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Abstract. As the common extension of theorems due to Gould and Hsu (1973) and Carlitz (1973),
a general pair of reciprocal relations is established. By means of the embedding machinery, it is
used to demonstrate that numerous g-hypergeometric identities are the dual relations of g-
Saalschutz and Dougall-Dixon formulae. This fact serves as a natural reason for the existence of
strange evaluations of basic hypergeometric series.

1. Introduction

As usual, denote by

n n
d
the binomial coefficient and the Gaussian g-binomial coefficient respec-

tively. For the two complex sequences {a,} and {b,}, define the y-poly-
nomials by
n—1
Yx;n) = ] (@ + xb), ¥(x;0) = 1. (1.1)

i=0

Then there exists a useful pair of inverse series relations

for = 3 0t () wiks mat (1.22)
_ & + kb,
o = $ =1 () jet B (120

which was discovered by Gould and Hsu [18] in 1973. At the same time,
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Carlitz found its g-analogue which may be restated as follows:

roy = 3 ot [t m oo, (1.39)
2 n] ("% a,+q7*
gn) = kgo (=1 I:k] q< 2 )mf(k) (1.3b)

Both (1.2) and (1.3) have been neglected, even though special versions were
rediscovered by Andrews ([1], Bailey pair) and Gessel and Stanton ([15, 16],
Lagrange inversions) and used to prove hypergeometric formulas. Their
efficiency for confirming combinatorial identities, through the embedding
machinery, was recognized in [7,9].

As a natural extension of Carlitz’ theorem, a more general pair of inverse
series relations will be established in this paper. The development of inversion
technique will be used to demonstrate numerous strange g-hypergeometric
identities, by properly embedding the variants of the g-Saalschutz theorem and
Jackson’s g-analogue of Dougall-Dixon theorem in the members of this new
pair of inversions. For convenience, these two g-series identities may be
displayed as below:

a, b, q c/a, c/b
(] ; = ; 14
372 [c, q' “"abjc’ q] [c, c/ab’ q],, (14)

® a, qal/Z’ _qal/Z’ ba (&) d’ e, q_n .
7 ', —a'?, qafb, qajc, qa/d, qafe, q**"a’

qa, qa/bc, qa/bd, qajcd
qa/b, qajc, qa/d, qa/bcd’ " |,

(L.5)

where the usual notation of g-shifted-factorial, Gaussian binomial coefficient,
and basic hypergeometric series from the monographs by Bailey [3], Gasper
and Rahman [14] and Slater [24] have been adopted and the fraction of
g-factorials abbreviated as

|:aa ba ey € ] — (a’ q)n(b’ q)n(c’ q)n
U @ 9.0 9,5 9),

A LR
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The results exhibited in the present paper together with the previous one [7]
demonstrate a remarkable fact that the most basic hypergeometric identities
are the dual relations of only three g-formulas analogous to those named after
Chu-Vandermonde-Gauss, Pfaff-Saalschutz and Dougall-Dixon. This serves as
a natural reason for the existence of strange basic hypergeometric relations.

2. A new pair of reciprocal relations

As an extension of Carlitz theorem, this section will establish a general pair
of reciprocal relations contained in the following

THEOREM. With the y-polynomials defined by (1.1), we have the inverse
series relations:

1 _ /{qZk
(A9"; D+

n

fn) = i‘,o (— 1) [k] Y(g"*; n(g™";n) g(k) (2.1a)

L n] ("% a +A¢b, a +q7*b, .
g(n) ‘Eo““k [k] q< 2 )t//(lq"; kT D Wa T kE D) (A4"; @),.f (k)

(2.1b)

provided that the sequence-transforms involved are non-singular, i.e. y(Aq"; m+1),
V(g ";m+1) and (Aq"; Q)m+1 do not vanish for non-negative integers m < n.

It is obvious that this pair of inversions will reduce to (1.3) when 2 tends to
infinity. Similar to the role of Carlitz inversions, (2.1) may be used, systemati-
cally, to deal with strange basic hypergeometric series through the so-called
embedding technique (or creative telescoping) mentioned in the introduction.
The exhibition demonstrated in the next three sections will show that this
approach can not only certify the known g-hypergeometric formulas, but also
create several new strange evaluations.

Proof of the theorem. Recalling the connection [23, p. 44—46] between inverse
series relations and matrix inverse pairs, the reciprocity between (2.1a) and
(2.1b) is equivalent to either of the following orthogonal relations:

amy S qes [1 ] (1Y) 904" RaT R
(1 =4g™) 2 (=1 [k—m] o >Wq"; K+ DU ™ K+ 1)
(49"; 9

O @t A bNa+a7'b) =0, (220)
’ k+1
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n _ k—m
@, + 2g"b,Xa, + q7"b,) k;" (=1 [Z B Z] q( 2 >
Y(Aq*; m(q™"; n) (Aq"; Qm

Y(Agh; m+ DY(g™; m+ 1) (A¢"; @)nsy

(1 — 2g%™) =8, (2.2b)

The former simply follows from summand-splitting

mim [=m7 ("TF) O W(Ag™; k(g™ k)
(1=24") [k ]q( ’ >n/zuq"; WG kA D)
(A49"; )i
(A9™; @) +1
[n —m— 1] q(";") Y(g™; k+ DY(@™™; k + 1) (Aq"; @iss
k—m Y(Aq"; k+ D(q™"; k+ 1) (49™; @i+t

N [n —m— 1] (""2‘“) Y(q™; kKW(g™™; k) (Aq"; q),
k—m—1 Y(Aq™; k(q™"; k) (Aq™; @)

(a,+Aq*bXa,+q7*by)

and diagonal-cancelling (but, the dual orthogonality (2.2b) is more difficult to
confirm directly). This completes the proof of the theorem. O

The rotated version of the theorem may be stated as
COROLLARY. Assume the conditions of the theorem. The system of equations

1 — Aan

> n+1

N
Fo) = 3 (=11 | | wears vta 5

(2.3a)

is equivalent to the system

e Tk (™ a,+ g,  a,+q7"b, n
cn = 3 - [ o) e e e

>

O <n<N) (2.3b)

where N is an arbitrary non-negative integer or infinity.

