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Introduction

The purpose of this paper is to study invariants called the slopes or the critical
indices associated with a module over the ring D of the germs of differential
operators at a point z along a hypersurface Y of a complex analytic manifold X .

The notion of a slope of a coherent D-module M, along a smooth hypersurface
Y, was introduced by Y. Laurent under the name of a critical index in [4]. On the
ring £x of microdifferential operators, he considered two filtrations: the filtration
F by the order of operators and the filtration V' of Malgrange—Kashiwara, along
a hypersurface A C T*X. He then considered the intermediate filtration L, =
pF + qV for any rational number r = p/q > 0. The critical indices are the
rationals r for which the characteristic variety of M associated with L, is not
bihomogeneous. Using 2-microdifferential operators, Y. Laurent showed that there
are only a finite number of critical indices. C. Sabbah and F. Castro, in the appendix
to [13], gave another proof of this result by using the notion of the local flattener of
a deformation. Z. Mebkhout introduced, in [9], the notion of a transcendental slope
of a holonomic D-module, along a hypersurface as being a jump in the Gevrey
filtration of the irregularity sheaf. Let O be the ring of holomorphic functions on
X. The irregularity sheaf is the complex of solutions with values in the quotient
of the formal completion of O along Y by O itself. It is a perverse sheaf by [9].
Laurent and Mebkhout proved ([5], see also [10]) a comparison theorem for the
slopes of a holonomic D-module asserting that the transcendental slopes are the
same as the algebraic ones. They also defined loc.cit. the Newton polygon of a
holonomic D-module.

Our aim is to study these notions from an effective viewpoint, that is to prove
by elementary methods the finiteness of the number of slopes and then to give an
algorithm to compute these slopes effectively in the algebraic case. We consider
an ideal I of the Weyl algebra A, and we prove the finiteness of the number of
slopes of the quotient A, /I starting from a system of generators of I. We then
develop an algorithm for the computation of the slopes. For this purpose we use
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108 A. ASSIET AL.

the technique of standard bases adapted to the Weyl algebra, and in particular we
give an algorithm for the computation of these standard bases. This algorithm, of
Lazard—Mora type (cf. [6], [11]), is in fact valid for any order on the exponents,
and thus can be adapted to computing multiplicities. Thanks to the theorem of
Laurent and Mebkhout ([5], [10]) the algorithm for the computation of the slopes
provides an effective means of testing the regularity of a holonomic D-module
along a hypersurface.

Let us summarise the structure of this paper: in the first part we begin by recalling
some general facts about the filtrations F, V' and L, about privileged exponents
and about standard bases, and we explain the relationship between standard bases
and generator systems of the graded ideal gr”I. We then develop an algorithm for
the computation of standard bases for any order adapted to L and compatible with
the product of operators. For this purpose we work in A, [t] by homogenizing with
respect to the total order. We use a well ordering on the exponents in N2?+!, which
allows us to prove a division lemma and then to obtain standard bases as systems of
generators for which the remainders of some elementary divisions are zero modulo
(t — 1) An[¢]. The difficulty comes from the fact that A, [t] being non commutative,
the remainders of the homogeneous divisions are not necessarily homogeneous.
The actual computation of a standard basis is however possible through a technical
trick (rehomogenization of remainders and iterated division).

In the second part, we begin by proving the finiteness of the number of slopes
by means of two twin lemmas: in the neighbourhood of a form L, the graded ideals
associated with a form L', are constant on both sides of L and respectively equal
to grf’(gr’(I)) and to gr¥ (gr®(I)). This assertion is also given by Laurent in [4].
The finiteness of the number of slopes comes then from a compactness argument.
The algorithm for the computation of the slopes, is inspired by the method used
by Assi [1] to compute the critical tropisms of Lejeune—Teissier [7]: we start from
a system of generators F = { P}, ..., P,} of I which induces a standard basis for
grf' (I) as well as for gr¥ (gr’(I)) and we take the first form L for which one of
the oL (P;) is not bihomogeneous. A finite algorithm allows us to decide whether
L is actually a slope and if it is not, to reach a first slope L(!) (or V) in a finite
number of steps. Iterating this process starting from L(!) one obtains all the slopes.
Notice that, thanks to the first part, all the algorithms are effective in the case
of the Weyl algebra. Using a well known lemma of algebraicity, the computation
of the slopes of A, /I is also valid for D/DI. To conclude, in the case of a not
necessarily algebraic ideal of D, we can generalise all our results, after making
division compatible with the series case, if we admit infinite division processes.
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1. Filtrations and construction of standard bases
1.1. FILTRATIONS

We denote by D, (C) (or D,) (resp. Ap(C) (or A,)) the ring of linear dif-
ferential operators with coefficients in C{z} = C{z1,...,z,} (resp. C[z] =
Clz1,...,z,)). If P(z,d) € Dy, (or P(z,0) € Ap), we write,

P(z,0) = zpa’ﬂxaaﬂ,
a,p

with o, 3 € N" and p, g € C.

