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BOUNDARY CONTROLLABILITY IN PROBLEMS
OF TRANSMISSION FOR A CLASS OF
SECOND ORDER HYPERBOLIC SYSTEMS

JOHN E. LAGNESE

ABSTRACT. We consider transmission problems for general second or-
der linear hyperbolic systems having piecewise constant coefficients in
a bounded, open connected set with smooth boundary and controlled
through the Dirichlet boundary condition. It is proved that such a sys-
tem is exactly controllable in an appropriate function space provided
the interfaces where the coefficients have a jump discontinuity are all
star-shaped with respect to one and the same point and the coefficients
satisfy a certain monotonicity condition.

1. INTRODUCTION AND MAIN RESULTS

Let €, €21 be bounded, open, connected sets in R™ with smooth boundaries
I' and Ty, respectively, such that ©; C €, and set Q; = Q\Q;, whose
boundary is I'; = I' U T'y. Let m and n be positive integers. For i,k =
1,...,m, for 5, = 1,...,n and for a« = 1,2, let a™ be real numbers
having the symmetry

ktij

WRC — gkl 0 =1,20 0 k=1,...,m; j,0=1,...,n. (1.1)

a
When m = n we further assume that

aikt = IR = itk 0 =1,2: 4,5,k 0=1,... 0. (1.2)

The a/* are also assumed to satisfy the following ellipticity condition:

il m 75 n then agké&jfkg > Cofijfij, co > 0, V(fw) € Ran; (1.3)

if m = n then agké&jfkg > Cofij&]‘, co > 0, V(fw) € Sn, (1.4)

where S™ denotes the set of all real symmetric n X n matrices. In (1.3),
(1.4) and in what follows, a repeated Roman index indicates summation
with respect to that index over an appropriate range (either 1 to m or 1 to
n, as the context suggests), unless otherwise noted.

Fix T" > 0 and let

w11 w21
Wl = s W2 —
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344 JOHN E. LAGNESE

be vector functions defined on the cylinders @1 = © x (0,7) and Q3 =
Qy x (0,7), respectively. We set ¥ =1"x (0,7") and ¥y = I'y x (0,7") and
consider the following problem of transmission:

.. Y .
Wy —ay " wige; =0 in Q, (1.5)
.. ikt . . .
o — ag " wake; =0 in Qz, i=1,...,m,
where "= 0/t and where a subscript following a comma indicates differen-
tiation with respect to the corresponding spatial variable;
W; =T on 3, (1.6)
(7 kL (7 kL .
wi; = wa;, ai wig vy = ay wep vy on Y, i=1,...,m, (L.7)
where v = (v1,...,1,) is the unit normal to I'y pointing into ©; (and
towards the exterior of Q3),
Woz|t:0 = Woz|t:0 =0 in QO” o = 17 2. (18)

The function U in (1.6) is viewed as a control function which is chosen to
effect the evolution of the dynamics. More precisely, we consider below the
reachability problem, which is to determine the set

Ry = {(Wi(T), Wo(T), Wy(T), Wa(T)) : U U}

where U is an appropriate space of controls.

The question of boundary controllability in problems of transmission has
been considered by several authors. In particular, J.-L. Lions considered the
system (1.5) - (1.8) in the special case of two wave equations, that is, he
considered the problem

{wl —a1Aw; =0 %n @1, (1.9)
We — agAwy =0 in (o,
where a, > 0 and A is the ordinary Laplacian in R”,
wy = on X, (1.10)
wy = wo, al% = ag% on Xy, (1.11)
Wy lt=0 = Walt=0 =0 in Q,, o =1,2. (1.12)

For this problem the following result is proved in [5, Chapter VIJ.

THEOREM 1.1. Assume that 'y is star-shaped with respect to some point
zg € Q1 and set I'(zg) ={z € I'| (x — 2¢) - v > 0}, X(z0) = ['(zo) x (0,7),
where v is the unit outer normal to I'. Let

Ry = {(wi(T), wa(T), n(T),w2(T)) : u € LQ(E)7 uw =10 on X\X(z0)}.

