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SUB-RIEMANNIAN SPHERE IN MARTINET FLAT CASE
A. AGRACHEV, B. BONNARD, M. CHYBA, AND I. KUPKA

ABSTRACT. This article deals with the local sub-Riemannian geometry
on R? (D, g) where D is the distribution ker w, w being the Martinet
one-form: dz — %y2dx and g is a Riemannian metric on ). We prove
that we can take g as a sum of squares adz? + cdy®. Then we analyze
the flat case where a = ¢ = 1. We parametrize the set of geodesics using
elliptic integrals. This allows to compute the exponential mapping, the
wave front, the conjugate and cut loci, and the sub- Riemannian sphere.
A direct consequence of our computations is to show that the sphere is
not sub-analytic. Some of these computations are generalized to a one
parameter deformation of the flat case.

1. INTRODUCTION

In this article we consider the sub-Riemannian geometry (M, D, g) where
M is the real analytic manifold R3, D is the distribution ker w, w being
Martinet one-form dz — %yzdx, where ¢ = (z,y, 2) are the coordinates of R®
and g is an analytic Riemannian metric on D. Since on D, dz = %dex, g can
be written a(q)dz? 4+ 2b(q)dzdy + c(q)dy*. When a, b, ¢ are not depending
on z the problem is said isoperimetric.

An admissible curve is an absolutly continuous curve v : [0,7] — R?

dvy(t
such that 4(¢) = % € D(v(t))\{0} for almost every t. Let (,) be the
scalar product defined by ¢g. The length of an admissible curve is:

and the energy of v is:

T
E(y) = /0 (3(t), 3(t))dt.

Let qo, 1 € R3, a minimizing curve joining ¢o to ¢; is an admissible curve
v : [0,T] — R? joining ¢o to ¢; with minimal length and the length of v
defines the sub-Riemannian distance dsgp between ¢p and ¢q.

Andrei Agrachev, Steklov Mathematical Institute, 42 Vavilova Street, GSP-1, Moscow
117 966 Russia. E-mail: agrachev@mi.ras.ru.

Bernard Bonnard, Université de Bourgogne, Laboratoire de Topologie, UMR 5584 du
CNRS, BP 400, 21004 Dijon Cedex France. E-mail: bbonnard@u-bourgogne.fr.

Monique Chyba, Section de Mathématiques, Université de Genéve, 2-4 rue du Liévre,
Case 240, 1211 Geneve 24, Suisse. E-mail: chyba@sunny.unige.ch.

Ivan Kupka, Université de Paris VI, Département de math., 4, place Jussieu, 75232
Paris Cedex 05, France. E-mail: kupkaOmathp6. jussieu.fr.

Received by the journal November 22, 1996. Revised November 10, 1997. Accepted for
publication November 28, 1997.

© Société de Mathématiques Appliquées et Industrielles. Typeset by I4TEX.
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In the Martinet flat case, a standard existence theorem due to Filippov
[26] and the maximum principle [32] allows to show the existence of such
minimizer in the analytic category. Hence in the sequel we shall restrict our
study to analytic admissible curves.

Let Fy, I, be two analytic vector fields such that D = Span{Fy, F5}.
Hence an admissible (analytic) curve is solution of the control system:

dvy(t
O _ S~ wiEGm).
=1
where u : [0, 7] — (uq(t), uz(t)) is the unique analytic control associated
to v. The two following remarks can save a lot of computations in sub-
Riemannian geometry. First, the length of a curve is not depending on its
parametrization. Hence, we can assume the curves parametrized by arc-
length
(7(1),7(1)) = 1,
and in this case, the length minimizing problem is equivalent to the time
optimal control problem. Secondly, if all the curves are defined on the same
interval, the length and energy minimizing problems are equivalent.
To carry out the computations of minimizers, it is convenient to use max-

imum principle. According to this principle, minimizers can be selected
among a restricted set of curves. Let us introduce the Hamilton function:

Hx(q, p,u) = (p, Fq)u) = M(F(q)u, F(q)u)

where p = (pz, Py, p-) € R? X is a constant equals to 0 or %, (p, A) is non

zero, (,) is the standard scalar product and F(g)u denotes 3+, u;Fi(q). A
bi-extremal is an absolutly continuous curve (v, p), defined on [0, 7] where
(v, p, u) is solution for almost every ¢ of the following equations

dy _ OH, dp M,

% - 8]) (77])7 u)7 dt - 87 (77])7 u) (11)
oH
—=2(y,p,u) = 0. (1.2)

Ju

Its projection v on R? is called a geodesic. From the maximum principle, a
minimizer is a geodesic.

When we study the bi-extremal curves, we must distinguish between two
cases. If A = 0, the bi-extremal is called abnormal and if A # 0, it is called
normal and the associated geodesics are respectively called abnormal and
normal. A geodesic is called strictly abnormal (respectively strictly normal)
if it is the projection of an abnormal (respectively normal) bi-extremal but
not of a normal (respectively abnormal) one.

In the normal case, equation (1.2) can be solved as follows. Since it
is linear with respect to u, the control solution can be computed as an
analytic maping 4 : (v, p) — R? We plug @ in H,, and we set H,(v,p) =
H\(v,p, &), where A = 1. Now using (1.1) and (1.2), we observe that the bi-
extremal (v, p) is solution of the analytic differential Hamiltonian equation

dy 0H,, dp _8Hn
&=y P g = v (7, p)- (1.3)

Esaim: Cocv, DECEMBER 1997, VOL. 2, PP. 377-448



SUB-RIEMANNIAN SPHERE IN MARTINET FLAT CASE 379

This computation is straightforward if Fy, F5 are taken orthonormal. If we
set P, = (p, Fi(q)) for ¢ = 1,2, the Hamilton function H, takes the form
(P + F).

Similarly, the computations of abnormal bi-extremals is straightforward.
When A = 0, the constraint (1.2) is

(p, Fi()) =0, i=1,.2 (1.4)

and if we differentiate twice equation (1.4), we get that abnormal geodesics
are contained in the set det(Fy, Iy, [F1, F3]) = 0 which is the plane y = 0
corresponding to the points where w is not a contact form and are the lines
z = zg. The set y = 0, which has an important geometric meaning is called
the Martinet surface.

Consider now arc-length parametrized curves. We fix ¢o € R? and let
v(t, o, po), P(t, qo, po) be the solution of (1.3) starting at ¢ = 0 from (go, po)-
It is contained in the level set H,, = % The exponential mapping is the map:

equo : (P07 t) — 7(t7p07 qO)

The point ¢; is said to be conjugate to qo along ~ if there exists (po, 1)
such that v(t) = exp, (po,t), ¢1 = exp,, (po,t1), t1 > 0 and the exponential
mapping is not an immersion at (po,¢1). The conjugate locus C'(qo) is the
set of first conjugate points along the curves v, when we consider all the
geodesics starting from ¢g. Observe that the exponential mapping is defined
on ' x R, where (' is the cylinder parametrized by P + PZ = 1 at qq, if F;
are taken orthonormal. The non compact nature of C' is the main problem
when we study the exponential mapping. Let v be a geodesic corresponding
to a normal or an abnormal bi-extremal and starting from gg. The first
point ¢; # qo where v ceases to be minimizing is called the cut point and
the set of such points when ~ varies form the cut-locus L(qgp). The sub-
Riemannian sphere with radius r > 0 is the set S(qo,r) of points which are
at sub-Riemannian distance r from ¢g. The wave front, of length r, is the
set W(qo, r) of end-points of geodesics with length r starting from ¢q.

One of the main problem in sub-Riemannian geometry is the study of the
exponential mapping in order to give estimates and a geometric description
of the conjugate and cut loci, of the sphere and the wave front. Related
works to this problem are the following. In a pionnering contribution [11],
Brockett has analyzed the Heisenberg case, where M is the 3-dimensional
Heisenberg group, D is a left invariant contact distribution and g is left
invariant. Very recently, the sub-Riemannian sphere with small radius was
computed, when D is ker w, w being a contact form in R? and g is a generic
metric [2], [17]. It appears that the general case is a perturbation of the
Heisenberg case. The object of this article is to pursue the analysis by
considering the Martinet situation where D = ker w, w being dz — %yzdx.

The main results of this article are threefolds.

First we clarify the geometry of the problem by computing a normal form
for the pair (D, g), the group action G being induced by the following two
set of transformations

(i) ¢ — @ = ¢(q) where ¢ is a germ of analytic diffeomorphism on R?
preserving 0;
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(ii) feedback transformation of the form v —— v = 6(q)u, where ¢ —
6(q) € GL(2,R),is a germ at 0 of an analytic mapping, and is preserving
the metric g. If D = Span{Fy, F,}, where Fy, Fy are orthonormal vector
fields, 8(q) € O(2) the set of orthogonal matrices.

We can formulate a first main result.

THEOREM 1.1. Let (D, g) be such that D = ker w, w = dz — %deac and
g is an analytic germ at 0 of a Riemannian metric on D : a(q)dz? +
20(q)dzdy+ c(q)dy?. Then under the action of G, we may assume b = 0 and
a(0) = ¢(0) = 1.

Technically the proof of this result is relevant for two reasons. First,
we need to parametrize the set of germs of diffeomorphisms preserving the
distribution ker w and we improve a similar result obtained in [33], where
only those tangent to the identity are computed. This parametrization is
important to any geometric problem dealing with Martinet type distribu-
tions. Secondly, we show that the problem of computing our normal form
is related to a Cauchy problem for a singular partial differential equation of
the Briot-Bouquet type. This type of problem is studied in [18] and it allows
to use a Cauchy-Kowaleska type theorem to get a convergent normal form
in our situation.

In this normal form, the distribution is entirely normalized. Let us in-

troduce the two vector fields: Fi = — + = — and F; = 82 such that
x z Yy
D = Span{F}y, F,}. Hence the length of Fy, F} is given by

(F17F1):a 3 (F27F2):C

and we get two orthonormal vector fields by setting

Fy=F/Va , F,=F//e

and the two vector fields (F}, F,) are a representation of (D, g). Using the
following gradation for the variables: the weight of z, y is one and the
weight of z if three, the associated weights for vector fields being —1 for aa_xv

9z

gradation, the flat case ¢ = da? 4 dy? corresponds precisely to collect only
the terms of weight -1 in the normal form. Hence in terms of normal form,
the flat case in the Martinet case is the equivalent of the Heisenberg case
when we analyse the contact situation as in [2], [17].

Therefore, the Martinet flat case has to be carefully studied. The second
part of our work is to get a complete descrition of the conjugate and cut loci
and of the sphere in this situation. We prove

aa_y and —3 for Z, we get a gradated normal form using (151, 152) With this

THEOREM 1.2. The intersection of the conjugate-locus C'(0) and the cut-
locus L(0) is empty. The cut locus L(0) is the Martinet surface y = 0 minus
the abnormal geodesic z = 0. The intersection of the sphere S(0,1), r > 0
with the Martinet surface y = 0 is a closed cuve k — c(k) around 0 which
is the union of L(0) intersected with the sphere and two pointsx = +r, z =0
representing the trace of the abnormal geodesic on the sphere. The graph of
c 1s not sub-analytic. Hence the sphere and the sub-Riemannian distance
are not sub-analytic.
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SUB-RIEMANNIAN SPHERE IN MARTINET FLAT CASE 381

This result illustrates the main difference between the contact and the
Martinet case. In the Martinet case there exist abnormal geodesics. One
object of this article is to prove that abnormal geodesics will cause a log-
arithmic singularity for the exponential mapping. The main technical tool
to handle this problem is to use models where the set of geodesics can be
computed by quadratures. In the Martinet flat case we need elliptic inte-
grals. 1t is a precise measure of the transcendence of the problem. Using
the catalogue of properties and estimates concerning elliptic integrals, we
shall be able to estimate the conjugate-locus and to compute the cut-locus.
Indeed our study will show that the cut-locus has a singularity similar to the
singularity of Poincaré-Dulac return mapping for planar algebraic differen-
tial equations when computed for a section to a separatrixz connecting two
saddles [22].

The Martinet flat case is not a stable model to understand in general
the role of abnormal geodesics in sub-Riemannian geometry when D is a
Martinet type distribution. Indeed in the flat case an abnormal geodesic is
not strictly abnormal. Hence a third contribution of our work is to build
a one-parameter deformation of the flat case (D,, g.) where for ¢ # 0, each
abnormal geodesic is strictly abnormal. The deformation is constructed in
order to get the set of geodesics integrable by quadratures. If we require
to have a parametrization of geodesics with the lowest transcendence (this
shall be precised later), the model chosen is

2
(De, ge) where D. = Span{Fi, Iz}, F1 = (1 ‘|‘5Z/)6%‘|‘ %% and Iy = 6% ;
and the metric g. is defined by taking F} and F; as orthonormal vector
fields. In this model the Martinet surface is the set y = 0, when | y |< %
and the abnormal geodesics are the lines y = 0, 2 = 2. If v is the abnormal
geodesic starting from 0 and parametrized by arc-length: ¢t — (£¢,0,0) we
prove the following result.

THEOREM 1.3. Let M > 0. Then the abnormal geodesic v : t — (£t,0,0)
is CV-isolated in the set of geodesics of length less than M.

A similar result has been obtained in the unpublished preprint [23], but
we use a simpler model which shortens the proof. Also we evaluate the
exponential mapping in the neighborhood of the abnormal geodesic. In
particular we show the persistence for ¢ # 0 of the logarithmic term which
causes the fact that the sphere is not sub-analytic in the Martinet flat case.
Besides it will allow to evaluate the trace of the sub-Riemannian sphere with
the Martinet plane y = 0, near the abnormal geodesic.

These three theorems are a first step in order to understand the general
case. Our approach is a mechanical approach to the problem founded on an
analysis of the whole set of geodesics which are solutions of a differential
equation integrable by quadratures. This approach has the advantage to
select geodesics which play a central role in our analysis. Of course, it
has to be completed by purely analytical methods to analyze the general
situation. It will be the purpose of a series of forthcoming articles.

The organisation of this article is the following. In section 2, we compute a
normal form for the sub-Riemannian geometry (D, ¢), where D is a Martinet

Esam: Cocv, DECEMBER 1997, VOL. 2, PP. 377-448
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type distribution. In section 3 we present two geometric properties which
are elementary but crucial in the effective computation of the conjugate
locus. In section 4, we analyse the Martinet flat case: we parametrize the
set of geodesics and we evaluate the conjugate locus. Then we describe
the cut-locus and the sphere. The section 5 is devoted to the analysis of
a one-parameter deformation of the flat case. Endly an appendix contains
commented numerical simulations concerning the conjugate locus and the
sub-Riemannian sphere using algorithms related to our work.

2. SUB-RIEMANNIAN GEOMETRY WITH A MARTINET TYPE
DISTRIBUTION

The analysis of a geometry contains three steps: compute a complete set
of invariants, find a normal form and analyze the structure of the orbits set.
The section is devoted to the first two steps in a sub-Riemannian geometry
with a Martinet type distribution.

2.1. GEODESICS

DEFINITION 2.1. Consider a control system defined on an open set U C R™:

de(t) &

) S wFe) (2.1)
=1
where z = (z!...,2") are the coordinates in R™, {Fy,...,F,} are m >

independant vector fields on U and the set of admissible controls I is the
set of smooth mappings u : [0,7(u)] — R™. Let D be the distribution
Span{Fy, ..., F,,}. A smooth sub-Riemannian metric ¢ is a C'*° positive def-
inite quadratic form on D. To compute geodesics it is convenient to assume
that the F; are taken orthonormal. The length and the energy of a smooth
admissible curve are then

v = | T(ium))%dt po)= [ Tiu%@)dt-

To compute the geodesics we shall use the following notations: T*U is
the cotangent space and (z,p) its coordinates, where p = (p1, ..., p,). The
Liouville formis the formon T*U : e = > | pidz’ and T*U is endowed with
its canonical structure defined by the two form w = da. Let H : T*U — R
be a smooth function, H denote the Hamiltonian vector field defined by
ig(w) =—dH. If Hy, Hy are smooth functions on T*U the Poisson-bracket
is dHl(HQ) = {H17H2}.

Having restricted U if necessary, let {F};,11, ..., F},} be n—m smooth vector
fields on U such that for each z € U, Span{Fi(z) ; ¢ = 1,...,n} = T,U,
tangent space at . We introduce the n functions on T*U, P; = (p, F;(z)),
where (, ) is the standard inner product and we set

H)(z,p,u) = zm:uiPi + /\iu?,
=1 =1

1
2
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SUB-RIEMANNIAN SPHERE IN MARTINET FLAT CASE 383

DEFINITION 2.2. A (smooth) bi-extremal is a curve t — (x(¢), p(t)) on
T*U such that (z(.), p(.), u(.)) is solution of the following equations

de  OH), dp  O0H)

dt — 9p T dt O (2:2)
OH,
SE=0. (2.3)

It is called normal if A = —% and abnormal if A = 0. Its projection on the 2-

space is called a normal (resp. abnormal) geodesic. A geodesic can be both
normal and abnormal. If it is a projection of an abnormal bi-extremal but
not a normal one it is called strictly abnormal. It is called strictly normal
if it is not abnormal.

