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Abstract. In this paper, we construct analytic torsion forms associated to a short exact sequence
of holomorphic Hermitian vector bundles equipped with a holomorphic unitary endomorphism ¢,
thus extending results of a previous paper where the case g = 1 was considered. We calculate these
forms explicitly, in terms of an additive equivariant genus D(0, x). We introduce a related additive
equivariant genus R(f), x), which for 0 = 0, coincides with the genus R(x) of Gillet and Soulé. By
comparison with explicit computations by Gillet-Soulé and Kohler of the Ray-Singer analytic
torsion of projective spaces, we conjecture a formula of Riemann-Roch in equivariant Arakelov
geometry, in which the genus R(0, x) appears explicitly.

The purpose of this paper is to construct and identify certain characteristic
classes associated to a short exact sequence of holomorphic Hermitian
vector bundles

E:O—»L—‘)M—;N—»O 0.1)

on a complex manifold B, equipped with a holomorphic unitary chain map
g. This extends our previous work [B1], where the case g =1 was
considered.

The constructions of [B1] were motivated by a program to calculate the
behaviour of Quillen metrics by complex immersions. In fact, if i: Y —» X is
a complex immersion of compact complex manifolds, and if £ - i _n — 0 is
a resolution of the sheaf of holomorphic sections of a holomorphic vector
bundle n on Y by a complex of holomorphic vector bundles £ on X, the
determinants of the cohomology A(¢) and A(n) are canonically isomorphic.
If metrics are introduced on TX, TY, & and 7, then A({) and A(n) carry
natural metrics, the Quillen metrics [Q2], [BGS3], which are constructed
using the Ray-Singer analytic torsion [RS] of the corresponding Dolbeault
complexes. It is then natural to calculate the Quillen norm of the canonical
section identifying A(7) and A(). Using the results of [B1], Bismut and
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Lebeau [BL] gave an explicit local formula for this norm, where a genus
R introduced by Gillet and Soulé [GS1] appears explicitly.

In fact, in [GS1], Gillet and Soulé had given a conjectural Riemann-
Roch formula in Arakelov geometry. By a difficult calculation (together
with Zagier) of the Ray-Singer analytic torsion [RS] of the trivial bundle
on P” equipped with the Fubini-Study metric, Gillet and Soulé exhibited
an additive genus R which appears in their conjectural formula. If { is the
Riemann zeta function, the generating series R(x) of [GS1] is given by

o= 3 (£4858) %
n odd

Using [BGS1,2, 3], the main result of [BL], and also [GS2, 3], Gillet and
Soulé [GS4] were able to prove their conjectural formula for the first
Chern class. Their result was later extended by Faltings [F] to higher
Chern classes.

The characteristic classes of [B1] can be explicitly calculated in terms of
the additive genus associated to the series D(x) given by

D = ¥ (r(l) +z CC(( ”)))C(— n 03)

nodd

The striking similarity of formulas (0.2) and (0.3) was unexpected. In fact
the calculations of [GS1] were made on P”, while the computations of [B1]
use essentially harmonic oscillators techniques. Still this similarity explains
why the genus R of [GS1] ultimately appears in [BL].

Here, we start a program to extend the results of [B1], [BL] to an
equivariant situation. Namely, consider again the immersion problem.
Assume that G is a compact group, and that i: Y - X is a G-equivariant
embedding of compact complex manifolds. Take &,  as before, and assume
that the action of G extends to £ and ». Finally suppose that G preserves
the given metrics on TX, TY, &, n. By a suitable extension of the formalism
of [RS] to the equivariant context, one can define “equivariant Quillen
metrics” associated to the cohomology groups of n and &, which depend on
g€ G. This construction reduces to usual Quillen metrics on the determi-
nants of the cohomology for g = 1. Still the problem of comparing these
“metrics” for arbitrary g € G makes sense. This paper is the first step in this
direction.

Now, we will describe our main results.

Let K™ be a Hermitian metric on M, and let hX, hY be the induced metrics
on L,N. As in [B1], for u >0, we consider the family of operators
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0+ /—ui () acting on smooth sections of AM*) ® A(N*) along the fibres
of My, and we introduce the associated Levi-Civita superconnection 4, of
the family [B4]. The curvature %7 of %, in the sense of Quillen [Q1] is a
non trivial coupling of a harmonic oscillator on Ny and a Laplacian on Ly.

As in [B1], except when L = {0}, the operator exp(—2%2) is not trace
class. Still we form a generalized supertrace Tr,[gexp(—%2%)] of
gexp(—%?2), by integrating the supertrace of the kernel of gexp(—%2)
evaluated on the diagonal on a subbundle of M,. The most exotic case,
g = 1, was considered in detail in [B1].

Let Td, (L, h"), Td (M, i™), Td, (N, g") be the Chern-Weil representatives
of the corresponding equivariant Todd characteristic classes (which appear
as the contribution of the fixed point set in Lefschetz fixed point formulas).
Let @: A®*Y(TgEB) — A®*(T#B) be such that ¢(a) = (2in) ™98 @24, Then
we prove in Theorems 2.5, 3.2 and 5.3 that the forms ¢ Tr,[g exp(—%2)]
are sums of form of type (p, p), are closed, that their cohomology class not
depend on u > 0, and that moreover,

. Td, (M, h™)
— B\ =92
},T?) o Tr,[g exp(—2#.)] Td,(N, 1)
lim @ Tr[gexp(—%2)] = Td,(L, h"). 0-4)

u=>+ o

As in [B1], we prove a double transgression formula formally identical to
similar formulas in [BGS1, Theorem 1.15], [BGS2, Theorem 2.9] for usual
finite or infinite dimensional supertraces. Namely, if Ny is the number
operator of A(N*), we show in Theorem 2.5 that

00
g ¢ Tr,[g exp(—B2)] = — Tr, Na g exp( — %B2) |. (0.5
Ju 2iw u

As in [B1], it is possible to integrate (0.5) by a zeta function technique
inspired from Ray-Singer [RS]. Thus in Section 6, we construct generalized
analytic torsion forms B (L, M, ™) on B, which by Theorem 6.3, verify the
equation

00 Td, (M, h™)

35 Bolls M, 1Y) = Td(L, ") — S 2, (0.6)
y 3

2irw
The forms B(L, M, h™) of [B1] are exactly the forms B,(L, M, ™) for
g=1

The main purpose of this paper is to calculate the form B, (L, M, h™)
(modulo @ and @ coboundaries). By a construction of Bott-Chern [BoC],
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Donaldson [D], Bismut-Gillet-Soulé [BGS1], we know how to solve in a
natural way the equation

00 ~,
37 Td,(L, M, ) = Td,(M, 1) — Td,(L, h) Td,(N, V), (0.7)

so that if the complex E in (0.1) splits, then 'Fég(L, M, k™) = 0. In view of
(0.6), (0.7), the question arises to calculate

B,(L, M, i) + Td; (N, ") Td (L, M, h™).

Set

_— 2 —_ 2 4
ou, , x) = 4 sinh (x 20+ /X +4"> sinh( X+20+ /X + “). 0.8)

4 4

In Proposition 4.2, we show that

o(u, i, x) = (6% +i6x +u) ]

keZ*

<(0 +2kn)* +i(0+2kn)x +u )

4k*n* 09)

0o /0x

Let C(s, 6, x) be the Mellin transform of (u, 18, —x), i.e. for

0 < Re(s) < 1/2,

+ o
C(s, 6, x) = F:STJ w! a"(/r X (u, i6, —x) du. (0.10)
0

Then C(s, 6, x) extends holomorphically near s = 0. Set

D, x) = -(% C(, 8, x). (0.11)

Then D(x) = D, x).

Let €,...,e"% be the eigenvalues of g on N. One can construct the
obvious additive genus D,(N) attached to D(6, x). Then Td,(L)D(N) is a
well-defined class of sums of (p, p) forms modulo ¢ and ¢ coboundaries.

In Theorem 6.8, we prove the following extension of [B1, Theorem 8.5],

B,(L, M, iM) = —Td; (N, W) Td,(L, M, i) + Td,(L)D,(N)
modulo @ and 0 coboundaries. 0.12)
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Set
9 = 3 ),
ws) = 3 ), ©13)

Then {(y, s) and #5(y, s) are the real and imaginary parts of the Lerch
series [L]. In Theorem 7.2, and extending a result of Bismut-Soulé [B1,
Appendix], which is valid for 8 = 0, we prove the formula

n

DO, x)=Y i {(F’(l) + Z }) n®, —n) + 2—;;'1 o, —n)} %
nz0 1 .

+ Y {(r'(1)+i%> (o, —ny + 2—‘%(9 —n)} . (0.14)
nz1 1
n odd

By comparison with (0.2), we introduce the power series

R(6, x) = }):0 {Z n(0, —n)+ (9 - )}

+ Y {Z {(, —n)+—c(0 —n)} all (0.15)

nz1
n odd

such that R(0, x) = R(x).

In Sections 7(d) and 7(e), we conjecture that the additive equivariant
genus associated to R(6, x) should play the role of the genus R in an
equivariant Riemann-Roch formula in Arakelov geometry. In fact in [K],
Kohler has calculated the equivariant analytic torsion of P* equipped with
the Fubini-Study metric, for ge U(n + 1), whose action on P" has only
isolated fixed points. Because the fixed points are isolated, the calculation
of Kohler is much simpler than the corresponding calculation of Gillet,
Soulé and Zagier [GS1], where the case ¢ = 1 was considered.

In Section 7(d), we verify that the formula of [K] can be very simply
expressed in terms of R(6, 0). The similarity between the calculations of [K]
and our own construction of R(6, x) is strictly parallel to the resemblance of
the result of [GS1] to the ones in [B1] for the case g = 1. It gives more
weight to the possibility of proving an equivariant Riemann-Roch formula
in Arakelov geometry.

More recently [B9, 10], using the results of the present paper, we have
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extended the formula of Bismut-Lebeau [BL] to the equivariant case, thus
completing the analytic part of the program just outlined.

This paper is organized as follows. In Section 1, we recall the results of
[B1] on the superconnection %, and its curvature %2. In Section 2, we
introduce the generalized supertraces Tr,[g exp(—%2)] and we prove the
double transgression formula in (0.5). In Section 3, we prove the first half
of (0.4). In Section 4, we introduce the function a(u, 1, x) and the associated
multiplicative genus. In Section 5, by extending the results of [B1, Section
7], we calculate the forms Tr,[g exp(—%2)] explicitly, and we prove the
second half of (0.4). In Section 6, we construct the forms B (L, M, M), the
function D(0, x), and we establish (0.12). Finally in Section 7, we give
various formulas for D(#, x) including (0.14), we introduce the function
R(0, x) and we give a conjectural Riemann-Roch formula in equivariant
Arakelov theory.

In the whole paper, we use the superconnection formalism of Quillen
[Q1]. Let us here briefly recall that if 4 is a Z,-graded algebra, if a, a’€ A4,
the supercommutator [a,a”] € A is defined by

[a, a’] = aa’ — (— 1)%uadeda) g, (0.16)

Also, we use probabilistic arguments and techniques of Fermionic integra-
tion taken from [B1], in particular in our explicit computations of Section
5. Also, if Y is a Brownian motion, dY denotes its Stratonovitch differential
[1kW, Chapters II and I11].

For an introduction to the probabilistic techniques used in this paper,
we refer to our survey [B7]. A suitable modification of the analytic
arguments of [BL, Section 14] could be used as a substitute.

The results of this paper were announced in [B8].

1. The Levi-Civita superconnection associated to a short exact sequence

In this section, we recall the construction of the Levi-Civita superconnec-
tion 4, associated to a short exact sequence of holomorphic vector bundles
which was given in [B1, Section 3]. Also we establish elementary estimates
on the heat kernel along the fibres for exp(— %2).

This section is organized as follows. In (a), we construct 4,, and in (b),
we estimate the corresponding heat kernels.

(a) The Levi-Civita superconnection

Let B be a compact complex manifold. Let

E:0-L->M - N->0
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be a holomorphic acyclic complex of vector bundles on B. Let I, m, n be
the complex dimensions of L, M, N. We identify L with a holomorphic
subbundle of M, and N with M/L. Let © be the projection M — B.

Let ™ be a Hermitian metric on M. Let hX be the induced metric on L.
By identifying N to the orthogonal bundle to L in M, N inherits a
Hermitian metric AY. Let VX, VM V¥ be the holomorphic Hermitian
connections on L, M, N, and let R%, RM, RY be their curvatures.

Let PE, PN be the orthogonal projection operators from M on L, N.
Classically [B1, Proposition 2.4], we know that

VE = pLyM, VN = pNYM,

Let °V¥™ be the connectionon M ~ L@ N,

oM — v VM.
Set
A=VM _oy¥M

Then A is a 1-form on M with values in skew-adjoint endomorphisms of
M which exchange L and N.

The Hermitian metrics #™, k" induce corresponding Hermitian metrics
on AM*), A(N*). Let {,)> be the corresponding Hermitian product
on A(M*)® A(N*). Similarly let VA®), VAN be the connections on
A(M *), A(N*) induced by VM, V¥, Let VAMI®ANY pbe the connection on
AM*) ® A(N*)

VAMH QAN _ yABT @ 141 ®V"‘N”.
Then VM) ®ANIM preserves the Hermitian product ¢, ).

