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Abstract. The quasiclassical asymptotics of the Knizhnik—Zamolodchikov equation with valuesin the
tensor product of s, representations are considered. The first term of asymptoticsis an eigenvector of
a system of commuting operators. We show that the norm of this vector with respect to the Shapovalov
form is equal to the determinant of the matrix of second derivatives of a suitable function. This formula
is an analog of the Gaudin and Korepin formulae for the norm of the Bethe vectors. We show that the
eigenvectors form a basis under certain conditions.

Introduction

Consider the Lie algebra sl, with standard generators e, f, h such that [e, f] =
h, [h, €] = 2e, [h, f] = —2f. Let L™ be the (n + 1)-dimensional irreducible si;
module. The module is generated by its singular element v,, such that ev,, = 0 and
hv, = nv,. The elements v,, fv,,..., f"v, form a basis of L™. The Shapovalov
form on L™ is the bilinear form B™ such that

B™(f*v,, f¥v,) = knl/(n —k)!,  B"(ffv,, flv,) =0 fork #1.

The tensor product of irreducible representations is direct sum of irreducible repre-
sentations: L" @ L™ = L™ " @ L™ "2 @ ...@ L™ form > n, and a singular
vector of I*t"=2F has the form

k k
Wntn—2k = Z(—l)p( )
p:O p
ko(m+n—2k+j+2)
[TE2s(n - 3) - 522 (m — )

Let B = B™ ® B™ be the Shapovalov form on the tensor product.

- fPu, ® fk_pvm.

* The author was supported by NSF Grant DMS-9203929.
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Consider the rational function

k

ot)= [[ 7@i-nD™ ]I (t; — t;)%

j=1 1€j<igk

Let t = (t1,...,t) be a critical point of ® such that ¢; # t; for i # j.
THEOREM.

0? 0
B(Wntm—2ks Wnym—2k) = det ((%,‘ a1, In ®(¢ )) .

The formula is an analog of the Gaudin and Korepin formulae for the norm of
the Bethe vectors in the theory of quantum integrable models [Ga, K]. We prove
the formula and its generalizations.

The main results of this work are Theorem (1.2.1), Corollary (2.4.6), and The-
orem (2.5.1).

This work is inspired by [RV] in which connections between the quasiclassical
asymptotics of solutions of the Knizhnik—Zamolodchikov equation and the Bethe
ansatz vectors for the Gaudin model are explained.

The author thanks R. Askey, I. Cherednik, N. Reshetikhin, and V. Tarasov for

stimulating and very useful discussions.

1. Critical points

(1.1) Conjecture

Let f;: Ck - C, j=1,..., N, be pairwise different polynomials of degree 1. For
every i denote by H; the hyperplane in C* defined by f; = 0. LetC = {H; }ﬁvzl
be the configuration of the hyperplanes,

N
T:(Ck—UHj
7=1

the complement to the union of hyperplanes. Let A = {; }j-vzl be a collection of
complex numbers. Consider a function

N
e = [] £ (1.1.1)
1=1

&, is a multivalued holomorphic function on 7T'. A point¢ € T is critical for @, if
its first derivatives vanish at ¢. First derivatives vanish at ¢ for all branches of ®,
simultaneously, since the ratio of every two branches is constant.

Assume that the configuration has a vertex.
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CONIJECTURE. For generic A all critical points of ® s are nondegenerate and the
number of critical points is equal to the absolute value of the Euler characteristic
of T.

The conjecture is proved below for the case in which all polynomials { f; } have
real coefficients.

REMARKS.

(a) An edge of a configuration is a nonempty intersection of some of its
hyperplanes. A vertex is a zero dimensional edge.

(b) Generic A means that there exists an algebraic subset ¥ C CV such that
the conjecture is true if A € CN — .

(c) The defining equations for critical points of ® have the form:

a .
Zz\j ?}tcj—/szo’ l=1,...,k.

Jj=1

(d) According to [OS], the Euler characteristic x(T') is defined combinatorially
in terms of the lattice of edges of the configuration:

> u(E)I,

EccC

IX(T)| =

where the sum is over all edges of C, p(E) is the value of the Mobius function of
Catk.