If ay > ay and T > T(x0) := 2R(x0)//az, where R(xg) = max, g, |x — 20,
then Ry = H x V' where

H = L*(Q)) x L*(Qy),
V= {(9917992) € Hl(Ql) X HI(QQ) : 992|F =0, 991|F1 = 992|F1}‘
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BOUNDARY CONTROLLABILITY IN PROBLEMS OF TRANSMISSION 345

The main purpose of this paper is prove the following generalization of
Theorem 1.1 to the system (1.5) - (1.8). Let us define

ijkle o
i Gy gklgu . om 7£ n
0#£(&;) ER™ - &ii&ij
| Az = " (1.13)
f as" &k
ofei)esr &by
THEOREM 1.2. Assume that 'y is star-shaped with respect to some point
zo € Q1 and let I'(zg), X(zo) and R(zo) be as in Theorem 1.1. Let

Rr={(W1(T), Wy(T), W(T), Wy(T)):U € [L}(Z)]™, U=0 on Z\S(z0)}.
If

m =n.

» »
ai & > ad V&, V(&) ER™IT m £ n

» » (1.14)
a?"&ike > s & Ee, V(&) € S™, m=n,

and if
Vida]
T > T(xg) = 2\/§R($0) (1.15)

Iy m =n.

VIAa]

then Ry = H x V' where
H = [1(@)]" x ()],

V= {(@1,®5) € [H'(Q)]™ x [H'(Q22)]™ : @3lr =0, @4r, = Palr, }-
REMARK 1.3. Whether or not the monotonicity condition (1.14) is necessary
for exact controllability in dimension n > 2 is unknown, even in the case
of ordinary wave equations considered in Theorem 1.1. It is known that no
such condition is necessary for exact boundary controllability of transmission

problems in dimension one or, more generally, for exact controllability of 1-
dimensional networks in R? [3, Chapter IV].

REMARK 1.4. Set
H(Q2) = {p € H' () : ¢|r = 0}.

The space V' is a closed subspace of [H!(€)]™ x [H}(2;)]™ and V' may
be identified with the restriction to V of elements in the product space
[(H(Q0))]™ x [(HE(22))]™ (cf. [5, Remark 5.1, p. 376].
REMARK 1.5. With only minor modifications in the proof, Theorem 1.2
can be extended to the situation involving €2 and p > 2 nested open sets
Wi, ... ,wp With

W Cwit1, t=1,...,p—1, w, =1
Set

O =wi, QG=w\Wi—1, 1=1,...,p.
Setting I'; := Ow;, one should assume that ['; is star-shaped with respect to a

point 29 € 2,2 =1,...,p—1, and that the parameters agké, a=1,...,p,
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346 JOHN E. LAGNESE

associated with Q, satisfy appropriate monotonicity conditions with respect
to a.

ExXAMPLE 1.6. (Wave equations) Suppose that m = 1. In this case the
system (1.5) may be written

.. 7 .
wy — 0]1 Wy ¢ 1N Q1,
.. Y .
Wy — al wy e in @y
where alf = af. If we set A, = (aZ'), the condition (1.14) with m =1 < n
becomes the requirement that the matrix Ay — Ay be positive semidefinite.
The control time T'(z¢) is given by 2R(zg)/+/|Az2|, where
e A€
= inf 5
o#eern  |¢]
In particular, if A, = a,I, where I is the identity matrix in R", we recover
Theorem 1.1.

