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Abstract. We present explicit generators D,...,Dnofan algebra of commuting difference operators
in » variables with trigonometric coefficients. The algebra depends, apart from two scale factors,
on five parameters. The operators are simultaneously diagonalized by Koornwinder’s multivariable
generalization of the Askey—Wilson polynomials. For special values of the parameters and via limit
transitions, one obtains difference operators for the Macdonald polynomials that are associated with
(admissible pairs of) the classical root systems: An—1, Bn, Cpn, D, and BC,. By sending the step
size of the differences to zero, the difference operators reduce to known hypergeometric differential
operators. This limit corresponds to sending ¢ — 1; the eigenfunctions reduce to the multivariable
Jacobi polynomials of Heckman and Opdam. Physically the algebra can be interpreted as an integrable
quantum system that generalizes the (trigonometric) Calogero-Moser systems related to classical root
systems.

1. Introduction

Over the past few years, progress has been made with the study of orthogonal
polynomials in more than one variable. It has turned out that a lot of classical
results concerning orthogonal polynomials depending on only one variable admit
generalization to many variables. Such generalizations can be viewed naturally
in a Lie-theoretic setting: for each root system R, there exist associated families
of multivariable polynomials. The number of variables coincides with the rank
n of the root system. Families of multivariable Jacobi polynomials related to
root systems have been studied by Heckman and Opdam [9, 10]. Recently, a
more elementary account of some of these results was presented in [11]. For
R = BC('; the Heckman-Opdam-Jacobi polynomials reduce to the classical Jacobi
polynomials in one variable. In a yet unpublished manuscript, Macdonald has
introduced g-versions of the Heckman-Opdam families [20]. See [22, 16] for a
summary of these results and [21] for lectures devoted to the special case R = A,,.
If R = B(, then Macdonald’s polynomials coincide with the continuous g-
Jacobi polynomials. (For information on continuous g-Jacobi polynomials see e.g.
[1]). Recently, Macdonald’s results pertaining to the root system BC', have been
generalized by Koornwinder [16]. He finds BC),,-type multivariable versions of
the Askey-Wilson polynomials [1]. Again, the one-variable case is recovered by
specializing to BC).
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A crucial ingredient in the construction of the above families is the existence of
an operator of which the polynomials are eigenfunctions. In case of the Heckman-
Opdam-Jacobi polynomials this operator is a second order partial differential oper-
ator (PDO) which is named hypergeometric differential operator. For Macdonald’s
and Koomwinder’s polynomials the relevant operator is an analytic difference
operator (AAO). A similarity transformation turns the hypergeometric PDO into
a differential operator that is self-adjoint with respect to Lebesgue measure. From
the perspective of physics, one can look upon the latter PDO as being the Hamilto-
nian of a quantum system of n particles in dimension one. Such quantum systems
have been studied for quite some time in the physics literature; they are known as
(generalized) Calogero-Moser systems [4, 35, 36, 28]. The systems studied in [4]
and [35, 36] correspond to the root system A, _1. See the survey paper [28] for the
generalization to arbitrary root systems. The motion of the corresponding classical
systems has also been studied [23] (R = A,_1) and [27] (arbitrary R).

It has been shown by Heckman and Opdam that the hypergeometric differential
operator is but one member of an algebra of commuting PDO’s, which have the
multivariable Jacobi polynomials as their joint eigenfunctions [9, 10, 25, 26]. This
algebra is generated by n independent PDO’s. For the classical root systems rather
explicit expressions for these PDO’s (without a complete proof of their commuta-
tivity) can be found in [33, 19] (root system A,,_;) and [7, 8] (root system BC,).
This state of affairs can be expressed by saying that the corresponding (general-
ized) Calogero-Moser system is quantum integrable. For R = A,_;, Liouville
integrability of the classical system, i.e. the existence of » independent integrals in
involution, was already proved by Moser [23] using a Lax pair formulation. For a
partial generalization of this result to the other classical (i.e. non-exceptional) root
systems, see [27] and [12].

Just as the hypergeometric PDO, Macdonald’s difference operator for # =
A, _1 is related to certain known quantum systems of n particles. The systems of
interest were originally introduced as a relativistic generalization of the Calogero-
Moser systems [29] (classical) and [30] (quantum). (See [31] for a survey and
connections with certain soliton PDE’s and exactly solvable quantum field theo-
ries). The relativistic generalization of the Calogero-Moser system is (quantum)
integrable too: explicit formulas representing » independent commuting integrals
are presented in [29, 30]. At the quantum level these integrals are AAQO’s, which
are related to Macdonald’s A, _-type difference operators F,, via a similarity
transformation [13]. The operators F, (associated with the fundamental weights
w,) generate an algebra of commuting AAQ’s that have Macdonald’s A, _;-type
polynomials as joint eigenfunctions.

Also for root systems other than A,_; one expects that there exist algebras
of commuting difference operators that are simultaneously diagonalized by the
Macdonald polynomials. The purpose of the present paper is to introduce such
difference operators for the Koornwinder polynomials. We will show that via limit
transitions and/or specialization of parameters, this also leads to the correspond-
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ing AAQ’s for those families of Macdonald polynomials that are connected with
(admissible pairs of) the classical series: A,_1, By, Cy, D, and BC,,; the Koorn-
winder polynomials then reduce to the latter Macdonald polynomials. By sending
the step size of the differences to zero (this corresponds to the limit ¢ — 1) our
AAQ’s go over in PDO’s. Thus, we recover the commuting hypergeometric PDO’s
associated with the classical root systems as a limit case.

Our difference operators constitute a new integrable quantum system of n
particles in dimension one. In this paper, however, we will not pay much attention
to this interpretation of the AAQ’s; instead we will emphasize the connection with
orthogonal polynomials. More information on the integrability of these and related
n-particle systems, at the level of both quantum and classical mechanics, can be
found in [37, 38, 39].

Before outlining the contents of this paper in more detail, let us mention two
more connections of interest. For special values of the parameters (namely those
corresponding to root multiplicities), the system of hypergeometric PDO’s coin-
cides with the radial reduction of the algebra of invariant differential operators on
certain symmetric spaces G/ K [28, 9]. It seems natural to ask oneself the question
whether, for special values of the parameters, our system of difference operators
can be seen in some way as radial reduction of certain AAQ’s connected with
quantum homogeneous spaces. Recent results on the quantum group interpretation
of Macdonald’s A, _;-type polynomials [15, 17, 24] indeed seem to point in this
direction. However, apart from this special case no relations of this kind are known
to the author.

Recently, Cherednik introduced commuting difference operators connected with
Knizhnik-Zamolodchikov-type difference equations associated with affine root
systems [5, 6]. He claims that for A,,— these operators coincide with the Macdonald
AAQO?s. It would be interesting to investigate the relation with the explicit AAO’s
of the present paper. Specifically, one would like to know whether the Cherednik
operators associated with classical root systems are special cases our AAQO’s.

The paper is organized as follows: in Section 2 we introduce n independent
AAO’s D,,7 = 1,..., ninthe (real) variables z, ,...,Zy.These AAO’s (which we
write down explicitly) depend, apart from two scale factors, on five parameters. The
simplest operator, viz. D, coincides (up to an irrelevant multiplicative constant)
with Koornwinder’s difference operator D.,; for r > 2 our operators are new. By
setting a certain parameter to zero, D, reduces to the rth elementary symmetric
function of the operators Di(z;), 7 = 1,...,n. (Here Dy(z;) denotes the one-
variable version of 131 with z; as variable).

Section 3 contains the main results of the paper. In subsequent subsections it is
shown that: i. D, leaves invariant certain finite-dimensional highest weight spaces
(triangularity); ii. D, is symmetric with respect to the L? inner product with weight
function A (Adz being the orthogonality measure of Koornwinder’s polynomials).
Combination of these two facts implies that D, is diagonalized by the Koornwinder
polynomials. We would like to mention that this method to diagonalize the dif-
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ference operators D, resembles very much the approach that was originally used
by Sutherland, which leads to the spectrum and eigenfunctions of the (trigonomet-
ric) Calogero-Moser system [35, 36]. The spectrum of the operators is computed
explicitly. As a result, we obtain a Harish-Chandra-type isomorphism between the
commutative algebra generated by Dj,..., Dy and the symmetric algebra in n
variables. For D the discussion in this section amounts to a reproduction of results
already obtained by Koornwinder [16]. The difference between our presentation
(when restricted to the case 7 = 1) and that of [16] is that (by exploiting a calcula-
tion of residues and some asymptotics) we avoid certain (rather long) calculations
in Koornwinder’s paper leading to the triangularity and the eigenvalues of D.

In Section 4 we discuss the transition to Heckman and Opdam’s commuting
hypergeometric PDO’s related to the root system BC), . In this limit, which amounts
to sending ¢ — 1, the eigenfunctions converge to the BC,-type Jacobi polynomi-
als.

In Section 5 we study various special cases related to the classical root systems.
In 5.2 we introduce a limit transition leading to the A,_; root system, which is
the most interesting from a physical viewpoint. Specifically, we show how the
Ay—1 Macdonald polynomials and AAQO’s can be obtained from the Koornwinder
polynomials and the AAO’s Dy,..., D, respectively. This novel transition can be
applied to other situations as well. (For example, it enables one to view the A, _1
Jacobi polynomials as limits of their D,, counterparts).

In 5.3 and 5.4 we show how the Macdonald polynomials associated with the
remaining root systems can be obtained from the Koomwinder polynomials by
suitable specialization of the parameters. In contrast to our account for the A,,_;
case, which is quite self-contained, this involves various concepts from [20]. We
have attempted to render our account more accessible by collecting some prelimi-
naries in 5.1; this subsection can be skipped at first reading and referred back to as
needed.

2. Introducing the Difference Operators

In this section the operators DT, r = 1,...,n,are introduced and their combinato-
rial structure is discussed.

2.1. THE OPERATOR D,

In order to write down our difference operators we first introduce some notation.
Let v,(2) and vy(2) be the following trigonometric functions:

va(z) = S_ino‘(_'“+_z), 1)

sinaz
sina(po + z) cosa(p + 2)
vp(2)

sinaz cos az
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L Sinalpg +7 +2) cosalp; +7+2)
sina(y + 2) cosa(y + z)

) 2.2)
with o, v and p, ps, pf, (6 = 0, 1) complex parameters. For later purposes, it is
convenient to parametrize y according to:

v =16/2. (2.3)

We form the following multivariable functions using v, and v, as elementary
constituents:

VeJ;K = H ’l)b(Ej.’L'j) H ?)a({:‘]'.’l?j + £j/$j/)va(£]‘$]‘ +ejxy + 2’)/)

J€J 3,0'€J
1<J’
X H ’Ua(E]'.”Ej + zx) va(eja:j — wk), 2.4)
1€J
ke
with
J,KC{I,...,n}, JNK =10 8]‘€{+1,—1}. 2.5)

The variables z1,...,, are assumed to be real. The function V,;.;r depends on
the index sets .J, K and on a collection of prescribed signs ¢;, 7 € J; it serves as a
building block from which the coefficients of D, are constructed. The AAQ’s read
explicitly

b= Y 3

JcA{1,..,n}, |J|=r @;Cf]lacg §J5=J
e;=%1,j€J 1<sZr
G || VeI \Jo_ ), (6““”1 - 1>, (2.6)
1<s'<s
withr = 1,...,n,and Jy = 0,
- - « 1 0
0.5 = €:0;, 0, = ———. .7
jeZ; 7 T Ox;

Remarks i. |J| denotes the cardinality of J, and J° is the complement of J with
respect to {1,...,n}.

ii. The first summation in Eq. (2.6) is over all index sets J C {1,...,n} with
cardinality » and over all flippings of the signs ¢; € {+1,—1}, j € J; the second
summation is over all strictly increasing sequences of subsets in J:

0CNHGhG Gl Gl=J 1<s<|J|. 2.8)

iii. The exponential exp(— (3, ) acts on a function f(z1,...,,), which is analytic
in the variables z, ..., z,, as a (complex) shift:

(e"ﬁaff)(:v],...,:vn) = f(a:l,...,:vj_l,a:j + iﬂ,mj+1,...,l‘n). 2.9)
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Hence, D, is indeed an analytic difference operator.

iv. The ‘hats’ in Egs. (2.6), (2.7) are used to emphasize that D, and 0 are operators
rather than ordinary (complex) functions or variables.

v. In the simplest case, i.e. for » = 1, Eq. (2.6) reduces to

bl = Z vp(ez;) H vo(ex;j + x)va(er; — k) (e—EﬁGJ — 1) . (2.10)
Sf B

vi. It is clear that the operator D, is invariant under permutations of the variables
x1,...,T,. Furthermore, the AAQO’s are also covariant under translations over half
the period: a simultaneous shift of the variables over 7/(2¢) is equivalent to an
interchange of parameters:

=z +7)/(20), = 1,...,n <= po < p1, Mo < M (2.11)
(see Eq. (2.4) and Egs. (2.1), (2.2)).

