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GEOMETRICAL ASPECTS OF EXACT BOUNDARY
CONTROLLABILITY FOR THE WAVE EQUATION -
A NUMERICAL STUDY

M. ASCH AND G. LEBEAU

ABSTRACT. This essentially numerical study, sets out to investigate vari-
ous geometrical properties of exact boundary controllability of the wave
equation when the control is applied on a part of the boundary. Re-
lationships between the geometry of the domain, the geometry of the
controlled boundary, the time needed to control and the energy of the
control are dealt with. A new norm of the control and an energetic cost
factor are introduced. These quantities enable a detailed appraisal of
the numerical solutions obtained and the detection of trapped rays.
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1. INTRODUCTION

The motivation for this paper comes from three sources:

e the Hilbert Uniqueness Method (HUM) formulated by J.-L. Lions —
see [8];

e the numerical application of the above method to exact boundary con-
trol of the wave equation by R. Glowinski et al. — see [6, 7];

e the geometrical results of Bardos, Lebeau and Rauch [4] which enabled
the proof of sharp sufficient conditions for control of the wave equation
from the boundary.

The geometrical result concerning the exact boundary controllability of
the wave equation as obtained by [4], states that one must control on a set
large enough to encounter every ray of geometric optics. However, this is
not very intuitive, especially when the geometry of the controlled domain
becomes complicated and when the control is applied on a part of the bound-
ary only. This numerical study will try to illustrate and elucidate various
aspects of this theoretical result.

We remark that apart from the numerical studies of [6, 7] cited above,
[5] have also performed a numerical investigation of the controllability of a
non-linear wave equation (in one space dimension) with the control located
in a small neighborhood of the boundary.

In this paper we begin by recalling the main theorems concerning the
Hilbert Uniqueness Method of J.-L. Lions [8] and the geometrical theorems
of Bardos-Lebeau-Rauch [4]. We then explain the numerical algorithm which
closely follows the work of R. Glowinski [6]. After a validation of the code,
we use it to study various relations between

e the geometry of the control boundary;

e the time needed to control a given geometrical configuration;
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GEOMETRICAL BOUNDARY CONTROLLABILITY 165

e the oscillatory nature of the data;
e the cost of the control.

We seek in particular a numerical manifestation of the trapped ray phe-
nomenon. Finally we draw some conclusions.

2. THE HUM APPROACH TO EXACT BOUNDARY CONTROLLABILITY
2.1. FORMULATION OF THE PROBLEM

We consider the wave equation with control on a part of the boundary,
Ou=0 inQ=Qx(0,T),
u(z,0) = u® uy(2,0) = w in Q,
_)g on¥o="TI0x(0,T),
10 on X\ S =T\Tgx (0,7)

(2.1)

where Q is a bounded domain of R? with boundary I, and Iy C T'. In other
words, the boundary control is applied on the part I'y of the boundary I.
The problem of exact boundary controllability is then: “Given T, u°, u!,
can we find a control g on ¥g such that the solution of (2.1) satisfies
w(z,T)=u(z,T)=00n Q77
The answer is yes, if

e one takes T sufficiently large, and
e one controls on a set large enough to encounter every ray of geometric
optics (see below).

This answer raises numerous questions:

e how does T depend on the geometry of the domain 7

e How does T depend on the spectrum of the initial data 7

e For complicated geometries, what constitutes a set “large enough to
encounter every ray of geometric optics” ?

All these questions will be treated in the sequel.
A systematic and constructive method for computing such a control, g,
is provided by the Hilbert uniqueness method (Hum) of Lions [8].

2.2. DESCRIPTION OF THE HUM

We now describe briefly the Hum for control of the wave equation from a
part of the boundary. Full details can be found in [8].
Let

E = Hi(Q) x L*(Q), £ = H(Q) x L*(Q)
and define the operator
A E— F
as follows:
1. Take e = {”, ¢!} € F and solve from t =0tot =T
O¢=0 inQx(0,7T),
(x,0) = €, ¢¢(x,0) = ' in Q, (2.2)
Oz, t)=0 onl'x (0,7)=X.
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2. Then solve (backwards) fromt =T tot =0
Oy =0in Q x (0,7,
¢($7T) = 07 ¢t($7T) =01in Qv (23)

) % on ¥ =Tl x (0,7),
x =
’ 0 onX\¥o=I\Tgx(0,7).

3. Finally, define the operator A as

Ae = {¢4(0), —=(0)}.
We have the original theorem of J.-L. Lions [8]:

THEOREM 2.1 (J.-L. Lions). Operator A is linear and continuous from F
onto E'; moreover, if T is sufficiently large (> T = 2||x — wo|| oo () ) and
if Lo is of the type

I'(zo) ={z|z el (& —a0) -n, >0}

where g € R? is an arbitrary point and n, is the outward normal to I' at
x, then A is an isomorphism from E onto E'.

2.3. AppLicATION OF THE HUM TO THE WAVE EQUATION

Let us now apply Theorem 2.1 to the control of the wave equation (2.1).
Suppose that

u’ € L?(Q),u' € HH(Q)

are given. Then

1. take f = {u!, —u} — i.e. we identify u with ;

2. solve Ae = f to obtain €°, e!, the initial data for the ¢ wave equation
(2.2);

3. solve the ¢ wave equation (2.2) forwards in time using €, e
data;

4. calculate the normal derivative of the solution of the ¢ wave equation

1 as initial

and set g = %ho;

5. solve the 1) wave equation (2.3) backwards in time using ¢ as the bound-
ary data;

6. finally, set w = 1, then since ¢(z,T) = 0, ¢ (x,T) = 0 was imposed, ¢
(the boundary control) gives the exact boundary controllability with

w(z,T) = u(z, T) =0,V € Q.

We remark that the operator A is symmetric and F-elliptic. These prop-
erties imply that Ae = f can be solved by a conjugate gradient algorithm.

2.4. CONTROL ON A PART OF THE BOUNDARY: THEORETICAL ASPECTS

We would like to analyze more precisely what happens in the case of
control on a part of the boundary. This analysis, which appears in Appendix
A, motivates the introduction of the energetic cost vector of Section 5.
ESAIM: Cocv, May 1998, VoL. 3, 163-212
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3. SHARP SUFFICIENT CONDITIONS FOR THE CONTROL OF WAVES
FROM THE BOUNDARY

In this section we will present a simplified version of the results in [4]. We
repeat here a part of the introduction to this paper:

Finally, we come to the idea/method that motivates our analy-
sis. Wave equations have solutions that are localized near curves
(t,z(t)) in space-time. The curves are called rays, and typical
rigorous results assert that for any € > 0 and 7" > 0 there is a
solution so that the fraction of the energy located at a distance
smaller than € from the ray is greater than 1 — e for 0 <t < T.
[...] it would be foolhardy to try to control a solution from a set
on which the energy is negligibly small. Thus controls must be
placed so that there is a control on every ray [4, p. 1026].

The following classification of rays can be made according to the nature
of their contact with the boundary:

e rays that hit the boundary transversally — they are reflected by the
classical laws of geometrical optics and their trace at the boundary is
comparable in size to the corresponding wave;

e rays that kiss the boundary at a diffractive point — they leave a very
small trace;

e rays that hug the boundary (near tangential incidence with non-diffrac-
tive contact) — for these gliding rays the traces are comparable in size
to the waves.

This last point constitutes the main estimate of [4]. The lower bound on
traces thus obtained in a subset of the region of control, is combined with
theorems on the propagation of singularities to derive estimates throughout
the domain. In fact it is shown that the trace is appreciable for any ray that
in the absence of boundary conditions would leave €2. Such rays are called
nondiffractive. Special cases are the gliding and transversely reflected rays.
Since the boundary is responsible for confining such rays, it is reasonable to
expect that the boundary must do appreciable work.

Once the lower bound (in the energy e = [, uf + |Vyul? + u? dz),

el go,rpxe) = €€

for example, has been obtained, it can be used via a suitable identification
of dual spaces to show the strong ellipticity of the map A of the HUM. To
compute the control we can then use a conjugate gradient method as shown
in the next section.

Many interesting examples of control domain geometry (disconnected
minimal regions for control on the disk, bowling ball and dogbone) are given
in [4] and are compared with results obtainable by multiplier techniques. We
appreciate immediately the advantage of the geometrical approach when
examining these cases. In fact our numerical study will be based on the
intuitions obtained from these very examples.

We can now express the theorem of Lions in its geometrical form:
TueEOREM 3.1 (BLR). If all the generalized geodesics of length T' meet the
control boundary, U'g, at a non-diffractive point then for any u°, u' in
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168 M. ASCH AND G. LEBEAU

L*(Q) x H7Y(Q) one can find a control g € L*(T'g x (0,T)) which drives
the system (2.1) from «°, u! at time zero, to rest at time T.

4. A NUMERICAL ALGORITHM BASED ON THE HUM

As we will now show, the constructive nature of the HuMm together with the
favorable properties of the operator A, enables us to formulate a numerical
algorithm based on the use of a conjugate gradient method with the Hum
at its core. This will be presented in three steps:

1. presentation of a general conjugate gradient algorithm (Algorithm CG-
0);

2. application of algorithm CG-0 to the boundary controllability problem
for the wave equation based on the HUM (Algorithm CG-HUM);

3. discretization of algorithm CG-HUM using a mutltigrid technique (Algo-
rithm CG-h);

4.1. THE CONJUGATE GRADIENT SOLUTION

We can rewrite problem Ae = f, taking f = {u!, —u°}, in the following
variational form:

Find e € E such that (Ae,&) = ({u', —u"}, &),Vé € F, (4.1)
where (-, -) denotes the duality pairing between E and E’. We have

(he.&) = [ [oule, 0062, 0) = ¥(e,0)6 (2. 0)] d

[ 09 0d )

Hence the bilinear functional (A-,-) is continuous, symmetric and F-elliptic
if the geometrical conditions of Theorem 3.1 are satisfied. This implies that
for T' large enough, problem (4.1) and hence Ae = f can be solved by a
conjugate gradient algorithm.

