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Introduction

Let X be aregular scheme projective and flat over Spec(Z ). We assume that X is of
pure absolute dimension n + 1. We will discuss the following arithmetic analogues
of Grothendieck’s standard conjectures which are stated by Gillet and Soulé in [7].

CONIJECTURE 4, (X, ). When g is an ample line bundle on X one can choose
a positive hermitian metric |.|| on g in such a way thatif 2p < n + 1,
i) The operator LTII-III— %».CH (X)x — CH n+l—p(X )R is an isomorphism.

ii) Ifz € CH (X)g, x # 0, and LZjﬁl_zp(x) =O0then

(~1)Pdeg(z . Ly 117 (z)) > 0.

Our first result is a reduction principle. We choose a Kihler metric h on the
complex manifold X (C) associated with X. Then it is sufficient to show that
Ap (X, o) holds for the Arakelov Chow group of the Arakelov variety X = (X, h).
This is mainly a consequence of a result from Kihler geometry. Let X be a compact
Kihler manifold and denote the complex valued (p, ¢)-forms on X by AP9(X).
We prove a hard Lefschetz and a Hodge index theorem for the groups

AP(X) /Ker(dd°)

which measure the difference between the Arakelov Chow groups and the arith-
metic Chow groups.

We give two applications of the reduction principle. Namely, we discuss projec-
tive space and abelian schemes. In these cases we can split the filtration F', which
in the case where X is smooth over the ring of integers in a number field, is defined
as follows
CH?(X)g ifk=0
Ker(cl: CH?P(X)g — HPP(XR)) ifk=1
Im(a: HP~'P~1(XR) — CHP(X)g) ifk =2
0 ifk > 3.

FFCHP(X)g =
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As there are no homologically trivial cycles on P7, it is possible to prove
A,(P™ O(1)). The situation is more difficult for abelian schemes. The statement
of Lefschetz type of the conjecture above is already discussed for abelian schemes
in [10].

The statement of Hodge type is related to cubical heights of homologically trivial
cycles. We state a positivity conjecture about these heights which for divisors is a
consequence of the positivity of the Néron-Tate height.

1. Analytic theory

Let X be a compact Kéhler manifold of dimension n. By A”9(X) we denote
the space of complex valued differential forms on X of type (p, ¢). Let w be the
fundamental form of the Kihler metric and

L: AM(X) — A”"'l'q“(X), a— aAw

the Lefschetz operator associated with w. For p + ¢ < n, we define a hermitian
inner product

Q: AP(X)x AM(X) — C,
(2, 8) = VT (= 1)rHeHa-D/2 [ prora(a) A,
X
From classical Lefschetz and Hodge theory we know the following result:

THEOREM 1.1. _
i) The morphism L™~ P~9: AP9(X) — A"~ ?9"~P(X) is an isomorphism for
p+a<sn
ii) The form @) is positive definite on the subspace
Agx"?m(X) = Ker(Ln+l_p_q|AP,q(X))
of primitive forms in AP9(X).
Proof: Decompose AP*4(X) into eigenspaces with respect to the operation of
the Laplacian and follow the proofs of [12, Cor. V.4.13] and [12, Th. V.6.1.d]. O

Recall that d° = (47y/=1)"1(0 — ). Then, dd° = —(27+/—1)"100 is a real
operator. We will prove an analogue of this theorem for the groups

BPI(X) = APY(X)/Ker(dd®).

In the following, we denote the class in BP4(X) of a form o € AP7(X) by {a}.
The Lefschetz operator induces a map

L: BM(X) — B”"'l"”'l(X),
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since L commutes with d and d°. We define a pairing

APY(X) x An~1-en-l-p(x) —

(2,8) ~ [ andd*(B) = [ dd(e) nB

for p + ¢ < n — 1. The last equality follows from Stoke’s theorem. We obtain an
induced hermitian inner product

Q': BPY(X) x B (X) — C,
({a}, {ﬂ}) — /"“’_1P—q(_l)(P+Q)(P+tI-l)/2+l/ Ln—l—p—q(a) A ddc(ﬁ)
X
for p + ¢ < n — 1. The first part of the following theorem is taken from [10, 10.4].
THEOREM 1.2.
i) The morphism
Ln-l-rq. BPY(X) — Bn—l—q,n—l-p(X)

is an isomorphismforp+ ¢ < n — 1.
ii) The form Q) is positive definite on the subspace

Bpiin(X) = Ker(L" 7| ro(x))

of primitive forms in BP(X).
Proof: The proof of part i) is given in [10, 10.4]. I would like to thank C. Soulé
for the idea for the following proof of ii). Let G' be the Green’s operator for the
Laplacian A = dd* + d*d on X. We denote by