For some purposes it is more convenient to use slightly different expressions
for D,. Two such expressions read

b, = ) S -1 T Vewda s, €700,

JC{l,.,n}, J|=r  8CHG-GJIs=J 0<s'<s
E]—:H Jj€J O<s<7‘
2.12)
(with J_; = 0) an
Z Z WJC,r—sVeJ;JC e—ﬁggj, (213)
0<s<r Jc{1,.,n}, Jl=s
s]—:kl JE€J
with
Wi, = D, (=17 3 II Vear,_png, 1<p <,
1<q<p 0C1G--GIgcl 1<q'<g
e,==%1,i€l \7,1=p
WLO = 1. (2.14)

In Eq. (2.12), D, is written in terms of the operators exp(— ﬂé) rather than the
operators [exp(—/38) — 1]. Accordingly, Jo in Eq. (2.12) is allowed to be empty.
Eq. (2.13) emphasizes the fact that the coefficients of the translator exp(— ﬁé 7)
in f)r consist of a part V.. e, which does not commute with the translator, and a
commuting part Wye ,_| ).

Note From a physical point of view, one can look upon D, as a Hamiltonian
for an n-particle quantum system in dimension one. The functions of the type
vg(Fz; £ 2 +267) (6 = 0,1) and v, (£x; £ z¢) in the coefficients of the AAO
are in this interpretation responsible for the interaction between the particles; the
functions v,(+2 ;) model an external field.
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2.2. COMBINATORIAL STRUCTURE AND PARAMETERS

The increment sets Jq, J2 \ Ji, ..., Js \ Js—1 of the increasing sequence (2.8) form
the blocks of a partition of J; the second summation in (2.6) amounts to a sum over
all ordered blocks. By breaking up V. j.x (Eq. (2.4)) into three parts

V"-‘J;K = VEIJ VEZJ V53J;K (2.15)
with
Ve

Il

H vb(ijj), (2-16)
jed
H va(ijj+£j:xj:)va(£j1:j+£jr:c]v—|—2'y), 2.17)

13'€J
<y’

2
Ve

V53J;K = H ’Ua({-j]'wj + mk)va(ijj - .’L’k), (2.18)
PR

one can rewrite ﬁ, (Eq. (2.6)) as

b, = Y VRVEe Y (-1

Jc{1,.,n}, |J|=r 0C 1 G GIs=J
EJ::tl,jEJ * 125;7’
2 3 —B6es, _
x I Vs Vst . (e e 1) . (2.19)
1<s'<s

Egs. (2.6), (2.12) and (2.19) are more compact than (2.19), but the latter has
the virtue that different parts of the coefficient can be controlled independently.
The index set J in Eq. (2.19) will be referred to as the cell. The first block J;
determines the translator; this part of the cell will be called the nucleus. Notice
that: . VEIJVSJ; je depends on the cell J but not on its subdivision in blocks; ii. the

product over V;i J,\J.,_,) depends on the partition of J, but not on the order of the

blocks; iii. the product over Vg( TNT I\ depends both on the blocks and on
their order.

The parameters « and 3 are scale factors; o determines the period of the
trigonometric functions and 3 governs the complex shift of the translation operators
exp(/36;). Both parameters will be taken positive. The parameters i, s and g
determine the relative ‘weight’ of v, and v, in the coefficients of the AAO. For
instance, v, = 1 for y = 0; therefore, v, may be omitted for 4 = 0. The parameters
i, ps and ps will be assumed to be non-negative imaginary:

lu’Ei:Bg7 N&Eiﬂgtsa #:S_:—Zﬂg{s’ (5:071)

) (2.20)
a,8>0;, g,95,95 > 0.
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Notice that the above restrictions on the parameters guarantee that: i. exp(+ ﬁé]-)
yields a purely imaginary shift; ii. the commuting part of the coefficient, viz.
We r—s (cf. Egs. (2.13), (2.14)), is real because v.(z) = v.(—2) (¢ = a,b) for z
real.

If one picks @ = 1/2, then El (Eq. (2.10)) coincides, up to an irrelevant
multiplicative constant, with Koornwinder’s difference operator D., [16, Egs.
(5.1)-(5.4)]. The parameters used in [16] are related to ours via

qg= e Bt =eP9.

9 ’

(2.21)
a=e PO p=_ebu = e_ﬁ(g()H/z), d = —ePlatl/2), 2.22)

Note The parameters ¢, gs and g; can be interpreted physically as the coupling con-
stants that determine the strengths of the various interactions. In this interpretation,
setting ¢ = 0 (i.e. 4 = 0) yields a system of n particles moving independently in
an external field.

2.3. g = 0: REDUCTION TO RANK 7 =1

By setting g = 0, the combinatorial structure of D, simplifies considerably because
the coefficients in Eq. (2.19) no longer depend on the partition of the cell J in blocks
(9 = 0= V2% = V2, = 1). It will be shown next that in this case D, reduces to

€

the rth elementary symmetric function of the following AAO’s:

Di(z;)= Y wlezy) (e77H —1),  j=1,...,n 2.23)
e==l
(For n = 1, Dy (2.10) coincides with D;(z)).
By summation of all terms in D, that correspond to a certain cell J with fixed
nucleus J; = I, Eq. (2.19) reduces to

P SR A S @24
JCA{1,..,n}, |J|=r I1CJ
e;=%+1,7€J o<|I|<r
where
=1, = Y (=1)°Nps, p>1, (2.25)
1<s<p
with
p
N s = ) >85> 1. 2.26
P AZ_ (plps> b=s= ( )
p1t+-+ps=p
py 21

To verify this, think of V), 5 as the number of ways in which a collection of p distinct
objects can be distributed over s distinct slots such that every slot is non-empty.
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LEMMA 2.1.
One has
cp = (—1)P.
Proof
The above interpretation of IV, ; leads to the recurrence relation

P
Ny = Z (p_q)Nq,s_l, (p>s>1), N, =1
s—1<q<p—1

Substituting (2.28) in (2.25) yields a recurrence relation for ¢,
p
== 2 ( Q> ‘o
0<g<p-1
whose unique solution is (2.27).

191

(2.27)

(2.28)

(2.29)

a

DEFINITION 2.2. Let ¢y,...,t, belong to a commutative algebra. The rth ele-

mentary symmetric function S, of t1,...,t, is defined as
Se(try..oytn) = Z Ht]-, r=1,...,n.
Jc{1,.,n} 7J€J
|J|=r

PROPOSITION 2.3. If g = 0, then
ﬁ,:Sr(ﬁl(ml),...,bl(xn)), r= 1,...,n
(with D\(z ;) defined by Eq. (2.23)).

Proof
Substituting (2.27) in (2.24) yields

b= Y VL S (—1y et

Jc{1,..,n}, |J|=r IcJ
o =41, 5es  0<[|<r

Using Eq. (2.16), one completes the proof of the proposition:

Dr = Z H vb(eja:j) (e_ﬂEJéJ - l)

JC{Ln}, [ |=r JEJ
e, =%1, j€J

= Z HIA)I(IE]) :ST(bl(l']),...,bl(wn))-
Jclu{li;;n}jeJ

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

a

Note Proposition 2.3 is in accordance with the previously noted fact that for g = 0

the particles of the quantum system become independent.
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3. Simultaneous Diagonalization

In this section it is shown that Koornwinder’s polynomials form a basis of joint
eigenfunctions of Dy, ..., D,. We prove that the difference operators commute and
compute their eigenvalues. As a result, we obtain an explicit Harish-Chandra-type
isomorphism between the commutative algebra generated by Dy,..., D, and the
symmetric algebra in n variables. For convenience, we will put & = 1/2 from now
on.

3.1. TRIGONOMETRIC POLYNOMIALS

Let A = Clexp(+iz),...,exp(tiz, )] be the algebra of trigonometric polynomi-
als on the n-dimensional torus

T = R"/27Z". 3.1)
A is spanned by the Fourier basis {e*} with ) in the character lattice P of T:

Ha)z= e lm VT NePp =z (3.2)
Let W be the (Weyl) group of permutations and sign flips of the variables zy, ..., 2,

(so W = S, x (Z)™). The subalgebra A" = Clcos z,,...,cosz,]5 of W-
invariant polynomials on T is spanned by the basis {m )} of monomial symmetric
functions

mi@)= Y e~ S (] cosNej)),  AePt (3.3)

MNEW A MNeS,A  1<j<n
with ~ denoting proportionality and P+ denoting the cone of dominant weights:
Ptr={AeP| M >X>--->X2>0}. (3.4)
The lattice P can be partially ordered in the following way:
DEFINITION 3.1. (partial ordering of P).

(VAN eP): N<Aiff Y X< Y A, fork=1,...,n. 35)
1<5<k 1<j<k

The above ordering induces a partial ordering of the monomial basis {m } \e¢p+.
To each dominant weight A € PT we associate a finite-dimensional subspace of
AW with highest weight A:

AY = span{my } (yep+, ar<a)s Ae Pt (3.6)
Occasionally we will also use the notation

A= > A,  AePt. (3.7)
1<5<n
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3.2. TRIANGULARITY

In this subsection it is shown that D, maps the highest weight spaces .AKV into
itself.

DEFINITION 3.2. A linear operator D : AY — AW is called triangular iff

DAY c AY, VA e Pt (3.8)
One can rewrite Eq. (3.8) in a more illuminating way:
(V)\ € 73+) . ﬁ my = Z [IA)])H/\I my with [b])\y)\/ ecC (39)
NePH, M<A

(i.e. [D]xn = 0if A £ A). In order to prove that D, is triangular, we first need to
verify that the operator maps A" into itself.

PROPOSITION 3.3. (invariance of AY).
DAY c A, r=1,...,n (3.10)

Proof
Acting with D, Eq. (2.19) on amonomial m ) (3.3) yields the following W -invariant
trigonometric function on the torus T:

(D)) = X VhVEex X oY

JcA{1,..,n}, |J|=r 0GJ1GGIs=J
e;==%x1,5€J * lgszr

2 3
II Vivv, pVavnd._ o
1<s'<s

x[ma(z +27€e,) - mA(x)]}, (3.11)
with
NED YT (3.12)
JjEJ

({e1,...,en} denotes the standard basis of R™). The r.h.s. of (3.11) is rational in the
exponentials exp(tiz;), j = 1,...,n. In order to prove the proposition, we need
to show that D, m (3.11) is actually a polynomial in exp(+iz;),...,exp(+iz,).
Since the r.h.s. of (3.11) is symmetricin 21, . .., &, it suffices to verify that D, m,

viewed as a function of z, is free of poles.
As a function of z 1, the terms in (3.11) may have poles caused by zeros in the

denominators of the coefficients of the AAO. These poles are located at (cf. Eqs.
(2.16)-(2.18) and (2.1), (2.2)):

z; =0 mod T,
= tv mod 7,
= *z; mod 27w, 7 =2,...,n, (3.13)

= *z; £2y mod2w, j=2,...,n.
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From now on the parameters 7, 4, s, s (6 = 0,1) and the remaining variables
z3,...,%, are fixed in general position. Specifically, we choose these parameters
and variables such that the poles in the terms of (3.11) are simple.

