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Abstract. The mixed-Hodge theoretical data of an isolated hypersurface singularity f are codified
by the set of spectral pairs Spp(f) € N[Q x N]. We prove that its projection in N[Q/2Z x N] is
equivalent to the real Seifert form of f. In order to prove and illustrate this, we discuss and classify
the sesqui-linear forms from the viewpoint of the Hodge theory.

1. Introduction

The final goal of this paper is the description of the connection between the
complex (real) Seifert form and the collection of spectral pairs Spp(f) of an
isolated hypersurface singularity f. The Seifert form is defined topologically and
coordinates the intersection form and the monodromy. On the other hand, the
powerful discret invariant Spp( f), defined in the free abelian group generated by
Q X N, is equivalent to the collection of Hodge numbers {h%?} [11, 12, 13].

In this paper we prove the following

THEOREM. Consider the image Spppmoq-2(f) of Spp(f) under the projection
induced by Q x N — (Q/2Z) X N. Then the information contained in
SPPmod-2(f) is equivalent to the information contained in the real Seifert form
of the singularity. Moreover, this correspondence is very explicit (see 6.1 and
6.5).

Therefore, we can distinguish three levels of invariants. The first one is deter-
mined by the monodromy. The collection of the eigenvalues and the weight filtration
(measuring the dimension of the blocks) can be codified in N[(Q/Z) x N]. The
second one is the level of the real Seifert form codified in N[(Q/2Z) x N]. The addi-
tional Z,-invariants can be identified with some signatures. The analytic invariant
Spp( f) is codified in N[Q x N]. The relation between them is the corresponding
factorizations. So, the Seifert form contains complete information about the weight
filtration and a Z,-(Hodge) decomposition. The latter can be understood in the fol-
lowing way. We collapse the mixed Hodge structure (in fact the Hodge filtration)
of f (or the spectral pairs) corresponding to the signs given by the polarization.

* Partially supported by NSF grant No. DMS-9203482.
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This result is similar to the Hodge signature theorem in the case of smooth
projective varieties. In that classical case, the signature is given by the collapsed
Z,-(“even—odd”)-Hodge decomposition, where the collapse is induced by the polar-
ization. In our case, the real Seifert form of an isolated singularity is equivalent to
the collapsed mixed Hodge structure associated with the singularity.

This correspondence motivates an intensive study of sesqui-linear forms: we
develop the “theory of mixed Hodge structures” at this level. In fact, it is convenient
to study the Seifert form together with the hermitian intersection form and the
monodromy operator. This triplet forms a “variation structure”. Since we did not
find a convenient presentation form our point of view in the literature, we start
in Section 2 with the classification of the variation structures. In Section 3 we
introduce their spectral invariants and in the next section we relate them to the
signature-type invariants. In Section 5 we recall some properties of the mixed
Hodge structure associated with an isolated hypersurface singularity. Section 6
contains the proofs of the main theorems and some examples.

As an application, we find new obstructions for the algebraic Seifert forms,
compute the complex Seifert forms of quasi-homogeneous isolated singularities,
establish different connections between our invariants (for example, we compute
the equivariant signatures corresponding to the eigenvalues # 1 in terms of mod-
2-spectral numbers).

2. e-hermitian variation structures

If U is a finite dimensional vector space then U* is its dual Hom¢ (U, C). We have
the natural isomorphism §: U — U** given by 8(u)(¢) = ¢(u). We denote by ~
the complex conjugation. If ¢ € Hom¢(U, U’), then ¢ € Homc(U, U’) is defined
by @(z) := ¢(&). The dual p*: U™ — U* of ¢ is defined by ¢*(¢) = 1 o ¢.

It is convenient to write ¢ = %1 in the form ¢ = (—1)™.
2.1. DEFINITION. An e-hermitian variation structure (abbreviated as HVS) over
Cisasystem (U; b, h, V'), where

(a) U is a finite dimensional C-vector space,

(b)b: U — U* is a C-linear endomorphism with b 00 = eb; (ie. it is e-
hermitian).

(c) h is b-orthogonal automorphism of U, i.e. h* o bo h = b.

(d) V: U* — U is a C-linear endomorphism, with
() 0-'oV* = —cV o h*, (ie. V is “c-h-hermitian™)
(ii) V o b = h — I (the “Picard-Lefschetz relation”).

2.2. The endomorphism b defines an e-symmetric hermitian form B : U ®
U — C by B(u, v) = b(u)(?). Indeed, B(v, u) = b(v)(@) = €b* 0 8(v)(a) =
eb*0(v)(u) = e0(v)(b(u)) = eb(u)(v) = e B(u, v). Condition (c) is equivalent to
B(hz, hy) = B(z, y) for any = and y.
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We have two immediate properties:

23.LEMMA.boV = (h*)"! = I,andhoVoh* = V.