Problem (4.1) is a particular case of:

Find uw € V such that a(u,v) = L(v),Yv €V, (4.2)

where, in the linear variational problem (4.2), we have

e V is a real Hilbert space for the scalar product (-,-) and the corre-
sponding norm ||-||;
e a : V xV — Ris bilinear, continuous, symmetric and V-elliptic (or
coercive);
e [ :V — Ris linear and continuous.
Under these hypotheses, problem (4.2) has a unique solution which can
be computed by the following conjugate gradient algorithm (which we will
subsequently apply to our control problem):

ESAIM: Cocv, May 1998, VoL. 3, 163-212



GEOMETRICAL BOUNDARY CONTROLLABILITY 169

Algorithm CG-0
Step 0. Initialization:
e u¥ € V is given;
e calculate the residual ¢ € V by solving

(go7 v) = a(uo, v) — L(v),Yv e V;

o if ¢¥ = 0 or is small, set u = u¥ and STOP; if not, set the first search
direction w® = g° (steepest descent).

Then for k& = 0,1,2,... assuming that «*, ¢* w" (solution, residual,
search direction) are known, compute the next iterates Pt gFtL wkt as
follows:

Step 1. Descent:
e minimize (4.2) in the search direction by calculating
k
ot
a(wk, wk)’

e update the solution

k+1 k k.

U =u" — prw”;

Step 2. Convergence test & new descent direction:

k+1

e calculate the residual ¢ € V by solving

(gk‘H,v) = (gk,v) pka(w v),Yv eV
e if ¢"*1 =0 or is small, set u = v*** and STOP: if not, calculate
e
g

e define the new conjugate search direction as

k—l—l k—l—l

w + 'ykw

e set k =k + 1 and go to step 1.

4.2. AppLICATION OF CG ALGORITHM TO THE BOUNDARY CONTROL
PROBLEM

We now apply Algorithm CG-0 to the solution of the boundary control
problem for the wave equation (2.1) in the variational form (4.1). We recall
the form of the space F and its dual

E = Hi(Q) x L*(Q), £’ = H1(Q) x L*(Q),

and define the following inner product and norm on F:
(v,w)g :/ [VoOVu® 4+ vlw'] de, (4.3)
Q

HeH%:/ “V@O‘Q—I—‘elﬂ dz. (4.4)
Q
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Now, we simply replace the functionals « and L in (4.2) by the corre-
sponding terms of our exact controllability problem:

V=,
a( ) = (A,
L:é— ({ut,—u"}, e).

We would like to point out a common source of confusion: the positive
definite operator A is composed of the solution of the two wave equations
in ¢ and . Thus we never end up with a simple positive definite matrix
(after discretization) as would be the case in the solution of a large linear
system by conjugate gradient methods. In particular, we cannot measure
directly the condition number of our operator. This need arises when we
solve problems in which the geometrical conditions for controllability are
not satisfied.

We obtain the following conjugate gradient algorithm (as introduced in
[6] and [7]) for the exact controllability problem:
Algorithm CG-HUM
Step 0. Initialization:

e ) € Hy(Q), e} € L*(Q) are given;
e calculate the residual go = {3, 94} € E by solving
— forwards in time

O¢o=0in Q@ =Q x (0,7,

_ 0 8¢0 _ 1
(bO(va)_eOvW(va)_eO 1n Qv (4'5)
¢o(z,t)=00onl' x (0,7) =X;

— then backwards from ¢t =T tot =0

Oy =01in Q = x (0,7),

oz, T) =0, %(LT) =01in €, (4.6)
o(z,t) =0 on X\ Xg=T\Tgx(0,7);
— finally,
Ag—%—ulinﬁ, (4.7)
go=0onT,
with

gé =’ — o(z,0) in Q;

e if gg = 0 or is small, set e = ey and STOP; if not, set the first search
direction wqo = g (steepest descent).

Then for £ = 0,1,2,... assuming that eg, gr, wi are known, compute
the next iterates eg41, Sk+1, Wi+1 as follows:
Step 1. Descent:
ESAIM: Cocv, May 1998, VoL. 3, 163-212
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e minimize (4.1) in the search direction by calculating

_ el el
(Awp, wi)  (8k, Wik)E

where g5 = {g?, g}} is obtained by solving
— forwards in time

Odr=0in Q =Q x (0,7),

or(z,0) = wg, %(x, 0) = wg in®, (4.8)
dp(z,t)=0on T x (0,T) =3;

— then backwards from ¢t =T tot =0
Oy, = 0in Q = Q2 x (0,7),

g 0w

Yz, T) =0, W(QC’T) =01in €, (4.9)
Pr(z,t) =0 on X\ Yo =01 \Tyx (0,7);
— finally,
~AgY = % in Q, (4.10)
572 =0onlT,
with

gr = —¥r(z,0)in Q;
e update all quantities
€k+1 = €k — PEWk;
Gyt = Ok — Pror,
g1 = O — Prr,
8k+1 = 8k — PkSk-
Step 2. Convergence test & new descent direction:
e if gri 1 = 0 oris small, set e = epy1, ¢ = Ppy1, ¥ = Y41 and STOP;
e else
— calculate
_ el
ekl

— define the new conjugate search direction as
Whtl = Ghtt T VEWE

e set k =k + 1 and go to step 1.

REMARK 4.1. Note that in the above conjugate gradient algorithm we seek
(by minimization of the residual) the good initial conditions, €% e! of the
¢ wave equation — not those of the our original « wave equation. Once we

have obtained these initial conditions, we can solve the ¢ wave equation and
ESAIM: Cocv, May 1998, VoL. 3, 163-212
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9¢

calculate the boundary control g = 5-|x, for the ¢ wave equation. However,

we imposed the conditions

P(z,T) =z, T) = 0.
Thus the solution of the @ wave equation, using the converged value of
g, will give us the exact controllability by simple identification with the u
wave equation. The only role played by the initial conditions of « is in the

calculation of the residue in the zeroth iteration of the conjugate gradient —
see above.

We will make further remarks concerning the complexity of this algorithm
at the end of the following section.

4.3. THE DISCRETIZATION OF THE CG ALGORITHM USING A MULTIGRID
FILTERING TECHNIQUE

The discretization of the above algorithm has undergone numerous meta-
morphoses. The reason for this is the fact that a direct discretization leads
to an ill-posed discrete problem. Numerous attempts were subsequently
made in order to remedy this: see [7] and others. The most successful
of these remedies was formulated by Glowinski in [6] and uses a multigrid
filtering technique inspired from a similar problem which arises in the nu-
merical solution of the Stokes problem. We now present a finite difference
implementation of this technique. For the interested reader, a finite element
implementation is given in the original paper [6].

The ill-posedness comes from the high frequency components of the solu-
tion of the discrete problem

Ap acen =1,

The remedy (see [6] for analysis and details) is to eliminate the short wave-
length components of the initial conditions of the ¢ wave equation by defin-
ing them on a coarse finite difference grid of twice the step-size, 2h.

We will require two operators for the passage from grid to grid:

e an interpolation operator and
e an injection operator.

The interpolation operator maps the coarse grid onto the fine grid:
Iy, - Q" — Q"
and is defined by
h 2h
P2 = i
1
h 2h 2h
Priy1j = 5 ( T i—l—l,j)
1 2h 2h
5( i T m‘+1)

1
h _ 2h 2h 2h 2h
Bivnainn = 7 (8 + 08+ P+ o)

for 0 < i,7 < I/2—1 where [ is the number of elements in the fine grid.
The injection operator maps the fine grid into the coarse:
Lh o —

ESAIM: Cocv, May 1998, VoL. 3, 163-212
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GEOMETRICAL BOUNDARY CONTROLLABILITY 173

by simply assigning the fine grid values to the corresponding coarse grid
points

2% _ 4k
= 0%io1.2j-1

fore,7=1,...,1—1.

We will now describe the conjugate gradient solution of the approximate
problem. The discrete space, Ej, which approximates FE is simply defined
on the discrete domain €295 at the points of the finite difference mesh. The
L?(Q) inner product, (-,-); is defined by a trapezoid integration over the
discrete domain.

We approximate the fundamental equation Ae = f by the following linear
variational problem in Fj:

Find e;, € Eysuch that
(Aparen,en)n = (u',eh) — / w’e) du,Vey, = {e), )} € E, (4.11)
Q
where (-, -) denotes the duality pairing between H~1(Q) and HZ(Q). It can
be shown (see [6, 7]) that the discrete operator (Aj Ay, ) is symmetric and

positive definite for 7" large enough, and hence problem (4.11) can be solved
by a conjugate gradient algorithm operating in F}.

I+1

T T T T T T T T T

l l l l l l l l l
EZFX(O,T) T O [ R B

i l i l i l i l i

| | | | | | | | |
f~--"r-a--r-a--"r-31--r"3°°

| | | | | | | | |
Lm0 L L _L_d__L_d__

| | | | | | | | |

('):0 ¢:0 | | | | | | | | |
-~ -r-a--r-a--r-3--r-°3°--~

l l l l l l l l l
[

i l i | i l i l i

| | | p\ | | | |
Fr-a--—r-a-- AT TrTAaTTrTaT -

| | | | | | | | |
Lm0 L L _L_d__L_d__

| | | | | | | | |

i | i i i | i i i
-~ -r-a--r-a--r-3--r-°3°--~

l l l l l l l l l
) O S R T DU SR SRR TR

i l i l i l i l i

t=0 0 | | | | | | | | |

Q
w/ 0 1 I+1

F1GURE 1. Discrete space-time domain for solution of O¢ = 0.