ExaMpLE 1.7. (Linear isotropic elastodynamics) Here n = m = 3 and the
system of equations is (we do not use summation convention in this example)

| A

3

prin; — prAwy; — (A + m)Zwlj,ﬁ =0 in @,
=1
3

patla; — poAwy; — (A2 + H2)2w2j,ji =0 in@Q, 1=1,2,3
i=1
where p,, is the (constant) mass density per unit of reference volume and p,,

Ay are the Lamé parameters for the elastic material occupying the region
Q.. We assume that

o >0 and A, > 0. (1.16)
By a change of notation we may assume that py = py = 1. Then the nonzero
coefficients a™ are given by
alt =\, + 2y, i=1,2,3,
0! = alt = poy ag? =X, i#i=1,23,
and therefore for (&;;) € S we have
3 3 B 3
15kl 2 o 2
> aiF g = (Ao + 2pt0) Z;f“ Ao Y Giji + 5 DG+ &)

t,y=1 t,y=1
i#] i#]

3 2 3 3
=\ (Zfz’i) HECD IR DL
=1

t,j=1 t,j=1
In the same way, the monotonicity condition (1.14) (with strict inequality)
will be satisfied if
pr > pg and Ay > Ag.

The control time T () is given by 2v/2R(z0)/+/|A2] = 2R(%0)/+\/fiz, which
is what is expected since the two wave speeds associated with the region €2,

are /i and /Ag + 25,
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BOUNDARY CONTROLLABILITY IN PROBLEMS OF TRANSMISSION 347

Let us briefly recount other works on boundary controllability in problems
of transmission or, more generally, in interface problems. These works are for
the most part disjoint from the present paper. For one-dimensional interface
problems (for example, string or beam equations on one-dimensional graphs
in R?), one may refer to [3] for a comprehensive analysis of the reachabil-
ity problem utilizing controls supported at the nodes of the graph. These
systems, however, do not generally fall within the framework of the prob-
lem (1.5) - (1.8). For higher dimensional systems, one may cite [2], where
boundary controllability in transmissions problems for the Reissner-Mindlin
system of thin plate theory is considered. This system consists of two cou-
pled second order equations with constant coefficients but with lower order
terms as well, so they too fall outside of the scope of the present work. There
are also several works dealing with boundary controllability in problems of
transmission or in interface problems for the wave equation in the singular
case. If, for example, Ty N T" # @ in the problem (1.9) - (1.12) above, the
solution will generally suffer a loss of regularity in a neighborhood of points
belonging to this set. In this case the proof technique for Theorem 1.1 given
in [5] fails; that is the reason for the assumption Q; C Q. In the singular case,
we can refer to two recent papers of S. Nicaise [6], [7], where the question
of exact boundary controllability for the wave equation on two-dimensional
networks in R™ is treated. In these papers it is shown, among other things,
that a result analogous to Theorem 1.1 may be obtained provided that, in
addition to boundary controls, controls are also imposed near the singular
vertices. The reader is referred to the cited papers for the precise statements
of Nicaise’s results. References to other works related to the topic of the
present paper may be found in the bibliographies of the books and papers
cited above.

2. A PRIORI ESTIMATES
Let H and V be as in Theorem 1.2. For k > 0 set
HE(Q) = [HM(Q)]™ x [H*(Q2)]".

Let @ := (®q, ®y), ¥ := (Vy, ¥y) be elements of V' and consider the bilinear
form

2
o(®,0) =) /Q A ok Vo jde, ®, W E V.
a=1 a

This form is continuous on V' x V in the topology induced by H!() and is
symmetric by virtue of (1.1). If m # n, o is also coercive on V because of
the ellipticity assumption (1.3) and ®z|r = 0, that is, for some k > 0,

a(®,®) > k|31 ), YEEV.