Proof. The first identity follows from b* 0o 6-10oV* = h* — 1. For the
second one, one has: ho V o h* = (h — I)Vh* + Vh* = VbVA* + VA* =
V(R*~! —D)h* + Vh* = V. D

2.4. DEFINITION. The HVS (U; b, h, V) is called non-degenerate (resp. simple)
if b (resp. V) is an isomorphism.

2.5. DEFINITION. Two ¢-hermitian variation structures (U; b, h, V') and (U’; ¥/,
k', V') are isomorphic (denoted by =) if there exists a (C-linear) isomorphism
@: U — U'suchthatb = g*b'p, h = o~ h'p,and V = o~ 1V/(g*)"L.

2.6. REMARKS.

(a) If b is an isomorphism then V = (h — I)b~! and the HVS (U; b, k, V)
is completely determined by the isometric structure (U; b, h) (i.e. triplets with
axioms a-b—c and with non-degenerate form b). The classification (up to isomor-
phism) of the isometric structures is equivalent to the classification of the conjugate
classes in the orthogonal group O(b). For this classification, see, for example, the
papers of Milnor [4] and Neumann [7].

(b) If V is an isomorphism, then h = —eV(0-1oV*)~land b = -V~! -
€(6~1 o V*)~1. In particular, the classification of simple HVS-s is equivalent to
the classification of C-linear isomorphisms V' : U* — U or to the classification
of sesqui-linear forms on finite dimensional vector spaces. Here V': U* — U and
V': U™ — U’ are isomorphic if V' = ¢V ¢* for an isomorphism ¢: U — U’.

If we would like to emphasize ¢ then the ¢-HVS determined by V' is denoted
by V.

(c) Any base {e;}; of U defines a dual base {e] }; of U* by €j(e;) = 1if j = ¢
and = O else. In all our matrix notations we will use the matrix representation in a
convenient base and its dual base. (Notice that § corresponds to the identity matrix.
If the endomorphism ¢: U — U’, in a given base, has matrix representation A,
then ¢* in the dual base is represented by the transposed matrix A*.)

2.7. EXAMPLES.

1. Define the trivial structure 7 by U = C, b=0, h=1¢, V = 0.

2. Let S! be the unit circle. Any £ € S! — {¢} defines an e-hermitian 1-
dimensional simple structure V(§) by

1-¢
=({C — -1].
3. fV; = (Ui; bs, hiy, Vi) (1 = 1, 2) are variation structures, then V; @ V, =
(U1 ® Ua; by @ by, hy @ ha, Vi @ V3) is their direct sum in this category. nV
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denotes the direct sum of n copies of V. If V = (U; b, h, V) then —V denotes
(U; =b, h, —V') with the same €.

If Vi, (¢ = 1, 2) are simple ¢;-hermitian variation structures, then the tensor
product V; ® V; defines a new simple e-structure. The corresponding automor-

phisms are related by ®h = —eg1e2h1 @ hy. If we want to emphasize the sign of
¢ in the tensor product, we write V| ®. V. (In this paper always ecje; = —1, i.e.
h = hi ® hy.)

The conjugate of V = (U; b, h, V)isV = (U; b, h, V).
4. In the next examples Jj, denotes the k x k-Jordan block:

Consider A € C* — §'. The e-HVS V?¥()\) is defined by:

e [qn (OTY [P0 0 s()\Jk—I)
A ’ ’ *,—1 *,—1 :
el 0 0 +Jy J 0

Note that V3* ~ Vlz;“/\ ~ —V2k,

5. We are looking for non-degenerate (k x k)-matrix b such that b* = b and
JibJy = b.Itisimmediate thatb;; = 0ifi4+5 < kand by1—ii = (— 1)”’1b;c 1. By
[4] the isomorphism class of (b, J) is determined by b ;. Since b is non-degenerate
b1 # 0. Since for any ¢t € (0, 0o) one has (U; b, Ji, V) ~ (U; t2b, Ji, t72V),
we can assume that by = w € § 1. By the hermitian property of b one has @ =
¢(—1)*=1w. This equation has two solutions. In conclusion, there are exactly two
non-degenerate forms b = b% (up to isomorphism) with b* = ¢b and J;bJ;, = b.
Their representatives are chosen so that (b% )1 = +i —n’=k+1, (this strange choice
has a Hodge-theoretical motivation and it will simplify the description of the results
in the next sections). Note that bx; = B(ex, e1) = Blek, (Jr — ) leg) =
B(ex, (log Ji)*~1e,). (Here {e;}; denotes the standard base of Cck)

Let A € SL. If b = AJj, then by the above argument, there are exactly two
non-degenerate ¢-HVS-s (up to isomorphism):