ProposITION 2.3. Let (x,p) be a normal bi-extremal. Then the correspond-
ing control can be written @ = (P, ..., Py) and the curve (x,p) is solution
of the Hamiltonian vector field ﬁn, where H,, = %Zznzl P?. Hence H, is a
first integral and arc-length parametrized bi-extremals are contained in the
level set H, = %

Proof. From % =0,A= —%, we get u; = P, for ¢ = 1, ..., m. Replacing
u; by P; in H),, we obtain Hy = %221 Pf. Since % = 0, the curve
t — (x(t), p(t)) is solution of the Hamiltonian vector field. O
PRrROPOSITION 2.4. Assumem = 2. Let S; = {(x,p) € T*U; {{ P, P2}, Pi}=
0} fori=1,2 and set S = S1NSy. Let z : t — (x(t), p(t)) be an abnormal
bi-extremal such that @(t) # 0 for each t and the curve t — z(t) is contained

in T*U\S. Then the control u = (uy,uz) can be computed as the unique
solution on the projective space P? of the equation

ui{{P1, Po}, P} (z) +ue{{P1, P}, Pa}(2) = 0.
If we set H, = Pl{{P17P2})7P2} — Po{{ P, P2}, Pi}, then t — z(t) is a
reparametrized solution of H, starting at t =0 from the set
P=PFP={P,P}=0.
Proof. Since A =0, H) is reduced to 22221 u; P; and % = 0 implies
Pi(z(t)) = P2(2(t)) = 0.
Differentiating with respect to ¢ and using u(t) # 0, we get
{P1, P} (z(t)) = 0.

If we differentiate once more, we obtain the equation
2
Z ui(t){{Plv P2}7 R}(Z(t)) = 0.
=1
Since t — z(t) lies in T*U\S, it can be solved as follows. One may assume
{{P1, P2}, P }(=(t)) # 0, hence
~w{{P, R}, P}
{h, P, Py
Therefore t — z(t) is a reparametrized solution corresponding to the vector
field H,. O
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2.2. COMPUTATIONS IN THE MARTINET CASE.

DEFINITION 2.5. We denote by ¢ = (z,y, z) the coordinates in R p = (p,,
Py, p-) being the dual variable. The Lie bracket of two smooth vector fields
F, G is computed with the convention

(1.6)(0) = (@G0~ (0 F o)

In particular if P; = (p, F;(q)), one has the identity {P1, P2} = (p, [F1, Fz]).
Let Fy, I3 be the germs at 0 of two smooth vector fields and set D =
Span{Fy, F5}. Assume D is of rank 2 at 0. The point 0 is called a Darboux
point if the vector fields Fy, Fy, [Fy, F5] are independant at 0. Then D =
ker w, where w is a contact form. The point 0 is called a Martinet point if

(i) Iy, Iy, [Fh, F,] are dependant at 0,

(ii) one of the two determinants D; = det([, Iy, [F1, I, F;]) fori=1,
2 is non zero at 0.

It is well-known [33] that there exists a smooth (resp. analytic if Fy, F3
are analytic) system of coordinates at 0 such that D can be written ker w,
where w is Mzartinet canonical form. Hence D is generated by Fy, I, where
F = i + L i , I3 = —. Consider now a germ of a smooth metric on

Jdz 2 0z oy
D. 1t is defined by ¢ = a(q)d2z*+2b(q)dzdy +c(q)dy? where a, b, c are germs
at 0 of smooth functions. If ¢ = dz? + dy?, the metric is said flat.

LEMMA 2.6. Assume that D = ker w, where w = dz — %dex. Then the set

Q :det(F, Iy, [F1, F2]) = 0 called the Martinet surface is the plane y = 0.
The abnormal geodesics are the lines y =0, z = zg.

Proof. We use proposition 2.4. Abnormal bi-extremals are solutions of
2
P=Py={P,P} =0, ) u{{P,R},P}=0.
=1
Computing we get

0 9
[FMFZ]:y& , [[Fl,FQL Fl]IO , [[FlvFZ] FQ]: &

Since p # 0, the abnormal geodesics are contained in the Martinet surface
det(Fl, F27 [Fh FQ]) = 07 that is Yy = 0.
The associated controls satisfy

w1 D1 +us Dy =0 ,where y = 0.

Since D; = 0 and Dy # 0, we get uz = 0. Choosing a parametrization
we get the curves v : t — (£t + 20,0, 20). Using P, = P, = 0, the adjoint
vector satisfies p, = p, = 0. U

LEMMA 2.7. Assume g = dz? + dy*. Then the abnormal geodesics are not
strictly abnormal.
Proof. The Hamilton function with A = —% is:
y? L9 2
Hy = peun + pyuz + p "o — §(u1 + u3).
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0H
Solving O—A = 0, we obtain:
U

2

Uy =py , :px‘|’pz%-
Normal bi-extremals are solutions of:
& = P +pzy2—2 pr = 0
Jo= by py = —(p +pzy;)pzy (2.4)
z o= %z(px‘l'pz%z) p. = 0.

We check easily that the lines x = £t 4+ 2o, y = 0, z = 2o are solutions.
Indeed they correspond to u; = %1, uy = 0. Hence, with y = 0, we obtain
py = 0, p, = £1 and p, arbitrary constant. This proves that they are not
strictly abnormal. O

DEerINITION 2.8. Consider the control systems defined by (2.1) where U is
a neighborhood of 0 and the F}’s are germs of smooth (resp. analytic) vector
fields on U. The set of such control systems can be identified to the set C
of m vector fields (F1, ..., F};). The feedback group G¢ is the transformation
group induced by the following actions on C:

(i) @ = ¢(q), where ¢ is a smooth (resp. analytic) germ of diffeomor-
phism preserving 0,

(ii) feedback transformations v = 6(q)u, where 0(¢q) € GL(m,R) and
g — 6(q) is a smooth (resp. analytic) germ at 0.

We can define the action of GGy on the set of germs at 0 of Hamiltonian
vector fields as follows. The action of a feedback is trivial and a diffeo-
morphism acts by the canonical symplectic diffeomorphism ¢ induced by
.
Giving a germ at 0 of a metric g on D = Span{Fy,---F, }, we denote by
G the subgroup of GGy using only feedback transformations preserving the
metric g.

In invariant theory, covariants are mappings which commute with the
respective actions of (. Both normal and abnormal bi-extremals provide
covariants. First we have

LEMMA 2.9. Assume that 0 is a Martinet point. Then the two mappings
A1 : C — Martinet surface,
Ag 1 C — unparametrized lines corresponding to abnormal geodesics,
are covariants.

Proof. This result can be deduced from [6]. Indeed abnormal geodesics are
depending only on D. To the control system (2.1), where m = 2, we can
associate two affine control systems by taking vy = 1 and wy, = 1. This
fix locally the parametrization of admissible trajectories. The abnormal
geodesics correspond to singular trajectories and Ay, Ay are covariants for the
induced action of the feedback group. Also observe that in the classification
of [6], they correspond to exceptional trajectories, because the Hamiltonian
is zero. U
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386 A. AGRACHEV, B. BONNARD, M. CHYBA, AND I. KUPKA

LEMMA 2.10. The mapping As : (D, g) — H, is a covariant.

Proof. The proof is a straightforward computation. It is simplified if we use
orthonormal vector fields. Then a feedback v = #(q)u preserving ¢ is such

that 8(q) € O(m,R), i.e 100 = I. O

2.3. NORMAL FORM: ISOPERIMETRIC CASE.

2.3.1. STATEMENT OF THE PROBLEM. When computing a normal form for a
pair (D, g) near a Martinet point we have different choices using the previous
covariants. We can normalize the distribution D or the metric g. We adopt
the first choice. Our study is localized near 0 and D is normalized to ker w,
where w = dz — %dex. We shall first analyze the isoperimetric case, which
is the important case in a gradated normal form and the generalization is
straightforward. We use the following relations. The set G is the set of
metrics on D represented as a(q)dz? + 2b(q)dady + c(q)dy* where a, b, c
are germs at 0 of C' functions. The set G; is the subset of metrics called
isoperimetric such that a, b, ¢ are not depending on z. We denote by D
the set of germs at 0 of C°° diffeomorphisms on R? preserving 0. The set
D; is the subset of diffeomorphisms ® € D : (z,y,z) — (X,Y,7), where
X, =Y, =0. To compute a normal form for (D, ¢g) we use different steps.
LEMMA 2.11. Take ® € D : (z,y,z) — (X,Y, ) such that

(i) X.(0) 0. 2

Y

(ii) dZ = —-dX = dz — %dw.

Then ® is defined by the following equations
T
where o is any germ at 0 of a function (y, X) — R such that c(0) = 0 and
ox (0) > 0.

Proof. By definition

Y? =40y , x:a—l—%ay, J=z-

2 2
a7 - ax —d- - Ve
2 2

Hence YdX AdY = yda A dy and y = 0 is equivalent to Y = 0.

Since
2 2

—%dw = —d(%) + zydy

we get

2 Y2
d(Z + %) = TdX +dz + zydy. (2.5)

Assume X, (0) # 0, hence we can choose y, z, X as coordinates on R?.
We introduce the function S defined by

2
Sy, z, X)=2+ %

From (2.5), we obtain

Y2
SX:?’ Sy=2y, S.=1,
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hence S can be written
2
S=z+ %U(y,X),
x(0) > 0 and ,Y are defined by the relations:

Y?=y’0x, z=0+ %O'y (2.6)

and 7 is defined by
Z=25- %yQ (2.7)
O

DEFINITION 2.12. Without loosing any generality, we can choose the branch
Y = y,/ox. Therefore the germ ® is uniquely defined by the germ o and
o is called the generating function of ®. We denote by M the set of such
germs of diffeomorphism satisfying (i) and (ii).

PROPOSITION 2.13. Let ¢ € G; of the form a(x,y)dz? + 2b(x,y)dzdy +
c(z,y)dy® If ® : (v,y,2) — (X,Y,7) is an element of M, whose gen-
erating function is o, transforming g in a sum of squares A(X,Y)dX? +
C(X,Y)dY?, then o is solution of a partial differential equation of the form

3Uy +y0y2 = F(y7 g, 0X, YOy, YO0XX, yUXy)

where F is smooth if a, b, ¢ are smooth and analytic if a, b, ¢ are analytic,
near y = 0.

Proof. We have
x:a—l—%ay, Y =yJox ,

then
dz = (O‘X + gUXy)dX—I— (M)dy
dy = gf/)%d)ur (vox + \/_)d

We want to transform ¢ into a sum of squares A(X,Y)dX?+C(X,Y)dY?
using a germ ¢ € M. Since X,y is a system of coordinates, using

AdX2—|—C(yj/)%dX—|—(\/E y\/X_y)d )2

30, + yo,2 2
= a(ox + Sox,)dX + (55 )y

+b {(QUX +yoxy)dX + (30, + yayz)dy} dy + cdy?,

we obtain the relations
2

Y )
A C4UX okx = alox + 27 )’
Cyox @ + X +
gT )T)((QUX +yoxy) = §(QUX +yoxy)(30y + yo,2) + (20 yoxy)
CQox +yoxy,)? @ +
( X4U yoxy) 1(30y+y0y2)2+b(3gy—|—yay2) c.
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By assumption ox (0) > 0, hence for y small enough, we have O'X—I—%O'Xy #*
0. Simplifying in the second equation, we get
Cyoxx
0x
Using this equation A can be computed as

= a(30y + yayz) + 2b.

2
A= a(UX + %ny) — %O‘XX {a(Say +yo,2) +2b|. (2.8)

Now, from the third equation C'is given by
oxla(30, + yay2)2 + 4b(30, + yayz) + 4¢]
(20x +yoxy)?

C= (2.9)

and since ox(0) # 0, o is solution for y small enough of the following
compatibility equation

(20x + yUXy)z[a(Say +yo,2) + 20]
=yoxx|a(30y+ yay2)2 + 4b(30y + yo,2) + 4c].

This equation can be solved as follows. We set

(2.10)

A =30, + Yoy
Hence (2.10) can be written as
AN+ BAFC =0, (2.11)
where A, B, C are functions of a, b, ¢ and of the jet ¢ defined by

A =ayoxx

B =dbyoxx — a(20x +yox,)?

C =deyoxx — 2b(20x + yoxy)>
If (X,y) =0, one has A =0 and

B = —4a(0)o%(0) , C = —8b(0)c%(0),

where ox(0) > 0. Since g > 0, we have ¢(0) > 0 and B # 0 near 0. Therefore
at 0, A solution of (2.11) is given by Ao = —2b/a. Now (2.11) can be written
as an equation

G\ J,a,b)=0
where J is a vector in the jet of ¢ and is of the form (ox,yoxx,yox,) and
we have at (X, y) = (0,0):

oG

E B(0) # 0.

Hence using the implicit function theorem, there exists a smooth (resp.
analytic) function F'if @, b, ¢ are smooth (resp. analytic) such that

30y +yo,. =Fly, 0, ox, yoy, Yyoxx, Yoxy) ,

for y small enough.
More precisely I’ can be computed as follows. The discriminant of (2.11)
is § = B2 — 4AC. Near y = 0, § > 0 and the equation has two real roots:

=B +eBy1-4AC/B? B
Ae = oA , €==1.
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When y — 0, A — 0 and A. behaves like _B+EB(12;‘2AC/B2). Hence, when
y — 0, the root corresponding to € = —1 tends to the infinity and the root
C 2b
corresponding to € = 41 tends to B = ——.
a

Therefore

3o, + Yo, =

B(—14 /1 —4AC/B?) (2.12)
24 ’

where the right side can be expand in a power series of (y, o0, ox, yo,,
Yyoxx, Yyox,) converging near (0, 0, ox(0), 0, 0, 0) when ox(0) > 0. O

ProrosiTIiON 2.14. Consider the Cauchy problem for the singular partial
differential equation:

3oy +yo,. = F(y, 0, 0x, Yoy, Yoxx, Yoxy)

o(X,y=0)=00(X).
Let P = (0, 0¢(0), 6{(0), 0, 0, 0). If F' is smooth at P, then there exists an
unique power series o(X,y) =Y < %O‘n(X) solution of the problem. If og
1s analytic at 0 and F is analytic at P, then the power series is converging
at 0. Hence the Cauchy problem admils an unique analytic solution at 0.

Proof. Our singular particular equation is an equation of high-order Briot-
Bouquet type and we can apply results from section 5 and 6 of [18]. First
we compute a formal solution. Indeed consider the equation

3Uy + Yo,2 = F(y7 0,0X,Y0y,Y0X X, yUXy) 3

where a(X,y) = >, <o U’ZE!X)y”, and og(X) is given. Evaluating at y = 0,
we get B
301 = F(ﬁ)7 where P = (0,00,0(,0,0,0).
Differentiating with respect to y and evaluating at y = 0 we obtain
403 = Fy(P) + (Fy(P) + Fi(P))o1 + (F5(P) + Fy(P))o| + F5(P)oy

where F; is the partial derivative of F' with respect to the ith-argument.
Hence, we can compute o5. More generally, by successive differentiation,
with respect to y and evaluating at y = 0, we get a recurrence relation
(n+42)o, = (00, 01,...,0,-1), n > 1.
Moreover the power series o(X,y) = ano U"(i{!)yn is such that each o,
are analytic in a common disk centered at 0 and o belongs to a Gevrey class
s > s1, where s; is the smallest integer such that the power series

an (X)y"
Z (nh)s1

n>0

is converging at (X,y) = (0,0).

The integer sy can be easily computed. Indeed we observe that oy is
function of og, af, o is function of og, o), o and more generally o, is
function of O'(()k) for £k < m. This ensures that s; = 1 as in the Cauchy-
Kowaleska theorem and o is analytic at 0. For instance consider the equation

3oy +yo,. =yoxx ,
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we get the recurrence relation
(n+2)on = (n— o, ,
for n even, n > 2 and 0,(X) = 0 for n odd, n > 1. Hence for n even we
have the estimate
[ ou(X) [<[ o (X) |, n>0.

To prove easily the convergence, we use the comparison with the transport

equation:
oy =0x

in which we look for a solution (X, y) = 3,5 %BZ(X), where og(X) =
(o) (X) .

The recurrence relation is

G X)=F_(X), n>1,

n—1
hence
Ga(X) = o} (X).
Using Cauchy estimates for oo(X) or the Cauchy-Kowaleska theorem, we
get that o(X,y) is analytic at 0. A majorizing function of o at 0 is also
majorizing ¢ and o is analytic at 0. This example shows how to evaluate

the contribution of the different terms of F' and also to give a proper weight
to each argument, for instance only the terms ox, yoxx and yox, are

providing contributions of O'(()n) (X) to 0,(X). O

LEMMA 2.15. There exists a unique initial function oo(X) satisfying oo(X)
=0, 04(0) > 0 such that g = AdX*+CdY? can be normalized in such a way
that A restricted to Y = 0 is one. It is solution of the differential equation

ap(X) = [aO(UO(X))]_2l where ag(x) is the restriction of a to y = 0.

Proof. Recall that relation (2.8) is
2
A= a(UX + gUXy) - gUXX [a(30y, + yo,2) + 20].
2 4
Let us set v
n>0 )
and since y = 0 is equivalent to Y = 0, one has A¢(X) = A},—¢.
Using
yn
U(X7 y) = Zgn(X)F
n>0 )

and
T

ala,y) =Y an(e) s

n>0
we get from (2.8)
Ao(X) = ao(w)ag’ (X).
Since for y = 0, one has @ = 0¢(X), this relation becomes

Ao(X) = ao(a0(X))ag (X).
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Because ¢ is positive near 0, we have ag > 0. Hence in order to get the
normalisation Ag = 1 with o{,(0) > 0, we must solve the differential equation

1
70(X) = ao(o0(X)) 77
It admits near 0 an unique analytic solution such that oo(0) = 0. O

REMARK 2.16. It is important to observe that the diffeomorphism ® € M
reducing ¢ to a sum of squares AdX? 4+ C'dY? where A(0) = 1 is unique if
we choose the branch Y = y,/ox.