DEFINITION 1.1.1 We call the set {(, 8) € N?*|p, s # 0} the Newton diagram
of P (and we denote it by N (P)).

Let Y be the hypersurface defined by z; = 0. Given a linear form L(a,b) =
pa + gb (with p, ¢ non negative, relatively prime integers) we define the L-order
alongY of P = P(z,0), denoted ordy, (P), as the maximal value of L(|5]| , 81 — 1)
over elements (a, 8) of the Newton diagram of P.

We denote by Fr, o(Dy,) (resp. Fr+(Ay)) the filtration induced by the L-order
on Dy, (resp. Ay) i.e. Fp is the set of operators P with ordy, (P) < k. We denote
by F (resp. by V) the filtration corresponding to the form L(a,b) = a (resp.
L(a,b) = b). By extension we also write F (resp. V') for the corresponding linear
forms. If L # F,V then the graded ring associated with this filtration

grL(Dn) — @ FL,k(Dn)

vez Frx-1(Dpn)’

(reSP- gr’(4,) = P %) ,

keZ

is isomorphic to the commutative graded ring C{z>, ..., z, }[z1,&1, - - . , &n] (resp.
to C[z,£] = Clzy,--.,%n,&1,---,&x]) in which the degree of a monomial z¢¢5
is equal to L(|S], B1 — a1)-

If L = F, the filtration FJ, , is the same as the filtration by the order of operators.

The graded ring gr¥ (D) (resp. gr¥ (Ay)) is isomorphic to C{z,...,z,}
(1,01, ... ,0,] (tesp. to the Weyl algebra A, = C|[z, d]) in which the degree of a
monomial %97 is b1 — aq.

Given an ideal I in D, (resp. A,), we denote by gr’(I) the graded ideal
associated with the filtration induced by Fy, o on I. The ideal gr”(I) is generated
by the family {oL(P)|P € I} where oZ(P) is the principal symbol of P with
respectto L. If L # V,

UL(P) = z pa,ﬂxaéﬂ-
L(]8l,81—a1)=ord (P)
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If L is the form V, the symbol of P with respectto V is the differential operator

oV (P) = Z pa,gazaaﬂ.
Bi1—ai=ordy (P)

We have the following algebraicity result.

LEMMA 1.1.2 Let I be an ideal in Ay, and let I' be the ideal Dy, I. Then gr*(I') =

gr’(D,)erl (I). More precisely, if F = {Py,...,P.} is a system of generators

of I such that G = {o*(P;)}i_, generates gr(I), then G generates gr” (I') over
L

gr”(Dy).

Remark 1.1.3 We shall see later that such a family F can be computed effectively
starting from a system of generators of the ideal 1.

1.1.0.1. Proof. In this proof we write o for o and ord for ord;,. We denote
by J' the ideal gr’(D,,) - gr’(I). Only the second statement needs to be proved.
Such a system F exists because gr”(A,,) is noetherian. Let P € I’ and let us write
P =3%7_,Q;P; + P with Q; € Dy, P'€I and ord(P') < ord(P) or P' = 0.
We set d = max;{ord(Q;F;)}, 6 = ord(P) and d; = ord(P;). We can suppose
that d is minimal. If § = d then o(P) = %7_,0} ; (Qi)o(P;) € J', where
0d—d;(Q:) = 0(Q;) iford(Q;) = d—djand 04_q,(Q;) = Olford(Q,) <d-d;.If
§ < d then we have a relation $7_, 044, (Q;)o(P;) = 0. The ring gr”(D,,) being
flat over gr”(Ay) (resp. in the case L = V because of the flatness of C{z} over
C|[z]), we can write

m
0a-4;(Qi) = > AjFj;,

=1

where (F} 1, ..., Fj,)isarelation, in grl(A,), between the o(P;) and Aje erl (D)
(resp. with ordg (04—q,(Q;)) > orde(A;F;j;).) We denote by A; (resp. Fj;) a pre-
image in Dy, (resp. Ay) of A; (resp. F};). We denote by G; = X7_ F ;P € I. By
construction, we have ord(G ) < d~—ord(A;). The famﬂy g bemg a system of
generators of grl’(I), we can write ©1_, F; ;P = G = $1_ R; P, + G’; where the
Rj, arein A, G} EI ord(R] 1) < d— dy — ord(A ) and ord(GY;) < 5o ord(A;).
Thus we have G’; Y (Fji — R;;)P, and

P= P'+ZAG’+Z<Q, iT\"F— )R-.

