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Abstract. We completely determine the residual spectrum of Sp4 which is the orthogonal complement ot the
cuspidal spectrum in L3 2(G(F)\G(A)), the discrete spectrum of Spy. They are spaces of residues of Eisenstein
series associated to the cuspldal representations of the Levi factors of parabolic subgroups. We follow Langlands
to analyze intertwining operators and L-functions in the constant terms of Eisenstein series.

1. Introduction

Let G = Sp, be the symplectic group of degree two defined over a number field F' and
G(A) be its adele group. By the general theory of Eisenstein series (Langlands [18]),
one knows that the Hilbert space L?(G(F)\G(A)) has an orthogonal decomposition of
the form

L*(G(F)\G(A)) = L*(G) ® L*(B) ® L*(P) ® LX(P),

where B is a Borel subgroup and P; are standard maximal parabolic subgroups in G for
i = 1,2. The purpose of this note is to describe explicitly the spaces L? 2(P;) and L? 2(B)
associated to the discrete spectrum in L*(P;), i = 1,2, and L?(B) (Theorems 3.3, 4.1
and 5.4). They are the non-cuspidal discrete spectrum, called the residual spectrum. They
are spaces of residues of Eisenstein series associated to the cuspidal representations of
the Levi factors of parabolic subgroups. In order to obtain the residues of Eisenstein
series, we follow Langlands [18], that is, we use the fact that the constant terms of
Eisenstein series in the Fourier expansion determine the analytic behavior of Eisenstein
series themselves, such as poles and square integrability. The constant terms of Eisenstein
series are a sum of intertwining operators which can be normalized by certain L-functions
attached to the cuspidal representations of the Levi factors of parabolic subgroups (cf.
[17] and [27]).

For L2(P) with P Siegel parabolic subgroup, the Levi factor is M = GL,. Jacquet-
Langlands theory tells us the discrete spectrum and the corresponding L-functions of
GL,. We have to look at Eisenstein series associated to cuspidal representations of
GL,. The L-function in the constant terms of Eisenstein series is exactly the Jacquet—
Langlands L-function and Hecke L-function. The poles and irreducibility of the images
of local intertwining operators associated to tempered representations are well known. We
prove the same results for non-tempered cases by inducing from Borel subgroups. Here
we need an observation due to Shahidi concerning the effect of intertwining operators
when induced from Borel subgroups because the intertwining operator associated to the
longest element of Weyl group of the split component of the Levi subgroup of Siegel
parabolic subgroup, is not any more associated to the longest element of the Weyl group.
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So we cannot use Langlands’ classification theorem directly. In this way we obtain a
decomposition of L34(P), P Siegel parabolic, parametnzed by cuspidal representations
7 of GL, with trivial central characters and L(2 , ) # 0. However we were unable to
prove multlphcny one results. This requires further research.

For L3 5(P), P non-Siegel parabolic subgroup, the Levi factor is SL, x GL;. The
L-functions in the constant terms of the Eisenstein series associated to cuspidal repre-
sentations of SL, x GL; are exactly Gelbart-Jacquet L-functions ([5]). We analyze the
intertwining operators in the same way as in the Siegel case. Consequently we obtain a
decomposition of L3(P) with P non-Siegel parabolic, parametrized by monomial rep-
resentations of GL;. Recall that a cuspidal representation o of GL, is called monomial
if ¢ ~ o ® n for a quadratic grossencharacter n of F. In this case also, multiplicity one
results require further research. We note that Schwermer [23] obtained similar results for
GSp, for the above maximal parabolic cases when F' = Q.

The most interesting and surprising of all is the analysis of L3(B) since not every
element of the global L-packet appears. In fact only those for which a certain parity
sign, determined by certain subtle identities of Labesse~Langlands [16] satisfied by local
standard intertwining operators for SL,, is positive will appear.

Let us describe our result more precisely. For u,r grossencharacters of F, we
deﬁne a character x = x(u,v) of B. Then only the quadratic characters x = x(y, 1),
p? = 1, contribute to L%(B). The trivial character gives only constants For x a non-
trivial character, the pole of the Eisenstein series only at 8 = a; + 2a2 contributes
to L3(B), where a; is the short root and ay the long one. Let o (respectively 7)
be the simple reflection in the hyperplane orthogonal to o (respespectively o). For
f e I(Bi,x) = Indg(x ® e@Hs0)), let H(f,x) = ResgRes(a,av)=1E(g, f, A) be
the iterated residue of the Eisenstein series and B(u) be the space spanned by H(f, x).
Then B(p) C L%(B). The constant term of H(f, x) is a sum of two normalized inter-
twining operators R(o7oT,(1,x) and R(o7o,f1,x) from I(B1,x) to I(—B1,x). In
order to analyze the image of the intertwining operators, we look at the local intertwin-
ing operators R(oToT,B1, xv) and R(o7o, B1, xv) from I(B1, xv) to I(—P1, Xv), where
Xv = X(t, ttv). Here we use Shahidi’s idea of inducing in stages via the non-Siegel
parabolic subgroup, that is, use the fact that I(8y, x») = IndS(| |ops X IndSLz(uv))
where By is the corresponding Borel subgroup of SL;. Suppose u, is not tr1v1al Then
IndgoL2 (uy) is reducible. Fix a non-trivial additive character ¢ = ®,%, of A/F. Let
IndgoLz(p,,,) = w4 (ty) ® (), as in [16], i.e., with my(u,) generic with respect
to ¥y. Let e(m+(uy)) = 1 and e(m—(uy)) = —1. Observe that for almost all v,
7+ () is spherical. Then the common image of R(o7oT,01,Xy) and R(o7a, 81, Xv)
is a sum of two Langlands’ quotients J (ty) of Ind$(| |wtw X 74 (iv)), respective-
ly. If uv is trivial, IndgoL2 (uy) is irreducible. In this case, we take m_(p,) = 0. Let
(o) = {7+ (o), 7 (y)} and if 7, € m(py), let e(m,) be the corresponding sign. Let
J (u,,) {J+(pv), J-(tv)}. Then we define J(u) to be the collection

Q®IL,|II € J(u,) for all v,

J(u) = {n

II, = Jy(py) for almost all v, He(ﬂ’v) = 1}-
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We note that [], e(m,) is well defined and independent of the choice of 1. Then we
obtain irreducible decomposition of L%(B) as follows:

L%(B) = ®,B(1) ® B(uo),

where p runs through all non-trivial quadratic grossencharacters of F and B(uy) is
the space of constant functions. For each p, the constant term map gives rise to an
isomorphism from B(p) to J(p). Here the condition [, (m,) = 1 comes from subtle
analysis of the normallzed intertwining operator R(T, B1, Xv) which is the intertwining
operator for Ind3 Bo L2(41,), as in [16]. For I, € —1, there is a cancellation between
the two intertwining operators R(oToT, f1, xv) and R(o70, 1, Xv)-

In a separate paper [35], we give the Arthur parameter for the representations in
J(u) and verify Arthur’s conjecture on the multiplicity formula (See [1] for Arthur’s
conjecture). It turns out that the parity sign €(,) enters into the multiplicity formula, as
anticipated by Arthur [1]. Keys—Shahidi [12] generalized the parity sign to general quasi-
split groups. Using their result, we can generalize our result, at least, to split classical
groups.