LEMMA 2.17. There exists an unique initial function oo(X) with 6¢(0) =0,
a4,(0) > 0 such that the restriction of C' to'Y = 0 can be taken equal to one.
It is solution of the differential equation

ao(00(X))eo(a0(X)) — b3(o0(X))
ao(o0(X))

where ag, by, co designs the respective restrictions of a, b, ¢ to y = 0.

ao(X) =

Proof. From (2.9), we get
a(30,)* +4b(30,) + 4c

Clo—g =
lv=0 4o},
where for y = 0, we have from (2.10)
30, = —2b/a.
Hence ,
ac—b
Clo—g =
lv=0 ao},

Now if we set Co(X) = Cly—o = C|y=o, We can impose Co(X) = 1 if o is

solution of
a0 (00(X))eo(0(X)) = bG(00(X))

oh(X) =
oY) 20(0(X)
Since g > 0 we have ag > 0 and agco — b2 > 0, at 0. Hence o (0) > 0 and
the lemma is proved. O

LEMMA 2.18. Let @ : (z,y,2) — (X,Y,Z) be an analytic element in D;.
Assume that ®xw = hw, where h is a germ at 0 of a non-vanishing function,
w=dz— %deac and ® x w is the image of w. Then h is a constant.

Proof. We set
X=olr,y), Y=2y), Z2=00zy2).
Writing
¥? y?
0,dx + 0,dy + 6.dz — 7(9%(196 + ¢ydy) = h(dz — de) )

we get the following equations

P hy?

0, -~ 0, = -2 2.1
5 5 (2.13)
¢2

9. = h. (2.15)
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From (2.14) we can write §, = K(z,y), hence we obtain
O(z,y,2) = L(z,y)+ M(z, 2) ,

and from (2.15), h = M..
Expanding M as ) o, 2" M, (x) and considering the terms in z in (2.13),
we get B
Z 2" M) (z) = 0.
n>1
Hence M/ (z) =0 for n > 1 and

M(z,z) = Mp(z) + Z z"M, ,
n>1

where M, is a constant for n > 1. From (2.15), h = > o, nz""' M, and
plugging h in (2.13), we obtain M,, = 0 for n > 2. Therefore & is a constant.
]

THEOREM 2.19. Consider (D, g), where D = ker w, w = dz — %deac and g
is a metric of the form a(x, y)dz?+2b(x, y)dady+c(z, y)dy?, where a, b, ¢ are
analytic germs a 0. Then there exists an analytic germ of diffeomorphism
¢ at 0: (z,y,2) — (X, Y, 7)), preserving 0 such that

(1) Xz(0) #0, X, =Y, =0 and ® preserves the distribution ker w.

(ii) The image of g by ® is a sum of squares A(X,Y)dX?+C(X,Y)dY?,
where A(X,Y)=14+YF(X,Y), C(X,Y)=14+G(X,Y), G(0) =0.
The mappings A and C' are unique if we identify those deduced by a germ
of diffeomorphisms from the symmetry group S generated by the two trans-
formations

S1:(X,Y, Z)— (=X,Y,—=2), S3:(X,Y,Z)—s (X,-Y, Z).

Proof. From (i), ® is of the form X = ¢(z,y), Y = 9(z,2). From lemma
2.18, if ® preserves ker w, then ® xw = hw, where h is a constant. Therefore
all these diffeomorphisms are parametrized by lemma 2.11. Indeed using a
transformation of the form

X=Xz, Y=y, Z=XAz,

where A is a scalar, one may assume h = 1. Therefore using lemma 2.15
and proposition 2.13, we can assume that the image of ¢ is a sum of squares
AX)Y)=14YF(X,Y), C(X,Y) =Co+G(X,Y), where Cp is a constant
> 0 and G(0) = 0.

Endly, we can normalize Cy to 1 using a transformation of the form X’ =
X, Y =Y, 7 =27

Our work, see in particular the remark 2.16, shows that the coeflicients
A and C' are unique if we identify the metrics deduced using an element of

S. O

2.4. GEODESICS
2
Let w = dz — %dw and g = a(z,y)dz? + c(z,y)dy?. The system is
q=uly +vky,
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where

y2

0 0
=g =gt 5 5,

and

(F17F1):C (F27F2):a 3 (F17F2):0 3

(4:9) = w’c + v’
The hamiltonian for normal bi-extremals is
y? 1
Hw—%m+m )+um—§w0+v®
OH OH 2
Hence — = 0 is equivalent to p,—uc = 0 and — =0 to px—l—pz%—va =0.
U
Therefore the Hamilton function corresponding to normal bi-extremals is
then
2
! 1y | (petp-%)?
H, = 1y et P
2 21l ¢ a

Hence normal bi-extremals are solutions of

ule+ vza) =

T m+m2)
. %
Yy

c
o=l

2

P (Pt %)’ (2.16)
pl’ - 2 2 al’

2c 2a ) )
N L T e N Ve )
]?y 2c? 2a? Y a yp-

LEMMA 2.20. Assume g in the normal form a(z,y)dz? + c(z, y)dy?, where
a(z,y) =1+ yl(z,y), c(z,y) = 1+ G(z,y), G(0) = 0. Then an abnormal
geodesic v 1y = 0, z = zg 1s not strictly abnormal if and only if the restric-
tion of I to y = 0 is identically 0. In this case the whole trajectory ~ is an
union of conjugate points.

Proof. We may assume the abnormal geodesic parametrized by 2 =t, y =0
and z = zp. Assume it is a solution of (2.16). Since y(t) = 0, one has
y = 72’ = 0. Hence p,(t) = 0. Therefore p, = 0 and moreover we have
Py =
Therefore a, = 0 along z = ¢ and the lemma is proved.

Moreover observe that if a, = 0 for y = 0, the choice of p, is arbitrary on
each level set H,, = C. Hence v is formed with conjugate points. O

—]%foryzoandpy:0.Nowthecontrolisa’v:vz1andu:0.
a

DEFINITION 2.21. In the isoperimetric case, the Riemannian metric § =
a(z,y)dz? + 2b(z,y)dady + c(z,y)dy* is called the induced metric. Tts
geodesics in the normal form are obtained by setting p, = 0 in equations
(2.16) and by projecting the curves on the (z,y) plane.
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2.5. NORMAL FORM: GENERAL CASE.

We generalize the computations from section 2.3.

LEMMA 2.22. Let @ : (z,y,2) — (X, Y, Z) be a germ at 0 of a C* diffeo-
morphism such that

(i) ®(0) =0 and (y, X, Z) is a coordinate system at 0.

(ii) ® preserves the distribution ker w, w = dz— %dex, that is there exists
a smooth germ h such that h(0) # 0 and dz — y*dx = h(dZ — 1Y?dX).

Then there exists two germs at 0 of smooth functions o : Z — R, o :
(y, X, Z) — R such that ox(0)az(0) < 0 and ¢ is defined by the following
equations

3

, z=a(Z) - yzay.

2
—Yox

y2
az + 50z

x = —(O‘—I— %O'y) , Y=
Proof. By definition

y2 Y2
d(z — 736) + aydy = hdZ — thX.

Let us introduce the generating function S of ® defined by

2
Sy, X, 7Z)=2z— %x,

where (y, X, Z) are coordinates. Hence we have

Y2
Sydy + SxdX + SzdZ = hdZ — h7dX — zydy.

To compute S we must solve the following equations

ry = =Sy (2.17)
Y2
he = —Sx (2.18)
h = Sy (2.19)

If we write
2
S = a(X, 2) +yB(X. 2) + Loly. X, 2)

and plugging y = 0 into (2.17), we get § = 0. Hence
2

S =a(X,7)+ %U(y, X, 7). (2.20)
Solving (2.17), we obtain
1 y
= —;Sy = —(O‘ + 5%). (2.21)

Now, in order to simplify our computations, we shall use that ® has the
following geometry property.

(P) It has to apply y = 0 onto Y = 0. Indeed those sets represent the Mar-
tinet surface in the respective coordinates. This surface is filled with the ab-
normal geodesics. More precisely ® must transform each (unparametrized)
abnormal geodesic into an abnormal geodesic. Hence it has to apply a line
y=0,z=z ontoalineY =0, 7 = 7.
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Using (2.18), with ¥ = 0, we get Sx = 0 when Y =0, i.e,
y?
04X—|—7UX:0When y=0.

Therefore ax = 0 and the generating function can be written

2

S = a(2) + Loy, X, 2).
Using (2.18), (2.19) we get
yro__Yox
az + %oy

In particular, we must have
UX(O)az(O) <0

and

Endly

and the lemma is proved.

395

(2.22)

(2.23)

(2.24)

(2.25)
O

THEOREM 2.23. Assume g € G, g = adz? + 2bdxdy + cdy? and a, b, ¢ are
germs at 0 of analytic functions. Then there exists a germ at 0 of an analytic

diffeomorphism ® : (z,y, z) — (X,Y, Z) such that
(i) ®(0) =0 and dZ — 3Y?dX = h(dz — Ly*dzx), h(0) # 0.

(ii) The image of g by ® is given by a sum of squares A(X,Y, Z)dX? +
C(X,Y, Z)dY? where A= 1+Y F(X,Y,2),C = 14+G(X,Y, Z),G|,_,_, =

0.

Proof. We shall transform ¢ = adz? + 2bdazdy + cdy? into a sum of squares

AdX? 4+ CdY? using a diffeomorphism ® where

x I—(O‘—I—%Uy)
1
ox 5
Y :y(— v )2'
04Z‘|‘TUZ

Now, observe that on D, we have

Y2 2
Az = —dx = L (—Uiﬁ)dx.
2 2N az+ Loy
Hence, computing we get
dr =edX + fdy on D |
where
o
e == (UX + %ny) + % (UZ + %Uzy) (7)(2)
az + %oy

3oy+yo 2
po=- — 3 ] >
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and similarly

dY =~vdX +6dy on D |

where
2 2
Y ox —% %UXUXz—U)@(Oéz—I—%Uz)
7= 5(_ y? ) { y2 2 }
az+ 50z (az + 5o2z)
3 1 v _ v
-I-y—( ox )2 {04220)( + Soxo —oxz(az + 5 Uz)}
- 2 2
AN az+ Loy (az + %Foz)?

az + Loy
1P ¥2
_I_g(_ ox ) 5 {TUXO'yz—I—yO'XO'Z_O'Xy(Oéz—I—70‘2)
2 2 *
2 OéZ-|-y7O'Z (04Z+%UZ)2

Hence if we write
g = AdX? +C(vdX + §dy)? = a(edX + Bdy)* + 2b(edX + Bdy)dy + cdy® |

we get the relations

A+Cy = ag? (2.26)
Cyé = e(af+b) (2.27)
C8* = (aB*+ 208+ ¢). (2.28)

Forany y =0,e = —ox, 8 = y/—0x/ayz, hence £ and § are # 0 at 0. As
in the proof of proposition 2.13, we get the compatibility relation
v(aB* + 263 + c) = £8(afB + b). (2.29)

This equation is solved as in 2.13, with respect to —23 = 30, +yo,2 and we
get an equation of the form

3Uy + Yo,2 = F(y7 A7, Qy2,0,0X,Y07, Y0y, YO0 x2,Y0 72, YO Xy, YOX 7, yUZy)7
where ox (0)az(0) < 0 and F' is analytic at P = (0, az(0), 0, 6x(0), 0, 0,
0,0,0,0,0).
This equation is solved as a Cauchy problem, depending upon an initial
function: oo(X, Z) = 0},—9
30y +yo,e =1 (2.30)
Oly=0 = 0o(X, Z).
As in section 2.3, this equation admits an unique converging power series

at 0. Hence g can be written as a sum of squares. To get the additional
normalisations Ajy—¢ = 1 and C|x_y—¢g = 1, we must solve

ox = ag (W) (2.31)

oz = —(ao(Wo)eo(Wo) — B(Wo)) ™" aZ (W) , (2.32)

where W = (—0(X, Z), a(Z)), Wy = (0, a(Z)) and ag, bo, co are the respec-
tive restrictions of a, b, ¢ to y = 0. The appropriated boundary conditions
are

0(0,7)=0, «(0)=0,
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and the equations can be solved in cascade.
The theorem is then proved. O

2.5.1. GRADATED NORMAL FORMS. We use the following gradations for the
variables. The weight of «, y is 1, the Weight of zis 3 and the corresponding
weights for vector fields are -1 for 5 8 and —3 for 2 5-. In the normal form,
the distribution ker w is generated by

J yr 0 J
=42 2 =
e + 2 02 % 9y
and if the metric is ¢ = adz? + cdy?, we define two orthonormal vector fields

by setting Fy = Fy/\/a, Fy = Fy/\/c. We obtain a normal form of order
p > —1 by expanding 1//a, 1/y/c in power series at 0 and keeping the
terms of order < p. The associated truncated vector fields are denoted G,

H,. We get
* order —1: -
gy
H_4 —.
dy
It corresponds to the flat case: g = dz? + dy?.
* order 0:

Go =(1 +O‘y)(aa * %ag)

Hy (1+ﬁx+7y)8—y ,

where a, 3, v are arbitrary constants.

It can be used as a model to study the generic situation. Observe also
that the z variable appears in the power series only when p > 2. Hence for
the gradated normal form of order p, we are in the isoperimetric case when
p < 2.

3. TWO GEOMETRIC PROPERTIES OF JACOBI EQUATION
3.1. JACOBI EQUATION

DEFINITION 3.1. Let M be a smooth n-dimensional manifold. If z is a
coordinate system on M, we shall denote by (z, p) the associated coordinate
system on the cotangent space T*M. The tangent space of T*M splits into
the horizontal space h which are vectors of the form aaa—x and the wvertical
space v which are vectors of the form baa—p. Similarly the cotangent space
splits into horizontal and vertical forms. For instance the Liouville form

o« = pdz is horizontal. We shall denote 7;, and 7, the respective projections
from T'(T*M) onto h and v.

DEerFINITION 3.2. Let H be a smooth function on 7*M and let ¢t — y(¢),t €
[0, T] be a curve solution of the Hamiltonian vector field H . The variational
equation on T(T*M) from H along v will be called the Jacobi equation. A
Jacobi field J : [0,T] — T(T*M) is a solution of the Jacobi equation. We
shall denote by F the n-dimensional vector space generated by Jacobi fields
such that J(0) is vertical. Let § : A — §()) be a C'l-curve on T*M starting
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at A =0 from v(0). A Jacobi field is given by J(t) = d(exptﬁ)(é(O))7 where
5(0) = J(0) and exptH denotes the one-parameter group generated by H.
AssUMPTION 3.3. From now on we shall assume that the mapping p —

H(z,p)is a quadratic form. In particular if C' # 0, the level set H = C'is a
smooth submanifold. Moreover assume v = (z, p), Z(t) # 0.

LEMMA 3.4. Let z(t, zo, po), p(t, o, po) be the solution of H starting from
(o, po) att = 0. Then for X\ € R* we have

(i) z(t, zo, Apo) = @ (AL, 20, po);

(i) p(t, xo, Apo) = Ap(At, 2o, po).
LEmMMA 3.5. Consider the curve on T*M starting from (xo, po), po # 0 and
defined by §(\) = (o, po + Apo). Then 5(0) = poaa—p is vertical. Let Jy be the
Jacobi field such that J,(0) = 6(0). Then m,(Jy(t)) = ti(t) where v = (z, p)

is the reference trajectory.
Proof. Use lemma 3.4 and the definition of a Jacobi field. U

DEFINITION 3.6. Assume that v = (z, p) is a normal bi-extremal defined on
[0,T]. The time 0 < t. < T is said conjugate to 0, along v if there exists a
non trivial Jacobi field J such that J(0) and J(¢.) are vertical and the point
z(t.) is said conjugate to 2(0) = z¢ along . The set of such fields span
a vector space whose dimension is called the index of the conjugate point.
One shall denote by . the first conjugate time. If we fix zg, the set of first
conjugate points z(t1.), is the conjugate locus C'(zg). It is a standard fact
that this definition of the conjugate locus is equivalent to the one given in
the introduction.

LEMMA 3.7. Let v be the vertical space at (xg,po), po # 0 identified to R™
and let v' be any subspace such that v = Rpg @ v'. Let eq, ..., e, be a basis
of v' and let us denote Jq, ..., J,, the Jacobi fields such that J;(0) = e; for
i = 2,..,n At y(t) = (z(t),p(t)), ©(t) # 0, let ' be any subspace such
that h = R&(t) & h' and let 7 be the projection from T (T*M) onto I'. The

conjugate time ty. is the first 0 < t < T such that det(ﬂh/(Jg (t)y .y Jn(t))) =
0.

Proof. Let J be a Jacobi field such that

JO) = S AL0) (A Ar) 0,
Then

m(J(t) = Z i (Ji ()

n
= (DN )i ) + 3 X (Jilt)).
=2 =2
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Therefore at t = t1., we must have a non trivial solution to the equations
n T2 (3.1)

Hence a necessary and sufficient condition is

det (7 (Ja(t), - Ju())) =0,
at t = tq,. O

REMARK 3.8. This is some freedom in the choice of the complementary
space v’ and one choice is canonical in the sense that it will simplify the
effective computation of the conjugate locus. This simplification is well
known in Riemannian geometry [15] and was used in [17] in sub-Riemannian
geometry. It is a consequence of the following lemma.

