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Abstract. Lubin conjectures that for an invertible series to commute with a noninvertible series, there
must be a formal group somehow in the background. Our main theorem gives us an effective method
to compute the number of periodic points of these invertible series. It turns out that this computation
lends support to the conjecture of Lubin.

1. Introduction

Let K be an algebraic extension of Q, and let O be its integer ring with maximal
ideal M and residue field . If K is an algebraic closure of K, we denote by O and
‘M the integral closure of @ in K and the maximal ideal of O, respectively.

When f(z) € O[[z]], but not all coefficients of f(z) are in M, then the lowest
degree in which a unit coefficient appears will be called the Weierstrass degree
of f(z), denoted wideg( f). According to the Weierstrass Preparation Theorem
there exist a unit power series U(z) € O[[z]] and a distinguished polynomial
P(z) € O[[z]] such that f(z) = P(x)U(z) and deg(P) =wideg( f). All roots of
P are in M. If wideg( f) = d, then, counting multiplicity, there are d of them and
they exhaust all roots of f that are in M.

The set of all power series over O without constant terms is a monoid (non-
commutative, associative, with unit) under composition. A series u(z) € O[[z]]
without constant term is called invertible if there exists a series w(z) € O[[z]] such
that uw o w(z) = z. A necessary and sufficient condition for u(z) to be invertible is
that ’(0) € O*. Let u(z) be an invertible series without constant term in O[[z]].
Since wideg(u) = 1, u(z) has no other roots than 0 in M. We denote u°"(z) the
n-fold iteration of u(z) with itself. The point & € M is a fixed point for u(z)
if u(a) = a. The point « is a periodic point of period n if uv°*(a) = a. The
least positive n for which u°"(a) = « is called the prime period of o. We assume
that the series u(2) always satisfies v’(0) € 1 + M; finiteness of the residue field
guarantees that any invertible series has an iterate with this property. Let p f m. It
is important to know that if « is a periodic point of period p™m, then it is a periodic
point of period p™ (see Li [2, Corollary 2.3.2]). Therefore, we only have to study
periodic points whose periods are powers of p.

To count the number of periodic points of u(z) brings in very delicate questions
about automorphisms of local fields. We define the number of fixed points of
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u°?"(z) (i.e. the number of periodic points of period p™), counting multiplicity,
by i, (). Thus i,(u) = wideg(u°?"(z) — z). Sen’s theorem [6] shows that when
in(u) < oo then i,_1(u) = i,(u) (mod p™). Keating [1], using local class field
theory, says that under certain circumstance we have ¢,(u) = 2+ bp + - - - + bp™,
for some 0 < b < p. In this paper we give a formula for ¢,(u) when u is an
automorphism of a formal group.

If f(z) € O[[z]] without constant term and f'(0) € M, then we call f(z) a
noninvertible series. A noninvertible series can have no other fixed points than 0,
but the roots of iterates are of serious interest. In the invertible series case, the
periodic points now play a role parallel to the roots of a noninvertible series. These
two studies become no longer disjoint in case an invertible series commutes with
a noninvertible series (Lubin [4]). In the case that a dynamical system over the
ring of local integers O arises from a formal group, i.e. when we are discussing
the properties of the iterates of an endomorphism of a formal group defined over
O, the full commuting family contains both invertible and noninvertible series.
Lubin conjectures that for an invertible series to commute with a noninvertible
series, there must be a formal group somehow in the background. Lubin’s Main
Theorem in [4] supports this conjecture, in that it says that the only possible finite
Weierstrass degree for such a noninvertible series is a power of p. In this paper we
shall give another proof of Lubin’s Theorem and extend the idea to prove our main
theorem which says that if u(z) commutes with some noninvertible power series,
then there exists m such that for all n > m,

Z"(u) =a+ bp)‘ + bpz’\ 44 bp("_m)’\

for some a, b and A, a phenomenon same as automorphisms of a formal group.
Our main theorem gives us an effective method to compute the number of periodic
points of these invertible series. It turns out that this computation lends support to
the conjecture of Lubin.

The work presented here is part of the author’s 1994 Brown Ph.D. thesis. With-
out Professor Rosen’s continued help and encouragement, none of this work would
have been possible. Professor Lubin was the one who introduced the author to the
field of p-adic Dynamical Systems. His guidance in this research was indispens-
able.