VE(£1) = (C5; b5, Ak, (M, — D(B5)™Y)
where w = (b% ) = £i™™ 2okt

If A # 1, then by (2.1.d-ii) any HVS with A = AJ} is non-degenerate. If h = Ji,
then there are some degenerate structures, too.
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6. Suppose that k > 2 and h = Jj but b is degenerate. Since kerb C ker(h —I)
(by 2.1.d-ii), and dimker(Jix — I) = 1, one has kerb = ker(h — I). Similarly as
above, any degenerated form b with ker b = ker(J, — I') and b* = eband h*bh = b
has the properties b; ; = 0if ¢ + j < k+ 1, and bgyr_i; = (—1)‘bk,2. Therefore
bx,2 # 0 and in the isomorphism class of the structure there is a representative with
by = w € S'. By symmetry, ® = (—1)"**w and b is completely determined
by bk modulo an isomorphism. So, we have exactly two solutions I~) (up to
isomorphism) with (8% )2 = £(—1)"+1i=(n+1)’=k+1 (notice the shiftn - n + 1
in the exponent of 7). Moreover, V' is completely determined by ~ and b (up
to isomorphism). In particular, there are exactly two degenerate structures with
h=Jyandk > 2

VE(£1) = (CF; B%, Jk, VE),

where (0% )2 = Bk (ex, (log Jx)*~2ex) = £(—1)"t4 j—(nt1)2—k+1 — 4 ;—n?—k+2
In fact:

. 0 0
b= b:‘: = 0 blj:—l .

Note that the structure can also be recognized from ((V£)=1); = +i—"' k2,
(use the identity Vb = h — I).

By computation we get that Vf is an isomorphism. In particular, the varia-
tion structures V¥(£1), where A € §' — {1} resp. k¥ > 1, and VF(+1) where
k ;k 2, are simple. They are determined by the corresponding isometric structures
(C%; b, h).

7. Suppose that U = C and h = 1¢. Then there are exactly five HVS-s (up to
isomorphism):

Vi(£1) = (C; £, 1¢, 0);
VI(£1) = (C; 0, 1, £,
and
7 =(C;0,1¢, 0).
Note that in V] (&1) the variation structure is not determined by its underlying
isometric structure.
8. In order to unify the notations of the simple structures, we introduce:

WE(£1) = VE(£1)if A € S' — {1}, and = Vf(£1)if A = 1. Set s = 1 if
XA = 1and = 0 otherwise. Then: W§(£1) = WE(L(—1)~k+1+s),
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9. Consider the following matrices:

0 0 1 1 0 O 0 -1 O
b=|0 0 O, h=]10 1 1|, V=11 0 0
1 0 1 0 0 1 0O 0 O

They define an indecomposable (+1)-HVS, but the automorphism , has two Jordan
blocks. Note that even the associated (degenerate) isometric structure (b, k) is
indecomposable (cf. 2.9.b).

2.8. For the completeness of the discussion, we recall (the complex version of)
Milnor’s result [4] (see also [7]):

Any isometric structure (U; b, h) is a sum of indecomposable ones. The inde-
composable ones are the corresponding isometric structures of V¥(+1), where
A € §1; and of V2, where A € C* — S

The main result of this section is:

2.9. THEOREM.

(a) An e-hermitian variation structure is uniquely expressible as a direct sum
V' @ V" so that K — I is an isomorphism (in particular, V' is simple and non-
degenerate), and h" — I is nilpotent.

(b) A simple e-hermitian variation structure is uniquely expressible as a sum
of indecomposable ones up to order of summands and isomorphism. The indecom-
posable structures are:

WE(£1) wherek > 1; A € S'; and
V¥ wherek > 1,0 < || < 1.

2.10. REMARK. Part (b) of this theorem gives a classification of complex sesqui-
linear forms (with respect to complex conjugation) over finite dimensional C-vector
spaces (cf. 2.6.b).

If two real non-degenerate bilinear forms are isomorphic as sesqui-linear forms
over C, then they are isomorphic as real bilinear forms. In particular, the study of
real simple variation structures is equivalent to the study of the complex ones. This
follows from the comparation of (2.9) and the corresponding real classification
result [4].

2.11. PROOF of 2.9. We start with the following

Fact. Suppose that (U; b, h, V) = (U' @ U"; b’ ®b", K @ h", V). Ifb' orb” is
non-degenerate, then V = V' @ V”, in particular V = V' @ V" (with the obvious
notations).

The proof is a direct verification.

Set Uy = {u € U : (h— AI)Nu = 0 for N sufficiently large}. Then U, LU,
(B-orthogonal) if Al # 1 and U = @,Uy. Define Uz = @rz1Uy; Uf = {p €
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U* : @¢|Uy = O} resp. Uz, = {¢ € U* : ¢|Us = 0}. The subspaces U; and
Uy are h-invariants, U and U;;l can be considered as the duals of Uy resp. Uy;.
Moreover, b(U;) C Uy and b(Ug1) C U, . Since by is non-degenerated, by the
above Fact: V = V| @ V1. This gives the first part.

Now, V4 is non-degenerate, hence it is completely determined by the isomet-
ric structure (Uxi; by, hx1). Thus the result follows from the result of Milnor
[loc. cit.].

The decomposition of Vy = (Uy; b1, h1, V1) follows from the decomposition
of V1 ® V(&) (where £ € S! — {£1}) by the same argument as above. ]

2.12. EXAMPLE. If V~1 = —T,,,, where

1 .
Iy = ) (m x m block)
1

and V is the simple e-HVS defined by V, then V = @V(§), where the sum is over
the roots of §™+! = ¢m+! with £ # .

