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Abstract. A quantum analogue of the dual pair (sl 0,,) is constructed and its detailed investigation
is worked out. The main results include a quantum version of the theory of spherical harmonics, the
Capelli identity, and the first fundamental theorem of invariant theory. Also a description of Casimir
elements of the twisted g-deformed algebra U, (0,) is given in relation to the Reflection Equations.
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Introduction

At the earliest stage of quantum group theory, as an analogue of the Schur-Weyl
reciprocity, a dual pair already appeared in the study [J]. Further developement
of Howe duality nevertheless seems to have been only implicit in the context of
quantum groups since then. In this paper, we present a new step, an example of
g-deformed dual pair (sly, 0,,) and its Capelli Identity.

Attempting once to define a g-analogue of the dual pairs, however, we must
face first the widely-known fact that the standard process of g-deformations of
the universal enveloping algebras of Lie algebras is not compatible with inclusion
maps. Against this difficulty, we proceed with the following principle: start from the
oscillator representation w; make its n-fold tensor power representation w®™; then
see what appears as the commutant of the representation. Applying this strategy
to Ug(slz), we get as a result in the commutant of w®", a representation of a g-
deformation of U(o,,), which is different from the standard one that Drinfeld and
Jimbo defined. The g-deformed algebra U, (o,) appeared here turns out to be what
Gavrilik and Klimyk defined in [GK]. This algebra is not a Hopf algebra but plays
an important role also in the study of quantized homogeneous spaces (cf. [N4]).
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Incidentally for the Howe duality (sp,,,, 05 ) in the case of Yangian, similar twisted
objects introduced in [O] naturally come into the story [Na2].

There are quite a few various points of view to look at this new dual pair, as
this is a quantum counterpart of the spherical harmonics. Our main focus here is
on the Capelli identity, which is an explicit identity between two central elements
of these two algebras in duality. Through this study, we are naturally led to basic
investigation about the irreducible decomposition of the g-commutative algebra
under Uy (o0y,) as well as the description of the central elements of U,(o,). Our
argument is first along the classical theory, and give yet another invariant-theoretic
reasoning as in the spirit of [H1]. We note that we encounter non-classical compu-
tations there. Whereas the Capelli identity we treat here is classically the easiest,
for example, its quantum counterpart shows unexpected interest and difficulty both
in the formulation and proof.

Here is an overview of our paper. The first two sections are to give our formu-
lation and the statement of main results. In Section 1 we introduce the oscillator
representation of the quantized sl and realize its tensor power on the space of
g-commutative ring. In Section 2 we observe that the g-deformed algebra U,(o,,)
of Gavrilik and Klimyk appears in the commutant of n-fold tensor power of the
oscillator representation. Further we define the Casimir operator for this algebra
and state our Capelli identity in this case. The sections that follow are mainly devot-
ed to its proof. First in Section 3, we describe the irreducible decomposition of the
g-commutative ring under the action of Ug(o,). This is along a quite analogous
way to classical discussion using the zonal spherical polynomials. One key here is
a Frobenius reciprocity, which is formulated with the notion of almost homogene-
ity introduced in [U]. In Section 4, we show that the Casimir element is central.
With these preliminaries, we prove the Capelli identity in Section 5. The proof is
representation theoretic and is done by the comparison of eigenvalues of the two
operators in question. This shows a clear contrast with the proof of another type
of the Capelli identity treated in [NUW1]. In Section 6, we look at the situation
from the dual pair point of view as in [H1] and discuss the double commutant
property. Our guiding principle here is the first fundamental theorem of invariants,
and we establish it in a special form under the formulation of algebras with Hopf
algebra symmetry. A further discussion on the central elements of Ug(0y,) is given
in Section 7. There reflection equations control the commutation relations among
the elements of Uy(o,). In the Appendix, we give a similar-looking identity to
the Capelli identity we gave. This itself does not represent as clear meaning as
the Capelli identity does. But it is related to another realization of g-deformed
orthogonal Lie algebra in [N4] so that it should play some role in the analysis of
quantum homogeneous spaces. In some sense, this mock one, which has a simpler
form, may be regarded as a first approximation to the real one.
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1. The oscillator representation and its tensor powers

We first recall the definition of Up(sl2). This is an associative algebra over the
ground field K = Q(q) generated by the elements e, f, k*! with the relations

ke =q'ek,  kf=q"'fk;
k—k' _ 1k—k!
P—q? [2g-q U

Here [2] stands for the basic number g + ¢~!
Their comultiplication rule is given by

ef —fe=—

Ale) = e®1+k7 1 ®e,
Alf)y =fRk+1®f,
Alk) = k®k.

The oscillator representation of U 2 (sl,) is realized on the polynomial ring K[x]
of one variable. For this definition we introduce some notations. Let y be the algebra
automorphism of K[z] given by y:z +— qz. The g-difference operator 8 = 9, is
then defined as

0=0,=2"11"7 7
g—q !’

Using these, we define the following three operators:

z? 82 2

An easy calculation shows that the commutator [02, %] of 8 and z? yields
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so that the w above gives us a left U 2(slz)-module structure on K[z]. We call this
the oscillator representation, or more precisely a g-oscillator representation. Note
that this is not irreducible but breaks into two irreducible components which consist
of the polynomials respectively of even and odd degrees.

Since the algebra U (sl;) has a Hopf algebra structure, we can thereby define
the n-fold tensor power w®" of the representation w. It is convenient, and even
natural from the geometrical point of view, to identify the representation space of
w®" with the g-commutative ring of n variables.

We denote simply by A = Klzy,...,z,] the g-commutative ring with the
relations z;z; = qxjz; for i < j. Then using the multiplication in A, we identify
naturally

]K[a',‘]]®®]K[£L‘n] l)]K[CL'l,...,(Bn].

Through this identification and the action w on K[z] ~ K|z;], we have an action
w®" of U,2(s12) on A by the following comultiplication rule:

Ale)=e®1+k !®e,
A(f)=fRk+1Q® f,
A(k) =k® k.

In order to describe this action, we introduce the notations on g-difference
operators as follows. Let +; be the algebra automorphism of A given by v;: z;
qi zj. We put y = <1 - - - 7. The g-difference operator 0; = 0; 4 is defined as

-1

Here for an element a € A, we denote its left or right multiplication operator by a
or a° respectively. We put for brevity

Q = w% + q_lg;% + -+ q_""'l:l;%,
A= g 'R+ B+ B
With this notation, we have
1 1
W) = =@, W(f) = —=A,
2] 2]
W (k) = ¢ 77 = a7
Let us introduce here a notation: {a} = (a—a~')/(¢—q~!) and [0] = {¢®} =
(¢* — q~%)/(q — q~!). From the defining relations above, for a positive integer s,
we can easily derive the following commutation formula:

", 7] = %]%]es—l{qz(s-”k}-
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In fact, by the derivation rule, we have

[es, f] = [e’ f]es—l + 6[6, f]es—2 +eee es—l[e, f]
- [17]({k}es_1 tefk}e* 2 4o+ e {k))

= e+ R+ (R

— Les—l g* - lk _ 4:48 - lk—l
2] gt -1 g*-1
1 a1 q2s . q—2s

— me W(q%s—l)k _ q——2(s—1)k—l).

Applying this to the representation w®", we obtain

LEMMA 1.1 (b-function)
AQ* — Q°A = Q' [2s[{g* "2}, 1)
A(Q°) = Q" '[25][2s =2 +n]. @)

Remark. We have actually several choices for the realization of the tensor
power w®", depending both on the comultiplication rule of U(sl2) and on the
way of identification of the algebra A with the representation space of w®". These
alternatives give us essentially the same objects but a slight modification in the
form of operators.

2. A g-deformed enveloping algebra and the Capelli identity

In this section we state our main results. For their proofs, we indiate the exact
places to look in the sections that follow.

On the space A of the g-commutative ring, we have another action p of the
quantized enveloping algebra U,(gl,,) from the left. Let L* = (L;Thj)lg,jgn (Lf; €
U,(gl,)) denote the L-operators corresponding to the constant R-matrices R*
acting on the tensor product of two vector representations of U, (gl,,). Explicitly
they are given by

n
R* =Y ¢*ei®ejt(a—q ")) eij ®eji.
i,j=1 isj
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Here e;; is the matrix units with restpect to the standard basis of n-dimensional
vector space. For more detailed definition of U, (gl,,) and L-operators, see [NUW1].
In terms of L-operators, the action p is written as

p(Lf) = p((Li) ) =m, (i=1,...,n),
p(Lf) = (g—q Ha38;, (5 <),
p(Ly;) = —(g—q Nz30;, (i <j).

Note that under this action, the multiplication A ® A — A of A is a Ug(gl,)-
homomorphism.
We now set ©; in Ug(gl,,) forj =1,...,n—1as

0, = (g — qﬂl)_lq—s’. (L;-j+1 - qS(Lj_+1j))>

where S is the antipode and ¢%/ = L;'J From the definition of S, we see

S( j—+1j) — _q—1+€j+5j+le_+1j, (21)

S(L;"-j+1) = _ql_aj_ej“L;—j.H, 2.2)
so that we have another expression of ©; as

0; = (g—a ") gL} + a7 Lj ) 2.3)

These elements represent the generators of the g-deformed algebra U, (0,,) which is
discussed in [GK] and [N4]. To be precise, we define here U, (0y,) as the associative
algebra with n — 1 generators II; ( = 1,...,n — 1) subject to the relations

I;, II;] =0 if |i—j|>1,
{[ ]] if i —j] 2.4)

200 — (g + ¢ HILILIL + IGI2 = -10; if |i—j|=1.
For the proof that ©;’s satisfy these relations, see Theorem 7.4.
If we let them act on A through p and put §; = p(©;), then they take the form
0; = $§+1’Y]~_13j — 257j+105+1
= (2410 — T;0j41) M1 Vi—1Vjia Vo b

This is seen from the definition and the formula (2.3) above. We will give a direct
proof in Proposition 4.3.1 that these ;s satisfy the relations (2.4).
The point is that they commute with the action w®" of U (sk).

PROPOSITION. The operators 0;’s commute with the action of U 2 (s12).
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Proof. See Section 3.1, Proposition 3.1.6.

Furthermore in a suitable big subalgebra of g-difference operators, Ug(on)
forms essentially the commutant of the action w®" of U 2(sl), and vice versa (see
Section 6, Theorems 6.1 and 6.3 for details). With this fact we may well regard the
pair (Ug2(sl2), Ug(on)) as a quantum analogue of the dual pair (s, 05,).

To define the Casimir element of U,(0,,), we make appropriate elements corre-
sponding not only to the generators but also to the whole Lie algebra o,,. Let us

define the elements H;-t for 1 <1 < j € n inductively as

+
{ I = IL;,

I = IS0 — ¢H'IETT,, (6 < k< ).

)

The choice of k does not affect on the definition as long as ¢ < k£ < j, hence
well-defined (see Proposition 4.2). When we consider the acion of Uy(o5,) on the
space A, we denote by 0;; the corresponding operator for Hj; Though their explicit
form is a bit complicated, we can write them down (cf. Proposition 4.3.1 (2)):
9}; = (mjai’Y;J] e ’Yj__ll — 712 B i - Y1)
XY YimYnYal @ =7t D k005
i<k<j
X(1 Ym0 3
05 = (201 vi—1 — ¢ T @by v hy)
XM Vi1V e = (g =g Y ¢ Fmix;6f
i<k<j
Xy vie) 29 (e )2
From this we can see that 6% is no more ‘first order’ but is a ‘second order’
difference operator if |¢ — j| > 1. With these elements, the (second order) Casimir
element C of Uy(0,,) and its representation Ca are defined as

C = an—i—j+ln.—.n-‘l-

Ji g
1<j
— n—i—j+lg—p+ — —n+it+i—1p+o—
CA = Xig; € 770,05 =25 4 1700507

THEOREM. The element C is in the center of Uq(oy,).