The residue at z; = 0 vanishes because (3.11) is even in z1; the residue at
r1 = z; vanishes because (3.11) is invariant under an interchange of the variables
z1 and z;. Furthermore, because ﬁmk(x) iseveninz;,j = 1,...,nand covariant
under translations over half the period (cf. Remark vi, Section 2.1):

‘ . fo < M1, Ko < M
T, =i+ =1,...,n<= { ma(e) — (—1)|A|mk(z), (3.14)
(with |A| = 327_; A;), we need only show that the total residue of (3.11) vanishes
ate.g.:
Ly = =9 (type 1)7
= —z;, -2y j=2,...,n (typeII). 3.15)
typel: z; = —7.
The only terms in the r.h.s. of (3.11) that contribute to the residue at x; = —+ are

those corresponding to cells J with 1 € J and €1 = +1 (recall (2.2) and (2.16)
to check this). Fix a cell J and choose a configuration of signs ¢; € {+1, -1},
7 € J. It suffices to show that the total residue at z; = —+ in the sum of all
terms of (3.11) corresponding to this fixed cell J, with the signs prescribed, is zero.
One may assume that all signs ¢,, 7 € J are positive; this is because the general
situation can be reduced to the case with ¢; = 1 by appropriate flipping of signs
of the variables z;, 7 € J. We prove in Appendix A (Lemma A.1) that the sum
of terms in (3.11) corresponding to a fixed cell J with all signs positive is indeed
regularat z; = —7.

typell: 21 = —z; — 27.
The proof of this case is very similar to the previous one. The only terms in (3.11)
that contribute to the residue at 1 = —x; — 2 are those with 1,5 € J and
€1 = ¢; = +1 (cf. (2.1) and (2.17)). Lemma A.2 of Appendix A states that the
sum of all terms in (3.11) that correspond to a fixed cell J with the signs¢;, j € J,
being +1, is regular at 1 = —z; — 27. Again the general case (corresponding to
an arbitrary configuration of signs €; = £1) can be obtained by an appropriate
flipping of the signs of z;, j € J.

‘We conclude that DT m) is a W-invariant rational function on the torus T without
poles. Consequently, D,m, must be a polynomial in A", which completes the
proof of the proposition. :

O

Proposition 3.3 says that D,m, is a W-invariant trigonometric polynomial on
T, i.e. it must be a finite linear combination of monomial symmetric functions:

(YA e PH): Dimy= Y [Di]vmu, PY.| < o0, (3.16)
A'eP;r
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with

Pi. ={N € P |[D:sn # 0} (3.17)
In order for D, to be triangular one must have

NePf, = N<A (3.18)

(cf. Eq. (3.9)). We shall prove this property by studying the asymptotics of
(Drmy)(z) for Im z; — —oo. The following limits will be useful (cf. Egs.
(2.1), (2.2) and (2.20)):

Jim v,(z +icR) = 0912, (3.19)

Jim vy (2 4 ieR) = ePlaotartatar)/2 (3.20)
(with e = £1).
PROPOSITION 3.4. (triangularity).

rxePt): D.AVYCAY, r=1,..,n (3.21)
Proof

Fix an r € {1,...,n} and A € P*. Let wy = "¢,y €; (the kth fundamental
weight) and introduce (cf. (3.17)) T

M) = max{(X,wy) |\ € Pf, ). (3.22)

To derive a contradiction, assume (3.18) does not hold; i.e. assume that there exists
ak e {l1,...,n} such that
My > (e (= 30 ). (3.23)
1<5<k

Now it is easy to verify the asymptotics
my(z — iRwy) ~ B St g R oo, (3.24)
M EW 1, (N)
with
Wik = {w € W[ (wX,wp) = (N,wi) }, (3.25)
so using (3.16) we obtain

B}lm e FMxrk(D,omy)(z — iRwy,)

= Y Dha( X M) (3.26)

vert NIEW,, (V)
(A’,wk)IMA,r;k
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On the other hand, Eq. (3.24) combined with the limits (3.19) and (3.20) entails
the following asymptotics for (3.11):

(D,my)(z —iRwy) = O(efw)y R — . (3.27)
Consequently,
Jim e FMxrik(Domy ) (z — iRwg) = 0 (3.28)

(because of inequality (3.23)).
The matrix elements [D,] v in (3.26) are non-zero (by definition), and the

exponentials e*” () (3.2) corresponding to different weights \” € P are linearly
independent. Hence, by comparing the r.h.s. of Egs. (3.26) and (3.28) one arrives
at the desired contradiction.

3.3. THE SPECTRUM

By extending < (Definition 3.1) to a linear ordering of P (take e.g. the Lexico-
graphical ordering), it is easy to see that the triangularity of the AAO:

Dimy= Y [DJan ma, Ae P, (3.29)
MeEP+, M<A

has as consequence that the elements on the diagonal of the matrix [DT] A, are the

eigenvalues of the operator D, : AW — AW (It will become clear in Section 3.5
that in our case these eigenvalues are semisimple). The purpose of the present
subsection is to compute [D, ] ).

"Let y € R"™ be a fixed vector subject to the condition

Y1 >y > >y, > 0. (3.30)
By combining the asymptotics (cf. (3.24))
my(iRy) ~ =M% R oo, 3.31)

with Eq. (3.29), one finds (using \' < A = "7 My; < 37721 A;y5)
(Do = Jim e RL5= M (Do) )(iRy). (332)

In the next proposition, we will evaluate this limit.

PROPOSITION 3.5 (eigenvalues).
One has

[Dan = 27Ey n(chB(A1+p1), - ., chB(An+p,); chBp,,..., chBp,), (3.33)
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with
Ern(t, eyt Pryeeespn) =
St Y s X meeml) G39)
0<s<r JC{lny €1 r<i<Kip_o<n
[J]=s
and
pi=(n—7g+(go+a+g+9)/2, i=1,..,n (3.35)
Proof
Using Eq. (2.13) we obtain
(Drmy)(z) = Y > Wier—sVer,ge ma(z + ifecy), (3.36)
0<s<r  Jc{1,..,n}, |J|=s
e,==%x1,5€J

with V. ,x and W, defined by Egs. (2.4) and (2.14), respectively. In order to
compute the limit (3.32), we first derive some preliminary asymptotics:
i. my (cf. Eq. (3.24)):

mA(2 + iBecs)|ominy ~ ¢ 2= LN R (337)

ii. VE_];JC .
From (3.19), (3.20) one deduces

Rlingo VsJ;JC|x=iRy - eﬁ[gNeJ+(go+g1+gé+g{)MEJ]/27 (3.38)

with
M.y ={jeJ|ej=4+1}-{jeJ]|eg=-1}
=D ¢ (3.39)
JjEJ
and

Neg = 2[{j ke |j<k, e =+1}
2{jkeJ|j<k, ej=—-1}+
2{jed, kede|j<k, e =+1}
2[{jeS, ke j<k, e =—1}
=2[{jed, k=1,...,n|j<k e =+1} -
25 e, k=1,...,n]j<k e =-1}
=22 (n =) (3.40)

JeJ
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Consequently,
lim Verelominy = € 2Lrer®0s (3.41)
R—oo

with p; defined by (3.35).

iii. Wrp:
Using (2.14) and (3.41) it is not hard to see that limgr—. WI,p|I=Z-Ry exists and
depends only on the cardinality of I and on p (but not on the number of variables
n). We define

Firp =277 lim Wrploziry. (3.42)
Notice that (cf. Eq. (2.14))
Fro=1, m=20,...,n. (3.43)

After these preliminaries, we are now ready to compute limit (3.32). Substituting
(3.36) in (3.32), and making use of (3.37), (3.41) and (3.42), we obtain

D=2 Y (TLchBO +p)) Facores. (3.44)
JC{I(,)...,Z}<,T|J|=5 JEJS

It remains to calculate F),, ,, 1 < p < m < n. Acting with f)r on a constant
function yields zero (see Eq. (2.6)); one obtains, therefore, the following relations
for F, , after setting A = 0:

3 (H Ch(ﬁpj))Fn_syr_s -0, 1<r<n. (3.45)
JC{162n2|J|:s 1€J

For a fixed number of variables n, this yields n equations. However, for n’ < n the
same coefficients Fi, , occur, now with 0 < p < m < n/. Collecting the relations
(3.45) for ' = 1,...,n, and making use of Eq. (3.43) results in a linear system of
n(n + 1)/2 equations in the n(n + 1)/2 variables F, ,, 1 <p < m < n.

In order to solve this system it is convenient to make the substitution p; =
Pn+1—;. Notice that p; (unlike p;) does not depend on the number of variables n.
After this substitution the n(n + 1)/2 equations become:

S (TIch(8)Fumayos =0, 1<r<n'<n,  (346)

Jc{l,.,n'}, |J|=s JEJ
0<s<r

with condition (3.43). In Lemma B.1 of Appendix B it is shown that this linear
system has a unique solution:

Frp=(-1p ) ch(Bpi,) - - -ch(Bpi,) (3.47)

Substituting (3.47) in (3.44) and using p; = p,41—; now yields the expressions
(3.33)—(3.35).

a
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For g = 0 all components of the vector p (Eq. (3.35)) are equal:
P1:P2s > Pn = (90+ g1 + 95+ 91)/2=P. (3.48)

Then, one can rewrite the above expressions for the eigenvalues in terms of elemen-
tary symmetric functions (see the remark following Lemma B.2 of Appendix B. to
check this):

Doy =27 Y ] (chB(X; +p) — chip)
e

= 2" S, (chB(\; +p) — chB3p,...,chB(\, + p) — chBp). (3.49)

This equation is in agreement with Proposition 2.3.

3.4. SYMMETRY

In Ref. [16] the following weight function on the torus T was introduced:

A(I) = H da(iL‘j + a:k) da(:cj — xk) H db(l‘j) (3.50)
1<j<k<n 1<j<n
with
do(z) = df (2)dF(-2), c=ua,b (3.51)
iz, ,— 0
dt = (e € )oo .
a (Z) (e_ﬁgezz;e_@)oov (3.52)
2z, ,—f
d¥(z) = _ B ot L — .
(e-—ﬁgoezz, _e—,@glezz’ e—ﬁ(go-l'l/z)ezz’ _e—ﬁ(gl-f-l/z)ezz; e_ﬁ)oo
(3.53)
The so-called g-shifted factorials are defined in the usual way:
(:9)c = J](1=ag™),  (a1,.... 003 @)oo = [] (53 @)oo (3.54)
m=1 s=1

Notice that the conditions on our parameters, viz. (2.20), guarantee that the infinite
products in Egs. (3.52) and (3.53) converge. Recall that in order to compare our
formulas with those of [16], one has to reparametrize according to Egs. (2.21) and
(2.22).

Let L3, (T, Adz) be the space of W-invariant functions on T that are square
integrable with respect to the measure Adz. We define

(fr9)a = /1r fgAdz,  f,g € L3(T, Adg). (3.55)

The space of W-invariant polynomials A" is a dense subspace of L%, (T, Adz).

The purpose of the present section is to show that the AAO’s ﬁl, cee, D,, are
symmetric with respect to (-, -) o. We need the following lemma:
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LEMMA 3.6. Let o = 1/2 and z € R, furthermore, let the parameters be subject

to condition (2.20). Then the functions d£+) (¢ = a,b) satisfy the following first
order difference equations:

1. d7:
df(z+iB) = eP920,(2)d} (2), (3.56)
df (2 +i8) = e Plootartanta)/2 y (2) df (2); (3.57)
2.d.:
ve(z — 1) d(z —i8) = v.(2) dc(2), c=a,b. (3.58)
Proof
i. Eq. (3.56) is an immediate consequence of definition (3.52):
— e~ B9tz
dF (2 +iB)/dF(z) = Q_(lc;e)—) = P92 4, (2). (3.59)
— elZ

Eq. (3.57) can be reduced to the former case by observing that d;f (z) factorizes:

d+(2) _ (eiz;e_ﬁ)oo (_eiz;e_ﬁ)oo
b - (e"‘ﬁgOeiZ; e—ﬁ)oo (_e—/@gleiz; e_ﬁ)oo
y (e‘ﬁ/ze”; e‘ﬁ)oo (—e‘ﬂ/ze”; e“ﬁ)oo
(e—ﬂ(gé-l-l/Z)eiz; e_ﬁ)oo (—6_’8(9{+1/2)6i2; e_ﬂ)oo )

(3.60)

ii. Using Egs. (3.56) or (3.57), respectively (in step * below), one derives Eq.
(3.58):

ve(z —iB) de(z — iB) = ve(z —iB) d (2 —iB) - df (=2 + i)
4 (2) - vo(—2) d(=2)

ve(2) do(2). (3.61)

IR

1

Part ii. of the above lemma leads to the following useful difference equation:
COROLLARY 3.7. One has
(V.. 5eA) = Vogge A (3.62)

~ We now arrive at the main result of this subsection, namely the symmetry of
D,., whose proof hinges on relation (3.62).

PROPOSITION 3.8. (symmetry).