Let RAMI®ANY be the curvature of VAMI@ANY f RAM®) = RANY are the
natural actions of RM™, RN on A(M *), A(N*), we have the obvious

RAMH®ANY — RAMY & 1 4 1 ® RV,

If XeM, let X*c M* correspond to X be the metric WM. If XeM,
X'e M, set

dX) = 2X* A, oX) = —2ix. (1.1)

We extend the definition of ¢(X) by C-linearity to X € M ® M. Then for
X e My, ¢(X) acts on A(M *) ® A(N*). Moreover if X, X' e My,
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AX)AX) + (X )e(X) = —2{X, X Dpm. (1.2)

By (1.1), (1.2), we see that A(M *) ® A(N¥*) is a M-Clifford module.
Similarly,_if Y’eN, let Y*e N* correspond to Y’ be the metric h". If
YeN, YeN, set

2Y) =20y, e(Y)=—J2Y*A. (1.3)

Again we extend the definitions of ¢(Y) by C-linearity to Ye N @ N. Then
for Ye Ny, ¢(Y) acts on A(M *) ® A(N*). Also if Y, Y'e N,

CY)(Y) +e(Y)(Y)= —=2{Y, Y')pr. (1.4)

So (1.3), (1.4) show that A(M *) ® A(N#*) is a Ny-Clifford module. Finally
if Xe Mg, Ye N,

dX)E(Y) + &(Y)e(X) = 0. (1.5)

Note that our conventions in (1.3) differ from those in [B1, eq. (1.17)].
Let dvy,, dvy be the volume forms on the fibres of Mg, Ny, which are
associated to the metrics B™, hV.

DEFINITION 1.1. For x€ B, let I, (resp. I12) be the vector space of smooth
(resp. square integrable) sections of (A(M *) ® A(N*)) . over My,.

In the sequel, the I,’s will be considered as the fibres of a smooth infinite
dimensional vector bundle I on B. The set of smooth sections of I over B
will be identified with the set of smooth sections of n*(A(M *) ® A(N*))
over My.

We equip 12 with the Hermitian product

1 dim M
fgelli—=<{fig> = (2_1:) JM“Q‘, g> doy,. (1.6)

Let 6™~ be the Dolbeault operator acting on I, and let 6** be the formal
adjoint of ™= with respect to the Hermitian product (1.6). Set

DM = M= 4 M3,
Lete,,...,e,, be an orthonormal base of M. Then, we have the obvious

DM = L S_':” c(e)Ve,- 1.7

Nk
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The connection V™™ defines a C* splitting of TM into
™ = n*(M) @ THM.

If Ue TyB, let U¥e T{'M be the lift of U, so that n, U¥ = U.

DEFINITION 1.2. If s is a smooth section of the vector bundle I on B, if
U e TyB, set

Vis = VAMD@ANY g (1.8)

Then V! is a connection on I, which preserves the Hermitian product (1.6).
Let (VY)? be the curvature of V2. Then if U, V € T B, by [B1, Proposition 3.3],

(Vl)z(U, V) = RA(IVI‘)@A(N‘)(U, V) — VR“(U.V)Y

Let f,,..., f> be a base of TB, and let f',..., f?* be the corresponding
dual base of Tg"B. If Y e My, set

ARMY) =33 fIfPeRM( £, Sp)Y). (19)

Then ¢(RMY) lies in A(TgB) ® c(My).
If yeN, set Y' =y + ' €Ng. Put

V(Y) =/ —=1(, — i¥). (1.10)
Equivalently,
V(Y) =Y 1 &(Y). (1.11)

NG
If Ye Mg, V(PNY) acts naturally as an odd operator on AM *) ® A(N*).
DEFINITION 1.3. For u > 0, set

(RMY)
2,2

The superconnection %, on the Z-graded vector bundle I was constructed
first in [B1, Definition 3.8], and was called the Levi-Civita superconnection of
parameter u > 0, by reference to our work in [B4] on the local families index
theorem.

B, =V + DM+ JuV(PYY) - (1.12)
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Set
B Z c(PNe)¢(PNe)). (1.13)

Observe that S is exactly the operator considered in [B1, Definition 1.3 and
Eq. (3.35)]. Set

E(APLY) = =Y fe(A(f)P"Y)e(A(T¢B) ® End(A(N*))ver, (1.14)
The following formula was proved in [B1, Theorem 3.10].

THEOREM 1.4. The following identity holds

ulPVY|?

1 2m
Bl = =33, (Vo + HKRMY, D) + =
1

+./us +Y \/_ Y 2(APY) + L Tr[RM] + RAV. (1.15)

DEFINITION 1.5. For xeB, let ¢, (resp. #2) be the vector space of
smooth (resp. square integrable) sections of A(N*) ® A(N*) over Mg..

As explained in [B1, Section 3], #Z, lies in (A(T§B) ® End(#))e.
Let Ny be the number operator of A(N¥), i.e. Ny act on A’(N*) by
multiplication by p.

(b) The heat kernel associated to exp(— B2 + bNy)

For beC, let P}%(Y, Y') (xe B, Y, Y’ € My,) be the smooth kernel associated
to the operator exp(— %2, + bNy), calculated with respect to the volume
dv UM

to [B1, Sectlon 4(a)].
If s is a bounded smooth section of (A(T£B) ® A(N*) ®A(N*))x over
Mg,

element . For the existence and uniqueness of PX%(Y, Y’), we refer

duy(Y")

(_ZW. (1.16)

exp(—BL. + bNp)s(Y) = j PXYY, Y)s(Y")
Mg

If Y, Y'e Mg, then P¥¥(Y, Y')e(A(T£B) ® End(A(N *) ® A(N*)ye".

THEOREM 1.6. For any u> 0, A >0, and any multiindices o, o, there exist
C>0,C >0,C"> 0 such that for xeB, |b| < A, Y, Y eMg,,
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oo+t
Ia Yoy

P, Y')\

IPXY — V)

<Cexp{ 5

+ C'(IPLY|+|PLY')—-C"(IPY |* + IP”Y’IZ)}-
(1.17)

Proof. In the sequel, the constants C > 0, C' > 0 may vary from line to line.
For Y, Y'e Mg, let Qi y, be the probability law on %([0, 1]; Mg,) of the
Brownian bridge Y,, with Y, =Y, Y, = Y’, [Sil, p. 40]. Let E2"" be the
corresponding expectation operator. Under Q y:), consider the differential
equation

dUu, N —u .
= — — Y " XAPLY) — RMNY
dr Ut[ \/I;S \/5 C( ) +bNH:|,

Uy,=1. (1.18)
Clearly, for a given u > 0, there exist C > 0, C’ > 0 such that for |b| < A4,

1
Ul < C exp {C’ J |PLY| dt}. (1.19)
0

Then by using It6’s formula and by proceeding as in [B1, proof of Theorem
4.1], we get the formula in [B1, Eq. (4.11)],

—Y 2 1 1
PXY(Y, Y') = exp <— i—z———l—> EQr1) [exp {5 f (RMY,dY)
0
u ' Ny 1 M
) |PYY)|* dt =5 Tr[RY]; U, (1.20)
0
By (1.20) and by Cauchy-Schwarz’s inequality, we obtain,

Y- Y
PEY(Y, Y < C exp <— '——')

2
1 (! ’
{EQ(Y.Y’) |: exp {5 J {RMY, dY}} :I
]

1 1 12
EQu.r) [exp <—u J [PYY)? dt + 2C f |PLY| dl)]} . (1.21)
0 0
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Now using the fact that R™ is a 2-form, so that the power series for

exp {% Ll {RMY, dY)}

contains only a finite number of terms, following [B1, Eq. (4.17)], we find that
there exist peN, C > 0 such that,

1
EQ1 [ exp {l f {RMY, dY}}
2 0
Under Qy .y, PLY and PYY are independent. Therefore,
1 1
EC0 [exp {—u j [PYY|? dt + 2C j |PLY| dt}]
0 [0}
1
= EQuv.r |:exp {_u f |PNY|2 dt}]
0
1
E@rr [exp {20 f IPLY] dt}]. (1.23)
0

By [GlJ, Theorem 1.5.10], we know that

1 2u)1/2 n P¥Y — Y)|?
el o el ) (25

(Qu)'/? 12\ DNV 12 L | DN v/2 N
P A PY "2y _ Y P'Y’ '
exp{ 5 sinh(2u”2) (COSh(Zu )(| |2+ |P Yl ) 2(PVY, >)

2
] < CA +]YPP+]Y']). (1.22)

(1.24)
Using (1.24), we get,
1 PN Y —-Y 2
EQw.r) [exp {_u J |PN le}] < C exp <|_(__i___).|_>
0
(2u)'? 1/2 Ny (2 Ny2
exp § — 5 — tanh(2u)""2/2((PY [* + [P¥Y'?) . (1.25)

By [IMK, p. 27], we know that

1
EQvryy [exp {ZC' J |PLyY| dt}] <C”. (1.26)

[
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By [Sil, p. 41], under Qprypryy, the probability law of te[0,1] - Y =
(1 — )PLY + tPLY’ + Y, is exactly Q .y, From (1.26), we deduce,

1
EQwr [exp {20 J |PLY] dt}] < C” exp{2C(IPLY| + |PLY'))}. (1.27)
0

By (1.21)-(1.27), we find that there exist C > 0, C’ > 0, C” > 0 such that

|P3H(Y, Y)
PYY —Y")?
< Cexp {—l__(_—)l

> + C'(|IPLY| + |PLY') — C"(PVY|? + |PNY’|2)}.

(1.28)

Then (1.28) coincides with (1.17) for a =0, o’ = 0.

For general a, o, as in [B1, proof of Theorem 4.1], one can use the Malliavin
calculus [Ma], [B2] to obtain the bound (1.17) in full generality. This is
especially easy here, because we are dealing with a flat Brownian motion. [

In the sequel, we use the notation

PAY, Y') = PE(Y, Y')lp=o- 1.29)

2. Equivariant short exact sequences and generalized supertraces

In this section, we consider an equivariant short exact sequence of holo-
morphic Hermitian vector bundles, i.e. a short exact sequence equipped
with a parallel unitary chain map g. Then, by extending our work in [B1,
Section 4], we define a generalized supertrace Tr,[g exp(— 22)], which is a
smooth closed form on B. The form Tr,[g exp(—%2)] is called a general-
ized supertrace because, in general, g exp(—£%2) is not fibrewise trace class.
The case where g = 1, which is from a certain point of view the most exotic,
was considered in detail in [B1].

We prove the double transgression formulas (0.5), which are the obvious
analogues of [BGS1, Theorem 1.15], [BGS2, Theorem 2.9], [B1, Theorem
4.6].

This section is organized as follows. In (a), we introduce the action of g
on the short exact sequence. In (b), we construct the generalized super-
traces. In (c), we establish our double transgression formulas.

We make the same assumptions and we use the same notation as in
Section 1.
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(a) Equivariant short exact sequences and the Levi-Civita superconnection

Let g be a smooth section of End(M), which preserves L. Then ¢ acts
naturally on L and N.

We assume that g is an isometry of M, which is parallel with respect to
the connection V™. Then ¢ also acts as an isometry of L and N, which is
parallel with respect to the connections VX and V.

Let €®,...,¢"% (0 <0,,...,0,<2n) be the distinct eigenvalues of g
acting on L, M, N. Since ¢ is parallel, these eigenvalues are locally constant.
Clearly E splits holomorphically as an orthogonal sum of complexes E%,
with

E%:0—> L% - M% - N% - Q, 2.1

and ¢ acts on E% by multiplication by e"®. Moreover M% inherits the
metric ®” induced by ™ on M®.

For 1 €j < g, let Q% be the projection operator E — E%,

Let E®! be the direct sum of the complexes E%’s associated to the nonzero
0;s. The complex E%* can be written in the form

E%L:0 > L% 5 ML 5 NOL 0. (2.2)
Moreover
E = E°@® E%*. (2.3)

Then to each E%, we can associate the objects which we associated before to
E itself. They will be denoted with the superscript 6;.
In particular, for u > 0,

q
B, =), QV*BY,
1
q
B2 = Z QO* 85>, 2.4
1

If Ye My, we write Y = X Y%, Y% = Q%Y. Then using (1.15), we obtain

q
PEAY, YY) = @@ Pir(Y*s, Y'%), 25)

i=1

Of course, the P%**’s verify bounds similar to (1.17).
When necessary, we will also introduce the objects naturally associated to
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E° or E°*, which will be denoted with the superscript 0 or 0, L. In particular,

POASHY, Y) = Q) PUYY% Y, X, Y e MR, (26)

0;%0
Let Ny, Ny be the number operators of A(M *), A(N*). Then N, N act on
AP(M *), A%(N*) by multiplication by p, q. Similarly for 1 < j < g, we introduce

the number operators NY%, Ny acting on A(M%*), A(N%¥),
Then g acts naturally as an algebra homomorphism on A(M *) and A(N*).