In the sequel, the e-sign of V(§) is always e(V(§)) = +1; ie. V(§) =
(C; 1, & €—1) = Vi(+1).

2.13. PROPOSITION. The ¢-suspension property.
Set £ # 1. Then

()" [y VF(ED] @1yntt [V(E)] = (cpynrVE(ED).

Proof. If k > 2, then the bilinear form of the tensor product is ®b = (Vf)~! +
(% )¢&;. Therefore (®b)k,1 = ((V£)~")k,1. Using the identity b5 = (VF)~!(Jx —
I),we get ®bk,1 = (I;Ij:)k,z = i(—l)n+1i—(n+1)2_k+l = (—1)n+1((_])n+lblj:)k’1.

If k = 1, then ®b = [£(—1)"*+1i 1)1 = (—1)"F1((_ ynpibl). O

2.14.If we do not want to relate this presentation and classification to the singularity
and Hodge theory, then the sign-convention can be simplified. The sign of (b’j:)k,l
is motivated by the polarization formula (see 5.6.ii). The fact, that the structures
with A = 1 and with weight filtration centered at n have the same behaviour as
the structures with A # 1 and with weight filtration centered at n + 1, is central in
the mixed Hodge theory of singularities. This motivates the shift in the definition
of (b’i)k,z- The additional sign (—1)"*! comes from Deligne’s (or Sakamoto’s)
theorem about the Seifert form of singularities with separable variables.

2.15. REMARK. For the multiplicative properties of the hermitian variation struc-
tures, see [6].
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3. Hodge numbers and spectral pairs associated with variation structures

Fix an integer n and set e = (—1)".

LetV = (U; b, h, V') be ac-symmetric hermitian simple variation structure.

In the sequel, we assume that the eigenvalues of the automorphism A are on the
unit circle S!. Recall that s = s(A) = 0if A # 1 and = 1 otherwise.

We want to construct a weight filtration W on U} and a Z;-decomposition on
Gr¥ U3. By the decomposition Theorem (2.9), it is enough to define them on the
indecomposable elements W} t!(u), where r > 0, A € §', and u = £1. The
weight filtration is given by A*~1, the center of the filtration is, by definition,
n + s. In fact, it is the unique filtration with center n + s and with the properties:
dimGrlY Wit (v)) = 1ifl = n+ s+ r —2t, where t = 0, 1,...,r, and
log 5" (W) C Wi-a.

The Z;-decomposition

GrlPWitl(u) = FaGrlV Wit (w) @ F_1Gr]Y Wit (u)
is given by:

1 ifuv(=1)t=1
dim FvG"msH—%W;H(u) B { 0 Otherivise) )
In other words: G, ., Wit (u) = F_1)e,Gr¥ . 2, Wi (w).

If Vs = Sucs1,-5005 (W)W (1) then we redefine py™*t"* = piti(u),
u= %1, 7 > 0; (n+ s+ r is the weight of the “primitive element” of W{t!(u));
and we define hy"™ = dim F,Gr}Y U}. By these notations, we have the following
relations:

py“ =hy"" - hi{’+2’u, w>n+s;

-Diu
ht)‘u,u — Z pK/+21,( 1) , w>n+s; 3.1)
>0

hn+s—k,u _ hn+s+k,(—l)ku
A = A .

In particular, V = EpS“(u)W/(“(u) is completely determined by the numbers
{P\"*; w > n + s} or by the set {h}"“}.

There is a dual weight filtration (with center n — s(\) for W;*!(u)) induced
by h, and a dual Z,-decomposition on U). We prefer the theory on U* because it
can be easily compared to the mixed Hodge theory of singularities defined on the
cohomology groups.
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The (mod-2)-spectral pairs associated with a variation structure lies in

N[(R/2Z) x N] = { > (a,w),a €R/2Z,we€ N} :

(ayw)

The system of equations:

e-—27rioz =\
(_l)w—n—[-—o:] =
has exactly one solution @ = a4, € R/2Z. We associate with the space

F,Gr¥ U the spectral pairs (o, w—s()) with multiplicity hy"* = dim F,GrYY U}.
The collection of the spectral pairs of V is:

Spp(V) = Z hy"*(axwu, w — s(A)).

Aw,u

It is clear that passing to the spectral pairs we do not lose any information: we can
recuperate V from its spectral invariants. Moreover, Spp(V; & V2) = Spp(WV1) +
Spp(V2).

The symmetry of the weight filtration gives the invariance of Spp( f) with respect
to the transformation (e, n + k) < (a — k, n — k). If the structure comes from
a real one, the stability with respect to the complex conjugation gives an addition
invariance with respect to the transformation (a, n+ k) < (n—1—-a, n — k).