(e) There are theorems on Newton polygons in which one considers a polyno-
mial system of equations depending on parameters. Under certain conditions on the
system, the number of solutions of the system for generic values of parameters is
defined combinatorially in terms of Newton polygons of equations, see [BKK]. It
would be interesting to find a connection between those theorems and the statement
of the conjecture.

(f) A multidimensional hypergeometric integral is an integral of the form

/ ByRdl A - A dty,
i

where R: T — C is arational function and y C T is a suitable cycle. If the polyno-
mials { f;} depend on additional parameters, such an integral becomes a function
of additional parameters called a multidimensional hypergeometric function, see
[A, G, V]. Multidimensional hypergeometric functions satisfy remarkable differen-
tial equations. For example, the Knizhnik—Zamolodchikov equation in conformal
field theory is solved in hypergeometric functions [SV]. In the application to the KZ
equation the exponents {A;} have the form {\; = a;/k} where & is a parameter
of the equation. Studying asymptotics of solutions of the KZ equation as « tends
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to 0 leads to studying critical points of the function ®,. This problem motivated

the conjecture.
(g) If the configuration has no vertices, then there exist linear coordinates

uy,...,u in C* such that all polynomials {f;} do not depend on uy,...,u, for
some r and the configuration, cutby C in u; = - - - = u, = 0, has a vertex.

(1.2) Real Configuration

Assume that all polynomials { f; } have real coefficients:
fj:a?—l—a}tl—{—---aftk, j=1,...,N,

and all numbers {a7"} are real.

Let Tg = T NRF. Let Tg = U, D, be the decomposition into the union of
connected components. Each component is a convex polytope.

By [BBR], the number of bounded components is given by the formula

> ulE)

Ecc

#=

.

(1.2.1) THEOREM. Let all numbers {\;} be positive. Then the union of all critical
points of ® is contained in the union of all bounded components of Tx. Each
bounded component contains exactly one critical point. All critical points are
non-degenerate.

The theorem implies the conjecture for the case in which all polynomials { f; }
are real.

Proof. First we formulate a trivial but useful lemma.

Let ¢ be the complex coordinate on C, and r, ¢ the polar coordinates on
C, t = r exp(i¢). Let v = ad/dr + b/ be a tangent vector at a point ¢ = ¢°
in C — 0. Denote by L, Int the derivative of Int along v.

(1.2.2) LEMMA. Ifa > 0, then Re(L, Int) > 0.
The theorem is implied by the following three lemmas.

(1.2.3) LEMMA. Let D be an unbounded component of Tg. Then there are no
critical points in D.

Proof. Let p € D. By [BBR] there exists a vector v € R¥ such that the ray
p(s) = p+ sv, s € Ry, has no intersection with the union of hyperplanes of C.
By Lemma (1.2.2) we have

Re(Ly,(In®4)(p)) > 0. (1.2.4)

Hence p is not critical.

(1.2.5) LEMMA. Let p € T — R*. Then p is not critical.
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Proof. Let p = w + iv where w, v € R¥. The ray p(s) = p + isv, s € Rso,
has no intersection with the union of hyperplanes of C. By Lemma (1.2.2) we have
inequality (1.2.4). Hence p is not critical.

(1.2.6) LEMMA. Let D be a bounded component of Ty. Then D contains exactly
one critical point, and this critical point is non-degenerate.
Proof. We have an equality in D:

In® = S + const.

where S = ¥\; In|f;|. Hence ®4 and S have the same critical points in D. We
have S(p) — —oo as p — 9D. So S has a critical point in D. The critical point is
unique since S is convex. The critical point is non-degenerate because the matrix
of second derivatives of S is positive definite.

(1.3) Example
Let

k
B(t) = d(t; a, B, H 1=t JI Gi-t)™

1<j<igk

where «, (3, vy are complex parameters. We describe critical points of ®.

The critical set of ® is invariant with respect to the group of permutations of
coordinates. By Theorem (1.2.1) the number of critical points is not greater than
k!.