LEMMA 3.9. [17] The one-parameter group exp tH preserves the restriction
of the Liouville form « on the level set H = %

COROLLARY 3.10. Let v, be the (n—1) dimensional space vNT(H = %) at

(20, po) chosen in H = % Let ey, ..., e, be a basis of v. and Js, ..., J, be the
Jacobi fields defined by J;(0) = e; for i =2, ...,n. Then a(dexp tﬁ(Ji(O)) =
0 fori=2,...,n.

Proof. First observe that the curve §(A) = (zo, po+Apo) is transverse to H =
T, at A = 0, hence 5(0) = J1(0) ¢ T(H = 1). Now by construction, since
J;(0) is vertical and the Liouville form « is horizontal, we have «(J;(0)) = 0
fori=1,...,n.Since J;(t) is tangent to H = % by construction for ¢ = 2, ..., n,

using lemma 3.9, we get a(J;(t)) = a(J;(0)) =0, for i = 2, ..., n. O

COROLLARY 3.11. Let us choose (n — 1) horizontal forms sy, ..., o, such
that o A ag A -+ ANy, # 0, along the bi-extremal ~v. Then t. is conjugate to
0 if and only if det(a;(J;(t)) =0, 4,j =2,...,n for t =t..

3.1.1. APPLICATION TO THE MARTINET FLAT CASE. We consider the equa-
tions satisfied by normal bi-extremals in Martinet flat case, using the nota-
tions w = dz — %yzdx, g = da? + dy?.

i =F pr =0

L P = el (52
. = F . =0,

z 2 P

where p, =1, p, = &, n, € being constant and F is the function p, —I-ZJZ% =
n+ f% The Hamiltonian is

H, = %(pf/ + F*(y, 7775))

and is constant along a bi-extremal. The set H, = % corresponds to bi-
extremals parametrized by arc-length.
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The variational equation is

0 = F, 8y + F,0n+ Feo¢

5.y - (Spy 2
52 = yFoy+ L(F,dy + F,on+ Fed¢) (3.3)
Spy = —0y(yFy& +EF) — ySFdn — yd&(EF + F)

Spy = 0p, = 0.

It corresponds to a time-depending linear Hamiltonian differential equation
whose Hamiltonian is a quadratic mapping with respect to (dz, 8y, 6z, dp,,
oy, p2).

The computations of conjugate points are highly simplified if we use the
corollary 3.11 with the two forms

oy =dxr , a3z =dy.

Indeed, since
o = pydr + pydy + p.dz |

the forms «, ay, a3 are independant if and only if p, # 0. Now observe the
following. By setting p. = 0 in (3.2), the projections of the bi-extremals
in the (2,y) plane are precisely the geodesics for the Riemannian metric g
induced by the metric ¢ in the plane (z,y). They project onto lines 2 =
Pzt + o, ¥ = pyt + yo and correspond to minimizers for the sub-Riemannian
metric because the length of a curve is the euclidian length of its projection
on the plane (z,y). Hence according to the general theory, see [5], [19], a
strictly normal geodesic cannot be a minimizer beyond its first conjugate
point. Therefore such bi-extremals are without conjugate point and we may
assume in our study p. # 0.

In order to compute the conjugate locus from the Martinet point 0, we
must find a basis €3, e5 of the intersection T'(H = 1) with the vertical space:
dx = dy = 6z = 0. Computing we get

px(spx + py(spy =0 3 (34)
where p2 —I-P?, = 1. We choose e3 = (dp,, dp,, 0) non zero solution of (3.4)
and es = (0,0,1). Let Jy, J3 be the Jacobi fields such that J3(0) = ez and
J3(0) = es. If we set for i = 2, 3,
mh(Ji(t)) = (Ss(t), diy(t), 8iz(1)),
then the conjugate times t. are solutions of

It is equivalent to the following computation. Consider the cylinder C:
p? —I—pz(O) =1, p.(0) = A, which can be parametrized by (¢, A) where ¢ is
the angle defined by p,(0) = sing, p,(0) = cosp. Now, integrate (3.2) from
x =y = z = 0. This defines the exponential mapping

€XPy : (997 A7 t) — ($(t7 £ Z A)7 y(t7 £ Z A)7 Z(t7 £ Z A))

Equation (3.5) is equivalent to the following equation

%8_/\_8_/\%:0' (3.6)
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Observe that the evaluation of C'(0) doesn’t require the computation of
z(t, ¢, A). This will save a lot a computations later. This result can be
extended locally to the isoperimetric situation.

ProrosiTION 3.12. Consider an isoperimetric metric g and let H,, be the
Hamilton function corresponding to normal bi-extremals. Let (¢, X) be any
parametrization of the cylinder C' defined by H,(qo, po) = %, where gog = 0
and let z(t, o, A), y(t, ¢, A) be the projections of exp, onto the plane (x,y).
Then there exists a neighborhood U of 0 such that the conjugate points asso-
ciated to strictly normal geodesics and contained in U are obtained by solving

the equation

do O O\ Do 0.
Proof. 1t is sufficient to observe that there exists a neighborhood of 0 such
that the geodesics where p, vanishes are without conjugate points if there are
strictly normal. In the isoperimetric case H,, is not depending upon z and p,
is constant along a bi-extremals. Geodesics corresponding to p, = 0 project
on the (z,y) plane onto geodesics corresponding to the induced Riemannian
metric g. According to classical theory [15], there exists a neighborhood U
of 0 in the (z,y) plane such that geodesics starting from 0 are minimizers
on U for the metric g. Hence they correspond to minimizing curves for the
sub-Riemannian metric ¢ and are without conjugate points since according
to a well known result [15], strictly normal geodesics cease to be minimizing
beyond the first conjugate point. If we take U = U x R, the proposition is
proved. O

3.2. HAMILTONIAN VARIATIONAL EQUATION

DEFINITION 3.13. Let # = (2!,...,2™), p = (p1, ..., p) and K be a smooth
function on T*M xR. The coordinate z' is called cyclic if K is not depending
upon z'. The Hamiltonian vector field K is said completely integrable if the
set of solutions can be computed by quadratures.

The proofs of the following two lemmas are straightforward.
LEMMA 3.14. If 22, ..., 2" are cyclic coordinates, then py, ..., p, are first in-
tegrals. Moreover if K is not depending on t, the Hamiltonian vector field
K is completely integrable.

LEMMA 3.15. Assume that x' is a cyclic coordinate for H, then §z' is a
cyclic coordinate for the Hamiltonian variational equation H and épy is a
first integral.

ProPOSITION 3.16. Assume that the Hamilton function is of the form
1

5(1(961)])% + b(2, po, ..., pu) where a is a non-vanishing function. Then the
variational equation whose Hamiltonian is H is completely integrable.

Proof. The proof is not straightforward because H is time depending and

dH H ~
we have T 88—t7 along a trajectory t — (6x(t), dp(t)). Hence H is not

in general a first integral.
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To prove the result we proceed as follows. First from lemma 3.14, pa, ..., p,
are first integrals and if we set = (p2, ..., pn), 7 Will be a constant vector
along a trajectory. In order to simplify the notations, we let z = 2!, p = p;
and the Hamiltonian can be written as

1
H($,p7 77) = §a(ac)p2 + b($7 77)
Hence the solutions of I are satisfying
. ) 1
L=ap, p= _(§a/p2+b/) 3
where a’, b’ are the derivatives with respect to z. The variational equation
is defined by
dx = d'pdx + adp
op = —(%a”p%x + "% + a'pop) + G
where G is a function of 7. These two equations can be written as an unique
second order differential equation. Indeed we differentiate the first equation
with respect to ¢ and we express in this equation op and dp with respect to
dx et dx. Computing we obtain the equation

dx + Adz + Béx =T (3.7)

1., 1
where A = —ad'p, B = 3¢ 22 b +ab — §aa”p2 and [ is a function of d7.

Moreover we have

- 12 /
= = —ab
T 2aap a
1
A 5aza//p?) — 2aa'bp — azb//p

and we check that & is solution of the equation (3.7) in which the right side
is zero. This implies that (3.7) can be integrated by quadratures and the
proposition is proved. ]

3.2.1. APPLICATION TO THE MARTINET FLAT CASE. We shall detail all the
computations concerning the equation (3.3). The coordinates §z and 6z are
cyclic coordinates and ép,, dp, are the corresponding first integrals. Com-
puting we get that dy is solution of the second-order differential equation

Sy +ady =b (3.8)
where
a=¢(F+ykFy)
and
b= —ySFyon — y(§F; + F)o¢.
Since y is solution of (3.8) with 0 right side, the solution of this equation

can be written as dy — i, where @ is a meromorphic function which can
be computed using two quadratures. Indeed by plugging dy in (3.8) we get

Wy +ag) + g+ 2b=b
and using y + ayy = 0, we obtain

by + 2§t = b (3.9)
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Hence
d(¢y?) = bdt

and we get

B(t) = (0) + /0 t y;z(ss) (c+ /0 5 bi(s)ds') | (3.10)

where (' is a constant.

More generally we have.
ProposITION 3.17. Consider (D, g) where D = kerw, w = dz — %deac and
g is an isoperimetric metric in the normal form a(zx,y)dz* + c(z,y)dy*.
Assume that a and ¢ are not depending on x. Then the Hamiltonian vector
field H, and the associated variational equation are completely integrable.

2
1rey  (petp-%)?
Proof. Indeed, H, is of the form 3 Py + M}, where a and ¢ are
c a
not depending on z. Hence we can apply the proposition 3.16. U

4. THE MARTINET FLAT CASE
4.1. PRELIMINARIES

Let D be the distribution ker w, where w = dz — %yzdac and ¢ be the
flat metric dz? + dy?, ¢ = (2,y,2) being the coordinates in R? We set
YT T 2027 oy’
= g We set for ¢ = 1,2,3, P = (p, Fi(¢)), p = (pz, py, p-) being the

z
adjoint vector. The associated control system is

Iy, F5 being orthonormal vector fields and let

0= Z ui(t) Filq(t)) (4.1)

and the length and the energy of an admissible curve v : [0, 7] — R? are
respectively
T,62 L T 2
)= [ (Cww) e, eo)= [ 3 adwar
0 =1 0 =1
The Hamilton function is
2
H), = Z(UZR — )
=1
where A = 0 or % Normal bi-extremals are solutions corresponding to the
Hamilton function H, = $(PE + Pj). The projections of the abnormal bi-
extremals in the ¢-space are contained in the Martinet plane y = 0 and are
the geodesic lines y = 0, z = 2.
LEMMA 4.1. The Hamilton equations corresponding to
1 v 2, 1,
H, = =(p: a5 Pz 5
5 (e + 5p2)" + 5oy

Esaim: Cocv, DECEMBER 1997, VOL. 2, PP. 377-448



404 A. AGRACHEV, B. BONNARD, M. CHYBA, AND I. KUPKA

are
2
T = Pz + %pz px =0
y2
y =py by =P+ Gp:)p2y (4.2)
2 2
. y: oy .
2 o=(pz+ 5P ) 5 P

The coordinates x, z are cyclic and p,., p, are first integrals. The equations
are integrable by quadratures. A geodesic line x = t + zg, y = 0, 2 = 2z
is projection of a solution of (4.2) corresponding to p, = 0, p, = 1 and
p, arbitrary constant. In particular an abnormal geodesic is not strictly
abnormal. Moreover its projection in the (z,y) plane is a geodesic for the
induced Riemannian metric § = dx? + dy?.

LEMMA 4.2. In the coordinates (q, P) the normal bi-extremals are solutions
of the following equations
i =P 1:31 =yl
Y :P% Py =—-yPPs (4.3)
i = %Pl Py =0,

2

where Py = p, + %pm Py =py and P3 = p..

Proof. Since H,, = =(P? + P}), we obtain

1
2
P ={P, P}P,
Py =—{P, P
Py ={P;, P} P+ {P3, P} P

The Poisson brackets are

{P17P2}ZQPZ7 {P17P3}:{P27P3}:0-
Hence ) ) ’
Py=yRP, Phb=—-yPhP, P3=0.

4.2. NOTATION

Let us assume that normal bi-extremals are parametrized by arc-length
H, = L{(Pt 4+ P§) = £. We set P1(0) = sing, P,(0) = cosp and A =
P5(t) = P3(0). Let S be the group generated by the two diffeomorphisms
Sy (z,y,2) — (2,—y,2) and Sy : (z,y, 2) — (—z,y, —2).

4.3. SYMMETRIES

We observe that (D, ¢) is left invariant by the action of the group S. This
imply the following symmetries. If we change ¢ into 7 — ¢, the solution
of (4.3): (2(t),y(t),2(t), Pi(t), P2(t), P5(t)) is changed into (z,—y, z, P,
—P,, P3) and the corresponding geodesic is deduced using the symmetry
S1. Similarly, if we change ¢ into —¢ and A into —A, it is changed into
(—x,y,—z, —P1, P, —P3) and the geodesic is deduced using the symmetry
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Sy. Hence when computing the normal geodesics we can assume ¢ €] —7/2,

+7/2] and A > 0.

4.4. QUASI-HOMOGENEITY

The equations (4.3) are invariant for the following quasi-homogeneous
transformations

X =c¢la, Y =cly, Z =&3z2,
Q1 =<c'P, Q2 =P, Qs =¢ehs,

and the length is changed as follows
LX,Y,Z) =" L(x,y,2).

Hence if we use the following gradation: the variables z, y, Py, P, have

weight 1, the weight of 2z is 3 and the weight of P5 is —1. The associated
g d 0 J

J
weights for vector fields are —1 for —, —, =—, =——, —3 for — and 1 for

8x78y78P178P2 82’

J
TP Using this gradation, the vector field corresponding to (4.3) has weight
3

0 and is linear.

Equivalently we can use the gradation: the variables z, y have weight 1,
the variable z a weight 3, the weight of Py, P is 0 and weight of Pj is -2,
the vector field (4.3) having then the weight -1 and is constant.

4.5. PARAMETRIZATION OF GEODESICS

We assume that the geodesics are parametrized by arc-length and are
starting from 0.

First, observe that equations (4.3) admit the following particular solu-
tions. When ¢ = 7, 2(t) = t, y(t) = 2(t) = 0 and it corresponds to
the abnormal geodesic. If A = 0, z(t) = tsine, y(t) = tcosep, 2(t) =
%t3 sin ¢ cos? ¢ and the projection on the plane (z,y) are the lines, which
are solutions of the induced Riemannian geometry.

The general solution is computed using elliptic integrals of the first and
second kind. We proceed as follows. On the level set H,, = %, we have the
equation

PPy =1, (4.4)

where P, = p, + %yzpz and p, = sin ¢, p, = A are constant. This equation
describes the evolution of particle of mass 1 and energy 1, in a potential field
where the potential V is P2. The solutions can be computed by considering
only the graph of V. Equation (4.4) is equivalent to

y? y?

92: (1_P1)(1+P1) = (1_px_ ?pz)(1+px+3

To integrate (4.5), we proceed as follows. Let 0 < k, k' < 1, k* + E?=1
defined by

kQZSiHQ(Z—E) _losime k/2:COSQ(E_ f) _ Ldsing
4 2 2 ! 4 9 9 )
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where ¢ €] — 7/2, +7/2[. Hence y satisfies

y? n Y
A
Assume A > 0 and set n = % We get the equation
IS 2\/1./2 2,2
N = =) (kR E ), (4.7)

which has to be integrated with the initial condition 7(0) = y(0) = 0 and
7(0) > 0, since y(0) = P»(0) > 0. The solution is periodic and can be written
using the Jacobi elliptic functions, see [25], as

n(t) = —en (K (k) + VA k)

where the period is 4K, K being the complete elliptic integral of the first
kind:

- ! d77 2 2 . 2 an—1L
I((k):/ : :/ (1 — k*sin” @)~ 2d6.
o VI=n)E? k) o
2k

Hence y(t) = —\/—ch(K(k) + tv/A, k) and represents a periodic motion

whose period is 4K and with the amplitude Qk/\/X It is interesting to

quote that they are two limit behaviors. When ¢ — T, k — 0% and

K (k) — 3. More precisely cn(u, k) — cosu when k& — 0. The situation is
quite different when ¢ — —%, then & — 17 and K (k') = —log(k') + 0(1).
Hence K (k) — 400, when k — 1 and admits a logarithmic singularity.

A mechanical analogy is the following. By setting P (t) = cos0(t), P (t) =
sin §(t) and using (4.3), we get that 6(t) is solution of

f=-Ay, y=s=sinb, (4.8)

which is the equation of a pendulum.

The singular points # = nm correspond to ¢ = 7 + nm. They are projec-
tions of geodesics lines corresponding to abnormal bi-extremals. To geodesics
starting from 0 correspond the oscillating motions of the pendulum. In this
representation, oscillating solutions tending to the separatriz cycle joining
the saddle points and whose period tends to the infinity, encoded the behav-
iors of geodesics when &' — 0. Those near 0, which behave like a linearized
pendulum correspond to behaviors when k& — 0.

Now, we compute the two other components of a geodesic. We have

2 A 2

T =ps+ %pz =sin ¢ + % = SingO—I—QkZCHZ(I(—I—t\/X? k).