A: API(X) — Ap—lyq—l(X)

the adjoint of L with respect to the Hodge inner product. As in the proof of [12,
Prop. V1.2.2, p. 224], we obtain

dd°a = —47 dd° G A dd°a (¢))]

for any form o € AP9(X). A given class {a} in BP9(X) is primitive if and only
if L""P~9(dd°a) = 0 in A"*t1=%"+1=P(X). This last condition is satisfied if and
only if

dd°(a) = no + Lm )

for primitive forms n; € AP+!-hat1-i(X),

We assume that {a} is a primitive element in B”?( X ) and define

Epg = V17T (=)o (pra-1)/2,
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By definition and using (1), we obtain
O({a},{a}) = 4re,, /X L"17P~1(a) A dd°GAdd (@)
= 4re,, /X L*1'"P~9(dd°) A GAdd"(@).
We have L™~ 1=P=9(ng) = 0 and A(7) = 0. Hence, using (2):

Q({a}, {a})

drepg [ L7717+ L) A GGl + I)

4Amepq / L™ P79 (m A GALT,).
X

For n; € AP?(X), wehave ALy — LAm = (n—p—q)m [12, Prop. V.1.1.c] and
from An; = O follows

Qe {a)) = dnepg (n=p=0) [ L"7*(m A D).

Now, we decompose AP9(X) into eigenspaces with respect to the operation of
the Laplacian A. This decomposition is respected by L, A, and G. Hence all
eigenvectors in the decomposition of 7; are again primitive. Furthermore, they
have strictly positive eigenvalues as (2) implies that the harmonic projection of
n is zero. Since the eigenspaces are orthogonal for the Hodge inner product it is
sufficient to show

\/_—lp—q(_1)(p+q)(p+q-1)/247r(n -p—9q) /X L* P (nAGT) >0 ©)

for any eigenvector 7 € A{,’g,,‘;q“(x ) of A with positive eigenvalue . But in this
case G(7) = A~'7, and (3) follows from Theorem 1.1. o

2. Arithmetic intersection theory

We recall some definitions and basic facts from arithmetic intersection theory
[6, 7). Let X be a regular scheme projective and flat over Spec(Z) of absolute
dimension n + 1. Complex conjugation defines an involution F,, : X (C) — X (C)
on the manifold X (C). We denote by APP(Xg) (resp. DP?(Xg) ) the space of real
valued differential forms (resp. currents) o on X (C) which are of type (p, p) and
satisfy F% (a) = (—1)Pa. Let ZP(X) be the group of codimension p cycles on
X.Acycle Z = Y ; r:[Zi] € ZP(X) @z R with real coefficients defines a current
0z € DPP?(Xg) by the formula

b= [

i(C)
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The group ZP(X )g of arithmetic cycles of codimension p with real coefficients is
the subgroup of

(Z°(X) @z R) ® DP~ '~ (Xg)

consisting of all pairs (Z, g) where g is a Green current for Z, i.e. dd°g+ 67 = w for
some smooth form w € APP(Xg) C DPP(Xg). The real arithmetic Chow group
C HP(X )gis the quotient of Z?( X )g by the real vector space generated by elements
(0, 0u + Ov) and div( f), where W is an integral subscheme of codimension p — 1,
f € k(W)*, and div(f) is the arithmetic cycle (div(f), —[log| f|?]). We set

~ APP(Xg)

APP(Xg) = ——=———= and HPP(Xg) = Ker(dd®|; .

(X&) = 1208 + Im(9) (Xr) = Ker(dd®| 3., x,))

One can show that H??(Xg) = {a € HP?(X(C),R(p)), Fi(a)=(-1)Pa}
since X is projective. We have natural maps

w: CH"(X)g ———>;4\’””(XR), a=[(Z,49) w(a)=ddg+ bz,
o: B (X) — CH"(X0n, - a(n) = [0,
c: CH (X)g — HP?(Xg), ar cl(a)= [w(a)).

Let h be a Kiahler metric on X (C) which is invariant under Fy,. The pair X =
(X, h) s called an Arakelov variety. The real Arakelov Chow group C HP(X )g of
X is by definition the inverse image of the subgroup of harmonic forms in AP?( Xg)
under the map w. The real Arakelov Chow group fits into an exact sequence

CHPP'(X)g > HP™'P~1(Xy) - CHP(X)g — CHP(X)g — 0. (4)

where CHPP~(X)g = CHPP~1(X) ®z R is a K;-analogue of the usual Chow
group CH?(X )g = CHP(X) ®z R, p is a regulator map, and ¢ maps the class of
(Z, g) to the class of Z.

