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Abstract. We show that the Alexander—Lefschetz duality can be thought of as a homotopy equivalence
between a space of integral cycles and a space of maps into integral cycles on a sphere.

Let M be an orientable manifold of dimension n. For every k¥ > 0 and every
compact polyhedron A C M — OM there is the Alexander-Lefschetz duality
isomorphism

Hy(A;Z) = H*(M,M — A;7) (1)
that specializes to the Poincaré duality isomorphism
Hy(M;z)= H"*(M;z)

when OM is empty and A = M [7].
In 1956 Dold and Thom proved that for every k£ > 0 and every polyhedron X

Hip(X;2) = 1 (AG(X))

where AG(X) is a free abelian topological group generated by the points of
X [1]. A few years later Almgren generalized this result proving that for every
k>r>0

Hy(X;Z) = mp—r(Z,(X))

where Z,.(X) is the group of integral 7-dimensional cycles on X [2].

Let Z,(S™) = Z,(S™) for 7 > 0 and let Zo(S™) be the connected component
of 0 in Zp(S™) (that is the space of O-cycles of degree 0 on S™). Almgren’s
isomorphism implies that the space Z,(S™) is a K(Z,n — r). This observation
together with the classical result

H"*(X;7) = mMap(X, K(Z,n))
gives for every k > r > 0 an isomorphism
H" %(X;Z) 2 m_Map(X, Z.(S™)).

* Research at MSRI supported in part by NSF grant #DMS 9022140.
** Current address: Department of Mathematics, Texas A&M University, TX 77843, U.S.A.
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It is easy to see that if A C M is a deformation retract of an open set U C M,
then forevery k >r >0

H" (M, M — A;2) = m,_,Map (M, M - U), (Z:(8™),0))

Combining the Almgren Theorem with the above isomorphisms we get that
forevery k27 >0

To—r(Zr(4)) = mp_Map (M, M — U), (Z,(S"),0)) .

Thus it is natural to expect that Z,(A) and Map((M, M — U), (Z.(S™),0))
are homotopy equivalent. The aim of this note is to construct a homotopy equiv-
alence

@: Z,(A4) — Map (M, M - U), (Z:(5"),0))

that induces the Alexander-Lefschetz duality isomorphism (1).
Actually, we will prove the following result.

THEOREM A. If M is a smooth orientable manifold of dimension n, then for
every r > 0 and every polyhedron A C M — OM there is a neighborhood U of
A in M and a map

&: Z,(A) — Map ((M, M -U), (Z(S"),O))
so that for every k > r > 0 the homomorphism
T (Ze(A4)) — me_Map (M, M = V), (Z,(S™),0))
induced by ® is the Alexander—Lefschetz duality isomorphism
Hy(A;Z) = H*(M, M — A; 7).
In Appendix we included a proof of the classical isomorphism
H"(X,;Z) = moMap(X, AGo(S™))

where H™(X; Z) stands for the nth singular cohomology group of X and AGy(X)
is the connected component of 0 in AG(X). The proof is based on the Dold—
Thom Theorem and some basic results of simplicial homotopy theory and is
essentially different from the classical proof, that uses obstruction theory and
identifies moMap(X, AG(S™)) with the nth cellular cohomology group of X.
The paper has two sections, which is a reflection of the fact that in the
case of zero dimensional cycles there are two constructions of the map ¢ from
Theorem A. One, allows the extension of Theorem A to the case where M is
a topological manifold but has no obvious generalization for higher dimensional



POINCARE DUALITY AND INTEGRAL CYCLES 195

cycles. Another, is done in the context of smooth manifolds and easily generalizes
to higher dimensional cycles. The rough idea of the proof of Theorem A is to lift
Z.(M) to sections of a Z,(S™)-bundle associated with the tangent bundle of M.
The orientability of M is shown to be equivalent to the triviality of this bundle.
Thereby, identifying sections of this bundle with the maps from M to Z,(S™).

I am grateful to Blaine Lawson for suggesting to me the extension of the
smooth case construction to the topological case and many very useful com-
ments.

1. Zero dimensional cycles on a topological manifold

In this section we shall describe a homotopy equivalence map
®: Zo(A) — Map (M, M —U),(Z(S™),0))

for M being a topological manifold. Actually, we shall replace the space Zy(X)
of 0-dimensional integral cycles (with the flat norm topology) by the free abelian
group AG(X) generated by the points of X with the compactly generated topol-
ogy on it [1]. Zp(X) and AG(X) have the same set of elements but different
topologies. However, they are homotopy equivalent.