7=1 =1

If we denote Q; = Q; — 72 A;(Fj; — Rj;) we have obtained a new decompo-
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sition for P with max;{ord(Q;P;)} strictly smaller than d, which contradicts the
choice of d. O

1.2. PRIVILEGED EXPONENTS

Let < be a well ordering, compatible with the sum, in N2" (i.e. a well ordering
such that (@ + ", 8+ ") < (! + ", 3 + B") if and only if (e, B) < (¢, B)).

DEFINITION 1.2.1. Let L be a linear form with non negative integer coefficients.
We define on N2” the total ordering (denoted <) by

L(18], 81 — 1) < L(IB'], B; — &),
(a,8) <L (,f) & or {L(Iﬂl B —ar) = L(|f'|,B; — o) and
(e, B) < (d, B').

Remark 1.2.2 Note that for any d € Z, the restriction of <, to the set {(c, 3) s.t.
L(|B], B1 — a1) = d} is a well ordering.

DEFINITION 1.2.3 Let L be a linear form with non-negative coefficients. We call
the element of N2 max ., {\/(P)} (where N (P) is the Newton diagram of P) the
privileged L-exponent of P € A, (and we denote it by exp; (P)). We write exp(P)
when no confusion is possible.

Remark 1.2.4 The previous definition does not define exp(P) for every operator
PeDp\ Ay.

DEFINITION 1.2.5 Let P = £, gp, s7*9° be an element of A,. We call the
monomial p, 52%0° where (o, 8) = expy,(P) the L-initial monomial of P (and
we it by denote Inp,(P).) The complex number p,, g is called the initial coefficient
of P with respect to L and is denoted ¢y, (P). We denote In(P) and ¢(P) when no
confusion is possible.

LEMMA 1.2.6 Let Q, P be elements of A,,. Then we have

(1) exp(Q.P) = exp(Q) + exp(P).

(2) If exp(Q) # exp(P) then we have exp(P + Q) = max, {exp(P),exp(Q)}.

(3) Ifexp(Q) = exp(P) and c(P)+c(Q) # 0thenwe haveexp(P+Q) = exp(P)
and ¢(P + Q) = ¢(P) + ¢(Q).

4) If exp(Q) = exp(P) and c(P) + ¢(Q) = 0 then we have exp(P + Q) <
exp(P).
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1.3. STANDARD BASES

If I is an ideal of A,, we denote the set {exp;,(P)|P € I} by Er(I) (or simply E(I)
when no confusion is possible). By 1.2.6, Ef(I) + N?* = E (I).

DEFINITION 1.3.1 Let I be an ideal of A,. A family {P;,..., P.} of elements
of I is called a standard basis (relative to the order <r,, or an L-standard base) of
Iif
r
Er(I) = (J(expL(B) + N?").
i=1

Remark 1.3.2 A standard basis of an ideal I of A, is not necessarily a set of
generators of I. It is enough to consider the ideal I = A,. Let L be the linear form
L(4,j) = j. Let P = 1 + z;. Then {P} is a standard basis of I and P does not
generate [.

LEMMA 133 Let F = {Py,..., P} be a system of generators of an ideal I of
Ay,. If F is an L-standard basis of I then

1) {oL(Py),...,0"(P,)} is a set of generators of gr’(I).

(2) If, inaddition, By (gt (I)) = Uj_(expy (c”(P;))+N?") (resp. Ep(gr (1)) =
Ur_i(expp(cZ(P;)) + N?)), then the family {oV (oL (P))}_, (resp.
{oF (o7 (P:)}i=1) generates gr¥ (gr™(I)) (resp. g™ (gr"(I))).

1.3.0.2 Proof.  (1)LetJ be the ideal generated by {o"(P;)}I_,. We setc; = c(F;).
Let 0 # P € I. We define a family of elements P(®) of I, for all s > 0, such that

e PO =p

o PG+ = p(s) — (¢(P®)/¢;, )z 8% P;,, where (a®,3°) is an element of

N2% such that (o, 3°) + exp(P;,) = exp(P®)),

e ordy, (P¢*) < ordp (P(®)) and exp(PG+D) <, exp(P®).