The arithmetic intersection product, constructed in [6] and denoted by °.’,
makes CH(X)g = ®,C HP(X)g into a graded commutative ring. It induces a
product on C H (X ) if the product of harmonic forms on X (C) is harmonic. We
will make frequent use of the formula

a(z).y = a(z.w(y)) 5)

forz € APP(Xg)andy € CHe (X )g. The arithmetic Chow groups are contravari-
ant for arbitrary and covariant (with a shift of the degree) for proper morphisms
which are smooth in the generic fibre. If f: Y — X is proper and X = (X, h)is
an Arakelov variety, we can define a push forward map

f#Z EFI(Y)R —_— CH(Y)]K
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which under suitable assumptions satisfies base change, functoriality, and a pro-
jection formula [10, Sect. 4]. In particular, we obtain a natural section

o =idy: CH'(X)g — CHP(X)g (6)

of the inclusion map. We have a geometric and an arithmetic degree map. We
define

deg: H™"(Xg)—R. @)

by mapping 7 € Ker(dd®| ;,, . ( Xm)) to % Ix (c) 7 The arithmetic degree is a map

deg: ca"! (X)g—R ®
which satisfies Ec\g o a = deg. The geometric degree
deg: CH"(X)—R

is by definition the composition of the cycle class map with (7).

3. Arithmetic analogues of the standard conjectures

A line bundle p on X with smooth hermitian metric ||.|| invariant under F, on
the complex line bundle induced by g on X (C) is called a hermitian line bundle.
We call the metric ||.|| on g positive if the first Chern form ¢;(p, ||.||) is a positive
(1,1)-form on X(C). The first arithmetic Chern class é;(o, ||.||) is the class of

(div(s), —[log]|s|*]) in CH l(X )r Where s is any rational section of p. We denote
by

p+1

Loy: CE'(X)g — CH' (X)g, o a.éie]l.l])

the Lefschetz operator associated with the hermitian line bundle (p, [|.|).
We will discuss the following conjecture for X of pure absolute dimension
n+ 1.

CONIJECTURE 4, (X, ) (Gillet-Soul€). When p is ample on X one can choose
a positive hermitian metric ||.|| on g in such a way that if2p < n + 1,
i) The operator

LZji-lll—zp: CH'(X)x — CH

is an isomorphism.

i) Ifz € CH'(X)n, « # 0, and Ly} 7% (2) = 0 then

T n+1-2
(—1)Pdeg(z . L3117 "(2)) > 0.

" (X
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Gillet and Soulé have shown in [7] that the conjecture holds when p = 0 or when
X is an arithmetic surface. In the second case, the conjecture is a consequence of
the Hodge index theorem of Faltings and Hriljac. Moriwaki has shown in [11] that
part ii) holds in general in codimension one.

Let o be an ample line bundle on X and assume that g carries a positive
hermitian metric ||.||. There is a unique Fi,-invariant Kihler metric h on X (C)
whose fundamental form is the first Chern form ¢; (g, ||.||). We obtain an Arakelov
variety X = (X, k). The Lefschetz operator L, induces amap on C H (X )g, as
the product with the fundamental class respects harmonicity of forms.

PROPOSITION 3.1. Let g be an ample line bundle on X that carries a positive
hermitian metric ||.||. Let X = (X, h) be the associated Arakelov variety and
consider the following conditions:

i) The operator

Lyhy®: CH(X)g — CH™'"(X)

is an isomorphism.
ii) If € CH?(X)g, = # 0, and L} 17 (z) = O then

(~1)deg(e - Ly (2)) > 0. ©)

Then, condition i) implies part i) of Ap(X, 0), and ii) implies part i) of A,(X, o).

Proof: As explained in [10, 10.3], there is an exact sequence

0 — CH?(X)g — CH"(X)g - BP"'»"1(Xgz) — 0 (10)
where

BP1P=1(Xg) = AP~1P=Y( Xg)/Ker(dd®).

Part i) of Ap(X, o) follows now from 1.2.i), assumption i), and the five lemma.
We will show ii). The section o from (6) defines a canonical splitting of (10), and
a section 7 of 7. Given a class {a} in BP~1P~1( Xg) with a € AP~1P~1(X), we
have

({a}) = a(a) -0 a(a) an
= a(a — H(a)) € a(Im(9) + Im(3%)) (12)
by definition of o, where H denotes harmonic projection.
Now take z € CH"(X)g, © # 0 with Lzml_zp(z) =0.Wewritez =y + 2
withy € CHP(X)g and z = #({8}) = a(8) for some 3 € Im(d) + Im(5*). Let
L be the Lefschetz operator associated with ¢;(p, ||.||). From

[L,0]=0 and [L,0*]=+/-10,
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[12, Cor. V. 4.10], we get
L™2-2(8) € Im(8) + Im(3) + Im(d).