One pair of bi-basic inverse relations due to Bressoud [4] and Gasper [12]
can also be specified from (2.1) and (2.3) by defining Y-polynomials to be
shifted-factorials.
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PROPOSITION. Let a and b be complex numbers such that 1-ap*¢’, 1 — bp*q™’
and 1 — g*a/b differ from zero for non-negative integers x and y. Then we have
the inverse series relations

_ qZha/b

n _ 1
F(n) = kgo (—1) [Z] (aq*; p)a(bq™*; p), @ab: Der f(k) (2.42)

n—k Kk —k
I 1 —ap*q® 1 —bpq . "
fo) = k;o( X I:k] q< ’ >(aqn; Pi+1 (0q7"; Dty (@a/b; . F(k)

(2.4b)
and their rotated forms
— Y k k n. -n. l_ana/b
G(n) = kgn(—l) [n] (aq"; P)i(bg™"; P)i @b D g(k), (2.52)

3 N i k k—n 1 _apnqn 1 _bpnq—n . '
9 = kgn( ) [”:| q< i ) @q"; Plas1 a7 Plasy (Z'afb; @), Gll). (2.58)

Based on the theorem, the remaining part of the paper will display 18
examples which may be sketched as follows. If (2.1a) holds with the parameter
A and the sequences {a;,b;} and {f(k), g(k)} under a certain specification
(which correspond to a known basic hypergeometric evaluation), then we have
(2.1b) under the same specification (which can be rewritten as another
hypergeometric evaluation). Or conversely, this statement is valid either by
interchanging (2.1a) and (2.1b).

3. Embedding technique on balanced formulae

The transforms

(aq*; 9), = (aq"; 9).(a; 9),/(a; 9), (3.0a)
(cqa™; @), = a7 ™c; @)ala/c; Qi/la" ~"/c; @i (3.0b)

will be used to demonstrate, by (2.4), the dual relations between the
balanced summations (the Saalschutzian series) and the non-trivial g-
hypergeometric evaluations. All the balanced formulae (cf. [8]) involved
here may be regarded as the g-analogue of Bailey’s identities [3, p. 30] and
some of them have appeared in a slightly different version [21].
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EXAMPLE 3.1. Saalschutz formula < the first non-trivial evaluation.

Rewrite the balanced formula
qu*/v?, uq", 47" qu*/v, qufv v, qv
3@ | o, 14n,2, 29|~ ;q 2 22,54
q' ""ufv, ' T"u*/v v, v/u qu’/v, q*u’/v

in the form of (2.4b)

" n—k\ 1 — g*u?/v 1 —ufv 1 —u?fy
N R TS
k;O (=1 [k 1 (‘I"uz/v; Di+1 @ "w/v; @y (qu: 11— q2k“2/v

5. 3 n+1 u, uZ/U, qu/v' v, qu
x [u, qu?/v*; q], = q( 2 )[ 0, qvfu ,ql [quz/v q uz/v ] (3.1b)

whose dual relation

5 1 ] o antatus a0, i 0 00 |
k=0 |k

(q U; Qs v, qu/u
k+1 2
v, qU ) 1 —u?fv 22
X ; 2 J=————u, 5 qln 1
[quz Do, o4 ]q< ) =g [u, qu*/v*; 4] (.10

is equivalent to a very-well poised evaluation

o u, qu _qul /2 qu/v, 01/2, —U/ q1/2 1/2 q1/2 1/2 n 2/U q —-n
10%9 w2, w2y quiot?, —qufvll?, 1/2u/U1/2 g\ Puf'?, g 1 "w/u, g+ "y > q
: u/vll2’ —u/UI/Z, qu, quZ/UZ ) (3 ld)
B qu/vlll, _qu/vlll’ uZ/U’ u/v 4 n. '

EXAMPLE 3.2. Balanced formula < the second non-trivial evaluation.

Rewrite the balanced formula

_u/vl/z, ql —nu/v, ql +nu2/v

_ 012, w2, qui/v, ufv > qv, q*v . g2 (3.2a)
qv''2, qu/v'’2, qu, vju’ u*/v, qu*fv’ ‘

u?fv?, —qufv'’?, uq", q7"
ALY 5 q
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in the form of (2.4b)

n n—k) 1 — g®u?/v 1 —ufv
k
; (=1) [ ] ( )(q"uz/v; Dic+1 (@7 "u/v; Qs
/12
i’_—q—ul/;T[ u/v qli

3 ("‘2") u, v'2, ufo'?, w?fv, ufv @, v, 398
=4 1/2 1/2 >4 2 27,04 (3.2b)
qu''%, qu/v''%, qu, qv/u ° " |, | u?/v, qu/v n

x(q*u; q),,

whose dual relation

S =0 | ™| @2 so; @ntaMulo; g, —— L
k

(@"u; @i+
L v'2, ufv'?, wfv, ufv o, ¢*v (k;1>
o', quiv', qu, quiu’ T} |wp, qupy’ ] 1
1 — u/v”2

is equivalent to a very-well poised evaluation

1/2 1/2 2 12
o u, qu'?, —qu', ufv, v, —qu'/ 2 qli2p1i2) 12,1/
10Po | 115 12 .
u'l?, —u', qu, qujv'?,

—q q"fv, q7"
—ufp'?, ”2u/u”2 a"2upp'?, g 1 "oiu, g' " > q
_[ w2, qu, v
h qu/vl/z’ u2/v, u/v ’ q 'l.
EXAMPLE 3.3. Balanced formula <> the third non-trivial evaluation
Rewrite the balanced formula

® W, —qufv, uq", q" e, up v, q
3 —u, g, qH"“z/v’q -1 qv, v/u 4 n Lqu’/v, qzuz/v’q

(3.2d)

(3.3a0)
in the form of (2.4b)

n n—k 2k,,2
1 n:l 1 — q®u?fv 1—ufv
k;O( ) l:k q( ’ )(q"uz/v; Di+1 (g7 "u/v; @)y y