2. Automorphisms of formal groups

At all times, formal groups come into our study as a guide. To my knowledge, the
only examples we have for an invertible series u(z) to commute with a noninvert-
ible series, are when u(z) is an automorphism of a formal group or a condensation.
Let F(z,y) be a one-dimensional formal group over O. Recall that if f(z) €
Endo(F) (ie. f(z) € O[[z]] and satisfies F'(f(z), f(y)) = f(F(z,y))), then
wideg(f) = p” for some natural number r. We also know that if f, g € Endp(F")
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and f'(0) = ¢'(0), then f = g. Therefore if f’(0) = a, then we denote f(z) by
[a](z). We have the following properties:

(1) If [a](z) € Endp(F), then [—a](z) € Endp(F).
(2) If [a](z), [b](z) € Endo(F), then [ab](z) = [a] o [b](z) = [b] o [a](z) €
Endo(F).
(3) If[a](z), [b](z) € Endo(F), then [a+b](z) = F([a](x),[b](z)) € Endo(F).
Let u(z) = [1 4 b)(z) € Endo(F) with b € M. Then [b](z) € Endo(F) and
we have that @ € M is a fixed point of u(z) if and only if  is a root of [b](z). Since
every root (resp. fixed point) of a noninvertible (resp. invertible) endomorphism of
a formal group is simple, we have wideg([b](z)) = wideg(u(z) — z).
If u(z) is an automorphism of a formal group, then we can easily find ¢, (u).
Recall that K is a field which is complete with respect to a valuation, v. We
normalize the valuation v such that v(7) = 1, where 7 is a generator of M.

LEMMA?2.1. If fog=go f, then

wideg(g)"@) = wideg(f)*' ).

Proof. See Li [3] Corollary 3.2.1. O

PROPOSITION 2.2. Let u(z) be an automorphism of a formal group with v'(0) =
1 + b where b € M and suppose that wideg([p]) = p

(1) If v(p) < (p — 1)v(b), then

in(u) = P+
@) Ifp™(p - l)v(b) > v(p) > p™~!(p = 1)v(b), then
s;:r"i—l .
i)y =47 "> fm>n>
n s(n m+pm%((£%) .
P n/ . ifn>m.

m+1

3) If p™(p — 1)v(b) = v(p) and (1 + b)P

n v(b
sp .
. p ovP) ifm>n2>0
Zn(u) = u!b'!
{ps(n_m_l"' ) ifn > m.

=1+ b withd' #0, then

Proof. We have wideg([b]) = p*(®)/v(»), by Lemma 2.1. For every n, denote
(14 b)P" — 1 = b,,. Hence u°P" (z) = [1 + by)(2).

If v(p) < (p — 1)v(b), then (1 4+ b)P" = 1+ by, with v(b,) = nv(p) + v(b).
Suppose that wideg([b,]) = p. Since i,(u) = wideg([b,]) and lv(p) = sv(b,),
we find that i, (u) = p**(=)/¥(¢)_ Our claim follows.

Suppose p™(p— l)v(b) v(p) > p™ 1 (p—1)v(b).If m > n > 0, then we have
v(b,) = v(bP"). Hence i, (u) = wideg([b,]) = wideg([b]°P") = (p*v(®)/v(r))P",



354 HUA-CHIEH LI

If n > m, then v(b,) = (n — m — 1)v(p) + v(bmy1). Since V(bpt1) =
v(p) 4+ v(bm) = v(p) + p™v(b) if p™(p — 1)v(b) > v(p), our proof is com-
plete. a

Let r be a positive integer which is not divisible by p and let p be a primitive rth
root of unity. Suppose that w(z) € O[[z]] with w'(0) = p and w°"(z) = z. Then
there exists an invertible series u(z) € O[[z]] such that w#(z) = powou®~!(z) =
pz. (See Lubin [5, Lemma 4.1.1].) Suppose that f € O[[z]] with fow = wo f.
Then we also have that f# commutes with w*. Let f#(z) = Y, an, ™ where
an; # 0.Since p(3>°; anx™) = 3, an,(pz)™, p = p™ forall n;. Thus n; — 1 =0
(mod 7). Hence we can write f* as z f; ("), for some fi(z) € O[[z]]. Let f(z) =
zfi(z ) We call f a condensation of f. It is easy to check thatif fog = go f,
then f og=4go f

If F(z,y) is any formal group over O, then by the existence of the primitive
p — 1-th roots of unity in Z,, we can always find a condensation. Suppose [p](z) €
Endop(F) where p is a primitive r-th roots of unity with (r, p) = 1. We have that
[p]°"(z) = z. If u(z) is an invertible series in Endp ( F), then it is an easy exercise
to get

3. Main theorem

We denote by So(O) the set of power series f € O[[z]] such that f(0) = 0 and
f(0) is neither O nor any root of 1. Let u, f € So(O) be an invertible and a
noninvertible series, respectively, which commute with each other. Then the set of
roots of iterates of f(z) is equal to the set of periodic points of u(z) (Lubin [4]).
We have the following resuit.