(D,my, ma)a = (mx, Dyma)a, VAN e Pt (3.63)
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Proof
First consider the following contour integral

% WJC’T_S Veg.ge (e‘ﬁé”m,\) My A d.’l?]‘ (3.64)
G

with V. 7,x and Wy , as in (2.4) and (2.14), respectively and j € J. The integration
takes place over the closed contour

Cj = [-m,7|U[r, 7 —ig;flU[r —ic; 8, =1 — ig; B]U[—7 —ic; 8, —7].(3.65)

Let all parameters and the variables =, k # j, be fixed in general position. A
priori the integrand has simple poles inside C'; due to zeros in the denominators
of V. j.7c and A(z ). However, one easily verifies that any of these poles in V. j,
is compensated by a zero in A(z); similarly, poles inside C; due to A(z) are
compensated by a zero in V. ... Consequently, integral (3.64) vanishes because
of Cauchy’s theorem. Furthermore, the contributions to (3.64) which are due to the
paths [7, 7 — ig;3] and [—7 — ie; 3, —7] respectively, cancel each other because
the integrand is periodic in z; with period 27. The upshot is that, when integrating
the integrand of (3.64) over [—m, |, one may deform the integration path to
[—7 — tg;8, ™ — ic; 3] without changing the value of the integral.

Armed with this conclusion and Eq. (3.62), we are now ready to prove (3.63).
Its L.h.s. can be written

<1’j7-m/\,m,\'>A Eq.(.—%l:;) Z WJc,r—s ‘/&];‘]c (e_ﬁé”m,\)m_,\/Adx.
|J|=s,0<s<r T
e,=%1,5€J
(3.66)

Deformation of the integration paths of z;, j € J, from [—7, 7] to [—7 —ig; 3,7 —
ic; 3], followed by a change of variables z; — z; — if3¢;, j € J, yields

(Dymy,my)a = > Wie r—s my (€% T3r Veg,ge A)dz. (3.67)
|J]|=¢,0<s<r
e,==x1,5€J

Using Corollary 3.7 and the fact that W ,_; is real (for parameters subject to
(2.20)) entails

(Drmy,my)a = Y /mA Wi s Vegige (€70 my) A da
|J]|=5,0<s<r T
e;=%1,3€J
= (my, D,my)a. (3.68)

a
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3.5. DIAGONALIZATION AND COMMUTATIVITY

Ifg=g0=91=9y=9g] =0, thend, = dy =1 (see Egs. (3.51), (3.52) and
(3.60)), and thus (-, -) o reduces to the inner product on T with respect to Lebesgue
measure (A = 1). The basis of monomials {m)},cp+ is an orthogonal basis of
L%,(T, dz). For arbitrary parameters, however, the orthogonality of the monomials
with respect to (-,-)a no longer holds. By subtracting from m) the orthogonal
projection of m onto span{my:}(yiep+ a1y C AYY, one obtains an alternative
basis {pr}rep+ of AW . This is the basis of Koornwinder polynomials.

DEFINITION 3.9 (Koornwinder polynomials).
Koornwinder’s polynomial p) € AKV is defined by the conditions

pr=my+ Z CA N T (3.69)
MeP+, M
and
(pr,ma)a =0, VYN ePH N<A (3.70)
We now prove that {py} ¢ p+ is a basis of joint eigenfunctions of D, ..., D,,. For

convenience, the notation for the eigenvalues Eq. (3.33) is sometimes abbreviated
by putting

E, .(chB6y,...,chB8,;chBp,,...,chBp,) — E,.,(8), (6 € R").(3.71)
THEOREM 3.10. (eigenfunctions).

D, px = E, n(A+ p) pr, VA e pt (3.72)

(\;vith r=1,...,nand p = (p1,...,pn), see Eq. (3.35)).

Proof
It follows from (3.69) and Proposition 3.4 that
(Dr = [D,xp) pr € AY. (3.73)

On the other hand, one has (using the propositions 3.8, 3.4 and Eq. (3.70))

symmetry

(px, (D = [D,]an) mar)a
0, if M <A (3.74)

(D, = [Dr]an) prsmada
(3.29

~

(3.70)

Combining (3.73) and (3.74) entails DT Py = [bT] A4 Pa. We now invoke Propo-
sition 3.5 to complete the proof.
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In Appendix C it is shown that if a difference or differential operator vanishes on
AW then all its coefficients must be zero. Combining this result with Theorem 3.10
entails the commutativity of the AAO’s:

THEOREM 3.11 (commutat1v1ty)
The operators Dy,. D mutually commute.

Proof

The polynom1als {P»} ep+ form a basis of AW consisting of joint eigenfunctions
of Dl, D (Theorem 3.10). Hence, it is clear that the AAQO’s commute as
operators on .AW In other words, the commutator of D, and D, is a difference
operator that vanishes on A" :

[D,, D/ ](A") =0, rorl e {1,...,n}. (3.75)

It now follows from Proposition C.1 in Appendix C that the coefficients of the
commutator are identically zero.

O
Consider the real algebra of difference operators generated by Di,...,Dy:
D =R[Dy,..., D). (3.76)

Itis clear that D is a commutative algebra (Theorem 3.11) and that the operators inID
are simultaneously diagonalized by the Koornwinder polynomials (Theorem 3.10).

THEOREM 3.12 (D = R[chf34,, ..., ch36,]5).

For each symmetric function S(8) € R[chB36,...,chB36,]5" there exists a unique
difference operator D € D such that
Dpy =S+ p)pr, VYA e Pt (3.77)
Proof
E, »(6) (3.71) is a linear combination of elementary symmetric functions:
E,.(8) = S.(chBb,,...,ch36,)+ [l.d., r=1,...,m (3.78)
l.d. stands for terms of lower degree in ch36;, ;7 = 1,...,n. The elementary

symmetric functions form a set of algebraically independent generators of the
symmetric algebra (this fact is the ‘fundamental theorem on symmetric functions’,
see e.g. [18]). Hence, Eq. (3.78) implies that the same is true for the functions
E, (8): every element in R[ch36;,...,ch36,]°" can be written uniquely as a
polynomial in E, ,(8), 7 = 1,...,n.

Now we use Theorem 3.10 to conclude that for every symmetric function 5(6)
there exists a difference operator D € D such that Eq. (3.77) holds. That such a
difference operator D is unique follows from Proposition C.1 (Appendix C).

a
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The symmetric functions S(8) € R[ch36,,...,ch36,]°" separate the points of
the wedge

{8eR™[6,>6,> > 6, >0} (3.79)

To see this, first notice that (—1)"~"S,(chB36y,...,ch36,) is the coefficient of
v™" in the characteristic polynomial det(7" — vI) of the diagonal matrix 7' =
diag(chgb, ..., ch36,). Consequently, the values of S,(chf30i,...,ch36,), r =
1,...,n determine € in the wedge (3.79) uniquely. This fact combined with Theo-
rem 3.12 can be used to prove the orthogonality of the basis {p) }:

COROLLARY 3.13. (orthogonality).
(PrsPr)a =0, VAN e PH X #£ N (3.80)
Proof

Let A\, ) € P+, and A # ). There exists an S(6) € R[ch36),...,ch36,]°" such
that

S(A+p) # SN +p), (3.81)
since the symmetric functions in R[ch36, . ..,ch36,]°" separate the points of the
wedge (3.79),

Hence, by Theorem 3.12 there exists a D ¢ D for which py and py are
eigenfunctions corresponding to different eigenvalues. But then the polynomials
p» and pys must be orthogonal with respect to (-, -) A because D is symmetric, cf.
Proposition 3.8.

O

Note The orthogonality of the basis {p,} e p+ Was already shown by Koornwinder
[16]. His proof exploits the continuity of {py, pa/)a in the parameters.

COROLLARY 3.14 (self-adjointness).
Every difference operator D € Dis essentially self-adjoint on AW C L3,(T, Adz).

Proof
This an immediate consequence of the fact that every AAO in D acts as a real
multiplication operator on the orthogonal basis {p } ¢p+ of L3 (T, Adz).

Remarks i. Theorem 3.12 states that the assignments

D, S B, 6), r=1,..n (3.82)
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induce a Harish-Chandra-type isomorphism HC between D and the symmetric
algebra R[ch36, . ..,ch36,]%".

ii. Recall that p) is defined as m ) minus the orthogonal projection of m ) onto
span{my} <. Using the orthogonality of {p,} cp+ (Corollary 3.13) this leads
to the following recurrence relation for py:

mx, PN )A
p=ma— 3 {mopvla (3.83)
vertae (P Py)a

iii. If the partial ordering 3.1 is extended to a linear ordering of the cone P+,
then it is possible to orthogonalize the basis {m ) } by means of the Gram-Schmidt
process. By Corollary 3.13, the result does not depend on the particular choice of
the refinement of the ordering: the resulting orthogonal basis coincides with {p) }.
This amounts to a very restrictive property of the measure A dz.

iv. According to Theorem 3.11, the Hamiltonians ﬁl ey Dn constitute a quan-
tum integrable n-particle system (cf. the note ending Section 2.1).

4. (3 — 0: The Transition to BC),-type Hypergeometric PDO’s

By sending the step size 3 of the differences to zero, our AAO’s go over in
commuting hypergeometric PDO’s associated with the root system BC',. In this
limit the eigenfunctions {p»} converge to the BC,,-type Jacobi polynomials of
Heckman and Opdam.

In this section we will make the dependence on 5 explicit by adding it as a subscript
on all objects of interest, e.g.: br’ﬁ, Apg and py g.

4.1. EIGENFUNCTIONS

Consider the following weight function on the torus T:

Ag(z) = H |sina(z; + zx) sina(z; — a1)|*
1<j<k<n
[I Isin(az;)|™® |cos(az;)I?',  a=1/2, g,0,51 >0,
1<j<n

4.1)

and let (-,-)a, be the inner product on L3,(T, Agdz) (cf. Eq. (3.55)). As before
one introduces W -invariant polynomials on T associated with the weight function
Ay (cf. Definition 3.9); these are the BC),-type Jacobi polynomials of Refs. [9]
and [11].

DEFINITION 4.1 (BC,,-type Jacobi polynomials).
The Jacobi polynomial py o € AKV is defined by the conditions

Pro = my + Z Cx N Ty 4.2)
NEP+, A<
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and

(Pro.ma)a, =0, YA € PF, N <A (4.3)
Remark Usually A is written in a slightly different form, which emphasizes the
relation with the root system BC,,. Use

| sin(az;) %% | cos(az;)|? ~ | sin(az;)*k | sin(2az;)|** 4.4
with o = ko + k1 and §; = ki, to compare (4.1) with the usual expression for the
BC,-type weight function.

We need the following convergence result from [14] to connect p), o with Koorn-
winder’s polynomial py g, 8 > 0O:
LEMMA 4.2. Let k1, k; € Rand g €]0, 1. Then
(qu 25 ) oo ky—k
m - ———— = (1 —2z)? ", 4.5

all (g"25¢)o (1=7) *-)

uniformly for z in compacts of the punctured disc {z € C | |z| < 1, z # 1}.

Proof
See Proposition A.2 of Ref. [14, Appendix A].

a

It is immediate from Egs. (3.52), (3.60) and the above lemma that
lim dy (=) = [2sin(z/2)”, 46)
lim, dy5(z) = |2sin(z/2)]290190) |2 cos(z/2)|2 o9, 4.7

uniformly for z in compacts of |7, 7[\{0}.
Consequently, for 3 — 0, Ag (3.50) converges to a weight function that is propor-
tional to Ag:

i =cA )
él_{l% Ap =cAo, (4.8)
with
Go= 9o+ gy (>0), G1=91+91(>0) 4.9)
and ¢ = 47(n=1ggnldot+31) (> 0).
PROPOSITION 4.3. One has
%irr}) PAS = Pros VA e Pt (4.10)

and
<p)\»0’ p)\',())Ao =0, VA, Ne P+7 A 7£ N 4.11)
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Proof

Using (3.83), (4.8) and an induction argument on A, one verifies that limg_o p) s
exists and satisfies a recurrence relation of the type (3.83) (with (-, -)a, — (-, ) a,).
Use Corollary 3.13 and Eq. (4.8) to conclude that the resulting polynomials are
orthogonal with respect to (-, -) o,. But then the recurrence relation for limg_,o p) s
implies that it equals m ) minus the orthogonal projection (with respect to (-, -) o,)
onto span{m, } yr« . Comparing with Definition 4.1 one obtains (4.10).

a

Note The limit 5 — O corresponds to the limit ¢ — 1, cf. (2.21). For Macdonald’s
polynomials the ¢ — 1 limit to the Jacobi polynomials of Heckman and Opdam
was studied in [20], for arbitrary root systems. The orthogonality of the Jacobi
polynomials was proved in [10] (again for arbitrary root systems).

4.2. EIGENVALUES

The purpose of this subsection is to investigate the behavior of the eigenvalues of
D, s (Proposition 3.5) for 3 — 0.