On the other hand, if m = n, because of the symmetry assumptions (1.2)
we may write

2
U((I)v \II) = Z/ agkégkf(q)a)gij (qloz) d$7
a=1 a
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348 JOHN E. LAGNESE

where

1
ke(®) = 5 (ke + e)-
If ® € V then the functions
7 3 Q .
pi(z) = prile), @€ i=1,...,m
@Qi(x)v HHNS 927

are in H}(Q) and therefore the following Korn’s inequality holds [8, Theorem
2.1]:

2 2

1
Z/ £ij(Pa)eij (Pa) dv > —Z/ Pai,jPai,j AT (2.1)
a=1 Qa 2oz:l Qa

It follows from (2.1) and (1.4) that
2
o(®,®) > ¢, Z/Q 24 (®a)eij (Pa) da > k[|®]3 gy, VR €V,
a=1 «

Therefore in all cases [o(®, ®)]"/? defines a norm on V' equivalent to the one
induced by H!'(Q). We retopologize V with this norm and let V' denote the
dual space of V. With H identified with its dual space we have the dense
and continuous embeddings V. C H C V.

Let us consider the homogeneous boundary value problem

$1i — ai]:ké@lk,éj =0 in G, (2.2)
3:9‘22' - a;]kZ@Zk,Zj =0 in Q27 1= 17 cee M,
dy, =0 on X, (2.3)
eri= a0 oy = af oy on Sy, i=1,..0m,  (24)
Bolimo =%, Dulimo =B, in Qo 0 =1,2. (2.5)

Assume that ®° := (99,09) € V, &' = (®],®)) € H. According to
standard variational theory (2.2) - (2.5) has a unique solution in the fol-
lowing sense: there is a unique function ® = (®4,®;) € C([0,17;V) N
CLH([0,T); HYyn C*([0,T]; V') such that

(@, W)y +0(P,W)=0, YIeV,0<t<T
and which satisfies (2.5), where (®, W)y denotes the pairing between ele-

ments ¢ € V' and ¥ € V in the V' — V duality. Furthermore, the mapping
S(t): (@, @) — (®(t), ®(¢)) is a defines a unitary group on V x H, that is

IO + 12 ()17 = 1°l} + l|@"lF, ¢ > 0. (2.6)

Let A denote the canonical isomorphism of V onto V', so that o(®, V) =
(A®, W)y, VO, ¥ € V, and set

D(A)={V eV:AVec H}, [¥|pu)=IA¥]xn.
If (®°, ®1) e D(A)xV, then @€ C([0,T]; D(A))NCL([0,T); VINC*([0,T]; H)
and S(t) is a unitary group on D(A) X V. Because of our assumptions

on the regions Q and €, an element ® € D(A) has the regularity ¢ €
ESAIM: Cocv, , ,



BOUNDARY CONTROLLABILITY IN PROBLEMS OF TRANSMISSION 349

HA(Q) NV and AP = —(alljkécplmg, a;]kéwzkd‘g). Moreover, ® satisfies both
of the transmission conditions in (2.4) in the trace sense and the norm
|- Ip(ay is equivalent to that induced on D(A) by H*(€). These results are
standard and may be proved by the usual methods.

LEMMA 2.1. Suppose that (®°,®') € D(A)xV, and let h € W (Q)]".
Then the solution of (2.2) - (2.5) satisfies the following identity:

T

S [ gt vt

a=1 0

1 . :
+ 5 / (le h) [@az@az —a ]kg@akj Q‘Qai,j] dxdt

a

+ / ”M@Dak l @az,php,]dwdt}

_ 1 ikt ((Opar\ [(Op2i\
_Q/E(h v)as ( 9 ) ( 9 vivgdY

1 17 7
+ _/ (h-v) {(‘hjm QJM)LPM,J‘@M,Z
2 o)

5 0p1i O 0 0
ikl P14 _ P21 L1k _ P2k ]
+ ag ( 9 9 ) ( 9 E» )I/Jl/g:| 3. (2.7)

Proof. The proof utilizes classical multipliers. Form
0= / (Gai = @ pan i) - Vo dudt (2.8)

and integrate by parts. One has

T
/ gb'm'(h . VS@M) dzdt = / @ai(h . VS@M) dz

0

+ % / (div h)Paipas dudt — % / (h 1) puipai A5 (2.9)

a

where ¥, = 09, x (0,7) and v is the unit normal vector pointing into the
exterior of €,. In addition,

a

/ (agké%k,@‘)h'v%idwdt:/ A" Dok b Pai phpvj 5
Qa

_/ Z]M@Qozkfgoom,php,] d$dt—/ Z]M@ozkfg‘oazp]h dxdt.