The last group is contained in the orthogonal complement of the harmonic forms.
Hence it equals Im(3) + Im(03*). This gives with (5) and (11)

LT (2) = a(L™7%(8)) € Im(7).

We have also L"le” ?P(y) € CH™*?7P(X ). As a consequence of the splitting of

(10), we obtain

n+2 2p _ n+2 2p
Loy @) =0= L, ()

This implies L™*2=2P({8}) = 0 in B"+1-P+1-P( X}). The computation of the
left-hand side of (9) gives

(—1)deg(y. Ly} \*y) + (—1)P 2deg(z. L} 17 %Py)

+ (—1)Pdeg(z . L:'ﬁl” 22).

The first term is positive by assumption. The second term is zero since the Hodge
decomposition

APP(X) = HPP(X) ® Im(0) ® Im(9*)

is orthogonal and

— 1

n+l-2p \ 1 n+1-2p

deg(a(B) . LQ,||.|| y) = 5 /X( )ﬂ ANw (LQ (111 Y)-

The last term
— ntl-2p, (=1)p c nt1-2
(—1)Pdeg(a(B). L o(f)) = 5 dd*(B) A L™ 77()
aoll-ll 2 X(C)

is positive by Theorem 1.2.ii). Our claim follows. a

We have seen in [10] that the Conjecture A(X, p) is related to the following
conjecture of Beilinson. Consider the regulator map

p: CHPY'P(X)— HPP(Xg)
from (4) and the cycle class map

cl: CHP(X)— HP?(Xy). (13)
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Then, Beilinson’s conjecture states [2, 3.7.b]:

CONJECTURE B,(X) (Beilinson).
HPP(Xg) = Im(p @ R) @ Im(cl @ R).

Let X = (X, h) be an Arakelov variety. We assume that the scheme X is smooth
over . Under this assumption, we defined in [10, Sect. 7] a descending filtration
Fon CHP(X)g by

CHP(X)g if k=0
Ker(cl: CH?(X)g — HP?(Xg))  ifk=1
Im(a: H?~'7~\(Xg) » CH?(X)s) ifk =2
0 ifk > 3.

FFCHP(X)g = (14)

It will be essential for the following proofs that we be able to split this filtration for
abelian schemes and projective spaces.

4. Projective space

Let F' be a number field with ring of integers O and set S = Spec(Of). Let P™
be projective n-space over 5. We denote the standard ample line bundle on P" by
O(1) and equip it with its canonical hermitian metric ||.|| 7. The goal of this section
is the proof of the following theorem.

THEOREM 4.1. Conjecture A,(P", O(1)) holds for all p with the metric ||.||F.

We collect some results to prove the theorem. First, we show that Beilinson’s
conjecture holds for projective space. We show this in fact more generally for
Grassmannians. Let G = Grassy(Og™") be the Grassmannian over S representing
the functor which assigns to each S-scheme 7' the set of locally free quotients of
OF*™ of rank n.

LEMMA 4.2. B,(Grass,(O%*™)) holds for all p.

Proof: Let us first compute the image of ¢l ® R. We set Gz = Grass, (07 ™)
and denote the canonical maps G — S and G — Gz by f and g. Let ¥ be the set
of complex embeddings of F'. We have

HPP(Gg) = H*(Sz) ® HP?(Gzx) = (®oex HP?(Gaz)) ™.
The cycle class map

cl: CHYS) = Z — H®%(8g) = (BoresR)F> (15)
is the diagonal embedding and

cl @R: CHP(Gg)r — HPP(Gzr) (16)
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is an isomorphism [8, 3.1.4]; [5, Ch. 14 and Ex. 19.1.11]. From [8, 3.1.4], we have
an isomorphism

CH'(S)e® CH?(Gz)g = CH?(G)g, a®pB+— f*a.g*B.
This implies that the image of

d @ R: CH?(G)g — HP?(Gg) = (®oes H??(Gz 5))"> (17)
is precisely the diagonal. The map

p: CHY(S) = OF — H"(Sp) = (®oezR)™
is, up to a factor of —2, the classical Dirichlet regulator map [6, 3.5.4]. Hence the

image of p is precisely the hyperplane

{(%)aez € (@0€ER)F°°I E Ty = O} .