PROPOSITION 3.1. Let u, f € So(O) be an invertible and a noninvertible series,
respectively, which commute with each other. Suppose that o € M is a fixed point
of u. Then u'(a)” = u'(0) if and only if o is a root of multiplicity r of some iterate
of f.

Proof. First we make the elementary observation that if there exists 7 such that
u'(a)" = 4/(0), then it is unique. Suppose that u’ (@)™ is also equal to u/(0). Then
W(a)" = u'(a)". Since u(z) € So(0), u'(0) is nelther 0 nor a root of 1. Hence
u'(a) can not be either 0 or root of 1. Therefore r = 7.

It is easy to check that if & € M is a root of f(z) of multiplicity r, then « is

also a root of f°"(z) of multiplicity r for every n > 0. Without loss of generality,
we suppose that f(a) = 0. Consider

fou(@)—fou(e) _uof(z)—uof(e) f(x) =~ fla) (z-a)
(u(z) —u(a)) f(z) = f(a) (z—a)  (u(z)=-u(a))
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Since u(z) (resp. f(z)) tends to u(a) = « (resp. f(a) = 0) as z tends to a, we
find that

i Lo = fou@ _ | f@) = fa)

o (u(e) —u(@) | eme (2 - a)

wo f(z)—uo f(a)

l!l—l;%t f(z) = f(a) = 4/(0).
Thus
. flz) o . f(z) o)
a!l_rg (a:—a)i - (O)A_I,%(x_a),' ( ) .

Hence if « is a root of f(z) of multiplicity r, then v'(a)” = u/(0). Converse-
ly, suppose that w/(a)” = w/(0). Since for i < r, u/(a)’ # u'(0), we have
lim;—, f(z)/(z — )" = 0. Thus e is a root of multiplicity greater than r — 1. If
lim, . f(z)/(z—a)" = 0,thenlim,_, f(z)/(z—a) ! exists. Since u'(a)"+! #
u'(0), limy_4 f(z)/(z — @)"*t! = 0. By induction, lim,_, f(z)/(z — a)* = 0
for all n. This is impossible, unless f(z) = 0. Therefore a is a root of multiplicity
T. O

REMARK 1. Let a be a simple root of u(z) — z. Then we call a a simple fixed
point of u(z). We know that a fixed point « is a simple fixed point of all iterates
of u(z) if and only if «'(«) is not a root of 1. Proposition 3.1 tells us that if u
commutes with some noninvertible series, then u/(a)" = u'(0) for some n. Since
u'(0) is not a root of 1, hence u'(«) is not a root of 1, either. Therefore every
periodic point of « is simple.

EXAMPLE 1. We know that in Q3, u(z) = 3z 4+ 23 is a Lubin-Tate formal power
series. Therefore there is an invertible series w(z) € Zs3[[z]] with w'(0) = 2 which
commutes with u(z). Consider over Z,. There is no power series f(z) € Z[[z]]
with f/(0) = 2 such that f o u = w o f. Indeed, now u(z) is an invertible series
with fixed points 0, v/2i and —/2i. Since u/(0) = 3 and u'(4++/2i) = —3, there is
non € N such that w/(£+/2i)” = u/(0). Therefore there is no noninvertible series
over the integer ring of any algebraic extension of Q; which can commute with

The example above tells us that not every invertible series can commute with a
noninvertible series. Conversely, not every noninvertible series can commute with
an invertible series. In [4], Lubin’s Main Theorem says that the only possible finite
Weierstrass degree for such a noninvertible series is a power of p. Here, we shall
give another proof of Lubin’s Theorem and extend this idea to prove our main
theorem.



356 HUA-CHIEH LI

First we make following simple observation. Let s = tp°() where p°(®) is the
highest power of p dividing s and ¢ is prime to p. Then in £ (a field of characteristic
p), we have

(z + az" )" = (ot + tazT+t=1)p?

= 27" 4 (ta)P V2P (+t-1) (mod higher degree).
Thus
(z+az")’ =2° + (ta)”o(s)x”po(s)("‘l)(mod higher degree). *)

THEOREM 3.2. (Lubin) Let u, f be invertible and noninvertible, respectively, in
So(O). Suppose further that wo f = f o u and that f has finite Weierstrass degree
d. Then d = p' for some | > 0.

Moreover, let f be the corresponding series of f over the residue field k. Then
f has the form f(z) = g(z*') for some g € k[[z]].