Let \{ = &1+ - + tg, Ay = Et,’t]’,...,)\k = t;+ - -t be the
standard symmetric functions. Let py = (1 — ¢1) + -+ + (1 — tx), py =
2(1 - ti)(l - tj),---,ﬂk = (1 - tl) s (1 - tk), b= H1<i<j<k(ti - tj)z-
(1.3.1) THEOREM. If (t1,...,t) is a critical point of ®, then

AR a+(k—j)y
A= - , 1.3.2
’ <l)jl;lla+ﬁ+(2k—a—l)v (132
(" ﬁ B+ (k=)
1) o a+B+@2k—j—1)y
for all l.
Proof. The defining equations for critical points are
o B 2y
t,+ti—1+j2# o O =L
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Multiplying the ith equation by t; /t; - - - - - t and taking the sum of the equations
we get
k(e + (k- 1)) ( 1 1 )
+ +- =0.
- ee oty p tl""‘tk—l(tk"'l) (tl—l)tz""'tk

Similarly, for evei'y p=0,...,k—1,weget

(h-pat@E-p=1) ¥ ey I 4

. : 1) . ++.
1€i1<+<ipgk J€(21y0mtp)

) RN VR e R e I | %:0.

1<i < cippich it = 1) i)

This system of equations implies

k ) k—j
(k—p)(a+(k—p-—1)7)2(—1)’( » )Ak-j
7=0

k (k-7
+(p+1)(5+m)2(—1)3( ]) Ak—j = 0, (1.3.3)
7=0 p+1

forp=0,...,k—1.Here \p = 1.
(1.3.4) LEMMA. System (1.3.3) is equivalent to the system:

(p+ D(a+py)A—p-1 = (k= p)a+ B+ (k+p—1)7)Ae—p

forp=0,...,k—1.
Lemma (1.3.4) is proved by induction on p. Lemma (1.3.4) proves Theo-
rem (1.3.1).

REMARK. After this work was written Prof. R. Askey informed me that Theo-
rem (1.3.1) could be deduced from T.J. Stieltjes’ Theorem [Sz, Th. 6.7.1] proved
more than hundred years ago: if (¢;,...,%) is a critical point of ®, then ¢1,. ..,

are zeros of the Jacobi polynomial P,Ea’b)(Zt— 1), wherea = a/y—1,b=p/vy-1.
This Stieltjes’ Theorem was rediscovered many times, in particular, by I. Schur,
C.L. Siegel, E. Calogero, ...

Set

1 1 1
Ak‘—, t;a7ﬁ77 = T
pal D DI e R CR=Ey B | S

1<i]<"'<ip je(ily"'viﬂ)

forp=0,...,k.
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(1.3.5) LEMMA. If (80,...,1%) is a critical point of the function ®(t; o, B, 7),
then

[=i(a+ B+ (2k -5~ 1)y)

i (et 37) - TEZ0(B + 47)

k
Ak—p,p(t(); a, B,7) = (_l)p ( )
p

The vector Ax = (Ak,0, .- ., Ao,x) has the following interpretation.

Consider the Lie algebra sl, with the standard generators e, f, h. For a € C let
V, be an sl; module with highest weight o, that is, the module V,, is generated by
a vector v, such that ev, = 0 and hv, = av,. For a, # € C consider the vector

Fk(a’ ﬂ) = Ak,()(to; @, ﬁ’ _l)fkva ® (7] +--+ AO,k(tO; a, ﬂ’ _l)va ® fkvﬁ

of the tensor product V,, ® V3. We have hFy, = (a + § — 2k) Fj.

COROLLARY OF LEMMA (1.3.5). The vector Fy(a, B) is a singular vector:
ek, =0.

Explanations of this fact see in [RV] and in Section 2.
The Shapovalov form on V/, is the unique symmetric bilinear form B, defined
by the conditions:

Ba(vav va) = 1, Ba(fxa y) = Boz(xa ey)9

for all z, y € V,. Consider the bilinear form B = B, @ BgonV, ® Vp.
(1.3.6) LEMMA. We have

2k +1+2)3
-0D(B-1)

B(F(a, §), Flas ) = k! [ (‘“”
=0

The proof easily follows from the formula

k-1 ko /k\ Pl
[[e+B8-2k+1+2)= Z(p)n(a—k+l+1)