We now describe this algorithm. Suppose (to fix ideas) that € = (0,1) x
(0,1) and let the number of elements in each coordinate direction of the fine
grid be I (see Figure 1). Let the space discretization, h = 1/(I 4+ 1), and
the time discretization, At = T'/N, where T is the final time and N is the
number of time steps. In order to satisfy the stability condition of the finite
difference scheme, we must have At < h/+/2. A point in Q; will be denoted
M;; = {ih,jh} where 4,5 = 1,2,..., I + 1. Then ¢, = ¢(M,;,nAt). The
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finite difference approximation of the ¢ wave equation is

¢Z+1_2¢?j+¢%—1 . o
- A =0 for 1 S0 < L0 S N,

qﬁ% = eO(Mij),¢}j - (b;l =2Ate! (M;j) for 1 <i,j < I,n=0,
vy =0for My €e',0<n <N,

(4.12)

where Ay is the discrete 5-point Laplacian operator. The finite difference
approximation of the ¥ wave equation which is solved backwards from ¢t =T
tot=0is

TR A g
(B)? — A =0for 1 <ij<I,n=N,...,0,

¢N+1 _¢N_1
5207%:0f0r1§i,j§17n:]\77 (4.13)

o = O for My € I'g, 0 <n <N,
K710 for My € T'\Tp,0 < n <N,

where the approximation to the normal derivative %h = 0¢ is defined by
a second order difference (see Figure 2)

6(E) = 4()

S = @(Mkl) = 5T

on
Now, ¢y = 0 implies A =0 on 3. So

P(W) + ¢(E) + ¢(5) + d(N) — 4(M)
h2

=0,

which gives ¢(F) = —¢(W) (since everything else is zero on the boundary)
and hence we obtain

o = 22 () = 2D 200 (4.14)
S R
S N —
Q
I

FIGURE 2. Discrete approximation to the normal derivative d¢/dn.
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The discrete algorithm is then:
Algorithm CG-h
Step 0. Initialization:

e ¢9, e} are given on the coarse grid;

e solve the discrete forward wave equation (4.12) forn =0,1,...,N on
the fine grid, initialized by

¢ = 13,€%, 6 — oyt = (2At) I} ef,

and store (bév and qﬁéV‘H;
o forn = N,N —1,...,0 compute ¢}, d¢(, ng_l by integrating back-
wards in time as follows:
— if n = N, compute §¢}) using (4.14);
— else (n < N)
* first compute ¢f by solving for one time step backwards on

the fine grid

¢ <bn—l—l <bn—l—?
(A1)?

—Appg=0for1<i,57<1

initialized by the stored values (bév and qﬁéV‘H;
* then d¢f using (4.14);
— endif;
— solve (4.13) on the fine grid for ¥~ using ¥ = 667 on I'y;
e calculate the residual go = {¢3, 94} € E) by
— solving on the coarse grid

~Apgd = 1%%250 — It for1<ij <1, (4.15)

g5 = 0 for M;; €T
— then setting
g8 = 120 — 2Pl for 0 < 4,5 < T+1;

e if gg = 0 or is small, set e, = eg and STOP; if not, set the first search
direction wqo = g (steepest descent).

Then for £ = 0,1,2,... assuming that eg, gr, wi are known, compute
the next iterates eg41, Sk+1, Wi+1 as follows:
Step 1. Descent:

e solve the discrete forward wave equation (4.12) for (/BZ, on the fine grid
n=0,..., N, initialized by

B = 1w, 6k — o7t = 200 1w}

and store qgiv and q%j"’l;
o forn = N, N —1,...,0 compute qu, 5(;3}3, QZZ_I by integrating back-
wards in time as follows:
— if n = N, compute §¢¥ from ¢ using (4.14);
— else (n < N)
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x first compute qu by solving for one time step backwards on
the fine grid
o1 - 205 + 1
(A1)?
initialized by the stored values q@i\f and qgi\f-l—l;
* then ¢} from ¢} using (4.14);
— endif;
— solve (4.13) on the fine grid for QZZ_I using ¥ = 664 on Lo;
e calculate the residual g5 = {47, 4/} € E}, by
— solving on the coarse grid

of — P!
t

—Apgl=0for1<i,j<I

Ny = IghT for 1 <i,j<I, (4.16)

gy =0 for M;; eIy
— then setting
g6 = —1"Q for 0 <, j < T+1;
e minimize (4.11) in the search direction by calculating

IgxlZ, [EI

(Awp, we)n — (8rWi)E,
where the inner product and norm are the discrete analogues (obtained
by trapezoid integration) of (4.3) and (4.4) respectively;

e update all quantities

pr =

€k+1 = €k — PEWE,
P41 = Pk — Pk Pk
Vpp1 = Vg — prUk,
8k+1 = 8k — Pk8k-
Step 2. Convergence test and new descent direction:
e if gri 1 = 0 oris small, set e = epy1, ¢ = Ppy1, ¥ = Y41 and STOP;
e else
— calculate
lgnsild,
Yk= T
gl

— define the new conjugate search direction as

Wil = 8k+1 T YeWk
e set k =k + 1 and go to step 1.

REMARK 4.2. We repeat here two basic remarks made in [6] concerning the
complexity of the above discrete algorithm:

1. “The above algorithm may seem complicated at first glance [...] but
the only non-trivial part of it is the solution (on the coarse grid) of the
discrete Dirichlet problems (4.15) and (4.16). An interesting feature
of the algorithm is that the simultaneous backward integration (in the
descent step) of the 2 discrete wave equations for ¢ and v provides a
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very substantial computer memory saving [...] The saving would be
more substantial for large T and would be an absolute necessity for
3-d problems.”

2. The above remark also shows the interest of the HUM approach from
a computational point of view. In the original control problem, the un-
known is the control ¢ which is defined over ¥y = I'g x (0,7'); using the
HUM, the unknown is the solution e of Ae = f which is approximated
by e; and is substantially smaller in terms of memory requirement.

5. NORMS OF THE CONTROL ¢ AND THE ENERGETIC COST OF
CONTROL

The following discussion is in fact related to the numerical results pre-
sented in the following section. We examine here the relationship between
the norm of the control ¢ and the control time T.

5.1. NORMS OF CONTROL

The HUM is formulated in such a way that the control obtained minimizes
the objective function

1
J(g;T) = 5/2 g|* dx,
0

where ¥g = ['p x (0,7). This is an L* norm which we denote ||g[|3 y, . We
define an L' norm of ¢ as follows:

T 1/2 T
lolhs: = [ (/ |g|2dx) it= [ NoOlla
0 To 0

This is the standard L1(0,7; L*(To)) norm. The results of the simulations
on the unit square are shown in Figure 4, where we compare the quantities:
llgll2.s, (denoted as L? norm), vT||g||2.5, and ||g||1.5, (denoted as L' norm)
as functions of 7.

We observe the following (see Figure 4 and also Figures 6, 9 and 16): the
L? norm is a decreasing function of 7', whereas the L' norm is approximately
constant and thus independent of 7. On multiplying the L? norm by the
square root of T, we obtain a behavior similar to that of the L' norm. It
was already noted in [7] that

VTgll2x, ~ €,

but we can see now that the constant ¢ is closely related to the L' norm,
llg]l1,5,- In fact, our observations lead us to a relation

VTgllzz, = llglliz, +e, (5.1)

where c is a positive constant. We are thus led to propose the LY{(0,T; L*(Ty))
norm as a cost function for the HUM.
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5.1.1. THE 1-D case. We can investigate the above relation in the very
special case of one space dimension. We consider the “vibrating string”

described by
Uy — Upr, =0 In 0 < <1, (5.2)
u(0,¢) =¢g(t), u(l,t) =0,
w(z,0) = a(z), u(z,0) = b(z),

where the functions a and b are given in L? x H~! and ¢(¢) is the control
function. The solution of (5.2) is of the form

ul,t) = 6(t — ) + Dt + 0),
where (¢, 1) satisfy the relations
d(—x) +Y(z) = a(z), ¢ (—2)+¢'(z)=0b(z), 0<a<l,
ot =1 +v(+1) = 0, VteR,

g(t) = o) +v(t), VteR.

From the above relations we deduce that () = —¢(t — 2) and that
o(—x)— (e —2) =a(z), O0<a<l, (5.3)
(-2)—¢d(x-2)=bz), 0<uz<l.

Thus ¢(t) is given up to a constant in the interval ¢ € (—2,0), and the
control function ¢ satisfies

9(t) = o(1) — ot = 2). (5.4)

In particular, the set G of control functions g with support in [0, 7], driving
(5.2) to rest at time 7,

G = {g € L*(0,T) ; the solution u(z,t) of (5.2) is 0 for t > T},
is equal to
G=1g(t) = o(t) -t = 2); 6 € 0}
with
¢ = {(b € Lz(_QvT) ) ¢|t>T—2 =0, ¢|t<0 = ¢0} )
where ¢ is the solution of (5.3).

Taking 7' = 2(N 4 1) with N an integer, and denoting by ¢; the function
on (0,2) given by ¢;(t) = ¢t +2(j — 1)) for 0 < j < N, we have (with
¢n41=0)

N+1

HgH%2(O,T) = Z 15 — ¢j—1H%2(0,z)v
7=1
N+1

lgllzso,my = D 1165 = bi-tllei (o).

i=1
In particular, the optimal control in L%(0,T), g3, is unique and is character-
ized by

%o 1<j<N.

¢]:¢]—1_N+17 >~
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Thus we get

1
inf {{lgllz20,1y5 9 € G} = llg2llr20,r) = ﬁ“%“ﬂ(-z,e)-
On the other hand, the triangle inequality gives
inf {|lgll 10,75 9 € G} = lPoll L (~2,0) = g2l L1 0,1y
From these facts we conclude that for 7' = 2(N 4+ 1)
inf {HQHLl(o,T) sged) = 19ollLr (=2,0)
< \/§H¢0HL2(—2,0) = VT inf {HgHL2(O,T) 19 € G}

and the optimal L? control is also L' optimal. We observe also that the set
of L' minimizers

{9 € L0, T); lgllro,r) = 190l nr (—2,0) }

is infinite for N > 1 and that the choice g; = —x[g9)%0(t — 2) is both Lt
optimal and supported in the smallest possible time interval. Notice also
that we obtain a relation of the type (5.1):

VT |92l 20,1y = N9l L2 o,y + €
where ¢ is the constant

€= \/§H¢0HL2(—2,0) - H¢0HL1(—2,0) > 0.