Proof. By replacing u by u°" for suitable n, we may assume that v'(0) = 1
(mod M). Let @ and f be the corresponding series over the residue field . Let
in, = wideg(u°?"(z) — z). According to Lubin [4] Corollary 4.3.1, we have that
if i, = oo for some 7, then » has only finitely many periodic points in M. If u
commutes with some noninvertible series, then u(z) has infinitely many periodic
points (Lubin [4] Proposition 3.2). Hence ¢, # oo for all » and ¢, — oo as
n — oo. According to (*) above, every non-zero term a,z° of f contributes a
power series of lowest degree s + (i, — 1)p°®) in f o @°P"(z) — f(z). Let Sp
be the set of degrees of non-zero terms of f and let sy be the smallest number
in Sy with 0(50; = inf{o(s)|s € Sp}. If s € Sp and s > sp, then we have
s+ (in — Dp°) > 59 + (i, — 1)p°*0) If s € Sp and s < s, then when i, is big
enough we have that s + (i, — 1)p°(®) > 594 (i, — 1)p°(*) because o(s) > o(so).
These tell us that when n is big enough the lowest degree of f o @°P" (z) — f(z)
is equal to so + (in — 1)p°(*0). On the other side, the first non-zero degree of
a°?"(f(z)) — f(z) is equal to di,. Since @°P"(f) — f = f(u°®") — f, we have
din = 5o+ (in — 1)p°(*) for n large enough. Therefore after dividing both side of
the equality by d¢, and taking n to infinity, we have

g (i = 1)poe0)  polo)
m, di, =4

This means d = p°(s°). Because d € S, by the definition of sy, we have
d = p°(0) = 54 and p°(*0) | s for all s € So. Therefore f(z) = g(zpo(s())) for
some g(z) € k[[z]]. a

REMARK 2. In the proof of this Theorem, we only need the hypothesis that
fou=1of.
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Now let us consider the case that K is an unramified extension of Q, and let
A be the residue ring O/M?2. Let i and f be the corresponding series over the
residue ring A. Since u/(0) € 1 + M, by replacmg u by u°?, we may assume that
@'(0) =1 (mod M?). Let i(z) = & + @™ + --- 4 ba™ + - - - where m, n is
the lowest degree of the monomial of u(z) — w1th coefficient in M\ M?and in
O*, respectively. We have i°(z) = = + pbz™ (mod z"*1!). Hence if we let jy, i,
be the lowest degree of the monomial of u°?"(z) — z with coefficient in M \ M2
and in O*, respectively, then we have j, = ¢, and j, < ¢, foralln > 0. Let
S be the set of degrees of terms of f whose coefficients are in M \ M2, ie.
if f(z) = 12, a;z', then Vi € S, v(a;) = 1. We also let s; be the smallest
number in $; with o(s;) = inf {o(s)|s € $;}. Consider (z + pg(z) + bz™)*?"
where g(z) € O[[z]], b € O* and p [t. We have

(z 4 pg(z) + bz™)®" = 2" + tb?" &P (-D+"7" (mod M, higher degree).

Therefore if s € S1, asz® contributes a power series of lowest degree s + (i, —
1)p°G) in f o @oP"(z) — f(z). For the lowest degree contributed by a,z* where
s € Sy, because sg = p°(*0) and o(sp) > 0, we only have to consider for r > 0,

(3; + pg(l') + bxn)pr = xpr + pbpr—lmpr—l(p_1)+npr—1
(mod M?, higher degree).

Therefore by the definitions of sy and s, we have that the lowest degree of
foa?" () — f(z)is min {sy + (i, — 1)p°1), 59+ (3, — 1)p°(*0)=1}. Notice that
because so # sy, when 4, is large enough s 4 (i, — 1)p°(*1) > 59+ (i, —1)p°(s0)=1,
if o(s1) > o(sp) — 1 orif o(sl) = o(sp) — 1 and s; > sp; otherwise s1 + (i, —
1)p°61) < so+ (4, — 1)p°(50)=1, For the lowest degree of @°?" o f— f, we consider
(pg(z) + bz*)" where g(z) € O[[z]], g(0) = 0 and b € O*. The lowest degree of
(pg(x) + bz')” mod M is tr and the lowest degree of (pg(w) + bz?)” mod M2 is
greater than ¢(r — 1). Therefore the monomial b;27 of u°?" (w) —z withov(b;) =1
contributes a power series of lowest degree p (s") jin@°" o f f and the monomial
biz' of u°P" (z) — = with v(b; ) = 0 contributes a power series of lowest degree
greater than p"(so)(z —1)in@°" o f — f. By the definitions of j,, and i,,, we have
that the lowest degree of a@°P" o f — fis p°(0)j,. because Jn < tpn. Suppose that