0,

Clearly g acts on A(M%*), A(N°*) as the operator ¥, e=0Ni_Then g acts
on A(M *) ® A(N*) as the operator & ==t 0Ny =Ni),

Clearly g acts on A(TEB) ® AMM*) @ A(N*) as 1 ® g. If hel, let ghel be
given by

(gh(Y) = gh(g™'Y). 2.7
Also exp(— %2 + bNy) acts on

ATEB)® I = AI*) @ A(TEB) ® J as 1 ® exp(— B2 + bNy),
and the corresponding kernel is still given by Py%(Y, Y') (Y, Y’ € Mg,).

Then the operator g exp(—%2 + bNy) acts on A(T§B) ® I, and its kernel
(gPu°XY, Y') is given by,

@Pu°XY, Y') = gPiYg ™'Y, Y'). (2.8)

By Theorem 1.6, we get,

IP3Yg™'Y, Y) < C exp{—3l(g~ ' —=DP'Y|?+2C|P"Y|-2C"|PYYP}.  (29)

Also M%* and N° are mutually orthogonal in M. It follows from (2.9) that
there exists C > 0, C' > 0 such that if xe B, Ye MY+ @ N3, then

[PXYg~'Y, Y)| < C exp(—C'|Y|?). (2.10)
By applying (2.10) to the P%*"’s, we find that

|P2*g ™'Y, Y) < Cexp(—C'IYI?), YeNR,,
|PZ*g ™'Y, Y) < C exp(=C'|Y]), 8;# 0, Ye ME.. (211)

Now g acts on A(L%+*) ® A(N*) ® A(N*) and so g acts on

A(TEB) ® ALOH*) ® A(N*) ® A(N*).
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Similarly P7®(Y, Y’) acts on the same bundle (in fact it acts trivially on
A(L®**)). Therefore

9PN ™'Y, V) €(A(TEB) @ End(A(L*+*) @ AN*) @ AN#)5".

Let Tr,[gP3%g ™'Y, Y)] € A(TEB) be the corresponding supertrace. We define
in the same way Tr,[NygPi(g~'Y, Y)].

Let us apply the previous considerations to the E%’s. First, if 6, = 0, then
POx¥(Y, Y') lies in (A(T%B) ® End(A(N°*) ® A(N°*)))%". So we can define
Tr,[P2=X(Y, Y)] and Tr,[NZPYX(Y, Y)], (Y e MR,), which lie in A(TB),. For
0, # 0, gPY*¥g=1Y, Y)e(A(TB) ® End(A(M®*) @ A(N®*))5ren | Therefore,
we can define the supertraces Tr,[gP%*%g~'Y, Y)] and

Tr,[NQYgPo=bg=1Y, ¥)] (YeM¥),

which lie in A***(T{B).
Using (2.5), we see that,

q
Tr,[gPi"g ™'Y, V)1 = [] Tr,[gPir*"g™' Y%, Y*)], (212

j=1

q
Tr,[NgPilg™'Y, V)] = Y Tr,[gPi*(g~'Y®, Y*)]

j=1
T [Pl (g™ YO, YO )] Tr[NHgPu (g™ Y%, Y*)]
... Tr,[gP%(g~ 1Y%, Y%4)].

(b) Equivariant generalized supertraces

Let dvpien, be the obvious volume element on the fibres of M 5 ® N, In view
of (2.10), we are now entitled to set the following definition, which extends [B1,
Definition 4.4].

DEFINITION 2.1. For u > 0, set

- dopgor o( Y)
z = x,b, 1 MO @®N
Tr,[g exp(—%:+bNy)], = JM%&@ " Tr,[gP3%g ™'Y, Y)] 2 = Licke Y
Tr[Nygexp(—B2)].
- duyo oY)
_ -1 MOL@N
_JMMN%‘ Tr[NygPilg™ 'Y, Y)] (2 MO+ dim N (2.13)

Then Tr[gexp(—%2%+bNyg)] and Tr,[Nygexp(—%2)] are smooth even
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forms on B. Of course, we define in the same way the forms

Tr,[g exp(..gng,l + bN?})] and Trs[Ngl"g exp(_g?‘j,Z)].

REMARK 2.2. As in [B1, Section 4(d)], we observe that the operators
g exp[ — B2 + bNy)] are not trace class, except when L = {0}. So the super-
traces in (2.12) are only generalized supertraces.

PROPOSITION 2.3. The following identities hold,

q
Tr,[g exp(— B2 + bNy)] = [ Tr,[g exp(—%%* + bN})],

ji=1
Tr, [Ny exp(—22)] = 3, T Tr,[g expl—#%2)] Tr,[NYg exp(— B52)].
j=1k#j

(2.14)

Proof. Proposition 2.3 follows from (2.12). O

DEFINITION 2.4. Let P2 be the vector space of smooth forms on B which are
sums of forms of type (p, p). Let P° be the vector space of forms ae P? such
that there exist smooth forms g,y with y = 8 + 0y.

(c) Double transgression formulas for generalized supertraces

Now we prove an extension of [B1, Theorem 4.6].

THEOREM 2.5. For beC and u > 0, the forms Tr,[gexp(—%2+bNy)] and
Tr,[Nygexp(—2£2)] lie in P. The forms Tr [g exp(—%2)] are closed, and their
cohomology class does not depend on u > 0. More precisely,

0, 00 (0
- Tr,[gexp(—23)] = — = Tr,[gexp(— & + bNp)lp=o- (2.15)
ou u |0b
Also,
2 a 2
Tr[Nyg exp(—2.)] = T Trilexp(—2, + bNy)lp=0- (2.16)

Proof. By Proposition 2.3, we only need to prove our theorem when E = E,
i.e. when g acts on M by multiplication by ¢? (0 < § < 2n). When 6 = 0, our
theorem was already proved in [B1, Theorem 4.6]. So we may and we will
assume that 870, 2x[.

First, we proved as in [BGS1, proof of Theorem 1.9]. We define the total
grading on A(M *), A(N*) by the operator N, — Ny,.
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IfY=y+7y YeMg, ye M, then

V\/"; S(APYY) = /=1 (i gpry — i%pry). (2.17)

As an element of A(T*B)@)Hom(L N), AP is of complex type (1,0). So
ispy€ANTEB) ® End(A(M *) ® A(N*)) is of complex type (1, 0) and increases
the total degree in A(M *) ® A(N¥*) by 1. Similarly i% ApLy is a 1 form of complex
type (0, 1), which decreases the total degree in A(M *) ® A(N*) by 1. Also [B1,
Eq. (1.26)] or a direct computation show that S preserves the total degree in
AM *) ® A(N*).

Let Nz, Ny be the number operators of A(T*!"®B), A(T*©VB). Using
Theorem 1.4, the previous consideration show that for aeR,

N Ni( B2 —pNp)e ~Nv =N = X Na=Na( B2 _pN y)e~Na=Nn), (2.18)
Also, if we identify ¢ with its action on A(M *) ® A(N*), then
Ny =N ge=aNy=N) — ¢ (2.19)
From (2.18), (2.19), we deduce that
e*Nv— "’gP" ”(g ly, Y)e—z(Ny Ny — e"N"‘N"’gPﬁ'b(g‘ ly, Y)efi(Na*Nn)‘ (2.20)
Since by [Q1], Tr, vanishes on supercommutators, we deduce from (2.20) that
Tr,[gPig ™'Y, Y)] = €M=Y T [gPi%g ™'Y, Y)]. (2:21)

From (2.21), we see that Tr,[gP>%g~'Y, Y)] is a sum of forms of type (p, p). It
is now clear that Tr,[g exp(— %2 +bNy)] lies in P2,

Take xe B, and let ¥~ be an open neighborhood of x, which is holomorphi-
cally equivalent to an open ball in C* with 0 representing x.

Then the exterior algebra A(T¥B) is canonically trivialized on 7". Let
leR — x,€C* be a straight line, with x, = x. We trivialize the vector bundle
M along the line x, by parallel transport with respect to the connection VM. Of
course this trivialization preserves the volume element dv,,. Similarly, we
trivialize the vector bundle I along the line x, using the connection V, so that
I,, is identified with I,. . The operator %2, now acts on the fixed vector space
(MTEB) ® I),.. Under this trivialization, g acts as a constant operator.

Fors > 0,let P; (Y, Y') (Y, Y' e Myg,) be the smooth kernel associated to the
operator exp(—s#32.). Of course PX (Y, Y') = PXY, Y’). For the existence and
uniqueness of P (Y, Y’'), we refer to [B1, Section 4(a)]. Then by using
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Duhamel’s formula as in [B1, Eq. (4.38)], we see that if Y, Y'e My,

a 1 agZ "
SR Y) = —| ds | paevy) Dy, y) Sl
o o JMu o " Y )
From (2.22), we deduce,

1
dTrs[g exp(_gf)]x= _J dsJ Trs[ngch,s(g— ! Y’ Y,)

0 Mg X Mg .

do, (Y’ Y
X [V, 2P (Y, V)] o V) doulY) 023

(21[)dim M (2n)dim M*

Of course, obvious analogues of the bounds (1.17) for the kernels P} (Y, Y’)
and the fact that 070, 2n[ guarantee that the integral in the right-hand side
of (2.23) makes sense.

Set
«(RMY)

2/2

Then one has the trivial relation

o, =DM + JuV(P'Y) —

[«,,9]=0. (2.24)

Also by the same method as in (2.22), we find that

1 dUM( YI/)

(2.25)

[, PAXY, Y) = —J

dSJ P Y, Yot ,, BEIP 1 -(Y", Y')
0 Mg

So if (gPI)Y, Y') = gPXy ™'Y, Y’) is the kernel of g exp(—2%2), we deduce from
(2.24), (2.25),

[ (gPIIY, Y)

duy(Y)

1
=—1|d Pig 'Y, YL, BEPs - (YY) —s - 2.26
Jo sthg g7 Yt BPL YY) G (226)

Take ¢ > 0. Let Q(Y, Y'Y, Y € Mg,) be a bounded smooth kernel acting on
(A(TEB) ® A(M*) ® A(N*)),, which vanishes for |Y —Y’| > & Then using the
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bound (1.17), we see that there exists C > 0 such that

2
0(Y, Y)gPXg™ "Y', V)| < Cliy_yc0 exp (— %)

9P ™% Y)Q(Y', V) < Cliy_y<,exp (— T). (2.27)
From (2.27) and from the fact that Tr, vanishes on supercommutators [Q1],
we get

dup(Y)

=

JM Tr [[Q, (gPDI(Y, V)] 0. (2.28)

Using the bounds (1.17) for the derivatives of P}(Y, Y’) and approximating ./,
by a sequence of smooth kernels having the support property described before,
we get

. doy(Y)
JMM Tr,[[,,(gP)I(Y, Y)] 2y = 0. (2.29)
Clearly,
B, =V + o, (2.30)

Since [48,, #%] = 0, we deduce from (2.30),

V!, 821 = — [/ .. 2] (2.31)
Using (2.23), (2.26), (2.29), (2.31), we get,

d Tr,[gexp(—£2)] = 0. (2.32)

Now we replace the manifold B by B xR*. The exact sequence E lifts to
B x R*, and g also lifts. The superconnection 4, is replaced by %, given by

B,=RB,+du i
du
Clearly
0
BE=RB2+du— B,. (2.33)

ou
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As in [B1, proof of Theorem 4.6], although B x R% is not a complex manifold,
we can reproduce for B x R% what has been done for 4,,. By (2.32), (2.33), we
get,

dTr, [g exp (—Q,f —du a?;")] =0. (2.39)

The form

0
—B:—du— 2
Tr, |:g exp ( B U~ “>:|

can be written in the form,

Tr, [g exp (—%f —du (’)_i 93,,)} = Tr,[g exp(—%2)] + du «,. (2.35)

Using (2.34), (2.35), it is clear that the cohomology class of the forms
Tr,[g exp(— #2%)] does not vary with u > 0. More precisely,

5% Tr,[g exp(—2%2)] = da,. (2.36)

The form o, can be calculated using Duhamel’s formula. We get,

1 - . 0%, ,
Uy = — ds Tl's gP,’f’S(g Y, Y) _ P:,l—-s(y s Y)
’ 0 My X Mg Ou

doy(Y) duy(Y))
(2n)dim M (2n)dim M-*

Equivalently,

-1 ! _ N Sy . x ,
Oy x = J dsj Tfs[gpfs(g ! Y; Y ) -1 (lP"'y'—l;"y')Pu,l —s(Y s Y)]
2/ u 0 My X Mg

o oy (Y) doy (Y
(zn)dim M (2n)dim M

(2.37)

Now we will prove (2.15). Let PX2(Y, Y’) be the smooth kernel associated to
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exp(— A2 . +bNpy). The analogue of (2.23) is,
d Tr,[g exp(—A: +bNy)],
1
= —J ds J Tr,[gPi(g™ 'Y, V)V, B2IP3: (Y, Y)]
0 Mg X Mg

dopy(Y) doy(Y)

(27[)dim M (2n)dim M* (238)
We rewrite (2.31) in the form,
[V!, 82] = —[/,, B — bNy] — b/u[V(PYY), N]. (239)

By proceeding as in (2.23)—(2.32) and using (2.38), (2.39), we get,
d Tr,[g exp(—Bi +bNy)],
1
= j de Tr,[gPxXg ™'Y, Y)by/u[V(PYY), Ny1PEt (Y, Y)]
0 Mg X Mg

duy(Y) doy(Y')
(2n)dim M (zn)dim M:

(2.40)

Also,

[V(PYY'), Nyl = /= 1L(ipy + i%,). (2.41)

By (2.40), (2.41), we obtain,

d 6% Tr,[g exp(— %2 +bNy)] s-0

1
= Ju J dsJ Tr,[gP5s(g ™" Y, Y/ = Llips, + iy )Pis (Y, V)]
0 Mg x Mg«

doy (Y) duy(Y")
(zn)dim M (2n)dim M:

(2.42)

By using the degree counting arguments of [BGS1, proof of Theorem 1.9],
or the arguments in (2.17), (2.21), we deduce from (2.42),
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d
0 Trlg exp(—Bi +bNyls=o

doy(Y) dvy(Y')
(2n)dim M (2n)dim M>

1
_Ja f dsTr,[gPL(9™ Y, Y/ =1 ity Piy—o(Y', V)]
0
=9 "
0 % Tr,[g exp(— %, +bNy)ly=-0

dop(Y) dvp(Y')
(zn)dim M (2n)dim M:*

(2.43)

1
=/u j dsTr[gPis(g™ 'Y, Y/ = Lipn Py —(Y', V)]
0

From (2.37), (2.43), we get,
—i(a—ﬁ)iTr[ xp(—B% +bNy)] 2.44)
= T w O e=o- (@

Using (2.36), (2.44), we obtain (2.15).