Thus, by the Remark 1.2.2, there is an s such that ord;, (P¢11)) < ordy, (P(®)).
Let s be the smallest integer having this property. Then

ol(pP) = Z or (@xoﬂ' aﬁ’) aL(B;).

j=0 Cij

(2) The proof is the same as in 1. We only have to replace F by {o*(P),...,
ol (P,)} and I by gr’(I). |
1.4. HOMOGENISATION. ORDERS IN N2"+1

We set Ay[t] = Ap ®c C[t]. If P = X, gpo sz8” is an element of A, we call
the integer max{|c| + |B| | pa,s # 0} the total order of P (and we denote it by
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ord” (P).) As in case of A,, we can define the notion of Newton diagram of an
operator in Ay[t].

DEFINITION 1.4.1 Let P = B, gpq, gz 9P € A,,. We call the differential operator

= pa o (P)—lal=181096 € A, [4].
a,B

the homogenisation of P.
We denote by : N2**+1 — N2" the projection defined by 7 (k, o, 8) = (a, 3).
We consider on N2**! the total order denoted <, thus defined

k+ o)+ 8] <K + ||+ |6,
(k,a, B)<L(K' o, ) — or {k+|a|+|ﬂ| =k +|a|+|6| and
(Of, ;8) <L (alaﬂl)'

This order on N2**! is a well ordering compatible with the sum.

DEFINITION 1.4.2 If H = 5y 4 ghi o st z*0P is an element of A,[t] we call
the greatest element, with respect to the total order <, of the Newton diagram of
H the privileged exponent of H relatively to <, (and we denote it by exp_, (H)).
The monomial of H whose exponent is equal to the privileged exponent is called
the initial monomial of H and we denote it by In., (H). The coefficient of the
initial monomial of H is called the initial coefficient of H and we denote it by
c<, (H). We write exp(H), In(H) and ¢(H) when no confusion is possible. It is

useful to use the following notation: H = H — In(H).

LEMMA 1.4.4 For all H; in Ay[t), P and Q in A, the following relations hold
(where exp denotes the exponent either for <, or for <r,)

(1) exp(H1H,) = exp(Hy) + exp(Ha).

(2) Ifexp(H1) # exp(H) then exp(H; + Hy) = max<, {exp(H,),exp(H2)}.
(3) Ifexp(Hy) = exp(Hy) and c(H)+c(H,) # Othenexp(H;+ H) = exp(H)
and c(Hy + Hy) = c¢(Hy) + ¢(H»).

(4) Ifexp(H;) = exp(Hz) and c(H})+c(H,) = Othenexp(H+Hy)<rexp(Hy).
(5) exp(h(QP)) = exp(h(Q)A(P)).

(6) w(exp(h(P))) = exp(P).

1.5. PARTITIONS OF N?"*!, DIVISION IN A, [t]

Givenanelement (u!, ..., u") of (IN?"*+1)" apartition {Af,..., A, A} of N2 +!
is associated with it in the following way

Ay = pl 4 N2
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i—1

Ai = (i +N2"+‘)\ (Z

J=1

A = N2"+1\ (JU1 Aj) .

Aj) if2gigr,

THEOREM 1.5.1 Let (Py,...,P;) be in A. We denote by {Ay, ..., Ar, A} the
partition of N*"*1_ associated with (exp(h(P)), ... ,exp(h(P;))). Then, for any
H € A,[t] there exists a unique element (Q1, . .., Qy, R) in A[t]"*! such that

(1) H = th(Pl) +-- th'(Pr) + R.
(2) exp(h(F;)) + N(Q:) C A; and exp(Q;h(F;))=Srexp(H) for 1 <i <.
(3) N(R) C A and exp(R) =, exp(H).

The proof is classical and left to the reader (see [3]).

Remark 1.5.2 Let (o, B) € N2, We say that N'(H) is dominated by (o, 3)
if for any exponent (k’, o', 8’) in N'(H) we have (¢/,8') <1 (o, ). If in the
statement of the division theorem N (H) is dominated by (c, 8) the same is true
for N'(R) and for N (Q;h(P;)) withi =1,...,r.