Watanabe [31] studied a subspace L2 (B, K ) consisting of K g-invariant elements of

L3(B), where K5 = Koo X [, ¢5 Kuv X [, Ker(ry), is a compact subgroup of G(A),
where r,: K, — G(k,) is the reductlon homomorphism and S is a finite set of places of
F (See Section 2 below for notations). In particular, he obtained the result that only the
quadratic characters x (i, s), p2 = 1 of B, contribute to L2(B, K) and that the trivial
character gives the constants. As explained above, our results reaffirm his description of
the subspace L3(B, Ks) of L%(B). He also made a conjectural description of L3(B)
based on his calculation, conjecturing that B(y) is irreducible. As explained above, we
see that his conjecture is not true.

After this paper was accepted for publication, the author learned that T. Kon-No
announced a similar result. But his results are over a totally real number field.

2. Preliminaries

Let F' be a number field and G = Sps4 be the symplectic group of degree 2, that is

G(F):{geGL4(F)|g(OI(I)) (_Olé)} I=((1)(1)>

Let T and U be a maximal split torus and a maximal unipotent subgroup of G, respec-
tively, as follows:

T(F) = {t(a,b) = diag(a,b,a™',b7") € G(F)}

o= (8.0 ) (35) camia- (47). 5=

Then B = TU is a Borel subgroup in G.

Let X(T') (respectively X*(T")) be the character (respectively cocharacter) group of
T. There is a natural pairing (, ): X (T')x X*(T) — Z. We take a;, a; € X (T') such that
ai(t(a,b)) = ab™! and ay(t(a,b)) = b>. Then A = {ay, oy} is a set of simple roots and
YT = {ay, 02,3 = a1 + a2, 4 = 201 + a2} is a set of positive roots. Further, §; =
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and B, = a3 are the fundamental weights of G with respect to (B,T). The coroot
corresponding to «; is denoted by a for 1 < i < 4. Here oy (t) = diag(¢,t~!,¢t71,¢),
oy (t) = diag(1,¢,1,t71). &f = o + 203, & = @ + ay. We have (a;, ) =2, for
i=1,2. (a1, ) = —1, (m,af) = —2.

Since G is simply connected, X(T) = ZB; + ZB, and X*(T) = Zay + Zoy.
Set a* = X(T)®R, af = X(T)®C, and a = X*(T) ® R = Hom(X(T),R),
ac = X*(T) ® C. Then {f1,5,} and {a}, '} are the pair of dual bases for a* and a.
The positive Weyl chamber in a* is

Ct = {Aea*|(Aa)>0, forall a positive roots}
= {aB; + b6, | a,b > 0}.

Let o (respectively 7) be the simple reflection in the hyperplane orthogonal to a; ( a;
respectively). Then the Weyl group is given by

W ={1,0,7,70,0T,070,TOT,0TOT}.

Let Ko be the standard maximal compact subgroup in G(Ay) and K, = G(O,)
for finite v. The product K = Ko, X [] K, is a maximal compact subgroup in G(A).

Let P; be the Siegel parabolic subgroup generated by the short root 1 and P, be the
non-Siegel parabolic subgroup generated by the long root .

We know that the discrete spectrum of G L, is, for w a grossencharacter of F, trivial
on Ff (F% is defined through the identification of Ax = (AX)! x FY),

LY(GLy,w) = L}(GLy,w) ® L2,

where L3(GL,,w) is the space of cuspidal representations with the central character w
and Lﬁp is the space spanned by the functions x(detg), x> = w. (See, for example,

[41)

3. Decomposition of L%(P) for the Siegel parabolic subgroup
We have a Levi decomposition P = P, = M N,

M(F):{(‘(‘)1 tf_,>|AeaL2(F)}, N(F):{(é ?) |S=ts}.

Let ap = X(M)® R = Rf,, ap = RB) and pp be the half sum of roots generating
N, ie., pp = %ﬂz. Let @ = (3, and identify s € C with s& € ag. Heré we follow the
conventions of Shahidi [27]. Let # = ®m, be a cuspidal representation of M = GL,.
Given a K-finite function ¢ in the space of w, we shall extend ¢ to a function ¢ on
G(A) and set ®,(g) = @(g)exp(s + pp, Hp(g)), where Hp is the Harish-Chandra
homomorphism (see Shahidi [27, p. 551]). Define an Eisenstein series

E(s,$,9,P)= > ®(19).
YEP(F)\G(F)

It is known (Langlands [18]) that E(s, 3, g, P) converges for Re s > 0 and extends to a
meromorphic function of s in C, with only a finite number of poles in the plane Re s > 0,
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all simple and on the real axis since the central character w of = is trivial on F.i. It is
also known (Langlands [18]) that Lﬁ(P) is spanned by the residues of the Eisenstein
series for Re s > 0. We also know ([18]) that the poles of the Eisenstein series coincide
with those of its constant terms. It is enough to consider the constant term along P. The
constant term of E(s, @, g, P) along P is

EO(S,()E’Q:P) = Z M(s,w,w)@s(g),
weN

where Q; = {1,707} and for f € I(s,7) = Ind$7 ® exp(s, Hp( )), and Re s >> 0,

w

Aﬂ&me@%=/ S o

where N, = UNwNw™!, where N is the unipotent radical opposed to N (i.e., generated
by negative roots in V). We note that for each s, the representation of G(A) on the space
of ®; is equivalent to I(s, 7). We know that

M@mw=®ﬂwmw,A@mwmw=/ folw™'ng)dn,

w\l'v

where f = ®f,, fo is the unique K,-fixed function normalized by f,(e,) = 1 for almost
all v.

Let LM = GL,(C) be the L-group of M. Denote by r the adjoint action of ZM on
the Lie algebra In of LN, the L-group of N. Then r = 7y @ 13, 71 = p2, 12 = A%py,
where p, is the standard representation of GL,(C) (see Shahidi [28, p. 287]). Since
M (s, m,w) is the identity for w = 1, it is enough to consider M(s,w, w) for w the
longest element in 4, i.e., w = 7ToT. Then it is well known (Shahidi [27, p. 554])
that

Ls(s,m,71) Ls(2s,m,7)
s(l + S,ﬂ,fl) Ls(l + 28,7T,f2) ’

M(S,Tl’,’w)f = ®A(s,7r,,,w)fv ® ® X I

veS vgS

where S is a finite set of places of F', including all the archimedean places such that
for every v ¢ S, m, is a class 1 representation and if f = ®f,, for v ¢ S, f, is the
unique K,-fixed function normalized by f,(e,) = 1. Here ; denotes the contragredient
of r; for each i and f, is the K,-fixed function in the space of I(—s,w(m,)). Finally
Lg(s,m,7;) = H'v¢S L(s,m,,7;), where L(s,m,,7;) is the local Langlands’ L-function
attached to m, and r; (see Shahidi [27, p. 554]).

(A) Analysis of Lg(s,m, ).
Forv ¢ S, my = Ty, s

L(s,my,71) = (1 — m(@)g;*) ' (1 — pa(w)g; *) ™" = L(s, ™),

where w is a uniformizing parameter. So Lg(s,w,71) is exactly the (partial) Jacquet—
Langlands L-function. We know ([11]) that it is absolutely convergent for Re s > 1 and
hence it has no zero there. We also know ([11]) that the completed L-function L(s, 7, ;)
can be continued to an entire function in s and so it has no pole for Res > 0.
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(B) Analysis of Lg(s,m, 7).
Forv ¢ S,

L(S,Trv,’f'2) = (1 —wr,(@)g; %)~ = L(s,wn,)-

So Lg(s,n,7,) is the (partial) Hecke L-function. We know that it has no zero for
Res > 1. We also know ([34]) that the completed L-function L(s,,7,) has a pole
for Res > 0 if and only if s =1 and w, = 1.