1
o e g
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n+1 2
=q"+<2)1+u2/v W wfo ufy I
1—u?/v| qv, qv/u L | qu®/v, q¢*u’/v 1 (3.3b)

whose dual relation

" n 5 q**u [u, u*/v, ufv
,;o(—l)k [k] (@"u?/v; 9).(qa*u/v; 9), m[ o, qofu ,q]k

k+1
X[ v, qu 'qz] qk+< ; )
qu*/v, q*u?/v "

1—u?/v 1+ q"ufv _
- 1 + u/U 1 _ qznuz/v [uy u /U > q]n (3.3C)

is equivalent to a very-well poised evaluation

—-q

o u, qui2, —quil2, ufo, 12, —pl2, gli2yli2; 1/2,1/2
1059z 12 gy qu/v’?, —qufv'’?, 1/2u/v1/2 gl

» q'uifo, 47" ]

u/v1/2 1- nv/“ ql+n 5 q

_ Iiu/v”2 —ufv'?, —qufv, qu, v*/v* ]

qu/v'?, —qufv'?, —ufv, u*/v, ufv’ q (3.3d)

EXAMPLE 3.4. Balanced formula <= the fourth non-trivial evaluation

Rewrite the balanced formulae

® |:u2/v2, qu/v'?, uq", q7" ]
4*3

wo'2, " "ufv, g trufe’ q

[av 12, qu/v'’?, qutfv, ulv v, qU L, (3.42)
Lo up o, o T, quie, qrur '

in the form of (2.4b)

$ o[l e o

(qnu2/0§ Di+1 (@ "u/v; Qrsq

= g‘u/v'?
x(q“u; Q)n T [u, u?/v; qli

2, u/v'?, qu, qufu . L qu’/v, q*u?

= (n k>/(1+u/v”2)[ L7 G W, u/v;q] [ o /v;qz]

(3.4b)
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whose dual relation

n i n 5 qZku
’;0( 1) [k] (g“u*/v; @),(q " u/v; g), ——~—( ]

1/2 2 v, v, k+1
N qlliz qun/l; u?/ u/v;q ) q02 g q<2>
o2 w2 qu, qu/u L | qu/v, q*u?/v
1 —u?/v 1— q'ufv'?
1—up21— "2 fv [u, u?/v?; ql (34¢c)

is equivalent to a very-well poised evaluation

1/2 12 1
u, qu''?, —qu'’?, ufv, g'%0'2, —q"2'2, qu'2, —p!
lOd)Q 1/
u

2, _ul/2 1/2u/vll2, I/Zu/vl/Z, u/vl/Z,

2, g, q7" ]
s> qU, q

_qu/vuz 1- "v/u q1+n 4
qu, —u/v'’?, W*jv*
EXAMPLE 3.5. Balanced formula <= the fifth non-trivial evaluation

Rewrite the balanced formula

U/Ul/z, —u/Ul/Z, ql—nu/v’ q1+nu2/v

2 -1 2
qu*/v, q” 'ufv qv, q*v 2
= ; ; 35
[ q*v, v/u ql [uz/v, quipo’ |, (3:32)

in the form of (2.4b)

2": 1 |: ] (" ") 1 — g*u?fv 1 —uf

; — (q"u; q),[u, ¢~ 'u?/v?;
@07 Ders @ "500; Dn, s

n+1 2 -1 2
u, u*fv, g~ 'ufv qu, q°v 2
= 2 M N
q( > |: qZU, qU/u ’ q:|'l [uz/v’ quz/v B q , (35b)

whose dual relation

-1,,2/,.2 1/2 1/2 n -n
q~'ut/v?, qu/v'’?, —qu/v'?, uq", q
5@y [ 5 q

S w1 5 — q*u [u, w’/v, g7 tufv ]
kg,o( 1) [k] (q“w?/v; @).(q " u/v; 9), —( -~ o, quu 9,

2 k+1
qv, 4v . 2 ) = —1,,2/,,2.
X I:UZ/U, quZ/v 5 q :|k q( > [u’ q u /U ’ ‘I]n (35C)



52 Wenchang Chu

is equivalent to a very-well poised evaluation

- 1 1/2 2 2 -
" [u, qu', —qu'?, g~ ufo, g%, —q" "2, ', —qu'?, g, 7" ]
10*9

ul/l’ _ulll’ qlv’ ql/Zu/vI/Z, _ql/Zu/UIIZ, u/vl/l, __u/vll2’ ql—"U/u, q1+nu’
-1,2/,.2
Uu u-/v
LAy (3.5d)
u/v, u’v 1

In the similar way, one can enumerate the dual relations of the so called
bi-basic formulas displayed in [21] (see also [14, §3.10]). The details are
omitted here.

4. Strange evaluations associated with Jackson’s g-Dougall-Dixon theorem

By means of (3.0) and transforms

U Qe = (U5 dilqus; g™ - (@™ 'us ™), (4.0a)
vq"; D = 03 D (vg™; 9),/(V5 ), (4.0b)
Wa™"; Qs = 4™ W5 D ia@/W5 ©)n/(@ ~™/W; q),, (4.0c)

Jackson’s g-Dougall-Dixon theorem (1.5) will be embedded in (2.1a) and
generate, through (2.1b), the dual formulas. From this process, several
unexpected strange hypergeometric evaluations will be found.

Among the examples displayed in this section, some of their inverse
relations (i.e. Examples 4.2, 4.3 and 4.6—4.9) are not balanced by the

. . . n .. .
g-binomial coefficient k:|' Instead, it is replaced by non-symmetric forms

n n n .. . . .
|:2k]’ [3k] and [ 4k]' This is due to the particular specification for

sequence ¢g(---). For example, the specification g(2k + 1) = 0 in Eq. (4.2b)
comes from the special g-Dougall-Dixon formula (4.2a).

EXAMPLE 4.1. g-Dougall-Dixon theorem <> Gessel and Stanton’s evalu-
ation.