Finally (2.16) can be proved easily by the same method as before. Since
0€1]0, 2x[, the proof is in fact much simpler as in [B1, proof of Theorem 4.6],
where the case § = 0 was considered.

The proof of Theorem 2.5 is completed. O

3. The asymptotics as u — 0 of the generalized supertraces

We make the same assumptions and we use the same notation as in Section
2. The purpose of this section is to calculate the asymptotics as u — 0 of the
generalized supertraces.

For 1 <j< g, let K™ be the restriction of i to M%. Let V™" be the
holomorphic Hermitian connection on (M%,h™”) and let R™* be its
curvature. Of course, VM”, RM” are the restrictions of VM, RM to MY%.

Recall that if A4 is a (g, g) matrix,

A
Td(A4) = det <1 - e-A)' (3.1)

Set

e(A) = det(A). 3.2)
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The genera associated to Td and e are the Todd genus and the maximal
Chern class.

DEFINITION 3.1. Set

RM? Td RM”
T M = _— —_— —_ ] .
d (M, h™) = Td ( o ) 0JIJO ( . )( S+ 0,),

RM° Td RM”
M — . — _— 6 .
Td, (M, h ,b)—Td( —2m+b) I ( )( +19J+b),

0;#0 \ © 2in

(Td; 'Y(M, h™) = a_ab Td, '(M, h™, b)y=o. (3.3)

We define the corresponding objects attached to (L, h%), (N, ¢g¥) in the
same way.

Clearly, the forms in (3.3) are closed and lie in P2,

If (w,)uz0 1s a family of smooth forms on B, we will write that as u — 0,

w, = Wy + @(u)a

if for any ke N, the sup of the norm of w, — @, and its derivatives of order
<k can be dominated by Cu for u < 1.

Let ¢ be the map from A®**"(T¥B) into itself: o — ((2im) ™98 */2q.

Now, we prove an extension of [B1, Theorem 4.8].

THEOREM 3.2. 4s u— 0,

¢ Tr,[exp(— A% +bNy)] = Td (M, h¥™) Td, (N, h¥, —b)+ O(u). (3.4
In particular, as u — 0,

@ Tr,[exp(—22)] = Td,(M, h™) Td; (N, h")+ O(u),

0 -1y
? 3 Tr,[exp(— %2 +bNy)lp—0 = —Td,(M, h™)(Td; ') (N, h")+O(u).

(3.5)

Proof. By Proposition 2.3, it is clear that to prove (3.4), we may as well
assume that E = E’ i.e. g acts on E by multiplication by ¢” (0 < 6 < 2n).
If 6 = 0, our theorem was already proved in [B1, Theorem 4.8]. So, we may
and we will assume that 0 < 6 < 2m.

Observe first that Tr,[gexp(—%2)], Tr,[Nygexp(—2%2)] also make
sense for u = 0. In fact from (1.21), we deduce that there exists C > 0 such
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that if 0 <u<1,|b| <A, Y, YeMyg,,

Y—Y)?
'Pi’b(Y, Y) < Cexp <— —I I ) {EQ(Y.Y') [

1 1 M 2
2) oo o
1 1/2
x EQu.v) [exp <2C’ J |[PLY|dt >]} ) (3.6)
0

Using (1.22), (1.27), (3.6), we see that there exist C > 0, C' > 0, pe N such that
forO<u<l, Y,YeMg,

Y—v/?

IPAY, Y)| < C exp (— + C’(IPLYI+IPLY’I)) (L+Y[P+[Y']P).

(3.7)

From (3.7) we deduce thatfor0<u <1, Ye Mg,

g™ =DYP?

IPEgT LYY < C exp< >

+ 2C’|PLY|> (1+2|Y]7). (3.8)

So by (3.8), we see that Tr,[gexp(—2Z+bNy)] can be defined as in (2.13) for
u = 0. Also from (3.8), we deduce easily that as u — 0,

o Tr [g exp(— B2 +bNy)] = ¢ Tr,[g exp(—B%+bNy)]+ O(u). 3.9
Set
1 2m
o = =5 % (Ve + JRMY, ) + $ TA[RM] (3.10)
1

Let pX(Y, Y'XY, Y e Mg ) be the smooth kernel associated to exp(—./,).
By Theorem 1.4, we get,

B = o/ + RMY, (3.11)
From (3.11), we deduce
PEAY, Y') = exp(— R + bNp)p (Y, Y'). (3.12)

So using (3.12), we get,
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Tr,[g exp(— 23 +bNy)]

= Tr,[g exp(—R*" + bNp)] JM Pl 'Y Y) ((21—;)[;%(% (3.13)

Clearly

Tr,[g exp(—RM¥)+ bNy)]=Tr M [¢g] Tr2¥)[g exp(— R ¥ + bNp)].
(3.14)

From (3.14), we obtain,
Tr,[g exp(—R*™) +bN )] =(1 — )%™ ™ det(1 —exp(RY —if + b)). (3.15)

Let CeEnd(M) be skew-adjoint. We identify C with the corresponding
antisymmetric element in End(My). Set

2m
A= =23 (Vo + KCYed) +4Tr(C) (3.16)
1

Let x,,...,x,, be the eigenvalues of CeEnd(M). Assume that sup|x;| < 2.
Then by [B1, Eq. (6.37)], which itself relies on Mehler’s formula, the smooth
kernel (Y, Y’) associated to exp(— A) is given by

tanh(C/2)
1 c/2 R C/2 2 ,
-z<m”>+<me””>}‘ G417

From (3.17), we deduce,

4%, Y) = Td(—C) exp {—% <—C—/2* Y, Y>

c/2

alg™'Y, Y)=Td(—C) exp {—(M

(cosh(C/2)—e g~ 1YY, Y>}
(3.18)
As before we identify the skew-adjoint i0e End(M) to the corresponding

antisymmetic element of End(My). Then one has the obvious,

C envu\ | CP2 B
<m 1Y, y> — <——_Sm heT coshC—io)y Y>. (3.19)
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Also
0 .
cosh(C/2) — cosh(C/2 — if) = 2 sin <§) i sinh (C . ’9>. (3.20)
From (3.17)-(3.20), if sup [x;| < 6, we get
_ dU (Y e-l/ZTr[C]
JM vy (2n;f**m’)" = . c—ib\\
R (2i sinh(6/2))%™ M det,, <2 sinh ( 5 >>
(3.21)
From (3.13), (3.15), (3.21), replacing formally C by RM, we obtain
@ Tr,[exp(—B5+bNy)] = Td, (M, k™) Td, (N, h¥, —b). (3.22)

Then (3.4) follows from (3.9), (3.22). Equation (3.5) follows from (3.4). The
proof of Theorem 3.2 is completed. O

4. The function o(#, n, x) and the associated traces in finite and infinite
dimension

The main result of [B1] was expressed in terms of certain additive genera
attached to the function

4 Jx:+ 4 - o x2
o(u, x)=;sinh (M) sinh< XF X +4u)'

4 4

In our more general equivariant situation, our main result will be expressed
in terms of the more complicated function o(u, 1, x),

-2 N 2 4 _ 2 > 7
o(u, ﬂ,x)=4sinh<x n+\/m>sinh< X+ ”+\/m>_

4 4

In this section, we show that:

1. a(u, i0, x) can be expressed as an infinite product, or more precisely as
the determinant of a differential operator over S, .

2. o(u, n,x) appears naturally in the explicit computation of certain
supertraces on Clifford algebras, or in the evaluation of the trace of a
harmonic oscilator.
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The results of the section extend the result of [B1, Section 6].

This section is organized as follows. In (a), we give various properties of
the function o(u, 1, x). In (b), we introduce the corresponding multiplicative
genus Z. In (c), we show that ¥ appears explicitly in the evaluation of
certain finite dimensional supertraces. In (d), we obtain a similar result for
the trace of the heat kernel of an harmonic oscillator. In Remark 4.8, we
give a group theoretic interpretation of the similarity of these two calcula-
tions. This uses results of [B1, Section 1] and also a simple extension to
our approach [B3] of the infinitesimal Lefschetz formulas.

Except for occasional reference to [B1], this section is self-contained.

(a) The function a(u, n,x)

If ze C, \/E denotes an arbitrary (but fixed) square root of z. Our results

do not depend on the choice of \/;
Recall that for ueC, xeC, the function ¢(u, x) was defined in [BI,
Definition 6.1] by the formula

N, —x+ /X214
o, x) = 2 sinh <f_+__ﬂ__'£> sinh( XX ”). 4.1
u

4 4

DEFINITION 4.1. For ueC, neC, xe(, set

—2n+./x*+4 —x+2n+./x*+4
o(u, n, x) = 4 sinh (x ’7+4 Xt u) sinh< X+ '7‘; Xt u).
(4.2)
Clearly
o(u, 0, x
o, x) = —(T)— (4.3)

Also a(u, if, x) is a periodic function of 8 with period 27.
In the sequel, we will often meet infinite product I1,. a,, or infinite sums
>ezb,, with the following conventions,

+n
[Tax= lim ] a,

keZ no o = —p

S b= lim 3 b, (44)

keZ n>+ o p=_p
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The right-hand sides of (4.4) will in fact converge unambiguously.

PROPOSITION 4.2. For ueC, 0eC, xeC, the following identity holds

2km)? +i 2k
o(u, i6, x) = (0% +i6x+u) [] ((0+ kn)” + 40 + 2km)x +u ) (4.5)
ez 4k*n
If 0¢2nZ, (4.5) can be written in the form
o(u, 0, x) = 4 sin? (2 M1+ 4 4 (4.6)
R 2) 0 +2kn (0 + 2km)? )" '
Proof. We use the formula
sinh() =y T] (1+-2)(1-2 4.7)
=y i=1 kn kr) '
Set z = x — 2i6. Using (4.7), we get
2_ .2 +o 2
o, i6, x) = 5L T4 ( Lt <_+__ x/x+4u>)
4 Ke1 4km
w141 (7= x2 4 4u - z4./x2+4u
: akn ‘T 4k
w1 (7= x*+4u
4kn
X222 +4u 1T 1+i_z 2 x?+4u
P 4kn) 16k
«((1 iz \? + x2+4u
4k 4k*n?
o xP=Z22+du TY L x?—z2+4y
g UUTay 16k 72
iz x*—z*4+4u
|- FxmE ey 48
X( 2kn 16k ) “8)
Now for z = x — 2i6,
2 _ 2 4
R e = BT R 4.9)

4
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and for ke Z*,

iz  x>—z2+4u (0 +2kn)’ 4+ i(6 + 2kn)x +u

Y St ek K (4.10)
Using (4.8)—(4.10), we get (4.5). From (4.5), (4.7), we obtain (4.6). O
PROPOSITION 4.3. IfueR, 6eR, yeR, if —y?> + 4u > 0, then

a(u, i0,iy) > 0. 4.11)

Proof. By (4.2),

Tv—1 /42 . . _ 2 4
o(u, i6, iy)=4 sinh <ly 2i0+ 4 +4u) sinh( iy+2i0+/ —y" + u>.

4 4

4.12)
Using (4.12), it follows that if —y? + 4u > 0, then (4.11) holds. O

(b) The multiplicative genus associated to o

Let E be a complex Hermitian vector space of dimension n.

Let Be End(E) be skew-adjoint. Let if,,...,i0, (8,,...,0,€R) be the
eigenvalues of B.

As we saw in Proposition 4.2, o(u,n,x) is a holomorphic function
of u,0,x. Therefore if CeEnd(E) commutes with B, for ueC,
o(u, B, C) € End(E) is unambiguously defined.