1.6. SEMISYZYGIES

Let G, G be two non-zero elements in A,[t]. We denote u* = exp <, (Gi) and
p = lem(p!, u?). Let us write 4 = v! 4+ p! = v? + p2. We consider the operator
S(G1,G2) = MGy — MG, where M; is the monomial with exponent ¢ and
with coefficient 1/¢(G;). We call it the semisyzygy relative to (G, G3). One can
give a similar definition for operators in D, or A,,.

PROPOSITION 1.6.1 Let F = {P, ..., P,} be a system of generators of the ideal
I of Ay, such that, for any (4, j), the remainder of the division of S(h(P;), h(P;)) by
(h(P1),...,h(P)) is equal to zero, modulo (t — 1) A,[t]. Then F is a L-standard
basis of 1.

1.6.0.3 Proof We denote A = |JI_,(exp(P;) + N?). It is enough to prove that
Er(I) C A.Let P€1. We write P = XI_,Q;P;. We set,

e d; =ord’(Q;P), d=max;—, ,{d;}, ¢=ord(P)<d,

o b =exp,, (MB)), v'=exp,, (h(Qi)h(P)),

b (a7 IB) = maxi:l,...,r{eXPL(QiPi)}-
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Let {ig,...,%s} be the set of indices where (a, ) is reached. If s = 0 then
exp(P) = exp(Qi,Pi,) € A. Suppose, therefore, that s > 1. We write

,,
4 0R(P) = >t %h(Qi)h(P;) mod.(t — 1)Aplt].
i=1
Thus we have
€XpP«,, (td—dlh(Ql)h(Pl)) = (d - |Ol| - IIBI )aalB) fori = iO, R 77:5"
exp, (5 4h(Q:)R(P))=(d —|o — |8l ,a,8) fori & {ig,...,is}.
Let u = lem(p™, u*). Let us write p = p* + pl = ph + pu. Recall that the
semisyzygy S = S(h(P;,), h(P;,)) can be written
S = M,,h(P;,) — M;, h(P; ZS ;h(P;) mod.(t — 1) A,[t],

where M;, is a monomial in Ay[t] such that
o exp(M;,) = %, K=0,1,
hd exp(S(h(Pio)a h(Pu))) <L M.

Let us denote d' = d — |a| — |B|. We have (d', o, B) = exp(t%~ d"th(Q” P,,)) for
1=0,...,s and thus (d',a, 8) = v + p for some v € N*"*1. Let M be the
unitary monom1a1 such that exp(M ) = v. Thus we have exp(td e h(Qs,)) =
exp(MM;,) = v + p%* for k = 0, 1. Let us denote by cj the unique scalar such
that

Ing, (t4 %k h(Q;,)) = Ing, (cxMM;,),
for k = 0,1. We have
t9-1(P) = (coMM;, — coMM;, + t4=% h(Q;,))h(P;,)
+ Yt %h(Qi)h(P)
i#i
= cM(S + Mi,h(Py)) + (t4"%0h(Qsy) — coM M) A(Py,)

+ 3t 4h(QuA(R)
i

= ¢coM (ZT: S,,h(R)) + coM M; h(P;))
=1

_l_(td—dioh(/Q\iO) — COM/MiQ)h(HO) + Z td_dih(Qi)h(Pi)a
1710
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all these equalities being considered modulo (¢ — 1) A, [t]. Thus we can write
t4h(P) = ZH h(P;) mod.(t — 1) Ay[t],

where

o Hy, = coMS;, + t*%h(Qs) — coMM;,, Hy, = coMS;, + coMM;, +
T d”h(Qu)
o H; = coMS; +t4%h(Q;) fori # ig, i1,

with

b exp(Hio) <L exp(td—dioh(Qio))7 exp(Hil) =L exp(td—dilh(Qil))’
o exp(H;) = exp(t”%h(Q;)) fori # o, i1,
Thus if we set Q; = H;,_, we get P = XI_,Q{P; with max, {exp.(Q; ) | 1 =
.7} <1 (o, B) and expy, (@}, Piy) <1 (v, B) after 1.5.2. This proves the propo-

51t10n by induction on s and on (a, 3), since on the other hand ord” (Q%P;) remains
bounded by d. 0

1.7. CONSTRUCTION OF A STANDARD BASIS

The notations are those of 1.4. In particular we recall that L is a linear form with
non-negative integer coefficients and that the total ordering (denoted <) is defined
on N?” by

LB, 81 — ar) < L(IB'], 6 — &),
(a,8) < (¢, B) & or { L(|8l, 61 = 1) = L(IB'] , f; — &) and
(o, B) < (!, B).
We also recall that we consider on N27+1 the total order denoted <7, defined by:
k+ ol + |8l <K + |+ 87,
(k, o, B)=L (K, !, B) = k+lol+ 18l =K +|d|+]6] and
" { () <1 (o',