The specialized g-Dougall-Dixon formula

4'Pad q**ad)'", —q**(ad)'"*, qdb,q'*db,ag",ag* g7
8+17 ql/4(ad)1/2, —q1/4(ad)1/2, q”zab, qa/b, dq(B-n)/Z’dq(Z—n/Z,qn+3/2ad >

a/d, ¢**ad b, ¢'"*/b
- I:qa/b q]/zab > q qd q—l/z/d; q1/2 (41&)



Inversion techniques and combinatorial identities 53

can be rewritten as

n " o 1 — g*+12q4
_1F kq; q12) (g% V2/d; q11?),
k;o( ) I:k] (q“a; '*)a(q /d; q7'%) @ ad; q),+,

a, 4, q'%ad, q'%db, qdfp 7 (*4))
8 qd, ¢*d, q%ab, gap 1|1

d, q'%ad a, b, q'%/b

qa/b, q'%ab’ qd ’

whose dual version

S (=1 [n] q(";k> L—ag? 1-d q 0 7 (¢** %ad; q)
K=o k (q@"a; ")+ (7" /d; ¢"1%) 4, "

8 a/d, q'%ad a, b, ¢'*b |,
aafp, q2ab’ UL | T
_ [a, 4'%a, q"%ad, q"*db, qdfb. ]

qd, q*?d, q'%ab, qa/b >4 (4.1¢0)

may be expressed as a strange terminating evaluation

i q—n’ a/d, qn+l/2ad. l_aq3k/2 a, b, ql/Z/b o ™
Sol @ q'ab, gap L TT—a | g q7d, g’ T 0

_[a7%a, | 904 adb (4.1d)
qllzd ’ 2n qllzab’ qa/b ’ n
which is due to Gessel and Stanton [16, Eq. (1.4)]. For its non-terminating

version, see [12, Eq. (5.2)], [13, Eq. (5.1)] and [14, Eq. (3.8.12)].

EXAMPLE 4.2. g-Dougall-Dixon theorem<>another Gessel and Stanton’s
evaluation.

The specialized g-Dougall-Dixon formula

ad, qlad)!”, —qad)"?, bd, g adlb, ag’, ¢, g~V
71 (ad)'2, —(ad)'?, qa/b, q'"*b, dg'~", adg'*"?, adg*™? > q

b, q'a/b 1/d, q'ad
=|:1/d, q"2ad’ q | b, q"%a/b ;q'? i (4.2a)
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can be rewritten as, after replacement q — ¢°

1 — q**ad
"(q"ad; @)44,

, a, ad, bd, gad/b 2k+1
o0, b aate ] )
|k

> [an] (4**a; 43),(a~*M/d; q?)

k20

qb, q*a/b, q*d ’

1/d, ad a, b, qa/b
_ . . 4.
[b, qa/b,ql[ gad 1 I (4.2b)

whose dual version

n n—k 1= aqSk 1 — d—lq—k
—1)k n 2
Een ]

(@"a; @)is1 (@7"/d5 Gy

1/d, ad a, b, qa/b
k . . . 42
X(q ad’ q)n [b, qa/b 2 q]k [ qad 2 q :|k

0, (n — odd)

4.2
("“) q, a, ad, bd, qad/b (4.2¢)
q\ 2 2 2, 4|, (n=2m)
gb, q*a/b, q*d m
may be expressed as another strange terminating evaluation
i q—n, /da q"ad, l_aqSk a, ba qa/b ) k
Eol abogap P T=a [gad, g?tra, g’ T )0
0, (n — odd)
(4.2d)

2
q’ q a9 bd’ qad/b . 2 —
|:d, gb, qad, q*a/b’ 1 i (n = 2m)

which is also due to Gessel and Stanton [16, Eq. (6.14)].

EXAMPLE 4.3. g-Dougall-Dixon theorem <> the first new strange evaluation.

The specialized g-Dougall-Dixon formula

(D a, qallz, _an/Z’ a2/b2’ bqn/Z, bq“+")/2, q—n/Z, q—(n—l)/2 q
817 al/z’ _al/z, qbZ/a, ql"‘/za/b, q(l—n)/za/b, aq””’z, aq(l+n)/2’

1/23,2 1/2
= o | 97b%a q'"a, a/b ),
el ORI RACARE @3
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can be rewritten as, after replacement q — g

Y [ ](q“b Dula*bja; @)y L0

k=0 (@"a; @ax+1

[ @@ bbb )
qa/b, q*a/b, q*b*/a’

gb? , b, a/b
=(— b/a)"[ /a qzl [a qbz/‘;/ ;q].. (4.3b)

whose dual version

i [njl q(";") 1 — bg?* 1 —b/a

K=o Lk (@"b; Dr+1 (@7 "b/a; @iy

b? . b, a/b .
x(q*a; q), [q qa/a ; q’]k [a gb? /2/ ;q]k (b/a)

0, (n — odd)

q<";l) [q, a, b, bq, a’/b*

(4.30)
qa/b, a%afb, q?b%a "],.’ (n = 2m)

may be expressed as the first new strange terminating evaluation in this section

z [ q~" aq", b, a/b ]l—bqZ“ [qbz/a

. 42 k
i Y| ;q° | (—qb/a)
q, gb*/a, ' *"b, q' ~"bja 1-b | qa ]k

k=0
0, (n — odd)

[ q, gb, ¢*b, a*/b*

(4.3d)
qa, a/b, q*a/b, q*b*/a 4 ]m, (n = 2m).

EXAMPLE 4.4. g-Dougall-Dixon theorem <>the second new strange evalu-
ation.

The specialized g-Dougall-Dixon formula
@ a, qal/29 _qal/Z’ qaZ/b, bl/an, _bl/2qn, q-n9 _q_n .
8+*17 al/z, _al/z, b/a, ql—na/bl/z, —q""a/b”z, aq1+n’ _aql+n’ q

2,2 2.2 _ _

bja, b/a?, —qa, —q?/a (449
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can be rewritten as, after replacement g% — g
n n] ("% 1 —a%q* 1 —a?%/b
—1) [ }q( 2 ) — (d*b; ),
Z = @*q"; @i+ (g~ "a?/b; Di+ 1

3 —q'2, q, q1/2a2/b. 12 Mq—k/l
b/a ’ L, 1+ aq*

(2)em2 ey [az, b, qa’/b, —bja, q'%b/a_ ]

4.4
1 +a | gb/a?, b*/a?, —q'?a, —qa’ q (4.45)

whose dual version

1—q%*b

- e |k 2. -k, 271 .
kgo(—l) [k] (¢*a*; q).(q*a?/b; q), @b D

L[4 b aab, ~bja, g"ba bt (B)ian
gbja?, b*/a?, —q'?a, —qa’ 1| T+a 4

_ g B [~ 4 g L
1+ aq” b/a ’ ,

may be expressed as the second new strange terminating evaluation in this
section

ba qb1/2’ _qb1/29 qaz/ba _b/a’ _q1/2b/a’ azqn’ q—n 1/2 2
s @7 1/2 12 27,2 1/2 1-np /2 1+n >4 '"bja
b ) -b ) b /a » —qa, —q'"a, q b/a s bq

w2 | —a ab —q'?, q'%a’fb
=q ’2[_qa gz/b;‘I][ —aba 17 (4.4d)

EXAMPLE 4.5. g-Dougall-Dixon theorem <> Gasper’s strange evaluation.