5.1.2. THE GENERAL CASE — INTERIOR CONTROL. In order to try and ex-
plain (5.1) in the general case, we first consider the wave equation in R?
with an “interior” control, g, acting on w C Q

(0} — *A)u=gin Q,
with the zero initial condition
uli=0 = 0, Ut|y=0 = 0.

We then have the following energy estimate

T 1/2
VE@)(T) < / (/ g* dw) dt.
0 Q
This is easily obtained by rewriting the system in the form

(@ — AU =G

o= 4] e-[3]
Tt )
and the operator A is defined by
0 I
A_|:62A 0]'

This system then has the solution

t
U:/ exp(t_S)AGdS
0
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and immediately gives the L! estimate
t

Uln g/ Gl ds.
0

5.1.3. DIMENSIONAL ANALYSIS. A qualitative justification of the suitability
of this L' norm is given by the following dimensional analysis. Define the
physical energy as

E= / lug|? + |eVpul? de,
Q
then, denoting the dimensions of a quantity by [-], we want [E] = kg m?s~2.
This implies that [u] = kgl/z. Thus the dimension of the control must be
[¢] = kg'/?s™2. Now our L! norm,

T 1/2
ol = [ ( /Q g dx) it,
0

has a dimension (squared) of kg m? s™2 which is precisely that of [F]. How-
ever, the criterion optimized by the HUM

T 1/2
lollze = (/ /g%dt)
0 Q

has a dimension (squared) of kg m? s and this is an energy per unit time
or a power. Physically then, it is reasonable that the power decreases as we
extend the time interval, but it is the work that provides a better estimation
of the total energy spent in controlling the system. Thus, extending the
control interval (0,7") leads to a decrease in the power (and consequently a
more optimal solution in the L?(X) norm), but a constant expenditure of
energy.

The graphs (see below) show that the L'-norm is approximately constant.
If we define

A=VT||gllz2cs), B = 9l 0,22

then since these two quantities have the same homogeneity, we have by the
Cauchy-Schwarz inequality

B < A.
What we observe with our choice of data is that
B~ A

and that both are approximately constant. This is striking since it implies
that once we have found an optimal control, ¢, all other controls for larger
T can be obtained directly from this one. This can be explained by the
following argument. Suppose we have found a control (optimal) g7 such
that

gr :u(0) = 0
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in time T. Let us now extend the time axis from 0 to 27". Then by linearity
the following control function will drive our system to rest:

_ Tgr, 0<t<T
PE= fgr, T<t<or.

The trivial estimation gives

2T T 2T T
g7 |2 gr|? 1
/ /|92T|2§/ / 7‘ ‘|-/ / 7‘ 25/ /|9T|27
0 I 0 I T I 0 I

which implies that

([ o) e ([ )

However, the quantity on the right is approximately constant in the sim-
ulations, i.e., it is independent of T. Thus we must have equality in the
above estimate. Hence for any extension of the time axis to 77 > T, we can
construct the new control based on the interval [0, 7] by linear combinations
of gr since all the control information is already contained in the function

ar .

5.1.4. THE GENERAL CASE — BOUNDARY CONTROL. We have not yet dis-
cussed the case where ¢ is on the boundary I'. We have a difficulty in
obtaining results analogous to the interior case due to the spaces in which
g must lie. Here the problem is the following:

(0} — A =0in Q,
with the non-zero boundary condition
vlr =y, (5.5)
where g € L%(T'). The solution (v,v;) € (L?, H™1). The dual problem
(0} — *A)u=10in Q

has its solution (u,u;) € (Hg,L?). Taking inner products and using the
duality, we obtain

T T
/ / < (0} = Ay, u>= / /g@nu.
o Ja o Jr

E(u) = |U|12qg + |72,

Now defining

the fact that (5.5) is well-posed results from the estimate

T
02/ /|8nu|2 < CE(u),
0 r

where C'is a constant. Our problem is thus well-posed with v € C'([0,T], L?)
NCLY([0,T],H Y if g € L*((0,T) x I') but not if g € L*(0,T; L?(T')), which
is after all a good justification (at least for theoretical purposes) to work in
L3(%).
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5.1.5. LINEAR ELASTICITY SYSTEM. We note that also in the case of the
linear elasticity system (see [3]) we consistently find that \/TH!JHLZ)(E) ~c
and in fact the constant can be estimated numerically by simply setting
T = 1. This is possible on condition that we have geometric controllability
at time t = 1.

5.2. THE ENERGETIC COST OF CONTROL

First we introduce the following notation for the discrete norms:

|I'li.x is the L'(0,7; L*(I')) norm; ||-]|2,x is the L?(¥) norm;

I|2.2 is the L?(2) norm;

| - 1.0 is the H}(2) norm;

I'll-1.0 is the H™1(Q) norm, where ||v||_1,0 = |w|1o with |v|; o =
(fo |Vv]? dz)'/? and w € HJ () is the solution of the Dirichlet problem
—Aw=wvin Q, w=0on I

As a result of the dependence of the norms of the control on the control
time (7") as discussed above, and following the abstract analysis of Appendix
A, we find it appropriate to introduce a new criterion for estimating the
optimal quality of the solution obtained. We are led to the following

DeriNITION 5.1 (ECV, ECF). The energetic cost vector (ECV) is defined
as

FOV — [ lgllis Nu(@)ll20+ HUt(T)H—l,Q]

[w0l2,0° [[4°[]2.0

and the energetic cost factor (ECF) is the product of its two components

ECE — ( lgll1,5 ) (HU(T)Her Hut(T)H_m)‘

[14°l]2.0 [[4°[]2.0

This factor takes into account the cost of applying the control (in the
L! norm) as well as the cost incurred in driving the system to a final state
which is close to zero. It is normalized by the norm of the initial data to al-
low comparison between different cases (“controllable” and “uncontrollable”
data). The smaller the value of the components of the ECV, the better the
quality of the solution which then has

1. a smaller control energy and
2. a final state closer to rest.

In the numerical results we will also present the ECF since it provides
us with a useful scalar value and enables comparisons between cases with
different geometries and initial conditions.

6. THE WAVE EQUATION ON THE UNIT SQUARE: NUMERICAL STUDY

Before presenting the numerical results we will give an overview of the
different geometrical configurations studied and discuss the convergence cri-
terion and the discrete norms used. Other aspects of convergence are con-

sidered in Appendix C.
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6.1. GEOMETRY OF DOMAINS AND CONTROL BOUNDARIES

In the numerical simulations that follow, we study three geometrical sit-
uations — see Figure 3:

1. a square domain with varying control boundary;

2. squares with cavities giving rise to trapped rays;

3. an elliptical region which exhibits different stability properties along
the minor and major axes.

d e f

FIGURE 3. Geometries: squares (a,b,c), cavities (d,e) and el-
lipse (f) — no control on dotted boundaries; rays of geometric
optics are indicated by thick arrows.

6.2. CONVERGENCE CRITERION AND DISCRETE NORMS

1. The conjugate gradient algorithm is initialized by €J = e} = 0. In
other words, the initial guess to the solution e is zero.
2. The stopping criterion: we use

Igk-+11I%,
Igoll%,

where ¢ depends on the machine precision. In our calculations we use
¢ = 107%. On a supercomputer this precision can be increased to 102
as was done in [6]. In cases with oscillatory initial data (see below), we
reduce this tolerance to 107° — this being the smallest value attainable
in these cases. Examples can be found in Appendix C.

3. In the Tables we denote by u? and u! the calculated values of the initial
conditions u® and u!. They are in fact the discrete analogues of the
converged values of 4(0) and %(0).

4. We use the discrete norms defined in the previous section.

5. The quantity ||lgl2,x is the L? norm over time of [|g(t)|z2(r,) — this
last function is plotted against time and shows how the energy of the
control varies in timoe. .

6. The 2 quantities % and [|u! — ull|_1 o measure how well the
initial conditions of the original wave equation are recovered by the
algorithm (recall that they are obtained from the 1 equation).
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7. The 2 quantities w
||u ||2,Q

the original wave equation for u, starting from the given initial data,
and employing the exact boundary control, ¢, which has just been
calculated by the algorithm. They show how well the calculated control
achieves the desired terminal state u(z,T) = u(z, 1) = 0.

and ||u¢(T")||-1,0 are obtained by solving

Note that all norms involving the time derivative of u are not normalized
since we use a zero initial condition on du/0t.

6.3. THE TEST PROBLEM

In order to verify the code, the test problem introduced in [7] was solved.
This problem consists of an analytically obtained control acting on the
boundary of the unit square. Results comparable to those of [6] were ob-
tained. For a typical test run with h = 1/32, At = h/v/2,T = 2.65and
e = 1078, the algorithm converged after 24 iterations and the errors were

€7 = €2]] 2y = 00059, [|e? — €l]| 51, = 0.0103,

e = e2l] 2 ) = 0-0649.

6.4. INITIAL DATA

In order to pursue our study of the geometrical aspects of controllability,
we need a rather versatile function as the initial condition. We will take the
following complex initial data for the wave equation:

uo(@y) _ u($7y;0):e—am(l’—l’0)2_ay(y_yo)2+i[ﬁm(l’—l’0)+ﬁy(1‘/—yo)]7 (6.1)
ou
ul(,y) = 5;(2,550)=0.

We note the following properties of this function (see the various figures in
the sequel):

e it has support centered around the point (zg, yo);

e the vector 3 = (8, 3,) will give a preferred direction of propagation;
e the vector o = (g, o) will give support in a desired direction.

This function will enable us to study numerous phenomena:

e the dependence of the control on the direction § = (5;, 5y) ;

e the interaction between this direction and the geometry of the region
as well as the geometry of the control boundary;

e oscillatory data which has “compact” support in one coordinate direc-
tion and rapid oscillation in the other.