DEFINITION 44. If ueC, if Ce End(E) commutes with B, set
> (u, B, C) = detg(o(u, B, C)). (4.13)

If C is diagonalizable, if x,, ..., x, are the eigenvalues of C corresponding
to i0,,...,i0,, then

n

Y (u, B,C) =[] o(u, i6;, x)). (4.14)
ji=1

Set

Kg = Ly([0, 1]; E). (4.15)

Equivalently,

Kg=L,[0,11;C) ®E.
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We identify [0, 1[ with S; = R/Z. In particular the operator J = d/dt acts
naturally on distributions on S,. The eigenspace decomposition of K with
respect to J is given by

KE — @{eZiﬂ:kt} ® E.

keZ

If Ce End(E), C acts naturally on K. Set
Jg=J + B. (4.16)

Then Jg acts as a skew-adjoint operator on K.

Assume that 0,,...,0,, do not lie in 2zZ. Then the operator Jy is
invertible.

Take Ce End(E). Since, in general, CJz! + uJg? is not trace class, the
operator 1 — CJz! — uJz? does not possess a determinant in the sense of
[Si2]. Still it has a normalized determinant. Namely set

detg (1—CJg' —uJg?)=]]detg(1 — CQink + B)~' —u(2ink + B)?).
keZ

4.17)
Due to our conventions in (4.4), the product in the right-hand side of (4.17)
converges unambiguously.

By (4.6), (4.13), (4.17), if 0,,...,0, do not liec in 2nZ, if CeEnd(E)
commutes with B,

Y (u, B, C) = dety (4 sinh (g) sinh < ?.B)) dety 1—CJg' —uJg?).
(4.18)

By Proposition 4.3, we see that if C is skew-adjoint, and if C* + 4u > 0,
then

Y (u, B, C) > 0. (4.19)

(c) A computation of certain finite dimensional supertraces

Let e,,...,e,, be an orthonormal base of Eg. Set

S =>5— 22 cle)é(e)). (4.20)

1
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Then S acts on A(E*) ® A(E*). o
Let Be End(E) be skew-adjoint. Let BMEV®AE) be the natural action of
B on A(E*) ® A(E*). Then one verifies easily that

[BMEN®AE) ST = 0. (4.21)

Let C € End(E) commuting with B. Let CMEY be the action of C on A(E*).
Then CMEY acts like 1 ® CMEY on A(E*) ® A(E¥).

For u >0, exp(BMEN®AEY _ \/;S — CMNEY) acts on A(E*) ® A(E*®).
Then one can calculate the corresponding supertrace.

We prove the following extension of [B1, Theorem 6.4].

THEOREM 4.5. The following identity holds,
Tr, [exp(BNEV®ME) __ fuS— CNEV)] = ¥ (u, B, C) exp{3 Tre[C). (4.22)

Proof. Let % be the Lie algebra of the skew-adjoint endomorphisms of E
commuting with B. We may and we will assume that Ce %, the extension
of (4.22) to a general C commuting with B being obvious by analyticity. Set

¢ = %Z {Ce;, e;>c(e)C (e)). 4.23)
Then one has the trivial,
CMEY = ¢(C) — 3 Trg[C]. (4.24)

Consider the oriented vector space Ex @ Ex equipped with the scalar
product which is the direct sum of the obvious scalar products of Eg. Let
C(Er @ Eg) be the Clifford algebra of E;@Eg. Let F=F_ @ F_ be the
spinors of Ex @ Eg. Then F is a ¢(Ex @ Ey) Clifford module.

Let o/ be the algebra of antisymmetric elements in End(Ex @ Eg) ®x C.
Let fi,..., fa, be an orthonormal base of Ey @ Eg. If De .o/, the action
¢(D) of D on F is given by,

¢(D) =1y LCf, [RE(SES). (4.25)

Let De End(Eg @ Eg) given in matrix form by

Dz[ B \/‘“]. (426)
-/ —u

B-C

Clearly D € &. By the same argument as in [B1, proof of Theorem 6.4, Eq.
(6.21), (6.24)], we have the identity,
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Tr,[exp( BMEH & ME®) _ \/1; S — CMNEV)]
= (—1)timE exp{% Try[C]} Tr,[exp(¢ (D))]. 4.27)

Let 1 be an ecigenvalue of D associated to a nonzero eigenvector
(X, X')e Eqx @ Eg. Since B and C commute, we may as well assume that

BX = iX, BX =ifX', CX =xX. (4.28)
Then
B—-—HX+./—uX" =0, -/ —uX+B-C—-2)X"=0. (429

Assume that u # 0. Then X’ is nonzero. From (4.28), (4.29), we get

(i@ — ANi0 — 1 —x) —u) X' =0. (4.30)
By (4.30), we obtain,

A2+ (x —2i0)2 — 0% —xi@ —u=0. 4.31)

Conversely if (4.28), (4.29), (4.31) hold, then

<(B - C—- )X’ X’>
/_u ’

is an eigenvector of D associated to the eigenvalue A. By (4.31), we obtain

—x + 2i0 + \/(x — 2i0)* + 4(xi0 + 6* + u)

A= 3 (4.32)
Equivalently
_ i /x2 + 4
1= X + 200 + /x* + u. 4.33)

2

Let A be the set of eigenvalues 2 in (4.33).
Classically (see e.g. [B1, Eq. (5.6)]),

Tr,[exp(¢(D))] = [] 2 sinh(—4/2). 4.34)

AeA
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So from (4.33), (4.34), we obtain,

Tr,[exp(¢(D))]
_ [] 4 sinh (xf — 200, + /xj + 4“) sinh <xi —2i0, — /x + 4u>
1. 2 7 .
ji=1

(4.35)

Using (4.27), (4.35), for u # 0, we get

4

E*) R * * " . .—2i0; 2 4
Trs[exp(BA(E ) ® A(E )_\/Es_cA(E ))] — l—[ 4 sinh (x] 2101+‘/x, + u)

j=1

420+ /X% 4
xsinh( x,+2;9,: X+ “) exp{A Tr,[C1), (436)

which coincides with (4.22). By continuity, we see that (4.32) is also valid
foru=20.
The proof of Theorem 4.5 is completed. O

(d) A computation of the trace of a harmonic oscillator with a magnetic field

Let Ce End(E) be skew-adjoint. Let x4, ..., x, be the eigenvalues of C. Set
|C| = sup|x;]. We identify C with the corresponding element in End(Eg).
Let e,,...,e,, be an orthonormal base of Eg. For u = 0, set

12n

L, = — > Y (Ve + 3{CY, e;»)* + 3ulY|* + 3 Trg[C]. (4.37)
1

In [B1, Theorem 6.6], we stated incorrectly that for u > 0, if |C| < 2=,
then exp(—.%Z,) is trace class. First, we correct this statement.

THEOREM 4.6. If the self-adjoint element of End(E), C?+4u, is positive,
then exp(— %,) is trace class.
Proof. We proceed as in [B1, proof of Theorem 6.6]. Clearly

1 1 1//cC? 1
Zuz——A——ch+§<<T+u)XY>+§TrE[C:|- (4.38)

1. 1/(c?
— oA+ (= . 4.
M, 2A+2<<4 +u>Y,Y> (4.39)
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Then

Ly =M, ~3Vcy + 3 Trg[C]. (4.40)
Also since C is skew-adjoint,

[Vey, #,] =0. (4.41)

The operator €'2V<¥ is a unitary operator acting on L,(Eg;C) by the
formula

h— (e"2VeYh)Y) = h(e“*Y). (4.42)
By (4.42), we deduce that

e Yu=¢llPVevem A, (4.43)
Also if C? + 4u > 0, .4, is a harmonic oscillator, and so e~ % is trace class.

From (4.43), we deduce that if C? + 4u > 0, e~ % is trace class. O

Let now B be skew-adjoint in End(E). Set

g=eéb (4.44)
Then g acts as a unitary operator on L,(Eg; C) by the formula

he L,(Eg; C) > gh(Y) = h(g~'Y) e L,(Eg; C). (4.45)

By Theorem 4.6, if C2 + 4u is positive, g exp(—.%L,) is trace class.
Now we establish a result, which was proved in [B1, Theorem 6.6] when
B=0.

THEOREM 4.7. Assume that B and C commute. Then if C* + 4u is positive,

exp{—3 Trg[C1}

Trlg exp(—Z,)] = X(u, B, C)

(4.46)

Proof. We proceed as in [B1, proof of Theorem 6.6]. Let Q be the positive
square root of C?/4 + u. Let g,(Y, Y’) be the smooth kernel associated to the
operator exp(—.%,) with respect to the measure dvg/(2n)"™ E. Then

dug(Y)

W. 4.47)

Trlg exp(—Z)] = L q.97'Y, Y)
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By using Mehler’s formula as in [B1, Eq. (6.37), (6.38)], we get

N = e _l/e 1/ 0
9u¥, 1) = dety <sinh(Q)> exp { 2 <tanh(Q) Y Y> 2 <tanh(Q) r, Y>

Y 2y v\ 1

Since [B,C] =0, [B, Q] = 0. From (4.48), we obtain
a.(9"'Y, Y)

Q Q cn- 1
= detE <m> exXp { - <smh(Q) (COSh(Q) —e / B) Y, Y> - ETT[C]}
(4.49)

Since C/2 — B is skew-adjoint, as in [B1, Eq. (6.40)], we get,

Q Cc/2—
<sinh(Q) (cosh(Q) — &)Y, Y>
_/_ 9 _ _
_ <Sinh(Q) (cosh(Q) — cosh(C/2 — B)Y, Y>
_ Q .. [C—-2B+2Q) . —C+2B+2Q
=2 <sinh(Q) sinh ( 1 ) sinh <——21—> Y, Y>. (4.50)

By Proposition 4.3, if C* + 4u > 0, the self-adjoint operator

sinh (C—23+«/C2 + 4u> sinh (—C+ 2B + . /C? +4u>
4 4

is positive. Using (4.50), we obtain,

-1 dvE( Y)
Lﬂ q,(g"'YY) G E

exp{ =3 Trg[C]}

—2B+./C? —C+2B+./C?+4u\]
det, [4 sinh <C +./C +4u> sinh ( C+2B+ + u>]

4 4

(4.51)
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By (4.2), (4.13), (4.47), (4.51), we get (4.46). The proof of Theorem 4.7 is
completed. d

REMARK 4.8. As in [B1, Remark 6.7], we observe that the similarity of
formulas (4.22) and (4.46) is no accident. In effect by Theorems 4.5 and 4.7, we
obtain, for C skew-adjoint commuting with B and C2 + 4u > 0,

1 2n Y 2
T [g e {5 Y Waken ey - E - fus- oyl | -1
1
(4.52)

Equation (4.52) has a clear geometric interpretation. In fact, the Dolbeault
operator ¢ and theAinterior multiplication operator i, (y € E) act on the vector
space Q(Eg, A(E*) ® A(E*)) of smooth sections of A(E*) ® A(E*) on Eg. Let
0% and i¥ be the formal adjoints of 0% and i, with respect to the obvious
Hermitian product on Q(Eg, A(E*) ® A(E*)). The Lie derivative operator Lcy
also acts on Q(Eg, A(E*) ® A(E*)).

An obvious extension of a formula proved in [B3, Theorem 1.6] shows that
foru>0,

= . g 4 dCY)V?
_Lcy+<65+ —u1y+85—./—ut;‘-—2\/§)

— JuS — M 4 Tr[C]. (4.53)

ulY|?
2

1 2n
=5 2 (Ve tKCY, ) -
1

In fact (1.15) and (4.53) are directly related.

Now since g and C commute, inspection of the proof of [B3, Theorem 1.8]
shows that for C? + 4u > 0, the right-hand side of (4.53) is a non trivial
analytic expression for the Lefschetz numbers of ge™© acting on the L?
cohomology of the operator & +\/—_uiy. By [B1, Theorem 1.8], this L?
cohomology is canonically isomorphic to the cohomology of {0}, which is 1
dimensional, concentrated in degree 0, on which ge™C acts trivially. Tauto-
logically, the Lefschetz numbers of ge™ € is equal to 1. This fits with (4.52)-
(4.53).

5. An explicit evaluation of the generalized supertraces, and their asymptotics
as u — +oo

In this section, we extend the results of [B1, Section 7]. Namely in (a), we
give an explicit expression for the generalized supertraces in terms of



328 J-M Bismut

infinite determinants. In (b) we show that as u » + oo,
2 -1 L 1
o Tr,[g exp(—%;)] =Td, (L, h™) + O —\/_ .
u

We make the same assumptions and we use the same notation as in
Section 2. Also the methods and results of [B1, Sections 5 and 7] will be
of constant use in this section.

(a) Generalized supertraces and infinite determinants

Let Be End(F) act on E% by multiplication by i0;. Then

g=2. (5.1)

For xe B, set

K, = L,([0, 1], E,).
Equivalently,

Ky, = L,([0,1],C) ®¢E,. 5.2)
We define Ky, Ky, ...,in the same way.

Set J = d/dt. As in Section 4, J acts as an unbounded skew-adjoint
operator on K;, K,,, Ky. Set

Jy=J+B. (5:3)

If ee K is such that Jge = 0, then

d
ae+Be=O, ey =€y, (54

and so e, = e 'Be,. From (5.4), we deduce that e®e, = ¢, i.e. e,€ E°. So we
find that

E® ~ Ker Jg.