The proof is given in Theorem 4.2 (see also Section 7). Further details about the
Casimir element together with H;.':-’s and their representation 0;.; ’s will be discussed

in Section 4 and Section 7.

I3
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Our Capelli identity is now in order (see Section 5 for its proof).
THEOREM (Capelli Identity). The following equality holds:

QA - {7He" v} =Ca
Here we used the notation {a} = (a —a™')/(q — ¢7}).

Note that the left-hand side of the identity is essentially the Casimir element of
U,2(sl2) modulo Euler operators. In other words, this identity expresses explicitly
the coincidence of the central elements of the two algebras U (sly) and Ug(o,)
which are in duality. This looks quite analogous in its form to the classical case
(see e.g. [HU], [Wy, p. 292]). Note, however, in checking it by a straightforward
calculation based on the explicit formulas above, which can be carried out in
principle, we come across quite a few tricky cancellations. The proof we give in
this paper is instead based on representation theory, so that we need to develop it
for clarity.

The proofs of the statements above will be given in the following four sections.

3. Spherical harmonics under the g-deformed algebra U,(o,)

In this section, we describe the Ugy(o,,)-module structure of the g-commutative
algebra A = Kl[zy,...,z,]. This is exactly an analogy of the theory of spherical
harmonics. Later we will give some double commutant discussion, which gives us
a slightly different reasoning from what is going to be done this section. The way
we proceed here is along a quite similar discussion to the classical case.

Let us introduce the space of harmonics:

H={p € A; A(p) =0}.
This breaks up into graded pieces according to the grading of A:

H= P Hm: Hm=HNAp,,
m>0
Am={p€A; ¢ .p=q"p}.
The following three facts are our first goal, which is an analogy with the
elementary part of theory of spherical harmonics:
THEOREM (Analogue of spherical harmonics).

(1) The fixed point algebra AYa(en) js generated by the element Q if n > 2.
(2) The algebra A is decomposed into the tensor product of the harmonics H and
the fixed point algebra AYa(on)
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A & AUl gH,

multiplication

or more precisely

D QHm;.
0<2j<m
(3) The space Hy, of harmonics of homogeneous degree m is irreducible under
the action of Ug(oy,) for n > 3. Furthermore Hy,’s are mutually distinct.

Remark. For the case n = 1, since the algebra U, (o,,) is trivial, the assertion (1)
of the Theorem is not true. In this case, the harmonics are just of the form ax + b,
and other two assertions are not literally true.

For n = 2, the harmonics H,, are two dimensional except for m = 0, and
break into two irreducibles when we extend our based field K by adjoining v/—1.
Explicitly we have form > 1,

Hy = K2™ @ Kz™

where 2™ = 2021+ 21, 2™ = Z0Z1 -+ - Zp_1 With 2, = 71 + v—1q"z, and
Z, = z1 — v/—1¢" 3 (cf. Proposition 5.2.1).

These exceptions are parallel to the classical case, where the difference from
the cases n > 3 disappears when we consider the orthogonal group O,, instead of
its Lie algebra.

3.1. ANALOGUE OF FISCHER INNER PRODUCT

To pursue a further analogy with the classical theory, we introduce here an inner
producton A = K[z, ..., z,]. For this purpose, we define another set of difference
operators 0; defined by

o —1 Yi — 71,
81. ’L q q
Its difference from the operator 0; lies in the direction from which division by z;
is made 0; is from the left whereas 0; is from the right. Exphc1t1y it makes 0] =
Ow; because z; = riw; with w; = fyl Yl 1’Yz+1 * ¥n. It should be noted
also that 07’s are g-commutative while 0;’s are g 1-commutative: 0;0; = q030;7
for ¢ < j. We therefore have a natural ring homomorphism over K as z; — 0;.

Let us denote this homomorphism by ¢ — ¢(8°) for ¢ € A. Now we define an
analogue of Fischer inner product by

(#l) = 9(0°)¢lz=o,

where |;—q stands for the linear form that takes out the constant term. Note that it
is a well-defined ring homomorphism from A to K
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It is not hard to see that the monomials form an orthogonal basis. To be explicit,
we can compute the inner product as

(5°1s%) = [t g% .

Here we used an abbreviated notation z% = z{! - - - £9 and [o]! = [e4]! - - - [an]!;
[a]! = [a][@a — 1]---[1]. From this calculation, the bilinear form is seen to be
symmetric. Furthermore, since the function field K = Q(q) is formally real, or
by an argument of specialization of g, we can prove that the inner product is
anisotropic. When we extend our base field as K = C(g), we make the bilinear
form into hermitian form with respect to the complex conjugation.

With respect to this inner product, we consider the adjoint al for an operator
a € Endg(A) defined by (aTy|y) = (pla). It is clear that (ab) = bTal. Since

the inner product is symmetric (or hermitian), the adjoint is involutory: (a]t)]L = a.

LEMMA 3.1.1. We have the following formulas for the adjoint.
W= =& &= of=a, of=u
In particular,
Qt=q1a,  al=glg,

:l: +(i—i—1
of = —0;, 0% = —g*0--VgF,

Proof. The first three formulas are obvious from the definition. The next
two follow from them and the relations 8 = O;w;' and z; = zlw; with
wi = ! ++ 4} Yit1 -+ Yn. The assertions for @ and A are clear from these.
The formula for 6; is also easy to see, because we have an expression 6; =
(®j+10; — 2j0j41)71 - 'yi_yyijrlz -+« 1. The last assertion is shown by induc-
tion from the recursive definition of the Hﬁ’s.The first step is just 9;[ = —0;. Taking
the adjoint of the recursive formula, we have fori < k < 3

+ +T % =yt

Plugging the induction assumption 0;561 = —q*0=*-Dg% and Hz:it =
—q=(k=i-1gE into this formula, we see

. o L
0T = — =D (9% 0 — FOE0%) = —¢*U~ VT,

as desired.
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From this lemma, we obtain the following two important conclusions:

PROPOSITION 3.1.2. The representation of Ug(on) on A = Klzy,---,zp] is
completely reducible.

Proof. Since the generators 6;’s of U,(0,,) are skew-symmetric with respect to
the inner product, the orthogonal complement of a U,(0,,)-submodule is also a
Ug4(0p)-submodule.

PROPOSITION 3.1.3. The space A, of homogenesous polynomials of degree m
breaks into the direct sum A, = Hp, @ QAr—2. Furthermore the direct sum is
orthogonal direct sum with respect to the inner product (-|-).

Proof. Recall H,;, = Ker(A:A,, = Apn—2). Then the assertion follows from
Al = ¢"~1Q. In fact, from this we see easily H,, = Im(Q: A,,_» = A,;)*. Since
our inner product is anisotropic, this shows A,, = H,, @ QA,,_».

COROLLARY 3.1.4. The dimension of the space Hy, of harmonics is the same as

in the classical case:

(n+2m—2)(n+m—3)!
(n—2)'m! )

dimH,, = dimA,,, — dimA,,_; =
This number is strictly increasing in m, if n > 3.

Remarks 3.1.5. (1) We have a more general inner product for the finite dimen-
sional representations of Uq( gl,) (cf. [N4]). Using this fact, the complete reducibil-
ity can be seen to hold in the following form: if V' is a representation of Ug(0,)
liftable up to Ug(gl,,), then V' is completely reducible.

(2) By a successive use of Proposition 3.1.3, we get the second assertion of
Theorem.

(3) The Proposition 3.1.3 can be proved actually without using the inner product.
We have only to prove Im Q@ N Ker A = {0}. In fact, this implies A: A,, = Ap—2
is injective on QA,,-» ~ A, hence surjective. In other words, QA,,_» gives a
section for A: A,, — Aj_», so that A, is a direct sum of QA,,,_» and the kernel
H,,, of the Laplacian.

Suppose now ¢ € QA,,—2 N H,, and take the maximal integer s such that
= Q% with some 9 # 0. Using the identity (1) in Lemma 1.1, we see

0= Alp) = AQ"W) = Q- AW) + Q" '[2s][25 — 2+ + 2(m — 25)}y.

This shows, as [2s][2s — 2 + n + 2(m — 2s)] is non-zero, 3 can be divided by @
once again, which contradicts the maximality of the integer s.
We complete here the proof of the following

PROPOSITION 3.1.6. The operators 6;'s commute with the action of U (sl2):
[0]', Q] = 0, [01', A] = O, and [ej,’y] =0.
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In particular, 8; . Q° = 0 for any non-negative integer s.
Proof. The last assertion is obvious. To see the first one, we note for p € A,
from the comultiplication rule for ;,

0;.(Qp) = (6;-Q)(; "vj+10) + Q- (6; . ¢)

or as operators [0;, Q] = (6. Q)v; Lyj+1. We have thus only to show 8;.Q = 0
for the first assertion. This is easily checked by a simple calculation. In fact, it
reduces to the case for n = 2 and essentially to (228; — 718,) . (3 + ¢ '23) =
[2](z271 — ¢ 'z122) = 0. The second assertion comes from the first, because A
and () are mutual adjoint up to constant multiple.

Remark. We have another reasoning of the fact that the second assertion follows
from the first one and vice versa. The proof is clearly reduced to the case forn = 2,
where the Capelli identity is easy to prove, as we will see in Section 5. The Capelli
identity then shows the product of () and A commutes with 6.

3.2. INVARIANT POLYNOMIALS AND ALMOST HOMOGENEITY

Let us consider a little bit bigger algebra U,(go,,), which is, by definition, gotten
by adding (central) elements g** to U,(0,). The point is the action of U,(go,,)
is almost homogeneous in the sense of [U]. In fact, denoting by x,, the algebra
homomorphism from A to K given by the ‘evaluation’ at the point (0, ...,0, 1), we
can show that x,(ap) = 0 for all @ € Ugy(go,,) implies ¢ = 0 (see Proposition 11
in [U]). This fact will be essentially used later for the proof of assertion (3) of the
Theorem, i.e., the irreducibility of the harmonics H,,. Also we see this to be of use
for the first assertion of the Theorem.

PROPOSITION 3.2. The fixed point subalgebras are determined as follows.

(1) Forn » 2, AYd(en) =
(2) Forn > 3, AValon-1) = K[Q,(L’n] Here Uy(on,—1) is the subalgebra of Uy(o,,)
generated by 0, -+, 0, _>.

Proof. For (1), take a homogeneous ¢ € A,lf;’(""). Then ¢ is a relative invariant
for Ug(go,,). By the almost homogeneity of the action of U,(go,,), such a ¢ is

uniquely determined from m up to constant multiple, i.e., Ay Ya(en) is at most one
dimensional. When m is even, by the Proposition 3.1.6 above, the power Q™/2

certainly gives a non-zoro element in A, Yalon),
Ug(on) _

What remains to show is now Ay = {0} for m odd. Consider algebra
automorphisms given by ;: z; — (— 1)%i ;. These r;’s normalize Uy (o,,). In fact,
we have 8;7; = —r;0; for j = 4,1+ 1 and 8;r; = r;0; for j # 4,4 + 1. It follows
from this, r;¢ is also fixed by Uy (05,) for any 4, so that by the uniqueness of Alrj,{’ (on)
our ¢ is a joint eigenvector for r;’s. Since r; is involutory, the eigenvalue of r; is
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=+1. Note then the product r; - - - r, changes ¢ into —¢, as m is odd, whence there
exists an r; such that ;0 = —¢. This means that ¢ contains only odd degree terms
with respect to z;. We may thus assume the form of ¢ as

2j+1
p= Z PiTi
o<yt

where m = 2£ + 1 and ¢, does not contain ;. Compute 6;¢ (if ¢ = n, use 6;_;
instead, and make suitable changes):
bip = > (25 + pjzit1zy — ¢4 (ip10ip195) 27 12
0yt
= —¢ 2 (i1 10i11p0) T2
+ 50 (125 + Ueizirt — 675 yi410i1105)77 + @ozisr.
1<l

We see now from this g = 0 and [2j + 1)pjzi41 — q“21+1'y,~+18i+1<pj_1 = 0 for
j =1,...,4, because 0;p = 0. Thus all the coefficients ¢; must be zero. Hence
the first assertion.