6.5. CONTROL ON THE ENTIRE BOUNDARY OF THE UNIT SQUARE

The results of the simulations using smooth initial data
Wz, y) = M 00yl (g, 4) = 0,

with (29,y0) = (0.5,0.5) are shown in Figure 4, where we compare the
quantities: ||g|lo,x (the L? norm), vT||g|l2.s and ||g|li.x (the L' norm) as
functions of 7.

We observe the phenomenon referred to in the previous section (see Figure
4 and also Figures 6, 9 and 16): the L? norm is a decreasing function of
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0.2 T T T T T T T T T

o
o
N
T
1

Norm of control
o
T
1

0.08 A

0.06 B
L2_norm
77777 T2 L£ norm
0.04- | ————- L'-norm 1
0.02 4
0 L L L L L L L L L
1.5 2 25 3 3.5 4 4.5 5 5.5 6

Final time (T)

F1GURE 4. L1(0,T; L*T)) and L*(X) norms of the boundary
control as functions of the control time 7" for control on the
entire boundary of a square.

T, whereas the L! norm is basically constant with a slight increase over 7.
On multiplying the L? norm by the square root of T, we obtain a behavior
similar to that of the L! norm.

6.6. CONTROL ON A PART OF THE BOUNDARY OF THE UNIT SQUARE

Using the function (6.1) we will consider

e smooth, exponential initial data and
e oscillatory initial data.

r
o

Ficure 5. The square with zero control on eastern boundary.
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6.6.1. EXPONENTIAL INITIAL DATA. The first series of runs (see Table 1)
on the unit square shows the effect of the direction of # on the control. We
consider two control geometries:

e control on the entire boundary, denoted by “W”;
e control on the north, south and west boundaries, denoted by “C” (¢ =
0 on eastern boundary).

In all runs we set 3 = (2,0) and use a rotation of angle 8 (0 < 8 < 7/2) to
change the direction of propagation of the initial data. For the C-geometry
we consider first the dependence on T for @ = 0 fixed, then the dependence
on # for T'= 3.315 fixed. These results are plotted in Figures 6 and 7 .

0.18 oy
_ - - N
P N _
0.16 1
0.14F .
[
§ — L2 norm
% 0.12F — - L2 norm * sqrt(T) )
€
5 L1 norm
z
0.1 9
0.08+ 9
006 1 1 1 1 1 1 1 1
25 3 3.5 4 4.5 5 55 6 6.5 7
Final time (T)

Ficure 6. L'(0,7; L*(T)) and L*(X) norms of the boundary
control as functions of the control time T for the open square
C.
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FiGURE 7. L1(0,T; L*T)) and L*(X) norms of the boundary
control as functions of the angle § (0 < § < 7/2)for the open
square [C.

In the Table 1, we give detailed results of some of these simulations.

187

v’ —ull2.0

lu(T)llz.0

G| T |0 |llgllzz | llgll= =]z T ECV
144 0 [0.0984 [ 0.0926 | 0.045 0.045 |[0.59,0.07] = 0.040
144 | = ]0.0983 | 0.0926 | 0.044 0.044 | [0.59,0.07] = 0.040 | (@
276 | 0 | 0.1030 | 0.1478 | 0.027 0.028 | [0.94,0.05] = 0.043
2.65 | = | 0.1009 | 0.1399 |  0.037 0.035 | [0.89,0.06] = 0.053 | )
2.21 | T |0.1026 | 0.1287 |  0.023 0.024 | [0.82,0.04] = 0.032
287 0 [ 0.1023[0.1501 | 0.025 0.026 | [0.96,0.04] = 0.043
3.76 | 0 | 0.0881|0.1498 |  0.026 0.028 | [0.96,0.04] = 0.041
4421 0 |0.0798|0.1475 |  0.022 0.019 | [0.94,0.03] = 0.030 | ()
5301 0 |0.07320.1520 |  0.020 0.018 | [0.97,0.03] = 0.031
6.63 | 0 |0.0643|0.1502 | 0.021 0.018 | [0.96,0.03] = 0.027
332 0 | 0.0968]0.1527 | 0.024 0.022 | [0.97,0.04] = 0.039
3.32 | 10.0952 | 0.1504 |  0.023 0.022 | [0.96,0.04] = 0.038
3321 T |0.0913 | 0.1444 | 0.022 0.020 |[0.92,0.04] = 0.033 | (¥
3.32 | 35 | 0.0875 | 0.1381 |  0.022 0.019 | [0.88,0.03] = 0.029
3.32| T ]0.0859 | 0.1353 | 0.021 0.018 | [0.86,0.03] = 0.027

TABLE 1. Complex data on the unit square with 2 control
geometries; convergence criterion, & = 107°% « = (64,64);
8 =1(2,0), N =32. The ECV column gives its 2 components
followed by their product. Notes: (*) 7' is minimal here; ()
the smallest T for control, varying 6; () for § = 0, dependence
on T; 4 for T = 3.32, dependence on 6.
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REMARK 6.1.

e We need less time to control from the entire boundary than from a
part, as expected.

e As in the case of control on the entire boundary, it is the L' norm and
hence the ECF which gives a better cost function — see Figure 6.

e When the direction of propagation is perpendicular to the uncontrolled
boundary, the time needed to control increases when compared with
the direction parallel. The case where the angle is 7 /4 is intermediate
and there is a clear functional relationship between the 2 norms and
the angle — see Figure 7.

6.6.2. OSCILLATORY INITIAL DATA. We now impose oscillatory initial data
with compact support in the y-coordinate direction and rapid oscillation in
the x-direction as shown in Figure 8. Note that this function is real. We
consider two different geometries for the control boundary:

e control on the west and south boundaries, denoted by “L” — in this
case we have geometric control;

e control on the north and south boundaries, denoted by “=” (¢ = 0 on
eastern and western boundaries) — in this case there is no geometric
control.

4

Detailed results are presented in Table 2. The norms are plotted in Fig-
ure 9.

i)

;g 0 %’t}{:}? I"‘?%i:;? “itifil Ill “((q '}}
z 7 ‘(’ "‘\v, '),‘}Jlllllﬁ.t:i:.:s:s::..
N el = W

Ficure 8. Oscillatory initial condition, compactly sup-
ported in y and rapidly oscillating in z. Notes: this function
is the product e~ 64y=w)* R (628(90_900)).
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FiGure 9. L1(0,T; L*T)) and L*(X) norms of the boundary
control as functions of the control time T for oscillatory initial

condition on

“=" control geometry.

189

0 0

G| T |lglax | lolhs | Moo | G, | BCV

L [4.42]0.1873|0.3771 | 0.080 0.062 |[[1.35,0.11]= 0.143 | (@)

_ | 4.42] 3937 | 7475 | 0.139 0.120 [[26.7,0.20] = 5.232
4.86 | 3.836 | 7.663 | 0.181 0.164 | [27.4,0.25] = 6.889
5.74 | 3.434 | 7.451 0.149 0.135 |[26.6,0.22] = 5.954 | (®)
6.63 | 3.096 | 7.189 | 0.121 0.099 | [25.7,0.16] = 3.992
7.73 | 2.861 | 7.187 | 0.081 0.072 | [25.7,0.12] = 3.051

TABLE 2. Oscillatory data on the unit square with 2 control
geometries; o = (0,64),5 = (8,0), 8§ =0, N = 32. The ECV
column gives its 2 components followed by their product.
Notes: (@) convergence criterion ¢ = 107°, 7' is minimal; (®)
¢ = 107 but not all runs converged — they were stopped
at point where the convergence criterion started to increase
(between 1 and 5-107*) — see Appendix B.

REMARK 6.2.

o If we compare with the results of Table 1 we see that the oscillatory
data takes longer to control and approximately 20 times the energy;
the final state is one order of magnitude larger and the overall ECF
(energetic cost factor) is about 100 times larger.

e Comparing the 2 cases of this table, we observe that in the absence of

), the ECF is about 50 times larger than when

we do have geometric control (“L”); the first component (cost of the
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control, ¢g) is 20 times bigger and the cost of the final state is twice as
big.

We must have at least one control boundary perpendicular to the di-
rection of the oscillating part of the initial data in order to obtain good
convergence — this is the geometric condition.

Even in the bad case (control on N and S only) we have the same
behavior of the L' norm of ¢ as a function of T — this phenomenon is
thus independent of the control geometry.

The comparison of [|g(t)[|z>(r) for the 2 geometries is interesting (see
Figures 10 and 11); the norm of ¢ has an apparently chaotic form for the
bad case, whereas when we have one control boundary perpendicular,
there is a coherent envelope — this indicates a dependence of the form
of [lg(t)||r2(ry on the control geometry.

The results for the N-S control boundary are not as well converged as
the others — in fact we have used a convergence criterion of 10™* here.
In [1] and [9] explicit observability inequalities with an exponential
factor of the form €™ were obtained for the boundary controllability
of a linear hybrid system on the unit square, where n is the frequency
of the oscillations in the z-direction.

0.127 B B B B N N -

0.08 4

Norm of g

0.04 .

0.02 , ‘ ‘ : : : : : :

Ficure 10. ||g(¢)|| for “L” control geometry with the oscil-
latory initial condition.

7. THE WAVE EQUATION ON OTHER DOMAINS: NUMERICAL STUDY

7.1. THE SQUARE CAVITY

The square cavity presents two obvious control boundaries: the internal

boundary, I'; (hole) and the external boundary, I'y — see Figure 12. We
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0.5 .

2

F1Gure 11. [|g(t)|| for “=" control geometry with the oscil-
latory initial condition.

FiGURE 12. The square cavity.

compare these in Table 3. Note that with control on the outer boundary we
have geometric controllability, whereas when we control on the hole, there
is no geometric controllability.

The three series of animations in Figures 13, 14 and 15 compare the solu-
tion of the wave equation without any control (Fig. 13) with that obtained
when a control is applied

e on the exterior boundary I'; (Fig. 14) and
e on the interior boundary I'; (Fig. 15).