The specialized g-Dougall-Dixon formula

a2b’ qabl/Z, _qab1/2’ ab2, aqn/3, aq(l+n)/3’ aq(2+n)/3, q-n g
817 ab1/2, _abl/Z, qa/b, abql—n/?” abq(Z—n)/3, abq(l—n)/S’ a2bq1+n’

2 1/3
_|4a°b b s q"/b 1/3
(oL L] [, (>
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can be rewritten as
n n Tk 14—
> (=D [k] (d*a; ¢'3),(q *a™'b™"; ¢,
k=0
k+1
a 1/3 )
X ; 2
[qusab 1 :|3k q(

a’b q'?/b
- . 173 . . 173
[(l, b, q ]n [qa/b ’ q:ln [q]/:;ab > q o (45b)

whose dual version

n n—k 4k/3 -1p—-1,-2k/3

1—a 1—a'b
> (=1 [n] ‘1< 2 ) d 9 (¢*a*b; q),
k=0

1 —g*a*b [azb, ab* ]
(q"a*b; D+ 1 qa/b ’ 1 k

k (@"a; ")y (@7"a™ 071 g )4y
aZb ql/S/b 3
. . b; 1/3
<L | [y 0t

(n+ 1) a2b a/bz ] [ a
—q 2 > 40 : qm] (4.5¢)
q l: qa/b n ql/Bab 3n

may be expressed as a strange terminating evaluation

i q7", q"a’b 1 — ag**/3 a, b s
Zo | a qap q L 1—a |qt'a, g7t Bt q A

q'?b™! 1/3 /3 ab? q'a 1/3
. — . . 4.5d
X[ ab 9|9 gap’ 4| | ab 5 q . (4.5d)

which is due to Gasper [12, Eq. (5.22)]. See also [13, Eq. (1.2)].
EXAMPLE 4.6. g-Dougall-Dixon theorem <> the third new strange evaluation.

The specialized g-Dougall-Dixon formula

(2—n)/3
b

(I) a, qal/z, _qallz’ a/b, qnab’ q(l —n)/3, q q—n/3 'q
87 a1/2’ _al/z, qb, ql_"/b, aq(2+n)/3, aq‘”"’”, aql+n/3’

13
_|9. aq™” s | [P s
[b ) Q]n [bql/3 > q ]n I:a > q n (463)
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can be rewritten as, after replacement g — ¢>

o | P 3k 1. 23\ (n—3kh. 3 1-q%a
kgo( 1) [3k](q ab; 4)(q™*"b; ) ¢

q"a; @Qsx+1

a, ab, a/b 3k+1 a b
4 4 . = b: 3 . . 4.6b
x I:qB, q3b, q3/b]h (q’ q)Skq< 2 ) [aa ao; q ]n qb > q " a B q 2"( )

whose dual version

n n—k 1 — abg** 1 — bg?*
§ o [f] ) gt
i=o k (@"ab; @°)i+1 (@ "b; q7)is 1

a b
X(q“a;q)..[ ;q] [ ; ] [a, ab; ¢°]
qb PR 1 2k T

n+1 o, ab, alb
q( 2 ) [qS ¢°b q/3/b ; q3] q; 9),, (n=3m)

0, (otherwise)

may be expressed as the third new strange terminating evaluation in this
section

" [q™" q"a 1 — abg** [ a, ab 3} [qb ] .
yq | n —n24 5 q q
kgoli q, qb ]k 1 —ab |abg**", bqg® kg 2k

a, abg®, a/b
[Z;q] [q3 b 1?;,;‘13]’ (n = 3m)
n LA 25 m (4.6d)

0, (otherwise).

EXAMPLE 4.7. g-Dougall-Dixon theorem <>the fourth new strange evalu-
ation.

The specialized g-Dougall-Dixon formula

1/2 1/2 2, n—1/2 -n/4 1-—n)/4 2 —n)/4 3-n)/4
® a, qa / ,» —qa / , a q" / > q "l s q( / s q( mf s q( m/ i q
817 a1/2, __al/Z, a—lq—n+3/2, aql+n/4, aq(3+n)/4, aq(2+n)/4, aq(l+n)/4’
1/4. ,1/4 -1/2. ,1/4
a q a
_ ( q'; )n( q 5 4 )3n (47a)

"~ (ag™ "% '), (aq ™25 @)u(a5 412,
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can be rewritten as, after replacement g — g*

n 8k
n 4k—2,2. 4 —4k—2 . 4 1—qg™a
a*; q4").(q G4
kgo |:4k:| & 7 (q"a; q)ax+1
a, a -2 4k+l
X |:q4 6q -1 5 q (q q)4kq 2 )
(aq 2’ q)3n

@ Do @; q)n (4.7b)

=(—a/q; 4°),

whose dual version

n n—k 1— aquk 2 1— aq3k—2
—1) ] ( 2 ) - 4“a; 9).(—a/q; 4°)
(=1) [k 1 (" *? a?; q4)k+1 (" %a; q4)k+l( .