4. Other invariants of the variation structures

4.1.Let V be aHVS with eigenvalues on the unit circle. The null-space of a bilinear
form b is denoted by . If b is (+1)-symmetric, then p4 (b) resp. p— (b) denote the
maximal dimension of a positive resp. negative definite subspace of b. If bis (—1)-
symmetric then 4 () is defined as p4 (¢ - b). The signature of bis o = py — p_.
(By this notation, since our form b is (—1)"-symmetric, p4(b), by definition, is
p(i™'0).) .

Now, consider the homotopy ¢ — bk (t); bk (t);; = (49 (b5 );;, where ¢(3, j) =
Oif : 4+ j = k+ 1 and = 1 otherwise. Since the determinant is non-zero for
t € [0,1]: pux(bh) = p1(b5(0)). Using this, we obtain that the p-invariants of
the simple indecomposable variation structures are:

[ Z3 HEx | Ho g
VRGED [ [ ] [#] | 0 [ #5557
VEED | [ [ 1] R

4.2. In the sequel, we describe the relation between the spectral pairs and the
p-invariants of a variation structure V.
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The first entry of a spectral pair is called spectral number. Their collection
defines two numbers corresponding to v = +1:

SpA(v)(V) = #{a| a is a spectral number with e~2"* = X and (—1){*] = »}.
PROPOSITION. Let V = @ @ py(£1)W}(£1). Then:
(a) Forany X and v = %1 one has:

r+l—-uv r+1
Spa(v)(V) = Y — SANOEEDY 5 Pyt (u).
T even 7 odd
u=%1 u==%1
In particular:
SpA(-1)(V) = Spr(+1D)(V) = Y- w-pit(w).
reven
u==+1

(b) If X # 1, then: Spy(£1)(V) = px1(V»), in particular:

a(Va) = Spy(=1)(V) = Spr(+1)(V) = D w-pHi(w).

reven
u=%1

(Compare with the classical Hodge signature formula.)

(©)
o)=Y u-p[t'(u).
rodd
u==%1
Proof. Use (4.1) and the definition of the spectral pairs. a

4.3. By the above proposition, the equivariant signatures corresponding to the
eigenvalues A # 1, are determined by the (mod-2) spectral numbers. On the
other hand, o(V;) cannot be computed from the spectral numbers alone. It can be
recovered from the spectral pairs in many ways, for example:

oV)=2 >,  (-1)*+ oo (-~
(o,w)€Spp(V1) (o, w)€Spp(V1)
azn+2 a=n+1

4.4. Consider the filtration 0 C U §1) c---CcvU §m) = U), where U ik) = ker((h —
A%, Uy) with dimension n{?) = dimc U®). on U /U we can define a
(+1)-hermitian form by B{")(z, y) = B(z, \1=%(h — AI)¥~1y). Let 0" be its
signature.
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4.5. PROPOSITION. The number of the indecomposable components of the direct
sum ®ph (£1)W. (£ 1) is determined by the collection of numbers nf\k) and a&k) .
Proof. Since nf\m) = #{all A-blocks} and nf\k) - nf\k_l) = Yp#{l— A-blocks},
(k < m), the numbers nf\k) determine the number of / — A-blocks. Since we have
only two types of I — A-blocks, they can be separated by af\k). In fact uo(Bf\k)) =

Sise#{l — A-blocks} and py (BF)) = #Wk (1), o

5. Isolated hypersurfaces singularities

We review some topological and Hodge-theoretical definitions and results as a
preparation for the next section. The basic references are [11, 12, 13, 10, 9] and the
first chapter of [1].

5.1. Consider an isolated hypersurface singularity f: (C™*!, 0) — (C, 0). We
recall the definitions of the main invariants.

For ¢ sufficiently small and 0 < 6 < ¢ define S} = {w : |w| = 6§} C C and
E:= f~1(SHn{z : |2| < €} C C"*!. Then the induced map f: (E, dE) — S}
is a locally trivial fibration with fiber (F, OF), such that f|0F is trivial. The
(Milnor) fiber F' is homotopically equivalent to a bouquet \/ 5™ therefore its
reduced (real) homology (cohomology) is concentrated in Ur = H,(F, R) (Ug =
H"(F, R)). The characteristic map of the above fibration at (co)homological level
defines the algebraic monodromies hgr : Ur — UR and TR = h;{l : U —
Ug- The natural, real intersection form is denoted by bgr : Ur — Ug. Fixing a
trivialization of f|0F one defines a variation map Var: Ug — UR.

These invariants satisfy the relations: Var o bg = hgr — I; hg obr 0 bR =
bRr; by © 0 = ebg; and Var* = —¢ Var o hy, where ¢ = (—1)".

In particular, the complex maps b = bp® 1c, h = hr® 1c,andV = Var® 1¢
define a (—1)"-HVS on U = Ur ® C. It is denoted by V( f). (We recall that bis a
hermitian form rather that a bilinear form.)

It is well-known that V is an isomorphism (see, for example, [1, p. 41]),
therefore our variation structure is simple. The real Seifert form L can be defined
as follows. If ( , ) denotes the pairing between H,,(F, 0F, R) and H,,(F, R), then
for a, b € H,(F,R) one has L(a, b) := (Var~!(a), b). By our notation, (, )
identifies H,,(F, 0F, R) with U*, therefore Var can be identified with the inverse
of the Seifert form (cf. [3] or [1, p. 41]).