(C) Analysis of A(s,m,,w) forv e S.
We will show

PROPOSITION 3.1. Foreachv € S,
L(s,my) "' L(2s8,wr) "' A(s, Ty, w)
can be continued to holomorphic function for Re s > 0.

If 7, is a tempered representation, we know that A(s,m,,w) is holomorphic for
Re s > 0 due to Harish—-Chandra (Theorems 5.3 and 5.4 in [29]). In this case, we can
see easily from Jacquet-Langlands theory ([4, p. 113]) that L(s,m,) ' L(2s,w,) ! is
holomorphic and non-zero for Re s > 0. This proves the proposition in the tempered case.
So it is enough to consider the case where 7, is complementary series representations.
Let m, = 7y, 4, With u1, po characters of F*. Let x(p1, p2) be the character of T defined

by x(p1, p2)(t(a, b)) = pi(a)pz(b). Then we have
Ind3m, ® exp(s, Hp( )) = Ind§? x(u1, p12) ® exp(sé, Hp( ). (3.1)

Let u1 = ¢ [f} and py = c| |32, where ci, c; are unitary characters of O and
0 < Ims; < 13;;,,' Let n(t(a,b)) = ci(a)ea(d), v(t(a,b)) = |a|3t|b|s2|abls. Then n
is a character of T'(F,) N K,. Then it is enough to consider the intertwining operator

A(v,n; ToT). We have

LEMMA. A(v,n;to1) = A(otv,omn; T)A(Tv, T0); 0) A(V, 15 T).

By Winarsky [32, p. 952], we know that if w, is a simple reflection, (1—gq, *~)A(v,n;
W) is entire for 7, trivial and A(v,n;w,) is entire for 7, non-trivial, where 7q(t) =
noa¥(t), va(t) = voaV(t) = |t|3*. Now we can see that v, (t) = [t|5T52, 14, (t) =
at) (TV)a(t) = [, (Ma) = al)al) ()«t) = [,
(071)a, (t) = c1(t). From these, we can see at once our assertion for p-adic cases.

For real places, Shahidi [26, p. 110] showed that I'(3(vq + €q)) A(v, n; we) is entire,
where 7,(t) = sgn(t)*, €, = 0, 1. The complex places go in the same way. Therefore
again these prove Proposition 3.1.

(D) Conclusion.
In conclusion, E(s,@, g, P) has a pole in the half plane Res > 0 if and only if
wr=1and s =} and L(§,m) # 0. We know the following

PROPOSITION 3.2. For each v, the image of A(% , Ty, TOT) is irreducible.
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Proof. If , is tempered this is well known by Langlands’ Classfication Theorem ([2,
Lemma 4.5]) since 707 is the longest element in the Weyl group of the split component
of M in G modulo that in M. If m, = m,, ,, is a complementary series representation,
then | (2)] = |aI", |ua(@)] = |z|=", 0 <7 < 1. By 3.1,

A(% ,rv,w) = A(v,m;707),

where v = exp(A, Hp( )) with A = (s1 — 52)B1 + (3 — $2)B2, Re(s1 — s2) = 2r,
Re (3 — s2) = 1 —r. So Re A is in the positive Weyl chamber.

It is enough to consider the image of A(v,n;To7), which is an intertwining operator
associated to the Borel subgroup. Here 707 is not any more the longest element of the
Weyl group associated to the Borel subgroup. We need the following observation due to
Shahidi.

Observation. Let G be a reductice group and P = MN be a parabolic subgroup.
Let Py = MyNy C P be an another parabolic subgroup with My C M. Let I(A,7) =
nd§ (7 ® ¢4HP() and 7 = Ing, (Ao, mo) = Ind}¥, (mo ® gAY be an irreducible
representation of M, where mo is a tempered representation of My and Ao is in the
corresponding positive Weyl chamber. Then I(A, ) = I(A + Ag, ™), where A extends
A to (ao)%, ie., (A, Hp,(a)) = (A, Hp(a)) for all a € Ap,. By inducing in stages and
the factorization property of intertwining operators, we have

A(A + Ay, o, ’II)) = AMO(AO, o, ’wo)A(A, Tl‘,w),

where w is the longest element of the Weyl group of the split component of M in
G and w is that of My in G and W = wow with wy is the longest element of the
Weyl group of the split component of My in M. Here the operator Apy, (Ao, 7o, wo):
Ingy (Ao, mo) +— Ingy(wAo, wmp) establishes an isomorphism since Iag, (Ao, mo) is irre-
ducible, and is identified with its induced map. Therefore, if A+ Ay is in the positive Weyl
chamber, then the image of A(A, 7, w) is irreducible since the image of A([\+Ao, 0, W)
is irreducible by Langlands’ classification theorem ([2, Lemma 4.5]).

In our case, from (3.1), ™ = my, 4, = Indgo]‘2 (mo ® q(AO’HBo())), where Ay = ro;.
Also A = %5[ = % Ba. So A+ Ag = 2701 + (% — )0, belongs to the positive Weyl
chamber. This proves Proposition 3.2.

The residue of E(s,,g,P) at s = 1 is a certain automorphic form H(g, @), con-
centrated on the class of P (see Jacquet [10, p. 187] for the definition). In order to
prove that H(g, $) is square integrable, we write the intertwining operators M (s, T, w)
as follows:

M (s, m,w)®,(g) = T(s, 7, w)(g) exp { (w(sB2) + pp, Hp(g)) }.
We normalize T'(s, 7y, w) by

T(s,"rv,w) = N(317Tv’w)rv(w)’
L(s,my,71) L(2s,m,,7)
L(1 + s,my,71) L(1 + 28, my,72)

ry(TOT) =
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Let T'(s, m,w) = @, T(s, ™y, w). Then the constant term of H(g, ) is given by

(constant) [T (% |, 7‘0’7’) gZ'r] (g)exp {<7’0’T% B2+ pp, Hp(g)> }

Since 7013, = —[,, Langlands’ square integrability criterion shows that H(g, @) is
square integrable (see [10, p. 187] or [18, p. 104]). Furthermore, the space spanned by
the constant terms is irreducible. So the same is true of the space spanned by the H(g, @).
Denote it by B(r). Then we have proved

THEOREM 3.3. For P Siegel parabolic,

Li(P) = € B(n),

where T runs over cuspidal representations of G Ly with trivial central characters and
L(3,m) £0.

Remark 3.1. We don’t know whether the multiplicity of B(r) in L3(P) is one.

Remark 3.2. Let’s look at Fourier coefficients of the highest rank terms. By Shahi-
di [27], for x a non-degenerate character of U(F)\U(A), the highest rank terms of the
Fourier coefficients are given by

Ey(s,3,e,P) = [ Wulew)Ls(1 + 5,m,71) 7" Ls(1 +2s,m,7) 7.
veES

They are holomorphic for Re s > 0. Therefore, B(r) is not generic in the sense of [27,
p. 5551.

4. Decomposition of L%(P) for the Non-Siegel Maximal Parabolic Subgroup

We have a Levi decomposition P = M N;;

20 0 0

_ Oa 0 b x [ab

M={100 10 ‘xeF,(cd)GSLz(F) ,
Oc 0 d

Le., M = GLy x SL,. In this case, a}, = X (M) ®R = Rpy, ap = R(8:1") and pp =the
half sum of roots generating N, i.e., pp = 203. Also @ = (; and we identify s € C with
s& € ag.