oEX

From [8, 3.1.4], we get a canonical surjection
CH'"(8)o® CH?(Gz)g — CHPY'P(G)g, a® B+ fraUg*B

where the product comes from an identification of the different Chow groups
with graded pieces of higher algebraic K-theory. Up to the factor —2, the map
p is Beilinson’s regulator map [6, 3.5]. We obtain from the multiplicativity of
Beilinson’s regulator the relation:

p(fraug*f) = f*p(a)U g*cl(B).
Now, our claim follows from
p(CHPY'P(G)g) = f*p(CH"(S)r) U g*cl(CH?(Gr)r)

{(xa)aeE € (GBaeEHp’p(Gz,]m))Foo : Z Ty = 0} . a
oEX

Let @ be the universal quotient bundle of O™ equipped with the metric ||.||
induced from the trivial metric on O +". The first Chern form ¢1(Q, ||.|| ) defines
a Kihler metric invariant under Fi, on G(C) and G = (G, h) becomes an Arakelov
variety.

COROLLARY 4.3. For p > O, there is an exact sequence

0 — CHP(G)g - CHP(G)g = CHP(G)g — 0

where @ is the composition of the cycle class map (13) with a.
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Proof: The statement is clear from (4) and the proof of the proposition. a

The line bundle ¢ = det(Q) is ample on G. Let L be the Lefschetz operator
associated with ¢1(p) = ¢1(Q).

LEMMA 4.4.
i) The map L™"=2P; C HP(G)g — C H™"~?(G)g is an isomorphism for 2p <
mn.
ii) A primitive element a € Ker(L"‘"“‘z”lCHp(G)m) satisfies
(1) deg(z . L™ %(z)) > 0.
Proof: Both statements hold for HP?(Gg) as dim G(C) = mn. The lemma
follows as ¢/ ® R in (17) is the diagonal embedding. a

The Fubini-Study metric defines on projective space P™ over .S in a canonical way
the structure of an Arakelov variety. The fundamental form of the Kihler metric
on P*(C) is the Chern form ¢;(O(1), ||.|| ). There is a second distinguished metric
on O(1) that we now proceed to construct.

LEMMA 4.5. (Bost, Gillet, Soul€)
deg(&1(O1), ||[lF)™") = [F: Q] o

where o, is the Stoll number

1K1
Op = = Z -
2 o=
Proof: [3, Lemma 3.3.1]. O

Now consider the metric ||.||, on O(1) given as ||.||, = exp(%) - ||-||F for
some o € R. We obtain easily

&1(0(1), ll-llo) = &(0(1), |IllF) = —=7a(0 + 20m).

(+1)

From
(O, [1ll)™*" = &(O(1), lIp)™*! = (o + 20w) . aler(O(1), |I.lF)™)

and

/ a(O(1), IlIF)" = [F: Q],
P™(C)
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we get

deg(&1(O(1), I lo)™*") = ~[F: Q] 3.
Since (8) is an isomorphism, we obtain that

a(o(1), |l l)"! =0

inca"t (P™)g precisely for o = 0.

We want to prove A,(P", O(1)). We are reduced to proving the prerequisites so
that we may apply 3.1. In order to do this we consider a ‘motivic’ decomposition of
the Arakelov Chow group C HP(P™)g. Corollary 4.3 gives the exact sequence

0 — CHP™(P")z -2 CHP(FP)g —~ CHP(P™)z — 0. (18)

We obtain a splitting { : C HP(P")g —> C HP(P™)g of this sequence if we take
for ¢ the unique morphism of R-algebras mapping ¢;(O(1)) to é1(O(1), ||.|lo). We
define

. Im({) ifi = 2p,
CHP(R'(P"/S))g = { Im(a) ifi=2p—2, (19)
0 ifi ¢ {2p,2p—2}.

This notation is inspired by the motivic considerations in [9] and [10]. The def-
inition C HP(R?P~1(P"/S))g = O reflects the fact that there are no homologically
trivial cycles on P". Combinig this fact with (18), we obtain a splitting of our
filtration

PFCRY )= @ CH(RF D).

1<2p—k

The operator
N: CHP(PR)g > CHP(P")g - CHPH (P7)g

was introduced in [10, Sect. 9]. It satisfies N2 = 0 and induces an isomorphism
N: CHP(R™(P"/S))g — CH"*'(R*(P"/S5))s.