5.2. Consider the Jordan decompositions h = hsh, and T' = T, T, into semisimple
and unipotent part; and the generalized eigenspaces Uy = ker(hs — Al ) resp. Uy =
ker(Ts — AI); and the corresponding decomposition logh, = N = @.N) resp.
log7, = N = ®N).Lets =0if A # l,and=1if A = 1.
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5.3. The space U carries a mixed Hodge structure with weight filtration centered
atn + s. For r > 0, the space

1. w w
Pr,)\ = ker(N;+ . G"’”n+s+7'U:\’= - Grn+s—r—2U5\k)

carries an induced Hodge structure of weight n + s 4 r:

a,b
Pr= & P
a+b=n+s+r

By the monodromy theorem and [9]: a + b =n + s + 7 < 2n.
The discrete invariants of the Hodge and of the weight filtrations are collected in

the Hodge numbers: kY7 = dimGryGr) Uz (and BP9 = Sh57). We will use

the dimensions (of the primitive spaces) pi'b = dim Py b (r=a+b-n—-s5>0),
too. Since N is a morphism of Hodge structures of type (—1, —1), one has:

p'f\’b = hi’b - h‘f\+1’b+l, (r=a+b-n-s>0). (5.4)
This system of linear equation can be solved in the Hodge numbers, thus
q
h‘;’b = Z p‘;""l’b"'l, (a+b>=n+s). (5.5)
130
In fact, this can be also regarded as a consequence of the direct sum decomposi-

tion:

GraGri, Uy = @ NPT (a+b>n+ ).
130
Moreover, since k%' = A3 +*"P"74 the system of numbers {h%''},, , is equiva-
lent to the system of numbers {pi’b}a.,.b;n.,.s.

5.6. We want to relate V( f) to the mixed Hodge structure of the singularity. Since
the former object (more precisely b) is defined on U and the latter on U*, we will
consider the dual of this~mixed Hodge structure, too.

We identify U with HZ(F, C). By [13]:

(1) The space U) carries a mixed Hodge structure with weight filtration centered
atn — s. For r > 0, the space

1. AW w
cPrx =ker((N{t': Gryl L Uy — Gr_ o5 U»)

carries an induced Hodge structure of weight n — s 4 r:

b
cPr,)\ = @ CP; .
a4b=n—s+r
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(ii) If A # 1 then the form @, \: Pr\ ® P,y — C givenby Q. \(z, §) =
B(z, .Ny) has the (polarization) properties:

@ (Py*) Lo, (PY?)if (a, b) # (c, d); and
) (-=1)"=D/28=bg_ (2, ) > 0if z € P,

From the duality, dim . Py b cp‘;"b is equal to pi’b, provided that A # 1. (For
more precise description of the duality, see [13].)

5.7. An excellent codification of the Hodge numbers is the collection of the spectral
pairs considered in the free abelian group Z[Q x N], generated by Q x N:

Sop(f) = Y hom bt (a, ).

(oyw)

Since kY is the coefficient of (a, p + ¢ — ), where a is the unique solution of
A = exp(—27ia) with n + [—a] = p, the collection of the Hodge numbers is
equivalent to Spp( f). The symmetry of the Hodge numbers gives the invariance
of the spectral pairs under (o, w) — (n — 1 — @, 2n — w).

If we forget the weight filtration, then the information of the equivariant Hodge
filtration is codified in the spectrum:

Sp(f) = _ a € Z[Q] (the sum over the spectral pairs (c, w)).

Any spectrum number « is in the interval (-1, n).

5.8.EXAMPLE.If f(z) = 2™+, thenU = C™, n =0, ¢ = +1,andV = —-T; 1.
By (2.12), V(f) = &, V(exp(&it)). U = GrlV U is pure of weightw = 0 and

Spp(f) = Z o 2sit (—ﬁ 0) = i (—mLH 0) :

=1

5.9. In Section 6, we compare the spectrum pairs and the p-type and signature-type
invariants of f. These are defined as follows: u+(A)(f) = p+(b; Uy), ox(f) =
e W) = p~(N)(f) for X € S' and po(f) = po(b), pe(f) = Eaps(N)(S),
a(f) = Exoa(f).

6. Topology and Hodge structure

Let f: (C™*!, 0) — (C, 0) be an isolated hypersurface singularity. The connec-
tion between the topological invariant V( f) and the Hodge theoretical invariants

pi’b( f) is given in the following
6.1. THEOREM.

ViH= @ BPEOW(-1)h),

A 2n2a+b2n+s
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where s = 0if A\ # 1, s=1ifA=1andr = a+b—n— s> 0. In particular,
the Hodge numbers determine the real Seifert form.
Proof. Let A # 1. Then by (5.6.ii) one has

A a,b a,byyr
@ cN,l\(cP,\ ) = Py V,\H((_l)b)'
=0
Now, since
> a,b
= D DM,

2n2a+b2n 1=0

the result follows for these A-components from the polarization properties.