PROPOSITION 4.4. One has (forr =1,...,n)

limg_o B> E, ,(chB6,...,chB38,;chbp,,...,chBp,) 4.12)
= E,.(62/2,...,62/2p%/2,...,02/2)
= 2TTE,.(63,...,68%0%,...,0%).
Proof
Our proof of Eq. (4.12) hinges on a recurrence relation for E, ,, which has been
relegated to Lemma B.2 of Appendix B:

E, .(chB0y,...,chB360,;chBp,,...,chBp,) =
(chpB8,, — chBp,) Er—1n-1(chBby,...,chB6,_1; chBp,,...,chbp,)
+E, n—1(chBby,...,chB0,_1;chBp,,...,chBp,—1) 1<7r<n,
4.13)
with the convention
FEon=1, E.,=0if n<r. 4.14)
We divide Eq. (4.13) by (%" and then use induction on 7 to obtain
%i% B~ E, ,(chB6y,...,chB6,;chbp,,...,chBp,)
= (62/2~ p2/2) Erorum1(B3/2,., 02y /2032, 02)2)
B 1(02)2,...,0%_1/2:0%)2,...,p2_/2). (4.15)

Now we use again Lemma B.2 to conclude (4.12) from relation (4.15) (with
convention (4.14)).
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O
4.3. OPERATORS
Expansion of D, s in 3 yields a formal power series of the form
-~ © A
D,g=3" Dimp™. (4.16)
m=0
The coefficients ng) are polynomials in the partials 6., 7 = 1,..., n; this means

that these coefficients are PDO’s. We define the leading differential operator D,,o
of BT, s as the first nonzero coefficient in expansion (4.16):

DEFINITION 4.5 (leading PDO).
Let

m, = min{m € N| D™ £0} (4.17)
(with D™ defined by expansion (4.16)). Then,

D, o= D™ (4.18)
is called the leading PDO of D, .

The BC, -type Jacobi polynomials are joint eigenfunctions of D, 0s-es Dno:

THEOREM 4.6. One has m, = 2r and

Dropro = Ern (M4 0%t pu)5 00 c0p2) a0y @19)
YA e Pt
withr = 1,...,nand p asin (3.35).

Proof
Consider the eigenvalue equation (3.72):

Dy (prg) = 27 ET,n(Chﬁ()‘l 4 p1)s- -, chB(Ay + pn);
chBp,,....chBp,)pa 5. (4.20)

First, apply Taylor’s theorem to the Lh.s. of Eq. (4.20) and make use of Defini-
tion 4.5 and Limit (4.10) to conclude that

D, sprg = Dropro 7 +0o(877). 4.21)

Next, use Proposition 4.4 and Limit (4.10) to derive the asymptotic behavior for
B — 0 of the r.h.s. of (4.20):

2" B, n(chB(A1 + p1),...,chB(A, + pr)ichBp,,...,chBp,) pr s =
Ern (1401, O 4 p0)% 0% 02) Pro B+ 0(577).(4.22)
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By Definition 4.5 and Proposition C.1 it is possible to pick a A € P* such that
D, opro # 0, s0o m, > 2r. It is not difficult to see that there also exist A € P+
such that

lsnn ((Al'+'P1)27---7(An,+'Pn)z;sz---7Pi> # Oa

so m, < 2r. This entails m, = 27 and (4.19).

COROLLARY 4.7.

D,o=lim 87% D, 3. 4.
0 ﬁlgbﬂ 8 (4.23)

Explicit computation of (4.23) for r = 1 yields (using (2.10), (2.20))

Dig = > 6 —2ia > {jocot(az;) - jitan(az;)}é; (4.24)
1<j<n 1<s<n

—2iag Z {cota(:cj +21)(6; + 6r)
1<5<k<n

+cota(z; — z3)(8; — Gk)}
(with @ = 1/2 and gy, ¢; as in Eq. (4.9)).

An im[nediate consequence of Theorem 3.11 and Limit (4.23) is the commuta-
tivity of D, o, 7 = 1,...,n.

COROLLARY 4.8. The differential operators ﬁ1,07 ey bn,O; mutually commute.

LetDy = ]R[IA)LO, cee, lA)n,o]. The algebra Dy consists of commuting PDO’s which
are simultaneously diagonalized by the BC',-type Jacobi polynomials p) .

THEOREM 4.9 (Dy = R[63,...,62]%").
For every symmetric polynomial S(8) € R[63,...,62]
differential operator Do € Dy such that

Sn there exists a unique

Do pro = S(A+ p) pao, VA € Pt. (4.25)

COROLLARY 4.10 (self-adjointness).
The PDO’s Dy € Dy are essentially self-adjoint on AY C L3, (T, Agdz).

The proofs of Theorem 4.9 and Corollary 4.10 are virtually the same as for Theo-
rem 3.12 and Corollary 3.14, respectively.

Remarks i: The operator ﬁl,o (4.24) coincides with the simplest (i.e. low-
est order) hypergeometric PDO associated with the root system BC',. In order
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to compare (4.24) with the usual expression, which emphasizes the role of the
root system, one should eliminate tan(az ;) from (4.24) by means of the relation
tan(az;) = cot(az;) — 2 cot(2az ;) (cf. the remark under Definition 4.1).

ii. The existence of a commutative algebra of PDO’s containing bl,o, which is
isomorphic to R[67,...,62]% via a Harish-Chandra-type isomorphism (cf. Theo-
rem 4.9), was already shown by Heckman and Opdam [10, 26]. In fact, their result
is more general since they consider arbitrary root systems.

iii. For an arbitrary root system R, the quantum Hamiltonian H of the corre-
sponding generalized Calogero-Sutherland system is related to the second order
hypergeometric PDO via a similarity transformation [28]. From a mathematical
point of view, this just amounts to the conjugation with A!/2 which transforms
between Lebesgue measure and Plancherel measure with weight function A. In
our case (i.e. for R = B(),), one has

H = A(l)/zﬁl’oAal/z + Ey

= > @+

1<j<n
o? Z {go(go —1)sin 2(az;) + §i(§1 - 1) cos_z(axj)}
1<j<n
+2g(g—1)a* x
Z {sin_2 a(z; + ) + sin"2a(z; - :ck)} (4.26)
1<5<k<n

with Eo = 4a*(p,p)and p; = (n — j)g + (§o + §1)/2, cf. (3.35).

Corollary 4.8 can be interpreted as the quantum integrability of the BC,-type
Calogero-Sutherland system. For arbitrary root systems integrability follows from
[10, 26] (cf. Remark ii).

5. Special Cases Related to Classical Root Systems

By limit transitions and/or specialization of the parameters, the difference operators
Dy,..., D, reduce to commuting AAQ’s that are simultaneously diagonalized by
Macdonald’s polynomials. Such difference operators are obtained for all Macdon-
ald families associated with (admissible pairs of) the classical root systems: A,,_1,
Bn, Cn, Dn and BC’n

Note Most results in this section have an obvious counterpart for 5 = 0 (which
amounts to g = 1).
5.1. PRELIMINARIES

First, we outline very briefly some of the main points of the construction presented
by Macdonald [20]. A more detailed summary of his results can be found in [22]



COMMUTING DIFFERENCE OPERATORS 211

and [16]. (For our purposes, especially the second summary is useful). Here, we
only want to introduce some terminology that facilitates clarifying the connection
between the preceding sections and Ref. [20]. For general information on root
systems the reader is referred to e.g. [3, 34]. Although most of the remaining part
of the paper should be accessible without a detailed knowledge of root systems, a
glance at the ‘planches’ in Bourbaki [3] might be of some help.

Ref. [20] uses the concept of admissible pairs of root systems. The pair (R, 5)
is admissible if R and S are root systems (assumed irreducible) such that S C R
is reduced and generates the same Weyl group as K. Let V' be the real vector space
spanned by R and consider the torus T = V/(27ZR"). Let P} be the dominant
cone of the weight lattice of R (which equals the character lattice of T ) and let
A}’%V denote the algebra of W-invariant (trigonometric) polynomials on T g (this
algebra is isomorphic to the W-invariant part of the group algebra over the weight
lattice). To every admissible pair (R, ') Macdonald associates a weight function
A(R,sy on Tg and finds a corresponding orthogonal basis {p/\,(R,S)}AeP;; of A%V.
Furthermore, he introduces difference operators D, associated with the so-called
(quasi-)minuscule weights o of .SV. These operators are diagonalized by the basis
of Macdonald polynomials {p, (r s} rePE:

We will show that additional AAQO’s for Macdonald’s polynomials arise as
special cases of D, ..., D, (2.6). This leads to difference operators associated with
the fundamental weights of SV, for every admissible pair consisting of classical
root systems. These AAQ’s generate a commutative algebra D s of difference
operators, which are simultaneously diagonalized by the basis {p A (R, s)} AP The
algebra D s is isomorphic to R[SV]W (the W-invariant part of the real group
algebra over PY).

Remark If all roots in R have the same length (this is the case for R = A,, and
D,), then S = R and there exists only one admissible pair. If there are roots with
different lengths, then there are several possibilities for the pair (R, ). In case of

the classical series there are six such possibilities; these correspond to R = B,
C,orBC,and S = B, or C,.

5.2. THE ROOT SYSTEM A,,_;

Let Dr,lead consist of those terms in f)T that are of highest order in the exponentials
exp(—06;), 5 =1,...,n (cf. Eq. (2.13)):

Dy jeaqd = Z Vyge e P r=1,...,n. 5.1
JcA{l,..,n}
|J|=r

One picks up these leading terms via the following limit:

Diyjeas = Jim e777F (Alg1 D, AR>, (5.2)

— 00
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with
Ag = e Rt ten), (5.3)
Let
A, = H (eg(rﬁ“)/z" di (z; —I—xk)>
1<j<k<n
% H ( (90+91+95+97), /2 d+( )) 54
1<j<n

Conjugation of Er,lead with A.I_ results in A,,_-type difference operators (use
(3.56), (3.57)):

D, = Ay Dyjeag AT (5.5)

= Z (H va(z ~-—wk) Bé’, r=1,...,n. (5.6)

JcA{1,.n} ge€J
|J|=r keJe

It is clear from Theorem 3.11 and Egs. (5.2), (5.5), that the operators ]:7’1 ey ﬁ’n
commute. For » = n, (5.6) reduces to an operator that only generates a translation

of the coordinates: D/, = exp (—ﬂ(él +- 4 On)) For 7 < n, D’ decomposes
in two commuting parts:

Dl = e Brlttbn)in 1<r<n—1L. (5.7)

The first part causes a translation z — = +:8(r/n)(e; + - - - + €, ); the second part
coincides (up to a multiplicative constant) with Macdonald’s difference operator
E,:

Ey, = ¢;Dra,_, ¢, = e Por(n=m)/2, 1 <7< n-1.(58)

The operator E, is associated with the rth fundamental weight w, of the root
system A,,_;. The parameters in [20] are related to ours via Eq. (2.21).

Notes i. For r = 1, Eq. (5.6) reduces to

Z (H vg(z; — mk)) e—ﬂéﬂ. 5.9

1<j<n k#j

ii. After transformation to Lebesgue measure, the operator D’ goes over in the

rth quantum integral S » [30, (Eq. (2.3))] of the relativistic Calogero-Moser system
with trigonometric coefficients. More precisely, let

AAn_l(a:) = H da(a:j - xk), (5.10)

1<5<k<n
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then
A 1/2 1 A—1/2
S = A2 DAy

-1

= Z ( H va(xj - l’k))l/ze_ﬁé1< H Ua(xk — .73])) 1/2. (5.11)

JC{1,..,n} I€J JI€J
[J|=r k€JC keJe
This relation between the n-particle relativistic C' M system introduced by Ruij-
senaars and Macdonald’s difference operators for the root system A,,_; was first
observed by Koornwinder [13]. It generalizes the relation between the n-particle
Calogero-Sutherland system and the hypergeometric PDO’s associated with R =
An—1 [28] (cf. Remark iii at the end of Section 4.3).

iii. The operators lA)T, A,,_; act as a real multiplication on functions that depend
onlyonz;+-- -+ z,. The transition ﬁ; — f)r, A,_, can be interpreted physically
as restricting attention to the motion in the center of mass hyperplane z,+- - -+2, =
0.

