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0. Introduction

A compact complex smooth surface X is called a K3 surface if the canonical
line bundle K is trivial and dim H!(X, Oy) = 0. The period space of algebraic
K3 surfaces with a primitive polarization of degree 2d is of the form
A 2a = D,4/T 4 Where 9,, is a 19-dimensional bounded symmetric domain of
type IV and T',, is an arithmetic subgroup acting properly discontinuously on
92,,- The A, is an irreducible normal quasi-projective variety (Baily, Borel
[4]). It follows from the Torelli theorem for K3 surfaces (Piatetskii-Shapiro,
Shafarevich [18]) and the surjectivity of the period map (Kulikov [10]) that
A, 1s the coarse moduli space of K3 surfaces with a primitive polarization of
degree 2d. It is known that 5, is unirational for 1 <d <9 or d = 11 (Mukai
[117]). The purpose of this paper is to prove the following:

THEOREM. Assume that d = p* where p is a sufficiently large prime number,
then A, is of general type.

In case of the moduli space S,/Sp(2g, Z) of principally polarized abelian
varieties, ©,/Sp(2g, Z) is of general type for g > 7 (Tai [23], Freitag [6],
Mumford [13]).

Our argument is based on the theory of toroidal compactifications of
arithmetic quotient of bounded symmetric domains (Ash, Mumford, Rapoport,
Tai [1]) and the extendability of pluri-canonical forms developed by Tai [23].
Let 2%, be the open set in 4, on which the projection n:9,, > X5, is
unramified. An automorphic form on 2, of weight k (with respect to I',,) gives
a k-th pluri-canonical holomorphic differential form on #%,. The generalized
Hirzebruch’s proportionality theorem, due to Mumford [12], implies that there
are sufficiently many automorphic forms of weight k > 0. On the other hand,
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if d is a square of integer, then I',, is a (non-normal) subgroup of I', (Lemma
3.2), and hence we get a finite map #,, - A,. Therefore we can compare the
data of 4, with those of /,. Moreover, Scattone [20] studied the Satake-
Baily-Borel compactification of £, (or equivalently, I",;-inequivalent rational
boundary components of %,,). These allow us to study the extension problem
of pluri-canonical holomorphic differential forms on "%, to a non singular
model of a toroidal compactification of %, with only quotient singularities
(Theorems 6.18, 7.11, 8.4, 9.7).

To obtain explicit prime number p for which £, is of general type needs to
solve several arithmetic problems, e.g. to count the number of integral points
in some cone (see §5). The author does not know the answer of this problem.

The plane of this paper is as follows: In Section 1, we recall some definitions
of lattices (=symmetric bilinear forms) and the moduli space of polarized K3
surfaces. Next Section 2 is devoted to the description of 2,, as Siegel domain
of the third kind, which is essentially given in [17]. In Section 3, we study the
group I',,. In this section and Section 9, we use the theory of lattices due to
Nikulin [16]. Section 4 is devoted to Tai’s criterion and the dimension formula
of cusp forms. In Sections 5, 6, we study the extension problem of pluri-
canonical holomorphic differential forms on 4%, to the directions of 0- and
1-dimensional rational boundary components. To do this, we estimate the
dimension of the space of Fourier—Jacobi coefficients of automorphic forms. In
Section 6 (1-dimensional case), we essentially use the transformation formula
of theta functions. Sections 7 and 8 are devoted to the study of singularities of
a toroidal compactification of ;. In particular, we see that, by using
Reid-Tai’s criterion, these singularities are canonical, and determine the branch
divisor. Lastly, in Section 9, we prove that there are sufficiently many cusp
forms extended holomorphically to a general point of the branch divisor, and
complete the proof of the main theorem.

In this paper, we shall use the following notation: H* = the upper half plane,
I' =SL(2, Z), T'(N)=the principal N-congruence subgroup of I' and
T'(N)={[¢]ela=1,d=1,b=0 (mod N)}.