Suppose A = 1. Consider the germ (z, 2p41) — f(2) + z:Ln_'_"'ll : (C™2,0) —
(C, 0). Then, by a result of Deligne (see [2]) (which solves the Sebastiani-Thom
problem at variation-map level) (or equivalently, by a result of Sakamoto [8] which
solves the Sebastiani-Thom problem at Seifert matrix level):

V(f+ 275 = ()" V() eV,

where V is associated with —T',;!. The HVS associated with (z — 2z™*!) is
(+1)-symmetric, hence by (2.12) V = @¢m+121 21 V(£). Consider m so that the
monodromies hy and hy,,,,m+1) have no common eigenvalues. Then:

Ve(f + 2 = (1" Vi) @ V(E) (*)

Moreover, by the solution of the Sebastiani-Thom problem at the mixed Hodge
structure level [9]:

BET(f + 2l = WP F)hg® = RPO(F) (%)
(since hg’o = 1by (5.8)). Now, Vi(f) @ V() =
= (=1 Ve(f + 2 by (*)
= (=1 Saybsnp1pg (f + 200 - o VEH((-1)%) by the case A # 1
= Zasbpnt1y () - (D) Lo VETH(-1)) by (++) and (5.4)
= Sapssn12 (AVE(-1)") @ V(&) by (2.12).
Since - @ V(£) is one-to-one, the result follows. O

6.2. EXAMPLE (The case of quasi-homogeneous polynomials). Let f: C*t! — C
be a quasi-homogeneous polynomial of type (wy, . .. , wy, ) with isolated singularity
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at the origin. Let {z*|a € T C N"*!} be a set of monomials in C[2] whose
residue classes form a bases for the Milnor algebra C[[z]]/(0f). For a € T let
(o) = X7 (e + 1)w;. By [12]:

> hyt = #{a € T, X = exp(27il(a)), (~1)IN = £1}.
a+b=n+s
(-1)b=%1

Therefore, our result becomes:
6.3. THEOREM. If f is as in (6.2), then:

V(f) =P We}xp(Zﬂ'il(a))((_1)[l(a)])
a€T

where [-] denotes integral part.

This, in particular, determines the dimension of the null-space py = #{a €
7, l(e) € Z}, too, as proved in [12]. But our result gives a supplementary connec-
tion between the topological invariants of the singularity and the combinatorics of
the lattice points; (i.e. it gives significance to the parity of /(o) when (o) € Z).

6.4. Theorem 6.1 can be formulated in terms of spectral pairs as follows.
The projection Q X N — (Q/2Z) x N induces a natural map

Prmod-2: Z[Q X N] — Z[(Q/2Z) X N]
at the level of the free abelian groups generated by Q X N resp. (Q/2Z) x N.

DEFINITION. The mod-2-spectral pairs of f are defined as the images of the spec-
tral pairs by prmod-2. The element pryog-2(Spp( f)) is denoted by Sppo4-2(f)-

6.5. THEOREM. Giving the real Seifert form of an isolated hypersurface singu-
larity is equivalent to giving the mod-2-spectral pairs of f.

In fact, SpPyoa-2(f) = Spp(V(f)), where V(f) is the variation structure given
by Seifert form V( f) of f. Moreover:

G S Sl
a+b=w
(—l)bzzu

Proof. Use theorem 6.1 and the corresponding definitions. a

6.6. COROLLARY. Forany A € S!:

a+b-—n —1)®
OGBSI s R R

2n2a+b2n+s
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1+ (_ 1)a+b—n

af)= X B o) =D,
2n2a+b2n+s
and
w(f)= Y "
2n2a+b>n+1
([-] denotes integral part.)
Proof. Use (4.2): p,(W¥(v)) = [2ti=gstue ] where u, v = +1. a

6.7. EXAMPLES. The case n = 1is: uy(A) = hy' + 5%, u_(A) = AY! +
hg’l, o) = hf\’o - hg’l for A # 1;and po = h{'l. In this case p4(1) = 0. But for
n > 2, the invariants y4 (1) might be non-trivial.

If n = 2, then by computation:

pe (V) = 2037 4 BXT B4 RS+ RED, (A £ 1);

po() = By bRy (A # 1),

oy = 2022+ BOP 4 RO — B, (A £ 1);

pa(1) = B3 p_(1) = Oand po = A}? + B! + Ay,
Using these and the relations h5"? = h‘/l\"’ , we get:

@ po + py = 2(h*2 + B3+ h20)
(b) o = 2h2’2 + h0,2 + h2,0 _ hl’].

(These relations for n = 2 were proved for globalisable smoothings of normal
singularities by J. Wahl; for complete intersection by A. Durfee; and for smoothings
of isolated singularities by J. Steenbrink.)

The sum $;h%* in the right hand side of (a) is dim Gr%U*, and it can be
identified with the geometric genus p, of the singularity f [13].