=0 p=0 =0

k—p—1

H B-k+1+1),

=0

and the formula can be proved by induction.
Denote the number B(F(«, §), F(a, 8)) by b(e, B; k).
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(1.4) Asymptotics of Selberg Integral
The Selberg formula

k
k!/ [Mea-4Y JI ¢ti-t)?dtin---Ad
A
J=1

1gi<igk

(1.4.1)

fI (a+ly+ DB+ Iy + DI+ Dy +1)
Mo+ B+ (2k—-1-2)y+2)[(y+1)

where A = {t € R¥|0 < t; < --- < t} < 1} (see [A, As, M, S]), has beautiful
applications, in particular, in conformal field theory [DF].
Assumethata = a/k, 3 = b/k, v = ¢/k wherea, b, ¢,  are positive numbers
and & tends to zero. We compute asymptotics of both sides of formula (1.4.1).
The method of steepest descent gives the following asymptotics for the left hand
side of (1.4.1):

Ihs ~ k! - (2x6)*% - 8(1% a/k, b/k, ¢/k) - Hess(=S(t% a, b, ¢))~1/2,

where

S(t; a,b,¢))=rkIn®(t; a/k, b/k, c/K)

alnt +bIn(1 —t;)) + Z 2¢cIn(t; — t;),
I€i<igk

||M?r

t0 is the critical point of S in A

9%s
Hess(—95) = det(_m> ,

9%S 1 1 1
e =gt b—ms+2cy —,
o 1 (ti—1)? ; (t: — 1;)?
9%S 1
—_— = 20—
0t; 0t; (t; — tj)2
The symmetric functions of coordinates t(l), .. ,tg are given by formula (1.3.2) in

which «, £, v must be replaced by a, b, c, respectively.
LetAg = 19 -t e = (1=19)- -+ - -(1=1), 6 = [T;; (#) —19)*. Then

lhs ~ k! - (2mR)F/2 . \2/" -,ub/"c - 6°/" Hess(— S(1% a, b, ¢))"1/2.
k k
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Asymptotics of the right hand side of (1.4.1) can be computed by the Stirling
formula. Comparing both asymptotics we get the following formulae:

(1 1) (a4 Le) (b + le)

il § S PR T ) e (14.2
k—1
0. B (a—l—b-l—(2k~l—-2)c)3
Hess(—5(% a, b, ¢)) = k! g CENBIENn (1.4.3)

Formula (1.4.3) is an example of the series of rather surprising formulae in
which the determinant of a bilinear form is the product of very simple factors
[V1-3, L, LS, SV, BV]. The list of such examples includes formula (1.4.1), the
Legandre equation, the Vandermonde determinant, and many others.

I was informed by Prof. R. Askey that Formula (1.4.2) is due to Stieltjes,
Hilbert, Schur, see [Sz, Th. 6.71], the formula gives the discriminant of the Jacobi
polynomial.

Comparing formula (1.4.3) and Lemma (1.3.6) we get

(1.4.4) THEOREM. Let F(a, ) € Vo @ Vg be the vector defined in Section (1.3),
B the Shapovalov formon V,, @ V. Then

B(F(a, B), F(a, 8)) = Hess(-S(1°, a, 8, -1)).

This theorem implies the theorem formulated in the introduction.

2. Families of bases of singular vectors

(2.1) KZ Equation

Consider the Lie algebra g = sl, with the generators e, f, h. Let h be the Cartan
subalgebra of g generated by A, let a € h* be the simple root, (, ) the bilinear form
on h* such that (e, o) = 2.

Denote by Q the element h ® h/2+ e ® f+ f ® e € g ® g corresponding to
the Killing form.

Let Vi,...,V, be g modules, V = V] ® ---® V.. For i < j let §); ; be the
linear operator on V' acting as {2 on V; ® V; and as the identity operator on other
factors.

The Knizhnik—Zamolodchikov equation (KZ) on an V-valued function ¥( zy, .. .,
zp) is the system of equations

ov .
Kaz- =H;¥, 1=1,...,n,
(3
where x is a parameter of the equation and
’ Z3 zZj5
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For Ay,...,A, € b* let V1,...,V, be highest weight g modules with highest
weights Ap, ..., A, and highest weight vectors vy, ..., v,, respectively.
For a nonnegative integer k let

(V) = {v & (V)| v = (ZAZ- ~ ka, a)}
=1
be the weight space and
Sing(V)x = {v € (V)x|ev = 0}

the subspace of singular vectors of weight k.

The KZ equation preserves the subspace of singular vectors.