We show next that the joint eigenfunctions of f)ry A,_;»1.6. Macdonald’s A,_;-
type polynomials, can be obtained from Koormnwinder’s polynomials by a certain
limit transition. Let m ) ;.4 be the sum of terms in m (3.3) that are of the highest
degree in exp(iz;), 7 = 1,...,n:

Malead = D €, Ae Pt (5.12)
NMeSp A

Recall that according to Definition 3.9, p) is a linear combination of monomials of
the form
=Y, e m, e P, (5.13)
MeP+, M <A

with ¢, y+ certain complex coefficients (which depend only on the parameters) such
that (3.70) holds and ¢, , = 1. We set

P lead = Z CAN TN lead » AePpt. (5.14)
MeP+, A<
[M]=[A]
Let
et ten (5.15)

From the asymptotics
e R oo, (5.16)
and Eqgs. (5.13) and (5.14), one derives

my (¢ — 1Rw) ~ m)\,lead(w)

Pread(z) = Jim e~ py (@ —iRw). (5.17)



214 J.E VAN DIEJEN

The polynomial p) jc.4 is homogeneous of degree |A| in the exponentials exp(iz ;)
Consequently, a translation causes an automorphic phase factor: ¢ — = + Rw =
P lead — €XP(¢R|A|) A tead. By multiplying py ieqq With an appropriate exponen-
tial function one ends up with a basis of translation-invariant functions:

Prany(z) = e P Etten/ng, (@)
= Z EXN m)"yAn—l(m)7 (5.18)
MeP+, A<
[M|=([A]
with
myA,_, (x) = e—i|)\/| (z14+zn)/n m)\’,lead(l')~ (519)

As the notation suggests, it will turn out that the functions {p 4,,_, } (5.18) coincide
with the Macdonald polynomials associated with the root system A,,_;.

First we need a lemma. It says that the spectrum of Dl (2.10) is monotonic in
A € Pt. (Recall that the eigenvalues of D; are given by (3.33) with 7 = 1; see
also Eq. (5.29) below).

LEMMA S5.1. Let

Fs(6)= > chpé,. (5.20)
1<s<n

Then, for all \,\ € P

A> N = Fs(A+p) > Fs(XN + p) (5.21)
(with p given by (3.35)).
Proof
It is clear from Definition 3.1 that A > X iff
A=XN+ Y a (e, —ejp1) + anen, aj €N (5.22)
1<y<n—1

with at least one of the a,’s positive.

Obviously, it suffices to verify (5.21) for the special case that only one of the a;
is positive. Now for j = n this is immediate, while for 7 < n this follows because
chf3(-) is a convex function:

chf(z + a) + chB(y — a) > chfz 4 chfy (5.23)

ifx >yanda > 0.
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PROPOSITION 5.2. Let f),, A,,_, be determined by (5.6)-(5.7) and let py a,_, be
defined by (5.18). Then

br,An_l PrAnoy = Era,,(A+ P') PA An_rs (5.24)
with

E, 4,_,(0) = Pr(O1ttn)/n Sp(eP0, ... eF), (5.25)

p; = g(n+1-25)/2, 1<j<n. (5.26)

(S, denotes the rth elementary symmetric function (Definition 2.2)).

Proof

The operator ﬁ; (5.6) is invariant both under permutations of z ; and under transla-
tionsﬁof the form ¢ — =+ Rw (withw as in (5.15)). We use this and the asymptotics
of (D] m) jeqd)(—iRy) for R — oo (with y such that (3.30) holds) to derive (cf.
Proposition 3.3, Proposition 3.4, and their proofs)

Dimyjead = Y, [Diax maviead » (5.27)
MeP+, A<
V=
with
[DI)ax = Sp(eAuted) [ e=Flntrn)y, (5.28)

(The poles at z; = z, j # k, cancel because of the permutation symmetry; the
condition |A’| = |A| in sum the (5.27) stems from the translational invariance of
D).

We will now show that p) j..q is an eigenfunction of 13; (with eigenvalue
(5.28)). Consider the eigenvalue equation (3.72) for r = 1:

(Dipa)(2) =2( 32 [hB(\+p)—chdpl)pa(z),  AePH,(5.29)

1<j<n
with D, given by (2.10). Substitute
¢ — t — iRw (5.30)

and divide both sides of the equation by exp(R|\|); Sending R — oo entails (use
(3.19), (3.20) and (5.17))

(Cl D} + T (D)L - 62) Prlead =

2( 2 [ehB(As + p) — chBpy]) pasead: (5.31)

1<j<n
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with
¢ = e~ Ba(n—1)/2 - (go+g1+g{]+g{)/2 (5.32)
= ¢ Z Hvax]—a:k +c1 Z Hva Tp— ;) (5.33)
1<j<n k#j 1<7<n k#j
2 Z chBp;. (5.34)
1<j<n

(To verify equality *, first check that both parts of (5.33) are regular and bounded
in z;; consequently, these parts are constants because of Liouville’s theorem. One
obtains the value of these constants by putting * = Ry with y such that (3.30)
holds, and then sending R — 00). A
It is clear from the commutativity of D},..., D’ that D’ commutes with the
operator on the Lh.s. of (5.31). Therefore, f); Plead 18 an eigenfunction of the
latter operator corresponding to the same eigenvalue as p) jcqq- We know from
(5.14) and (5.27) that D’ "D Jead lies inspan{ prsjeqqd | A < A, [N = |A| } Now
we use Lemma 5.1 to conclude that p) ;.,q must be an eigenfunction of D’ The
corresponding eigenvalue follows from (5.27), (5.28).
One obtains the expressions (5.24)-(5.26) by restricting to the hyperplane z; +
o4z, =0.
O

Noticethatmys 4, _, = my a,_, iff =X € Z(e;+- - -+e,). Thus, the monomials
m.4,_, can be relabeled by the projection of Pt (3.4) onto the hyperplane z; +

-+ + z, = 0. This projection of Pt coincides with the cone P:{n_l of dominant
A, _1 weight vectors. The polynomials py 4,_, can also be relabeled by 73:{"_1,
since p/.4,_, = Piaa,_, iff N = X € Z(e; + --- + e,). (This follows from
expansion (5.18) and the eigenvalue equations (5.24) for» = 1,...,n — 1). Since
the operators lA)TY A,_, coincide with Macdonald’s A,,_ difference operators up to
a constant, we end up with the following corollary:

COROLLARY 5.3. The functionpy a,,_, coincides with the A, _1-type Macdonald
polynomial corresponding to the weight vector A — |\|(e1 + -+ -+ €,)/n € P}:n_l
(with the parameters as in (2.21)).

Notes i. The transition p) jcaq — Pi,4,_, amounts to ignoring the linear motion of
the center of mass.

ii. For 3 — 0 (i.e. ¢ = exp(—/) — 1), the polynomials p) 4, _, converge to the
Jacobi polynomials associated with A, [20]. It is clear that the 5 = 0 version
of the formulas (5.14), (5.18) relates the Jacobi polynomials associated with BC',
and A,_1:

prsy = eIz

x lim_ e py Be, (z — iR(ey + -+ + €3,)) (5.35)
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iii. Recently, a completely different limit taking the Jacobi polynomials associ-
ated with BC), to those associated with A,,_; has been found [2]; this limit has not
been dealt with for ¢ # 1.

5.3. THE RoOT SYSTEMS B,,, C,, AND BC',.

In order to compare our results with Ref. [20], it is convenient to carry out a
reparametrization:

Ho — V1 + 12, N6—_>V{+Vé7 (5.36)

m = v, Hy — V5 '
with (cf. (2.20))

vs = iBks, vi=10k;, ks, kg > 0, 6=1,2. (5.37

With these new parameters we rewrite v,(z) (2.2) and d;f (z) (3.53) (recall also
(3.60)):

sina(v; + vy + 2) sin2a(v; + 2)
sina(v; + 2) sin(2az)
« sina(v) + vh + 7 + z) sin2a(v) + 7 + 2)

vwp(2) =

sina(vy + 7 + 2) sin2a(y +2) (5.38)
and
i(r2+2). ,—8 2iz, =203
df (z) = (257 oo (7€ T )oo
(ez(u1+t/2+z); 6_@)00 (622(V2+Z); e—Zﬁ)OO
(i +y+z2). -0 2i(v+z). ,—28
e LS Gl L > (5.39)

(etWitntyta), o=0)  (2ilatrt2); ¢=28)

For the parameters in Fig. 1, A(z) (3.50) reduces to Macdonald’s weight function
A(r,s) with R = B, C, or BC, and S = B, or C,,.
The relation with the parameters employed in Ref. [20] reads:

. . 2
t:i:ej tep = e, t:l:ej = e, t:I:Ze] =e™" (5.40)

and

_ﬁ . _ _ _
q:{e if S=B,orS=R=C, 541)

e#/2 if §=C,and R= B(C),.

(In order to verify that for the above parameters, A (3.50) indeed coincides with
the weight functions introduced by Macdonald, it may be helpful to compare our
expressions with Egs. (3.1)-(3.5) of [16], since the latter are rather explicit).

Next, we consider the Macdonald polynomials associated with A(g 5). We
distinguish two cases:
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B B, Cn BC,
B, ui:y‘é=1/2=0 u{:ué:yl=0 V1=V£=0
C V=1 n=v=0 v=un
n Vy=vp=0 vy =1, Uy =V,

Fig. 1. Special cases associated with admissible pairs (R, S).

i.R=(B)Cy,
In this case the torus Tr(= R"/(27ZR")) coincides with T (3.1) and the algebra
AW of W-invariant polynomials on Tx coincides with A" . The fundamental
weights of R = (B)C,, read

wir =€+ -+ e, k=1,...,n 5.42)

(our convention regarding the choice of the positive roots agrees with [3]). The cone
of dominant weights PE, which consists of the non-negative integral combinations
of wg, k = 1,...,n, coincides with the cone P (3.4). By specializing the param-
eters as in column 2 and 3 of the table (Fig. 1), {p)} ep+ reduces to an orthogonal
basis of L%, (Tg, A(R,s)). Combined with the structure of the expansion (3.69), it
now follows that this basis coincides with the Macdonald basis { P(R,S), N ert:
ii. R =B,

This case is a bit more complicated because T (3.1) is merely a subgroup with index
two of the Macdonald torus Tg (= R"/(27ZB)) = R"/(2xZC,)). For k < n,
the fundamental weights wy of B,, are the same as in (5.42), but w,, is now given
by the spin weight

wp =(e1+ -+ €,)/2. (5.43)
The cone of dominant weight vectors can be written as
Pg, ={A+dwn [ XePt, 6=0,1}, (5.44)

and the algebra of W-invariant polynomials on T g, is spanned by the associated
monomials:

Af = span{my | X € P{ }. (5.45)
For 6 = 0 (1) the function m4s.,(2) (3.3) is periodic (anti-periodic) in z;:
T — ;42T = Missw,(T) — (=1 mysw, (2). (5.46)

Combining (5.46) with the fact that the functions are even in z; entails that
M)+w,(2) is zero on the hyperplanes z; = 7 (mod 2). Therefore, m )., is
divisible by

M, (2) =2" J[ cos(z;/2). (5.47)
1<j<n
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Thus, we have the following decomposition of .A};Vn in periodic and anti-periodic
functions:

AR =AY o m,, AY (5.48)

(with A" as before). This decomposition is orthogonal with respect to the inner
product on L(Tg,, Ap,dz) because Ag,(z) is periodic in z; with period 27.
The situation is now as follows: just as the basis {my/} P} the Macdonald

basis {py/(B,,5)} ert of .ALV;VH splits in periodic and anti-periodic functions in

AW and m,,, AW, respectively. By specializing to the first column of the table, we
recover the B,,-type Macdonald polynomials that are in the subspace A" (cf. case
i., above). The B, -type polynomials in m,, A" can also be expressed in terms of
Koornwinder’s polynomials. To see this, notice that mf,nA( B,,s) coincides with a
weight function of the type (3.50)-(3.53) with parameters

0, S=5B, ’

b S—c o H=0 (5.49)

po =vi, p =1, #6={
By multiplying m,,,, and the Koornwinder polynomials with parameters as in
(5.49), we obtain an orthogonal basis of m,,, A"; the latter polynomials coincide
with the anti-periodic Macdonald polynomials. To be more explicit, we have:

- ﬂ0:V17 Hé):/‘l:ﬂ,]:OszBn 550
PA(Br.3) pA{uo=u6=V1,m:u’1=0, s=c,>  ©
pA+Wny(ans)
o = v1, p1 =143, py=py =0, =B,

= my, . 5.51
"pk{#o=u6=vbu1=lﬂ,u’1=0, §=0Cq ©1)

(with A € P1).
Let us now turn to the corresponding AAO’s. Let D, (R,S)>+ Dn,(R,S) denote

the operators D Toeons f)n (2.6) with parameters given by the table. We claim
that the polynomials py (g s), N e 731"2', are joint eigenfunctions of the operators
Di(r,sys--+» Du(r,s). For R = (B)Ch, and for the polynomials (5.50), this is
an immediate consequence of Theorem 3.10. For the polynomials (5.51) this is
seen as follows. By conjugating Dy (g, sy with m,, (5.47), one obtains (up to an

additive constant) the operator Dl (2.10) with parameters (5.49):

m;if)l’(BmS)mwn = Z vp(ex;) H vo(ex; + zp)ve(ea; — k)
1SJ§? k#5
eE=

» (Mﬁ@e—sﬂé; - 1) (5.52)

COS AET;
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Z cosa(if + ex;)

COS Qex 5

vp(ex;) H va(exj + xp)va(exj — zi)
k#j

1<y<n
e=*1

X (e_eﬁéf — 1) + const,

with @ = 1/2 (calculate the residues to verify the second equality). Therefore,
the polynomials (5.51) are eigenfunctions of bly( Bn,s)- One generalizes this to
1'7,,( Bn,s)» T > 1, via similar reasoning as in the proof of Proposition 5.2: first
one shows that f)r,( B,,s) leaves invariant the space of anti-periodic polynomials
my,,, A" (by calculating the residues); from the asymptotics for Im z — oo in
the positive Weyl chamber, it then follows that the operator is triangular. One
uses Eq. (5.52), the monotony of the spectrum of Dl,( Bn,s) (Lemma 5.1), and the
commutativity of the operators to conclude that the polynomials (5.51) are joint
eigenfunctions of Di,(Bn,S), ceey f)n,(BmS).