1. Moduli space of polarized K3 surfaces of degree 2d

(1.1) A lattice L is a free Z-module of finite rank endowed with an integral
symmetric bilinear form <, . If L, and L, are lattices, then L, @ L, denotes
the orthogonal direct sum of L, and L,. An isomorphism of lattices preserving
the bilinear form is called an isometry. For a lattice L, we denote by O(L) the
group of self-isometries of L.

A lattice L is even if {x, x) is even for each x € L. A lattice L is non-degenerate
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if the determinant det(L) of the matrix of its bilinear form is non zero, and
unimodular if det(L) = + 1. If L is a non-degenerate lattice, the signature of L
is a pair (t,,t_) where ¢, denotes the multiplicity of the eigenvalue +1 for the
quadratic form on L ® R. A sublattice S of L is primitive if L/S is torsion free.

Let L be a non-degenerate even lattice. The bilinear form of L determines a
canonical embedding L — L* = Hom(L, Z). The factor group L*/L, which is
denoted by A4,, is an abelian group of order |det(L)|. We denote by i(L) the
number of minimal generator of 4;. A non-degenerate even lattice L is called
2-elementary if A, ~ (Z/2Z)".

We extend the bilinear form on L to one on L¥*, taking value in @, and define

bi:A;, x A, > Q/Z, by (x + L, x + L)=<x, > + Z,
qL:AL - @/225 qL(x + L) = <x’ X> + 2Za (x’ yEL*)

We call b, (resp. q,) the discriminant bilinear form (resp. discriminant quadratic
form) of L. We denote by O(q,) the group of isomorphisms of 4; preserving
the form g;. Let 7: O(L) — O(q,) be a canonical homomorphism. We define
O(L) = Ker(r) which is a normal subgroup of O(L) of finite index.

We denote by U the hyperbolic lattice [$ 3] which is an even unimodular
lattice of signature (1, 1), and by Eg an even unimodular negative definite
lattice of rank 8 associated to the Dynkin diagram of type Eg. Also we denote
by (nt) the lattice of rank 1 with the matrix (nt). For more details, we refer
the reader to [16].

(1.2) Let S be a K3 surface. The second cohomology group H*(S, Z) admits a
canonical structure of a lattice induced from the cup product <, >. It is even,
unimodular and of signature (3, 19), and hence isometricto L=U U @ U @
E; @® Eg (e.g. [21]). Let h be a primitive vector of L (i.e. L/Zh is torsion free)
with (h, h> = 2d. Then the orthogonal complement of A in L is isometric to
Ly,=UDU®@E;®E; ®{(—2d). Put Q,;, = {[w]eP(L,,®C)|{w,w) =0
and (w, @) > 0}. Then Q,, consists of two connected components, which are
mapped into each other by complex conjugation. We denote by 9,, either one
component of Q,,, which is a bounded symmetric domain of type IV and of
dimension 19. Let T',, be the group of isometries of L which fix h. It follows
from [16], Proposition 1.5.1 that I",, = O(L,,). I',, acts on Q,, as auto-
morphisms. We denote by I',, the subgroup of I',, of index 2 which consists
of isometries preserving the connected components of Q,,. Then I',, acts on
2,4 properly discontinuously, and hence by Cartan’s theorem 2,,/T",,; has a
canonical structure of normal analytic space. By [4], 2,,/T',; is a quasi-
projective variety.
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A polarized K3 surface of degree 2d is a pair (X,H ) where X is an algebraic
K3 surface and H is a primitive (i.e. mC implies m = =+ 1), numerically effective
divisor on X with H? = 2d. A nowhere vanishing holomorphic 2-form wy on
X gives a point [wy] of 2,, modulo I',,;, which is called the period of (X, H).
It follows from the global Torelli theorem [18] and the surjectivity of the
period map [10] that 2,,/T',, is the coarse moduli space of polarized K3
surfaces of degree 2d.