THEOREM B. If M is a topological orientable manifold of dimension n, then
for every polyhedron A C M — OM there is a neighborhood U of A in M and
a map

®: AG(A) — Map (M, M - U),(AGy(S™),0))
so that for every k > 0 the homomorphism induced by ®
m(AG(A)) — mgMap (M, M —U),(AGo(S™),0))
is the Alexander-Lefschetz duality isomorphism
Hy(A;Z) = H" ¥ (M, M - A;7).

Proof. Let M be a closed orientable topological manifold. First we will con-
struct a map

®: AG(M) — Map(M, AGo(S™)).

It will have the property that for every A C M the restriction of ® to AG(A)
induces a map

for some neighborhood U of A in M.
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Let W be a neighborhood of the diagonal of M x M so the the diagram
M-—W-—M
A !

represents the tangent microbundle 7M of M where A: M — W is the diagonal
map and 7 is the projection on the first factor. The Thom space 7M of T M
is the quotient M x M /(M x M — W). We will denote the quotient map from

MxMonto7'/1\7Iby7r.
An orientation of M induces a Thom class U € H"(7M;Z) [4]. Since

H™(7M;Z) = moMap(r M, AGo(S™))

the class U can be represented by a map u: ™ - AG(S™) that extends to
i AG(TM) — AGo(S™)
(Y omimi) = Y mau(ai).

With every cycle ¢ = Y njz; € AG(M) we can associate a family of
cycles

C: M — AG(M x M)
C(z) = an(xz,m)

For any ¢ € AG(M) we define ®(c) as the composition of the continuous
maps

M —» AG(M x M) —» AG(TM) — AGo(S™).
* u
It is easy to see that for every subspace A of M and every cycle c € AG(A)

the map ®(c) is constant zero on a complement of some neighborhood U of A
in M (U depends on W). Thus the restriction of & to AG(A) induces a map

d: AG(A) — Map ((M, M —U), (AGy(S™),0)) .

If M is a manifold, A is a polyhedron contained in M, and U is a small
neighborhood of A in M, then U is homotopy equivalent to A and

mMap (M, M — U), (AGo(S™),0)) = H" % (M, M - A;Z).

Thus under the above assumptions ¢ induces for every £k > 0 a homomor-
phism
®,: Hy(A;Z) — HY*(M,M — A;7).
O

It is easy to see that if A is a point, ®, is an isomorphism. Hence, it is also an
isomorphism for A being any simplex of a triangulation of M. In order to prove



POINCARE DUALITY AND INTEGRAL CYCLES 197

that @, is an isomorphism for any polyhedron A C M — @M one uses induction
on the number of the top dimensional simplices of A together with the Mayer—
Vietoris argument (note that ®, is compatible with Mayer—Vietoris sequences).
For details see for example the proof of the Alexander—Lefschetz duality in [7].
In order to see that @, coincides with the classical Alexander-Lefschetz duality
map note that they coincide for A being a simplex and then use a Mayer—Vietoris
argument and the induction on the number of simplices of A.

2. Integral cycles on smooth manifolds

In this section we present a proof of Theorem A. For simplicity we start from
the zero dimensional case. _

First, note that Map(M, Z,(S™)) can be thought of as a space of sections of
the trivial fiber bundle M x Zo(S™) over M. It turns out that such a bundle is
induced by the tangent bundle of M when M is orientable.

Let M be a smooth (not necessary orientable) manifold of dimension n and
let Py be the principal O(n)-bundle associated with the tangent bundle 7'M
of M. The delooped determinant fibration of M is

B" det(TM) = Py Xo(ny Zo(S™)

where the action of O(n) on Z(S™) is induced from the one-point compactifi-
cation of the linear action of O(n) on R™. The name B™ det(T'M) is justified by
the fact that the fibration

Pyt Xo@m) U(Q™(Z0(S™)))

where U(Q"(Z(S™))) consists of the components of Q™(Zy(S™)) that cor-
respond to {+1} under the homotopy equivalence Z — 2"(Zy(S™)) is the
Petterson—Stong determinant fibration [6]. The fibration is fiberwise homotopy
equivalent to the determinant principal (Z/2Z)-bundle of M. If M is an orientable
manifold, then the determinant line bundle of M is trivial and B™ det(T'M) is
homotopically trivial. Actually, we prove the following result.