The value of the additive constant in the r.h.s. of (5.52) can be easily obtained
by comparing the spectrum of the operators on both sides of the equation (cf. Egs.
(3.33)-(3.35), for r = 1, and (5.37)):

const = 2 Z (chB(pj 4+ 1/2) — chfBp;) (5.53)
1<5<n

withp, = (n—j)g+k1/2(5 = By)orp; = (n—73)g+ ki (S C'). In principle
one could generahze (5.52) to an expression that relates m_, DT {(Bn,S)Muw, to the
operators Dy, ..., D, with parameters (5.49). The precise form of these relations
can be obtained by comparing the spectrum of the operators. More precisely, one
has to express F, ,(6) (3.71) in terms of E; ,,(6),..., E, (8) with p replaced by
p + wy, and use Theorem 3.12.

Remarks i. The operator lA)ly( R,s) coincides (up to a multiplicative constant) with
the Macdonald difference operator D, that is associated with the first fundamental
weight w; = e; of SV. For technical reasons, Macdonald works with a dilated
root system S — a9 and the weight lattice of SV is scaled correspondingly:
Psv — a~Pgv. This has as consequence that in comparing with [20] one must
multiply the weights of .5 V withafactor2if S = C,, and R = B(C),,. Specifically,
D, (R,S5)~ D¢ if = Byor S = R=C,,and D, (R,5) ~ Do, if 5 = Cp and
R = B(C),.

ii. The operators IA)L( R,S)s -5 lA)ny( R,s) generate a commutative algebra D con-
sisting of difference operators that are simultaneously diagonalized by the basis
{pk’,(R,S)}A'ePg' Now let S = C,, and consider the operator

ﬁ;,(R,Cn) = > { I vi(e,z;)

Elyen==%1 1<3<n
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X H UG(EJ':E]‘ + akwk) e_ﬂ(61é1+"'+€"é")/2} (5.54)
1<5<k<n

with

sina(vy + vy + 2) sin2a(, + 2)
sina(vs + 2) sin(2az)

vy(z) = (5.55)
This AAO coincides up to a multiplicative constant with the Macdonald operator

E; that is associated with the nth fundamental weight w,, of C V. = B,; (wn
is given by (5.43)). One has (cf. Remark i) D’ n(RCn) ™ E,, if R = C,, and

Dl (royy ~ Erun if R= B(C),.
It follows from [20] that b;, (R,Cn) is diagonalized by {p,/ ( R,Cn) 3% ept- Notice

however, that D’ n(R,C) is not in D but its square is (it is easy to see this by
examining the elgenvalues and using Theorem 3.12).

iii. From a group-theoretic perspective, Theorem 3.12 amounts to saying that D
is isomorphic to R[P]" (the W-invariant part of the (real) group algebra over the
lattice P = Z™). If § = B, then one has Psv = P; soD(g p,) =D = R[Ppy]".
If § = C,, then P is a subgroup of Psv with index two; so ID is isomorphic to a
subalgebra of R [Pcv]W In the latter case, one can extend D to an algebra D ¢,

that is isomorphic to ]R[Pcv]w by replacing the generator D, J(R,Crn) DY Dn (R,Cn)
(5.54).

5.4. THE ROOT SYSTEM D,,

We conclude by briefly sketching the state of affairs for R = D,,. (The interested
reader should not have much difficulty to supply missing proofs by comparing with
the previous subsection). Put

o = p1 = pg = py = 0. (5.56)
Then dy(2) = 1and A(z) (3.50) reduces to Macdonald’s D,,-type weight function.
(Again the correspondence of parameters is via Eq. (2.21)). Also v;(z) = 1 and D;
reduces to Macdonald’s operator D, associated with the first fundamental weight
W = €1.

For R = D, the torus Tp = R"/(27ZR") is the same as for R = B,,. The
Weyl group, however, is smaller: only an even number of sign flips of the variables
z;,J = 1,...,n,is allowed. For k = 1,...,n — 2, the fundamental weights wy,
of D, are the same as in (5.42), but w,_; and w, are now given by the half-spin
weights

Wp—1 = (61 +-oten _en)/27 Wp, = (€1 +-- “teni1 +en)/2(557)
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It is not hard to see that the cone of dominant weights PEH generated by wy,
k =1,...,n, consists of the vectors

(A4 bwp)e =AM +6/2,..., 021+ 6/2, (A + 6/2)) (5.58)
with

AePt, 6§=0,1, e==l. (5.59)
The Macdonald polynomials py/ p,, A’ € Pgn constitute an orthogonal basis of
L%VD” (Tp,, Ap,dz). By combining the polynomials associated with (A + éwy, )+
and (A + 6wy, ) one obtains polynomials that are even in z;, j = 1,...,n. These
?gesresl)ated to Koomwinder’s polynomials in the following way (cf. Egs. (5.50),

S):

Pry,Dn = PA_,Dn = P, po=p =py=p =0, if \n =0,

Pry,Dn +PA_,Dn = P2, po=p1=py=p; =0, if An > 0, (5.60)

PAtwn)g Dn T POrtwn)_ D = Mun Px, fo = pg = p1 =0, p1 =1f.
In the second and the third line of the above formula one obtains a sum of D,, poly-
nomials rather than the polynomials themselves. Nevertheless, Eq. (5.60) deter-
mines the D,, polynomials uniquely. This is because flipping the sign of one of
the z;’s in P(rysw,)y D, TESULS IN P(rys0,,,)_ D,- Consequently, the coefficients
of the expansion of p(x;su,).,D, In Dy-type monomial symmetric functions are
determined in terms of the coefficients occurring in (3.69).

As regards the difference operators with parameters (5.56), the algebra D con-
sists of commuting AAQO’s with the D,,-type polynomials as joint eigenfunctions.
One can extend D to an algebra that is isomorphic to ]R[PD;{]WDn by replacing the
generators ﬁn_l and f)n by

ﬁ;—l = Z H vo(€52; + expy) e_ﬂ(51é1+"'+5"é")/2, (5.61)
e1,men==x1 1§j<k5n

e1-ep=—1

D, = 3 [T valesm; + cpay) ePlariitteninll2 (5 62)
clmen=x1 1<7<k<n
e1+en=+I1

These operators are proportional to Macdonald’s operators £, | and E,,,, which
are associated with the half-spin weights (5.57).

Appendix
A. Cancellation of Poles

In this appendix we prove two results, which were needed to demonstrate that D,
maps A" into itself. It was claimed in the proof of Proposition 3.3 (Section 3.2)
that the following expression:

Vivie > (=0 IT Viao._Vinv._.no (A.D)

0GJ1G G Is=J 1<s'<s
1<s<|]
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x[ma(z + 2yey,) — my(z)]

(with A € Pt and J C {1,...,n}, Jo = (), is regular both at z; = —7 (pole of
type [) and at 2y = —z; — 27, j = 2,...,n (poles of type /). The terms of (A.1)
have poles due to zeros in the denominators of the coefficients (cf. (2.16)-(2.18)
and (2.1), (2.2)). Recall that we assume that the parameters 7, , s, s (6 = 0,1)
and the variables z,, ..., x, are chosen in such a way that these poles are simple.
In the next two lemmas we prove the above regularity claims, thereby completing
the proof of Proposition 3.3.

Before turning to the details, let us outline the idea of the proof. Equation (A.1)
consists of a sum of terms of the type

(-1 ViVige II VA, Vgs,;J\JS, [ma(z + 2yep,) — ma(2)] (A2)
1<s'<s

where the index sets By, C J, s’ = 1,..., s denote the blocks of the partition of
the cell J:

Bs' = Jg \ Js’—h 1 S SI S S. (A3)
The terms (A.2) are associated with the sequences
0CHhGhG -GJ=1, (1<s<|J|) (A4)

(with the cell J fixed). Each term in (A.1) corresponds to a sequence (A.4). We
will construct an involutive operation o (o> =id) on the collection of sequences
(A.4) in such a way that the terms associated with a sequence and its image under
o have opposite residue. Therefore, the poles in (A.1) cancel in pairs.

LEMMA A.1 (pole of type I).
Let v, u, pis, ug (6 =0,1)and x,,...,x, be such that the terms in (A.1) have only
simple poles. Then (A) is regular as a function of 1 at x| = —7.

Proof
First note that the lemma is trivial if 1 ¢ .J, because in that case V} does not depend
onzy.Butif 1 € J, then VJ1 givesrise to apole at z; = —v in (A.1).
Assume 1 € J and let B;, denote the block of the cell J that contains the index
1. We define the following map o on the collection of sequences (A.4):
1.A If | Bs,| > 1, then o maps (A.4) to the sequence
(Dng %JZ;C,:"';EJsl—l ; Js, \ {1} ngl g ---;EJS:J. (A.5)
1.B If | B;,| = 1 and 51 > 1, then o maps (A.4) to the sequence
(Dng;Jz;---ngl_z;Cthl;---;JS:J. (A.6)
2. If | Bs,| = 1 and 51 = 1 (i.e. J; = {1}), then o maps sequence (A.4) to itself.



224 J.F. VAN DIEJEN

Fig. 2. A graphical representation of the map o.

Phrased in words: unless B;, = {1}, the map o pulls the index 1 out of B,, and
places it in a newly created block, which is sandwiched between By, \ {1} and
Bs, 41 (case 1.A); when B;, contains only the index 1, then o merges the blocks
Bs, = {1} and B,,_; if s; > 1 (case 1.B) or, if s; = 1, then it leaves the sequence
(A.4) unchanged (case 2.).

Thus defined, o is indeed an involution on the collection of sequences (A.4):
the cases 1.A and 1.B are inverse to each other (see Fig. 2).

We claim that in the first situation (i.e. 1.A or 1.B) the pole at z; = —7 in the
term (A.2) (which is associated with (A.4)) cancels against the pole in the term
corresponding with the o-image of the sequence (A.4). To see this, we may assume
that we are in situation 1.A. One obtains the term corresponding to the sequence
(A.5) from (A.2) by making the substitutions

S — 8 -|- 1’ (A.7)
V., = Va.m Vi = Vi (A.8)

»] 51 51

3 3 3
Vi, ng., = Ve \nouin Vi,
— 3 3

= Vleij\Jsl V351\{1};{1}, (A9)
my(z + 2vep,) — mi(x + 2vep, — 2761 ,5,€1) (A.10)

(6; « denotes the Kronecker symbol). This substitution in (A.2) amounts to replac-
ing the part

(Vésl/vésl\{l}) [ma(z + 2vep,) — ma(z)] = (A.11)
T valzj + 21) vale; + 21 + 27) [ma(z + 27ep,) — ma(z)]
JEBa\{(1)
by
~VE. iy ma(e + 2vep, = 27615,e1) = ma(2)] = (A.12)
— J]  valzj+ 1) va(z; — 21)
JeB (1)

x[ma(z + 2yeB, — 2761 ,5,€1) — ma(2))].