=
1=

-2.
x(aq 5 @)k

a;
(@ @) (@; 4
n+1 a, a2 -2
q(Z)[q (,q_l,q] (4 9ps (n=4m)
’ i 4.7¢)
0, (otherwise)

may be expressed as the fourth new strange terminating evaluation in this
section

n

5 [a7" q"a; q), 1 —a’q> % (a/q; @) (—a/q; q°)
o [@®a**", ¢*7"a; ¢*1, 1 —a°q7 (45 D2 (a5 i

a, g*a?
[Z;qJ [4qz/a;q“], (n = 4m)
n L9 4 m (4.7d)

0, (otherwise).

EXAMPLE 4.8. g-Dougall-Dixon theorem <> the fifth new strange evaluation.

The specialized g-Dougall-Dixon formula

® [ ql/4x3/2 q9/8x3/4 _q9/8x3/4 an/S’ xq(1+n)/3, xq(2+n)/3’ q(l—n)/Z, q—n/Z
8

2
ql/8x3/4 _ql/8x3/4 q(IS 4n)/12 I/Z, q(ll 4»)/12xl/ , q

(7—4n)/12xl/2 (3+2n)/4x3/2 (5+2n)/4x3/2;q:|

» q » 4

1/4,.1/2

N q'4x (q
—(— =n/2,—(2n+n?)/12 . 41/6
=(—1)x""2qmnn [ UEMT RNV ]

q q (@ " x5 q'R), (@ x5 g),

3/4 3/7 112) (qllllxl/Z; ql/3)2
n n

(4.8a)
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can be rewritten as, after replacement q — ¢>

n 2k+ 1/2x3/2

n _ g 1—g¢g
,;0 [Zk] (@%x; g?3),(x1/2q~ 2 12, g213%) T,

9 2x+1

x <2k+1>
X[ 76 1/2;42’3] (g, 4'*x*?; ¢*1iq\ 2
q X 3k

1/2.,.1/2

—nj2,— 2 q x 1/3
— _1 X n/2q (2n+n?)/6 . /
(=1) qV/6x112, gSlexii2’ q i

12xV2; q)(x; g*),

3/2,.3/2.

(q
TR g,

(g"x'12; 1), (4.8b)

whose dual version

n n n—k) 1— quk/a 1— x—l/Zq—(2k+3)/6
Y [ ]q( 2 3 (¢“*12x32; g),

K=o Lk (xq"; ‘12/3)k+1 (x_” (1_"_1/2§ ‘12/3)k+1

[ q'2x! 1/3] (@'?x; ghlx; *P),

X > q
1/6 .1/2 5/6,.1/2 3/2..3/2. 2
q'/5x'2, ¢3/x! (g**x%%; ¢%),
—(2k+k?)/6

x(ql/6x1/2; q2/3)2kx—k/2q
0, (n — odd)

(4.8¢)

= <n+1> x
e [q”"’x“2 ; qm] (. 4'*x*?; ¢*1,, (n =2m)
3m

may be expressed as the fifth new strange terminating evaluation in this section

5 [q’”.q] 1 — xg**? (q°x'"2; )
= q > " l—x [an+2/3, x—1/2q—n+1/6; q2/3]k

y (x; qz/s)k(qnﬂ/zxs/z; ) (_l)kx—k/2q(2k—k2)/6
(@"°x'%; q'P)(g¥*x%; )

0, (n — odd)
_ (4.8d)

2/3
x| 2/3] I: q ) z]
5 q ;4 (n =2m).
[ql/le/z | g¥2x32 }
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EXAMPLE 4.9. g-Dougall-Dixon theorem <> the sixth new strange evaluation.

The specialized g-Dougall-Dixon formula

or8 —q°®y'2, yg"?, yq

(3-2n)/4

y

1/2 9/8,,1/2 n/2 (1+n)/2 -n/3 (1-n)/3 (2—-n)/3

> > q > q > q .

1/8,,1/2 (5—2n)/4 (15+4n)/12 (11+4n)/12 (7+4n)/12 q
’ s s

y=qy q > Yq »Yq yq

1/4
8¢7[ 1lsq lIzy, q
q ’ q

(= tygars e 1 — g 2% (g''2; q'1%), (yq"*%; q'),(va""*; q),
1 — gB=2N2 (gl/4; g112), q'"*; 4",

(4.9a)

can be rewritten as, after replacement q — ¢°

6k +3/4

r n i 1-yq
(—1)"[ ](yqs";q“).,(q W Py
kgo 3k (vq I Q) 3k+1

y (3k+ l)
X [q9,4 ; qm] g, 4° y4**; ¢°1iq\ 2
2k

1—q** (q'%; q'3),04%*; 9.0v; ¢*.04**; ),

1 — q(3-—2n)/4 3/4.

=(_ l)nq—n+n2/4
7/ M) P

(4.9b)

whose dual version

" n n—k\ 1 _ ygsi? 1 — g2k
Z |: ] 2 n. 3/2 —n—3/4. ,3/2 (g *3%; 9,
k " ¢+ (g S g P

k=0

1—¢g>*  (g"*; ¢'")0d*; k(s ¢*va™; ¢ —

1 —gB720% 0a**; )

X

n+1
q< 2 ) [ Y q”] 4, 4% y&**; ¢*1s (n=3m)
= 1 2m (4.9¢)
0, (otherwise)

may be expressed as the last new strange terminating evaluation in this section
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z": (1) |:q‘". ] 1—yq5"/2 (q”“; ql/Z) (yqn+3/4; @,
- ? " 1— y [yqn+3/2 n+3/4; q3/2]k

(VB qs/z)k(yq3/4; q3)k q(zk+k=)/4
a5 @)

¥q 49, q°
|:q3/4 5 q° ] [qu R > ‘13] , (n=3m)
= 2m ? " (4.9d)

0, (otherwise).

REMARK. Similarly, one can show that Jackson’s g-Dougall-Dixon for-
mula (1.5) with five free parameters, is self-reciprocal, i.e. the dual relation
has exactly the same formation as the original one under the parameter
replacement. In addition, for a very special case of g-Dougall-Dixon
theorem

2,1/4
b

a’q
8(1)7 [ ql/g’

(1 +n)/4 (2 +n)/4
b

+n)/4 -
, ag® T, q7" ql=s
- 0,
(2 n)/4’ azqn+5/4 ’ n

9 4
18 _ag®®, ag"*, aq
- 4_
—aq S’aq(s ")/4,aq( n)/4

aq
3-n)4a
b

»aq aq

(4.10)

its resulting dual relation is trivial.