@°" o f — f = fo@°" — f for all n. We have that when n is large enough

50+ (in — Dp°0)=1 " if o(s1) > 0o(s9) — 1 or

o(s0) 5 if o(s1) = 0(sp) — 1 and 57 > sp -
514 (in — 1)p°ls1)] otherwise

Take n = m and n = m + 1 in this equality and subtract them. We have

(ima1 — im)p°C9~L if o(s1) > o(so) — 1 or
P20 (Gri1 = Gim) = if o(s1) = o(s9) — 1 and s1 > $o
(tmt1 — im)p"(sl), otherwise.
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for m large enough. Because jm41 — jm = tm — tm—1, W€ have ip41 — i =
P*(im — tm—1) Where 0 < s < o(sg). Therefore we have the following:

THEOREM 3.3 (Unramified Case). Let O be the ring of integers in a finite un-
ramified extensionfield K of Q,, and let u(z), f(z) be invertible and noninvertible,
respectively, in So(Q). Suppose that wo f = f o u and wideg(f) = p'. If we
denote i,(u) = wideg(u®?" (z) — ), then there exists M such that Vn > M,
ing1(w) — in(u) = p*(in(u) — tn—1(u)) for some fixed positive s < .

Proposition 2.2, gives us that when u is an automorphism of a formal group or
a condensation, the ¢,(u)’s satisfy the equality ¢,41 — i, = p°(i, — %,—1) when
n is large enough. Theorem 3.3 again supports Lubin’s conjecture which says that
for an invertible series to commute with a noninvertible series, there must be a
formal group somehow in the background. This leads us to explore the general
case (Theorem 3.9 below) for Theorem 3.3. Theorem 3.3 is a technically easier
special case of Theorem 3.9, and the proof of Theorem 3.3 contains many of the
ideas needed to prove Theorem 3.9. To prove the general case we need some
notations.

NOTATION:

K is an algebraic extension of (), with ramification index equal to e.

O is the integer ring of K with maximal ideal M.

u(z) € O[[z]] is an invertible series with v'(0) = 1 (mod M) which commutes
with a noninvertible series f(z) € O[[z]] with wideg(f) = p'. Since we only
discuss the case modulo M? for a finite number ¢, after taking some iterates of
u(z), we can always suppose that u'(0) = 1 (mod M?).

Set m.,(0) = i,(u) =wideg(u°P" (z)—z) and m,(r) equal to the lowest degrees
of terms of u°?" whose coefficients are in M” \ M"+1, Thus if u°?"(z) — z =
5%, bizt, then my,(r) = inf {i | v(b;) = r}.

We also set .S,,(r) equal to the set of degrees of terms of f°"(xz) whose coeffi-
cients are in M” \ M"*!. Thus if fo(z) = -2, a;z%, then S,(r) = {i | v(a;) =
r}. Suppose that m = inf {o(t) | t € S,(7) }. Let s, () be the smallest number in
Sn(r) with o(s, (7)) = m, i.e. sp(r) = inf {i| v(a;) = 7, o(i) = m}.

Let{an}n,{bn}. betwosequences. Denote {a, }» > {bn}n,iflinrr_1>i£f an /by >
1. Denote {a, }n ~ {bn}n, ifl%qgfan/bn =1.

First we check some properties of the s,,(7)’s by taking iterates of f(z).

PROPOSITION 3.4. Forevery M and r there exists M' such that for every j <,
o(sn(j)) > M whenn > M'.

Proof. Given M, we can find ng such that wideg(fo™) = p™! > pM. By
Theorem 3.2, we have that o(s,(0)) > M for all » > n,. By induction, we sup-
pose that for every j < r there exists n; such that o(s,(7)) > M,V n > nj. Let
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f(z) =32, a;a and foM(z) = 32, b, a: Consider f o fo.If0 < v(a;) <
then every non-zero term of a;(>_; b 'z*)* mod M™*! is contributed by some
bjizd"’s with v(b;/) < r. Since o(j’) > M, we have that every non-zero term of
al(z byz')! mod M"*! has degree m which satisfies o(m) > M.Ifv(a;) =
then every non-zero term of a; (S bzt )i mod M7+ s also contributed by some
bjiz?"’s with v(b;) < . The monomial b;iz?" with v(b;) = r can not happen,
because o(%) > o(s1(0)) > 0. Therefore o(snl+1(r)) > M. For the same reason,
we have o(s, (7)) > M forall n > ny + 1. a

Next we check some properties about m,,(7)’s by taking iterates of u(z).

