7"6 ;> 0} = +o00,

then there is at least one pair (u,y) satisfying the conditions of Theorem 2.1 and this completes the proof.

Remark 4.2. The analysis of the proof of Theorem 2.1 shows that in the above arqument the condition
n € {1,2,3} cannot be dispensed with. However, one might speculate that this could be true by using instead of
(3.3) the Carleman estimate proved in [12] (Th. 2.1), i.e.,

st / t(T — t)e***|Vp.|*dxdt + s/ (t(T —t))~'e?**|p.|*dxdt (4.6)
Q Q

<C <|w||%oo(Q) / e |p. |*dadt + s/ e (t(T — t))_1|p5|2dmdt> ,
Q wx(0,T)

for s > sg.
For s > so + p?(M) we obtain

s—l/ t(T—t)eQS“|VpE|2dmdt+s/ (H(T — 1))~ e2p, |2dadt < cs/ 2 (T — 1)) p. [2dadt
Q Q wx(0,T)

and therefore (compare with (3.16))

/mmwwmsa%M£ﬂwm%/ 50 5(H(T — 1)) pe *dcdt.
Q wx(0,T)

Thus if one replace problem (Pic) by

1
Minimize / e (T — tyudx dt + g/ y*(x, T)dx,
Q Q
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subject to (3.2) and if we denote by (ue,y:) an optimal pair, then we get
1
/ 20T — Pyulda db 4+ / V2(2, T)da < Cp2(M)eCP D 2 (47)
wx(0,T) €Ja

and ue. = mp.e? =1 (T — )~ 1.

If n =1, this is enough to conclude that (3.21) holds, but we can not obtain the same inequality for n > 2.
The reason is that (4.6) and (4.7) are not sufficiently sharp to imply a uniform bound for {u.} in L'(Q) forl
sufficiently large. In fact, having in mind the proof of (3.18) we need besides (4.6) an uniform estimate for (pe)+
and Ap., which could not be obtained by (4.6).

Remark 4.3. An analysis of the previous proof reveals that condition 1 < n < 3 cannot be dispensed with.

In fact in the proof of Lemma 4.1, for n > 4, inequality (4.1) remains true for 6 > % only. On the other
T

hand, / e ()| 21145 (Q)dt cannot be dominated by the left side term in the Carleman inequality and so the

0
subsequent estimates do not hold.
5. PROOF OF THEOREM 2.3

We shall prove first the following lemma

Lemma 5.1. Let 0 <n < T be arbitrary but fived and yo € L?(Q). Then the system

v —Ay+a(y) - Vy=0, (z,t) € 2x(0,n) =Qy,

y =0, (x,t) € 00 x (0,n) =%, (5.1)
y(z,0) = yo(x), T e,
has at least one solution
y € C([0,n); L*(€2)) N L*(0,n; Hy () N L2 (e, m; H*()) (5.2)

(for any 0 < e <n), a(y) - Vy € LY(Q,) and a(y) - Vy € L*(Q x (g,7)).
Proof. Let {yon}nen+ C HE(2) N H2(Q) be such that yon — yo in L%(2), as N — +o0 and let
yn € C([0,n]; L*(2)) N H>H(Q x (0, 7))

be the unique solution to (5.1), corresponding to yo := yon-
Note the a priori estimates

lywlleqom:zz@) + lunllzzommi @) + lalyn) - Vynllzi@xom) < C.
for all N € N*. This implies by standard arguments (see [5]) that

YN — Y strongly in LI(Q x (0,7))
Vyny — Vy  weakly in L*(Q x (0,7))

(for any 1 < ¢ < £2). Since {yn} is bounded in C([0,n]; L?(2)) and in L*(0,n; L5(Q)) (Hg () C L8(Q)), then

it follows that {yn} is bounded in L3(2 x (0,7)). Indeed,

! 3 ! 3/2 3/2 3 3
; | lyn (@) dedt < ; lyn (16" - lyw Ol dt < Nlynll 20,520 ) 19N | 60,5120
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Since {yn} is bounded in L*(Q,) and yn — y in L4(Q x (0,7)), then we conclude that
yn — y strongly in L*(Q x (0,7)).

It is now obvious that
a(yn) - Vyn — aly) - Vy weakly in L1(Q x (0,7))
and so we may pass to the limit in (5.1) (with yo := yon)-
By L* regularity of parabolic equations it also follows that

y € C([0,n); L*(2)) N L*(0,m; Hg () N L2 (e, 1 H*(2)),
a(y) - Vy € LY(Qy) N L2 x (,7)), Ve € (0,n) and y is a solution to (5.1).

Proof of Theorem 2.3 (continued). Let yo € L*(Q). Then by Lemma 5.1 there is a solution 3 to (5.1) on
Q x (0,v) (v € (0,n)) such that

g € C((0,v]; L*(2)) N L*(0, v; Hy () N L2 (e, v; H(2)),
for all € € (0,v) and y; = H(v) € H(2) N H?(Q).

On the other hand, by Theorem 2.1 there is (g, 4) € H>'(Q x (v,T)) x L*(Q x (v, T)), which satisfy (1.1) on
Qx (v, T), g(z,v) = y1(x) and §(z,T) =0 a.e. x € Q.

We set
0, (z,t) € Q2 x (0,v)
u*(x,t) =
u(z,t), (z,t) € QA x (v,T),
y(z, 1), (z,1) € 2 x (0,v)
y*(mﬂf) =
4(z,t), (z,1) € A x (v, T).

Clearly (y*,u*) satisfy (1.1) on  x (0,T") and satisfy conditions of Theorem 2.3.
This completes the proof.

The authors express their thanks to Professor E. Zuazua for several suggestions and remarks which improved the pre-
sentation of this paper.
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