For (2), note K[z1, . ..,Zn) ~ Kz1,...,Zn_1] ® K[z,] as U4(0,)-modules and
the action on K[z, ] is trivial. From the result (1), for n > 3 we have AYa(on-1) ~
K[Qn—1] ® K[zy,], where Q1 = 3 + ¢ 'z + --- + ¢ ""222_,. Recalling
Q = Qn_1 + ¢ "*1z2, we come to the conclusion.

Remark. More general discussions are given in Theorem 3.1 in [N4] for the
irreducible representations of Ug4(gl,,) with fixed vectors by certain g-deformations
of oy, or sp,,. Later in Section 6.1, we will use a special case of this theorem.

3.3. ZONAL POLYNOMIALS AND IRREDUCIBLITY OF HARMONICS

For the assertion (3) of our Theorem, we prove the following two propositions.

PROPOSITION 3.3.1. For every non-zero finite dimensional Ug(o,)-submodule Z
of A, its fixed point space ZY4°»~1) under U,(o,_1) is non-zero.

PROPOSITION 3.3.2. Assume n > 3. Then the space H,lf{’(""") of zonal polyno-
mials of homogeneous degree m is one dimensional.

The assertion clearly follows from those two together with the complete reducib-
lity of the Ugy(0,,)-module A. The fact that H,,’s are mutually distinct comes from
the comparison of the dimensions (see Corollary 3.1.4). For Proposion 3.3.1, we
make use of the almost homogeneity. Though the discussion below is essentially
the same as Proposition 6 in [U], we will give it for completeness.
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Using the inner product above, we can embed A into its dual A’, on which U,(g,,)
acts by contragredient action. Pulling this back, we have another action v of U,4(gl,,)
on A as: (v(a)p,¥) = (¢|S(a).1p), where p, € Aand a € Uy(gl,,), and S is the
antipode. Roughly speaking, what we get is v(a) = S (a)T. To distinguish these
two acions, we denote the new module by A”. Recall the comultiplication rule
A(0;) = 0; ® ¢5~%i+! 4+ 1 ® 6, whence the antipode is S(0;) = —0;q i Tei+1,
From these, the explicit action of 6; on the tensor product A ® A is given by

0;(0 @ ¥) = 00 @ v; ' vju1% + 0 ® 7 41059,
for ¢, € A.

LEMMA 3.3.3. Let Z be a finite dimensional Ug(oy,)-submodule of A. Take any
basis e, and its dual basis €%, i.e., (ex|e®) = 08. ThenTz = ¥, ea®@e* € AQAY
is invariant under Ug(go,,).

Proof. It might seem obvious from the definition of contragredient. However,
since Ugy(go,,) is not a Hopf algebra, we give a proof to make sure. It is clear for
the action of ¢°, because ¢°Zz = Y, vea ® 7~ 'e®. For 0;, we have by definition

-1 -
0;1z= Z fieq ® V; Yi+1€* + Z es ®7; l'yj+10jeﬂ.
a B
Note that we have no reason to expect -y, l'yj+| e to sit inside Z. However, for fixed
75 1'yj+10]-eﬂ isiny; lfyj.HZ, so that it can be written by the basis v, 1fyj+1e°‘ as

vy vin0ie® =Y (vvitiealry rin05e® )y i e®

«@

> (ealtie®)v; vjr1e”

47

==Y (Ojea|eﬂ)'yj_l'yj+le°‘.

[¢]

On the other hand, we have fjeq = 35 (8j€ale?)ep. Plugging these into the sum-
mations, we getrespectively 3_,, 5 (6;€q lef)es ®7; 1;+1€® for the first summation
and its negative for the second, hence it vanishes in total.

Now consider a linear map r: A ® A¥ — A defined by r(¢ ® ¥) = xn(¥)e,
where x, is the evaluation map x,:A — K at the point (0,...,0,1). For the
Proposition 3.3.1, it suffiecs to show the following two:

(A) The image r(Zz) is in ZYa(on-1),
(B) The map r is injective on the space (A @ A¥ )Ya(eon) of fixed points.
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The first one is easy to see. Note first from the definition x, (fyj_lfyjH(p) =
Xn () and xn(68;¢) = 0 for j + 1 < n. In fact, 6;¢ contains positive powers of z;
or £ in this case. Then as we saw above 6;Zz = 0, so that for j < n — 2

0= lr(OJ’IZ) = Z Xn(’)’j_l'Yj+lea)0jea + Z Xn('Yj—l'Yj-Hajea)ea
a a

= z Xn(e%*)0jeq = Bjr(IZ)'

Thus r(Zz) is fixed by Ug(0n—1). By definition, r(Zz) = 3, xn(e*)eq is clearly
in Z.

For the second assertion, we employ Theorem 5 in [U]. Note the assumption
there that U is a left coideal of a Hopf algebra is just to make sense for the tensor
product. In our case both A and A¥ are actually U,(gl,,)-modules, so that the proof
of Theorem 5 is applicable here without any change. One thing to be cleared is that
AY is also almost homogeneous under U, (go,, ). Its direct proof is quite parallel to
Proposition 11 in [U].

We now determine the space HU"(°" V) of zonal polynomials and show that it

is one dimensional for n > 3. Let us take ¢ € HU"(°" ) . By Proposition 3.2, it is
of the form

© = Z CjQ]_l.'L‘?—zj,

0<2j<m
—1,2 g—"+2z2 "
where ¢; € K and Q1 = 22 + ¢ 123 + - z; _,. The conditions
posed on ¢;’s are from the equatlon Ap ) 0. For th1s computation, put An 1=
" 2R+ q" 303+ +02_,ie., A =gA,_1+02. Letus compute A(QS_,zt)

for non-negative integers s, ¢:
A(Qh-17h) = (qAn—1+87)(Qh-121)
= @A 1(Q51) - Th + Qny - Bi(21)
= ¢®H1[2s)[2s — 3 + n]QS A2t + [][t — 1]Q5_

Here we used the formula for b- functlon (see Lemma 1.1(2)). From this computa-
tion, comparing the coefficient of Qn lrcm % in the equation A(yp) = 0, we get
the relations between the adjacent coefficients:

[m — 25 +2][m — 25 + 1]ej—1 + ™ D *124][25 — 3 + n]c; = 0.

Smce q¥m=21)+124][25 — 3 + n] does not vanish for j > 1, as we have assumed
> 3, all the coefficients ¢;’s are completely determined from cg by these relations.

U ~1) - . .
Thus H,,{’("" ) is one dimensional.
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Remark 3.3.4. To be more explicit, the coefficients are determined as

Bi(F—j+1)---Bi(F)
Ci (2j—2m+1) 2
i = (' Boa ) Bt (D)

where (p(s) = [2s][2s + £ — 2] with £ = 1,n — 1. Thus with the notation (a; q); =
(1—a)(1 —qa)--- (1 — ¢ la), we have the zonal polynomial ¢,, normalized as
=1

E (_)j (q—Zm;q4) (g72m+2; ¢t )i q](2] —2m+1) ](2m+n)Q] z™ -2j

Oom =
" 0<2j<m (¢*4%); ("2 ¢%);

Using the relation Q,_1%, = ¢*znQn_1, and putting u = q"’le;Z, we can
rewrite this as

. (q—Zm;q4)j ( —2m+2 i q ) ] L
—)! J j(n+3) 2j . .m
0<§<m( ) (q4;q4)j (q2n—-2;q4)] q (Qn-1z,°) -z}

Pm =

( —2m. 4) (q—2m+2 4

-7 1q 1q"); 4

ot @) @),

If we write this zonal spherical polynomial ¢, in terms of () and z,, as

Y @y,

0<2j<m

1—u) -z

then the relations between coefficents are seen from Lemma 1.1(2) as
[m — 25 +2][m — 25 + 1]Cj—1 + [2j][n + 2m — 25 — 2]C; = 0.

From this we have another expression of ¢, as

2m 4) (q 2m+2,q4)

_ (g~
$m = Z (q4,q4)j (g 2—4mi8; gh).

0<2j<m

i g=i(n=5) Qigm=2i,

4. The Casimir element of U (0,)
4.1. PRELIMINARY CALCULATIONS

In this section, we complete the proofs of the facts on the Casimir element of
Uq(on) stated in Section 2. We start with some formulas on commutators. For
a € K, define the ‘a-commutator’ by [z,y], = Ty — ayz. As usual, we omit the
subscript in the notation of the commutator bracket fora = 1.
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LEMMA 4.1.1. For a, b, c € K, we have
1) [z,y2lab = [7,Ylaz + az[z, 2]5,
(2) [$7 [ya Z]c]ab = [[ZU, y]aa Z]bc + a[y7 [:l", z]b]a_lc,

3) [[:E, y]a, z]bc = [x, [ya z]c]ab + c[[x, z]ba y]c—la'

Proof. The first formula is just an easy calculation. For the second, replace y and
z together with a and b in the first one. Then subtract it multiplied by ¢ from the first.
The third one is the same as the second, because a[y, [z, 2]p]q-1, = ¢[[Z, 2]b, Y]c-10-
In the first stage, we proceed in a little bit abstract way.

PROPOSITION 4.1.2. Assume we are given a set of elements A; (j =1,...,n—1)
satisfying [A;, A;] = 0 for |i — j| > 1. Define Aj; forn > j > i > 1 inductively by

Ait1i = 4A;, Aji = Aji1Aj-1i —qAj—1:45-1, (|7 —14 = 2).
Then

(1) If j > k > £ > i, then the elements Ajy, and Ay; commute with each other.
(2) For j > k > 1, we have Aj; = [Ajk, Akilq. In other words, in the inductive
definition of Aj;, we are allowed to take any k in between j and 1.

Proof. We prove the assertion (1) by induction on h = (j — k) + (£ — ¢). The
first step h = 2 is nothing but our assumption. For h > 2, by changing the letter if
necessary, we may assume £ —¢ > 2 and k > £ or¢ > j without loss of generality.
From the formula (2) in the Lemma 4.1.1 above, we see

[Ajk, Aui] = [Ajk, [Are—1,Ar—1ilq)
= [[Ajk, Aee-1); Ae—1ilqg + [Are—1,[Ajk, Ae—1illq-

Then by the induction assumption, the inner commutator brackets vanish in both
terms.

For (2), suppose j > k > £ > 4. Then it suffices to show [Ajx, Akilg =
[Aje, Asi]q by induction on j —3. The first step j —i = 2 is trivial, because it implies
k = £.For j —i > 2, we may assume Ay; = [Age, Asilq and Aje = [Ajk, Arelq-
Plugging the first one in the left-hand side then using the second, we see

[Ajk, Akilg = [Ajk, [Ake, Arilglq
= [[Ajk, Akelg> Auilg + a[Axe, [Ajk, Asi)]
= [Aje, Asilq + a[Axe, [Ajk, Aui)-

Here we used the formula with a = ¢ = ¢, b = 1. The second term vanishes by the
assertion (1) because k > £. This completes the proof.

Up to here, what we used is only the first defining relations of Ug(05,). The
second relations (Serre relations) yield the Proposition 4.1.3 below. To prove
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that the Casimir element is central, however, we need only (1) and (2) in the
Proposition.

PROPOSITION 4.1.3. We keep to the assumptions and notation on A; and Aj; in
the previous Proposition. We assume in addition for |i — j| = 1,

A2A; — (q+q )AiA A + A; AT = — A,

Then
(1) For j > k + 1,k > i, we have the following.

[Ak+1k Art1ilg-1 = —Akiy  [Ajks Art1klg-1 = —Ajrgr-

(2) Assume q*> # —1 hereafter. If j > k + 1,k > i, then the elements Aji and
Ag+1x commute with each other.

(3) For j > k > i, we have in general
[Ajk, Ajil -1 = —g? TF" 1A, [Aji, Akilg-1 = —¢" 1 Ay

(4) Furthermore for j > k > £ > 1, the elements Aj; and Axy commute with each
other.