From the symmetry property (1.1) we obtain

1 .
134 k(
2] Pak tPaip; = 2 (azoz] S«Qakj@oozi,j),p
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350 JOHN E. LAGNESE

and therefore

/ (agké%k,z]‘)h - Vipy; dadt

a

1
- / 0™ ok tpaiphpri A8 - 5 / (h )0 ot pai,; dS

a a

- / Z]M@Qozk Z@Qaz,php,] dadt + = / (diV h) ”M@ak L Pai,j dadt. (2'10)

a a

We then obtain from (2.8) - (2.10) the identity

T
/Q Goilh - Vo) dz| + /Q A oo 1P php ; dadt
a 0 a

1 -
+ —/ (div B)[aiPai — @™ on s pui ;] dadt

2 JQa
= %/ (h-v)(Paifai — a ”M%M%z,])dz—l-/z ¥ oo tpaiphpri d5.
(2.11)
We sum (2.11) over a = 1,2, noting the relations
“1ily, = w2l el = %I/j, i=1,....,m;j=1,...,n

and observing that along the boundary region I'y that is common to €2y and
Q5 the unit normal vector pointing out of €25 points into £2;. We obtain

T
+ / Z]MLPO‘]“ L Paiphy j dedt
0 a

1 o
+ 5/ (div h) (Paifai — %]M@ak,z Paij) dwdt}

_ 1 gkt (Ov2r) (02
_Q/E(h v)as ( 9 ) ( 9 vivgdY

+ 5/ (h - v) (@™ orpp1ij — a™ oo o2 ) A
D]

—I-/E (a;ij@Qk,Zg‘o?i,p_aijkég‘olk,fg‘oli,p)hpyj dy. (2.12)
1

To complete the proof we need to show that the last two integrals in (2.12)
agree with the last integral in (2.7). O

Consider the last integral in (2.12). By choosing suitable extensions of
®; and ®, we may assume that p,; € H*(Q) fora=1,2and i =1,...,n
We have

ijk gkt
(612 P2k LP2,p — Ay ‘Plk%@li,p)hp’/j

ikl ijke Do D1
= a5 paravihy(Paip = Prip) = (h-v)ag™ par v (8—1/ Y ) (213)
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BOUNDARY CONTROLLABILITY IN PROBLEMS OF TRANSMISSION 351

on >, since

dpai  Opui .
(@Qi,p_@li,p)hl o ( 81/ — 81/ I/p7 1= 17 ,m7p: 17 777/. (214)

It also follows from (2.14) that on ¥4

ijke oL ijkt . dp1i Oy 4
Ay Pk P = A P1ke | 9215 T EW _8—1/ v

and

ijke o ikt o Do Opa; 4
Uy P2k 0P2i,5 = Qg P2k |:9912,] - ( o - o vil -
If the last expression is subtracted from the preceding one we obtain
ikt ikt
Ay PrkP1j — Qg P2kP2i

ijke Op1; pa;
991k,4992¢,j—|—2a21 P2k, V5 (—81/ — 81/) on ¥y, (2.15)

— (azijké _ a;jké)

where we have used the symmetry property (1.1) and the second transmis-
sion condition in (2.4). It follows from (2.13) and (2.15) that

1 ij ij
2 / (b v) (0™ @i ppri; — a5 oar i) dS
D]
+ / (a;ij@Qk,Z@Qi,phpyj - aijkég‘olk,fg‘oli,phpyj) dy;
D]

=3 / (h-v) (0™ — a5 ) priepaij dS. (2.16)
D]
We use (2.14) once again to obtain on ¥

ikt ikt .
(ai™ — a3 ) o1rep2i,

gkt ikl o ikt ikt ] Do Opui
=(ay" = a3 ) prreprig + (@) — a5 ) pikev; -

v v

ikl ijke ijke pa; Dp1;