Hence
t
x(t) = tsinp+ 2k2/ cn?(K + sV, k)ds.
0
We set u = sv/A + K. Recall the formula [25], p. 62:

/dnzudu = k' + kz/cnzudu
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and let us introduce the Jacobi epsilon function E(u, k) defined by:
u
E(u, k)= / dn?vdv.
0

Therefore, we obtain

K4t/ K4t/ )
kz/ enludu = / dn?udu — "2tV A
K K

14 {

= E(K+tVX) — E(K) =k V.

Hence )
2(t) = —t + —(E(K + tV\) - B(K)).
(1) \/X( ( ) — E(K))
Now we compute the component z. We have
2 2 2 4 2
o NS VORI A
z = 2P1_(smc,o—|— QA) 5 = 4/\—I— 5 sin .
Therefore

z(t) = % /t end (K (k) + sV, k)ds+

2k? sin ¢
A
The first integral is computed with the following formula, see [25] p. 87:

/t en?(K (k) + sV, k)ds.

/Cn4udu = 31? {(2 — 3k E?u + 2(2k* — 1) E(u) + k*snu cnu dnu|.
Hence with u = K + sx/X, we get

t A \/_ 1 K4t/
cn* (K + sV )ds = —
/o ( ) VA JK

[(2 = 3kY)E VX +2(2k% — 1)(E(K + V) — E(K))

en*udu

1
EIEV2)
+Ek%sn(K + tVA) en(K 4+ V) dn(K + V)]
After simplification we obtain
2 /
(1) = W[(ka — )(E(K +tV)\) — E(K)) + kv
+2k%sn(K + V) en(K + V) dn(K + tV/))).

We summarize all the computations into the following proposition.
PrOPOSITION 4.3. Arc-length parametrized geodesics starting from 0 are
given by

2 2k

§(0) = 1 (B) = B(K)) , yli) = —enu

2k = 1)(E(u) — E(K)) + k' 2tVX + 2k?snu cnu dnu/,

z(t) = Y

where u = K+t A > 0, ¢ €] —7/2, +7/2[, sn(u), en(u), dn(u) and E(u)
being the Jacobi elliptic functions, K and F(K) being the complete elliptic
integrals of the first and second kind, or the particular solutions
t3
x(t) =tsing, y(t) =tcose, z(t) = o sin ¢ cos® @,
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where ¢ €]—7/2, +7/2] and the curves deduced from the previous ones using
the symmetries Sy : (z,y,2) — (z, -y, z), Sz : (2,y,2) — (—z,y, —2).

REMARK 4.4. The general solution is parametrized using elliptic integrals
of the first and second kind. It is an intrinsic measure of the transcendence
of the problem. Observe also that x(t) + ¢, y(t) and z(¢) are analytic with
respect to the variable v = tv/A which can be taken as a new time parameter.

REMARK 4.5. We can write z and z as follows

o(t) = \% LV + PV
2

2(t) = [L’(tﬁ) + P'(tﬁ)]
3

where L, L’ are linear functions and P, P’ are 2K periodic functions. They
are given by

L(v) = (g _ 1)1]7 P(v) = Q(Z(v) - k%nvﬂ)

L'(v) = ((%2 - 1)% T k’?)v,

P(v) = (2k* = 1) (Z(v) — kzsnv(cin—v) — 2Kk %snw
nv

where Z is the Jacobi Zeta function defined by
Ev
-
REMARK 4.6. The projections of the normal geodesics on the (z,y) plane
are the inflexional elastica described in [30], p. 402.

Z(v) = E(v)

4.6. PARAMETRIZATION OF THE CONJUGATE LOCUS AT 0

Let v(t) = (2(¢), y(t), 2(t)) be a geodesic computed in the previous sec-
tion. It is defined on the whole line and we assume ¢t € [0,+oo[. When
computing the conjugate locus, we can suppose that the projection of v on
the plane (z,y) is not a line, because in the strictly normal case such a ge-
odesic is a minimizer and hence without conjugate point. In the abnormal
case the whole geodesic is formed with conjugate points. Moreover using
the symmetry group, we can assume A > 0 and ¢ €] — 7, +7[, other conju-
gate points being deduced using a symmetry S; : (z,y, 2) — (2, —y, z) or
Sy (z,y,2) — (—2,y,—2). To compute the conjugate locus C'(0), we use
the reduction procedure described in section 3.1.1. The first conjugate time
t1., along ~ is the first ¢ > 0 such that

c(t,o,\) =0,
where
_dx dy Oy Oz
and
2 ) 2k
z(t) = —t+ —=(F(u) — E(K)), y(t) = ——=cnu , (4.10)

VA
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with u = K(k) + v/, k = sin(% - %) and k' = COS(% - g), A >0,
¢ €] = 5,4+5[. Let us evaluate c. Using

Ju t or

ogu oL v 42
T 8u(u)_dn U,
we obtain
8$ 1 . 2
oy = el ) — E(u)+ v Adn?u). (4.11)
Similarly using
denu q
= —snu dnu
du 7
we get
k
% = m[cnu + v Asnu dnl). (4.12)

The partial derivatives with respect to ¢ are more complex. To compute
dx/d¢ we need the relations

dk Ko dE"?
= kK, cosp=2kk
de 2 de

the following formulas found in [25] pp. 83 and 84:

dK 1 . 19 -
- = B~k ’K)
dE(K) 1 . .
= E(E(I()—I()
E
0 GI(CU) = Suucnu dnu — ku sn’u — WE(U)CHQM
hence
ou  dK dk 1

9y = dk dp 2w P - K2K) |

and the identities below

dn?u + k%sn?u = 1
dn?u — k2en?y = k2
cn’u + sn’u = 1.

Endly we get

8$ k‘ 2 . ' '
22— 7 Jen?u(E(u) — E(K) — E2tV\) + k2t X — snu cnu dnul.
0 = (B - B() - K0V |
(4.13)
Similarly using the following formula from [25] p. 82:
1 1
agzu = —pusnu dnu — ﬁsnzucnu + kk—,zE(u)snu dnu ,
we obtain
dy _ 1

snu dnu(E(K) + k2tVX = E(u)) + cnu(k?sn?u — £'2)|.
(4.14)
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Now, we use the following formulas [25] pp . 28 and 67:

(4.15)
(4.16)
(4.17)

(4.18)

(4.19)

(4.20)
(4.21)

(4.22)

sn(u+ K) = cdu= %
en(u+ K) = —k'sdu= —k’%
7 k/
d K) = kndu=
n(u+ K) ndu = -
k2snu cnu
F Ky = F F(K) -
(w4 K) = B+ B(K) - 2
and setting v = t\/X, we obtain
Oz 1 r1k%snv cnv k20
o _E
oA \3/2 { dnv (v) + dnzv}
oy kK {vcnv }
X A3/2dnv L dnv Sv
oz kk' 1sn?v k%snv cnv /
= = |V (F)- ———— —?
e vV {dnzv( (v) dnv o)+ vt
Jdy 1 Cnuv , iy =
- = — —(k“v— FE(v))+k “snv|.
899 \/anv |:dnv ( ))
Hence, after tedious simplifications we can write
dv dy Ox Jy 1 9
c(t, A @) = 5y do 00 N ~adng v ei(v) Foea(v) +es(v)]
where
k"2cnv
afv) = dnv
= k%snv— 262 E(v) S
ca(v) snv (U)dnv
2 Y
c3(v) = F (U)dnv FE(v)snv.

THEOREM 4.7. Let v be a geodesic starting at t =0 from 0 and defined on
[0, +oo[. If the projection of v in the plane (x,y) is not a line, then there
exists a first conjugate point along v corresponding to a conjugate time tq.
which satisfies the inequality 2K < t1.V/X < 3K. Numerical simulations

tic .

show that the ratio — s roughly a constant equals to 0.97.
Proof. Let

_

o X2dn®e ]
where

F(v) = envGy(v) — snv dno(E(v) — k *v)

and

G (v) = E*(v) — 2k"20E (v) + k' 202,

First assume 0 < v < K, we shall prove that F' has no zero. We compute

F' and after simplifications we get

F'(v) = —snv dnvGy (v) — k?snv en?odnw + k 2env(v — E(v)) 4+ E2envE(v).
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Using the following formula from [25], p. 62:

B(v) = §2p 4 S0 dnv le/ du
0

cnv cn?y

which is valid for 0 < v < K, F’ can be written
F'(v) = Fi(v) + F2(v)

where
Fi(v) = —snvdnv(Gy(v) — k*sn?v),
Fy(v) = k%cnuFs(v),
Y du
_ 2 2
Fs5(v) = v—=F{w)+kv—k /0 -

We claim that Fy(v) < 0 for 0 < v < K.
We have F5(0) = 0 and moreover

k2sn?v

cn?y

Fj(v) = k*sn*v —

which is < 0 since cnv < 1. Now using cnv > 0 we get Fy(v) < 0.

We claim that Fy(v) < 0 for 0 < v < K. Since snv dnv > 0, if we set
(2(v) = k?sn?v, we must prove that G (v) — Ga(v) > 0.

First we observe that

G1(0) = G2 (0) = 0.
Hence if G (v) > G (v), we have G (v) > G3(v). Computing we get

Gh(v) = 2k*E(v)en®v+ 2k%k v sn’u,
Gh(v) = 2k*cnv snv dno.
We must prove Hy(v) > Hz(v), where
Hi(v) = E(v)en?v+ kv sn?o,
Hy(v) = snvcnvdno.

For 0 < v < K, dnv > cnv see [25] p. 49. Integrating we get F'(v) > snv.
Moreover snv > 0, hence it is sufficient to prove I;(v) > I3(v), where

I (v) = en?v + k" 2vsnw, I(v) = cnv dno.
We observe that [1(0) = I3(0) = 1. Computing and simplifying we have
I (v) = I3 (v) = 2snv dn?v — 2snv cno dnv + k' venw dno.

Using again dnv > cnov, we obtain I{(v) > I}(v). Therefore I, (v) > I(v)
and the result is proved.

Moreover F(K) = —snKdnK (F(K) — k?K) and E(K) — k?K > 0 for
0 < k < 1, see [25] p. 74. Then we have F(K) # 0. Hence we have proved
that for 0 < v < K, F(v) is non zero.

Now, let us prove that F is non zero for K < v < 2K. From the previous
computations G(v) > 0 for each v > 0. Indeed Gj(v) > 0 and G1(0) = 0.
Recall that

F(v) = envGy(v) — snw dno(E(v) — k%)
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and for K < v < 2K, snv, dnv, F(v) — k20 are positive, cno is negative and
the zeros of snv and cnv are distinct. Hence we have

F(v) <0for K <v <2K.

We prove that F vanishes for 2K < v < 3K. We observe that for v = K
and 3K, F reduces to

F(K) = —snKdnK(E(K)-E?K)
FBK) = —sn(3K)dn(3K)(E(3K)—3k?K).
Using the following formulas from [25], pp. 28 and 64:
sn3K = —snK |, dn3K = dnK |, F(3K) = 3L(K),

we get
F(BK)=-3F(K) #0.
Since F' has opposite signs for K and 3K, it vanishes for K < v < 3K.
We proved that F' has no zero for 0 < v < 2K and F vanishes for
2K < v < 3K. The theorem is proved. On figure 24 in the appendix we
tlc

compute experimentally the quotient which is roughly a constant ~
0,97. O

4.7. CUT-LOCUS - PRELIMINARIES

We shall describe now the cut-locus. The main property to be proved is
that geodesics do not intersect before cutting the Martinet plane y = 0. The
system is represented as a pendulum

& = cosf 0 = -y
; =sind A =0
Y ; (4.23)
.Y
2 = Z—coséb.
2

In our study, we can consider geodesic segments which are contained in the
half-space y < 0. Assume A > 0. The angle # increases monotonously along
geodesics while y < 0 and we parametrize geodesics by 6 instead of length.

Let § — (2(6), y(0), 2()) be a geodesic such that z(8y) = y(6o) =
z(6p) = 0, where 8y €] — 7, 0[, when y(0) < 0. From (4.23) we get

4
o(0) = 11/ cost i
\/§A5 90 99(007t)

YO = VA (b0, 0) (4.21)
z(0) = ! /9 (0o, t) costdt
( - \/5/\% o ¥\Yo,

where (g, 1) = (cost — cosg)/? and y(8) < 0 for y < 6 < —by.

Let D be the domain {& = (6p,0) ; —7 < 0y < 0, 6y < § < —6p}.
Let ¢ : (&, A) € Dx]0,+oc[— R? be the mapping defined by the formulas
(4.24). We are going to prove that q is a one-to-one mapping.

We proceed as follows. First we eliminate the parameter A and the co-
ordinate y using the quasi-homogeneity property, see section 4.4. Indeed,
suppose that q(61, 05, AY) = q(6%,0%, A7), then q(8', 6}, cAl) = q(62,02%,2)0%),
Ve > 0. Multiplying A by ¢, we multiply the second coordinate by 73 Tt
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permits us to look for intersections points only in the affine space y = —1.
If y(8) = —1, then A2 = /2¢(fg, 6).
We define the mapping @) as follows: Q(§) = (X (§), Z(£)) where

1 b cost
X(S) :29955) /90 99(007t)dt (4‘25)

4
Z(&) = @3(5)/0 (0o, t) costdt.

o

If we introduce
4

99(007 t) dt,

=)

(007 t)7

(8o, t)dt,

sy

o
™
ll
Q\g\%Q\
S
S

0
we can write

1
X = @[A(f) + cos 6y B(€)] 1.26)

Z(§) = W[C(f) + cos B A()].

We derive from the estimate of theorem 4.7 concerning conjugate points,

t1eV/ A > 2K, that 88—% A §TQ # 0if y(t) < 0. Hence Q is locally one-to-one.
0

The problem is to prove a global version of this property.

PRrROPOSITION 4.8. @ is a diffeomorphism of the domain

D ={= (00,0);—7 < by < 0,0 <80 < —by} onto the domain R =
{(z,2) 12 <6z},

Proof. Let L be the line: 2 — 6z = 0. A main step in the proof is to show
that the boundary of the Image of Q) is the line L.

Let m € 9ImQ, 9lm@Q C ImQ, hence there exists a sequence &, € D such
that m is the limit of the sequence Q(&,). Since D is relatively compact,
by choosing a subsequence, we can assume that &, converges in R? to a
point &... If & is interior to D, there exists an open set U in D such that
& € U. Since Q) is an open mapping, Q(U) is an open set containing € (£x)
and by continuity m = Q(éx) = ngr-lr—loo Q(&,). This contradicts the fact that

m € 9Im(). Hence necessarily &, € 9D.

We write 0D = Ay |JA_J A where:

Ap={0=—0y;—71<0, <0}, A_={0=0y;—7 <06, <0},
Do={0p=—7;—7<8<7}.

We need some auxiliary lemmas to analyse the different cases when & —
oo
LEMMA 4.9. If€ € D and &€ = & = (0,0), —7 < 0 < 0, then X(£) —
—cotf and 7Z(¢) — —%Cot 6. Hence Q can be extended by continuity on
DUA_N{(0,0), (-7, —7)} and ImQ) contains the whole line L.
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Proof. Take t € [0y, 6] and |6y — 8], |# — 8| small enough. We have:
@(007t) ~ \/— sin 00\/t — 00

4
2
/ 99(007t)kdt ~ k—(_ sin 00)5(0 00) 2 k € Z k > —1.
o

+ 2
Hence when & — (8,60) € A_\{(0,0), (—7,—m)},
A A 2 1 B
— =0, 5 =2>—5-=, -2 ———=
2 3sinf ¢ sin 6
and X (&) — —cotf, Z(£) — —¢ cotb.

Therefore Im{) contains the line L : 2 — 6z = 0 and ) can be extended
by continuity on DU A_\{(0,0), (-7, —7)}. O

LEMMA 4.10. If€ €D and & — (0,0) or & = (=7, —7), then X (§) — oc.

Proof. We can write

[\

62 — 62

99(0070) = F(0070)7

where F'(6p,60) — 1 uniformly on D when £ — 0.
Hence

[ \/5
————dt, when & — 0.
6, /02 — t? ¢

To compute the integral we set:

t
—— =cos, cosf=

0<p<nrm
|6o] g

0
|6o]
and we obtain

B(&) ~ V2(r — 3), when & = 0.

Similarly
02 T,
— sin“ ydap.
Hence 3 3
by 17— sin 2
A(€) ~ \@{ S+ } when & — 0.
Moreover 0l
ol .
~ ——sin f3.
(&) NG s
Therefore when &€ — 0,
A 16| —f o8B B 2 7-p
@ 0 QSlnﬁ 2 17 ¢ 6] sing’
. T3 B
Since >1for0< g <m, —— 400 when & - 0 and X (§) — +o0.
sin @
The case £ — (—n, —n) is similar. O

LEMMA 4.11. Let £ € D — &oo € Ap U A\{(0,0), (=7, —7)},

€oo = (0p(0),0(c0)). Then:
i) If 0g(c0) = —7, X (&) — —o0.
ii) If 0g(00) # —m and A(€s) + cos by(00) B(Es) # 0, then X (&) — oo.
iii) If 0g(00) # —7 and A(€s) + cosbp(00)B(€) = 0, then Z(§) — +oo.
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Proof. On D, 0y < § < —bp, hence if &, € Ay U A\{(0,0), (—7,—7)},
fp(00) < B(c0) and if £ — &, o(00) # —7, we have:

4 0(00)

A) = / cl0.0)dt = [ p(Bo(co), )t > 0,
90 90(00)
o qt 8(0) dt

B(&) = / _ / T,

© = 200D Sy 2(020) D

4 0(00)

@ = [ Plnna— [ iba(eo)0d>0
90 90(00)

and ¢(&) — 0. Therefore if fy(c0) #= —7 and A(€~) + cosby(o0) B(é) # 0

we get:
A(€oo) + cosfo(00) B(€e0)
XE)~ 2¢(&e0)

and X (§) — oo when £ — £.,. This proves ii).
Assume fy(c0) # —7 and A(€x) + cosby(c0) B(£~) = 0, we shall prove
iii). First observe that when & = (6y, 8),80 > 6y, we have

0 < A& < VB(EC(E).