We know that the discrete spectrum of SLj is

L3(SLy) = L§(SLa) & LY,

where L3(SL,) is the space of cuspidal representations and L2, is the space of constant
functions.
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For 7 a cuspidal representation of M = GL x SL,, 7 = §® o, where o is a cuspidal
representation of SL, and 6 is a grossencharacter of F. We define the Eisenstein series
exactly the same way as in the Siegel parabolic case. In this case, the constant term along
P is given by

EO(S"p7g>P) = Z M(s,ﬂ,w)f(g),

wey

where Q, = {1,070}. Since M = GL; x SLy, 'M = GL;(C) x SO3(C) and r; =
p1 ® Ty, where p; is the standard representation of GL;(C) and 7o is the standard
representation of SO3(C). Then for w = o070,

LS(S, 77,7‘—1)

M(s,m,w)f = ®A(s,7rv,w)fv®®v¢ Sfy x sl tomm)’

veS

where S is a finite set of places F', including all the archimedean places, such that for
everyv ¢ S, m, is aclass 1 representation and if f = ®f,, forv ¢ S, f, is the unique K-
fixed function normalized by f,(ey) = 1. Here Ls(s, m,71) = [[,¢5 L(s, ™y, 71), where
L(s,my,71) is the local Langlands’ L-function attached to m, and r; (see Shahidi [27,
p. 554)).

(A) Analysis of Lg(s,w,71). Forv ¢ S, o, is a class 1 representation of SL;(F,). Then
0y C GylsLy(F,), Where Gy = Ty, 4, is a class 1 representation of GLy(F,). Then

L(s,mo, 1) = (1= pory ' 0u(@)a5®) ™ (1- 6u(@)a5) ™' (1 - 1y ' mubo(@)a;®) ™

L2(3a &vaov) = L(S’E'U ®91!)’

where L,(s,d,0y) is the Adjoint square L-function and %, is the Gelbart-Jacquet lift
of &, to GL3 (see [5]). Here the L-function does not depend on the choice of 6 due to
the following lemma ([3, Lemma 1.9.2]).

LEMMA. Every automorphic representation o of SL, is contained in an automorphic
representation & of GL,. If ¢ and &1 contain o, then 61 = ¢ @ w for a character w
of Ax.

It is well known that Lg(s,,71) = Ls(s, £ ® 0) converges absolutely for Re s > 1
and therefore it has no zero there (see, for example, [6, p. 69]).

By -Gelbart-Jacquet [5, Theorem 9.3], we know that Ly(s, 7, 6) is entire for any 6,
if o is not monomial. We say that a cuspidal representation o of SL; is monomial if a
cuspidal representation & of GL, is monomial, where o C &|sL,- Recall that a cuspidal
representation & on GL; is called monomial if 6 ~ & ® 7 for a grossencharacter 7 of
F, n* = 1,n # 1. In this case, ) determines a quadratic extension E of F. Then there
exists a grossencharacter (2 of E such that & is the automorphic representation m(£2) of
GL, attached to  (see [5, p. 491] for more details). Let Q' be the conjugate of Q. Then
Q satisfies Q # ', because 7(f2) is not cuspidal if = Q'. The Gelbart-Jacquet lift &
of 5 is

Y= Ind}G,L3 (W(QQ,—I) ® 77),
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where P is the standard maximal parabolic subgroup of G{J3 of type (2,1). If QO ~! =
7jo Ng/F, where 7] is a grossencharacter of F, then 7(Q2€2 ') is not cuspidal and

L(s,Z ® 6) = L(s,70)L(s,76n)L(s, 0n).

Here we note that Q' ~! is of order two and so 7 is a quadratic character. By [16,

p. 774], there are three different pairs (7, ), (n1, Q) and (72, Q2) such that G = 7(Q) =

w(Q;) = m(Q).* But by [11, p. 397], 6 = & @ 7}. Therefore, 7, 77 and 77 are exactly

such quadratic characters. So L(s,X ® 8) has a simple pole at s = 1 if 4 is one of the

above three characters and L(s, X ® 6) is independent of the choice of data (), 2).
Otherwise, (0 1) is a cuspidal representation and

L(5,Z®6) = L(s,7(2Q ") ® 6) L(s, ).

Here we note that in this case 7 is uniquely determined by o ([16, p. 774]). So, L(s, L®8)
has a simple pole at s = 1if § = 7.

(B) Analysis of A(s,m,,w) for v € S. If m, is a tempered representation, we know
that A(s,m,,w) is holomorphic for Res > 0. In this case, we can see from Gelbart—
Jacquet [5] that L(s,m,,71) is holomorphic and non-zero for Re s > 0. Therefore

L(s,my, f,)_lA(s, My, W)

is holomorphic for Re s > 0.
Let’s consider the case 7, non-tempered. Then 7, = 6, ®0,, 0y C 7 |g La(F.)» where
& = Ty, u, is a complementary series representation of GL,(F,). Then

Ind,G,: 7y, @ exp(s, Hp()) = Indg:x(ev, mp;') ® exp(sé, Hp()).
So in the same way as in Siegel parabolic case,
L(s,my, 71 )"V A(s, Ty, w)

is holomorphic for Re s > 0.

(C) Conclusion. E(s,, g, P) has a pole in the plane Res > 0 if and only if s = 1
and m = 0 ® o where ¢ is a monomial representation and € is determined by o as in
Theorem 4.1 below. In that case, as in the Siegel parabolic case, the residues at s = 1
form an irreducible component of L2(P). Denote it by B(w). Then we have proved

THEOREM 4.1. For P non-Siegel maximal parabolic,

Ly(P) = €D B(m),

where T = 0 ® o, o runs over monomial representations and 0 is determined by o, i.e.,
if m(QQ ~1) is a cuspidal representation, then 8 = n; if QQ ~! = fjo Ng /F> then 8 =,
7} or nij (the three quadratic characters determined by &).

* Thanks are due to the referee who pointed this out.
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Remark 4.1. We do not know whether the multiplicity of B(r) in L3(P) is one.

Remark 4.2. As in the Siegel parabolic case, B(r) is not generic in the sense of [27,
p. 555].

5. Decomposition of L(B) for the Borel Subgroup B

We fix an additive character 1) = ®,%, of A/F and let £(z, ) be the Hecke L-function
with the ordinary I'-factor so that it satifies the functional equation &(z, p) = €(z, u)é(1—
z,u7Y), where €(z, ) = [, €(2, v, ¥y) is the usual e-factor (see, for example, [34,
p. 158]). If u is the trivial character o, then we write simply &(z) for £(z, o). We have
the Laurent expansion of £(z) at z = I:

£(z) = % a4 (5.1)

For gréssencharacters p, v of F, we define a character x = x(u,v) of T(A) by
x(u, v)(t(a,b)) = p(a)v(b). Let I(x) be the space of functions ¢ on G(A) satisfying
®(ntg) = x(t)®(g) for any u € U(A), t € T(A) and g € G(A). Then for each A € ag,
the representation of G{A) on the space of functions of the form

g+ ®(g)exp(A+pp,Hp(g)), ®€l(x),

is equivalent to I(A, x) = Ind$x ® exp(A, Hp()), where pp is the half-sum of positive
roots, i.e., pg = B1 + (2. We form the Eisenstein series:

E@g.f,N)= >,  f(v)

YEB(F)\G(F)

where f = ®elAtrs:He()) ¢ J(A, ). The Eisenstein series converges absolutely for
Re A € C* + pg and extends to a meromorphic function of A. It is an automorphic form
and the constant term of E(g, f,A) along B is given by