=(ay" — af" ) o1k epri; + af 992k,zl/j( % ov )
_ gkt [ O _ I

i i i dpai  Opr;
:(afw - %]M)@lk,wu,j + azjké(@zk,z - 991k,z)l/j ( 59; - 59: )
:(aijké _ aijkz)@ Pyt AL P2 B 1k 2 B 1 Dy

1 2 Lk, £ L 2 v v v v e

(2.17)

Now substitute (2.17) into (2.16).

THEOREM 2.2. Let (9%, ®') € V x H. Then the solution of (2.2) - (2.5)
satisfies

[ (22) (S22) wywas < o+ 010 + @' ) (219)
5 v v

for some constant C'.
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352 JOHN E. LAGNESE

Proof. By density it suffices to prove (2.18) for (®°, ®!) € D(A) x V. Since
[ and 'y are smooth, there is a vector field h € [C°°(Q)]" such that h = v
on ['and h = 0 on I'y (see Komornik [1, Lemma 2.1]). We utilize this vector
field in (2.7) and observe that the left side of (2.7) is bounded above in
absolute value by

Co(l@(D)[F+ I +II@ 17+ 120117 ) +CiT [SOH;](H@(t)HZer\@(t)H%)

< T+ (12 + I12°)7)

in view of (2.6). O
REMARK 2.3. If m # n is follows from (2.18) and (1.3) that
859;2 cLXY),  i=1,...,m. (2.19)

If m = n, then (2.18) and (1.4) imply that

0pai dp2; .

9 v; + 8]Z€L2(2)7 ,j=1,...,n,
so, in particular, v;0p; /v € L2( ) for each ¢ = 1,...,n. Since

- 89‘922 89‘92] 89922 = 89922 8992]

and the second sum is in L'(Y), it follows that (2.19) holds true also in this
case.

THEOREM 2.4. Assume that T'y is star-shaped with respect to some point
2o € Qy and suppose that the coefficients /™" satisfy (1.14). Let (9%, ®1) ¢
V x H. Then the solution of (2.2) - (2.5) satisfies

ke O D2

(= TG (0 + 19717 < [ e (222) (%22 v i,
% (z0) v v

(2.20)

where T(z) is given by (1.15) and h(z) = z — zq.

Proof. Because of (2.18) it suffices to prove (2.20) for (®°, ®') € D(A) x V.
We apply (2.7) with h(z) = 2 — 2¢. Then h-v < 0 on I'y. On the other
hand, assumption (1.14) and the standing assumption (1.1) (or (1.2)) imply
that

7 2 7 8 7 8 7 8 8
(alju azjk )9912,]99%4 i a]u ( Y1, 0@ ) ( Pik 992k) vive > 0.

ov ov ov ov
Therefore
2 T
3 { / Goilh - Vi) do| + g / GoiPoi dudt
a=1 o 0 o

+(1——)/ ”M%kwaydwdﬂr/ ”M@akwaz,php,ydﬂﬁdt}
Qa Qa

/2( )(h.y)a;f“ (agj’“) (88"952') viveds. (2.21)
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BOUNDARY CONTROLLABILITY IN PROBLEMS OF TRANSMISSION 353

Now form

0= 3 { [ o=t}

a=1

and integrate by parts to obtain

T
; —/ (PaiPai — A7 ar epai,;) dﬂﬁdt}
0 Qa

:/z (a;Wﬁsz,Mzﬂ/j—aijm%k,ww/j)dz- (2.22)
1

The right side vanishes because of the transmission conditions (2.4). Multi-
ply (2.22) by (n — 1)/2 and add the result from (2.21) to obtain

2 . T
Z {/ Sbozz(h V@az + T@ai) dz
a=1 a 0
1 . ikt
+ ) (PaiPai + A" Dok Pa,;) drdt
Qa
1 i J dpai
< 5/E( )(h.y)a;“( gj’“) ( 5; ) vivedS. (2.23)
o
O
One has