Let K£_ be the orthogonal space to EC in Kg_.

In the sequel, if Ce End(M) is skew-adjoint and commutes with B, we
will consider quantities like the determinant over K,, of 1 — CJ5 ' — uJg 2.
It will always be understood that this determinant is evaluated on the
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eigenspaces where J is invertible. This determinant will be denoted
detk, (1 — CJz' —uJg?).
In view of (4.17), we get

detg, (1 — CJ5' —uJ5?) = [] detye(l — CQRink)™" — u(2ink)~?)

keZ*

x [] detye:(1 — CQRink + B)™! — u(2ink + B)™2). (5.5)

keZ
Let BE, BM, B ... be the restriction of Bto L, M, N....

In the sequel, we use the conventions of [MQ], [B1, Section 7(a))]. Namely
for u >0, beC, if |b| is small enough, J3 — (RV+b)J ;—u is invertible. Still
because the expressions which follow contain dety, (1 — (RY + b)J5! — uJ5?)
as a factor, we may formally invert J3 — (RY + b)J — u for arbitrary be C. The
reader not interested with these subtleties may as well assume that |b| is small
enough.

Now we prove an extension of [B1, Theorem 7.3].

THEOREM 5.1. For u > 0, beC, the following identity holds,

1 b
Tr,[g exp(— B2 +bNy)] = exp {— 3 Tr[RF—BL] + 3 dim N}

y detyo.(2 sinh(B¥"))
detye+(2 sinh(BM™)

x [dety, (1—RMJ5 ' —uP A(J3— (RN +b)Jy—u) "' APLJ5 ' —uPVJ ;%] !

detg,(1—(RYN+b)J 3! —uJg?)

(5.6)

Proof. By Proposition 2.3, it is clear that we only need to prove (5.6)
when E = E°, i.e. when B = i0, with 0 < 0 < 2.

If 0 = 0, (5.6) was already established in [B1, Theorem 7.3]. So now, we
assume that 0 < 0 < 27.

Let BMYI®ANY be the obvious action of B on A(M*) ® A(N*). With the
notation of Section 2,

BMYM®ANY — (N, — Npg)-
Set

Lpy = Vgy — BNMISANY, (5.7
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Then one verifies easily that
[#2, B\ ®AN] < 0, (5.8)
From (5.8), we get
g exp(— A2 + bNy) = exp(— Lpy — B2 + bNy). (5.9)
As in the proof of Theorem 2.5, our calculations take place in a
given fibre My,. To simplify our notation, we will not write x explic-

itly. Let T)Z(Y, Y’) be the smooth kernel associated to the operator

gPig™'Y, Y) = PYY, V). (5.10)
Therefore
- du, (Y
Tr,[g exp(— B2 +bN] = | TrIPAY, v)] oadD) (5.11)
M @2m*™
Using Theorem 1.4, we see that
1 2m
B+ Lgy — BNy = — 3 Y (V., + 2{(R™ — 2B)Y, e)))?
1
PNY 2 Vv *) R *
+3{(RM-B)BY, Y) + UPTYI _ i@ nov
+/usS+ % E(APLY)+ S Tr[RM] + RMYY —bN .
(5.12)

Take YeMyg. Let Qyy, be the probability law of the Brownian bridge
t — Y,e Mg, with Y; = Y, = Y. Consider the differential equation

dV N * * - A
T [B"‘” ®ANY _ /uS—RMN) 4 N, — Vﬁ“ c(APLY,)],

V,=1. (5.13)

Using (5.12) and It&’s formula as in [B1, Proof of Theorem 4.1], we get
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~ 1 (!

P(Y, Y) = E@0» [exp {5 J ((R™-2B)Y, dY)
0
1! AT
-3 f {(RMB—-B*+uPYY, Y) dt—%Tr[RM]} eB ’Vl]. (5.14)
0
From (5.14), we obtain

Tr, [f),?( Y, V)] = e (/2 Tr[R“](l _ eiO)dim LEQw.n

[exp {% Jl {RM-2B)Y,dY)
[}
—% fl (RMB— B +uPYY, Y5 dt}Trs[V,]:'. (5.15)
0

Now we use the formalism of the proof of Theorem 4.5, with E = N. In the
sequel, we identify b with the element of End(Ng) ®z C which acts on N by
multiplication by b, on N by multiplication by —b. Set

C=RN+b. (5.16)

Let De A(TEB) ® End(Ng ® N r) be given in matrix form by

D= v _"]

\/_ B—-C

Temporarily, we will consider APLY as a 1-form with values in the second copy
of Ng in Np @ Ng. By (5.13) and by [B1, Theorem 5.1], we get

Tr,[V,] = Tr,[exp(BAMI®ANY _ \/; S — CMV)]

-1
X exp {—g <<§; + D) APY, APLY>}. (5.17)

Set K, = AP"Y,. To calculate (d/dt + D)™ 'K, we proceed as in [B1, proof of
Theorem 7.2]. Namely, we solve the differential equation

<%+B><p+./—ulp=0
(dt+B>t// J—up—Cy=K (5.18)

with periodic boundary conditions. If beR, J§ — CJ; — u is invertible. From
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(5.18), we get,
Y =J%—CJg—u) "JgK. (5.19)
Using (4.18), Theorem 4.5, (5.17), (5.19), we obtain,
Tr,[V,] = (4 sin%(0/2))*™ ¥ detg,(1—(R¥+b)J 3" —uJ5?)

X exp {—g (P* A3 —CJy—u)"JgAP"Y, Y> +3 Tr[RY] + g dim N}-

(5.20)
Moreover,
Tr[RM] = Tr[RL] + Tr[R™]. (5.21)
By (5.11), (5.15), (5.20), (5.21), we get
Tr,[g exp(—B2)] = exp {— % Tr[RY] + % dim N} (1—eit)tim L
x (4 sin?(8/2))"™ ¥ dety, (1 — (RN +b)J 3" —uJ5?)
x JMR EQrn [exp {% Ll (RM—-2B)Y,dY)
—% Ll (RMB—B?+uP")Y, Y>dt
—-;- CPEA(JE—(RN +b)J p—u)~'J gAPLY, Y>H (g;’r—)"{,(m)% (5.22)

Let F e End(M) be self-adjoint and positive. Let f € L*[0, 1]; My). Set

! 1! v (Y
1=JMR EQ(y.Y)[exp {L fdY —/F Ydt>—§fo (FY, Ydt}](z—zl)‘f%.
(5.23)

By [B1, Eq. (7.34)],

L[ 1
—exp 1L , 24
I'=exp {2 L /1 d’} dety (F) detgy(1—FJ?) (5:24)

Let Qf be the probability law on (S ,; Mg) of the gaussian process whose
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covariance is given by the operator
Kp=(=J?>+F)~.

As in [B1, Eq. (7.36)], we deduce from (5.23), (5.24) the identification of
positive measures on %(S ;; My),

1! doy(Y) Or
JM,, P {_ 2 L FLY) d’} Q) Gy M = Gor (F) det, (1—FJ )

(5.25)
Now by proceeding as in [B1, Eq. (7.45)], we find,
1 1
E9%r [exp {5 L {RM —2B)Y, dY)
—g (P AU} — (RN + b)~ 'y — 1)~ 1J 4APLY, Y>}]
= [detk, (—J? + F)"'(=J* + F + (RM - 2B)J
+ uP*A(JE — (RY + b)J 5 — u)” 'JBAPY] L. (5.26)
Set,
F = RMB — B? 4+ uP". (5:27)
Then,

-1
—J*4+ F + (RM™ —2B)J + uP*A (J% —(RY +b)J g — u> JBAPL
= —J3+ RMJ, + uP" + uPLA(J3 — (RY + b)J g — u)~'JgAPE.  (5.28)
So in view of (5.22), (5.25)—(5.28), we get,

Tr,[g exp(— %% + bNy)]

(1 _ ei0)dim L(4 Sin2(0/2))dim N
dety,(— B?) det@,(1+J " 'B)

1 b
= exp {-ETr[RL] +§dim N}

x detg, (1 — (RY + b)J5! — uJz H)[detg, (1 — RMJ5"
—uPA(J3 — (RY + b)J ; —u) 'APLJ5! — uP¥J5 )] (5.29)
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Moreover,

+ o 02 2dim M

k=1

= (4sin?(0/2))"™ M, (5.30)

and so,

(1 _ei{))dim L(4 SinZ(e/z))dim N B ei0/2 dim L (5 31)
dety(—B?) detg, (1+J'B) ~ \2 sinh(i6/2) '
From (5.29), (5.31), we get,
2 1 L L b :
Tr,[g exp(—AB% + bNy)] = exp > Tr[R* — B*] + 3 dim N (5.32)

dety(2 sinh(BY))
det, (2 sinh(BM))

detg (1 —(R¥ + b)J5' —uJgz?)
x [detg, (1 —RMJg' —uP“A(J 5> —(R¥+b)J y—u) 'AP J5 ' —uPVJg3)] L.

Clearly (5.32) coincides with (5.6) when E = E°. The proof of Theorem 5.1 is
completed. ]

REMARK 5.2. Let us verify Theorem 3.2 directly. We only need to check (3.4)
when E = E’ If 6 =0, this was already done in [B1, Remark 7.4]. For
0 <0 < 2m, by (5.6), as u -0,

1 b
Tr,[g exp(— A2 +bNy)] = exp {— 3 Tr[RL—B"]+§ dim N}

@i sin(6/2)%™ N dety,(1—(R¥ +b)J3')
(i sin(8/2)"™ M dety, (1—R"J3 1)

+ O(u). (5.33)

Moreover,

det,(B—RM) detg, (1 +(B—RM)J 1)
det,,(B) detk,,(1+BJ ")

detg, (1—RMJz') = (5.34)
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By proceeding as in (5.30), we deduce from (5.34),

det,, (2 sinh <i0 _ZRM>>
detg, (1 — RMJz") = 2 SR : (5.35)

A similar formula holds for detk,(1 — (RY + b)J3'). So by using (5.21), (5.33),
(5.35), we find that as u — 0,

dety(1 — &' *P-1%)
dety (1 — X1

Tr,[g exp(— &2 + bNy)] = + O(u), (5.36)

which coincides with (3.4).

It should also be pointed out that with respect to the formulas of [B1,
Theorem 7.3], the formulas of Theorem 5.1 differ by the fact that J has been
replaced by Jp.

This fits with the interpretation of the generalized supertraces as being
related to the equivariant cohomology of the loop space developed in [BI1,
Section 9] and also in [B5, B6].

(b) The asymptotics as u — + o0 of the generalized supertraces

Now, we establish an extension of [B1, Theorem 7.7].

THEOREM 5.3. As u — + o0, for beC,
2 b .. L 1
¢ Tr[g exp(— %z +bNy)] = exp 5 dim N ) Td (L, )+ 0O 7 . (537
u
In particular, as u - + o,

0 Tr,[g exp(—#2)] = Td,(L, g1 + 0 (ﬁ)
9 Tr,[g exp(— B2 + bNg)]y=0 = dim N Td,(L, g") + O (—1—> (5.38)
2 Ju

? b

Proof. By Proposition 2.3, we only need to establish our theorem when
E = E°. If 0 = 0, this was done in [B1, Theorem 7.7].

So assume that 0 < 0 < 2z By proceeding as in [B1, Theorem 7.6], we see
that as u — + o0,

1
detg,(1—(R¥+b)J 3! —uJ5?) = detg,(1—uJ5?) (1 +0 <—>)

NG
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detg,, (1 —RMJg' —uPLAJ3— (RN +b)J y—u) AP J5 ' —uPNJ5?)

1
= detg, (1 —uJ52)dety,(1—RLJ51) <1 +0 (7» (5.39)

u
So from (5.6), (5.39), we see that as u — + oo,

Tr,[g exp(— 2 + bNy)]

_exp{—3Tr[R* — B"] + (b/2)dim N} 1
~ (2isin(6/2))%™Ldet, (1 — RJ5") +0 (ﬁ) (540)
By (5.35), (5.40), we get (5.37). O

REMARK 5.4. To establish (5.37), we can use the method of Bismut-Lebeau
[BL, Section 147, where this result was established for 8 = 0, E = E°. To apply
the method of [BL] to the case 0 < 6 < 2x, the estimates of [BL, Sections 13
and 14] have to be adequately modified.

6. Generalized equivariant supertraces, and their analytic torsion forms

The purpose of this section is to construct generalized analytic torsion
forms associated to the equivariant exact sequence E of holomorphic
Hermitian vector bundles. If &M is a g-invariant Hermitian metric on M,
we thus obtain a form B, (L, M, h™) on B.

Extending [B1], where only the case g = 1 has been considered, the main
result of this section is an evalution of B,(L, M, h™) in P2/P?° in terms of
a standard Bott-Chern class [BoC], [D], [BGS1] and of an additive genus
D(0, x) naturally associated to the derivative at 0 of the Mellin transform
in u of

9a/0x (u, i6, —x).

o

This section is organized as follows. In (a), we construct the analytic
forms B,(L, M, k™), and in (b), we calculate B,(L, M, h™).