This order on N?"*1 is a well ordering compatible with the sum. Let P,,. .., P,
be operators in A,,. The aim of this section is to build a standard basis for the ideal
I, in D, generated by P, ..., P.. Given P’ € Ap[t] and P' = ¥]_,Q;h(P;) + R
a division (see 1.5) in A,[t], we have by construction

N(R) C U exp(h(P;)) + N2 +1),
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If P'=h(P) with P € I we have in addition Rj;—; € I. But h(R};~;) may have
a privileged exponent different from exp(R) and it is therefore even possible
that 7(exp(h(Rj;=1))) # 7(exp(R)) (see 1.4). Thus, in particular, we can have
exp(h(Ry=1)) ¢ A. situation, a non-zero remainder does not necessarily produce a
new privileged exponent in Ez, (7). In order to overcome this difficulty we use the
following algorithm

PROPOSITION 1.7.1 Let P € Ay[t]. Let R®), for p € N, be the sequence of
operators in Ay|t], defined as follows

o RW is the remainder of the division of P by (h(P,), ..., h(P})).
e Forp > 2, RPis the remainder of the division of h(R®~1) t=1) by (h(P1), ...,
h(F;)).

Then there is a unique s such that

o N(h(R(s)u:l)) C A, N(h(R(s_l)u:l)) ¢ A.

Furthermore, for any p we can write

pP= ZQ[”]h )+ R® + (¢t — )W,

where Q[p] and W'P) are elements of A, [t] and for any (K', o, B') in

N(RP)U (UN (QP'n(P )))

i=1

we have

o k' + || +|B'| < ordT (P).
o (,8) <1 (o, B), if (o, B) dominates N'(P) (see 1.5.2).

1.7.0.4 Proof. By 1.5 we can write
T
P =3 Q"n(P) + R,
i=1

We write also in a unique way, R() = h(R() t=1) + (t — 1) W), We write in the
same way

R(R®D),_,) ZQ(P)h P,) + R®
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and R?) = h(R®,_)+(t—1)W ). Let N/, be the Newton diagram of h(R®) ,_;)
and N, = N, \ A. For any p such that N, # 0, let (kp, o?, 8P) = max<, N, and
dy = ky + |aP| + 67| . Let (K', o, B') € N(R®). By 1.5.2 we have: k' + || +
|8’| < dp—1 and one of the two following conditions

o (K,o,p)eA andk'+ ||+ |B|=dp-
o (o, 0) <p (a1, 5770).

A point (k", o/, ') in the Newton diagram of h(R®),_,), comes necessarily
p |

from a point (k’,a’, 3') in the Newton diagram of R®) and in the first case, the
degree condition implies k" < k' hence (k”,o/, ') € A. From this we deduce:
(kp,a?, BP)<r(kp-1, aP~1, BP~1). Since <, is a well ordering, there is a unique s
such that N;_; # 0 and N = 0. By division (see 1.5) we get R*") = h(R(®),_,)
for any s’ > s. It remains only to write

p .
QP =30, fori=1,...,r

J=1

p—1 ‘
. Wi[p] — Z Wi(J)_ O
j=1

DEFINITION 1.7.2 We call R() the remainder of the iterated division with reho-
mogenisation of the intermediate remainders (or simply the iterated remainder).
We denote it by

RY(P;h(Py),...,h(P)).

PROPOSITION 1.7.3 Let F = {P,...,P.} C A, be a system of generators of
the ideal I of A, such that for any (i, j), the iterated remainder of the division
of S(h(F;), h(Py)) by (h(P1),...,h(P;)) is equal to zero, modulo (t — 1) Ap|[t].
Then F is a L-standard basis of I.

1.7.0.5 Proof. The proof is similar to the proof of 1.6.1, using the properties of
quotients and remainders in the iterated division. O

1.8. ALGORITHM

Let P,..., P, be elements of A,.We show here how to build a standard basis
(relative to a form L) of the ideal I generated by the P;. If for any (1, j), ¢ < j, we
have

R™Y(S(h(Py), h(P;)); h(P1), ..., h(P;)) =0
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then by 1.7.3, { Py, ..., P,} is a standard basis (relative to L) of I. If there exists
(4,7) with ¢ < j such that

RY(S(h(By), W(P})); (P, ..., W(Py)) # O
we set

P = RYS(R(P;), h(Py)); (P, - A(Br)), Prst = (PUFD) ey

and we repeat this process with { Py, ..., Pr, P,1 } as a system of generators of 1.
In this way we build a family {Py,..., P, Pr41,..., Prys,...} in I such that, if
Pin # 0 then

r+j

exp(h(Prrjr1)) & |J (exp(A(Pr)) + N2"H1).
k=1

This process stops because N2**! is noetherian.
Remark. 1.8.1 The algorithm presented above is valid for any ordering N2"

compatible with the sum. It allows us for example to compute the multiplicity at a
point of the characteristic variety.