A) = E 7Ad= M aAa )
Eo(g, o) Awmm)@%f )du= 3 Miw. 4,700

where W is the Weyl group and for sufficiently regular A,

MWA«WQ=/ St d

w

where U,, = U NwUw™', U is the unipotent radical opposed to U. Then M (w, A, )
defines a linear map from I(A, x) to I(wA, wx) and satisfies the functional equation of
the form

M(’LU]'LU2, Aa X) = M(wl ) wZAa ’LU2X)M(’LU2, A) X)
And the Eisenstein series satisfies the functional equation

E(g, M(w, A, x)f,wA) = E(g, f, 7). (5-2)
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Let S be a finite set of places of F), including all the archimedean places such that
for every v ¢ S, Xy, ¥, are unramified and if f = ®f, for v ¢ S, f, is the unique
K,-fixed function normalized by f,(e,) = 1. We have

M(w) A) X) = ®'UA(w7 A) X'U)'

Then by applying Gindikin—Karpelevic method (Langlands [17]), we can see that for
v¢S,

L((A,aY), xw 0 aV) f
((Aaav) +1L,xvo av) v

A(waA, Xv)fv = H I

a>0,wa<0

where L(s,7,) is the local Hecke L-function attached to a character 7, of F* and s € C,
and f,, is the K,-fixed function in the space of I(wA,wy) satisfying fv(ev) = 1. Let

L({A, V), xy 0 Y
11 (A, a), x )

ro(w) = L((A, 0¥} + 1,xy 0 a¥)e((A, a¥), Xo 0 @, )

a>0, wa<0
We normalize the intertwining operators A(w, A, x,) for all v by
A(w, A, xv) = ry(wW)R(w, A, x)-
Let R(w, A, x) = &, R(w, A, xv). R(w, A, x) satisfies the functional equation
R(wywy, A, x) = R(wr, wa A, wax)R(wa, A, x).

We know, by Winarsky [32] for p-adic cases and Shahidi [26, p. 110] for real and complex
cases, that

Aw,Axe) JI L(A0Y)xwoa¥)™ (5.3)

a>0,wa<0

is holomorphic for any v. So for any v, R(w, A, x) is holomorphic for A with Re((A, aV))
> —1, for all positive & with war < 0. For x = x(p,v), xoaf = pv~!, xoaf = v,
X ooy = pv, xoay = pu. We list the elements of the Weyl group, together with their
actions on the positive roots and on T'(F):

w o a o3 as  w't(a,b)w

1 ag a; 1% oy t(a,b)

o —o Qg o3 a; t(b,a)

T a3 -0 o1 (o7 t(a, b_l)

oT a3 -4 —Q a t(b‘l,a)
TO -3 4 ar - t(b,a™)
oT0 —03 a, —ap  —oy t(a™1,b)
TOT a —as —a3 —ap t(b7'a™h)
otor —ay -y —a3 —ag tla”!b7h)

Let S; = {A € a3 (A, ) = 1} fori = 1,2,3,4 and Ay; = S; N S for i # j. We
note that Aj; = PB and An =Au= B = %"; Ay = %?‘, Ay = 0y = as; A3 = .
[

Each S; is rewritten as S; = Cu; +v;, ] <1< 4, whereu; =3 =03, uy = B = 5
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u3 = oy, us = a4 and v; = Gt for i = 1,2,3,4. Then we take a coordinate z;(A) on S;
as A =z;(A)u;+v, for A€ S;, 1 <i<4

Let ®(A) be an entire function of Paley—Wiener type (see [33, p. 257]) on ag, with
values in I(x) and ®(A, g) is the value of ®(A) at g. Let f(A) = &(A)elA+re:He()),
Langlands’ theory (see, for example, [33, p. 257]) says that L?(B) is generated by

A 1
0) = o /R ., o (), 8)aA

for all such f(A), where Ay satisfies (Ag — pp, ") > 0 for all positve roots c. In order
to get discrete spectrum, we have to deform the contour Re A = Ay to ReA = 0. Since
the poles of the functions M (w, A, x) all lie on S; which is defined by real equations,
we can represent the process of deforming the contour and the singular hyperplanes S;
as dashed lines by the following diagram in the real plane as in [18, Appendix 3].

]
]
! .‘Ao ’
| ',' ’
] ;
g /,
(] e
N
\S«l [ ’,
N (N ’
N v ’
N ] .
N ’\II L’
. S
N L4
N |,/
. Api?! PB
N 27
N %
N VN
N 7z 2 '
N s '
N VAR
N ’ '
a N s |
2 03\ ’ K ' ay
4 AN H ]
d Ay ’
’ N :
’ NS
’ ,\/\4 ]
, FERN
7’ ; N '
4 i \ ]
S . B NG
o LER . [ N e e e e e e e e o=
202 U3l g T = B,
; N
v, ; 1 N
’ J ' N
S i ! AN
2 | N
. ' N
’1 . o
0 U N
) \
N
' N
Sy N
1, A

The integral at ReA = 0,

1

[z /Rm:o E(g, f(A), A)dA
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gives the continuous spectrum of dimension 2. As can be seen in the diagram, if we
move the contour along the dotted line indicated we may pick up residues at the points

Al’ AZ’ A3’ A4:

_1— ResSi E(ga f(A)1 A) dA,

27 Jre A=

where A € S;. Then we deform the contours ReA = A; to ReA = v;, i.e., to the point
where z;(A) = 0. The integrals at ReA = v;,

1
27”: ReA=v;

Ress; E(g, f(A)v A) dA

give the continuous spectrum of dimension 1. The square integrable residues which arise
during the deformation span the discrete spectrum, i.e., Lﬁ(B). As we see in the diagram,
we have to consider

Resg,Ress, E(g, f, A),
Res,;Ress, E(g, f,A),
Resq,Ress, E(g, f, A).

We set
Mi(w) A’ X) = f((;)) ResS.‘M(w’ A, X))
B{0.1,0) = S5 Ress.Bla, f.0),

for A€ Si,i=1,23,4Let W; = {w € W | we; <0} for i = 1,2,3,4. Then the
constant term Ej(g, f,A) of E'(g, f,A) along B is given by

Eg(g’va) = Z Mi(w,A,x)f(g).

weW;

We recall Langlands’ square integrability criterion for autormorphic forms through
their constant terms in our case ([18, p. 104] or [10, p. 187]). We write the intertwining
operator M (w, A, x) with an exponential factor as follows. Let f = ®elA+rs.Hz()
then we have

M(w, A, x)f(g) = T(w, A, x)®(g) c("’A"'PB’HB(y))’

where T'(w, A, X) is a linear operator from I(x) to I(wy). Suppose M*(w, A, x) has a
pole at A = 3 for w € Wjp C W;. Then the residue of Ei(g, f,A) at A = B is

ReSgEé(g,f,A) = Z RCSpMi(w,A,X)f(g)
weWio

= 3 RespT'(w, A, x)®(g)e@P+reHa(@),
weWio

Then we have
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LEMMA (Langlands). ResgE*(g, f, A) is square integrable if and only if Re(wp) is in
{—aa; — baz|a,b > 0} for all w € Wi,

(1) E(g, f,A). M(w, A, x) has a pole at S only when x o a) = po, i€, p = v. Then
X = x(u, ). Here Wy = {0,70,070,0707}. For A = za3 + &, (A, a)) = z— 1,
(A,of) =2z and (A,0)) = z+ . Then

LEMMA 5.1.