The norms for the I'y control boundary are plotted in Figure 16.
REMARK 7.1.

e Controlling on both boundaries is no better than controlling on the
exterior boundary only — there is a very slight difference in the ECF’s.
ESAIM: Cocv, May 1998, VoL. 3, 163-212
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G | T [lglles | llls | Lpmpelee [ Ll ECV
rhurs | 1.97 | 0.0579 | 0.0737 0.0383 0.0474 | [0.58,0.06] = 0.036
ry 1.771 0.0741 | 0.0945 0.0420 0.0426 | [0.74,0.07] = 0.052
2.65 | 0.0576 | 0.0909 0.0432 0.0345 | [0.71,0.06] = 0.043 | (@)
3.98 | 0.0466 | 0.0906 0.0431 0.0282 | [0.71,0.05] = 0.036
5.30 | 0.0403 | 0.0908 0.0423 0.0332 | [0.71,0.05] = 0.037
6.63 | 0.0362 | 0.0914 0.0419 0.0307 | [0.71,0.05] = 0.037
I 5.30 | 0.2355 | 0.5268 0.0784 0.0670 | [4.12,0.11] = 0.439

TABLE 3. Exponential data on the square cavity with 2
control geometries; convergence criterion, ¢ = 107°; a =
(96796)7 ﬁ = (070)7 ($07y0) = (08708)7 N = 32; F1 = eXx-
ternal boundary, I'y = internal boundary. Notes: (*) § = 0
fixed and T varying.

e Controlling on the interior boundary requires substantially more time
and a much larger control energy — the ECF is approximately 10 times
larger (cost of control is 5 times larger, cost of final state is twice as
large).

o We once again find the expected dependence of the norms on T, so this
dependence appears to be independent of the domain geometry and of
the control geometry.

This example is inspired from the “bowling ball” case.

7.2. THE SQUARE WITH TWO CAVITIES

We now have

three possible control boundaries: the two holes (I'; and I's) and the ex-

terior boundary (I'y).

The fine discretization mesh is shown in Figure 17.

In addition to varying the geometry of the control boundary, we will also
examine the effect of the direction of propagation of the initial data.
Results are presented in Table 4.

0 0
G | 7|8 | lelles | llalhe | Mpplee | e ECV
ryuly | 1.33 0 0.0199 | 0.0218 0.0550 0.0497 [0.39,0.08] = 0.032
ul's 1.33 | #/2 | 0.0200 | 0.0219 0.0542 0.0500 0.40,0.08] = 0.032
Iy 2.21 0 0.0357 | 0.0502 0.0640 0.0890 0.91,0.15] = 0.136
2.21 | m/4 | 0.0354 | 0.0497 0.0634 0.0879 | [0.90,0.15] = 0.132 | (@)
2.21 | ©/2 | 0.0351 | 0.0493 0.0629 0.0868 0.91,0.15] = 0.130
Fauls | 2.21 0 0.0448 | 0.0641 0.0863 0.0867 1.16,0.14] = 0.167
2.21 | ©/4 | 0.0452 | 0.0648 0.0865 0.0875 [1.17,0.15] = 0.171
2.21 | ©/2 | 0.0457 | 0.0654 0.0867 0.0884 [1.18,0.15] = 0.175
s 7731 0 | 0.0659 | 0.1799 0.1188 0.1232 | [3.25,0.22] = 0.717 | (¥

TABLE 4. Exponential data on the 2-cavity square with var-
ious control geometries; (2o, yo) = (0.5,0.5), a = (512,512),
8 =1(2,0); N = 64; I'y =external boundary, I'z, ['s = internal
boundaries. Notes: (*) the minimal control time T = 1.77;
(®) not converged after 10 iterations; criterion e, = 4 - 1075,
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initial condition for t=0 numerical solution for t=0.0221

l;‘\ N
i i)
TIAAN M\

numerical solution for t=0.5524 numerical solution for t=1.105

numerical solution for t=1.657 numerical solution for t=2.21
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Ficure 13. Solution of wave equation on square cavity — no control.

REMARK 7.2.

e Controlling everywhere requires the smallest T" and gives a small value
of the ECF.

e Controlling only on the outer boundary is comparable in cost to con-
trolling on the 2 inner boundaries only.

e The dependence on the angle 6 is interesting: when controlling on the
outer boundary, the ECF decreases as 6 varies from 0 to 7/2 whereas
when controlling on the 2 cavities the ECF increases — this shows the
effect of controlling in the direction perpendicular to the propagation
of the initial data.

ESAIM: Cocv, May 1998, VoL. 3, 163-212



194 M. ASCH AND G. LEBEAU

u(x,t) for t=0 u(x,t) for t=0.0221

/N
fi\

u(x,t) for t=1.657 u(x,t) for t=2.21

Ficure 14. Solution of wave equation on square cavity —
control on I'y.

e Controlling on only one cavity is expensive and convergence is difficult
to achieve — the cost of the control, ¢, is about 10 times larger and the
final state is 4 times as big when compared with the case of control on

the whole boundary.
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u(x,t) for t=0 u(x,t) for t=1.1049

u(x.t) for t=2.2097 u(x.t) for t=3.3146

>
CSNTRSI
SO

%%

SO
OSSR
NSNS ESS
OSSN SIS
NN s

u(x,t) for t=4.4194 u(x,t) for t=5.3033

Ficure 15. Solution of wave equation on square cavity —
control on I's.

7.3. THE ELLIPSE

Since the boundary of the domain €2 is no longer straight, we need to
modify the finite difference scheme. Details of the modifications can be
found in Appendix B.

On the ellipse we will first study the case of a nice exponential initial
condition and then we will consider oscillatory initial data on two control

geometries:
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0.1

0.09 b

0.08 J

o
o
NG
T
L

— L2 norm
—-- L2 norm * sqrt(T)
L1 norm B

Norm of control
o
o
[}
T

0.05- 7

0.04 - b

0.03 | | | | | | | |
2.5 3 3.5 4 4.5 5 5.5 6 6.5 7

Flnal time (T)

Ficure 16. L'(0,7; L*(T)) and L?(X) norms of the bound-
ary control as functions of the control time 7" for exponential
initial condition on the square cavity with control on the
outer boundary (I'y).

Ficure 17. Exponential initial condition on fine mesh for
the 2-cavity case — N=64.

ESAIM: Cocv, May 1998, VoL. 3, 163-212



1.

2.

GEOMETRICAL BOUNDARY CONTROLLABILITY 197

g = 0 on the extremities of the minor axis (y) — denoted by { — with
the data rapidly oscillating in the y direction (see Figure 18);

g = 0 on the extremities of the major axis (x) — denoted by < — with
the data rapidly oscillating in the x direction.

Results are presented in Tables 5 and 6.

u(x,y,0)

y X

Ficure 18. Oscillatory initial condition for the ellipse — N=48.

= | s
T | llgllzx | lgllve | pops .~ | o ECV
1.75 1 0.0714 | 0.0896 0.0199 0.0528 |[0.57,2.54] = 1.455 (a)
1.8 | 0.0683 | 0.0866 0.0174 0.0474 |[0.55,0.61] = 1.005
1.9 | 0.0660 | 0.0850 0.0056 0.0091 |[0.54,0.49] = 0.268
2.0 | 0.0658 | 0.0859 0.0086 0.0170 |[0.55,0.61] = 0.332
2.2510.0616 | 0.0856 0.0140 0.0456 | [0.55,0.58] = 0.319
2.5 |0.0591 | 0.0862 | 0.0047 | 0.0077 |[0.55,0.24] = 0.133 | ©)
2.75 | 0.0583 | 0.0882 0.0087 0.0209 | [0.56,0.56] = 0.316
3.0 | 0.0540 | 0.0863 0.0074 0.0165 | [0.55,0.70] = 0.385
3.25(0.0513 | 0.0853 0.0073 0.0167 | [0.54,0.85] = 0.464

TABLE 5. Exponential data on the ellipse with control on
entire boundary; N = 48, o = (64,64), 5 = (0,0). Notes:
(@) this value of T is too small for control; (%) for this 7', the
ECF is minimal.
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G T [ lllos |lglhs | Ve | Ll ECV
& [ 1.75] 0.1125 [ 0.1365 | 0.0874 0.0667 | [1.15,13.4] = 15.42
2 1 0.0981 |0.1212 | 0.0823 0.0679 | [1.02,8.38] = 8.531
3 | 0.0830 |0.1240 | 0.1132 0.0712 | [1.04,17.5] = 18.19 | (@
4 | 0.0715 | 0.1237 | 0.1262 0.0730 | [1.04,20.6] = 21.45
5 | 0.0586 | 0.1160 | 0.1377 0.0694 | [0.97,19.4] = 18.89
$ 1 2 01876 [0.1945 | 0.1247 0.0873 | [1.94,175]= 340
3 | 0.1315 | 0.1717 | 0.1656 0.1162 | [1.72,85.6] = 147.1 | (®
4 | 0.1175 | 0.1765 | 0.1825 0.0860 | [1.76,63.3] = 111.6
5 10.09835 | 0.1680 | 0.1791 0.0888 | [1.68,46.8] = 78.59
6 | 0.0889 |0.1667 | 0.1901 0.0996 | [1.67,63.8] = 106.4

TABLE 6. Oscillatory data on the ellipse with 2 control ge-
ometries; N = 48. Notes: (V) a = (24,128), § = (12,0),
0 =0; " o= (48,128), = (12,0), § = 7/2.