LEMMA. A smooth manifold M is orientable if and only if there is a continuous
map

7: B"det(TM) — Zo(S™)
that is a homotopy equivalence on fibers.

Proof. Suppose, that M is a smooth orientable manifold. The Thom space
T M of the tangent bundle of M can be identified with the quotient

Py XO(n) Sn/M XO(n)

where M X () 0o denotes the infinity section of Py Xo(n) S™.
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Since M is orientable, the tangent bundle of M has a Thom class that is
represented in

H™(TM;2) 2 mMap (TM, Zo(S™))
by a continuous map
w TM — Zo(S™).
The composition of u with the quotient map
Py Xom) 8™ — ™
gives the map
t: Par Xom) S™ — Zo(S™)
that can be extended in a natural way to the map
r: B"det(TM) — Zo(S™)

whose restriction to every fiber Zo(Tm) of B"det(T'M) coincides with
Zo(t | 75;)- Since ¢ is induced by the Thom class, the restriction of ¢ to every

fiber T, M of Py XO(n) S™ is a map t;: S™ — Zo(S™) representing a generator
of ,(Zo(S™)). Hence, the induced map

T2 Zo(S™) — Zo(S™)

is a homotopy equivalence*.
Suppose, now that there is a map

72 B™det(TM) — Zo(S™)
that is a homotopy equivalence on fibers. Than
(m,7): B™det(TM) — M x Zy(S™)
is a fiber-wise homotopy trivialization of
B" det(TM) = Py Xo(n) Zo(S™).
Hence, the determinant bundle of M
det(TM) = Py Xom) U(Q"(Z0(S™)))

is trivial as well. Therefore, M is an orientable manifold. O

* This follows from the isomorphisms

[K(Gv ’I’L), K(Gw n)] = Hom(ﬂ'*(K(Gw n))a Tx (K(Gv n))) = Hom(G, G)
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Now, we are going to construct a continuous map
o: Zo(M) — T'(M,B" det(TM))

where I'( M, B™ det(T'M)) is the group of continuous sections of B™ det(T'M).
Choose a Riemannian metric ¢ on M and £ > 0 so that ¢ is less than the
injectivity radius of M. The geodesic e-disc centered at x € M will be denoted
by Dg(¢).
For every € M the surjective map

-1
fo: Dy(e) — TyM, fz(y)=££,fp—_(lf()yj

extends to the continuous map
Fp: M — T,M

that coincides with ¢; on D, (e) and sends the complement of this disc to the
point at infinity oo of T, M. Let

©o: Zo(M) — Zo(To M)
be defined by the formula

goz(Zni:ci) = Znin(mi) - (Znt) - 00.

Since ZO(T;M) is a topological group and F, depends in a continuous way on
x the same is true for ¢,. Thus we get a continuous map

p: Zo(M) — T'(M,B"™ det(T M)).
Note that 7 induces the map

.. D(M, B"™ det(TM)) — Map(M, Zo(S™))

T«(s) =T os.
The composition of ¢ with 7, gives a map
®: Zo(M) — Map(M, Zo(S™)).

Note that for any polyhedron A C M — OM the restriction of ® to Zy(A)
induces a map

®: Zo(A) — Map (M, M — U (4)), (Zo(S™),0))

where U.(A) is the e-neighborhood of A in M. It is easy to see that for ¢
sufficiently small U.(A) is a deformational retract of A and for every k > 0

mMap ((M, M — U.(A)), (Zo(s"),O)) =~ H" (M, M — A;Z).
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Using the same arguments as in the topological case one proves that ® is a
homotopy equivalence.

In order to generalize the construction of ® = 7, o ¢ to higher dimensional
cycles we replace ¢ by the map

o Zy(M) — T'(M,B" *det(T M))
o*(z)(c) = (Fo)y(c)
where for k£ > 0
B"*det(TM) = Py X o(n) Zk(S™)
and replace 7 by a map
*: B"*det(TM) — Zi(S™)

defined as follows.
The trivialization map

7 Pat X0y Zo(S™) — Zo(S™)
induces the map
Qi Pap Xom) D Zo(S™) — QF Zo(S™).
Since both Q2% Zo(S™) and Z,(S™) are K (Z, n—k)s, they are homotopy equivalent
and any homotopy equivalence map
hE: Z(S™) — QFZo(S™)
induces the following fiberwise homotopy equivalence of fibrations
H*: Put X0y Zk(S™) — Py Xo(m) Q5 Zo(S™).