2. The finiteness of the number of slopes. Computing the slopes

2.1. The ring grl(A,) (and even gr’(D,,), if L # F,V) has a graduation with
respect to F' and another with respectto V.

DEFINITION 2.1.1 Let I be an ideal of A, (or D,) and let L # F,V be a
linear form. We say that L is a slope of A, /I (or of D, /D,I) if gr’(I) is not
bihomogeneous with respect to the filtrations F' and V.

DEFINITION 2.1.2 Let P be an operator of D,,. We call the convex hull of the set
U 81,6 —a) + (-N)?,

(a.B)EN(P)

where N (P) is the Newton diagram of P (see 1.1.1), the Newton polygon of P
and we denote it by P(P).

Remark 2.1.3 If P is an operator in D,, then the slopes of D,, /D, P are the
slopes of the Newton polygon of P.

2.2. TWO TWIN LEMMAS

In this section L, L/, L”, L) L) .. are linear forms with non negative coeffi-
cients (non necessarily rationnals). The notation L < L' means slope(L) <
slope(L').



120 A. ASSIET AL.

LEMMA 2.2.1 Let I beanideal of Ay, andlet L # V be a linear form. There exists
a linear form LY with LY > L such that for any form L', suchthat LV > L' > L,
we have

gt (I) = gr¥ (gr (D).

2.2.0.6. Proof. In the following proof we use a linear form L with eventually
irrational slope, and the existence of a standard basis for any L. Let {P;,..., P.}
be a family of elements of I such that

T

Ev (g (1)) = U (expy (6" (P)) + N°").

i=1

Let L(!) be a form such that L(D > L and such that o (P) = oV (al(P;)) for
i =1,...,r. In particular, for any form L’ such that LM > ' > L we also have
o (P) = 6V (¢(B;)). Thus, by Lemma 1.3.3 we have gr¥ (gr’(I)) c gr (I).
Let us consider the opposite inclusion. After having increased, if necessary, the
family { P}, ..., P, }, we can suppose that the homogenized elements built from the
operators o' (P;) constitute a standard basis of the homogenized ideal h(gr’(I))
with respect to the ordering <z. Let P € I. We have o (P) = £7_, \;oL(P;), with
ordp (A\ioZ(P;)) < ordy: (6% (P)). We set P() = P — XI_  A;P; where A; € A,
is the obvious preimage of \;. We have

e ord, (PM) < ordy (P).

e Since we carried out a division with respect to <y, ordys (P) > ordp (A F;).
If ord/ (PM) < ordy/ (P) then

)
ot (P) =3 o4 % (Ao (P),
=1

where d = ordy/ (P) and d; = ordy (P;). If ordyy (P()) = ordy, (P) we do the
same with P(). Thus we build a sequence P(®), s > 1, such that

.
o PUtD =P -3 ASP;,

=1
e ordy (PG+D) < ord (P©)),
° OrdLI(P) > OI‘dLI(AfPi).

If L is rational, and since the sequence ordy, (P(®)) strictly decreases, there is an
integer s such that ordy, (P¢*1) < ordy/ (P(*)) whence

o(P) =3 ok 4 (ADY (B).
=1
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We set (o, ") = expy,(P;). If L is irrationnal, the only point of P(P;) on the lines
L(a,b) = L(|A], Bt — a}) and L'(a,b) = L'(|#*], 6 — &) is (|6*], B} — o).
Hence, P(P;), without its vertex, is included in the sector {L(a,b) < L(|3|, 8! —
ad)}n{L'(a,b) < L'(|8"|, B — &})}. This proves that we only have to deal with
a finite number of points of P(P) to obtain ord, (P+1) < ordy, (P®)). O

LEMMA 2.2.2 Let I be an ideal of A, and let L # F be a linear form. Then there
is a linear form L® with L® < L such that for any form L' with L® < ! < L
we have

g (1) = g (gr" (D).