M'(o,A,x)f = R(o,A,X)f,
£(z+ 3,4) R(ro,Ax)f
E(z+3,m) ez+3,p) "

£Qz,uM€(z+3,4)  Rloto,A,X)f
£Qz+1,u2)E(z + 3, 1) €z, pD)e(z + 5, 1)’

5(221 /"'2)5(" — % nu') R(UTUT’ Aa X)f
EQz+1,12)E(z + § 1) e(z — 5, w)e(z + 5, w)e(2z, p2)

MY (ta, A, X)f =

Ml(a'ra, Ax)f =

M (orom, A, X)f =
We note that for any v, R(w, A, x») is holomorphic for Rez > —1.

PROPOSITION 5.1.1. If y is not trivial, then only the residues at A = fy, i.e., z = %,
of E'(g, f, ) contribute to L%(B) when x = x(, i) with p> = po.

Proof. From Lemma 5.1, we can see that M'(w, A, x) has a pole only at z = 1
when u? = po. Then
F 1
Resg, M (o7a, A, x)f = ZCé (2)) 5(252)’6/(11) m R(oT0,61,X)f,
F 0,
Resp M o700 = Sl oy T 0
Here by the functional equation, £(0, p) = €(0, u)&(1, ). Therefore
F 1,
Resn BY(0.1,0) = 55 2l ot oy (R 0 +
+R(oToT,B1,x)f). 5.4

By Langlands’ square integrability criterion, Resg, E' (g, f, A) is square integrable.

PROPOSITION 5.1.2. Suppose j = py is trivial. Then E'(g, f, A) has a pole at A = pp
and A = (1. Furthermore,

(i) Res,, E'(g, f, A) is constant, and
(ii) Resg, El(g, f, A) is not square integrable.

Proof. From Lemma 5.1, we see that M (w, A, X) can have a pole at z = %, ie.,
A=p and at z = %, ie, A=pg.
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(i) A = pp. At z = 3, only M'(oroT, A, X) has a simple pole. So
2

c(F)

£4)

The map f — Res,, E'(g, f, A) defines an intertwining map from I(pg, x) to L3(B).
Since x is trivial, the induced representation I(ppg, x) has a K-fixed vector fo which is
cyclic. For fo, Res,, Ei(g, fo,A) is constant. Here Res,; E!(g, fo,A) is orthogonal to
all cusp forms. So it is constant. Since fy is cyclic for the whole I(pg, x), we see that
Res,, E'(g, f, A) is constant for all f.

Res,, Ey (9, f,A) = ®R(0’TJT,PB,Xv)fv(9)-

) A =06 Atz = 2, M!(ra,A,x) has a simple pole. But since 703, = —%, the
residue from M (7o, A, X) is not square integrable. So it is enough to show the following

two lemmas.

LEMMA 5.1.3. At z = }, M'(a70,A, x) and M'(oToT, A, X) may have double poles.
But the double poles cancel each other, i.e., the order of the pole at z = % of E(g, f,A)
is at most one.

Proof.
im (== 1) B(0,1,0) = 22 (Rioro, 1,05 ~ Rlorom, 1, 01
zl—l;n% z o\gsJ 2{(2)2 070, P15, X OTOT, P1, X ) .

Here R(7, (1, x) is the identity since x is the trivial character. So the above expression
is zero by the cocycle relation.

LEMMA 5.1.4. If a function f satisfies Resg, M' (10, A, x)f = 0O, then
Resg, (M (070, A, X) f + M'(ro70,A,X)f) =

Proof. Since Resg, M(10,A,x)f = (*)R(7a,B1,x)f(61) = 0, we have
R(70,B1,x)f(61) = 0. Consider f = f(A) as a function of z since A = za3 + $* and
we have the Taylor expansion of f at z = : f(A) = f(B1) + (z — $)Df(B1) + -+,
where Df(8;) is the derivative of f at z = % Recall the Laurent expansion (5.1) of
&(z). We have

£(22) ai
5(2z+1) 7= %+a2+
1 1 F

§<z+§)=z( )1+a+ £<z—§)= :( )% a+---
Letg(T_"_%—)=a%+b(z— 5) + - -- Then we have

fa+d) o ( ) ,

§(z+%) = - ;+ bc(F)+£(2) +ey

(-1 _ —f@

Ez+3)  z-1 ( bc(F)+€(2)>
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R(oTa, A, x) and R(7, A, x) are holomorphic around z = % as a function of z and we
have the Taylor expansion

1

R(oto,A,x) = R(oto,B1,x) + (z— :-Z-)L_g_... ,

R(TaA)X) R(T’_ﬂhX)"_ (Z—%)N-F:l-l- <Z—‘;—>N+"-,

where L and N are certain intertwining operators which are derivatives at z = Lof
R(o7a,A,x) and R(t,A, x), respectively. Here we used the fact that R(r, —f1,x) is
the identity since x is trivial. Then since otof = -0,

R(roto,A,x) = R(T, otol, x)R(o7o, A, X)

1
= R(o70,b1,X) + (Z - 5) (NR(o7o,B1,x) + L) + -
Then by direct computation, we can see that

Resg, (M1 (o70, A, x)f + M'(1o70, A, x)f)
ac(F)

2aa
= "5y NVReTof0f(B) + ) Flome P x)f(B):

Here R(o7o,B1,x)f(B1) = R(o, 1001, X)R(70, 1, X)f(B1) = 0. So the residue is
Zero.

() E*(g, f,A). M(w,A,x) has a pole at S, when x o @y = po, i.e.,, v = po. Then
x = x(, o). Here Wy = {r,07,707,T0T0}. For A = zf3 + 2, (Aoy)=2-1,
(A,af) = z+ 1 and (A, o)) = z. Then

LEMMA 5.2.

M2(1,A,x)f = R(m,A, %),
2 _ &(z+1L,u) Rlom, A, x)f
MAom AMXf = 2,0 e+ Lu)
£(z,p)  R(tom, A X)f
E(z+2,p) e(z,me(z+1,1)
2 _ g(z — 1).“’) R(UTUTa Aa X)f
MXorom A0 = G2, ) @ = 1, Wele We(z + LA).

MZ(TO'T,A,X)f =

We see that only when p = po, i.e., X is the trivial character, M 2(w, A, x) has a pole
at A = a3, i.e.,, z = 1. We have

PROPOSITION 5.2.1. Resq, E%(g, f, A) is zero.
Proof. Atz =1, M*(toT,A,x) and M 2(g70oT, A, X) both have simple poles. So
c(F)

Resa, Eg(g’ f’ A) = Z—(g)— (R(TUTa as, X)f - R(UTUT’ as, X)f)
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Here o701 = 1070 and R(to70,03,X) = R(ToT,a3,x)R(0, a3, x) and R(o, 03, X) is
identity since X is the trivial character. So the above.expression is zero.

For the sake of completeness, we calculate 'the remaining iterated residues. We do
not obtain anything new as Langlands’ theory says.

PROPOSITION 5.2.2.
(i) Res,; E2(g, f, A) is constant.
(ii) ResQ;‘E2 (9, f,A) is not square integrable or zero.

Proof. (i) A = pg. From Lemma 5.2, at z = 2, only M*(o707, A, x) has a simple
pole. So as in Proposmon 5.1.2 (i), Res, E(g, f, A) is constant.

(i) A = €. At z = 0, R(o7oT, A, xv) may have a pole. In that case we rewrite
M?*(otoT, A, x) using (5.3) as follows:

M? (oror, A, x)f

_8z-1) &) £z +1) i
 Es(2, o) Es(z+ 1, po) €s(z +2, po) ®f”®§5‘4( 707, Ay Xo) fos

where A(oroT,A,Xy) is the expression (5.3) and &s(z, o) = [Togs L,,(z o) is the
partial Hecke L-function. £s(z, o) has a pole only at z = 1. Therefore M%(oTaT, A, X)
has a simple pole at z = 0. But since 0707 % = — %, the residue is not square integrable.
On the other hand, T?(o7, A, x) and T?(to, A, x) have simple poles at z = 0. But their
residues cancel each other.