We define 7% as the composition h* o QFr o HE.

Appendix
The aim of this appendix is to prove the isomorphism
Hn(X;Z) = woMap(X, AG()(Sn))

where H™(X;Z) stands for the n-th singular cohomology group of X.

The following proof is based on the Dold—Thom theorem and the equivalence
of the homotopy categories [Top], [A(Sets)], [A(Gr)], D(K) of topological
spaces, simplicial sets, simplicial groups, and chain complexes bounded from
below respectively [5, 3]. For C being one of the above categories Hom¢ (X, Y')
stands for the set of morphisms of C' between the objects X,Y of C. Thus
Map = HomTop-
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Let us start by recalling some basic definitions.
Let (A, d,) be a chain complex

e Ap B A, A
The shifted complex (Ax[p],d«[p]) is defined as follows

(A*[P])n = An—P’
(di[pD)n = (=1)Pdn—p.

Any two chain complexes (A, d%), (Bx,d?) induce a cochain complex (Hom*
(A4, By),6*) so that

Hom"(A., B,) = Homg, (Ax, By[n])
and the coboundary operator
6": Hom" (A, By) — Hom""!(A,, B,)
is defined by the formula
(6" f.)p = dP[nlps1 © fpr1 — fpodpyy.
Two chain maps fy, g«: A« — B, are homotopic if there is a chain map
Sx: Ax = Bi[—1]
so that
fo—ge=dB 0sut suy0df.

Homotopy is an equivalence relation and the group of homotopy classes of
chain maps from A, to B, is denoted by moHomp, (A, Bx). A straightforward
consequence of the above definitions is the following isomorphism

H" (Hom*(Ax, By),6*) = moHomg, (Ax, B). 2)

To every simplicial abelian group G = (G, Ox, s«) one can assign a chain
complex Cy(G) so that Cp,(G) = Gy, and dp,: Cr(G) — Cr_1(G) is given by
the formula

n
dn =Y (-1)'0;.
1=0

The classical result of Dold and Kan says that C,: A(Gr) — K, induces an
equivalence of the appropriate homotopy categories

[A(Gr)] — D(K+).
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Let AGS(X) be the free abelian simplicial group of the singular complex S(X)
of X. The chain complex C,(AGS(X)) is nothing but the singular chain complex
of X. In the sequel we will denote it by C;"8(X).

Let Z, denote a chain (simplicial) complex so that

7 = Z forn=0
n 0 forn#0

and all boundary (face and degeneracy) operators being the zero maps. It is easy
to see that the cochain complex

Hom* (C"¢(X), Z.)

is isomorphic to the singular cochain complex Cs*ing(X ) of X. From the isomor-
phism (2) it follows that

H™(X;Z) ¥ H" (Hom*(CS"(X), Z,))
= moHomy, (C3"(X), Z.[n}).
Since the chain complexes Z,[n] and C(AG(S(S™)) are quasi-isomorphic
moHomg, (CS"8(X), Z.[n]) = moHomg, (CS"8(X), Cy(AGoS(S™))) .

From the fact that C,: [A(Gr)] — D(K) is an equivalence of categories
it follows that

moHomg, (CS"8(X), C\(AGoS(S™)))

Every map AGS(X) — AGyS(S™) is determined by its restriction to S(X).
Thus

= onomA(Sets) (S(X), AG()S(S")) .

From the Dold-Thom isomorphism AGyS(S™) is homotopy equivalent to
S(AGy(S™)). Hence

7"'OHomA(Sets) (S(X), AGOS(SR))
= 7"'OHomA(Sets) (S(X)» S(AGO(Sn))) .

Since for every simplicial set 7" and a topological space X
7"'OHomA(Sets)(Tv S(X)) = WOHomTop”T‘a X) = moMap(|T|, X)
we have

moHomA (sets) (S(X), S(AGo(S™))) = moMap (|S(X)|, AGo(S™)) -
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Finally, because for every X the spaces X and |S(X)| are homotopy equiv-

alent, we get the required isomorphism

H™(X;Z) = moMap (X, AGo(S™)) .
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