Proof. Note that our assumption above can be written as
[Ai’ [A“ Aj]Q]q-l = [[A], Ai]q, Ai]q—l = —Aj

for j = 7 & 1. These formulas give us the first step of the induction for (1). Taking
an ¢ with k > ¢ > 1, we have

[Aks1ky Aktrilg-t = [Aks1k, [Aks10, Atilglg-1
= [[Ak+1k Ak+16)g-1, Aeilg

+q_1 [Ak+1 05 [Ak+1 ks Ali]]qz .

Here we have puta = ¢!, b = 1, ¢ = gin Lemma4.1.1(2). Use then the induction
assumption [Agt1k, Ak+1 e]q—l = — Ay in the first term and observe the second
term vanish by the previous Proposition 4.1.2(1). Then we come to the conclusion
for the first formula of (1). The proof of the other formula is similar.

For (2), assume j > k+ 1,k > 4. Puttinga =b= ¢~ !,c = g in Lemma 4.1.1
(2), we have
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[Ak+1k, Ajilg-2 = [Ak+1k, [Ajk+1, Abt14lglg-2
= [[Ag+1k Ajkt1]g-1, Ars1]
+07 A k415 [Akt1 k> Aksrilg-1] 2
= —q "[[Ajk+1, Ak+1klg Ak+1i] — Q"I[Ajkﬂ,Aki]qz
= [Ajk, Ari] — ¢ ' [Ajk+1, Akil 2-

Here we used the first formula of (1) for the second term. For the first term, we
continue by applying the Lemma 4.1.1(3) witha = ¢"1,b=c = q as

[Ajky Ari] = [[Ajks Ak+1klg-15 Akile + 0 [Akt1k [Ajk, Akilglg2
= —[Ajkr1, Akl — 0 [Ak1k, Ajil -

Here we used the second formula of (1) for the first term. With these two calcula-
tions, we obtain

[Aks1k Ajilg2 = ¢ ([Ajrs1, Aril g2
+q7 [Art16 Ajil) — € [Ajk+1, Akil 2
= —q [ Aps1k, Ajile = [Aji, Aks1k]g-2-

This means (1 + ¢72)(Ak+1xAj — AjiAk+1k) = 0. Hence the assertion (2).

We prove the first formula of (3) by inductionon j — k. Thecase j — k = 1 is
just(1). Assume j —k > 1and [A4; g1, Ajilg—1 = —q?~%=2 A4;. Using the formula
(3) in the Lemma with a = q,b = ¢~!, ¢ = 1, we see from (1) and (2),

[Ajk, Ajilg-1 = [[Ajk+1, Akt1klgs Ajilg—
= [Aj k15 [Ak+1k, Aji]q] + [[Aj k+1, Aji]q—l y Akt k]q
= —¢" "2 A1, Ak+1klg

= —¢ " A1k Arprilg-r = —¢ T Ags

as desired. The other formula can be similarly shown.

Now that the formulas in (3) are proved, the assertion (4) can be derived in a
quite parallel way as (2). To avoid the repetion, we give a slightly different-looking
proof instead. For j > k > £ > 4, we compute the commutator [A;¢, Ag;] in two
ways. Putting a = ¢-!,b=c=gq,0ora =b = g,c = g~! in the formula (2) in
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Lemma 4.1.1, we get respectively
[Aje, Aki]l = [Aje, [Akes Asilq]
= [[Aje, Arelg-1, Auilp + 0 [Ake, [Aje, Auill
= —¢" " Ajk, Aul g + ¢ [Akes Ajil g
and
[Aje, Aks) = [[Ajk, Akelg> Asi]
= [Ajk, [Ake, Adil g1 + a7 [[Ajk, Akilg Arel 2
= —¢" " Ajk, Aulg + a7 [Aji, Akdl -

We have thus [Ae, Aji]2 = [Aji, Akel g2, or (1 +¢*)[Ake, Aji] = 0, the conclusion.

4.2. CENTRALITY OF THE CASIMIR ELEMENT

With these preliminaries, we prove the Casimir element is central in Uy (o, ). Note
that in the above, replacing g with ¢~! if necessary, we already have the commu-
tation relations for II;E in our hands.

THEOREM 4.2. In the algebra Ug(o,,), the following two elements are central.

_ —im T _ —ntitj =1+ =
C=3 ¢ Itmgng, =) ¢ MM
i<j 1<j

Here II;’s are the generators and Hjii for 1 < i < j € n are inductively defined by

H;ﬁ—li = I,
I = 00 — ¢F' I, (< k < ).

Proof. We show I, = I, | =TI, ; , commutes with C for 1 < k < n. From
the Propositions, the element l'[;"i commute with IIj if its indices satisfy either one
of the conditions ¢ > k+ 1 ork > jorj > k+ 1,k > 4. The commutator [II,C]
thereby reduces to

Mg, C] = > ¢ I, ML)
k>1

+ Z VA 11 PO Y P |
k>i
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—k—ij —
+ ) @ TR, I IT
§>k+1

—k—j —
+ > 4" I, T T )
j>k+1

To compute these, use the formulas [z, yz] = [z,y],-12+ ¢ 'y[z, 2]y = [z,y]qz +
qy[z, 2] ¢!~ Then from the Proposition 4.1.3 (1), we see

[T, I T1;E] = I, G + e I,
M, Wy T 1a] =~ — ol I,
(I, H;knfk] = —q_lnj_kﬂnfk - Hj—kn;rk+1’

[Hk’nj_k+lnjk+l] = qu_kijH +H;k+ln;-k‘

From these, the first two and the latter two summations are respectively seen to
cancell out. Hence C is central. The proof is quite similar for C’. Thus proved the
Theorem.

Remarks. (1) We see C and C' are transformed to each other by an automorphism.
Actually two elements C and C' should be identical.

(2) In the proof above, we used Proposition 4.1.3, where g* # —1 is assumed,
so that the same condition is implicitly posed in Theorem 4.2. This restriction,
however, can be actually removed. See Corollary 7.5(2) and Remark 7.9(2).

4.3. EXPRESSION OF 0;5 AS ¢-DIFFERENCE OPERATORS

In the rest of this section, we prove that the elements 6; = zj +l'yj_18j——
T3Yi+10541 = Tj17+10; — T35 10}’ 1 certainly give the representation of
Ug(o0,) and compute the explicit form of Oj; See Section 6.3, for the meaning

of those 63;’s from the invariant theoretic point of view.

PROPOSITION 4.3.1. (1) The elements 0 = x5, laj — z37j+10j41 satisfies
the following

8,61 =0 if li—jl>1,
020; — (¢ +q71)0,0;0; + 0;0? = —0; if i=j=*1.
(2) For the elements 0;5 inductively defined as

oi:ELIi = 0i,
035 = 0505 — 0505, (i <k<j),
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we have the following expressions:

0f = 2;%0; — " oy 05 +a g —q7") D) I FaR6as,
i<k<j

05 = 25770 — ¢ y0, —qlg —q7") Y ¢ Faiasar.
i<k<j

For the proof, we prepare some calculations:

LEMMA 4.3.2. For i # j,j + 1, the element 0; commutes with all the ~y;, ;, z3,
0; and 8;. For i = j, j + 1, we have the following relations:

—1 f—
05, 25] = Tj117; i+, (05, Ti+1] = —35; /I

(65,8 = 7; 410541, [05,8501] = =77 Myi0195;

0, 25)g-1 = 7541, (05, 25 1lg = —25;

05, 051q = 40341, (65, 8541)g-1 = —a~'8%;
and also
[05,%i1q = a(g — 47 )z0341 [65,vi+1lg = —alg — a7 254177 Vj+105;
[0, 751g-1 = (@ — a7 )a54, 95, [65,%i+1]g-1 = —(@ — 71277 v +105015
65,75 :1)e = (@ — a7 ")230j11, 05,7 e = —(q = a7 zjp17; 74105
105 V51 = a7 (@~ 47250185, 105,75 Ngm = =47 (g = ¢7)a57; 5410541

Furthermore we have
05, 2575)q = Tjr1vie + a(g — ¢ )2382,,,
05,05, z5V5lalg—1 = —Z47%5,
[0, 05,7i+10541]glg-1 = —Yj+10j+1.

Proof. From the comultiplication rule of 8;, we have for ¢, 4 € A,

0;(ep) = (0;90) (v; 'vir1¥) + @ - (059),

which gives the commutation relation between 6; and left or right multiplication
operators. In particular,noting ; . z; = x;11, 0; .z = —x;, we get the foumu-
las for multiplication by z; and z ;1. The formulas for g-differance operators are
seen from these by making the adjoint  with respect to the Fischer inner product
(see Lemma 3.1.1).
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The commutation relations of 6; and fy;—”, #1 are just simple calculations.

Actually they form pairs which can be transformed to each other by the adjoint
1. Moreover the relation [0, fyj‘l'yjH] = 0 reduces the number of formulas to be
checked into 2. With this reason, it suffices to show the first two, and their proofs
are easy.

The last three formulas are applications of these. First one is immediate:

05,z5vila = 165, %3]7; + %[04, 75lq
= Tjt1vj+1 +q(q — q"‘)wﬁ i1

Noting then [6;, 23] = (6 .ac?)'yj“lryj“ = q—1[2]:zjmj+1'yj_1'yj+1, we prove the
second one as

(05,10, %5117 +1)d)g-1 = [6js@jr1vi+1 + (= a7 )&5054]g-
= [0j,$j+17j+1]q" + [03-,.'1:?] ;+1 + m?[aj,a;')ﬂ]q—l
= —z;v; Yo — ¢ (g — ¢ w1054
+* — ¢ )zizi17; 110541 — ¢ 2505
= —zjv; Yo + 2y (e — 1) — 20— ;)
= —aj;.
The last formula is proved similarly. In fact, starting from
05,7+195+1lg = 16, 7i+11¢05+1 + @v5+1[05, 9 41]
= —qv;'0; + (¢ — ¢ ")=30 4,
we have
16,105, 7i+105+1)qlg-1 = [05,—av; '0; + (g — ¢ )z38% 1)1
= —q0j,—q7; '14-185 — 75 '[85 sl
+(g— g7 05231051+ g —gq )
xz3[0;, 8]2+1]q-1
= (¢— g 2577 141051105 — 7 vj+10541
+(g—q 250 — (¢~ ¢ 2 1i410;0541

= (1 =% )+10541 — 77 Y1054
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+(¥i+1 — ¥51D)0+1 = (@ + 1)1 = 777541041

= —Yj+1941.

Here we used [0;,8%,,] = [0;,0;11]0541 + 811[0;,0541] = —q[2]fyj—1fyj+1
X 8j8j+1.

Remark. See also Remark 6.3.1(3) for a meaning of the first eight foumulas
from the representation-theoretic point of view.

Proof of Proposition 4.3.1. For the assertion (1), since the first formula in (1)
is clear, we have only to show the second. It amounts to the same as the following
two equalities:

[05,65,05-1lg)g-1 = —0i-1,  [65,[05,0541]glg-1 = —0j11.
The first one is proved by using the formulas in Lemma 4.3.2 as
(65, (65, 6j-1g)g-1 = (65, (65,2705 1 — j—17;2105 ]
= [0}, (65, 25vilq-185-1 — z5-17;"1[6;, [0, 834
= —;705_; + zj-17;405
= —0;_1.
The latter can be shown similarly again by Lemma 4.3.2,
[65, (65, 651)alg-1 = [65, [0, 25427710501 — 2541 7i420542]gl g1
= Tj42[05, [0ja’7']‘_ﬁullaj+l]q]q—l
—105, (05, 75 41]qlg-17i+205+2
= _$;+27j_-:laj+l + 251175420542
= —0j1.