Indeed if we set ¢(0g,t) = g¢(t)h(t) where g(t) = @(HO,t)% and h(t) =
(0o, t)_%, we have g # h and from Cauchy-Schwartz inequality

0< A= /:g(t)h(t)dt < (/: gz(t)dt)%(/; h2(t)dt)%

4 4
and C' = [ ¢*(t)dt, B = / B2 (t)dt.
90 00

Hence

C(€0) + cosfp(0) A(Eny) = A(goo){c(foo)

A(e0)

C(€e0)
B(&so)

+ cos 00(00)}

> A(és) { + cos 00(00)} .

Moreover

Al VBEIC(E __ [Cle)

B(&e) B(lw) | Bl&e)

cos fg(00) =

Therefore
C'(€o) + cosbp(00)A(s) > 0.

! (C(foo) + cos HO(OO)A(EOO)), we deduce that Z(£) —

Since Z(§) ~ ———
) 4¢%(Eec)

400, when & — &
An easy computation shows that when & — &, fp(c0) = —m, then
X (&) — —oo. This proves i). O

COROLLARY 4.12. If & — &, € 9D, Q(&) — oo and X (§) is bounded, then
Z(&) = +oo.
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The preceding considerations show that Im¢) is an open connected set
whose boundary is contained in the line L and Im{) contains the line L :
{z — 62 =0}.

Assume that dlm@Q # L, then from lemma 4.9, there exists (29, z0) € L
such that (zq, zo) belongs to Im@). Hence Im@) contains a segment (zq, [20 —
g,7zp + €]) and since dlm() is contained in L, it contains the whole line
C' : x = zg. Therefore we can construct a sequence &, € D converging
to £ € 9D such that Q(&,) € C and Z(&,) — —oo. By construction
X (&) = 29 and hence X (&,) is bounded. This contradicts the assertion of
the corollary 4.12. Therefore 0lmQ) = L.

Since dlm@) = L, Im(Q is one of the half-space v — 6z < 0 or & — 6z > 0.
Using again the corollary, we see that Im() is the half-space  — 6z < 0.

The mapping @ is clearly proper. Indeed take a compact K in R, and &,
a sequence in Q7!(K) converging to &, in R% The previous lemmas show
that & is not in dD. Hence the closure of Q7*(K) in R? doesn’t intersect
the boundary of D. Therefore Q~!(K) is a compact subset of D.

The mapping ) is a proper local homeomorphism from D onto Im@) =
{z — 6z < 0}, hence it is a covering. Since Im() is simply connected it is a
diffeomorphism and the proposition is proved. O

LemMmA 4.13. Let v(.),4(.) be two distinct geodesics parametrized by the
length, v(0) = 4(0),v(t) = 4(f), for some t >t > 0. Then, ¥|jp [ is not a

i+
=

length minimizer, for any T >

Proof. The statement is obvious if t > #. Suppose t =t and Yljo,-[ s a length
minimizer for some 7 > t.
Then, the broken curve

Y(s), 0<s<t
s»—>{ v(s), t<s<r (4.27)
is also a length minimizer. The curve (4.27) is not however a geodesic and
it cannot be the length minimizer. O

THEOREM 4.14. The geodesics whose projection in the plane (x,y) is a line
are minimizers. A geodesic whose projection is not a line admits a cut point
at time t, = 2K /X corresponding to its first intersection with Martinet
surface. Hence the intersection of the conjugate locus and the cut locus is
emply.

The proof is a consequence of the following geometric considerations.

4.8. A PREVIEW OF THE SUB-RIEMANNIAN SPHERE

A nice flat representation of the sphere (a chart) is indeed provided
by mapping Q. First, consider the particular geodesics given by z(¢) =
Pit,y(t) = Pt and z(t) = $P Pjt®, where Py and P, # 0 are constant.
They project onto lines in the plane (x,y). Hence they are minimizers. As-
sume % < 0 and consider their intersections with the plane y = —1. We
get z = /6 and they form the boundary of the domain R.

Now, consider an arc-length parametrized geodesic whose projection in
the plane (z,y) is not a line and associated to (¢, A) in the parametriza-
tion of proposition 4.3. We can assume A > 0 and ¢ €] — 3, 5[, It is
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well known that it is a minimizer for small time. Its y coordinate is given

2k
by y(t) = —WCH(K +tV\, k). The first intersection with Martinet sur-

face corresponds to tv/A = 2K. Now using the symmetry S; : (,y,2) —
(z,—y, z), it intersects also at the same point and at the same time the
geodesic corresponding to A and 7 — . Moreover the respective slopes are
(P1, P,0) and (P, —P,,0). From lemma 4.13, the geodesic cannot be min-
imizing beyond this intersection point. Now from our previous study using
mapping ), we have a very precise representation of geodesics contained in
one half-space y # 0.

We can assume for instance y < 0. Cutting by y = —1, and using mapping
@), we see that the geodesic projections corresponding to A > 0 filled the
domain R : 62 > z, without intersecting. It is represented on figure 1. The
boundary 6z = z contains the geodesics corresponding to A = 0, ¢ # k7
which project onto line in the plane (z,y), and domain R : 6z < = is filled
with projections corresponding to A < 0.

In particular, before intersecting Martinet surface, taking a point ¢; on
the geodesic, there is no other geodesic path joining 0 to ¢;. Hence it is
minimizing.

Moreover our study gives us a precise representation of minimizing
geodesics which is in fact equivalent to a chart of the sphere.

FIGURE 1

4.9. SUB-RIEMANNIAN SPHERE S(0,r)

4.9.1. INTERSECTION OF S(0,r) WITH THE cUT Locus. This intersection
can be precisely computed using the previous section. If we take geodesics
parametrized by arc-length, the time is the length. Hence, let » > 0, setting
ty =r = QK/\/X which corresponds to the first intersection with Martinet
surface and using the parametrization coming from proposition 4.3, we get

2
a(k) = B + 5 (EBK) - E(K) | 2
z(k) = " [(2k% — D)(E(3K) — E(K)) 4+ 2Kk ?].

Using E(3K)=3E(K), and the notation E for E(K), we get that the inter-
section of the cut locus with the sphere S(0,r) is a curve denoted k — c(k),
contained in Martinet plane y = 0, which admits the following parametric
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representation
E
z(k) = —r+2r— (4.29)
K
3
. r 2 2
z(k) = —6K3[(2k 1)E 4+ k“K] (4.30)

where k €]0, 1[, and the curve deduced from ¢ using the symmetry (z, z) —
(—a,—2).

In order to understand the properties of this curve, the following proper-
ties are fundamental.

First, by definition

s

= 1 di ~ [’ — k% sin? -3
K(k)_/o \/(1—02)(k'2+k202)_/0 o e

and

K Z L
E(k) = / dn?(u)du = / (1 — k*sin? )2 d.
0

0

Both mappings can be expanded in ascending powers of k2, see [25] p. 73,

1 1 13
K = ==l ~)2k? “ V2t
Sl ()R 4 () ]
1 1 113
E = =a[1— ()22 - Z(=5)2k* — ..
S7ll— (5 — S (5~ )
for 0 < k < 1.
Hence
E k2 9
E_1_7+0(k )7
and
v(k)—r = —rk?+o(k?
273 9 9

In particular, when & — 0T, the cut locus intersected with the sphere is
the restriction to z > 0 of the graph of an analytic function which can be
represented by

2r2
z=———=(z—r)+o(z—r). 4.31
o) ole — 1) (4.31)

When k£ — 17, the situation is quite different. This is due to the following
fact. We can extend the mapping & — K(k) to an analytic function on
C\[1,+oc[, which presents a logarithmic singularity when k — 1. More
precisely, computing we get the following asymptotic expansions, when k' —

0

K = log(s) + logd + o(k)
_ E2 o1y K2 1 3 (4.32)
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To get the complete asymptotic expansion, we can use the following prop-
erties see [25], section 3.8 . First we have

diE 1
& = FEH
(4.33)
dK 1
— = E— k2K
dk kk'Q( )

and K is solution of the following second-order linear Fuchsian differential
equation

d*w dw
g dw a2 4w _
k(1 -k )dk2 + (1 -3k )dk kw =20 (4.34)
and E is solution of the same kind of equation
k(1—k2)ﬁ+(1—k2)d—+kw 0. (4.35)
dk? dk N ’

This can be used to compute the asymptotic expansions when k — 1 and
we get, see [13] p 134:

, 13, 2
2 2 i _ =
K(k) = log( g {log -1+ HCTLE o g(k’) ! 3.4}
135 /6|: B _i_i}
526 34 56] T
1 4 1 1.3, A 2 1
Bk =1 12l | 522K =
() =1+(3)* { 08 (1) 1.2} +3)% [Og(k') 1.2 3.4}
13,5 w5, 4. 2 2 1
Ha g sl — 5~ 57~ 56 T

From (4.32), we get the following estimates when &' — 0,
47 E 1 log 4 1
. T T o1 ol
2r K log(g)  log*(3r) log™(+7)
Now, we observe that z can be written

1-2k2 , B, r3k?2

). (4.36)

6z = E2 r (E) W’ (437)
hence we get
1—2k2 x4r 3k
— 3 3
6z=r T( o ) K2 (438)
and this gives us the basic estimate
z+r 3 k" k'
6z — 1’ P +o0 . 4.39
T T e ey
And from (4.36) we get when & — 0
K = e 5t 4(1 4 o(1)) (4.40)
and we obtain when k' — 0
6z — rPX% = —24r3X %% + 0(X3e_%) (4.41)

Wheresz—l_r
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ProPosITION 4.15. When k' — 0, the graph of c is given by

DLy p

6 2r 2r 7

where I is a flat function of the form F'(X) = 43 XBem% 4 0(X3e_%).

THEOREM 4.16. The intersection of the sphere S(0,r), r > 0 with Martinet
surface is not sub-analytic.

+ F(

z =

Proof. The intersection of the sphere S(0,r) with the plane y = 0 is formed
by the union of the curve ¢ which is located in z > 0, the symmetric curve
—c and the two points x = £r, 2z = 0, which correspond to the intersections
of the geodesic line # = ¢,y = z = 0 with the sphere. Recall that this line
is the projection of an abnormal bi-extremal. These two points are in the
closure of ¢. Hence the intersection will form a closed curve around 0.

The closure of ¢ is not semi-analytic at (—r,0), because at this point
the graph of ¢ is the sum of an algebraic function and a flat function of
order X3e~%. Hence this curve is not sub-analytic, semi-analytic and sub-
analytic being the same in the plane. Since the intersection of S(0,r) with
the analytic set y = 0 is not sub-analytic the sphere is not sub-analytic. The
same is true for the distance function. O

4.9.2. PARAMETRIZATION OF THE SPHERE. To get the parametrization of
the sphere of radius r > 0, it is sufficient to set t = r,u = K + /X and
to impose the constraint v < 3K in the formulas of proposition 4.3. It is
represented on the following figures. The first one represents the intersection
of the cut locus with the sphere of radius r = 0.1 for z > 0, the complete
curve is the union of this one and of the curve obtained by the symmetry
(x,z) = (—x, —z). The second figure is the projection of the sphere on the
plane Ozz.

0.00002

0.00001

-0.075 -0.05 -0.025 0.025 0.05 0.075 0.1

FIGURE 2

FIGURE 3
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4.10. INTERSECTION OF THE WAVE FRONT W(0,r) WITH THE MARTINET
PLANE

Similarly we can compute the intersection of the wave front with the
Martinet plane y = 0. It is sufficient to plug t = r = QNK/\/X in the
parametrization from proposition 4.3 which corresponds to the N-th inter-
section of the geodesic with the Martinet surface. For each N, we obtain a
curve ¢y which admits the following parametric representation

E
an(k) = —r—I—QrK
r’ 2 2 1

where k£ €]0, 1[, and the curve deduced from ¢y using the symmetry (z, z) —
(—x,—z). For N =1, we get the curve ¢ computed in 4.9, which represents
the intersection of the sphere with the Martinet plane. We represent the
curves ¢y for N = 1,...,5, on figure 4. As previously we can evaluate the
graphs of ¢y when & — 0 or & — 1. We summarize these results in the
following proposition.

ProposITION 4.17. The intersection of the wave front W(0,r) with the
Martinet plane y = 0, and the half space z > 0 is the union of curves
cn, N € N* whose closure admils two ramified point at © = +r,z = 0. The
graph of e at x = —r,z =0 is given by
rortr r+r
= —_— F
PNl ) ),
where F'(X) = ar3X3e X + 0(X3e_%), a#0,and at x =r,z2=0 by
2r?

R
The exterior curve obtained for N = 1 represents the intersection of the

sphere with the Martinet plane.

z =

—r)4o(z—r).

0.000025

0.00002

0.00001

-0.075-0.05-0.025 0 0.025 0.05 0.075 0.1

FIGURE 4

4.11. EXP-LOG CATEGORY

Since the intersection of the sphere S(0,r) with the Martinet plane y = 0
is not sub-analytic, an important question is to find the precise transcendence
of this object. A first observation is the fact that in the domain z > 0 it is
the parametric curve k — (x(k), z(k)) where k €]0,1[ and z, z are defined
by (4.29), (4.30). It can be extended by continuity in the domain z > 0 by
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taking k € [0, 1] and this curve is semi-analytic if & # 1. Near k = 1 if we set

X; =k and X, = (log )" where k' € [0,1] and k"2 4+ k? = 1, this curve

is the image by an analytic mapping defined on a neighborhood of Og: into
1

R? of the pfaffian set X; = 4~ X2, We shall give a more precise description

using the exp-log category, [16],[27].

THEOREM 4.18. The intersection of the sphere S(0,r), r > 0 with the Mar-

tinet plane y = 0 in the domain z > 0 is near X = 0 with X = xz";” a graph
of the form:

1

e X
X7
where X > 0 and F is an analytic mapping from a neighborhood of Op2 into
R.

z=F(X

Proof. We can write near &' = 0:

X:av—l—rzz
2r K

where

4
E(k') = ui (k') log o + uz (k')

. 4
K(K') = uz (k') log o + uyg (K,
the u's being analytic functions and:
k' : 2 :
ul(k/) = T + O(k 3) ) u?(k/) =1- ? + O(k 3)7
, k' i , k' i
U3(l€)21—|—T—|—0(l€ ),U4(k):—T—|—0(k ).

If we set: X; = &', X3 = (log )", we get that X is the image of X; by
the transformation:

w1 (X1) + Xoug(Xq)

X 4.42
uz(X1) + Xoua(Xq) ( )
_ X? X? Xt X7
= |(1- e +..)Xo+ (T + )] {1 - + TXQ + ...
and X can be written as
X = A1(Xq, Xy) (4.43)

where A; is analytic near 0. Moreover computing using (4.42) we get when
k' — 0:
Xo~ X, Xy~de X (4.44)
and we can write:
X, = X(14Y3(X)), X; =4e~ % (1+Y;(X))
where Y7,Ys — 0 when X — 0. We can easily evaluate Y] and Y3. Indeed
inverting (4.42) we obtain:

_ musXtw O(X{) 2
Xy = X o =X(1+ e +O(X7)+ ...).
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And since X| ~ de~ % we get that Y3 is of order X-le=%. In particular
% — 0 when X — 0.
Moreover Y; and Y5 are related as follows:

1
X, = 46_%(1—|—Y1(X)) = 4e X1+%(X))

S S v, v
= 4e_%e( X(1+Y2(X))+X) :4e_%e(72_72+"')

1 1

Therefore we have: v
Yi(X) = AQ(YQ,X)

where Aj is analytic near 0 and moreover Y ~ % when X — 0. Inverting
the previous equation we get that

Y2(X) = X As(X, V1) (4.45)

where Az is analytic at 0 and Y5 ~ XY; when X — 0.
From (4.42) we get:

X = Xo+ As(X1, X)
where A4(0, X2) = 0. Hence equation (4.42) can be written

Ag( X1, X
X:X(1—|-Y2—|- 4( 1, 2))
X
Using (4.45) and simplifying by X?, we get that (4.42) is equivalent to
A4(Xy, Xo)
This equation can be written as:
e_%
A5 (Y17 )(7 W) — 0 (447)

0A
where Aj is analytic at 0, A5(0) = 0 and G—YE)(O) = 1. Hence using the
1

implicit function theorem in the analytic category we deduce that

e_%
where Ag is analytic at 0.
Therefore:
e_%
Ya(X) = A7(X, )
where Az is analytic at 0.
Now from (4.30), z(k) is given by:
3
r '
k) = 2k* — )E+ k*K
2(k) = g [ (2K~ ) E
and is near &’ = 0 an analytic function of X; = &’ and X, = (log 7).
Hence in conclusion z can be written near X = 0 as:
1
e X
2= F(X, —7)
where Fis analytic at 0. The theorem is then proved. O
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REMARK 4.19. In the previous expansion, the variables X and X~2e"% are
called the scale. We can obtain a better scale if we use the fact that the u's
are analytic with respect to k2. An important question is to find the scale
in the Martinet case when the set of geodesics is integrable by quadratures.
It will be the object of a forthcoming article.