LEMMA 3.5. Let 7 be a prime element in M and let w(z) € O[[z]], with w(z) =
¢ + 7" g(z) where g(z) € O[[z]]. Then w°?(z) = = + pr"g(z) (mod M?").
Proof. Considerw®?(z) = w(z)+7"g(w(z)) = z+7"g(z)+7"g(z+7"g(z)).
Since g(z + 7"g(z)) = g(z) (mod M"), we have that w°*(z) = z + 2n"g(z)
(mod M?"). By induction, our claim follows. a

PROPOSITION 3.6. If 7 > € + 1 and {mn(r)}n, € {mn(j)}nforall j < r, then
Mus1(r + €) = mp(r) and {m,(r + €)}n K {my(j)}nforallj <r+e.

Proof. By the hypothesis, when n is big enough we can write u°?"(z) =
e +7"g(z) (mod 2™ (N+1), where g(z) € O[z]. Letg(z) = Y7 a;z'. Then by
the definition of m,,(7), we have that v(a;) > 1 fori < m,(r) and v(ap,,(r)) = 0
By Lemma 3.5, u?"" ' (z) = z + pr"g(z) (mod M?", z™»(N+1) = & 4 pr7g(2)
(mod M7tet1 gma(r)+1) Since v(p) = e, wehavethatm, 1 (r+e€) = my(r).

For every n big enough, let ¢, be the number among {j J |0 < j < r}such
that m,(t,) = min{m,(5)| 0 < j < r}. We can write u*?"(z) = z + 7"h(z)
(mod z™n(tn)) where h(z) € (9[:1:] By Lemma 3.5, u®?"*'(z) = z + pr”h(z)
(mod M?7, z™n(tn)) = 2 4 pr"h(z) (mod M7tet! zmn(tn)) Al coefficients of
u*?" "' (2) — 2 mod z™(t) are in M7+, Thus myuy1(5) > Ma(tn) >> ma(r) =
Mup1(r +e) forall j < r+e. O

Now we check the lowest degrees of fou®?"(z) — f(z) and u°?" o f(z) — f(z)
modulo M" for 7 < 3e 4 1. Wherever convenient we write Ln(z) for fouP"(z)—
f(z) and R, () for u®?" o f(z) — f(z). By Proposition 3.4, there exists n such
that o(s,(7)) > 3e for all j < 3e. By replacing f by f°", we may assume that
o(s1(j)) > 3e forall j < 3e. For convenience, we replace s1(j) by s(7).

When 7 < e, because for v(a) = 0,pft and s > 3e,

(z + 7g(z) + az™)?* = 2 4 ta?" &?* (V™" (mod M7+, higher degree),

we have that in £,,(z) mod M’"‘H_ the lowest degree contributed by the monomial
a;zt of f(z) with v(a;) < 7 is p°@(m,(0) — 1) + i. By the definition of s(3), the
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lowest degree of £,,(z) mod M"*! is min { p°(*0)(m,(0) — 1) + s(5); 7 < r}
when n is large enough. Therefore if we set

d, = min{o(s(5))|j < r}and

¢ = min{s(j)|o(s(4)) = dr, 5 < 1},
then the lowest degree of £,,(z) mod M"*! is p?r(m,,(0) — 1)+ ¢,, for sufficiently
large n.

When e < r < 2e, write r = e 4+ 1’ where 0 < 7/ < e. Because for v(a) = 0,
pftand s > 3e,

(mod M™ !, higher degree),
we have that in £,,(z) mod M7+ the lowest degree contributed by the mono-
mial a;2° of f(z) with v(a;) < 7' is p°®~!(m,(0) — 1) + i and the lowest
degree contributed by the monomial ajz? of f(z) with r' < wv(aj) < 7 is
p°U)(m,(0) — 1) + ;. Therefore if we set

d,

Cr

min {o(s(¢)) — 1, o(s(j)) |i< 7, P <j<r} and
min {s(2), s(j) | o(s(2)) — 1 = dr, o(s(j)) = d»
for i<r,r"<j<r},

then the lowest degree of £,,(z) mod M"+1 is p?r(m,,(0) — 1) +¢,, for sufficiently
large n.
Using a similar argument, when r = 2e + 7’ where 0 < 7/ < e, if we set

d, = min{o(s(3)) -2, o(s(¢')) = 1, o(s(j)) | i< ', 7' <i' < e+ 7,
e+r'<jgr}
v = min {s(8) (), s() Jo(s(0)) 2 = o{s(i)) ~ 1 = o{s(s)) = dr,

for i<r,r<i<et+r,e+r <jg<r},

then the lowest degree of £,,(z) mod M"+1 is p?r(m,,(0) — 1) + ¢,, for sufficiently
large n.