Remark 5.1. As the referee pointed out, the Eisenstein series E>(g, f,A) and
E*(g, f,A) are related to the Eisenstein series E'(g, f,A) and E*(g, f,A) by means
of the functional equations (5.2) of the Eisenstein series. Thus it is sufficient for a clas-
sification of discrete spectrum to consider contributions of E'(g, f,A) and E*(g, f,A)
to L3(B).

(3) Conclusion

In conclusion, we have proved the following

PROPOSITION 5.3. For x the trivial character, the only square integrable residues
of Eisenstein series are constants. Among non-trivial characters, only the quadratic

characters x = x(u, 1), 4> = 1, contribute to L%(B). In this case, the Eisenstein series
have poles only at A = (3.

For u a non-trivial quadratic grossencharacter, let H(g, f,u) = Resg E'(g, f, A).
Then the residue map f — H(g, f, ) defines an intertwining map

Ryt 1(81,x) = Li(B).
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Let B(p) be the image of this intertwining map. Then we have an orthogonal decompo-
sition

L(B) = @ B(k) & B(w),

where p runs through all non-trivial quadratic grossencharacter of F' and B(up) is the
space of constant functions which come from the trivial character.

We determine the spaces B(u) precisely. Here a certain parity sign determined by
the identities of Labesse-Langlands [16] for local intertwining operators of SL,, plays
a decisive role in determining B(u). The components of B(u) are exactly the elements
of the global L-packet which satisfy the parity sign condition.

We look at the constant term of H(g, f, u) along B:

(constant) ( ® R(oT0, B, Xv)fv + ® R(otoT, 1, Xv)fv) .

Here we have the functional equation of the form

R(oToT, 1, xv) = R(oT0, 761, TXu)R(T, B, Xv)-

But observe that 70; = B and Txy = Xy for Xu = X(ty, ) With p2 = po. So the
constant term of H(g, f, p) along B is given by

(constant) Q) R(070, B, Xv) ( Q fo + Q R(r, 8, Xv)fv) : (5.5)

We note that R(7, 31, xv) is an intertwining operator from I(3i,xv) into itself since
701 = B and Tx, = Xo. Here we use Shahidi’s idea of inducing in stages via the
non-Siegel parabolic subgroup since its Levi is M = GL; x SL;. We use the fact that
I(B1, xv) = Ind$ (| |opw ¥ IndgoL2 (1v)), where By is the corresponding Borel subgroup
of SL, and | |, is the absolute value. Suppose ., is not trivial. Then Indgg"(uv) is
reducible. Let Ind%ﬁ” (tv) = 74 (o) ® T—(1y), as in Labesse-Langlands [16, p. 747],
i.e., with w4 (u,) generic with respect to 1,. Let e(my(iy)) = 1 and e(m_(uy)) =
—1. Observe that for almost all v, m4(u,) is spherical. If u, is trivial, IndﬁL2 (k) is
irreducible. In this case, we take m_(u,) = 0. Let m(py) = {m4 (o), 7 (uvs} and if
my € m(y), let () be the corresponding sign. Then

I(B1, xv) = Indg(l lott X T4 (p0)) © Indg(l oty X T— (tho))-

Let Ji(uy) be the Langlands’ quotients of Ind$(| |upe X m+(ty)), respectively.
By Langlands’ classification theorem, the common image of the intertwining operators
R(o70, b1, xv) and R(oToT, b1, Xv) is the direct sum of J4(u,). Let

J(po) = {J+ (1), I-(po) }-

Observe that R(T, 81, Xv) is the normalized intertwining operator for Ind%oLz (y). By
Labesse-Langlands [16, p. 747],

v f v v/
R(7, B, Xo) fo = { £ i o }cv 2 :J_“EZU; (5.6)
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Then we define J(u) to be the collection
J(p) = {H = QII, | II, € J(u,) for all v,

IT,

J4 () for almost all v, He(m,) = 1}.
v

We note that [], e(m,) is well-defined and independent of the choice of . Here if
[1, €(my) = —1, then by (5.5) and (5.6), the constant term of H(g, f, 1) along B is zero.
So it is zero.

Therefore we have proved

THEOREM 5.4. We have an irreducible decomposition of L%(B) as follows:
Ly(B) = ®,B(1) ® B(uo),

where 1 runs through all non-trivial quadratic grossencharacters of F and B(up) is
the space of constant functions. For each p, the constant term map gives rise to an
isomorphism from B(u) to J(p).

Remark 5.2. In a separate paper [35], we give the Arthur parameter for the represen-
tations in J(u) and verify Arthur’s conjecture on the multiplicity formula (see [1] for
Arthur’s conjecture). It turns out that the parity sign €(m,) enters into the multiplicity
formula as anticipated by Arthur [1].

Remark 5.3. Kudla—Rallis—Soudry [15] obtained also B(x) in Theorem 5.4, for each
quadratic grossencharacher i, from Eisenstein series associated to characters of the Siegel
parabolic subgroup when F' is a totally real number field. But they did not show that
B(u)’s exhaust LZ(B). They described the irreducible constituents, using theta corre-
spondence, in terms of distinguished representations which admit one family of nonde-
generate Fourier coefficients (associated to a GL; orbit of a fixed binary form). More
precisely, let x be a grossencharacter of F'. Then x defines a character of M = GL; by
x(g) = x(det g). For a function f € I(s,x) = IndSx ® exp(s, Hp( )) (recall that we
identify s € C with 53, € ag in Section 3), we define an Eisenstein series

E(g,s,f,P)= >,  f(19)

YEP(F)\G(F)

We note that
Ind$x ® exp (s,Hp()) C Ind$x ® exp (s&+ pp — pB, Hp()),

where we consider x as a character of B in an obvious way. Therefore, E(g, s, f, P) is
an automorphic form concentrated on the class of B (see [10, p. 187] for the definition).
Kudla-Rallis [13] proved that the Eisenstein series E(g, s, f, P) has a pole if and only
ifeither x=1,s=4,3orx’=1,x#1,5= L
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By [30, Theorem 3.1], we know that the residues of E(g, s, f, P) at s = % fory =1
are constants. For x = 1, the residue at s = % is not square integrable. For each x # 1,

x* = 1, by taking the residues at s = %, we obtain an intertwining map

Ry I(%,X) — L3(B).

By Lemma 5.1, for f € Ind§x ® exp(A, Hg()) and A = 583, + %,

E&(g’f’ A) = Eo(g,S,R(O‘,A, X)fa P)’

where Eq(g, s, f, P) is the constant term of E(g, s, f, P). Therefore we have E'(g, f,A) =
E(g,s,R(c,A, x)f, P) (see Arthur [33]). Even though I (%, Xv) might be smaller than
I(B1, xv), the image of R, is exactly the same as B(x) in Theorem 5.4, This follows
from the work of Jantzen [36] who computed the Langlands’ parameters of the irre-
ducible subquotients of I(J, xv), which coincide with those of I(8;, x.) or from simply
observing that the map R(o, A, x»): I(6i ) Xv) — I(, xv) is surjective. We describe the
result of Kudla—Rallis-Soudry [15] for L3(B) in terms of distinguished representations.

Let V,(,) be an isotropic quaternary space. Write V' = Vy + V; 1, where V1 is a
hyperbolic plane and Vj is a binary space and dim Vp=2. Let

v = {B € Symy(F) | 3z € Vo(F)* with (z,z) = 2, det 8 # 0}.