5. ONE PARAMETER DEFORMATION OF THE MARTINET FLAT CASE

In the previous section we have described in the flat case the singularities
of the sub-Riemannian sphere and of the wave front due to the existence of
abnormal bi-extremals. This example is a precious guide to understand in
general the role of abnormal geodesics in sub-Riemannian geometry.

The aim of this section is to investigate the stability of the phenomena
observed in the flat case and the accuracy of the flat case to describe the
sub-Riemannian sphere in the Martinet case. A priori this stability is not
obvious. Indeed in the flat case the geodesic lines contained in the Martinet
surface are not strictly abnormal. Moreover the intersection of the conjugate
and the cut locus from 0 is empty, but their closures intersect onto the
geodesic line. To understand the general situation, we must use a gradated
normal form of order 0, as the one given in theorem 2.23, which depends on 3
parameters. This model is too complicated for a preliminary study because
it is not yet clear what are the adapted expansions needed to evaluate the
exponential mapping. Hence we shall analyze in a first step a one-parameter
deformation ¢ — d(c) of the flat case. This model will be integrable by
quadratures and we shall be able to evaluate the exponential mapping in a
C°— neighborhood of the abnormal geodesic. It will give a clear geometric
interpretation of the role of one parameter in the normal form, also it will
allow to understand the general integrable case which shall be studied in [7].

5.1. CONSTRUCTION OF THE MODEL

The one-parameter deformation will have the following properties.

5.1.1. PROPERTY. For each € # 0, a geodesic is the projection of an unique
bi-extremal considered as a curve in the projective space P(T*R?).

5.1.2. PROPERTY. The Hamiltonian differential equation whose solutions
are the normal bi-extremals must have two cyclic coordinates and hence
has to be integrable.

Having fixed such properties, the problem is to construct a one dimen-
sional mechanical system of the form

P+ PHy) =1,

where P? is the potential depending on the parameter deformation ¢ and two
arbitrary constants p, and p,. In order to satisfy the property 5.1.1, we must
break the following symmetry occuring in the flat case: Pi(—y) = Pi(y).
Now to simplify the computations, we want to parametrize the set of normal
geodesics using the lowest transcendence. This last constraint is very precise
in terms of elliptic integrals and we have to make the following choice. The
function 1 — P?(y) has to be a polynomial of degree 4, which can be written
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in canonical form as (1 — 72)(6k + k21%), § = 0, 1, —1 where 7 is deduced
from y using a translation combined with a similarity, but not a more general
homographic transformation.

5.1.3. MopEL. We choose the one-form w = (1 + cy)dz — %yzdx. The dis-
tribution D =ker w is spanned by

J y? 0 J
Fl—(1+€y)8—$+?£7 F2_8_y
The brackets are given by
P B = ety (R B B = (R ) B =0
172—€8$ y82’7 17272—827 1,42, 4'1] —

and the brackets of length > 4 are 0. Hence the Lie algebra generated by
{Fy, I} is nilpotent. The singular set S: det(Fy, Fy, [F1, I3]) = 0, where w
is not a contact form is given by (1 + cy/2) = 0. Therefore if £ # 0, S is the
union of the two planes: y = 0 and y = —2/e. We shall localize our study
in a neighborhood of 0, hence we assume first

(Hl) |y€|< 2.

In this domain the Martinet surface is the plane y = 0.
We choose the metric g by taking Fy and F; as orthonormal vector fields.
2
)

—~2 _dz. Hence we shall restrict
2(1+¢ey)

If (14+ey) # 0, we can write on D, dz =
our study to the domain U given by
(H) |y |< 1,

where the metric can be represented by

— d2 d2
g (1+¢ey)? A,

and ¢ will denote the induced Riemannian metric on the plane (z,y).

5.2. EQUATIONS OF THE SET OF GEODESICS IN THE DOMAIN U

5.2.1. ABNORMAL GEODESICS. The system is written

i =u(l+ey)
y =v
.y
Z =U—.

2

The control corresponding to abnormal geodesics is v = 0 and the abnormal
geodesics are contained in the Martinet plane y = 0 and they satisfy the
equations

z=u, y=0, z=2.
We shall denote v : t — (4¢,0,0) the abnormal geodesics starting from

0 and parametrized by arc-length.
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d
5.2.2. NORMAL GEODEsICS. We set F3 = 7 and P, = (p, Fi(q)),1=1,2,3.
Z

The Hamiltonian corresponding to normal bi-extremals is
1
H, = §(P12+P22) ’

where
2

P =py(1+¢ey) +pz% , Py =p,.

There exists two cyclic coordinates z, z and p;, p, are first integrals. The
normal bi-extremals are solutions of

= (1+ey)p.(14¢y) +pzy;]

y = Py
y? y?
s =2 (1 A
i 5 [Pe(l+ey) +p:7] (5.1)
Pz =0
. y2
Py = —(a’;‘pl, +sz)[Px(1—|-€y) ‘|’p27]

In the coordinates (¢, P) we have

y =h
) y?
2= 32131 (5.2)
B =) {P,P}P;,
j=1

and computing we get
J J
P, P} = — —).
{ 17 2} <p7 €8$+y82>
Using for | ye |< 1,
J 1 y?

dr ~ (1+ey) (Fi = 5h),

we obtain

€ Yy
P, Pt =yP P - =P
{P,P,} =y 3+1—|—€y( 1 3)

and we get the equations

. € y
P = |yP P — P3| P
1 [y 3+1—|—€y( 1 3 23)} 2
5, — c ¥ (5.3)
1?2 = [yPS—I_l—I—e (P 2P3)}P1
Py =

The mechanical interpretation is the following. We set Py = cosf, P, =
sin §. Hence if § # nx, we have § = —(pye + p,y). Therefore § + Asinf = 0
where A = p,. It is the pendulum equation with §(0) = —p,e.
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5.3. GEODESICS OF THE INDUCED METRIC

By setting P53 = 0 in the previous equations and if we let

~ 0 ~ 0
F1=(1+€y)8—$ ) FZ:O_y’

and
P1:p90(1+€y)7 P2:py7
~ 1 ~ ~
the equations of the geodesics of the induced metric § are then

. ~ A £ ~ o~
r = (1—|—€y)P1 P1 = P1P2
_ N Ttey (5.4)
;7 = P P = - Pz.
Yy 2 2 1+ 2y 1
They can be studied by considering the equation

92 + ]512 =1,
where ]51 = ps(1 + €y). It is a mechanical system whose physical space is
| Pi(y) |<1.Att =0, o0nehasy(0) =0, hence we get the condition | p, |< 1.
The change of sign of § are given by solving P, = £1, i.e., p,(1+ey) = £1.
:i:l - Mz .
We can assume ¢ # 0 and we get y = T T Pr g Pz # 0.
ep

xT
The solutions can be easily studied by considering the graph of P If
pz # 0, they are precisely two intersections of P, with £1 and they are
denoted y_ < y4. If p, # +1, one has y— < 0 < yy and the system
oscillates between y_ and y4. If p, = 1, y(0) = 0 and (0) = —&, and y_
or yy is 0. If p, = 0, there is no intersection of ]51 with £1 and there is no
oscillation. More precisely the solution can be computed. Indeed we have

A £ ~
= P, — _ 2
Y 2 1+ cy 1
and we get the equation
j+epi(ltey) =0 (5.5)

which can be easily integrated.

The optimality status of the geodesics for the metric § can be studied.
In particular, we can evaluate the conjugate and the cut loci. Using index
theory we can analyze the conjugate locus for the sub-Riemannian geodesics
corresponding to p, = 0 which project onto geodesics for §. An interesting
result in this direction is given by the following proposition.

ProprosiTION 5.1. The geodesic line parametrized by arc-length 7 : @ =
z =0, y =+t is the only geodesic parametrized by arc-length e : [0,T] — U,
e = (z,y,2) such that e(0) = 0, e(T') = (0,%,0). In particular ¥ is isolated
in the set of geodesics.

Proof. Observe that for a normal bi-extremal

d
%(pxw + p.z) = P12'
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Hence if 2(0) = 2(0) = 0, we have

T
pex(T) +p2(T) = / PL(t)dt.
0
Therefore if P, # 0, we have

pra(T) + p.2(T) > 0.

In particular if p, = P;(0) # 0, we cannot have both (7)) = 2(T") = 0.
If p, =0, P, # 0 then p, # 0 and 2(7) # 0. If p, = 0, P, = 0, we have
p. = 0if y(t) # 0. Hence the line 2 = z = 0 corresponding to p, = p, = 0 is
isolated. O

5.4. NORMAL GEODESICS CORRESPONDING TO p, # 0

5.4.1. SYMMETRY. We introduce the following parameters: P;(0) = p, =
sing, P>(0) = cosp, where ¢ € [0,27[ and p, = A. Observe that equations
(5.1) are left invariant for the following transformation: X = —z, Y =y,
4 =—z, Px = —p,, Py = py, Pz = —p.. Hence the set of normal geodesics
is left invariant by the symmetry: S; : (2,y,2) — (—2,y,—2) and the
same is true for the metric. Therefore in our study, we can assume A > 0.
Also equations (5.1) and the metric are left invariant by the transformation
(Y, py,€) = (—y, —py, —¢). Hence in our study we can fix the sign of ¢ and
for convenience we shall assume ¢ < 0.

5.4.2. CHARACTERISTIC EQUATION IN NORMAL FORM. We analyze now the
equations defining normal bi-extremals parametrized by arc-length: H, =
1/2 and we get

P +Piy) =1, (5.6)

where P; = p,(1 + cy) + p,y*/2 and p,, p. are constant, p, = sinp, p, =
A> 0.
The physical space is {y € U ; | Pi(y) |< 1}. Hence we get the condition

(HS) |px |§ 1.

We can write

elp? A ep
1—-P=1-p, z _ = 2,
| pet 3 = 5+ =0)

2,2

Since | p; |< 1, we have 1 —p, + 821;90

> 0 when € # 0. If ¢ = 0, our previous

study shows that we can assume | p, |# 1. Hence if we set

22?2
2k =1-p, z 5.7
Pet 53 (5.7)
we can always assume 2k2 > 0.
Now we can write
e¥p? A P\ 2
1+ P =14p, — L= —( —““’) .
+ 1 +p 2 + 5 v+ 3
We introduce
£2p2
2k" =1 - — = 5.8
+p.— 5 (5.8)
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and we have k2 4+ k" = 1. Let k'2 =| k" |, we can write k" = §k'2, where §
is a constant equals to 0,1, —1. Hence equation (5.6) can be written in the
normal form

gt = AR (1= ) (K" + k), (5.9)
where we have set
1 EDy
= — A4 == k>0 5.10
=g+ %) k> (5.10)
and endly the equation which has to be integrated is
-2
= (L= )R+ K. (5.11)

5.5. FORM OF THE POTENTIAL P}

We can analyze the behaviors of the trajectories of the characteristic
equation (5.6) by considering the graph of P, only and its intersections with
the lines P, = +1. Observe that

y?
Pl :pw(1+€y)+A? )
and P;(0) = p,, where | p,, |< 1. When y — oo, P4 — 400 and P has an

€
unique minimum m which satisfies P/(m) =0, i.e., m = —% and we have
2,2
£p
Pi(m) =p, — —=.

We denote by 31 < y2 the solutions of the equation P(y) = 1, i.e., the

roots of : )

%+€pxy+px—1=0

and y1yz = 2(pz — 1)/A. If p, = 1 and € < 0 we are in the limit case y; = 0,
yp = —2e/A > 0. Moreover P,(0) = 0, y(0) = P»(0) = 0, §(0) = (0) =
—eP?(0) > 0. From this analysis we deduce the following,.
LEMMA 5.2. Assume € < 0. The equation Py(y) = 1 has two distinct roots
satisfying y1 < y2 and 0 € [y1,y2]. The motion y(t) with y(0) = 0 is confined
to the segment [y1, ya]. If pr # 1 then 0 €]y1, ya, if p» =1, y1 = 0.

Now we must compute the solution of P;(y) = —1 which are the roots of

y2
T+5pxy‘|‘px+1:0-

The discriminant is —4Ak” and there is a critical value when Py(m) = —1
which corresponds to the case ¥ = 0. Hence we must distinguish between
three cases.
Case A: k” > 0 and there is no real root.
Case B: k” < 0 and we have two distincts roots y3 < y4.
Case C: k" = 0 which corresponds to the limit case: y3 = y4 = m.
We represent below the corresponding graphs of P;. When ¢ # 0, we have
the three cases and when ¢ = 0 (flat case) we are always in case A. It has
to be compared with the analysis in [23] where the potential P? is different
but we are faced with the same discussion. The geometric explanation is
the following. In case C', the motion of y(¢) is not periodic because the time
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we need to reach the position m corresponding to a double root of 1— PZ(y)
is infinite. If we interpret the motion in term of a pendulum it corresponds
to a motion on a separatrix. In the flat case such a behavior corresponds to
a normal geodesic not starting from 0. Hence the role of the parameter ¢ is
to push such geodesics in the physical space.

Another consequence is the existence for € # 0 of geodesics which corre-
spond to a rotating pendulum.

FicUuRrE 5. Case A

Ficure 6. Case B

When p, = 0, there is no real solution to P, = —1. Hence in case B and
C we can assume p, # 0. In case B, we have ysys = 2(p, + 1)/A. Therefore
if p, # —1 both roots have the same sign which is the sign of p,. If p, = —1,
ys = 0 and y3 = 2¢/X < 0. In case C, the root is m = —ep, /A and m # 0.
If p, = -1, y(0) = 0 and §(0) = —= > 0.

LEMMA 5.3. Assume ¢ < 0. If k" < 0, the solutions of Pi(y) = —1 are two
distinct points ys < yq. If p, # —1, they are non zero and have both the sign
of pgp. If pp = —1, then ygy = 0 and y3 < 0. If k" = 0, the root solution of
Pi(y) = —1 is double and is given by m = —ep,/A.
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Ficure 7. Case C

From our analysis we deduce the following result.

LEMMA 5.4. Ifk" # 0, the trajectory of y*+ P2 (y) = 1 oscillates periodically
between y_ < yy where [y_,yy] is the interval [yy, y2] in case A, the interval
[y1,ys] or [ys,y2] containing 0 in case B. When k" = 0, the motion is not
periodic.

We shall need the following lemma.
LEMMA 5.2). 2Assume e < 0. The critical set k" = 0 is the trace of the graph
of A = ﬁ in the domain X\ > 0, p, € [—1,41] (see figure 8).

FIGURE 8

5.6. NOTATION

Our aim is to analyze the exponential mapping expg in a C°—neighborh-
ood of the reference abnormal geodesic v : ¢t — (£¢,0,0). We shall denote
by e : t — (x(t), y(t), z(t)), t € [0,7] a normal geodesic parametrized by
arc-length and such that e(0) = 0. From now on we shall assume that ¢ < 0.
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5.7. PARAMETRIZATION OF THE REGULAR GEODESICS (A > 0)

In cases A and B, the y coordinate oscillates periodically between {y_, y1}
and the period is given by P = 27 where

Let 0 < t; <ty <---<tn <T be the times such that y(¢;) = 0. Define

_ { sign g(0) it §(0) #0,
| sign §(0) if y(0) = 0.
Observe that we cannot have g(0) = §(0) = 0, since y(0) = P»(0) = cosg
3
and §j(0) = —eP?(0). Hence for ¢ €] — g, —I—g[7 y(0) > 0 and for ¢ E]g, ;[,
7(0) < 0. The limit cases correspond to ¢ € {—g, —I—g}7 where §(0) = 0 and
§(0) > 0.
To compute the normal geodesics we must distinguish the case ¢ = 1 and
o = —1. A first method is to parametrize the trajectories by y instead of t.
This method is a general method which can be used in the integrable case. In
particular to evaluate the trace of the wave front with the Martinet surface,

we set y(7T') = 0 and we get the following formulas.
For N =2p+ 1:

+(T) :2/0% U(1+€y)P1(y)dy+(N_1) /i* (L+ey) P (y)dy

(5.12)

Vo oy?P(y)dy vt y?P(y)dy
=S YL
For N = 2p:

(Lt ey) Pi(y)dy
y;+ \/21_P12(y)
Z(T) IN/_ Qypl(y)dy

V1-Py)

We can compute the integrals using the 1 coordinate

1 EPs
= — A —_—
n= 57 (yV X + )

x(T) =N

VA
which implies
Pz
0) =
1(0) o/
1 EDy
= —(2kn—- —=
y \/X( " ﬁ)
L—Pi(y) = 421 - )K"+ k%)
2,2 *p2
P = 2k . —
1(y) U

Let 14, n— be the respective images of yy, y_, if we set

7= [ LB
0 1 - Pi(y)

9

Esaim: Cocv, DECEMBER 1997, VOL. 2, PP. 377-448



SUB-RIEMANNIAN SPHERE IN MARTINET FLAT CASE 433

we get

2,2

1 /% o (2kn — 22 (2k%n* + pr — 52 )dn

A2 o) V=02 (k" + k*n?)
The length of the trajectory between the first two zeros of y is given by

odn
o / e (5.14)

COROLLARY 5.6. Ifk" £ 0, p, # j:l, a geodeszc of length L(e) > P (period)
18 not a minumizer.