2
S [ it 0l punegas) dedt =TS + @) (220
a=1 a

and (dropping for the moment summation convention over repeated Roman

indices)

2 m
ZZ/Q Pailh - Vioai + nT_l@ai) dx

a=1 =1

12 m
3522

a=11

{K/ ¢ da + L (2h - Vui+ (n — 1)%2»)%196}
N Qa 4[( Qa

1

for any K > 0. From Komornik [1, Lemma 3.2] we have

/ (2hV ait(n—1) paq) *do < 2(n—1)/ (h-I/)c,oiZ»dE—l—él/ (h-Vu:) da.

a a a

Hence
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354 JOHN E. LAGNESE

where we have utilized (2.3) and (2.4). Now choose K = K (z¢) to be a con-
stant such that (returning to summation convention over repeated Roman
indices)

2 2
Z/ (h-Vui)(h- V) de < K? Z/ agkécpak’lcpai’j de, Yo eV,
We then obtain

Gailh - Vipa, ) dz

K L K
<5 [ Gorgar+al anspui) de = S0 + 19 ). (229
a=1"78a
Use of (2.24) and (2.25) in (2.23) yields the inequality

(T = 2K)(||®°l)} + [|@"|F) < / (v (220 (922 4, a,
E(xo) 81/ 81/

One may choose

R(zo)

V1A

\/§R(9€0)
VIAf

K=

In fact, if m # n one has

Z/ h V@az)(h V@az) dz < $0 / az,]@oaz,]
S szkl@ozk Z@al,]dw < Z]kl@ozk Z@Qaz,]d
|A2 |A2

=1

while if m = n we have from (2.1)

2 2

S [ Ve Vo) de <200 S [ ci(@alei (@) do

a=1 o
<? as’™* d,)d
>~ |A2 Z 8kl 52]( ) €
N |A2 Z / Z]M@ak (Paij d.
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3. PROOF OF THEOREM 1.2

Set
U={Uc[L*(X)]™: U=0 on Z\X(20)}.

We first make precise the sense in which (1.5) - (1.8) is solvable when U € U.
Proceeding formally for the moment, let ® € D(A) and form

2
. 1kl
0= Z/ (t00; — g™ Wak ;)i d.
a=1 a

If we integrate by parts and use (1.1) and properties of ® we obtain

0= Z {/Q (oiPai do —/ a9 Dok 0 War dw}

a=1
(1
= —/ a;jkécpzwl/jui dar, U=
(o) U,
The last equation is the same as
(W, &)1 + (W, AD) y = /( )aéjkécpgkxl/jui dr. (3.1)
I'(zo

Let U € H and set ® = A~'W¥. One has

17kl
/ ag" g evju; dU
['(zo)

and therefore there is a B € £L(U, H) such that

< Cl[Ulll|®llpay = ClHUNeel (¥ 21,

— /( )a;jkéc,ogkxl/juk dl' = (BU7 \I/)H, YU € H.
I o

Then (3.1) may be written
(W, A1)y + (W, 0)y = (BU,¥)y, YU e H,
which is the same as
W 4+ AW = ABU in (D(A)), (3.2)

where (D(A))" is the dual of D(A) with respect to H and A is an isomor-
phism of H onto (D(A))’ defined by

(AU, @) gy = (¥, AD)y, YU € H, & c D(A).
Since ABU € L*(0,T; (D(A))") it follows that given initial data
W(0)=W%c V', W(0)=W!'e (D(4)), (3.3)
the problem (3.2), (3.3) has a unique solution with W € C([0,T]; V'), W €

C([0,T0; (D(A))). Further, because of Theorem 2.1 and utilizing a “lifting
theorem” of Lasiecka and Triggiani [4] we have that

(WO WY e HxV = WeC(o,T); HynC*([0,T]; V")
and, moreover,

IOW, W)l (o g xvry < CrUI W, W ey + (Ul
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In particular, the problem (1.5) - (1.8) has a unique solution in the sense of

(3.2) and
W(0)=0, W(0)=0. (3.4)

To complete the proof we apply the Hilbert uniqueness method [5]. Let
¢ = (P, P3) be the solution of the problem

. ikt P

@1 —ay Qire; =0 in Qy,

i iike P .