Then Oy, is a GL(2, F)-orbit in Sym,(F). Then Im(R,) = ®II(V,) for some binary
quadratic space Vj with xy, = x. Here II(Vp) is a certain distinguished representation
attached to quadratic forms (see [15] for notations). It has the property that for f € II(W}),
the non-degenerate 3-th Fourier coefficient of f is zero unless 8 € Oy;. Also II(Vp) is
in L2(B) if and only if V, is anisotropic, i.e., xv, # 1. Therefore

L%(B) = B(1)® (EBH(VO))

where Vp runs over all binary anisotropic quadratic spaces and B(1) denotes the space
of constant functions. Kudla—Rallls—Soudry [15] showed that the multiplicity of II(Vp)
is one.

Remark 5.4. 1t should be noted that our sign condition in Theorem 5.4 is comparable
to the Hasse invariants in [15]. Therefore, our condition ], €(m,) = 1 is exactly the
same as their “coherent condition,” i.e., the condition of existence of a global quadratic
space Vp (see [15, Proposition 2.6]).

Remark 5.5. Watanabe [31] also showed that the irreducible constituents of L2 %2(B,Ks)
are of multiplicity one.

Acknowledgements

The author would like to thank Prof. F. Shahidi for suggesting the problem and for
his constant help throughout this paper. Especially without his observation in Section 3



150 HENRY H. KIM

and his idea in Section 5 about inducing in stages of intertwining operators and their
cancellation, this paper could not have been finished. We would like to thank Prof. S.
Rallis for helping us to understand Eisenstein series associated to characters. Discus-
sions with Dr. D. Goldberg were very helpful. Prof. M. Tadic helped us understand the
generalized principal series I(01, x). Thanks are also due to the referees for their useful
suggestions.

References

1.

2.

3.

11.

12.

13.

14.
15.

16.
17.
18.
19.
20.

21.
22.

23.

24.
25.

26.
27.

Arthur, J.: On some problems suggested by the trace formula, in Lie group representations, 1I, Lecture
Notes in Math. 1041 Springer-Verlag, 1984, pp. 1-49.

Borel, A. and Wallach, N.: Continuous cohomology, discrete subgroups, and representations of reductive
groups, Annals of Math. Studies 94, Princeton University Press, Princeton, 1980.

Flicker, Y.: On the symmetric square: Applications of a trace formula, Trans. Amer. Math. Soc. 330(1)
(1992), 125-152.

. Gelbart, S.: Automorphic forms on Adele groups, Annals of Math. Studies, No 83 Princeton University

Press, Princeton, 1975.

. Gelbart, S. and Jacquet, H.: A relation between automorphic representations of GL(2) and GL(3), Ann.

Sci. Ecole Norm. Sup. 11 (1978), 471-542.

. Gelbart, S. and Shahidi, F.: Analytic Properties of Automorphic L-functions, Perspectives in Mathematics,

Vol 6, Academic Press, New York, 1988.

. Goldberg, D.: Reducibility of induced representations for Sp(2n) and SO(n), to appear in Amer. J. Math.

(1994).

. Howe, R.: Automorphic forms of low rank, in Non-Commutative Harmonic Analysis, Lecture Notes in

Math. 880, Springer-Verlag, 1980, pp. 211-248.

. Ikeda, T.: On the location of poles of the triple L-functions, Comp. Math. 83 (1992), 187-237.
. Jacquet, H.: On the residual spectrum of GL(n), in Lie Group Representations II, Lecture Notes in Math.

1041, Springer-Verlag, 1983, pp. 185-208.

Jacquet, H. and Langlands, R. P.: Automorphic Forms on GL(2), Lecture Notes in Math. 114, Springer-
Verlag, 1970.

Keys, C. D. and Shahidi, F.: Artin L-functions and normalization of intertwining operators, Ann. Scient.
Ec. Norm. Sup. 21 (1988), 67-89.

Kudla, S. and Rallis, S.: Poles of Eisenstein series and L-functions, in Festschrift in Honor of L1. Piatetski—
Shapiro, Part II, Vol. 3, Proc. Israel Mathematical Conf., 1990, pp. 81-110.

Kudla, S. and Rallis, S.: On the Weil-Siegel formula, J. Reine Angew. Math. 387 (1988), pp. 1-68.
Kudla, S., Rallis, S., and Soudry, D.: On the degree 5 L-function for Sp(2), Inv. Math. 107 (1992),
483-541.

Labesse, J. P. and Langlands, R. P.: L-indistinguishability for SL(2), Can. J. Math. 31(4) (1979), 726-785.
Langlands, R. P.: Euler Products, Yale University Press, Yale, 1971.

Langlands, R. P.: On the Functional Equations Satisfied by Eisenstein Series, Lecture Notes in Math. 544,
Springer-Verlag, 1976.

Moeglin, C.: Orbites unipotentes et spectre discret non ramifie, Le cas des groupes classiques déploys,
Comp. Math. 77 (1991), 1-54.

Moeglin, C. and Waldspurger, J. L.: Décomposition spectrale et séries d’Eisenstein, paraphrase sur I’E-
criture, Progress in Mathematics, Birkhduser, 1994.

Piatetski-Shapiro, 1. and Rallis, I.: Rankin triple L functions, Comp. Math. 64 (1987), 31-115.
Piatetski-Shapiro, 1. and Rallis, I.: A new way to get Euler products, J. Reine Angew. Math. 392 (1988),
110-124.

Schwermer, J.: On Euler Products and Residual Eisenstein Cohomology Classes for Siegel Modular Vari-
eties, Preprint, 1993.

Shahidi, F.: On certain L-functions, Amer. J. Math. 103 (1981), 297-356.

Shahidi, F.: A proof of Langlands’ conjecture on Plancherel measure; complementary series for p-adic
groups, Ann. Math. 132 (1990), 273-330.

Shahidi, F.: Whittaker models for real groups, Duke Math. J. 47(1) (1980), 99-125.

Shahidi, F.: On the Ramanujan conjecture and finiteness of poles for certain L-functions, Ann. Math. 127
(1988), 547-584.



THE RESIDUAL SPECTRUM OF Sps 151

28.
29.
30.
3L
32.
33.
34.

35.
36.

Shahidi, F.: Langlands’ conjecture on Plancherel measures for p-adic groups, in Harmonic Analysis on
Reductive Groups, Progress in Math. 101, Birkhauser, Boston, 1991, pp. 277-295.

Silberger, A.: Introduction to Harmonic Analysis on Reductive p-adic Groups, Math. Notes 23, Princeton
University Press, Princeton, 1979.

Soudry, D.: The CAP representations of GSp(4, A), J. Reine Angew. Math. 383 (1988), 87-108.
Watanabe, T.: Residual automorphic representations of Spy, Nagoya Math. J. 127 (1992), 15-47.
Winarsky, N.: Reducibility of principal series representations of p-adic Chevalley groups, Amer. J. Math.
100(5) (1978), 941-956.

Arthur, J.: Eisenstein series and the trace formula, in Proc. Symp. in Pure Mathematics, Part 1, Vol. 33,
1979, pp. 253-274.

Goldstein, L. J.: Analytic Number Theory, Prentice-Hall Englewood Cliffs, NJ, 1971.

Kim, H. and Shahidi, F.: Quadratic unipotent Arthur parameters and residual spectrum of Sp;,, Preprint.
Jantzen, C.: Degenerate principal series for symplectic and odd-orthogonal groups, Preprint, 1994.