We make the same assumptions, and we use the same notation as in
Sections 2-5.
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(a) A construction of the generalized analytic torsion forms
DEFINITION 6.1. For se C, 0 < Re(s) < 1/2, set

+

1
A9 =5 | u! <<p Tr,[Npgexp(—%.)] —

dim N
2

Td, (L, h")) du.
6.1)
By Theorems 2.5, 3.2 and 5.3, it is clear that A(s) extends to a function
which is holomorphic near s = 0.
DEFINITION 6.2. Set
04
My _ 77 2
B,(L, M, h) = == (0). (62)
By Theorem 3.2 and (5.38), we have the identity
1 _ du
B (L,M,h™)= L {‘P Tr,[N g exp(—22)]+Td (M, RM(Td g ' Y(N, h”)}—u—
+ o0 3 N d
+f {<p Tr [N g exp(~#2)] — T2 Ta, (L, hL)} =
1

dim N
> Td,(L, hL)}.

+T7(1) {ng(M, RMYTd; 'Y(N, h™) +

(6.3)
Now, we extend [B1, Theorem 8.3].

THEOREM 6.3. The form B,(L, M, h™) lies in P®. Moreover
30 N Td, (M, h™)
Rl = Td,(L, ht) -~ ) 6.4
im B,(L, M, h™) d, (L, h") Td, (N, ) (6.4)

Proof. Using Theorems 2.5, 3.2 and 5.3 and also (6.3), (6.4) follows. [

By (4.5), it is clear that for 6e2nZ, |x| <2rn, or for 0¢2nZ,
da/0x
o

|x] < inf,|0 + 2kn|,and u = 0,

J0o/0x

g

(u, i6, x) is well-defined. As a function

of 6,

(u, i0, x) is periodic, with period 2.
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By (4.2), we find that as u — + o0,

1
dwﬂn:eﬁ0+@(—)) (6.5)
\/’

u
From (6.5), we see that as u — + o,

06 /0x

0(%ﬁﬂ=@ﬁi) (6.6)

DEFINITION 6.4. For seC, 0 < Re(s) < 1/2, 8eR, xeC, and |x| < 2r if
0e2nZ, |x| < inf, |0 + 2kn| if 0¢2nZ, set

o, Oo/0x

C(s, 6, x) = % J:w u (u, i6, —x) du. 6.7)

Using (6.5), (6.6), one verifies that C(s, 6, x) extends to a holomorphic
function of se C near s = 0.

DEFINITION 6.5. For 0eR, xeC, |x| < 2nif 6e€2nZ, |x| < inf,, |0 + 2k=n|
if 0¢2nZ, set

D, x) = aa—f (0, 6, x). (6.8)

Clearly D(0, x) is a periodic function of 6 with period 2x. Also for fixed
8, x — D(0, x) is holomorphic on its domain of definition. However, as we
shall see, D(0, x) is not a regular function of 6.

REMARK 6.6. In [B1, Definition 8.4], the functions C(s, x), D(x) are
defined for |x| < 27 by the formulas

1 +eo e 0p/0x
I'(s) Jo

F)
D(x) = = C(0, x). (6.9)

C(s, x) = (u, x) du,

By (4.3),

Op/0x _ 0o/0x

2

(u, x) (u, 0, x),
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and moreover by (4.2), this is an odd function of x. Therefore,

C(s, x) = C(s, 0, x),
D(x) = D(0, x). (6.10)

For 8eC, we identify D(6, .) with the corresponding additive genus. Set

2in

" RM
D@;, N%, i)y = Tr [D <0j, -~ —>] (6.11)

Then D(6;, N%, k™) lies in PE, and is closed.

DEFINITION 6.7. Set
D (N, hY) =3 D(8,, N%, i*"). (6.12)
The class of Td (L, h*)D (N, k") in PE/P®° does not depend on the

metrics k" = @K, kY = ®@h"". We denote this class by Td,(L)D ,(N).

By a construction of Bismut-Gillet-Soulé [BGS1, Theorem 1.29], to the
direct sum E = @; E% of short exact sequences of h_(zlomorphic Hermitian
vector bundles E%, one can associate a unique class Td (L, M, h™) e P/PP°,
such that:

(1) The following identity holds,

00 —
5 Tdy(L, M, h™) = Td,(M, h™) — Td,(L, h) Td,(N, h).  (6.13)

(2) The class Td(L, M, h™) vanishes in PB/PBCif E = @, E% splits holomor-
phically and metrically, i.e. for any j, M% = L% @ N%, k™" = h*" @ h™".
Now we extend [B1, Theorem 8.5].
THEOREM 6.8. The following identities holds

B,(L, M, i™) = — Td; (N, k") Td,(L, M, h™) + Td,(L)D,(N) in P%/P%°.
(6.14)

Proof. By using Theorem 6.3 and by proceeding as in [B1, proof of Theorem
8.5], we only need to establish (6.14) when the E®’s are split holomorphically
and metrically, ie. M% = L% @ N%, WM =" @ h"". In this case RM" =
RY @ RM.
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By Theorem 5.1, we get

1 b
Tr,[g exp(— B2 + bNy)] = exp {— 5 Tr[R* — BL] + 3 dim N}

1
X detpor[2 sinh(BE )]

deti (1 — (RY + b)J3' —uJg?)

[detk, (1 — R:Jz )] 7!

deti,(1 —RMg!' —uJg?) (©.15)

Using Theorem 2.5 and (6.15), we obtain,

_A2\] — exp{—-Z‘-Tr[RL - BL]} ’ __RLy-—1y1-1
Trs [NHg CXP( ggu)] = detLD.l[z Sinh(BLo.L)] [detKL(l R JB )]
dim N + d/0b det}(Nfl - (RN:— {7)1J§‘ _-';JEZ)’}:O - 6.16)
2 detKN(l—R JB —-uJB )
By [B1, Eq. (7.47)] and by (5.35),
_1 RL — BL

exp{—3 TrlR" — B} = Td; (L, hY). (6.17)

? Jeta[2 sinh(BF )] deti,(1 — REJ ')

As explained after (6.4),

G,
% Z(u, B, RY + b)y-o

2(u, B, RY)

makes sense for any u > 0. Using [B1, Eq. (7.23)], (4.3) and (4.18), we get

F
— Z(u, B, RV +b),-
detiy(1 — (RN + b)J5' —uJz¥),-o b (u, B, R + b)y=o

9/0b dety,(1 — R¥J5 ' —uJ5?) B Y(u, B, RY)

(6.18)

The critical fact is that (6.18) is valid for any B.
Clearly,

0
— Z(u, B, RY + b)y—o

b - [aa/0x
Sw B RY) " [T (u, B, R”)]- (6.19)
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By (6.15), (6.17), (6.19), we obtain,

¢ Tr,[Ny exp(—#3)] = Td; '(L, h") {dim ST [aa/ax (u g RN)]}.

2 c > i

(6.20)

Using (6.1), (6.2), (6.7), (6.20), we get (6.14) in the split case. The proof of
Theorem 6.8 is completed. O

REMARK 6.9. To establish Theorem 6.8, we could as well have used Theorems
4.5 and 4.7.

7. A formula for D(0, x) and R(6, x)

The purpose of this section is to extend the results of Bismut and Soulé in
[B1, Appendix] to the equivariant situation considered in Section 6.
Namely, we express D(0,x) as a power series in the variable x. The
derivatives at the odd negative integers of the Riemann zeta function which
appear in [B1] are replaced here by the derivatives at the negative integers
of the real and imaginary parts of the Lerch series. Of course when e 2nZ,
our formula coincides with the formula of [B1, Appendix] for D(x).

Also, in view of the relation between the genus D(x) of [B1] and the
genus R(x) of Gillet and Soulé in [GS1], and also from the results of [BL]
on the behaviour of Quillen metrics by complex immersions, we construct a
new genus R(0, x) from D(6, x), which coincides with R(x) for 8 e2nZ. We
show that if ge U(n + 1) acts with isolated fixed points on P”, the formula
for the g-equivariant Ray-Singer analytic torsion obtained by Koéhler [K]
can be very simply expressed in terms of R(6, 0).

By imitating Gillet and Soulé [GS1], we are thus led to speculate on the
form of an equivariant Riemann-Roch-Arakelov formula.

This section is organized as follows. In (a), we express D(6, x) as a power series
in x. In(b), when 0 € 2nZ, we give a formula for D(6, x) in terms of D(x + if). In
(c), we construct the genus R(6, x). In (d), we recall a result of Kohler [K].
Finally, in (¢), we relate the previous considerations to the possibility of proving
an equivariant version of a Riemann-Roch-Arakelov formula.

This section is self-contained.

(a) The function D(6, x) and the Lerch series

For aeZ, xeR, yeR, seC, let S,(x, y, s) be the Kronecker zeta function

S.(x, y, 8) = Y. (x + n)'|x + n| e~ 2™, (7.1)

neZ
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where in (7.1) X/, is a sum taken over neZ, n # x. The series in (7.1)
a+1

converges absolutely for Re(s) > , and defines a holomorphic func-

tion of s, on its domain of definition. Also it is periodic of period 1 in both
variables x, y. Moreover, it is well-known [W, p. 57] that

(1) Ifaisodd, of if ais even, and y¢Z, s > S,(x, y, s) has a holomorphic
continuation to C.
(2) If a is even and if yeZ, s — S,(x, y, s) extends to a meromorphic

1
function on C with a simple pole at s = %—.
Clearly,
e a
ifaiseven, S,x, y,s)=3S, (x, Vv, 8 — 5),
e 1—a
ifaisodd, S,(x, y,s)=S;|x, ¥y s+ 5 ) (7.2)

+ o

Let {(s) = ). = be the Riemann zeta function. Then
1

S0, 0, 5) = 2{(2s),
S,(0, 0, s) = 0. (1.3)

DEFINITION 7.1. For yeR, seC, Re(s) > 1, set

w9 =y W

n=1

+

nly, s) = 3,

n=1

sin(ny)
nS

. (7.4)

The {(y, s) and n(y, s) are the real and imaginary parts of a Lerch series
[L]. Clearly

y s
C(ya S) =%S0 (09 5;’ §>’

i y s+1
"(y’ S)_2S1 (0’ 27[’ 2 )' (7.5)

Then if y¢2nZ, s — {(y,s) extends to a holomorphic function on C, if
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ye22nZ, s — {(y, s) extends to a meromorphic function on C with a simple
pole at s = 1. Also s —#(y, s) extends to a holomorphic function on C.
Moreover,

o, s) = L),

10, s) = 0. (7.6)

Now we prove an extension of a formula proved by Bismut and Soulé
in [B1, Appendix].

THEOREM 7.2. For 0eR, xeC, |x| < 2n if 0€2nZ, |x| < infi, |0 + 2k=n| if
0¢2nZ, then D(0, x) is given by the convergent power series

nz0
neven

DO, x)= ) i {(F’(l) + ; %) ne, —n) + 2 % A —n)};i:

n

" P
+ ¥ {(r'u) + ; %) (o, —n) + 2 a—i @, —n)} % (1.7)

nz1
n odd

Proof. By Proposition 4.2, we get

3o
%x (u, i6, —x) = kZZ @ + 2k7r);(0—-;-((§ T)an)x tu (7.8)
By [B1, Appendix, Eq. (7)], for aeC, Re(a) > 0, seC, 0 < Re(s) < 1,
r_:si Lm ::a du=a*"'T(1 — ). (7.9)
From (6.7), (7.8), (7.9), we see that for se C, 0 < Re(s) < 3,
Cls, 0, x) = iT(1 —5) 3 10+ 2Kn™ <1 o )H. (7.10)
Z TG 2kn 9 + 2kn

Also as keN - +©

|9+2knlzs(1 ix >S_' |0 — 2km| (1 ix

s—1
— - ~k?72, (7.11
0+ 2kn 0+2kn 0—2kn 9—2kn> k (7.1D)
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From (7.10), (7.11), we deduce that

. 10+ 2kn|? (s—1)---(s—n) [ —ix "
= 1— . .
CGs, 8, x) =il =s) g:, ,Z; 0+ 2kn n! 0+ 2kn (7.12)

Set 8 = ﬁ From (6.8), (7.8), we get

C(s, 0,x) = ir(1—s)2n)>~1 3 (i___ll'_"@;'i)_s_n_‘(g,’ 0, —s) (ﬁ)n’

neN n: 27I

(7.13)

and the series in the right-hand side of (7.13) converges normally on its
ac
domain of definition. In particular, to calculate — 35 (s, 6, x), we can differen-

tiate term by term the sum in the right-hand side of (7.3). By (6.8), (7.13),
we get

D) = X 2i {(— (1) + 2 log@m) — 3 %)

1

xS_n_1(8, 0,0) — 6S‘;" 1@, 0, 0)} (”;) (7.14)

By [W, p. 57], we have the functional equation for S,(x, y,s), a=0or 1,
[(s)S (x, y, 8) = i7n?s 797 V22" (g — s+ 1S, (v, —x, a—s+73). (7.15)
Taking logarithmic derivatives in (7.15), we get

sy oS /6s IMa—s+1/2) 08S,/0s
T T s, or9=2leem— momrmgay T

(v, —x, a—s+3).