Let B; be the Shapovalov form on V;. Denote by B the bilinear form B1 ® - - - ®
B, onV.If Vq,...,V, are irreducible, then B is nondegenerate. It is easy to see
that the operators Hy, ..., H, are symmetric:

B(sz7 y) = B(iL‘, sz)
forall;andallz, y € V.

(2.2) Integral Representations

There is an integral representation for solutions of the KZ equation with values in
Sing(V)x [SV].
Set

q)(t, Z) = H (zz- — zj)(AivAJ)/“ H (ti _ tj)Z/nH(t _ ZJ) Aja)/K

I<i<ign 15 <igk Y]
A monomial of weight k is an element of (V') of the form
fr= 1@ ® frv,,

here I = (i1,...,%,), 11+ -+ i, = k.
For a monomial f;, define a differential k-form in ¢ and z:

T](f[) :AI(t, Z) di; A - Adig,
AI(ta Z) = Z H
a€S(k,i,.. ,zn)z— (

The sum is over the set S(k, 41,...,%,) of maps o from {1,...,k} to {1,...,n},
such that for all m the cardinality of 0=1(m) is 4,,.
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LetC = C(z1,...,#n) be the configuration of hyperplanes
Li=t,1<i<j<k, ti=z,1=1,...,k,j=1,...,n,

in C*. Let T(z1,...,2,) be the complement to the union of hyperplanes of C in
c*.

Assume that z1,..., 2, are pairwise different real numbers. Let D(z1,..., 2,)
be a bounded component of T'(21, ..., z,) N R¥ continuously depending on z.

(2.2.1) THEOREM [SV]. The function
v = i) . .
()= 3 [ 82 am) g

f1€EV
takes values in Sing(V)y, and satisfies the KZ equation.

REMARK. If the integrals diverge, then their value must be taken in the sense of
analytic continuation with respect to parameters Aq,...,A,, k. If z1,..., 2, are
not real, then D(z) must be replaced by a k-cycle in T'(z) with coefficients in a
suitable local system, see [SV, V5].

(2.3) Basis of Solutions

For: = 1,...,n,let V; be the Verma module with highest weight A;. This means
that V; is an infinite dimensional module generated by a vector v; such that hv; =
(Ai, a)vi and ev; = 0.

Consider the set of solutions {¥p} where D ranges over all bounded com-
ponents of T — R*. According to [SV], {¥p} generate all solutions of the KZ
equation with values in Sing(V)x for generic Ay,...,A,, k. Below we will give
a formula for a suitable determinant which will make the above statement more
explicit.

Assume that z; < 2z < --- < z,. We say that a bounded component D(z) €
T(z)— R* is admissible if it lies in the cone z; < t; < t3 < - - - < tx. Admissible
components have the form

D(z)= {teRF|z1<t) < - <ty < ;<

e < 2 < tpy_y41 < <t < Znt

where 0 < by < -+ <k = K.

A monomial fr € (V)i for I = (0, ia,...,10,), 12 = +-+ + i, = k, will be
called admissible.

The number of admissible components is equal to the number of admissible
monomials. Denote this number by V.

Set

é(t, Z) = H (ti — t]-)zlﬂ ﬁ l_n[ (ti — ZJ.)_(AJ1OI)/K.

1€5<igk =1 j=1
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Consider the determinant det( [p,, ®-n(fr)) where D(z) ranges over all admissible
components and fr ranges over all admissible monomials. We will give a formula
for this determinant.

For any admissible domain D and for any function g of the form

(ti —t;)*", 1<i<j<k,
(ti — z;)"Bodr G =1,k j=1,...,m, (2.3.1)

fix a branch of g over D. This choice determines a branch of ® and, hence, a branch
of the determinant.

For any such ¢ and for any admissible D, let ¢ be a point of the closure of
D which is the most remote point from the hyperplane of singularities of g. The
number g(t) will be called the extreme value of g on D and will be denoted by

(D, g).

For every g and D, the number ¢(D, g) is equal to (z; — 2z, )~ A0/~ or
(z1 — zm)‘(Am’“)/", or (21 — zm )2/", for suitable [ and m.