2. Siegel domain of the third kind

(2.1) Let Gy be a connected component of a linear algebraic group O(L,,QR),
defined over Q, with associated bounded symmetric domain 2,, = G_ /K,
where K is a maximal compact subgroup of G,. Let &,, be the analytic set
{lw]eP(L,; ® C)Kw,w) = 0}, which is called the compact dual of 2,,. We
denote by 2,, the topological closure of 2,, in 9,,. A boundary component F
of @,, is a maximal connected complex analytic subset in 2,,\%,,. Group
theoretically, it can be seen that the stabilizer group N(F ) = {ge G |g(F )< F}
is a maximal parabolic subgroup of G, and conversely. A boundary compo-
nent F is rational if N (F) is defined over Q. For more details we refer the
reader to [1], [14], [17], [19]. In our case, we can determine the rational
boundary components of 2,, as follows (e.g. [20]):

PROPOSITION 2.2. The set of all rational boundary components of 92,,
corresponds to the set of all primitive totally isotopic sublattices of L,,. If E is a
primitive totally isotropic sublattice of L,,, then the corresponding rational
boundary component is defined by P(E ® C)N 2.

Since the signature of L,, =(2,19), the dimension of a rational boundary
component is either 0 or 1. We need more explicit description of a rational
boundary components to deal with a toroidal compactification of 2,,/T>,.

In the following of this section, we assume d = p? for a prime number p. To
describe 0-dimensional rational boundary components, we fix an orthogonal
direct decomposition

Ly=U,®U,®E;®E;®<{—2d)

where U; is a copy of U (i=1,2). Let {e, f} be a base of U; with
e,e) ={f,f>=0and <e, f) =1, and u is a base of (—2d). Put v, = e and



Moduli space of K3 surfaces 255
v,, = mu + p{e + m*f} (meN).

PROPOSITION 2.3. ([20], Remark 4.2.3) The set of primitive isotropic rank 1
sublattices {Zv,,|0 < m < (p — 1)/2} corresponds to a complete set of T,,-
inequivalent 0-dimensional rational boundary components of 9,,.

PROPOSITION 2.4. ([20]) (i) Let E be a primitive totally isotropic rank two
sublattice of L,,. Then there exists a base {e,,...,e,;} of L,, such that
E=1Ze, @ Zey, E* =Ze;® - ® Ze,q and the corresponding matrix of L, is

" 10 00
o nefizea s8]

where E* is the orthogonal complement of E in L,,, « is either 1 or p, B is an
integer with 0 < f < a and K is any matrix representing the bilinear form on
EY/E.

(ii) Let r be the number of I',;-inequivalent 1-dimensional rational boundary
components of 2,,. Then r < Md®, where M is a constant not depending on d.

Proof. The assertion (i) corresponds to [20], Lemma 5.2.1. The second
assertion follows from [20], Corollaries 5.4.8, (3), 5.6.10 and the result of
§5.3. O

(e €)=

I oo o
=

(2.5) Remark. Let (2 ,,/T",,)* be the Satake—Baily—Borel compactification of
D,4/T 54 ([4]). Assume that p is odd. Then the configuration of the boundary
(2 ,4/T20)*\(2,4/T,) can be described ([20], Figure 5.5.7). There are two
types of 1-dimensional component F* of the boundary corresponding to F as
in Proposition 2.4:

F* o H*/T if =1
~HYTp) if a=p,

where H™ is the upper half plane, I' = SL(2, Z) and T''(p) = {[¢J]el|a=1,
d=1, b=0 (mod p)} There are (p+ 1)/2 0-dimensional components v}
corresponding to v; as ‘in Proposition 2.3. The component v§ is a cusp of all
modular curves F* and v¥ (1 <i<(p—1)/2)is a cusp of F* isomorphic to
H*T'(p).