For the lowest degree of R,,(z) mod M”+1, we have the following.

LEMMA 3.7. If for every j < r we have my(r) < my(j) — 7, then the lowest
degree of u°P” o f(z) — f(z) mod M"+1 is pdom,,(r).

Proof. We consider modulo M"+!. The lowest degree of R,(z) contributed
by the monomial b;z* of u°?"(z) with v(b;) < r is greater than p% (i — 7). The
lowest degree contributed by the monomial b;z* of u°?" (z) with v(b;) = r is p%i.
Therefore by the definition of m,,(j) and by m,,(5) — r > my(r) forall j < r, we
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have that the lowest degree equals to p%m,,(r). a

Now we use the equality f o u°?" — f = u°?" o f — f to find the relationship
between s(7)’s and m,(2)’s. Keep the notations about d, and c, as above. Notice
that these d,’s have the properties that d, < d,_; and d,4. < d, — 1.

LEMMA 3.8. If d, = d,_1, then when n is large enough the lowest degree of
u°P" o f— f mod M"t!ispPom,(t)—(ci—c,), forsomet < r which is independent
of n. In fact, t is the number such that d, = d,_; = --- = d; < dy—1 and my(t)
has the property that when n is big enough m,(j) > m,(t) — B, forall j < r,
where B, is independent of n.

Ifd, < d._| then the lowest degree of u°P" o f — f mod M"*! is pom,,(r)
and we have {m,(7)}n < {mn(j)}n forevery j < r.

Proof. Suppose that n is large enough such that the lowest degree of £,,(z) mod
M7+ is pir(m,(0) — 1) + ¢,. We use induction on r. First we consider L, (z) =
R, (z) mod M2, The lowest degree of L, (z) mod M? is p¥ (m,(0) — 1) + ;.
If d| = do, this means dy < o(s(1)). Since s(0) = p% (Theorem 3.2), we
have ¢; = ¢o = s(0) = p%. Hence the lowest degree of R,(z) mod M? is
P (mn(0) — 1) + ¢1 = pPm,(0) — (co — €1). If mu(1) < my(0) — 1, then
by Lemma 3.7, the lowest degree of R,(z) is pm,(1), which is not equal to
p%m,,(0). It is a contradiction. Thus m,,(1) > m,,(0) — 1.

If d; < do, then since {p? (m,(0) = 1) 4+ ¢1}n € {p®m,(0)},, we have
that the lowest degree of R,(z) mod M? is < {p®m,(0)},. Notice that the
lowest degree of R, (z) mod M? is either greater than p% (m.,(0) — 1) or equal
to pm,,(1). Suppose that the lowest degree is greater than p® (m,,(0) — 1). This
contradicts that the lowest degree is < {p®m.,,(0)},. Therefore the lowest degree
is pm,, (1) and so {mn(1)}n < {mn(0)},. This proves our assertion for the case
r=1.

Suppose our assertion is true for j < 7. We consider L,(z) = Ry(z) (mod
M?T). The lowest degree of L, (z) mod M" is pr=1 (m,(0) — 1) +¢,_1 and equals
to the lowest degree of R,,(z) mod M", which is pdomn(t) — (¢4 — ¢,—1 ) for some
t<r—1lsuchthatd,_; = --- = d; < d;_;. Now consider L,,(z) = R,(z) (mod
M7 +1), The lowest degree of £,,(z) mod M"*! is pir (m,,(0) — 1) + ¢,. Suppose
that d, = d,_;. Since p* =1 (m,(0)—1) +¢,—1 —p* (mn(0)=1) —¢, = c,_1 —cy,
we have that the lowest degree of R,(z) mod M"*! isequal to p2om,,(t)—(ci—c;).
Our assumption also tells us that Vj < r — 1, my(j) > mn(t) — B,_; for n big
enough. Choose B, such that B, > B,_; + r and deB,. > ¢; — c,. If there
exists n’ such that m,/(r) < m,(t) — By, then m,:(r) < my(j) — r. Hence by
Lemma 3.7, the lowest degree of R.,/(z) mod M"t1is p2om,.(r) < plom,.(t) —
(¢ — ¢, ). This contradicts the result that the lowest degree of R,,(z) mod M™+1 is
p%m,,(t) — (¢t — ¢,) for n big enough. Therefore we have m,(r) > m,(t) — B,
when n is large enough.
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If d, < dr_y, then {p% (mn(0) = 1) + ¢, }n < {p%—1(mn(0) — 1) + c,_1 }n.
We have that the lowest degree of R, (z) mod M"™*! is < {pm,(t)},. The
lowest degree of R,(z) mod M™*! is either greater than p® (m,(t,) — ) for
some t,, < r or equal to pm,,(r). If this degree is greater than p% (m,,(t,) — 7),
then we have {p@m,(t,)}n < {p®m,(t)}n. This contradicts our assumption
that m,(t,) > mu(t) — B,—1. Thus the lowest degree of R,(z) mod M"! is
p%m,,(r) and we have that {m,(r)}, < {mn ()}, Vj <. o