For any admissible monomial f7, set

n 3—1
o(fr) =[] ™ I (=(Ai, @) + 7).
=2 7=0
(2.3.2) THEOREM [V3]. We have
& - . _1-
det (./D(z) . 77(f1)> =+ H e(D(z), 9) ];II b( fr)

D(z).g
o () () )

) n—1 .
=0 \T(14+1)" n(op, =heed 4 2=iz2 4 )

, (2.3.3)

where p; = ("',';fl__’f ), the first product is over all admissible domains and

over all functions described in (2.3.1), the second product is over all admissible
monomials.

The sign =+ in the formula depends on the choice of the orientation of domains,
see [V1, V2].

It is easy to see that

dim Sing(V)r = N

if (A, @) #0, 1,....k— 1.
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(2.3.4) COROLLARY. Assume that Ay,..., Ay, k are such that (A1, &) # 0,
1,...,k — 1, and the right-hand side of (2.3.3) is well-defined and not equal to
zero. Then {Up} form a basis of solutions of the KZ equation with values in
Sing(V)x, where D ranges over admissible components.

(2.4) Quasiclassical Asymptotics

Assumethat Ay, ..., A, aresuchthat —(Ay, a),..., —(A,, a)arepositive. Assume
that x is positive and tends to zero. We will compute asymptotics of the basis {¥p },
see Corollary (2.3.4).

For an admissible domain D(z), let ¢{p(z) be the unique critical point of ® in
D(z), see Theorem (1.2.1). The point tp(z) depends on z, Ay,..., A, and does
not depend on k.

By the method of steepest descent we have an asymptotic expansion

Up(z) = (27k)*2 . ®(tp(2), z) - Hess (=S (tp(2), 2))~/2-
-(F(tp(z), z) + O(k)), 24.1)
where S = kIn®

F(t, z) = Z AI(t, z)- fr,
fre(V)k
the sum is over all monomials in (V).

(2.4.2) THEOREM [RV]. The vector F(tp(z), z) lies in Sing(V)x. For any | =
1,...,n, the vector F(tp(z), z) is an eigenvector of the operator H(z) with
eigenvalue 82-(tp(z), z). Moreover

B(F(tp(z), 2), F(tp(2), z)) = const. Hess +(S(¢tp(2), 2)),
where B is the Shapovalov form defined in Section (2.1), and const. does not depend

on z.
REMARK. Theorem (1.4.4) states that const. = 1 if n = 2.

(2.4.3) THEOREM. We have the following two formulae.

I1 @(to(2), 2) =[] «(D, 9)-
D

D,g
- ; (n=L(i4D) W =(Ap0)+i pi
Ii‘f G+1) = I (—(Ayg a)+z)—‘;— 04
—Zf=l(1\z,a)+2k—i_z . Ea g

=0\ (- k(A @) + 2k — i - 2) -
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Here the first product is over admissible domains, the second product and p;
are explained in Theorem (2.3.2).

det(Ar(tp(z), 2)) = £ [] Hess¢(=S(tp(2), 2))'/*-
D

’ﬁ ((i + D™ IR (= (A, @) + "))Mz. (24.5)

70 e y\—1
' g " YA e)+2k—1-2

1=0

Here the rows (columns) of the determinant are numerated by admissible domains
(admissible monomials). The first (second) product is over admissible domains
(admissible monomials), and

-1

() =TT it T (~(Aw @) + 5).

=2 7=0

To prove the theorem it is enough to write an asymptotic expansion for the
rhs of (2.3.3) by the Stirling formula, for the [hs by formula (2.4.1), and then to
compare the corresponding terms.

(2.4.6) COROLLARY. Vectors {F(tp(z), )} form a basis in Sing(V); if
—(A1, @),...,—(Ay, @) are positive and z, ..., z, are real pairwise different
numbers.

REMARKS.

1. There are integral formulae for solutions of the KZ equation associated with
an arbitrary Kac-Moody algebra [SV]. Theorem (2.4.2) holds in this more general
context [RV]. A conjectural analog of Theorem (2.3.3) is formulated in [V1]. It
is plausible that the conjectural determinant formula in [V1] would imply that the
eigenvectors given by the first terms of asymptotic expansions of solutions of the
KZ equation for a Kac—-Moody algebra generate a basis of the corresponding space
of singular vectors.

2. It is plausible that there are analogs of formulae of Theorem (2.4.3) for an
arbitrary configuration of hyperplanes, and these analogs are corollaries of the
conjectural determinant formula in [V1].