Atz = —v the rh.s. of (A.11) and (A.12) differ only by sign. Hence, the residues
at x; = —~ cancel.
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If we are in situation 2., i.e. By = {1}, then (A.2) isregular at z; = —~ because
the pole in V} is compensated by a zero in the difference of the two monomial
symmetric functions:

[m,\(w + 2ve1) — mA(*’”)](Il:_W.) =0. (A.13)

This shows that the total residue at x; = —+ of the sum (A.1) vanishes, which
completes the proof of the lemma.

(]

LEMMA A.2 (poles of type I1).
Let v, p, ps, ps (6 = 0,1) and x3,...,x, be such that the terms in (A) have

only simple poles. Then (A) is regular as a function of 1 at x| = —z; — 27,
7=2,...,m.
Proof

The proof is very similar to that of Lemma A.1. Fixa j € {2,...,n}. The lemma
is trivial if J does not contain the pair {1, j }, because in that case all terms of (A.1)
are regularatz; = —z; — 27.
Assume for the remaining part of the proof that {1,7} C J. Let o, be the
following map on the collection of sequences (A.4):
1.A If the pair {1, j } is contained in one of the blocks, say B; ,» of sequence (A.4),
and | B, ]I > 2, then o; maps sequence (A.4) to
0 ;Ct Ji ; % JSJ—l ;Ct Js] \{1?]} ; Jsj ; ;Ct Js.: J. (A.14)
1.B If one of the blocks of sequence (A.4), say B , equals {1,5}, and s; > 1,
then o; maps sequence (A.4) to
@ngg---ngj_ngsJ§~~-§JS:J. (A.15)
2. If B; = {1, 5}, then o; maps sequence (A.4) to itself.
3. If the pair {1, 7} is not contained in any of the blocks of (A.4), then o; maps
the sequence (A .4) to itself.
It is clear that o; is an involution, the cases 1.A and 1.B are inverse to each other
(see Fig. 3).
Consider situation 1., assuming case 1.A. The application of ¢; boils down to
making the following substitutions in the associated term (A.2):

s~ s+l (A.16)
2 2 2
Ve, = Ve, Vi (A.17)
3
VB3]§J\JSJ — Vgs];‘]\-]s] Vgsj;{ld}. (A.lg)

These substitutions amount to the following change in the term (A.2): replace the
part

II valzi + 21) vl + 21 + 29) va(@k + 2;) va(2k + 7 + 27)  (A.19)
keBs
k£1,)
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1.A
“"Ijl"“j'” 1,7 - ""Ijl"“jpll’jl""
1.B
|1,]l ..................... — 2 — Il’]l .....................
"Iil"i”’ll"ljl"jf’"j[" — 3 — "lil"i”’ll"ljl"j""jl .

Fig. 3. A graphical representation of the map ;.

by
— H vo(Tr 4+ 1) va(Tr — 21) vol2k + ;) va(zk — 2,). (A.20)
k€Bg
k#1,7
At z; = —x, — 27, (A.19) and (A.20) differ only by sign. Consequently, the
residues at x; = —x, — 2 of the corresponding terms in (A.1) add up to zero.

In situation 2. the pole in the coefficient of (A.2), which is caused by V,%I,
cancels against the zero in the difference of the monomial symmetric functions:

2 —my(x =0. A2l
e+ yeqn) = ma@)| (A21)
In situation 3. the denominator of the coefficient of (A.2) has no zero at z; =
—z, — 27, sothe term is regular at 21 = —z, — 27.
We conclude from the above analysis that the total residue at z; = —z, — 2y

in the sum (A.1) is zero, thus completing the proof of the lemma.

B. Two Combinatorial Lemmas

In this appendix we prove two technical results used in the main text, which have
a bearing on the eigenvalues of our difference operators. In Lemma B.1 we solve a
certain linear system,; its solution resulted in explicit formulas for the eigenvalues
of D, (Proposition 3.5). Lemma B.2 deals with a recurrence relation, which helped
us in obtaining explicit information concerning the behavior of the eigenvalues for
3 — 0 (Proposition 4.4).

LEMMA B.1. The functions

Fpp=(-1) > titiy -ty I<p<m,  (BI)
1<0 < Kip<m—pt1
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form the unique solution of the linear system

S (IIt)Fasrs =0, 1<r<n, (B.2)

JC{l,.,n}, J|=s jEJ
0<s<r

with the convention

Foo=1, m=0,1,2,.... (B.3)

Proof
After splitting off the term in (B.2) corresponding to s = 0 and bringing all other
terms to the r.h.s. of the equation, one arrives at a recurrence relation for £, ,.:

Fn,r = - Z (H t]>Fn—s,r—sw 1<r<n (B.4)
Jc{li»zn}é |[J=s 3€J

It is clear that (B.4) with condition (B.3) determines £}, , uniquely (use induction
on r). Hence, the system (B.2), (B.3) has a unique solution.

In order to prove that this solution is indeed given by Eq. (B.1), we must show
that the expression

> r(ITw)( 3 bty oty ) (B.5)
Jc{l,..,n}, |J|=s 1€J 1<61 < Ltpms <n—r+1
0<s<r

vanishes identically (for 1 < r < n). To this end we observe that (B.5) consists of
a sum of monomials in the variables ¢, ..., t, of the type

(_1)5 (t]lt.72 o 'th) X (tlltiz o 'tir—5)7 (B6)

which correspond to pairs of the form

IN
@
IN
3

{41,725 ds)s (G182, e trs) s 0 (B.7)

subject to the condition
1<n<p<--<j<n, 1<35<ip<--<iy<n-r+1.(By)

We shall now show that these monomials cancel in pairs.

Let o be the following operation defined on the above collection of pairs (B.7)
with condition (B.8):

A.If i) < 7y ors =0, then

{(jlﬂjzﬂ"-vjs)7(i13j27--'7ir—s)} ‘iL” {(i17j17"'7js)7(i27"'7iT‘S)}7
(B.9)
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B.If :; > j; or s = 7, then

{G1s g2 s d)s (is82s ooy ires)} = {(G2seevsds)s (s ity eensinos)}.
(B.10)

Roughly speaking, o compares the first entries of the two elements constituting
the pair (B.7) and moves the smallest of these two to the first entry of the other
element. One easily verifies that: first, o is well defined in the sense that the image
of (B.7) is again a pair satisfying (B.8); second, o is an involution (¢ = id), the
cases A. and B. being inverse to each other.

For the associated monomial (B.6), acting with ¢ amounts to an increase (case
A.) or a decrease (case B.) of the number s by one, i.e. it flips the sign of the
corresponding monomial. Therefore, combining the term (B.6) associated with a
pair (B.7) with the one associated with its image under o entails the vanishing of
the sum (B.5), which completes the proof.

a

Remark If one replaces the upper bound n — r 4 1 of the second summation in
(B.5) by n, then, for r = n, expression (B.5) also vanishes. (Indeed, the above
proof again applies). In this case the vanishing of (B.5) amounts to a well-known
relation between the elementary symmetric functions and the complete symmetric
functions (see e.g. [18]).

LEMMA B.2. The function

Er,n(tla-"7tn;prv---spn): (B.11)
Z (_I)H_S( Z t]1"'tjs>< Z pil"'pir—s)a
0<s<r 1<n<<gs<n r<<--<tr_s<n
1<r<n,

is the unique solution of the recurrence relation

Er,n(tl ..... in;pr,.‘.,pn) = (i, _pn)Er—l,n—l(tl ..... l‘n_1;pr....,pn)
+Er.n—1(\tla---~tn—l;pr ----- pn—l)-»
1<r<n (B.12)

with the convention

Eon =1, E,=0ifn<r. (B.13)

Proof
It is clear that (B.12) with condition (B.13) determines £, ,, uniquely (use induction
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on n). After splitting up the sum in (B.11) in three parts, it becomes apparent that
(B.11) indeed solves Eq. (B.12):

i. terms with j, = n: 1 n—1(t1s oo s e 13 Py e s P )
ii. terms with j, < nand t,—s = n: —pu Ero1no1(t1s .oy tne 13 Dry e e oy P00 )
iii. terms with j, < nand ¢,_, < n: J T C ST Sy, S S

ad

Remark In some cases Lemma B.2 can be used to obtain alternative expressions
for E, ,,. For instance, one easily verifies with the aid of relation (B.12) that if

Prﬁpr+17---’Pn:I_3a (B14)
then
En= 3 (It -P) = S(h = ..ot = ). (B.15)
Jc{l,..n} j€J
|J|=r
In particular, £y, ;,(t1, ..., tn; Pn) = (01 — P (f2 = pr) -+ - (tn — Pn).

C. DA)=0= D=0

In this appendix we present a result due to S. N. M. Ruijsenaars [32]. It shows that if
an AAO or PDO is zero on all symmetric functions in AW _then its coefficients must
be zero. This fact was used in Section 3.5 to show that the operators D, ... Dy,
commute (Theorem 3.11), and again in Section 4.3 to conclude that for 3 — 0 one
obtains the BC',-type hypergeometric PDO’s of Heckman and Opdam.

Let

. . ) . -84 )
o= 5 i, i,={¢ 7 (AR0)(B>0) C.1)
6, (PDO)
with Kk = (K1,...,K,) in R™ or N" in the AAO or PDO case, respectively. The
AAQ’s/PDO’s of interest are of the form:
D = Z ‘/;(.T) Tﬂ(r) 9 (Cz)
1<r<M
with the n-dimensional vectors x(1). ..., k(™) distinct, and the coefficient functions
V,:U CR" — C, 1<r<M, (C.3)

continuous on an open dense set i/ C R".

PROPOSITION C.1 (D(AY)=0= D =0).
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Let D be an AAOIPDO of the form (C.2). If

Dmy =0, YA e PT, (C4)
then

Vi(z) =Va(z)=---=Vp(z) =0, Ve € U. (C.5)
Proof (32))
Introduce the following vector-valued functions (A € P*):

thild —CM, g ((TH(]) ma) (@), ..y (Toian m)\)(:c)> , (C.6)

vid =M, o (@) Va(a)) - (€.7)

The fact that m,, is in the kernel of D translates itself geometrically in the orthog-
onality of ¢) and v:

Dmy =0 <= (ty,v) = 0. (C.8)
We will assume v # 0 and derive a contradiction. Let /\(1), <., MM) be vectors
in P*. One has v L ¢,(),...,t,(u. Therefore, the vectors ¢,(1)(z),..., ¢, (x)

must be linearly dependent for all © € U for which v(z) # 0. Since v(z) is
continuous in z, there exists an open ball B C ¢/ on which v(z) # 0. The fact that
the vectors ¢,(.)(z), 1 < s < M are real-analytic in z then entails

det (Col[t () (z),...,ty\)(z)]) =0, Ve e U. (C9)

We will now show that an appropriate choice of the vectors A AM) contra-
dicts the vanishing of the above determinant.
Let A € Pt and y € R™ be such that

/\12)‘22"'2/\n>07 y1>y2>"'>yn>0. (CIO)

From the asymptotics (cf. Eq. (3.37))

(T/{ m/\)(-r)|z:iRy ~ Tk, e()\,y)R./ R — o0, (Cll)
with
efxA) (AAO)
KA — , C.1
Tk, { (_1)|,€|(/\1)51._.(/\n)5n (PDO) s ( 2)
one derives:
li_I:lgo M) t(z)|z=iry = (Tﬁ(1)7/\, RN TN(M)Y)\). (C.13)

Pick the vector A (subject to condition (C.10)) in such a way that

T\ 7 Tel®) )s 1<r<p< M. (C.14)
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That such a X exists follows in the AAO case from (C.12) and the fact that the
vectors k(1) ... kM) are distinct; in the PDO case one can pick distinct prime
numbers for the components of A.

We use A = (Ap,...,\,) to form the vectors A1), ...  A(M) in the following
way:

— 1D (A, A, AAO
NS AC Zf ! s)_l ( ) , 1<s< M. (C.15)
On the one hand, Eqgs. (C.9) and (C.13) imply
T A " Te() A(M)
T= . : =0 (C.16)

Te(M) A1) """ To(M) \(M)

On the other hand, for the above choice of the vectors A(*) (C.15),  is a Vander-
monde determinant:

Te(r) A(5) = (TK(T),/\)S_I, 1<s< M. (C.17)
Therefore,
T= I (Tawp =T ) (C.18)
1<r<p<M

Because A is chosen such that 7,() \ # T.» \ if 7 # p, it follows from Eq. (C.18)
that the determinant 7 # 0, contradicting (C.16).
Hence, v (C.7) must be zero.
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