We now prove the assertion (2). Let us show the first formula by induction.
Since 8¢ and z;; ! commute with 8;, we have from the Lemma above

05,2781 = [05,275140f = @j+1754185 + (¢ — ¢7")2505 85,4,
[ej’mi’)li_lag]q = .’B/L’)’z [ Js J]q - qxl’Yz 6
Similarly, since x k8° commutes with 8;, we see

|:0J7 Z qj -k 26060] — Z q] —k+1 280 21
q

1<k<j i<k<j
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Summing up those results with suitable factors, we get the desired expression for
oF 1, =95, 0;;-]4. The latter formula can be obtained from the first by making the

J+1i
adjoint 1 with respect to the Fischer inner product (see Section 3.1).
5. Proof of the Capelli identity

5.1. CAPELLI IDENTITY FOR 1 = 2

We treat first the case for n = 2 separately. This case is quite simple and the
direct computation will not meet any difficulty. Recall the operators in question:
Q=2z}+q 'z3and A = qd? + 3. Furthermore we denote the Euler degree
operator {7y} by E. Note that this can be written as E = x10; +z,0,. The generator
of Ug(02) is the element §; = 6 = 120, — 10, (see the formula in Section 2).
The commutation relations between (left) multiplication operators and g-difference
oprerators are

dxy — 101 = 77 72, *x2 — ¢ 2200 = v .
LEMMA 5.1. (Capelli identity for n = 2)
QA — E* =62

Proof. We prove the equality QA = E? + 6. Since E and § commute, the
right-hand side has a factorization as E? + §* = (E — v/—160)(E + v/—16). The
each factor is then further factorized into

E+ V=10 = 2,0) + 220, + V—1(220, — £15)
= (xl + \/—_lxz)(al — \/—_132),
E—V=10 = (z; — V=112)(8) + V—18,).

Using the commutation relations z1z; = qz,z; and g0, = >0, we have the
following factorization:

Q = (z1 + V—1z3)(z; — V—-1q" 1),
A = (981 — V-18,) (81 + V-18y).

From the commutation relations between multiplication and g-difference operators
above, we see

(z1 = V=1g7" 22) (g8 — V—18)
= qz10) — V=110, — V—12201 — ¢ ' 228
= 0121 — ] 'y2 — V=121, — V=12201 — Sr22 + 7] ' m2
= (01 — V—=13)(z1 — V—1x2).
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Then our assertion follows from those factorization formulas.

Remarks. (1) By the commutation relations above, we can of course check the
formula by direct high-school calculations:

QA = (af +q7'23)(¢0} + 83) = q230} + 230F + 2303 + ¢35,
E? = (7101 + £20,)* = 11017101 + 21012261 + 22,007101 + 2200720,
= (qx%@% + ml'yl_l'yz(')l) + (21220102 + z2210:01)
+(q7 2305 + 271 ' 120a),
0> = (1201 — 1182)? = 230% — 22017101 — 71003201 + 2303
= 230? — (¢72710201 + 727] ' 1262)
—(q 7 21220201 + T17] ' 1201) + £363.

(2) There is another a little bit more sophisticated proof of this formula based
on the exterior calculus (see the Appendix). Note also

[ Q {7}]_[9:1 272][ T 31]
(v} A ¢ &]|qg'z &)

5.2. HIGHEST WEIGHT VECTORS IN HARMONICS

In Section 3, we saw the irreducible decomposition of the space A = K[z, ..., Zy)
of g-commutative ring under the action of U, (05, ). Forn > 3, the space of harmonics
H,, is shown to be irreducible. We give here a special element in H,,, a highest
weight vector in a suitable sense. Later we will use this vector for the comparison
of two central elements, hence for the Capelli identity.

We put z, = 1 + v/—1q¢"z> and 2M = 2021 -+ zip1.

PROPOSITION 5.2.1. The shifted power 2™ = (z; + /=1z3)--- (z1+
V—=1¢"12,) is

(1) harmonic: A(z[m]) =0, and
(2) a joint eigenvector for 01 and 0; with j > 3:

0;. 2™ = —/=1[m] 2™, 0;.2mM =0, (G33)
For this proof, we prepare a lemma.

LEMMA 5.2.2. The actions of 0;’s on the shifted power are given by

O™ =[m]z - Zm_1; &z™ = V=1 [m]z - 2m_1.
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Proof. It suffices to prove these formulas for n = 2. Recall the following
(twisted) Leibniz rule:

d1(p) = (7' 0)(B1%) + (B10) (7)),
B (pY) = (129) () + (o) (Y~ 14).

Then we can immediately see our assertions from these by noting -y, 2, =
g '2r41; Y227 = 2r41. In fact, with the convention that the empty product repre-
sents 1,

m—1
g2l = 3 A7 @0 21) - Ouzr Y (zr41 - Zm)
=0
m—1
= Z q_'(zl v Zr) : qm—r—l(zr_H T zm—l)
=0

m—1
m—2r—1
=2 "'zm—lzq
=0

and similarly

m—1
8yzIm = 27(z0 v ze1) 022 Y N zpg1 - Zmet)
r=0

m—1
= Z (Zl . .zr) . \/._1qr . q_(m_r_l)(zr+1 . .zm_l)
r=0
m—1
— /—1_21 e Zmel Zq—m+2r+l'
r=0

Proof of Proposition 5.2.1. Since the last equalities Hj.z[m] =0forj > 3 are
obvious, we may assume n = 2 for the computations. For (1), as seen above, we

have a factorization A = Sqal —vV—=13)(01 +v—108,). We have thereby only to
prove (0 + v/—18,)(z[™)) = 0, which equality is clearly seen from the Lemma.
For (2), recalling 8; = x,0, — 10>, we see from the Lemma that

01 . Z[m] = (.’12261 - xlaz)z[m] = (182 - \/—1 xl)[m]zl cc Zm—1
= —/=1[m]zpz1 - Zm—1 = —v/—1 [m]zl™,

as desired. Thus completes the proof.



254 M. NOUMI ET AL.

Remark 5.2.3. There are several different ways to prove the formulas (1) and
(2) in Proposition 5.2.1. For example, we have the commutation relations 2,2z, =
Zs412r—1 and 0.2, = —/—1q"z_,. Together with these, using the (non-standard)
Leibniz rule 8(p) = (77 2¢0)(0%) + (8p) (7)), we get the formula (2).

Another way to prove is through the binomial expansion.

n
(z1 4+ Az2) (21 + A\gz2) - (21 + A" 'xp) = z [:] q’("‘)/za:?‘rxg)\’,

r=0
V-t e

5.3. PROOF OF THE CAPELLI IDENTITY — GENERAL CASE

With these preparations, we now give a proof of the Capelli identity. As we have
proved it for the case n = 2 above, we assume n > 3 hereafter. Recall that the
space of harmonics H,, is irreducible under U, (05,) for n > 3, so that the space
Mm = @j0 Q’Hy, is irreducible under the joint action of Ug(oy) and U z(sl).
Since both sides of the Capelli identity commute with this joint action, by Schur’s
lemma, they must be constant on the space M,,. (Note the irreducibility did not
depend on the base field. To apply the Schur’s lemma correctly, we at first need
to make a field extension, which process eventually turns to be unnecessary. Other
way to see this is: note first there is only one Ug(o,—1)-fixed vector, the zonal
spherical polynomial in H,,, so that it is an eigenvector of the two central elements.
Since M, is generated from that zonal spherical polynomial under the joint action
of Uy(0r,) and Ua(sl2), the central elements must be scalar on this space.)

For our Capelli identity, it thus suffices to show the eigenvalues of the two
operators QA — {y}{q" %7} and Ca coincide on the shifted power zl™ =
(z1++v—=1x3) - (z1 + vV—=1¢™ 'z3) € M,,. Here we recall that Ca denotes the
Casimir operator C with an emphasis of its representation space A. The computa-
tion (QA — {7}{g" 2v})2[™ is easy, because we have already seen that zl™ is
harmonic:

(QA — {yHg"2y})2™ = —[m][m + n — 2]2").

On the other hand, since 2lm is an eigenvector for Ca with a form z* + ---
(see the binomial expansion in the Remark above), it is sufficient to look at only
the coefficient of this top term z7* in the computation of Caz(™l. Now recall the
definition

_ n—i—j+lg—p+
Ca=D a0,
i<j
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and the expression Proposition 4.3.1 (2)

0F =270 — ¢ laiy 05 + a7 g —a7h) D k246705,

1<k<j
05 =570 — ¢ T a0 —ala—q7") Y. ¢ Faizion
1<k<j

Then in those many terms, what we need for C az[™ are only the terms 0;% whose
indices includes 1 or 2. In fact, otherwise they contain the difference operators with
respect to x; with ¢ > 2, so that their actions end up with zero. We have actually
a further reduction to the terms 6% i ’s, because we have concentrated on looking at
the coefficient of z", for in the expression of 6;; with ¢ > 2 contains only z; with
1 > 1 as multiplications. With these reasonings our computation now reduces to

Z " 19 [m]

2¢€ji<n

and further to

n -2 —J4+2,.0, 3 non. m
65,0 21931 - Z q"” £17;0;27;0121"-
3gjgn

The first term can be computed by the Capelli identity for n = 2: q"‘202_1 0;‘1 2m =
—q"2[m]?2[™. From the second summation, the contribution to the term z7*
amounts to

= Y ™ el = —¢ ™ [m][n - 2]aT"
3gjgn

because 0jz; — qz;0; = vyt ""Yj—l’Yj+1 -+ -y, and a:‘l"yl_lal = qz$0177 . Then
we come to the conclusion from a simpe identity ¢"~2[m] + ¢~™[n — 2] = [m +
n — 2]. Hence the proof of our Capelli identity.

Remark. The identity Q A — {y}{g" 27} =Ch = i< g itI— 10;;0]z also
holds quite similarly.

6. A quantum analogue of the dual pair, the commutant of w®"

Let® = K[Z1,...,Zn,01,...,00,7, ..., 72!] be the ring of g-difference oper-
ators. It is no doubt natural to ask whether the double commutant property holds
between the two algebras U 2(sl2) and Ug(o,) within this ©. However, not alike
the classical cases, the adjoint action contains infinite dimensional parts, so that the
problems become more complicated. This kind of difficulty occurs quite commonly
when one considers quantum group actions.
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In this section, we will not attack the double commutant problem in the above
form itself, but choose suitably big subalgebras of © consisting of only finite dimen-
sional parts under U (sl) or U,(o,) and determine their fixed point subalgebras.
Instead of loosing a most generality, we will gain a clarification of the meaning
of the elements 9;5 through this approach. We note also that our result below will
suffice for the analogy of spherical harmonics from an operator-theoretic approach.

In the discussions below, we follow an analogous way as classical ones. Since
we have not yet got well-developed general theories there, our discussion still have
to go slightly longer ways.

6.1. A DETERMINATION OF U, (0y, )-INVARIANT DIFFERENCE OPERATORS

Let us take a subalgebra D9 = K[z1,...,Zn,01,...,0,] of D. This is an algebra
with Ug(gl,,)-symmetry under the adjoint action, and is generated by the vector
representation and its contragredient. We denote by V()) the irreducible repre-
sentation of Ug(gl,) with highest weight A. Then €,...,&, being the canonical
basis for the weight lattice, vector representation or its contragredient is V(1) or
V(—en), respectively.

We will show the following.

THEOREM 6.1. The invariant difference operators in ®y = Klz1,...,Zn,
01, ...,0n] under Uy(oy,) are determined as follows:

(1) Whenn > 3, we have

D510 = K[Q, A, 7E!] = w®(Ua(sk)) [y E!].

(2) When n = 2, we have

Duen) — K[Q, A, £, 6] = w® (Upa(s)) [y, 6].

Remark. Since U, (oy,) is a right coideal of the Hopf algebra Ug(gl,,), the fixed

point algebra 98 2(*») ynder the adjoint action coincides with the set of operators
in D commuting with the action of Ug(0,) on A = K[z, ..., zx].