(2.5) Norms of Eigenvectors
(2.5.1) THEOREM. Under assumptions of Theorem (2.4.3) we have
B(F(tp(2), z), F(tp(z), 2)) = Hess 4(S(tp(2), 2)).

COROLLARY. For arbitrary Ay, ..., A, and for arbitrary nondegenerate critical
pointt = t(z) of the function ®(t, z), we have

B(F(t(z), z), F(t(2), z)) = Hess(S(t(2), 2)).
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Proof of the Theorem. Let W;, © = 1, 2, be sl modules. Let w; € W; be
a singular vector of weight m; € C, that is, ew; = 0 and hw; = m;w;. For a
nonnegative integer /, the vector

(w1, wp); =
! I\ T2 (my 4+ my+ 542 -20)
E: —1)? = Pw ® l—p
A (p) Tt (mi - ) T =gy T

is a singular vector in W1 @ W5 of weight my + my — 21.

Let Vi,...,V, be sl modules with highest vectors vy,...,v, and highest
weights Ay,..., A, respectively. Set m; = (A;, a). For any sequence of non-
negative integers I = (ia,...,%n), t2 + -+ in, = k, set

vr = ( e ((vla 'UZ)iza v3)i3a ceey vn)in- (252)

The vector vy is asingular vectorinV = V|®- - - @V, of weight m{+- - -+m,, —2k.
(2.53)LEMMA. Let B = B| ® - - - ® B, be the Shapovalov form on V. Then
B(vr, vr) = [[ b(ma+ -+ + muy = 2(i2 + -+ + d1-1), mu; i)
=2

where b(ca, 3; t) is defined in Section (1.3).

The lemma easily follows from Lemma (1.3.6).

Forany! = 2,...,n, set
Gr=> Q.
i<l

(2.5.4) LEMMA [RV]. For every l and I = (i,...,1y,), the iterated vector vy is
an eigenvector of G| with eigenvalue

Amy+ -+ mi—1— 2(ia 4 -+ -+ 4-1), ma; 4)

where A(a, b; ©) = $ab — i(a+ b) + (i — 1).

Under assumptions of Theorem (2.4.3) assume that z; = s,j=1,...,n,and
s tends to +oo.
Forany I = (43,...,%5), t2+ -+ -+ i, =k, let

Diz)= {teRF|zy <ti < - <ty <m<---

< Zp—1 < bipgetipg41 < - < < Zn}
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be the admissible domain corresponding to this sequence. Let ¢7(z) be the critical

point of ® in Dy(z). Forany [ = 2,...,n, introduce a function
i
St==2 (aulntj +mn(t; —1))+2 3 In(ti = 1)), (2.5.5)
J=1 1<i<5gu

where oy = mq + -+ my_1 — 2(ia + - - - + 4;_1). Let ' be a critical point of 5.
(2.5.6) LEMMA. We have
1.
F(t1(2), z) = s*D(vr + O(s71),

where d(I) is some integer, see [RV].
2.

Hess(—S(t1(2), 2)) = s°) (ﬁ Hess(—S;(t7)) + 0(3—1)) ,

=2

where c¢(1) is some integer.
3. Forany l = 2,...,n, the operator H|(z) = ¥;$Q;:/(2; — 1) has the
following asymptotics:

H(2(s)) = s Qi+ -+ Q-1+ O(s™h).

Proof. Make a change of variables: {; = SIU]‘ ifig+-- 441 <j<ir+---+1.
Then we have

S(t(u)) = Alns + Sp(u) + - - - + Su(u) + O(s71) (2.5.7)

for some number A. This formula and the explicit formula for F(¢, z) imply the

lemma.
By Theorem (1.4.4) and Lemma (2.5.3) we have

B(vr, vr) = ﬁ Hess(Sj(tj)).
=2

Now Theorem (2.4.3) implies equality 2d(I) = ¢([) and Theorem (2.5.1).

REMARK. Using part 3 of Lemma (2.5.6) and Lemma (2.5.4) we can com-
pute asymptotics of eigenvalues of the operators Hy(z),..., H,(z) on vectors
{F(tp(z), z)} for z1 € 23 < -+ K zy. This computation shows that the eigen-
values separate the vectors. This means that the vectors are pairwise orthogonal
with respect to the Shapovalov form [RV].
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