a

(7.16)
In the sequel, we use the well known relations [NO, p. 21],

I'h) =mn— 1),

Mn) <
T Z
(1 — 2n)/2)
(1 — 2n)/2)

\Ii—-

=T'(1) — 2 log(2) + 2 Z
ji=1
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T

rara —z = mz—),

2271z +4) = /7 T(22). (7.17)

By (7.2), (7.15), (7.17), we see that for neN, n even,

2
S_no1(6,0,0) =S, (e', 0, "—“;—) (7.18)
. 1 nt1/2 1—n ,1—n
= - - 3 T r P Sl O, Ga 2
' 2
-1 n/2 n —
_EDT a2 (0, _g, L ") (7.18)
i n! 2

and that for neN, n odd,

i
S_p_1(6, 0,0) = S, (0’, 0, i)

2
:;TC'H-”ZF _f S 0 _0/ _E
r<n+1) 2)7°\" T 2
2
on
= (=1t =S, (0, -, —g> (7.19)

By (7.2), (7.14), (7.15), we see that if n is even, and if S_,_ (¢, 0,0) # 0,
then

—I'(1) + 2 log(2m) — ¥ % — M @, 0, 0)
1

—n—1

. 2
(1) + 2 log@m) — ¥ & — 951/% <9', 0,2 F )
1 J Sy 2

, 1 I'fn+2 I'(f1—n
—r(1)+2log(2)—§l;;_+F( 3 >+F( 3 )

0S,/0s , 1—n
+ B2 (0, -0, 157)
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"1 21 2o 681/88( 1—n
=) =Y =-+Y =+2 — 0, -6,
§ J 21: J ; 2j—1 Sy 2

"1 S,/ 1 —
=) +Y -+ S‘/ > (o, —0, —5—") (7.20)
1 J 1

If nis even and if S_,_ (', 0, 0) = 0, we deduce from (7.15), (7.18)

- — 12 2" 1 -
asa,, L 00— — 5D nnﬂ_@(o,_g/, 2"). (7.21)

N i n! 0Os

By (7.2), (7.14), (7.15), we find that if n is odd, and if S_,_((6',0,0) # O,
then

"1 0S_,-./0s

—I'(1) + 2 log2m) — ¥ it Y

_ (1) + 2 log(2m) — 3 & = I5o/% (0’, 0,2+ 1)
1 J So 2

’

— (1) + 2 log(2) —Z§+¥ ("’; 1) +% (—n/2)

0S,/0s

—F (0, — 6, —n/2
+ SO ( b b n/ )
S U e T A S —n
=rm -y -+ - 4+2 . + =2 (0,—9’,—)
( 21: J ; J ; 2j—1 " § 2
"1 0S,/0s —n
= r’ 1 + - + o (O, —0,9 —_)' 7'22)
W+25%7s, 2 (
If nis odd and if S_,_ (¢, 0,0) = 0, we deduce from (7.15), (7.19),
05-—n-1 6,0,0) = —(—1)n*V2gn+1 2 950 0, —¢,—"). (7.23)
os n! 0Os 2

From (7.5), (7.14), (7.18)—(7.23), we get (7.7). The proof of Theorem 7.2
is completed. O

REMARK 7.3. Recall that D(x) = D(0, x). By (7.6) and by Theorem 7.2, we
get

D) = 3 (r'(l) +y % + ZC'C((;)")) i, (7.24)

n odd
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which is exactly the formula obtained by Bismut and Soulé in [BI,
Appendix].

In a previous work [B5] on intersection formulas in complex equivariant
cohomology in the presence of an excess normal bundle, we introduced in
[BS5, Definition 1.22] the function

D¥(x) =

, X
T (r (1) — 2log [2mu| — log (1 + ﬁ)) (7.25)

0
In the sequel X}, denotes a sum over keZ, k # — 5

THEOREM 74. For 8eR, xeC, |x| < 2n if 0€2nZ, |x| < inf,, |0 + 2kn| if
0¢2nZ, then D(0, x) is given by

D, x) = 2L Y pkto2m (5) (7.26)

T 5 2n

Proof. From (7.10), we get

7 . 7 ix 1
D6, x) = g; i <-—]“(1)+2 log|0+2kn|+log(1—- 6+2kn)) 01 dkn—ix

(7.27)

Equation (7.26) follows from (7.25), (7.27). dJ

(b) A formula for D(0, x) for 8¢2nZ
Observe that if |8] < 2x, |x| < infiez |0 + 2k7|, then |x + i8] < 27
THEOREM 7.5.If 0] — 2=, +2x[\{0}, if x€ C, |x| < infyez |6 + 2kn], then

. . . log(1 + 6/2kmn)
D@, x) = D(x + i) + i keXZ:’ er —ix 1 i6)

(1) — log(6%) — 10g<1 - %))
+ — . (7.28)

Proof. By Theorem 7.4, we get

i ix i
_ p-k+oizn (X — p-62m 7.29
DO, %) =5 %, (2n> * o ()
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For ke Z*,

i D—(k+0/21t) E — I
2n 2n —2km + i(x + i6)

x[I'(1) — log((8 + 2kn}@ + 2km — ix))]

I

i
T T2km + i(x + i6)

x (F'(l)— log(2kn(2kn —i (x + i) —log (1 + '2%:»

(7.30)
and so for ke Z*,
. ix ; i log (1 + %)

i

L p-w+eem () ° p-k i0 . 7.31

2n (2n> 2 D) T 9) (7.31)
Moreover

1 preze (X _ () Z 10g(6?) — _ix\ 1

7 D (27r> (F (1) — log(6%) — log <1 0)) oL (7.32)
Using (6.10), (7.29), (7.31), (7.32), we get (7.28). O

(c) The genus R(0, x) as an extension of the genus R(x) of Gillet and Soule
Now we recall the definition of the Gillet-Soulé genus R [GS1].

DEFINITION 7.6. For xeC, |x| < 2m, set,

1 " n
R(x) = gj} (; 5t 2 CC((_ :)) ) U—n) % (7.33)
Set
- x/2
A = b

Then one has the classical formula [B1, Eq. (8.35)],

x) =3 U-—n % (7.34)
" odd '

l)l 3{’



Equivariant short exact sequences of vector bundles 349
So from (7.24), (7.33), (7.34), we obtain the formula of [B1, Eq. (8.39)],

R=D— F’(l)i’ (7.35)

Now we will imitate (7.35) to construct a function R(6,x) from D(0, x).
Set

&6, x)=A(x) if fe2nZ,
- 7.36
A(x + i0) (7:36)

x + i0
DEFINITION 7.7. For 0€R, xeC, |x| < 2n if e 2nZ, |x| < infi |0 + 2kn]
if 0¢2nZ, set

if 0¢2nZ.

R, x) = D, x) — I'"(1) a“/ 0x

6, x). (7.37)

Observe that the function #eR — R(6, x) is periodic with period 2n. By
(7.35), (7.37), we get

R(, x) = R(x). (7.38)

THEOREM 7.8. For 8eR, xeC, |x| < 2rn if 0e2nZ, |x| < inf 2|0 + 2kn| if
0¢2nZ, then

xn

RO, x)= ) i{i%n(@ n)+2 (0 —n}
nz0 1

+ 2 {Z (A —n)+2 0 (9, —n)};i;. (7.39)

nz1
nodd

n!

Proof. By (4.2),

60(/0x

@ x) = lim 2%

u>0u—-0

(u, i6, —x). (7.40)

Using (6.7), (7.39), we get
6a/0x

6, x) = C(0, 6, x). (7.41)
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By (7.5), (7.13), (7.18), (7.19), (7.41), we obtain

o&/0x . x" x"
X0, 0= % 6 -nZ+ ¥ 16 -n. (7.42)
@ n>0 no oz n.
neven nodd
Using Theorem 7.2, (7.37) and (7.42), we get (7.39). O

As in [BS, Definition 1.22], set

1
RH) = s <2r'(1) — 2 log [27u| — log (1 + i)) (1.43)

THEOREM 7.9. For 8eR, xeC, |x| < 2rn if 0e2rnZ, |x| < inf, |0 + 2k=]| if
0¢2nZ, then R(6, x) is given by

R(8, x) = L Y R-krozm (5) (7.44)

27 i, 2n

Proof. By (7.10), (7.41), we get

06,/0x o 1
6, x) =i é Yo y—— (7.45)
Using (7.25), (7.26), (7.37), (7.43), (7.45), we get (7.44). O

THEOREM 7.10. If 0 €] — 2=, 2n[\{0}, if xe C, |x| < infiz |0 +2kn|, then

2I7(1)—1log(8*)—log (1 - z)

B . . log(1 + 6/2kn) 0
R®, x) = R(x+i0)+i k§, 2kn—i(x +i6) x+i0
(7.46)
Proof. Clearly
08/0x 0A/0x .
=L 6) — . 747
00 = i) - — (7.47)
Using Theorem 7.5, (7.37), (7.47), we get (7.46). O

REMARK 7.11. In [BS, B6], we have showed that the results of [B1], [BL]
can be viewed as formal consequences of a height pairing formula in
equivariant cohomology in infinite dimensions. The expression (7.44)
indicates that the analogy with [B5, B6] still holds here. This is confirmed
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by [B9, 10], where the results of [BL] have been extended to equivariant
Quillen metrics, and where R(8, x) appears explicitly.

DEFINITION 7.12. For xeC, |x| < 2, set
(4 xn
plx) = 3 20(—n) i (7.48)

nz1
n odd

THEOREM 7.13. For §€R,
. on
R(6, 0) = 2i = (6, 0). (7.49)

Also for 0€] — 2=, 2r[\{0},

2I'(1) — log(8?)

R(0, 0) = p(if) +
i0

(7.50)

Proof. Equation (7.49) follows from (7.39). By [B1, Appendix, Eq. (20),
(26)],

. log(1 + 6/2kn) | @0y
_— = — =) {(—n) ——. 7.51
l k;‘ 2kn + 6 n;l (; j> o= n! 730
nodd
Using (7.33), Theorem 7.10 and (7.51), we get (7.50). |

REMARK 7.14. The fact that (7.49) and (7.50) coincide was observed by
Kohler [K, Proposition 1].

DEFINITION 7.15. Set

R,(N, k) = Y R(9;, N%, h'). (7.52)
We denote by R,(N) the class of R (N, k") in P?/P?-°.
(d) The genus R(6, x) and the computation by Kohler of the equivariant

torsion of P" for an isometry with isolated fixed points

Let P" be the n dimensional complex projective space, equipped with the
Fubini-Study metric.
Let ge U(n + 1). Then g acts naturally on P" as a holomorphic isometry.
Let [ = 80* + 0*0 be the Laplacian on P". For 0 < p <n, let [], be



352 J-M Bismut

the restriction of [J to smooth section of A(T*°-VP"). Then for p > 1, [J
acts as an invertible operator.
For seC, Re(s) > n, set

p

0,(5) = — ) (=1p TrlgO, "] (7.53)

p=

Then one verifies easily that s — ,(s) extends to a meromorphic function
which is holomorphic at 0.
Set

P} = {xeP", gx = x}. (7.54)

Assume that the n 4 1 eigenvalues of g are distinct. Then B, consists of
isolated fixed points. Also g acts naturally on TP"|p: as an isometry.
We now recall a result of Kohler [K, Theorem 7.3].

THEOREM 7.16. The following identity holds

% ©) = JP" Td,(TP")R,(TP") — log(n!). (7.55)

q

Proof. Let €,...,€% be the eigenvalues of ¢g. Then in [K, Theorem 7.3],
Kohler obtains the formula

06, 1

~9(0) = - — !

%O =Yy 3, Koy 0 —logn) (7.56)
which is equivalent to (7.53). O

(e) Towards an equivariant Riemann-Roch theorem in Arakelov theory

By relating our results wih the calculation by Kohler [K] of the equivariant
torsion of P" at least for g having isolated fixed points, we have made a
calculation formally very similar to what was done in Bismut [B1] when
compared with the calculation by Gillet and Soulé [GS1] of the usual analytic
torsion of P".

Theorem 7.16 makes very likely that there is an equivariant form of the
Riemann-Roch-Arakelov formula of Gillet and Soulé [GS4]. The genus R of
Gillet and Soulé should then be replaced by the equivariant genus R, . Recently,
in [BY, 10], using the results of this paper, we have extended the formula of
Bismut-Lebeau [BL] to equivariant Quillen metrics. As expected, the genus R,
appears explicitly in this new formula.



Equivariant short exact sequences of vector bundles 353

It seems very likely that if X and Y are non singular quasi-projective
varieties, if G is a finite group acting on X and Y, and if f:X > Y is a
G-equivariant projective morphism, if (E, hf) is a G-equivariant Hermitian
vector bundle on X, if g€ G, an equivariant Riemann-Roch Arakelov formula
might take the form

ch,(fUAE) = f,(Td,(TX/Y)ch,(E)—a(ch,(EQTd,(TX/Y)R (TX/Y|J)).
(7.57)
In (7.57), the characteristic classes with a " would be appropriate extensions of
the classes of Gillet and Soulé [GS2, 3] to an equivariant situation.

Of course, this formula has been verified by Gillet-Soulé [GS4] and Faltings
[F] when G is trivial.
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