(2.6) Let F be a rational boundary component of 2,,. We denote by N(F),
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W(F) or U(F) the stabilizer subgroup of F(< Gg), the unipotent radical of N(F)
or the center of W(F) respectively. Define

D24(F) = U(F)e* D 54(= D).
Then there exists a holomorphic isomorphism
D,4(F)~F x C" x U(F)¢
where m=0ifdimF=0,m=17if dimF = 1, and
Dy = {(z, w, 2)€F x C™ x U(F)¢ |Im(z) — h(w, w)e C(F)}

where C(F) is a self-dual homogeneous cone in U(F) with respect to a positive
definite bilinear form « , ) on U(F) defined over Q and

h,:C" x C" - U(F)

is a quasi-hermitian form depending real analytically on 7€ F ([1], Chap. 3, §4
or [17]). Here self-dual means that

C(F) = {xe U(F)| {x, y > 0 for any ye C(F)\{0}}

([19], p. 31). The above representation is called the Siegel domain of the third
kind of 9,,. In the following we shall give a description of the Siegel domain
of the third kind of 2,,. This is essentially given in [17].

(2.7) In the case F is of dimension 0: Assume F corresponds to tk. isotropic
sublattice v,, (Proposition 2.3). Let {e,, e,} or {e;,...,e,5} be a base of U, or
E; @ Eg respectively. Put e, g = u + 2mpf, e, = f and e,; = v,,. We consider
{e,...,e,;} as a Q-base of L,, ® Q. Then

K 0 0
0= (e, ej>)= [0 H:I, H= |:oc g:| and K = ({e;, ej>)1si,j< 19

1 fm=0

h _ . .
where o {p om0 By definition,

N(F) = {ge Gyl g(Re,,) = Re,,}.
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A B
Write g = I:C D] and further B = (Bl’ B2)9 C = '(Cl’ C2) and D = (dij)lzi,jZZ

so that B;, C; are column vectors in R'°. Then a direct calculation shows:

N(F) =
A B_. [AKA=K, AKB, +ad,,C,=0, 'B,KB,+20d,,d, =0,
C D ®B,=C,=0,d,,=0and d,,"d,, =1 ’
W(F) = U(F) =
I,, B, 0
0 1 O}||KB;+aC,=0and 'B,KB, + 2ud,, =0}).
tCZ d21 1

Let z = X1, z;e;e P(L ,; ® C) be a homogeneous coordinate. Then

Qoy = {(z:+125)1 222, + 202,025, + qo(z¢) = 0,
2Re(z,Z,) + 20 Re(z 20221) + qo(2o, Zo) > 0}’

where g, is a symmetric bilinear form defined by the matrix (Cei eDh<ij<1o
and zy = (z3,...,2,0). If z€9,,, then z,,# 0, and hence we may assume
Zy0 = 1. Then zeQ,, if and only if 2Im(z,)-Im(z,) + go(Im(z ,)) > 0. Since
4o(Im(z ,)) < 0, a connected component of Q,, is then defined by the additional
condition Im(z,) > 0 or Im(z,) < 0. We may assume that &,, corresponds to
the component with Im(z,) > 0. Put 2,,(F) = U(F)¢* 2,, (= %,,). Then it is
easy to see that

D5a(F) = (C'°, (24, .., 210)).

Now we conclude:

PROPOSITION  28. Put  C(F) = {(y)eR*|2y,y, + qo(s. ..., 10) > O,
V1> 0}. Then 24 = {(2)€ D,,(F)| (Im(z ))e C(F)}.

Put N(F), = N(F)nT,,.
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PROPOSITION 2.9. The action of ge N(F), on 2,,(F) is as follows:

A B
g=[c D}z—» +(Az + B),z="(z4,..-,219)

where + A preserves the cone C(F).

Proof. Since geT',, and e,, = v,, is primitive in L,,, g(e,,) = d,, e, is also
primitive, and hence d,, = +1. By the relation d,,-d,, =1, we have
d,; = 1. Now the assertion is obvious. O

(2.10) We introduce a subgroup of N(F) which is used in §5. First note that
N(F) acts on U(F) by conjugation and its kernel is U(F). We denote by G,(F)
the image of the induced homomorphism p: N(F) —» Aut(U(F)). Then G,(F)
preserves the cone C(F) and N(F) = G,(F)- U(F) (semi-direct product). Under
the identification

U(F) - R® (2.11)

. A B
given by [C D] — B,, N(F) acts on R'® as

A B, O
0 1/a O B;—aAB,.