2.2.0.7 Proof. The proofis the same as in 2.2.1, provided that we write F’ instead
of V. O

2.3. FINITENESS OF THE NUMBER OF SLOPES

PROPOSITION 2.3.1 Let I be an ideal of A,,. Then the number of slopes of the
module A, | I (or of the module Dy, /Dy 1) is finite.

2.3.0.8 Proof. This is a corollary of the twin lemmas, because each form L is
in an open set where there is at most one slope, namely the form L itself. Since
we included the case of a linear form L with irrational slope, we can end by a
compactness argument. O

2.4. ALGORITHM

The effective determination of the slopes of A,,/I is based on the following result,
analogous to Assi’s in [1], in which he computes the critical tropisms of Lejeune-
Teissier [7].

THEOREM 2.4.1 Let L # V andlet { Py, ..., P,} be a system of generators of the
ideal I inducing a standard basis of gtV (gr (I)). Then, there is a rational linear
form L" and a system of generators { P}, ..., P/} such that

o o(P) = oM(P)).
e L" > L and for any form L' with L" > L' > L, gr’’ (I) = gr¥ (grX(I)).
o If L # V, then one of the o (P}) is not in gr¥ (gr(I)) hence L” is a slope.

Remark 2.4.2 The proof below shows that the construction of the form L" and
of the system { P/, ..., P/} is algorithmic starting from { P}, ..., P,} and from L.
On the other hand, we have proved the finiteness of the number of slopes (see 2.3.1),
and in addition, according to 1.8, we can build a family satisfying the hypotheses
of the theorem starting from any system of generators of I. Therefore, this proof is
an algorithm to compute all the slopes of A,,/I (or of D/DI), starting from F.
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2.4.0.9 Proof. Starting from a system of generators of I let us compute a family
{Pi,..., P} in I such that

o grl(I) is generated by {oX(P)),...,0(P)}.
o Ey(gr* (1)) = U= (expy (" (P, )) + N7,

Let L) be the smallest linear form > L such that there exists 1 < i < r such
that o= (P;) is not bihomogeneous (in particular this form is rational). If none
exists we set L(1) = V and the theorem is proved. We suppose L(1) # V. Hence
for any form A, L) > A > L, we have 0*(P;) = ¢V (o*(P;)). By the Lemma
2.2.1 we have gr*(I) = gr¥ (gr®(I)). Let io be the smallest s € {1,...,r} such
that aLm(PiO) is not bihomogeneous. We suppose 79 = 1. We set aL(l)(Pl) =
oV (oL (Py)) + 25 _ M (ak, b) where M (a, by)is a bihomogeneous element such
that ordr (M (ag, b)) = ax and ordy (M (ak, b)) = bx. We seta; > -+ > a,.
We can write, using a division,

M (a1, br) Zvj L(P)) +1,

where the ;s and « are bihomogeneous and expy (yjo¥ (of(P})))<vexpy
(M(ay,b1)). We have

e If v # 0 then M(ay,b;) is not in grL(l)(I ) hence this ideal is not bihomoge-
neous. The theorem is proved in this case.
o If v = 0 we write

PV =F -y r,5,

where I'; is the obvious preimage of -y;. Since ord, (M (a1, b1)) < ordy (Py) we
have aL(Pl(l)) = ol(P,) and since we performed a bihomogeneous division,
we have aA(Pl(l)) = oV (oL (P,)) for any form A such that L(1) > A > L.

In this last case, if o is not bihomogeneous it can be written o
V(o (P(l))) + ES_IM (aj,b;) where M(aj,b;) is bihomogeneous with

ordp (M (a’, ordV(M(a b)) = bl and a; < ap for any j. We can
3275

then repeat this process with Pl( ) instead of Py. This process stops since the set
{(a,b) N x Z|a < arand L(V(a,b) = ord;u)(P)} is finite. Hence we can
replace P; by P such that, either ol (P}) € gr¥ (grl(I)) (in which case grl® (I)
is not bihomogeneous) or ol (P]) is bihomogeneous. In this last case, we repeat
with {P{, P>, ..., P.}. Let us remark that
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e grP(I) is generated by {oL(P}), 0" (P,), ..., oL (P)}.
o Ev(gri(I) = (expy (o”(F)) + N*") U (Uip(expy (o7 () + N*)).

This process stops because, forany 1 < i < r,the set {(a,b) e Nx Z | L) (a,b) <
ord; 1y (P;), b > ordy (0L (P;)) and a < ordp(cL(P;))} is finite. ]
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