REMARK 3. If {m,(r)}, < {mn(j)}n for every j < r, then by Lemma 3.7,
when 7 is large enough the lowest degree of R,(z) mod M™*! is p%m,,(r).
Lemma 3.8 tells us that if d, = d,_, then the lowest degree of R,,(z) mod M"+!
is p%m,, (t)— (c;—c,) forsome t < r. Therefore we have p®m,, () = p%om,(t)—
(¢t — ¢), which contradicts the assumption that {m,(7)}, < {m,(¢)},. Hence
d, < d._y. This implies that d, < d,_; if and only if {m,(7)}» < {mn(j)}n for
every j < .

Suppose that there exists r such thate + 1 < 7 < 2e and d, < d,_1. Then when
n is large enough the lowest degree of £, (z) mod M"*! is p?r(m,(0) — 1) + ¢,
and the lowest degree of R,,(z) mod M”+1 is p%m,,(r). Hence for n big enough
we have that
(1) pdr(mn(o) -Dte = Pdomn(r)
(2) P (Mmac1(0) = 1)+ er = pPma_i(r)
(1) = (2) p*(ma(0) = ma-1(0)) = p™(mn(r) — Mmn—1(r)).
By Proposition 3.6, we have that {m,(r + )}, € {m,(j)}r forall j < r +e.
Since d, 4. < d,4e—1, by the same argument as above, we have that

(3) pdr+e(mn+1(0) = 1)+ ¢rpe = pPOmppi(r + €)
(4)  plr+e(ma(0) — 1) + crpe = pPomy(r + €)
(3) = (4) p*r+e(mn41(0) = mu(0)) = p(mns1(r + €) — ma(r +€)).

Because my,41(7 + €) — my(r + €) = my(r) — my_1(7), it follows that

W=B) L 1(0) = ma0) = =4 (ma(0) = ma-1(0)).

(3)-(4)
Notice that d, > d,ye.

THEOREM 3.9 (General Case). Let u(z), f(z) be invertible and noninvertible,
respectively, in So(O). Suppose further that v'(0) = 1 (mod M) and fou =
u o f. If we denote wideg(u°"" (z) — z) by iy, then there exist M and \ > O such
that when n > M,

Tt — 1

.'-F—n = p’\.

tn — Ip—1
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Proof. We only have to show that there exists r such thate + 1 < 7 < 2e
and d, < d,_;. This follows immediately from the fact that d; < d;—; and
de >de. — 1> dse. O

REMARK 4. In our proof we only need the assumption that fou = uo f
(mod M3e+1),

I have used Mathematica to run the following examples. All power series are
considered over Z».

EXAMPLE 2. u(z) = 3z + 32?% + 2*

n | mp(0) | mp(1) | mu(2) | mn(3) | mu(4) | mnu(5)
0 2 1

1 8 4 2 1

2 16 8 4 2 1

3 32 16 8 4 2 1

4 64 32 16 8 4 2

5 128 64 32 16 8 4

This is an automorphism of the formal group F(z,y) = ¢ + y + ¢y. As what
we calculated before (Proposition 2.2), m,4+1(0) = pm,(0) when n > 1.

EXAMPLE 3. uy(z) = 9z + 622 + 23

n | mp(0) | mp(1) | mp(2) | mp(3) | Ma(4) | mn(5)
0 3 2 1

1 5 3 2 1

2 9 5 3 2 19 1

3 17 9 5 3 2 19

4 33 17 9 5 3 2

5 65 33 17 9 5 3

This is akind of ‘condensation’ case. u3(z ) commutes with 4z +z2 and m,,11(0) =
pmy(0) — 1.

EXAMPLE 4. u3(z) = 3z + 23
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n | mp(0) | mu(1) | mu(2) | mn(3) | mn(4) | mn(5)
0 3 1

1 5 3 1

2 9 5 3 21 1 51

3 17 9 5 3 37 1
4 33 17 9 5 3 69
5 65 33 17 9 5 3

This is an interesting example. Although u3(2) can not commute with any non-
invertible series (Example 1), we still have my41(0) — m,(0) = p(m,(0) —
my—1(0)). Indeed, since uz(z) = uz(z) (mod 2Z), we have that i,(up) =

Zn(U3)
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