5. Reversal embeddings on g-Dougall-Dixon theorem

In general, a terminating hypergeometric summation X} -, T(n, k) = S(n),
cannot be telescoped into one of the relations stated in (2.1). But occa-
sionally, its reversal ;- T(n, n—k) = S(n) may be restated as one member
of (2.1). In this case, the dual relation will create some “mysterious-looking”
formulas. By means of (3.0), (4.0) and transforms

(Xq"™™; Dmn-mk = (—X)"‘”""‘"‘q(l+2Mk>”<1+";n ")

x(Xq7™; 0)(2/%5 Dmn—-n/4/X5 D i (5.0a)

1+mk+n 14+mn+n

(Zq m n, q)mn mk — ( Z)mn mkq< 2 >—( 2 >
X(q' ™25 @) 1(@/25 Dpn+n/(@/25 Qi (5.0b)

some remarkable examples are demonstrated as follows.
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EXAMPLE 5.1. g-Dougall-Dixon theorem <> one very strange new evaluation.

The reversal of g-Dougall-Dixon formula

A—lq—Zn, A_l/qu_", —A_Uqu_", q—(1+n)/2’ q—n/2’ q'"u/A, q_"v/A, q—n+3/2u—lv—l )
8¢7 A'”zq'", _A—-I/Zq—n, A—nq(s—sn)/z’ A—lq(2—3n)/2’ ql—n/u’ ql—n/v’ q'"'”zuv/A >4

- <"“)/z (4; 92407 "2A4; @), [q~"*u, 70, qA/uv; ¢'], (5.1a)
=4\ 2 —1/2 4. 1/2 32 . -1a
(q A’ q )3n [u’ v, q A/uv’ q]n

can be expressed as, after adding some extra-zero terms

" n 1 — Agq*
(—1)f [ }(q"‘”zA; N B T P
kgo k ! (A9"; @i+,

u v, A, Aq—l/z’ q3/2A/uv (k+1>
3/2 —1y2,,. 59| 9\ 2
q>'%, qA/u, qA/v, " Puv’ " |,

, A, —1/2A -1/2 X -1/2 X A
el K B L POY B ERTS
qA/u, qA/v, ¢~ Puv’ " |, q "

whose dual relation
n n n—k) 1— Aq(3k—l)/2 1— q—(k+l)/2
(-1 [ ]q( 2 = = (Aq*; g),
kgo k (Aq" 12, ql/z)k+1 (q 1z, ql/z)k+1

|: q, A, q~ %4 ; Q:| [q_l/zu, q V2, qAfuv 1/2]
qA/u, qA/v, g~ *uv’ q 4,

B ("‘2‘1> u, v, A, Aq~"2, ¢**Afuv
-1 a2, qAfu, gAfv, ¢~ up’

can be reformulated in g-series

n |: q—n, an’ q—l/ZA ) :| I_Aq(3k-—l)/2

& LaAm, qAp, g 2w’ 1|, T aq 17

X[q—n/zu, g~ "%, qAjuv q‘/2:| e
ql/Z’ A‘I", q_" ’ k

u, v, Aq'’?, ¢*?A/uw
=1 12 ~12,,. 54 (5.1d)
q'%, qAfu, gAfv, ¢~ Puv” " |,

which seems to be new.
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EXAMPLE 5.2. g-Dougall-Dixon theorem <> Gasper and Rahman’s two very
strange evaluations.

For A =1 and 2, the reversal of g-Dougall-Dixon formula

a"3gTIAB g=1Bg1=n=36 = 1/31-n=3/6 SGEINN3 Q-G 2n- 3 =k 20203

q q q
o a-2/3bl/3q—u, a—2/3b-—1/3q—n+l/3
- —n—1/6 - i - - - -

a l/3q n—2a/ . —a l/3q n 116, a 2/3ql 4n/3, 2/3q(2 4n)/3,

q q

a -2/3

b—l/3q1—n—l/3 b1/3ql—n—21/3
)

a q(l —4n)/3’ 1 q

2/3 (1—-4)/3. 1/3 2/3 ,A/3. - .
nmntnrys @240 TPR g13),,@% g5 q),, [B'3, bT13qM3; ¢'1],

=q -
@5 4'P),, [b'7q*3, b™112q?43; q],

(5.2a)

can be expressed as, after adding some extra-zero terms

Zn: (— 1) I:n] (@Bg*; q113) (g =%~ *3; q113) 1 — g2/3gk+ a3
k=0 k n VLY IER De

2/3 1/3 ,4/3 -1/3 ,24/3 k+1
o @] [ @b b T (A
q(l+).)/3 ’ . qa2/3b— 1/3’ a2/3b1/3q1‘-1/3 ’ A

| 2/3 ,(1-2)/3 \ | 2/3 4 |
a/q( u .13 q, a/q/3 A
q( )/ 2n qa/b /,a/b/q 4 n

x [b1/3, b= 113gH3; q1i3] (5.2b)

whose dual relation

i ( 1)" [n] q(n;k> 1— a2/3q4k/3 1— q—(2k+l)/3 ( 23 k23 )
- n. —n—4/3. aq s Dn
k=0 k (@*’q"; ql/S)k+1 (q 3, ql/a)k+1

| 2/3 ,(1-2)/3 \ | q 12 3,,4/3 \
a / q( )/ Y , / q / )
1+2)/3 » 4 2 -1 - q
q( ) qa /3b /3’ a2/3b1/3q1 A3 2

X [bl/3, b—l/3ql/3; ql/3]k

3 (n-;l) a3 s q, b1/3q/1/3’ b—l/sqzus . -
=9 q(l+1)/3 » 4 s qaz/ab—l/s a2/3b1/3q1—,1/3 > q (5:20)

X
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can be reformulated in g-series

i [ q—n’ a2/3qn+l/3 :| 1__a2/3q4k/3
k

Eo | qa?3p113) gt —H3g23p3 q 1— 2P

2/3 (1- )3 13 L A3p—1/3
x|:a q . qI/B:I [ b, q*"°b . q] ¢
/3 > 23,413 —nt(1-2)3 >
q / xla / q" / , q n+( )/ A

_ a2/3ql/3 T q, bl/3q}./3’ b—1/3q21/3 ' (5 2d)
- ql/S >4 n a2/3q)./3, qa2/3b—1/3’ a2/3b1/3ql—1/3 >4 " °

which yields terminating Gasper and Rahman’s formulas [13, Egs. (1.8, 4.5)],
respectively, for 2 = 1 and 2. See also [14, Eq. (3.8.18), Ex. 3.32].