We need some more notation. For k € {0, 2}, let
Tr: CHP(P")g — CHP(R**(P"/S))g

be the canonical projection, and let

me: CHP(P?)g — CHY(P™")g, g= (2p—k)/2
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be ( for k = 0 and the composition of 7, with the inverse of @ for k = 2. We set
L = Loz Lo = Loqyliy L = Le(oq)) and 7 = 257 The following
formulas are easily verified

Lool = (oL, (20)
errgoNoL{)oZ, 21

Lr = Lo+ 0, N, (22)

L = [P 4 5o (r + 1) N L, (23)
no L = I on 4+ a,(r+1) L7 o. (24)

Now we are prepared to prove A,(P", O(1)). The statement 3.1.i) can be shown
as in the proof of [10, Th. 12.1] or as follows. Consider the commutative diagram

0 — CHp—l(]Pn)R _&) CHP(W)R —<—> CHP(]P)")R — 0

l nt+l-2p l L;+l—2}’ lL"'H"z”

0 — CH"™P(P")g — CH"H=P(Pr)y - CH™'-P(P")g — 0

and apply 4.4 to the outer vertical arrows. The right arrow is surjective and its
kernel consists precisely of the primitive elements

C.H nm(lpn)][g —_ Ker(Ln+1 ZpchP(]P")m)

The left arrow is injective and its cokernel is canonically isomorphic to group of
coprime elements C H copfim(IP™)g. The snake lemma gives us an exact sequence

0— Ker(Ln+1 Zp) —C pnm(IPn)llK =

CH-? (P™)g — Coker(Lp'~%) — 0,

coprim

and we have to show that « is an isomorphism. For 2 € C H nm(]Pm)]R, we see from
(20) that L3+'~?"({(z)) vanishes. This gives with (21) and (23)

a(z) = o L™ o {(2) = Gh(n+ 1 — 2p) L"%(x).

Statement 3.1.i) follows since we know from 4.4 and ordinary Lefschetz theory
that

LV CHE (P™g — CHEpE (P™)g (25)

is an isomorphism.

In order to show 3.1.ii), we have to examine the condition for an element in
C H?(P")g to be primitive more closely. Recall that z € C HP(P™)y is primitive if
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L7 (g) = 0 while € CH?(P)g s called primitive if L"+1-27(z) = 0. Let
z € C HP(P™)g be a non zero primitive element. In this case,

L™ (ny(2)) = mo(L" () = 0
implies
To(z) =m0 + Lm (26)
for primitive elements 7; € C H (P™)g. We use (24) to compute
(L3 %g) = L2 (Lry(z) + G(n + 2 = 2p)mo(<))-
The left-hand side of this equation vanishes. We get
L2722 (1y(z) + Gp(n + 2 — 2p)m1) = O,
if we apply (26), and observe that 7 is primitive. This yields
m(z) = —=0a(n+2 - 2p)m (1))

as L"t?2=?" is an isomorphism on C HP~!(P")g. Recall that we have to show
that

(—1)Pdeg(z . Lit'"%z) =
= (~1)Pdeg((Lg+' 7% + Fa(n + 1 = 20)N L§)(Fo(2) + T2(2)?)
is strictly positive. For the terms which occur, we get for r, s € {0, 2} that
7r(2). LT 7T (2) € CHMH (B2 (7))
and
7o(z) . NLy "7 y(z) € CH™ Y (R*"=°(B"/5))w
while (Te\g defines an isomorphism
deg: CH™" (R¥*(P"/S))g — R.
This implies
(—1)Pdeg(z . Lit'~%z)

= (~1)Pdeg(27o(2) . L' "PFy(x) + Fu(n + 1 — 2p)N Ly~ #70(2)?)
= (=1)Pdeg(2mo(z) . L™ "2ry(z) + Gn(n + 1 — 2p) L P 1y(2)?).
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We replace 7o(z) and m2(2) by 79 and 7; and obtain for the last term
(=1)P@n(n + 1 - 2p) deg(ro . L™~ *P1j0)+
+ (1P, (n + 3 — 2p) deg(my . LT3 %yy). (28)

if we observe again that 7 is primitive. The last expression is always non-negative
by 4.4., since a,, > 0. It is zero if and only if 7o = 0 = 7 orif 2p = n + 1 and
m = 0. There are no primitive elements in C H?(P")g for 2p = n + 1. Hence the
vanishing of (28) would imply 7o(z) = 0 and from 4.4 i) and

L[ ?n(z)=n L}"'Z_Z” (z) =0,

we would get 7(2) = 0 and z = 0. As a consequence (28) is positive for every
primitive non zero element z. a

5. Abelian schemes

Let A be an abelian scheme over .S of relative dimension g. The associated complex
manifold A(C) is a disjoint union of complex abelian varieties. We fix on A(C) a
F-invariant Kihler metric which is translation invariant on each of these abelian
varieties. In this section, we will discuss some conjectures which imply Conjecture
Ap(A, p). Let mult(n) denote n-multiplication on A. We set

CHP(R(A]S))x = {a € CHP(A)g | mult(n)*(e) = n' a}.