Proof. First we consider a little bit smaller algebra Do = K[z, . . . , Zn, Y01, - - -,
70y,]. Note K[z1, . - ., Zny Y01, - - « s ¥On, ¥E!] = K21, . .., Tn, D1, - . ., O] and 7y is
invariant under Uy (05,), so that algebra Dgo will suffice for our purpose. The reason
why we make use yJ; instead of J; is in the commutation relations:

(v8)z; = ¢°7(v8;) + (¢ — 1) Y ze(v8r) + 1.
>j
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Giving the degree 1 both to z; and v9;, we make K[z1, . .., Zpn, Y0, ... ,70y] into
a filtered algebra. Recall the decomposition

Kzi,...,z0) = @ V(ler), Klydr,...,70:) = @ V(-mey)
£=0

m=0

and that the multiplication gives the isomorphism K[z, . .., 2, @K[yd, . . . , Y0y]
~ Dgo. Then transferring to the graded algebra, we have the isomorphism for every
degree d

P V(ter) ® V(—men) = gra(Doo)
d=£+m

as Ug(gl,,)-modules. Using the Clebsch-Gordan rule

min(£,m)
V(ler) ® V(—mey) = @ V((€~k)er — (m — k)en),
k=0

we have essentially obtained the irreducible decomposition of Dy under the action
of Ug(gl,,). More explicitly, the description of irreducible component is as follows.
It is easy to find the highest weight vector Py, r in Dgo corresponding to this
V((€ — k)e; — (m — k)eyp) in degree d = £ + m part as:

k
Pomy = zt7* ( > -'Bi’)'ai) (Y8n)™ k.

1<i<n

For0 < k < min(¢, k), we write Vg, 1. as the Ugy(gl,,)-module generated by Py, .
These are the irreducible components of Dy.

Next step is to find the fixed vectors under Ug4(o,,) in the irreducible represen-
tation V() of Ug(gl,,). It is determined in Theorem 3.1 in [N4] as

(A) In every irreducible representation V(A) of Ug(gl,), the fixed vectors
V(A)Y4(en) under U, (o,) is at most one dimensional.

(B) The fixed vectors V()\)U‘l("") are non-zero if and only if A\; — A;41 is even for
all 5.

Applying this criterion to V (€1 — mey, ), we see its Ug (05, )-fixed vectors is one
dimensional if and only if

(i) for n > 3, both £ and m are even;
(i1) for n = 2, the parity of £ and m are the same.

Assume now first n > 3. Our criterion tells that Vp i =~ V((£ — k)e1 —
(m — k)en) contains non-zero Ug(oy,)-fixed vectors only when both £ — k,
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m — k are even. In this case, we can give the fixed vector in Vp, i explicitly
as

k
Q(Z—k)/Z ( Z mz'Yaz) (,YZA)(m—-k)/Z'

1<ign

Thus the assertion (1) of the Theorem is proved.

Forn = 2, since Ug(02) = K[6] is commutative, V (1 — £2) has another typical
invariant ¥ = ¢(z2y01 — £1732). Then in the irreducible component Vo, &
with the same parity of £ — k and m — k, we can find the fixed vector as

k
Q(l—m)/2(,ye)m—k ( Z mi'}'ai) , (€3> m),

1<ign

k
(vo)™* ( > zn@-) (Y?A)m=0721 (1. < m).

1<ign

This completes the proof.

6.2. THE FIRST FUNDAMENTAL THEOREM FOR U(sl3)

Here we establish an analogy of the first fundamental theorem of invariants for sl,.
For the later use, we first recall the comultiplication rule of Uy (sl2):

Ale) =e®1+k7'®e,
A(f)=fRk+1Q f,
Ak)=kQ®k.
Correspondingly the antipode S is given by
S(e)=—ke, S(H)=-fk", Sk)=k".

Let 2 be a left Ugy(slp)-module. Then for ® € Endk(2) and a € Ugy(sly), the

adjoint action ad(a) on @ is in general defined by ad(a)® = 3, a,(gl)@S(a,(gz)),

where the comultiplicationis givenas A(a) = 3, afgl) ®a!?. We note by definition

ad(e)® = e® — k'®ke, ad(f)® = (f® - &f)k~".

When a left Ug(slz)-module 2 is an algebra, we call it with U,(sl2)-symmetry if
the unit K — 2 and the multiplication 2 ® 2 — 2 are Ug4(sl2)-homomorphisms.
Our setting for the first fundamental theorem is the following. Assume we are
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given an algebra A = K[¢1,...,&n, M1, - -, Mn] With Uy(sly)-symmetry such that
V; = K&; @ Kn; bears the standard 2 dimensional (vector) representation for all
l<j<m

elj =0, en; = &j; & = nj, fn;=0;

k& = q&;, kn; = ¢~ 'n;.

We have then typical invariants, the ¢~ !-determinant of 2 x 2 minors, Gij =
&m; — g 'mi&; for 1 < 4,5 < n.Put B = K[(;;;1 < 4,5 < n), the subalgebra of 2
generated by these invariants. Our theorem is now stated as

THEOREM 6.2. In addition to the setting above, we assume the property

> 8= B (©)

1<ign 1<ign

Then the set of invariants under Ugy(sly) in 2 is genetated by the typical invariants
Cij ’S, i.e.,

K[é‘l"",€n,"71)“-777n]uq(5[2) =% :K[C'U’l < 7'7.7 < n]

Proof. We will describe the set of highest weight vectors in 2 in two steps.

First Step. Denote by V (£) the (£+ 1)-dimensional irreducible representation of
U, (sl2) of highest weight £. Translating the Clebsch-Gordan rule V(1) ® V' (¢) =~
V(£+1)® V(£ - 1) to our algebra 2, we introduce the following two operators:

Ej=¢&, Fj=¢&f-q 'ni{k}

Here {a} = (a—a™')/(g—¢~!) and ¢; and n; are considered as left multiplication
operators. It is easily checked that for a highest vector u with weight ¢, the resulting
vector Eju or Fju is either zero or a highest weight vector respectively with weight
£+ 1 or £ — 1. Recall 2 is generated by the vector subspace V; + --- + V,, and
consider a filtration on 2 induced from these generators. With this filtration, it is
inductively shown from the meaning of F; and F} that all the possible highest
weight vectors in 2 are obtained by successive applications of operators E;’s and
F’s to 1. Thus we have proved

Claim (1). The subalgebra of 2 killed by e is spanned by the elements
€
BB

withd > 0,1 < j1,...,54 < n and ¢, = 1. Here we used EJ‘" = Ej and

E; = Fj. The weight of the element of the above form is zﬁzl €x-
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Second Step. So far the assumption (C) in the theorem has not been used. From
(C), for fixed v, ¢, 7, we can find g € B such that

€alij =Y, oplp-
B
Applying here the adjoint action ad(f) of f to this equality, we also get

Nalij = Y ©aNg-
B

In fact, note ad(f)® = (f® — ®f)k~!, so that ad(f)&; = n; and ad(f)p = ¢ for
any ¢ € B. From the two formulas above, we see first E,(;; = > -5 ¢pEg and

Folij = £afGij — ' na{k}ij = €aCisf — a7 naCij{k}
= ppsf —q 'mp{k}) =D ppFp.
B B

This implies
> EB= ) BE, > FB= ) %BF;. ()
1<j<n 1jsn I<j<n ISj<n

An easy calculation shows the following commutation relations among E;’s, F}’s,
and the typical invariants (;;’s:

EiF; — F,E; = &&f — q "em{k} — &if &5 + ¢ 'mi{k}E;
= —&m;(q Kk} + k) + ¢~ 'mig;{gk}
= —(&mj — ani€s){ak} = —Cij{gk}-

Using this, in a polynomial in E;’s and F;’s with coefficients in Bk, k‘l], we can
rearrange the order of product of E;’s and F;’s. Together with (C'), we then have

KEi,...,En F1,...,F) CKE,...,E,)- Bk k[F,..., Fl

As we have shown in the first step, a highest weight vector is a linear span
of elements of the form E;ll . EJ‘;’ - 1 with ¢, = %1, E;r = Ej and E]_ = Fj.
By the above reduction, we can rewrite E;I‘ --~E;.fi’ into a sum of elements in
K[E,...,E,] - B[k, k~1[F, ..., F,). Note F; kills 1 and that the operator E; is
the left multiplication of £;. We see thus E! - - - E-¢ - 1 can be written as an element
in K[&q, ..., &,]B. Taking account of the weight, we have obtained



DUAL PAIRS IN QUANTUM GROUP THEORY 261

Claim (2).Under the assumption (C), the set of highest weight vectors of weight £
in 2 coinscides with

> & 6,8

Jiynade

In particular, the fixed point subalgebra 2Ys(s2) coincides with the algebra B of
typical invariants.

Hence the assertion of the first fundamental theorem.

6.3. A DETERMINATION OF U 52 (sl2)-INVARIANT DIFFERENCE OPERATORS

We will here apply the first fundamental theorem above to determine the commutant
of w®™(U,2(s2)) in a suitable subalgebras of D. Note under the adjoint action, D
is an algebra with U (sl2)-symmetry, whereas A = K[z1,. .., 5] is not so under
the action w®". The adjoint action to w®" is given for ® € Endg(A) by

ad(e)® = [—;T(Q‘I’—’Y—2<I>’Y2Q),
1 -
[—2—]([¢>,A]-q 773,

ad(k)® = y2®&y2.

ad(f)® =

Let us specify subalgebras of D, which are generated by n copies of standard

representation of U (sl;). One choice is to start from the g-difference operators
05 = xj‘l (= 1)/(g — g™ 1), which clearly commute with 8;’s, so does with
A. We have therefore,

ad(f)85 =0,  ad(k)d; = q 6%,

a lowest weight vector, which possibly generates the standard representation. Note
here, if ad(e)za;’ = 0 holds, the elements 17;»' = 07 and f;-' = ad(e)n;' certainly
generate the 2 dimensional representation. Since [2]2ad(e)28;-’ = QZBJ‘? - (¢* +
q_z)Qan + 9] Q?, we show the right-hand side vanishes. Using the notation

—04+1,2 —£41,2
Q<= Z q + z; and Q>;= Z q + Ty,
£<j £>5
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we have first Q<;0; = q‘za;-’Qq and Q> ;0; = q23;Q>j, so that

Q0; — (¢ +472)QQ + 53Q
= (Q<j + @>5)3(*Q<j + 47%Q>5)
— (@ +072)(Q<j + @55)3(Q<j + Q>j)
+(07%2Q<j + ¢*Q>)% (Q<j + Q>j)
+ g (23(Q< + Q55)85 + (Q<j + Q>5)2305)
— g It (@ + 72 (2305 (Q<j + Q>5) + (Q<j + Q>5)573)
+q It (0523(Q<j + @55) + 85 (Q<j + Q>5)z3).
Here in the first three terms, expand them and look at the coefficients. Then
Q<;j05 Q<;and Q> ;07Q j vanish and the coefficients of Q ;07 Q> ; and Q>;0;Q<;
are respectively ¢~2 — ¢® and its negative. Noting Q<j0;Q>; = Q> 07 Q<j, we
see all those terms vanish. The remaining terms devided by ¢~7*! sum up to
zi{1Ha Q< + PQ>j) + zi{1i}?Q<j + 477Q>5)
—(&* + 47 )i {1 Q< + Q55) — (¢ +07)(Q<j + Qx5)zi{*i}
+(q72Q<j + °Q>))zi{d* 1} + (°Q<j + ¢ 7?Q>5)zi{d*i},
in which the sum of the first or latter three terms respectively ends up to zero.

Hence the assertion.
An easier calculation shows

& = adenf = (2% - £050)

= —¢ (q‘”‘wﬂj +(g—q7") (Z q‘“‘w%) 3;-’) :

£<j

We denote by D, the subalgebra of D generated by these 17]7" = 07 and f;' =
ad(e)n;'. The typical invariant ;; here in D is calculated from

G = &af —a7nfef

1
= Q070 — (@ +a7)%Q%; + %5Q)

by a bit complicated but similar calcualtion to the above. The result is fori < j,

— ~igt + _ _ B0+ — _—it3g+ + _ il
Cg—qmﬁ, (ji—_q Cij__q] 0]'1:1 Ci =4 .