©2; — Gy 99216,(]'—0 1n Q27 7,—17...777”&7

Py, =10 on X,

ikl ikl :
P11 = P2, ay" prkevy = ag" popev; on Xy, di=1,...,m,

Pl =P’ €V,  P|jur =" € H.

According to Theorems 2.1 and 2.2, for T > T'(z¢) one may define on V x
an equivalent norm || - ||r by

0 1 _ gkt P2k ©24 ]
(@, 01| = [/E(xo)az (%) (%) ves

Now let W = (W, W3) be the solution of (1.5) - (1.8) in which we choose
o,

U= av |y
0 on X\X(zo).

1/2

on ¥(zg),

From

2
. 1kl
0= Z/ (to; — ag ™ Wak i) Poi dv
a=1 a

we obtain by integration by parts
. g 0o
0= (W(T),0%y — (W(T),®")y — /( ™ por ;i (i;) dx,
p) o
which may be rewritten

(W(T), =W(D)), (2" @))vxn

i 0 0o
_ ikl ﬂ Vi 4 _ o o
_/E(avo)a2 ( v ) ( dv )V]Wdz— (%, @)%

Therefore for T > T(xo) the map A : (8%, ®Y) — (W(T),=W(T)) is
the canonical isomorphism of I’ onto F' = V' x H. Hence, given any
(WL WY ¢ V' x H one may choose (®°, ®') € V x H such that

A((I)(J? (I)l) = (W17 _W0)7

that is,
W(T)=W°  W(T)=WL.
This proves that Ry = H x V' if T' > T'(zg).

ESAIM: Cocv, , ,



(1]
(2]

BOUNDARY CONTROLLABILITY IN PROBLEMS OF TRANSMISSION 357

REFERENCES

V. Komornik: Fzact Controllability and Stabilization: The Multiplier Method, Masson,
Paris, 1994.

J. E. Lagnese: Boundary controllability in transmission problems for thin plates,
in Differential Fquations, Dynamical Systems, and Control Science, K. D. Elworthy,
W. N. Everitt and E. B. Lee, Eds., Lecture Notes in Pure and Applied Mathematics,
vol. 152, Marcel Dekker, New York, 1994, 641-658.

J. Lagnese, G. Leugering, G. Schmidt: Modeling, Analysis and Control of Dynamic
Elastic Multi-Link Structures, Birkhauser, Boston, 1994.

. Lasiecka, R. Triggiani: A lifting theorem for the time regularity of solutions of ab-
stract equations with unbounded operators and applications to hyperbolic equations,
Proc. AMS 104 (1988), 745-755.

J.-L. Lions: Contrélabilité Exacte, Perturbations et Stabilisation de Systémes Dis-
tribués: Tome 1, Contrélabilité Fxacte, Coll. RMA, vol. 8 Masson, Paris, 1988.

S. Nicaise: Boundary exact controllability of interface problems with singularities I:
addition of the coefficients of singularities, STAM J. Control & Opt. 34 (1996), 1512—
1532.

S. Nicaise: Boundary exact controllability of interface problems with singularities II:
addition of internal controls, SIAM J. Control & Opt. 35 (1997), 585-603.

O. A. Oleinik, A. S. Shamaev, G. A. Yosifian: Mathematical Problems in Elasticity and
Homogenization, Studies in Mathematics and Its Applications, vol. 26, North-Holland,
Amsterdam, 1992.

ESAIM: Cocv

PR




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Impact
    /LucidaConsole
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA <>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