We have seen in [10, Sect. 8] that there is a direct sum decomposition

2g
CHP(A)g = P CHP(R'(A]S))n. (29)
=0

The following conjecture from [10, Sect. 9] relates this decomposition to the
filtration F’ defined in (14).

CONJECTURE C,, (A). F¥CHP(A)g = @ CHP(R'(A/S))g.

1<2p—k

Recall that a line bundle g on A is called symmetric if mult(—1)*¢ & p in Pic(A).
Let ¢ be a line bundle on A that is ample, symmetric, and rigidified along the
zero section. Let A be the dual abelian scheme and ¢ : A — A the polarization
associated with p. The morphism ¢ is an isogeny. We denote by v(p) the square
root of its degree which is a positive integer.

A rigidified line bundle on an abelian scheme over § carries a canonical hermitian
metric ||.||cube, called the cubical metric. It is characterized by the facts that the
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hermitian line bundle satisfies the theorem of the cube and has a translation invariant
curvature [3, 3.3.4]; [10, Sect. 7]. We use the cubical metric to define the cubical
height. Let £ be a rigidified Poincaré bundle on A Xs A and equip £ with the
cubical metric ||.||cube- Let

Z € ZP(Axs A) @z R

be a cycle of codimension p. The arithmetic fundamental class [Z] of Z is the

classof (Z,9z) in CHP(A X g A)R where gz is a normalized Green current for Z
determined by the equations

dd°gz + 6z = H(éz) (30

and

H(gz) = 0. (31)
The cubical height of Z is by definition [3, 3.3.4]

heuwe(Z) = deg([Z]. &1(L, ||-lewe) ' 7).

A cycle Z € ZP(A) ®z R is homologically trivial if the cycle class c/([Z]) in
HPP(Ag) is zero.

CONJECTURE D, (A, o). We have

for every homologically trivial cycle Z € ZP(A) ®z R whose class in C HP(A)g
is not zero.

The motivation for our conjecture arises in the proof of the following theorem.

THEOREM 5.1. Bx_1(A), Cx(A), k¥ € {p,g+ 1 — p}, and D,(A, o) imply

Ay(4,0)
Proof: We have already seen in [10, Sect. 12] that A,(A, p) i) follows from
By_1(A), By_p(A), Cp(A), and Cyy1_,(A) if we equip o with the metric

““e = exp(—5/2) ”-“cube

for some ¢ # 0. We fix some ¢ > 0. Let 2p < n + 1. It is sufficient to show 3.1.ii).
We decompose C H?(A)g into the direct sum of

CHP(R*™(A[S))x & CH?(R* *(A/S))s (33)
and

CHP(R*1(A4/5))k. (34)
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This decomposition is orthogonal with respect to the arithmetic intersection product
as the decomposition (29) is compatible with this product and we have [10, 9.3]

CH9* (A)g = CHIYY(R¥(A/S))k- (35)

In addition, an element o € C HP(A) satisfies Lzmlzz”(m) = 0 if and only if
the same is true for the projections of o in (33) and (34). Hence, it is sufficient to
show 3.1.ii) for elements in (33) and (34). For elements in (33), we can proceed
along the same lines as in the proof of Theorem 4.1. For « in (34), our claim will
follow from D,(A, ). The arithmetic Fourier transform is introduced in [1] and
[10, Sect. 7]. It defines an isomorphism

Fegr: CH(A)g > CH(A)g

which is related to the Lefschetz operator L || ||, Via the formula

1 * _ (_1)9 1-2
oty ? Fom(@) = i1 Lol (@) (36)

for a € Ker(LZ:ﬁ_Z“:if |C.H,,(R2,,_l (m))m). Formula (36) can be established as

follows. The formula holds after an application of {( as a consequence of
[9, Th. 6.2]. Then, it follows from [10, 8.3] since both sides of (36) are contained in
CHIT1-P(R¥+1-27( A/ S))g.

For o € C HP(R?~1(A/S))g, we have
Lo (@) = Lol flane (@) + 0(€) - @ = Lo e (@)
and we get easily from [9, Sect. 2]; [10, 8.3]
Fo(®) = paulpie . g s 1L e 2).
These equations yield with base change and projection formula
(9+1-2p)lpu(a) . Fp(a)
= u(@) . PPl &1(L, ||-[lcube)+! ~?)
= p2(p3psa . e &1(L, - |oune) ')
= pa.(id X5 @)u(Die. Pia. (id x5 ©)*E1(L, ||-|lcube) 21 72P).
For a primitive element € C H?(R?*~'(A/S))g, we obtain

(~1)deg(a L2} @)
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( I)Q‘H’g_g_-l_;_(_)ﬁ))_deg(a CH(a))

= (- 1)s+p£9_+T>deg(¢,,(a) For{a))

(=1)9+P — o _
= ’v(g) deg((ld Xs ()0)*(]’10 .pza) . cl(ﬁ, ”'”cube) g p)-

As a consequence of Cp,(A), any non trivial class in C HP(R*~ 1(A/8))g is rep-
resented modulo F2C HP(A)g by a fundamental class [Z] of some homologically
trivial cycle Z € ZP(A) @z R whose class in C HP( A)g is not trivial. Formula (5)

implies
pia.pie = pi[Z]. p3[Z].