6.8. EXAMPLE. Theorem 6.5 forn = 1 andn = 2 can be formulated as follows.

If n = 1 then € (-1, 1) for any spectral pair («, w). In conclusion, the
real Seifert form is equivalent to the spectral pairs. This result is proved in [10]
by the complete computation of the spectral pairs of curve singularities in terms
of the resolution graph and using a characterization of the Seifert form of curve
singularities, given by Neumann (cf. 6.15).

Assume n = 2. Let Spp;(f) = {Z(e, w); (a, w) is a spectral pair with
@ € I} and #Spp;(f) its cardinality. Then, by Theorem 6.5, Sppg ;)(f) is com-
pletely determined by the real Seifert form. In particular its cardinality must be a
remarkable invariant of the Seifert form. Indeed, suppose that a € (0, 1). Take
A = exp(—27ia). Since p = n + [—a] = 1, by (6.7): #{ |« is spectrum number
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with \ = exp(—2mia)and @ € (0, 1)} = by + A}y +h)2 = K3 4R 4012 =
p—(A). Since u—(1) = 0 (again by 6.7), we get that:

#Spp(,1)(f) = -, and
#5pp(_1,0/(f) = 3(1 — p=) = 3 (o + y) = py-

Moreover, #Sppgy(f) = #Spp13(f) = § - dim Uj.

6.9. In fact, for any n, 4.2 implies the following relation between spectrum numbers
and p-invariants. Denote: Sp,(£1)(f) = #{a|a is a spectral number of f with
e~2m = ), and (—1)*] = £1}. Then by (4.2), one has:

PROPOSITION. Suppose A # 1. Then Sp,(£1)(f) = px(A)(f), in particular,
ox(f) = Spa(=1)(f) — Spa(+1)().

6.10. EXAMPLE. Let f1 = f_1,-1;1,1(%, ¥) + 2> and fi1 = f_1,1;,-1,1 + 22, where
g = (v =2 = R (34 o = ) (@ = 27 = PP (o 4 92
).

Then fr and fr; have the same spectral numbers [10], in particular the same
equivariant signatures for A # 1. But their spectral pairs differ [10], the nonequal
pairs are: (0, 3) and (1, 1) for the first germ, (0, 2) and (1, 2) for the second one. In
particular, their signatures differ: oy = o7 + 1.

6.11. In the end of this section we discuss some properties of variation structures
which are satisfied by the Seifert form of the isolated singularities.

Let #) be the number of V-components in V( f).

There are several obstructions of the decomposition of V( f). The first is the
stability of V( f) with respect to the complex conjugation. Using either (2.2.8), or
the symmetry of the Hodge numbers, we get:

T SR R S
(_1)b=i1 (-1)e=£(-1)ntr+s

— #W§+1(:t(_1)n+-r+s)’
(wherea+b—n—s=r).

6.12. Now, since ¢ < n and b < n, V(f) determines the numbers p‘/{’b where
(a,b) = (n,n), (n,n—1),(n—1,n)and (n — 1, n — 1) (witha+ b > n +s.)
For these pairs:

p;,b — #W;\z+b—n—s+1((_1)b)_ (6.13)

In particular, for n = 1, the system of Hodge numbers is completely determined
by V(f).For n = 2, only {p(]l'b}a,b; p?\’z; pi’l; pi\’z; P}\’l and the sum pg'z +p§'° =
#V](+1) are determined by V(f).
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Our main obstruction, as a consequence of (6.13), is:

6.14. PROPOSITION. The structures Wyt1=*((=1)"*1) do not appear in the
decomposition of V( f) for any isolated singularity f : (C**!, 0) - (C, 0).

This obstruction is nontrivial even forn = 1 : V}(+1), A # 1 and V}(+1) cannot
be components of an algebraic Seifert form. Both cases (n = 1; s =0and s = 1)
were proved by Neumann [7] using the splice geometry of curve singularities.

6.15. EXAMPLE. Let us describe the possible decomposition when n = 1:

Vi(f) = hi"'V}(~1) and for A # 1:
VA(S) = hyVR(=1) + "W+ 1) + Ay VY(-1).

By the notation of (4.4): hi! = ngl), hf\’l = ng\Z) - ng\l), h/l\’1 + h}\’o + h())"l =
nf\l), af\l) = hf\’o - h?\’l. Therefore, n&l), nf\z), af\l) determine V(f). This is
Neumann’s characterization of the real Seifert form in terms of the characteristic
polynomials A and A! and the equivariant signatures o .

If n = 2 then the Hodge numbers h2'? (p + ¢ > 3) and hy"' are determined by

the real Seifert form, in particular, by the numbers {n(;), nf\z), nf\3), af\l), ng)}_

(But the number hg’z is not.)

In general, the obstruction (6.14) implies a/(\nH) = (-1 )"nf\”ﬂ) , therefore the
real Seifert form is determined by nf\k) (1<kg<n+1)and a/(\k) (1<k<n) (L
4.5)
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