EXAMPLE 5.3. g-Dougall-Dixon theorem <> three very strange new evalu-
ations.

For 4 =1, 2 and 3, the reversal of g-Dougall-Dixon formula

1/2 —(A+3m)/a ,~(A+3n-1)/4
s s

i
q "".q
(4+4-5n)4

,

q
3+A-5n)/4
s

q
(2+A-5n)/a
s

»X"q

(A+a-smya _—1 -a-n+32°9
s

—-2n ,1/2,1-n
xXq “Lx'TqT N, —X
8¢7|: x g

—(/1+3n—2)/4q—().+3n—3)/4 2 A-n—1/2
’
xl/Zq—n’ _xl/2q—n’ xq :I

xq' xq xq

-2 . - 3-24)/4. -1. - - .
inesms amys (KAPATD 9, (x71gBT gl (715 g), (x™1gl 2N glié),

1 (xg*~'2; g), (x~'g™¥%; g')s,
(5.3a)
can be expressed as, after adding some extra-zero terms
n n 1 —x" quk
(_1)k |: :I(x—lqk—lm; q1/4)n(q—k—l/4; q1/4)n —
k;o k (x"'q% Di+1
-1,-/4 A—-1/2 k+1
X[x s ;q‘”] [qizxq_m,z;q] d3)
q ak [ X 74 k
[ q, x~1! ] (x—lq(l—zl)/4; q1/4)2
=l 5 5 q .
Zq A+3/2 " (q(l+l)/4; q1/4)3"
X (xqBA=/4; gli4) (x— 132014, g112) (5.3b)

whose dual relation
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En: ( 1)" [n] (n;k) 1— x—lq(Sk—).)/4 1— q—(3k+).)/4 (x‘lq"- q)
k=0 k 1 (x™ g M 41/4)k+1 (@™ "M% "Ny T

-1 -1_(1-21)/4. 1/4
x[ g, x .q](x g\ T2V gl
-2,,—-A+3/2° 1+4)/4. 1/4
X / k (q' LA q / )3k

q

% (xq‘“_z)/"’; q1/4)k(x— 1q(3—u)/4; ql/Z)k

n+1 -1, -4 A-1/2

X °q q, xXq .

= q< 2 ) [ g1+ e ;q”“l I:x—zq—ua/z ) q] (5.3¢)
n n

can be reformulated in g-series

- -1 34-2)/4
i |:q xTq _q] [ xq' y .q1/4]
-2, —A+3/2° -1, n+(1—2)/4 ,—n+(1—A)4"
Solx g / | x qn ( )/’ q n+( ) "

1 — x—lq(Sk—}.)/4 (x—lq(l—-ZA.)/‘l-; ql/4)

2k 3—-24)/4. ,1/2 k/4
(g~ 2% q'/%), g

1—x"lg™¥* @"*; 43
[ q'* ¢ xq " 5 q (5.3d)
q}'/‘t ’ 4n x_l’ x—2q—2.+3/2 ’ n

which is the unified version of three new terminating strange evaluations
corresponding to A =1, 2 and 3.

EXAMPLE 5.4. g-Dougall-Dixon theorem <> two very strange new evaluations.

For A =1 and 2, the reversal of g-Dougall-Dixon formula

—A=2n+1/2 ,—n+(5-24)/4 —n+(5-2A)/4 ,—(2A+4n)/5 ,—(2A+4n—1)/5 , —(2A+4n—2)/5
b b b ’ b ’

q q —q q
~@itan=3)/5 o(2i+4n=4)5
b
— g T A-20/4 f(15-64-12m)/10,

~(9-6A-12n)/10
q ( n)/ R

q q

8@ —n+(1-23)/4 —(13-64-12n)/10 ,—(11—64i—12m)/10
b b k]

q q

—(7-64-12m)/10

q
q

2(An—n+n2)5 (@725 9),, 24+1)/10 (24-3)/10. ,1/5
(n=mt ) [g** IO, g2A=3M10; gli5],, (5.42)

=q _—
(q(Gi. 5)/10; q1/5)6n

can be expressed as, after adding some extra-zero terms

2k+A-1/2

n n _ L 1 —q
ZO (_l)k [k] (qk+(6). 5)/10; ql/S)n(q k 21/5; ql/S)n T
k=

(q > q)k+l
q(sa—smo <k+1)
X|:q“+21)/5 ; ql/s]Sk (q; q)kq 2
[q(u+1)/10’ q(2).—3)/10; q1/5]2n

- (@2 g1y, g, "' 41, (5.4b)
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whose dual relation

n n (n—k 1— q(12k+6i.—5)/10 1 — q"“”‘*“)/5 )
kZO(—l)k [k]q 2 >(qn+(6).~5)/10. —-n—23/5. k+2a I/Z;Q)n

(q
q”s)k+1 (q ql/S)k+1

24-3)/10. ,1/5
[q(21+1)/10, q( Y10, q / Tox

x [a. 4" "% q]
(q(l+21)/5; q1/5)4k k
<n+1) q(6).—5)/10
=q\ 2 [ A+ 1)/ ;q”s] (4; 9)n (540)
q S5n
can be reformulated in g-series
i q—n, qn+}.—1/2 s l_q(12k+6).'5)/10
o qn+(6/1—3)/10, q—n+(l—21)/5 > q 1— q(61—5)/10
[q(2}.+l)/10, q(ZA—3)/10; ql/5]2k WS
X q
(@75 4')a
(6A—3)/10
q q
=[ Y ;ql/s] [1-1/2;‘1] (54d)
q Sn q n

which is the unified version of two new terminating strange evaluations
corresponding to A =1 and 2.
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