Therefore, our claim follows from D, (A4, p), if we show that
[(id x5 9)«(Z x5 Z)] = (id X5 ¢)«(p][Z] . P3[Z])).
This equality is easy seen to be a consequence of
[(Z xs W)] = pi[Z] . p2[W] @7

for all irreducible closed subschemes Z and W of A. We denote by gz and gw
normalized Green currents for Z and W' In order to prove (37), it suffices to show
that the product of Green currents [6, Sect. 2]

(Pigz) * (P39w) (38)

represents the class of a normalized Green current for Z xg W. Therefore, we
have to check (30) and (31). Condition (30) holds in our situation as the product
of harmonic forms is still harmonic. Condition (31) is satisfied if (38) vanishes on
harmonic forms. Let a be a harmonic form of suitable degree on (A xg A)(C).
According to the Kiinneth formula, we can write @ = pja; A p;a; with harmonic
forms o; on A(C). Now our claim follows by a direct calculation from the defini-
tions and Fubini’s theorem. O

PROPOSITION 5.2. D; (A, o) holds for every symmetric o as above and every
homologically trivial divisor Z € Z'( A) whose class in C H'( A)g is not zero.
Proof: We see from the proof of the theorem that it is sufficient to show

(~1)9+'deg(a . ¢* Fsg(a)) > 0 (39)

for the fundamental class @ = [Z] of any divisors Z in Z!(A) of the type consid-
ered in the conjecture. It is shown in [10, 9.3] that GrL.C H'(‘A) is canonically
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isomorphic to Pic‘igA F)q- Hence an integral multiple of the class [Z] is represented
modulo F2C H'(A)g by an element

Iz = (id x5 @)*¢1(L, ||-||cure) € CH'(R'(A/S))x
for a suitable & € A(S) = Ap(F) and it becomes our task to show
(=1)*'deg(la - " Fe(la)) > . (40)

It is sufficient to show (40) after a finite extension of our ground field F'. Hence we
can assume that there exists an a € A(.S) such that @ = ¢ o a. We set

la = (a Xs id)*él(ﬁ, ”-”cube)
and get as (id x5 ¢)*¢1(L, ||-||cube) 18 equal to its transpose

Pula = pu(id x5 a)"(id x5 ©)*¢1(L, ||-|lcube)
(a Xs zd)*(zd Xs 90)*(id Xs (P)*él(£> ||-”cube)
= v(0)%,.

From ¢* o Fz7 = Fgr 0 ¢« [4, Prop. 2.11]; [10, 8.3], we obtain

(—1)*'deg(la - ¢ Fepr(la)) = (~1)°*'deg(la . Fog(eosla))

= (=1)"*'v(g)’deg(ls - Fgg(exp(la)))-

The last equality follows from Fi7(19) € CHI(R*~9(A/S))g and (35). We have
seen in the proof of [10, Prop. 8.1] that

Fezr(as]S]) = exp(la)
where ay is the push forward from Section 2. The Fourier inversion formula [10, 8.4]
implies

Feg(exp(la)) = (—1)7(—a)4[S].
We obtain Ee\g = (Tc\g o (ids)# as an easy consequence of the definitions. Let

A: A — S be the structure morphism. In combination with Ay = (idg)# o A, and
As o (—a)y = (ids)# [10, Sect. 4], we get

deg o (—a)y = deg.
Now we use the projection formula for (—a), obtaining
(—1)o*'deg(ls - ¢ Fepr(la))

= —v(g)z(Te\g(la . (—a)#[S])
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= —v(0)’deg((—a)s((—a)"(id x5 &)*¢1(L, ||-llcue))
= v(g)*deg((a xs &)*&1(L, ||-llcube))-

The expression cTc\g((a Xg @)*¢1(L, ||-|lcuve) gives the Néron-Tate height of the
point a [3, 3.3.4]. This height is strictly positive if a is not torsion, i.e. if the ele-
ments /; and [Z] are not zero in CH!(A)q. i
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