REMARK 7.3.

e It is much more difficult to control the oscillatory data — as expected
— the ECF’s for the exponential data are 2 to 3 orders of magnitude
smaller than those of the oscillatory cases.

o If we look at the first components of the ECV (cost of control) we
see that the oscillatory cases give values 2 to 4 times larger than the
exponential cases; the second components (cost of final state) are 40
to 100 times larger due mainly to the high values of ||u!(T)||-1 -

e For the exponential data, we again obtain the previously remarked
behavior of the norms of ¢ — the L'-norm is basically constant with T,
whereas the L?-norm is decreasing.

e The “” case has ECFE’s one order of magnitude smaller (factor of 2
in ¢, factor of 5 in u(7)) than those of the “J” case — the explanation
comes from geometrical optics: the trajectory of a wave propagating
along the major axis is less stable than that of a wave in the minor
axis direction; thus the wave of the minor axis tends to remain in the
vicinity of this axis after reflections, and hence stays in the zero control
region; on the other hand, due to the instability of the major axis wave,
this wave sees the non-zero control boundary more often and is thus
more easily controlled.

e The “+” case is optimally controlled (minimal ECF) for small values
of T (around T = 2) whereas the “]” case needs much more time and
has a minimal ECF around T = 5.

e The graphs of ||g(t)||z2 for the 2 oscillatory cases are interesting to
compare (see Figures 19 and 20):

— the peak amplitudes of the “4” case are half as large as those of
the “1” case since this case is more difficult to control;

— the periods of the peaks reflect quite precisely the control geometry
as well as the geometry of the ellipse: for the “<” case the period
is about 1 which corresponds to the length of the major axis; for
the “}” case the period is about 0.6 which is the length of the
minor axis.
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We cannot directly compare the ECE’s of the ellipse with the previous
cases (square geometries) due to the change in numerical method (see
Appendix B); however in a forthcoming paper [2] we will use overlap-
ping grids which will treat all geometries with the same precision; when
comparing Tables 1 and 5 we note that the g-cost is about the same,
but the u(1")-cost is 10 times larger.

8. SUMMARY OF NUMERICAL RESULTS

this section we present two Tables, 7 and 8, which will effectively

summarize the numerical results of the previous sections.

G T | gl | B ECV
yury,uls | 1.33]0.0218 | 0.0497 |[0.39,0.08] — 0.032
Iy 2.21(0.0502 | 0.0890 |[0.91,0.15] — 0.136
I';Url's 2.21(0.0641 | 0.0867 |[1.16,0.14] — 0.167
s 7.7310.1799 | 0.1232 |[3.25,0.22] — 0.717

TABLE 7. Exponential data on the 2-cavity square with var-
ious control geometries; (2o, yo) = (0.5,0.5), a = (512,512),
8 =1(2,0); N = 64; I'y =external boundary, I'z, ['s = internal
boundaries.

Table 7 summarizes the results obtained in the two-cavity case. Here we
clearly observe the following;:

1.

2.

In
that:

as the size of the control boundary decreases, the time needed to control
increases;

as the control boundary becomes smaller, there are more and more
trapped rays and the control energy in the ECV (first term) increases
first by a factor of 3 as we move from the entire boundary to the internal
boundaries only, and then by a further factor of 3 as we control on one
cavity only;

. the overall ECF (product of the two components) increases correspond-

ingly and thus indicates well the loss of geometric controllability.

S A T e
— 0.1212 | 0.0679 |[1.02,8.38] — 8.531

0.1237 | 0.0309 |[1.04,20.6] — 21.45
0.1945 | 0.0873 | [L.94,175] — 340
0.1765 | 0.0860 |[1.76,63.3] — 111.6

!

I N S

TABLE 8. Oscillatory data on the ellipse with 2 control ge-
ometries; N = 48.

Table 8 we present the principal results for the ellipse. We observe
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Ficure 19. |lg(t)|| for oscillatory data on the ellipse with
zero control on the major axis.

01 : 8

Norm of g
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Ficure 20. ||¢g(t)|| for oscillatory data on the ellipse with
zero control on the minor axis.
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1. for the stable ray which propagates along the minor axis, we need a
larger energy to control than for the unstable ray along the major axis;

2. the ECF is very large in the case where we do not have geometric
controllability.

9. CONCLUSIONS

This extensive numerical study of the geometrical aspects of boundary
controllability has provided us with an improved understanding of the nature
of the control function g. We have observed the following:

1. an L1(0,7; L*(To)) norm of ¢ provides a better estimate of the total
amount of energy needed to control a given configuration;

2. the ECF enables us to compare quantitatively the cost of control for
different control geometries and for different initial conditions;

3. the magnitude of the ECF is related to the geometric controllability:
when the ECF is large, there are trapped rays and we are thus in a
case where there is a loss of geometric controllability;

4. the form of the time dependence of ||g(t)|| 2y is related to the geom-
etry and to the controllable or oscillatory nature of the initial data.

We have also been able to corroborate results stemming from geometrical
optics. Namely,

1. that with certain control geometries it is far more difficult to achieve
the exact controllability because of rays that are trapped — see the
two-cavity square example;

2. and that on an ellipse, a ray propagating along the direction of the
major axis is less stable than one propagating along the minor axis,
whose stability is due to a “focussing” effect.

These results are hopefully applicable to the determination of radar sig-
natures for complicated, non-convex geometries where the phenomenon of
trapped rays is a significant factor. Indeed, we plan to implement a fully
three dimensional version of the code on a supercomputer in order to study
this type of problem.

APPENDIX A. CONTROL ON A PART OF THE BOUNDARY:
THEORETICAL ASPECTS

We now analyze more precisely what happens in the case of control on a
part of the boundary.
We rewrite our forward wave equation in the form:

(02 - Ao = 0, (A1)
¢o={¢"¢'} € E=Hy(Q) xL*Q),
élr = 0. (A.2)

If we define
I(((b) = 8n¢|F0x(0,T)7
then the operator
K:E— L* (o x (0,7))
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is continuous since a direct inequality gives

10,8l 22(ro x (0,1 < clldllE -

The semi-norm induced by K on FE will be denoted by ||| - |||. If T is
sufficiently large, K is injective and ||| - ||| is @ norm on F.
Now, the backward wave equation is given by
(87,‘2 - A)¢ =0,
Bleer = Opbler = 0, (A3)

Ylrex(0,1) = 95 ¥Ir\rox(o,r) = 0,

with g € L*(I'g x (0,7)). We define now an operator S : L? (I'g x (0,7)) —
E’ as

S(g) = {¥li=0, Or¥|i=0} € L.

We can easily obtain a relationship between the operators K and S by taking
the inner product and integrating by parts:

o;/@(@f—A)¢¢dxdt

= [(¢) - (Gw]! //F 0,6)  dT d.

Hence
T
[ ] oy gari=< ot 0> - <ot vt
0 Ty
=< ¢,5(9) >
and we obtain finally our key expression
T
/ / K(¢)gdl'dt =< ¢,S(g) > . (A.4)
0 Ty

This expression has a number of consequences. Firstly, we make the follow-
ing definition:
DEFINITION A.1. The space of controllable data is the image of S, Im .5, a
Hilbert space,
Im S = L*([g x (0,7))/ ker S.
Secondly, we have the following relation:

Im S dense < K injective

which follows directly from our key expression (A.4) and is true as long
as T > 2max{dist(z,[g),2 € Q)} by the Holmgren uniqueness theorem
(“dist” is the geodesical distance). Finally, we have the proposition that the
following statements are equivalent:

1. exact controllability;
2. ImS = F';
3. there exists a constant, ¢, such that
19l < e[l K¢l 2o x(0,1)) - (A.5)
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The equivalence between the first two statements is the definition of exact
controllability. We prove the equivalence between the last two. The proof
uses the Riesz lemma: there exists an h € B’ with ||h||gr = [|¢[|z such that

1ll% =< &, h > .
Now, if Im S = E’ then h = S(g) with

19llz2(50) < €ll¢llE-

But,
¢l =< ¢, S(g) >
:/ K(¢)g dlI'dt
Yo
<K (@) 219l 22(20)
and thus

19llm < el K&l ()
On the other hand, if
19l < e[l K2 (s
then Im K is closed in L?(Xg). Thus
L* (%) = Im K @ (Im K)* (A.6)

and we can identify &/ = Im K. Finally, if & € E’, then < ¢,k > is a linear,
continuous form on F and thus of the form

< ¢, h>= / K(¢)g dl'dt.
o
But
/ K(¢)g dUdt =< ¢,5(g) >,
o
thus
h=5(g).

Once we have the estimate (A.5) which is equivalent to Im S = £’ we
can formulate the problem of optimal control: “given an i with < ¢,k > a
linear form on F, what is the ¢ with minimal norm such that

T
<¢h>:/)/)K@MdFﬁW
- 0 JIg

Using the decomposition (A.6), we define gg as the projection of ¢ onto
Im K. This is the control of minimal norm, and

go = K(wo) = 8nw0|F0X(0,T) :
So

T
/ / 0 Dywo dT dt =< &, S(go) >
0 Ty
and if ¢ = wp then
< ?, S(go) >= <A(w0), w0> .
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When the estimate (A.5) holds and if 7" is large enough to ensure that K is
injective, then (A(e),€’) is a scalar product equivalent to (-, -)g.
Finally, in the general case, we attribute to F/ the norm

1K (@) = [ll2]l]

and we complete F in this norm in order to obtain the space F. As a result,
A defines an isomorphism from F onto I’ = Im S, a dense subset of F’.

REMARK A.2. The operator A constructs the control of minimal norm in
L% (Tg x (0,T)).

REMARK A.3. When T is large enough, Im S is dense, and we can always
(in theory) find a control ge such that the final state is of norm e. However,
if we do not have exact controllability (due to geometrical considerations
in particular), then ||ge|| can tend to infinity as € — 0. This crucial point
justifies the introduction of a new criterion for the appraisal of solutions (see
Section 5.2) which takes into account both

e the closeness (&) of the final state to zero, and
e the norm of the control (||ge||) or energy expended in order to attain
this final state.