77 = (5.13)

Proof. Fix A and p, # +1, the above formulas show that the geodesic cor-

responding to ¢ = +1 and the geodesic corresponding to ¢ = —1 intersect
fort = P on y = 0. Hence using lemma 4.13 they are not length minimizing
beyond this point. O

5.8. ASSUMPTIONS

The quantity Z° represents the drift of the z variable corresponding to the
first two zeros of y. We shall estimate this quantity. We make the following
assumptions:

(H4) TS M7

where T is the length of e, i.e., we assume that the length is uniformly

bounded.
(Hs) le] < M.

5.9. ISOLATED ABNORMAL GEODESIC

DEFINITION 5.7. The abnormal geodesic v : t — (£¢,0,0) is said to be
isolated (resp. C°—isolated) if there exists no normal geodesic e : [0, 7] — U
(resp. contained in a C°—neighborhood of ) distinct of v such that e(0) = 0,
e(T) €lmy.

The isolation of 7 is a basic property which has to be studied. First, we
have:

LeEMMA 5.8. In the flat case v is isolated.
Proof. See the wave front represented on figure 4. O

In the general case we have the following lemmas.

LEMMA 5.9. Let e be a normal geodesic distinct of ~v such that ¢(0) = 0 and
e(T) elmry. Then we must have p, < 0.

Proof. We have z( f y)dt where y(t) # 0 and P, # 0. If 2(T) =
0, then P, must Change of 51gn on U. Since Pi(y) = p. (1 +cy) + p.y?/2, if
pzp- = 0, the sign is constant. Hence we can assume p,p. # 0 and we must

have p.p. < 0. O
LEMMA 5.10. Let us assume that p, < 0 and 0 = —1. Then in case B, we
have Z° < 0.
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Proof. In case B, if p, < 0 then both roots ys, 4 are negative and y oscillates
between y4 and y,. If 0 = —1, then y moves first from 0 to y4 and P;(y) < 0
(see figure 6). Hence the drift Z7 is strictly negative. O

LEMMA 5.11. Let e be a normal geodesic distinct of v such that e(0) = 0
and e(T) €lmy. Let Y = sup,eom|y(t)| and assume that Y < 1/(2M").

Then we must have |p| < p.Y?2.

Proof. If Y < 1/(2M’), then (14¢ey) > 1. If 2(0) = 2(T) = 0, then there
exists t1 € [0,7] such that

Pz92 (tl)

P = ey ()

. 1
Hence, if ¥ < 37
Pz92 (tl

) 2
_ e NS < -
Mt ey(tr)] =7

|pe] <

5.9.1. NOTATION. We shall denote by
tp@pt -1, 4

———dn = -.
0 1-1n? !

i =4 3
5.10. CASE A: ESTIMATION OF THE DRIFT /¢

5.10.1. NoTaTioN. We shall denote by d; the drift ZT = Z~ corresponding

to the flat case e = 0 and I = /\%dl the normalized drift. Using proposition
4.3, we have
4 ' '
I = g{E(1—k2)+k2(K—E)]
LEMMA 5.12. Let Is = inf Iy for p, < 0. Then I3 > 0.

Proof. If p, <0, then k > 1/4/2. From [25] p. 74, k — K (k) is an increasing

function and

%)

K K(L)
1
K-FI= kz/ sn’udu > —/ v sn?udu.
0 2 Jo

Hence )
2k'2 K(==)
L > — v snudu
3 Jo
When &' — 0, I, can be estimated and we get
1

IQ = Il + O(k zlog(y))

Hence we have proved that I3 > 0. O

ProposITION 5.13. Assume k" > 0, p, < 0. Then we have

Twzéb%wm%>

where O(%) — 0 uniformly when A\ — oc.
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Proof. We must compare at p, fixed the difference between Z7 and the drift
corresponding to the flat case ¢ = 0. We write

L+ pe

- °

k2(04) _ 1 ;px —I—Oé, k”(Oé) —

[N

£() = (K0} + B(@)2) 7 = [K70) + K (0) + alo? - 1)]”

Hence for n € [-1,41], we have
fa) > f(c) for c€][0,a].
Since .
F'(0) = —5 07 = 1) (K (0) + K a)?)

we have for ¢ € [0, ¢, n € [-1,+1],
Ky

!
c
1S G
We shall estimate the drift ZU 0 = +1, the case ¢ = —1 can be analyzed
similarly. We use the uniform bound given by (Hy): 07 < M, where

(5.15)

<M
~ / k” +k2n?) T
We have
1 1
Z+ = 3 F(777€7997 A)d777
2 Jp(0)
where
(2hn — Z2)2 (k%02 + p, — )
F(n,e,0,0) = YA (o) = 22,
V=P R+ R 2kV/A
We can write
P, 25, ¢)

F(777€7997 A) = F1(777€7997 A)—I_

VI =2 (K + k2 p?)

Fi(n, 2, ,0) =~ R 1)
ISR g \/(1 — 772)(kll‘|‘ k2772)

. .. £ .
and P is polynomic in 7 and —= and can be written as

where

VA
2
£ £
P=n— —)s.
n\/XQl—I_ AQ2
Using (Hy4) and (5.15) we get
! |€|I(2
Fy(n,e,0,A dnz/ Fi(n,0, 0, A)dn +
[ Fimeenin= [ Fi0.e i E

where K5 is uniform.
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Moreover we have using (H4):
|€|I(3

den
_|/ %) (k" + k22 )|— VA

where K3 is uniform.
Using &” > 0 we can write
| / anl U
(k// + k? )

|| ! |Q1|d77

= WA o VI

Hence we get

Ule Ui le| K4
| / <
(k”—l— k2 ) \/X

where K4 is uniform.
Therefore we prove

7t = A%[Iz + |€|\/I§5}

where K5 is uniform. The proposition is proved.

5.11. Case C: ESTIMATION OF THE DRIFT /¢

In case ', we have
2.2
ep
E'=0,k=1, p, = _1-|-—2/\1’.
We assume p, < 0. In this case we have two types of behaviors corresponding
respectively to 0 = 1 and ¢ = —1. The projections of the geodesics in the

(x,y)-plane are the elastica represented on figures 9,10.

FIGURE 9. ¢ = +1

If ¢ = +1, then the geodesic intersects once the plane y = 0 and if 0 = —1,
this intersection is empty. We can estimate the drift when ¢ = +1. We have

epe 2.2
\/—) (Qk n 1)d77

7t =L / b2k
A3 Jn(o) k/1—1p?
Pz
where 7(0) =
2kVA

Hence we get:
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FiGUure 10. 0 = -1

PROPOSITION 5.14. Assume k" =0, p, <0, then we have
1 1
Zt=—=|L+0(—=
AU (\/X)
where O(%) — 0 uniformly when A\ — oc.

5.12. CASE B: ESTIMATION OF THE DRIFT /¢

k//
_ﬁ7

In case B, n oscillates between b and 1 or -1 and —b, where b =

according to the law

= (L= ) (R R,

where £” < 0. Let us assume p, < 0. If ¢ = +1, then 5 moves first from
n(0) to 1, if 0 = —1, then 7 moves first from 7(0) to b, where 7(0) = P

2%V

From figure 8, we observe that when A — oo then p, — —1, in the domain
k" < 0. When o = +1, the amplitude of the motion between the first two
zeros of y is 1 —n(0) and tends to 1 when A — oo. If 0 = —1, this amplitude
is 7(0) — b and tends to 0 when A — co. Therefore the estimations of Z+
and Z~ are different. We represent on figures 11,12 the projection of the
geodesics in the plane (z,y).

3

FiGURE 11. 0 = +1
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XX

FIGURE 12. 0 = -1

First we estimate the drift Z? in the limit case p, = —1. In this case the
y coordinate oscillates between [y4, y2] where ys = y(0) = 0 and we have
o = 1. The drift is given by

2P (y)dy
o 1-P(y)

where /1 — PE(y) is zero at y = 0. If we calculate in the n coordinate, we
get

7t =

1 2kt )RRk = 1= 55)dy

Z+ = 3
A2 ooy RN (T=n2)(p=0)(n+0)
where
£2 i c
2 =924 — 2k = b= = — .
o v J 2/
Since
€
2kn+ —)% = 4k*(n — b)?,
(2kn ﬁ) (n—10)
we have
3 22
gt L[ Ak(n = b)2 (2K — 1 — Fy)dn

AZ (o) (1—=n?)(y+b)
and since k — 1 when A — oo, we get

1 Y2 - 1)d 1

Azt Jo 1—n? VA
where O(%) — 0 uniformly when A — oco. The same estimation is valid in
general.

If o = —1, we get

Z" = —0(7)

where O(\/—) — 0 uniformly when A — oco. Therefore we have:
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ProPosITION 5.15. Assume k" < 0, p, < 0. Then we have

. 1 1
(4) Z+:/\—g ]1+O(ﬁ)
1

(i) 2= <0(=%)

where O(\/_) — 0 uniformly when A\ — oc.

REMARK 5.16. We have identified a basic invariant of the problem which
is [y = 4/3 and which is given by the flat case as [} = limy_q I5.
THEOREM 5.17. Let M > 0. Then the abnormal geodesic v : t — (£t,0,0)
is CV-isolated in the set of geodesics of length less than M.

Proof. Let (¢,\) € S! x RT be a parameter and e : [0,7] — U be the
corresponding geodesic of length 7. Assume e # ~ and e(7T") €lm~y. Let
0 < t1 < ... <ty < M be the times such that y(¢;) = 0. Assume first
t1 = T and let Z7 be the corresponding drift. From our analysis we have
the following.
If k" < 0,0 =1, Z% < 0, otherwise we have
1 1
77 =~ {d FO(— }
A2 (ﬁ )
where d > m > 0 and O(%) — 0 uniformly when A — oo.
Let Y = sup |y(t)|. Using lemmas 5.9 and 5.11, if Y is small enough we
te0,T]
must have
pr <0 and |p;| < p. Y72

Using the previous estimates we have

12 < Ky

o

where K7 is uniform. If ¥ # 0 and o # 1, we have

Pz
Y+ = \/X(j:Qk - ﬁ)v

where k > 1/4/2. Hence if |y1| <Y we must have for ¥ small enough

1 .
5y < KyY
where K is uniform. Hence A — oo uniformly when Y — 0. This proves
that we cannot have e(ty) €lmy if Y is small enough.
For p > 1, the drift z(¢,) is given by the following relations.
If k" <0, p=2qor2¢+ 1:
)

(1) = 2 [+ O

5\

>
1\;|z;o|'Q

where I} = 4/3.
If k" >0
1) = L[ B + O(—)
Z( P A% 2Pz \/X 9
where inf Iy > 0 for p, < 0. Moreover A — oo uniformly when ¥ — 0.
Hence in general we cannot have e(7") €lm~ if Y is small enough. O
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6. CONCLUSION

The analysis of the flat case is almost complete. The only missing point
is the description of the singularities of the conjugate locus when k& — 0 and
k — 1. For this we need to compute the first conjugate time ¢;. along a

tlc\/X

~ 0.97 but it is not

sufficient. Nevertheless no doubt that the conjugate locus has singularities
similar to the sphere and is in particular not sub-analytic when & — 1.

In the last section we have outlined the analysis of a one parameter per-
turbation of the flat case which is relevant to analyze the generic integrable
case where g = a(y)dz? + c¢(y)dy* which is studied in [7], where the spheres
are described. This analysis is not trivial. In particular we must generalize
the parametrizations of the geodesics using elliptic integrals etablished in
the flat case.

This work explains how accurate is the flat case to describe the generic
case. In particular we can use the analysis of section 5 to indicate what are
the stable and the unstable properties.

The stable properties are the following. In the flat case, if we relate
the geodesics to the pendulum (or the elastica), the role of the abnormal
geodesics is to create geodesics which are close to the separatrix. This phe-
nomenon is persistent in the perturbed case. Moreover the separatrix codes
admissible geodesics corresponding to k” = 0. This phenomenon is the
origin of the non sub-analyticity of the sphere. This can be analyzed in
the general case, using asymptotic expansions where the invariant I, = 4/3
plays an important role, see [7].

A basic unstable property is the following. Observe that in section 5, if ¢ #
0 there exists geodesics related to a rotating pendulum (or a non inflexional
elastica) which correspond to the case B, where k" < 0. They generate the
following phenomenon. When £ = 0, the geodesic corresponding to a first
ascending branch y associated to ¢ € [—F, 7] intersects at y = 0 the one
corresponding to a descending branch given by # — ¢. When ¢ # 0 this is
no longer true. The time between the first two intersections with y = 0 is

geodesic. The numerical simulations show that

o [ ody
VA S0y =P (R 4 F20?)

and the case ¢ = 41 differs from ¢ = —1. This is illustrated by the figures
13 and 14 below on which we represent on the set of parameters (p;, A) the
values corresponding to 87 < r, where r is small enough (we have supposed
e < 0).

In the flat case we are always in the situation described by ¢ = —1 and in
the domain &” > 0. In particular the case o = +1 is at the origin of a portion
of the wave front not present in the flat case. Other unstability phenomenon
are consequences of the existence of the geodesics corresponding to & < 0.
See [7] for a more complete discussion. Endly the analysis of the generic
case where the set of geodesics is not integrable is outlined in [9].
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A

p=-1 0 p=+1
FIGURE 14. 0 = —1
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APPENDIX A. MARTINET FLAT CASE
A.1. GEODESICS

On the three first pictures we have drawn the projection in the plane (z, y)
of the different types of normal bi-extremals which appear in Martinet flat
case for A # 0. The figures 15, 16, 17 represent respectively the curves
t — (2(t),y(t)) corresponding to initial value (¢, A) equals to (0.3,50), (-
0.4,35) and (-0.9,80). Recall the parametrization of these geodesics,

2

z(t) = —-t+ —(E(u) - E(K

(1) \/X( (u) — E(K))

(0) 2k

= ———cnu
Y NG
2 /
z(t) = e (2k* = 1)(E(u) — B(K)) 4 k 2tVA + 2k2snu cnu dnu
A2
where u = K +tV/\, ¢ €] — %, 5l A > 0. From the second equation, we

can deduce that the y-coordinate oscillates between yy, —y4 where y; =
max y(t) is given by y; = 2k/V/A.

curve : t->(x(t),¥(£))
m m m /\ =i
U JU US U

FIGURE 15

yit)
s

curve : t->(x(t),v(t))

FIGURE 16

On figures 18, 19, 20 we represent the curves ¢ — (z(¢),y(t), z(t)). Ob-
serve that ¢ — y(t) is periodic of period 4K and t — (z(t),2(¢)) are a sum
of a periodic function and a linear one: there is a shift after one period.
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curve : t->(x(t),v(t))

yi(t)

0.2

FIGURE 17

The average behavior is obtained by taking the respective lines joining 0 to
(2K, z(2K)), (2K, 2(2K)). Initial value is taken as (¢, A) = (0.3, 50).

e 1 t->x(t)

x(t)

FIGURE 20
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A.2. CONJUGATE POINTS

On figures 21, 22, 23 we have stopped the numerical integration at the
first conjugate point (z(t1.), y(t1.)) computed using the variational equation.
These pictures correspond to the initial values (¢, A) chosen for figures 15,
16, 17. The conjugate times t;. are respectively 0.72, 1.02 and 0.53.

¢ vt

Ficure 21

rve : tov(x(t),v(t)]

FIGURE 23

We observe experimentally on figure 24 the following phenomenon. If we

v
set v1. = t1.V/A, the quotient 3; where 4K is the period of ¢ — y(t) is

roughly a constant ~ 0.97.

FIGURE 24
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A.3. Cut Locus

On figure 25 we have represented, for z > 0, the intersection of the cut
locus with the sphere with radius r = 0.1. The complete curve is the union
of this curve and of the symmetric one with respect to the origine. It was
established that the cut locus is contained in Martinet surface. Hence this
intersection belongs to the plane (z, z), the horizontal axis being the z-axis.
The maximum of this curve is reached at ¢ = 0.

-0.075-0.05-0.025 '  0.025 0.05 0.075 0.1

FIGURE 25

A.4. SPHERE

The figure 26 shows the sphere of radius » = 0.1 and the figure 27 repre-
sents a projection of this sphere on the plane Oxz. The central black curve
is the set of points corresponding to A = 0. The points above this curve
correspond to A > 0 and below to A < 0. The projection on the plane Ozy
is a disk with radius r = 0.1 (it is not represented).

FiGURE 27
Esaim: Cocv, DECEMBER 1997, VOL. 2, PP. 377-448
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The figure 28 represents the conjugate locus for values of |A| contained in
[10%,4 % 10°], the black line represents the abnormal extremal. The figure
29 describes the following phenomenon. Assume A > 0. The shape of the
conjugate locus is different if ¢ — 5 or ¢ — — 7. Indeed the first conjugate

time satisfies 2K < t1.VA < 3K and when ¢ decreases from 7 to —7,
the graph of K increases from % to +oo. Hence when ¢ — %, tlc\/X is

bounded by 37” and when ¢ — -7, teVA = Fo0. (For numerical reasons

the conjugate locus is not represented when ¢ — & and ¢ — —7).

FIGURE 29

APPENDIX B. ONE PARAMETER DEFORMATION OF THE MARTINET
FLAT CASE

B.1. (GEODESICS

On figures 30 and 31 we show the projection on the plane (z,y) of
geodesics corresponding to the cases A (k” > 0) and B (k" < 0).
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FiGUre 30

Ficure 31

FIGURE 33

B.2. SPHERE

The last two pictures represent the sphere of radius » = 0.1 computed for
e = 0.5.
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