DUAL PAIRS IN QUANTUM GROUP THEORY 263

Thus we naturally meet with the elements 0;; again. We see from the definition
and the computations in Section 4 that the ring B, of typical invariants in D is
generated by 6;’s.

Another choice is to start from the right multiplication z7, which clearly com-

. P
mutes with Q. Putting £;” = z3, we see

ad(e)¢; = é(Qaﬁv —772237°Q)

— ( O OQ)

2]
From the definition, we see ¢°"[2]2ad(f)?(z;v) = (A28; — (¢* + ¢ 2)AG;A +
9;A?)~y~1. With respect to the Fischer inner product in Section 3, this is essentially
the adjoint (ad(e)zc’);-’)T, which we have shown to vanish. Thus again the two
elements £ and 7; = ad(f )5]_ give the standard representation. We denote by

D _ the algebra generated by these 2n elements. The expression of 7);” = ad(f)¢ ;=
ad(f)(z3) is observed from

ad(f)(27) = éq-n—%x;A — PAL)y!
= 0% - 25ty

= ¢ 3(ad(e)n}) Ty = ¢73(H Ty

= —q 2y (¢85 + ¢ (g — g5 Lo 4 6F) -

Thus {; = n;-rT'y andn; = q""y_lfj_]L hold and the relation of typical invariants
between the © and D_ are given by

g =& —a g =
_ q—4(§;tm+ +£+)’[ =g +T'

~4(n; +1 £+T —251‘,7;1)

From the computations of the typical invariants for ® ; and Lemma 3.1.1, we obtain
fori <y

~ g2 - Bp— _ _ _—i-5p— - _ i3
ij = 0]1,’ ji — — 4 6 0]1’ i —4d :

By the same reason as for D, the ring B_ of typical invariants in D_ is generated
by 6;’s, whence it coincides with 8.
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To apply the first fundamental theorem established above, we need to check the
condition (C) for the algebras ©_, D _. This is seen from Lemma 4.3.2, which tells

0;¢; —a '€ 0 =&,

€51 — €519 = —&5
0i& — & 0; =0 (#5,7+1),

the condition (C) for the algebra ©_, and also

0iny — anf 0; = anj,y,
Oimin —a 'nf0; = —q ',

Oinf —nt0; =0 (i #j,5+1),

which assures the condition (C) for D, because 7;’s and £;’s are transformed with
each other by the adjoint action of U (sl,).
Thus by the first fundamental theorem, we come to the following

THEOREM 6.3. The set of invariant difference operators in ® . or D _ is generated
by the typical invariants:

U (s Upa(s
©+q2( l2) _ i)_qz( 12) =K[0), - ,0n_1]-

Remarks 6.3.1. (1) In the above, when we transfer from D to D_, we utilize
the adjoint 1 with respect to the Fischer inner product. Note, however, they are not
transferred by f with the action of U (sl,).

(2) There are several choices for the comultiplication rule of U 2 (slp). If we use
other comultiplication rule, then the adjoint action accordingly changes, so that the
corresponding subalgebras D ;. and D _ also get changed.

For example, if we adopt the comultiplication A as

Ae) = e®k ' +1®e,

A(f) = f®1+kQ,

Ak) = kQk,
then the realization of the tensor power of the oscillator representation gets accord-
ingly changed as
1

° &')®n —_ —_— A®

L
[2]
2 =

@® (k) = q" 7w = "7,

@®"(e) =
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with

{ Q. — q—-n+lx?2 + q—n+2z32 + R _'_x%Z’
A® = 02 +q85% + -+ + q" 102

Also the adjoint action ad changes as

ad(e)® = [17]([62-,«1»]-(1"72),
W(1)8 = H(Pey2ar - A%),

ad(k)® = 2@y 2.

With this change, we have another sublagebras D, and ©_ generated respectively
by

i =719, & =—d g v+ (@—q¢") (Z q“lwiz) 373

£<j

T=x5, f =—¢ '+ (g—q Nz ) ¢ 165
<3

The typical invariants in this case are defined as 5177] - qzﬁifj.

(3) In checking the condition (C) for ® and ©_, we made use of the commu-
tation relations in Lemma 4.3.2. Here we look at those formulas in relation to the
adjoint action of Uy(gl,).

Recall first that A = Kz 1, . . ., Z,] is an algebra with Ug4(gl,,)-symmetry. Then
the usual adjoint action on Endg(A) is compatible with the original action on A
under the identification to the left multiplication operators: ad(a)y = a. ¢ for
® € A. Also for the ‘left’ g-difference operators 9;, this adjoint action gives the
contragredient representation.

To get a harmony with the right multiplications, however, we need to make a flip
on the comultiplication of U,(gl,,). Denote by ad’ the adjoint action on Endg(A)

under the flipped comultiplication: ad'(a)® = ¥, a®®5~!(a"), where a €

Ug(gl,), @ € Endg(A), and A(a) =Y, al) ® a?). Then we have ad'(a) (®¥) =
En(ad'(ag))@)(ad’(a&l))\I/) and ad'(a)(¢°) = (a. p)°. Here for p € A, we denote
by ¢° the right multiplication operator. Recall the action of Ug4(0,) on A is defined

through U, (gl,,) and the generators 6; are givenby 6; = (g—q~')~1g™% (L;-"j 41—
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4S(Lj1)), sothat A(6;) = 0;®q¢% %+ +1®0;and S~ (8;) = —g~=+¢i+16;.
Applying the formula above, we see for example

.'1.‘;~)+1 (i=j)1
ad'(0;)(z5) =< —z3_, (E=j+1),
0 (i#4,j+1).

This gives some formulas in Lemma 4.3.2.

With a quite similar reasoning, since the set of ‘right’ g-difference operators 05
bears the contragredient of the standard representation of Ug(gl,,) under ad’ action,
we get other formulas in Lemma 4.3.2.

7. Central elements of U,(0,) and reflection equations

Behind the fact that the Casimir element C is central, we have a multiplicative
structure and reflection equations. In this section, we explain that mechanism and
apply it to get further higher degree central elements of Ug (o).

In this section we work in the algebra Ug4(gl,,). Let us introduce the following
four matrices:

Kt :=8(LY)J'S(L™), K :='L*JL~;
Kt :.=SL)Jts(Lt), K :=‘LJL*.

Here L™ is the L-operators of U,(gl,,) in matrix formand J isdiag(¢"~!,¢"72,..., 1),
which corresponds to the quadratic form defining the quantum o,,. Since LJr (resp
L) is upper (resp. lower) triangular, the matrices K K (resp. K~ ,K™) are
upper (resp. lower) triangular. It is also readily seen that thelr diagonal components
coincide with J. The first claim is that the subdiagonal elements of these matrices
K*’s coim?ide wiFh the elements ©; = (¢ — g~!)~1g=% (L;'] +1 — 95(Lj415)
introduced in Section 2:

LEMMA 7.1. Let Kiﬂ; and K;f denote the (i, j)-component of the matrices K*
and K* respectively. Then

+ - _ -1 n—j-1Q.
Kjjin = —Kjy;=—(@-a7)0"776;,
= s oneia

Proof. As the proofs are all parallel, we only prove one case. By definition we
have

— —j—1 —r—
K= (‘L*JIL” )J+13_LJ+IJ+1qn LJ+1J+LJ.7+1qn ]ij'
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Then the expression (2.3) of ©; proves the assertion.

As we will see later in Theorem 7.4, these Kf;’s give a realization of Uy(o,) in
Ug4(gl,,). The basis of this fact is in the following reflection equations, which also
play the central role over the rest of this section.

PROPOSITION 7.2. (Reflection Equations). We have the following:

K; "RLKT Ri; = R Ky "REKS, 72,1y

Ky "R} K Ry, = Ry K " RY K, (1.2.2)

K" "RpKf Rf, = RLKF "RLKY (7.2.3)
and

"RLK; RLKS I, % = K I P REKT Y RY,. (7.2.4)

Here " RE, or 2 RE, denotes respectively the transposition of R, with respect to
the first or the second component in the tensor product space. Also we followed the
convention on subscripts to indicate the tensor components.

The following Lemma gives the reflection equations satisfised by J, which we
use in the proof of Proposition 7.2. Its proof is just a calculation using the explicit
form of the R-matirces, so we omit it.

LEMMA 7.3. The constant matrix J satisfies the following two equations:

RLIW "R, = LY R, RY,, (7.3.1)
RLL“R,J1 = J1 2Ry, LRY,. (7.32)
Proof of Proposition 7.2.

For (7.2.1)—(7.2.3): Since their proofs are all similar, we will only prove the
equation (7.2.3). We recall the commutation relations (Yang—Baxter equations) for
the L-operators:

RYLSLS = L5L5RY (e=+) and RYLTL; = LyL{R*.
Based on these relations, our calculation goes as follows:

K “Rp K Rf,
=Ly hLT bR, LI Ly RS,
= LT tLF 1R, LLT Ly Ry,
= LT tLF Jy 2R, LR, Ly L
= LTI RL L YR Ly LT (- (7.3.2))
= RL'LT B tLy Ry Ly hLF (o tL7*LIRY, = RLLTILYT)
= RLES “RpK{ (- 'Ly “Rply = Ly "Ry *LY)

- Li bRy tLT = tLf "Ry LY)

- LTL;RY = RLL; LY)

~ N N
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In the course of the above calculation, we freely used the fact that J; commutes
with M, for any operator M, because J is a constant matrix. For the proof of
(7.2.1) and (7.2.2), use the formula (7.3.1) instead of (7.3.2).

For (7.2.4): This follows from (7.2.1) and a simple relation K~ K+ = J2. In
fact, (7.2.4) is derived from (7.2.1) by conjugation under K, . Recall a basic fact
on the square of the antipode S (cf. [RTF, Th 4]):

S2(L*) = JALr 72 (7.4)

These together with the relations L~S(L™) = I and !S*(L*)!S(Lt) =
tS(LTS(LY)) = I, we see that

K—K-!' — tL+J2t5(L+) — J2 tS2(L+) tsl(L-l-) — ,]2,
This proves our assertion.

Remark. There are other types of reflection equations among K* themselves,
K~ and K~ and so on. Since they are not necessary for our later discussion, we
will not write them down here.

The above reflection equations have many important consequences. The first
one is the following:

THEOREM 7.4. The map
©:Uqy(on) 2 II; — ©; € Ug(gly,)

can be extended to an algebra homomorphism of Uy(o) to Ug(gly, ). More precisely,
©;’s satisfy the following:

{[ei,ej1=o i li-dl> 1,

2 -1 2 . . . (74.1)
0;0; — (g+4q )@i@j@i +0;0; =-0, Iif li—j]=1.

Further if we define the elements @;bi for j > i by the formula @;E = G(H;-ti), then
they are expressed by K]:'E s and/or K Jj; ’s as follows:

0 = —(¢—q ") '¢THKE, 742
@]—z — (q_q—l)—lq—n+i+1Kj—i,
0} = —(a—q ) eITKY,

]—Z —1\=1,—n+i fr— " (7.4.3)
05 = (1—4 )T MK



DUAL PAIRS IN QUANTUM GROUP THEORY 269
Proof. The components of the R-matrices are by definition given as
(RN =d", (RS =(a—-q")d(a>p),
and the others are all zero. Here we used the notation:

1 for 4> j,
0 otherwise.

6(i>j):{

Letus compute the both sides of the reflecton equation (7.2.1): the ( ) -component
of the left-hand side reads as

(K "RLKTRL)GE = q"s M6 KKy +(a— a7 )8(o > B)g’= Ko Kip
+(g—q 18> PP K K,
+(g—q7")*(a > B)i( > a)K K g
and the right-hand side is
(RLET Y RLK; )i = ¢Pantom K Koo+ (q— ¢7')d(m > )¢ K, K,
+(g— q—l)(s(m > e)q K, maKe_b
+(g— g )%6(m > £)é(¢ > a)K
Equating these two withm = f+1,£ = a+1,8 > a+1, we see that ©g and O,
commutes wtih each other for ,3 — a > 1, because K~ is a lower triangular matrix
and K, 1; = (9 — g Hg" 7719, as sh<_)wn in Lemma 71 Si‘milarly, putting
m =+ 1,£ = 8+ 2,a = 3, we obtain the second relation in (7.4.1). Thus
proved the first assertion.