APPENDIX B. FINITE DIFFERENCES ON A CURVED BOUNDARY

In this appendix we explain the improvement techniques used for the fi-
nite difference scheme in the vicinity of a curved boundary. For an accurate
method, we require that the governing difference equation applies at every
internal point. The points neighboring the boundary (internal to or on) will
be called boundary points. There are two types: irregular boundary points
(point A in the figure) which do not have all 4 neighbors inside the region,
and regular boundary points whose neighbors are all inside or on the bound-
ary. The approach most frequently recommended in the literature is that
at an irregular boundary point we must modify the regular computational
molecule (the 5-point discrete Laplacian) by taking into account the irregu-
lar spacings (A1 and Asz) and the boundary conditions. This method is quite
complex and gives very disappointing results when the solution becomes os-
cillatory. It is thus not at all suitable for the solution of the wave equation
whose very nature is to propagate oscillatory solutions indefinitely, without
any damping. This fact was remarked by [10].

B.1. THE 9-POINT FINITE DIFFERENCE SCHEME FOR THE WAVE
EQUATION

Following the advice of [10], we still use an explicit finite difference ap-
proximation scheme for the wave equation but we approximate the Laplacian
operator by an O(h®) scheme based on 9 points with a stencil

1 4 1
Ap=1|4 —20 4
1 4 1
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Ficure 21. Geometry of an irregular boundary point A.

and thus
6h*Au = 4 [ty + ig1,j + Uijo1 + Ui jy1)
w151 Uigr, o1+ Uim1 1+ Ui a1
— QOUZ']‘ + O(h6) .
This yields the following discretization of the wave equation at an interior
point with coordinates (ih, jh):
2
1 2
=gt (i 4 e e+ )
2
r e e e e
+ o (o o i el )

+2 (1 - grz) u; — u?j_l,
where r = (At)/h and t = n(At). The stability condition for this scheme is
given by

13 — /61

At <
8

h =~ 0.8054h.

B.2. IMPLEMENTATION

In order to implement the 9-point scheme, we extend the mesh to include
all necessary points in the neighborhood of the irregular boundary points.
When the boundary condition is non-zero as in the case of the 1 wave
equation, we assign the boundary values to the mesh points exterior to or
on the boundary. Recall that these values are actually the normal derivatives
of ¢ at the boundary. These normal derivatives are calculated on the points
just inside the boundary (the irregular boundary points) and then assigned
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to the corresponding exterior points. If an exterior point has no interior
neighbor, it is assigned a zero boundary value.

This artifice of extending the mesh does not produce the spurious spikes
which we observe when using a modified scheme which takes into account
the irregular mesh spacings, or when using the usual 5-point scheme.

APPENDIX C. CONVERGENCE OF THE CONJUGATE GRADIENT
ALGORITHM

In this appendix we present some convergence results for our algorithm.

C.1. CONVERGENCE AND MESH SIZE

This first example will study the convergence of the conjugate gradient
algorithm as a function of the mesh size, h. We take a unit square with
smooth exponential initial data and a fixed control time, T' = 3. We stop the
iterations at the point where the calculated convergence criterion, ¢, starts
to increase. If one would like to think in terms of a constant convergence
criterion, we could say that all results converged to e = 5-1076. The results
are presented in Table 9.

noTl#] - =ibn | WDks | pop
i [les | [l
1/16 1.7-107° 0.0914 0.0620 | 0.0630

314
1/32| 34 |21-107%| 0.0186 0.0206 | 0.0207
1/64 |34 |1.1-107%| 0.0096 0.0132 | 0.0115

TABLE 9. Exponential data on the unit square with control
on entire boundary; a = (64,64), 5= (0,0); 7" = 3.

REMARK C.1. We can observe the following:

e the number of iterations required to attain €. is independent of the
mesh size;

e as h decreases, the precision of the results increases — from a 10% error
for h = 1/16 down to an error of about 1% for h = 1/64;

C.2. CONVERGENCE AND CONTROL TIME

In order to study the relationship between the convergence and the time
of control, T, we will take the square cavity geometry with control on the
exterior boundary. As before (see Section 7.1) we use exponential initial
data localized in the upper right corner. The convergence tolerance is taken
as ¢ = 1-107°. In Figure 22 we plot the number of iterations required to
converge versus the control time. We observe that for small values of 7', we
need a large number of conjugate gradient iterations, whereas from 7T & 2
the number of iterations stabilizes at 4. The explanation of this is easily
made. Look again at Figure 13. We observe that around ¢ = 1.6 the initial
data has made a complete circuit of the cavity. Thus the effective diameter
of the geometry must be around this value (assuming a unit velocity) and for
smaller values of T', the control will be difficult to achieve. Once the minimal
time to control is passed, the control is equally easy for all T > Tiin.
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# of iterations
S o
T T
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3

control time T

Ficure 22. Number of conjugate gradient iterations versus
the control time, T, for the square cavity.

C.3. CONVERGENCE AND OSCILLATORY INITIAL DATA

207

Here we will compare the convergence results of controllable and oscilla-
tory initial conditions. We take a curved geometry: the ellipse of Section

7.3. In Table 10 we present these 2 cases. We observe the following:
1.

with the controllable data, we can converge to . < 107° as was the
case for the square geometries;

this was also observed on the square geometries;

than the controllable cases (from 4 to 5 iterations).

[0 —uell2,0

u(D)ll2,0

T | # Ec s o T ECF | Note
314198107 0.0074 0.0165 | 0.3856 | (@)
316(7.8-107°%| 0.1132 0.0712 | 18.19 | ©®
318 (1.6-107%| 0.1656 0.1162 | 147.1 | ©

TABLE 10. Controllable and oscillatory data on the ellipse:
N = 48. Notes: (@ controllable data: a = (64,64), 3
(0,0); ) oscillatory data: o = (24,128), 8 = (12,0), 6
= (48,128), f =

0, “<” geometry; (©) oscillatory data: «

(12,0), 0 = 7/2, “}” geometry;

. when the data is oscillatory, we can only attain a tolerance of 107% —

. the oscillatory cases require more iterations to converge (from 6 to 8)

ESAIM: Cocv, May 1998, VoL. 3, 163-212



208 M. ASCH AND G. LEBEAU

AprPPENDIX D. USE oOF MATLAB FOR SOLUTION OF THE WAVE
EQUATION

In this appendix, we show an example of the usage of the MATLAB pro-
gram. We solve the wave equation on a general domain using a very efficient
matrix-vector formulation. MATLAB is ideal for this kind of algorithm.
Here is the program:

% Solve the (forward) wave-equation

% BOX(u) = 0, in Omega x (0,T)

A u = f(x,y) on dOmega, t > 0 (== Sigma)

% u = uo(x,y,0) , du/dt = ul(x,y,0) in Omega
A

% by an explicit finite-difference scheme,
% (central-differences)
clear

% INPUT:

Th

input (’Number of spatial elements in x-
and y-directions = ’);
N

input (’# of time steps = ’);

% choose a geometry:
K=menu(’GEOMETRY’,’square’,’L’,’L w/ circle’,’disc’,...
’annulus’,’cardioid’,’butterfly’);
if K==1 , GG=’S’;
elseif K==2, GG=’L’; elseif K==3, GG=’C’;
elseif K==4, GG=’D’; elseif K==b, GG=’A’;
elseif K==6, GG='H’; else GG=’B’;
end

% discretization parameters:

I=Th+1; h=2/Th; k=h/sqrt(2); r=(k/h);
x=0:h:1; y=0:h:1;

[X,Y]=meshdom(x,y);

disp(sprintf(’Space discretization, h = Yg’,h))
disp(sprintf(’Time discretization, k = Yg’,dt))
disp(sprintf (’Number of time steps,N = Yg’,N))

disp(sprintf(’Final time ,T = Jg’,N*dt))

% Generate and display the grid
G = numgrid(GG,Ih+1);
spy(G); title(’A finite difference grid ’)
disp(’pause’), disp(’ ’), pause
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% Generate and display the discrete d’Alembertian.
D = delsqr(G,r);
spy(D); title(’The 5-point d’Alembertian’)
disp(’pause’), disp(’ ’), pause
% Assume a ZERO boundary condition
bc=zeros(I,I);
% Set-up initial conditions in interior
x0 = 0.5; y0O = 0.5;
u0 = exp( -64( (X-x0).72 + (Y-y0).72 ) );
ul = zeros(I,I);
% Plot the initial condition:
mesh(X,Y,u0); axis([0 1 0 1 -.6 .6]);
title(’ Initial condition, u0’); pause;
% SOLVE the wave-equation:
% Convert matrix interior -> vector
u0 = u0(G>0); ul=ul(G>0);
% First time step:
unml=u0;
un = 0.5xD*u0 + k*ul;
% Map the solution onto the grid and display results
Un = G;
Un(G>0) = full(un(G(G>0)));
mesh(X,Y,Un); axis([-1 1 -1 1 -.6 .6]);
title([’ numerical solution for t=’,num2str((+1)*k)])
pause;
% Loop on time:
disp(’Looping on time ...’)
for nt=1:Nt

% Assign boundary condition to un (if non-zero)
h Solve for t=n+1

unpl = D*un - unmil;

% Update (except for last step)

209
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if nt < Nt
unml = un ;
un = unpil;
end

% Map the solution onto the grid and display results
Unpl = G;
Unp1(G>0) = full(unp1(G(G>0)));
mesh(X,Y,Unpl); axis([-1 1 -1 1 -.6 .6]);
title([’ numerical solution for t=’,num2str((nt+1)x*k)])
pause;

end % of time loop

Some remarks are in order:

1. all routines called are standard, with the exception of delsqr which
is an obvious modification of the standard routine delsq of Matlab to
calculate the discrete Laplacian;

2. Matlab calculates and stores the finite difference matrix, D, in a sparse
form, and consequently all computations in the time loop use very
efficient sparse algorithms;

3. in order to speed up the execution times even further, one should
eliminate all conditionals that are inside the time loop.

This routine is at the heart of our HUM program, and thanks to its
obvious efficiency we have been able to perform all our numerical simulations
on PC’s and Sun workstations.

The authors would like to thank the referees for their thorough work and
their constructive propositions which greatly improved the final form of this
article.
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