From the first assertion, we see that the image ei of l'[jE under the homomor-
phism © are recursively given by

®z+lz e“
05; = 056 — ¢t'eL;05, (i <k <))

Then the second assertion will be proved if K ]ﬂ; 'sand K :£’s with suitable correction
factors are shown to satisfy the same recursion formula above. This is also a
consequence of the reflection equation: put m > 3 = £ > q, then the relation

comes out. Since K;, = ¢"?, this coincides with the recursion above. This
proves (7.4.2). The proof for (7.4.3) is similar.
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COROLLARY 7.5. (1) The subalgebra generated by the elements K ’s coincides
with the image ©(Uq(0y,)), whence generated by ©;’s.
(2) The image of the Casimir element C in Uq(g[n) is expressed as

(¢—q")2q"*0(C) = Te(K~ — J)(J — K™).

Remark. Those K* and K¥ are actually transformed to each other under an
involution that transforms L* to L = t*S(L¥). More precisely, let * be an anti-
automorphism defined by (LdE * = Li and ¢* = q. Then we have

(K;)* =Kj; and (K;;)* =K},
Note that this * gives a Hopf *-structure on Ug4(gl,,) with g ‘real’.

Another important consequence of the reflection equations is a description of
central elements of higher degrees.

THEOREM 7.6. For a positive integer m, put X™ = X(J~2X)™ ! with X =
K~ K™, Then the following equality holds:

(K5 J72) "R XM Ry (K J72) = REXMB(RE) 52

As before R12 or t2R » denotes respectively the transposition of R12 with respect
to the first or the second component in the tensor space. Taking the trace () of
the both sides with respect to the first component, we have

(K72 e x ™y (& +2) = Te(x ™).
In particular, Tr XI™ commutes with the subalgebra ©(U,(o,)) of Uq(aly,)-
The following two lemmas are small calculations for the theorem.

LEMMA 7.7. The following commutation relations between the R-matrices and J
hold:

(JI*RLID) ™ = B(RE) 12, (7.1.1)
(MR, J2) ™! = 2RI (7.7.2)

LEMMA 7.8. For any n X n matrix X we have
TV (" R, X, 2Rp,) = (Tr X)1, (7.8.1)

(R X1 JZ(RS) ' 5% = (Tr X) 1. (7.8.2)
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Proof of Lemmas 7.7 and 7.8. The equality (7.7.1) follows from the commuta-
tivity of J;J, and R, which is easy to see.
For any n x n matrix X, by a direct computation we obtain

(MRLEX1 2R = Y (R4 Xaqydps(2Rp)1S
a’ﬂ"y’

= qazy{Xzzq—deyw —(g— q—l)me‘S(y > Z)sz}

+(q q 1)5a:y{ wzq 62“’(5(:6>’w)

—(0- 0" Xaabewd(a > z)} .

>

For (7.7.2), put here X = J. Then the sum of geometric progression leads to the
desired result.
For (7.8.1), putting z = x, we get

("REX1 “Rp) P = Xaabyw = (= 47 XuyS(y > ©) (Sow — Iay)-
From this we have

TrD (M RL X1 2 Ry,)Y, = (Tr X)dyw-
This completes the proof of (7.8.1). The proof of (7.8.2) is similar.

Remark. Similar type of trace identities also hold for the quantum trace Tr,
defined by Try X = Tr JX.

Proof of Theorem 7.6. We observe first that
"R\ X1 "R K RYy = "RLK K "RpK RY,
= "RLK; RLKS RLPRL K (- (7.2.3))
= K I RLKT Y RLBFURLKT (- (7.2.4)).
Hence we have
(K3 73727 (MR X0 "Ry (K5 0y %)
= RLK; " RELJZRRLKH(RE) ' ;2

Using a formula ' R}, J2 2Ry, = J2, which is equivalent to (7.7.2), we see the
right-hand side of this formula turns to

(K5 1,2 V(M REL X1 Ry (K J;2) = R X1 J2(R,) 71 ;2 (7.9)
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Thus we get to the first formula

(B 7577 REX™ 2 R ) (KBS Iy )
= (K ;)7 (M RL X 2 Ryp) I
x (M{RELX BRp)J2 - (MREX PR (RIS (- (1.7.2))
= (RLX1J3(RE) 1M (- (7.9)
= RHXMB(RE) 12 (- (17.0))

as desired.

The second formula in Theorem 7.6 follows from the first one and (7.8.2). It then
proves that Tr X [m] commutes with all the elements K ;’z?, because they are written
by ©;’s which are the subdiagonal components of the matrix K™ (see Lemma 7.1
and Corollary 7.5 (1)).

Remark 7.9. (1) The homomorphism ©: Ug4(0,) — Ugy(gl,,) is actually injective.
This can be proved by a careful discussion based on the Diamond Lemma (cf. [B]).
The elements we gave in Theorem 7.6 are, therefore, said to be central in Ug(o,,).

(2) Noting the formula in Corollary 7.5 (2),

2n_1

(g—a ") 2ec) = 2 ~Tr(K~K™)

and the Remark (1) above, we see an alternating proof via Theorem 7.6 that the
Casimir is in the center.

Appendix: Mock Capelli identity

The Capelli identity we got has the definite meaning that it equates two central
elements of the algebra in duality. As we saw, however, its right-hand side seems
pretty complicated when it is written down in terms of g-difference operators. It
contains ‘fourth order’ operators in general. Here we give some similar-looking
identity, which contains only ‘second order’ difference operators in both sides.
Though it has some relations with additive realization of the analogue of o, in
[N4], its meaning is still obscure. Instead it has certainly a merit of simplicity. It is
interesting to compare these two formulas.

Let us put 93; = x;0; — ¢=U ~1=1)g,9; for i < j. These are sort of ‘principal
part’ for the Gﬁ We have then a mock Capelli identity as follows.

PROPOSITION. (Mock Capelli identity)

QA — {yHd" 2y} =D "It 0,
1<j
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Proof. We give here a proof partly based on an exterior calculus. First we
show a fake Capelli identity, which can be derived naturally from an exterior
calculus, though it still needs a further computations to reach the mock Capelli
identity. Let us consider the exterior algebra A generated by the two elements e, f:
e2 = 0,f2 = 0,ef + fe = 0. We extend this to Endg(A) ® A endowed with the
natural algebra structure: the elements in Endg(A) commute with e and f. Put
wi = 'yl_l x ~'yi__11’y,~ -«-qpfori =1,...,n+1. The following are easily seen from
the definition

2;0; = (¢ — ") "N wi — wit1), 8izi = (¢ — ¢ 1) qwi — ¢ wi1).

Let us introduce elements 194;(“) = z;0; — ¢*U—"149) 3,9, with shifts in the
exponents. Then the fake Capelli identity is

LEMMA (Fake Capelli identity).

QA — {vHq™} = Z qn-l—l—i—j,g;i(Z),ﬂ;;Q)
i<j

=3 ¢ 305 (wi + wi1)-

T

Proof.Putw; = ¢~**lz;e+0;f (i=1,...,n)and

u= Z T;W;, v = Z q" ' O;w;.

1<ign 1<ign

Then from the definition, it is not hard to see

u=Qe+{7}f, v={d"v}e+Af.

Here we used the equality 3" ; ¢"~%*19;z; = {¢™y}, which is easily checked
(see below). Multiplying these u and v, we get on one hand

uv = (QA — {v}{g"v})ef.

On the other hand this should be expressed through w;’s. To carry it out, we need
some calculations:

LEMMA. Putting in general wga) = ¢!~ %z;e + O;f, we have the following.
(1) Fori # j,

wz(a)wg-b) = (g1Hag,8; — g IT1H0g;;)ef.
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In particular, we have

WOWD = WO, WO = gt et

’ —-q
) Fori < 3,

w0 = g aw),  wi?o; = gaw{*™.
) Fori = 3:

w; 0w = —q_i“ai(wi + wH_l)ef.

Proof. Except for (3), those formulas can be checked directly from the defini-
tions. For (3), recall first 8;z; — ¢~ 'z;0; = w; and 8;z; — qz;0; = wit1. We see
from this

wid; = ¢'"tziBie + (0;)*
= ¢4 (8izi — wi)e + (8)*
= 0 (qz_ixie + oif) — @ lwie.
Multiply w; from the right and note ew; = J;ef. Then we have
w;0;w; = ql_iai(qxiai — O;x;)ef — > tw;Ozef
= —ql_iaiwiﬂef - ql_iaiwief.

Hence the Lemma.
Given these formulas, we can proceed now to the computation of uv as

uv = Z q"‘JmiWiijj
1<i,j<n

n—j n—i n—i
= Z q inw,-ajwj + Z q :L'jwjaiwi + Z q" " zwiOiw;
i<j i<j i

= Z q"‘j_lxiangl)wj + Z q""i+'wj6,-w§-—l)w,-

i<j 1<j

+) ¢V zwidw;

(]

= (—q"—ijiajﬂ;(z) + qn—i—j+1wjai,l9;‘i(2))ef
i<j

=5 " g0 (wi + wigr)ef.
i
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This proves the fake Capelli identity.

Transition from the fake to mock Capelli identity : Note first ﬂim = 19i

== (g—q ~1)z;0;. Plugging this into the part of ", ; of the nght-hand 51de of
fake Capelli identity, we get

Yo =2 TIN5+ (a— ¢ NgT ) (95 — (9 - a7 T mid))
1<j 1<j
— Z qn i— J-H'ﬂ]z'g;—z (q_q—l)z q"‘i‘j“(q_”ixiajﬂji
i<j 1<j

—¢/ 95,205 — (g — q7")(:0;)?).
Here sum up the following two in the second summation:
g M09, = £:0;(¢7 Vw0 — ¢ '2:0))
= q-j+ixiaj$ja,; + q‘l(xiaj)2
——qj_i'ﬁj_ixiaj = —(qj_ixjai - qxiaj)miaj
= —q""'xjaiz,-c’)j + q(wiaj)z.
Then with the cancellation of the terms for (ziaj)Z, it turns up to
(¢ —a "D ¢ It (g T (2:8:)(0)25) — ¢~ (2,0;) (Bizi))
i<j

an 21+2 1'1, a 117])
1<j
=Y (¢— g7 1q" % (2:)(8jz;).
j<i

Let us first add up with respect to j in this double summation, namely compute

Si=(qg—q" (Zq" 12(95m5) — > ¢ 2’(6’%))

1<J j<i

Using (g — q—l)ajxj = qwj — q_le+1, we see

-1 i—1
(@—a DY " ¥0m; = 3 ¢ ¥(quj — ¢ 'wjt1)
i=1 =

-1 n—2i+1
= qn w; —4¢q 'H— Wy,
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n n
-1 —2542 —2742 -1
(@—q7") D "0z = Y ¢ (quj— g7 wj)
j=i+1 Jj=i+1
—2i+1 —n+1
= ¢" Mo — ¢ " wngr

Note here wy = «y and wy 41 = v~ !. Then the second summation ¥"; z;9;S; in the
right-hand side of fake Capelli identity becomes

> 3i0iSi = =Y wmdi(g" 'y +q "y
5

1

+Y ¢ g0, (w; + wi)

1
= (@ v+ Iy + Y ¢ 0 (wi + wig).
i
We have thus obtained the identity from these

QA — {vHg™} =Y "Ik — (V@™ + ¢y,
1<j

An easy calculation shows that {g"y} — {¢" %7} = ¢" "y + ¢ "1y, which
concludes the mock Capelli identity.
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