We denote by T',,(F) the image p(T,,). Since a = +1 for any ¢ eI',;, we may
consider I',;(F) as a subgroup of O(K ® Q) x {+1}.

(2.12) In case F is of dimension 1. Let Ze, ® Ze, be a totally isotropic
sublattice of L,, corresponding to F. Let {e,,...,e,,} be a base of L,, as in
Proposition 2.4. We denote by t = X2} t,e;e P(L,,® C) a homogeneous
coordinate. Then

Qyy={(t1,...,13)€P(Lyy ® C)| 2t550 + 2atyt5; + qolto) + 2Bt3: =0,
2Re(t1,) + 200 Re(t,7,,) + qolte, To) + 2ﬂ|t21|2 > 0}

where q, is a symmetric bilinear form induced from K and t, = (t5,..., ;).
We may assume t,, = 1. Then teQ,, if and only if 2Im(¢,) Im(t,)+
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qo(Im(t,)) > 0. We may assume that 2,, is the connected component of Q,,
with Im(z,) > 0. An elementary calculation shows:

'‘UHZ = H, 'XKX =K, 'XKY+'VHZ =0,

NE) = 'YKY +'ZHW +'WHZ +'ZAZ = A,det(U) > 0

o o

|4
XY
0 Z
where U, W, Z are 2 by 2 matrices, X is 17 by 17 matrix and 'V, Y are 17 by
2 matrices;

[12 vV W]
WEF)={10 I, Y ||KY+'VH=0,"YKY +HW +'WH=0);
0 0 1,
[1, 0 W]
0 «ac
UF)=4¢10 T, 0 W:[—c 0],C€|R.
0 0 I,

Then it is easy to see that:

Dyg(F)=U(F)e D,yg~(C x C'7" x H*, (t;, t3,-- 195 L20))

where H* is the upper-half plane. Now we define a quasi-hermitian form on
C!7 as follows: for te H*, w, w e C!7,

h(w, W) = 1/41m(7) - {—go(w, W) + qo(w, w)}.

Finally define C(F) = {yeR|y > 0}. Then we have:

PROPOSITION 2.13. Put z=t;, w=(t3,...,t19) and t=1t,, Then
D54 = {(z, w, 1)€2,,F)|Im(z) — Re{h,(w, w)}e C(F)}.

PROPOSITION 2.14. The action of N(F), = N(F)nT,, on 2,(F) is as
Sfollows:
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U Vv Wil|:z
g=]0 X Y |:(w]|->
0O 0 Z T

z+ (ct + d) HegoW)/2 + B+ viw + wiT + Wy}
(ct+d)~! {Xw + Y[;]}
(at + b)/(ct + d)

b
d

is the first row vector of W.
Proof. Since geTl',,, 'UHZ = H and det(U) > 0, U, ZeT. Hence the asser-
tion follows from the relation 2at, = —2t,t,, — qo(ty) — 2B O

where Z = [a ]eF = SL(2, 2), v, is the first row vector of V and (w,, w,)
c

(2.15) Let F, be a 0-dimensional rational boundary component and F; a
1-dimensional rational boundary component such that F, is a cusp of F,. Take
a Q-base {e,,...,e,;} such that F, (resp. F,) corresponds to the totally
isotropic subspace Qe,; @ Qe, (resp. Qe,) and

L]

2

o o

0
e, ej>)i‘j = K 0
0 0

L

2

where K is a negative definite matrix of degree 17. Let t =Xte; be a
homogeneous coordinate of P(L,; ® C). Then by the same way as in (2.7),
(2.12), we have:

Da={(ty, ts, ..., t,0) | (Im(2,))e C(F o)}
where C(F,) = {(y)eR®|2y,¥20 + do(V3s- - -» V10) > 0, y; > 0};
Dy = {(z, w, 7)| Im(z) — Re(h,(w, w))e C(F,)}
where z =1t, w=(t3,...,t;9), T =t,, and C(F,) = {yeR|y > 0}. Under the

identification (2.11), U(F,)=R=~{(c, 0,...,0)e R*®} < U(F,) = {B, | B, e R®}
and C(F,) < C(F,). For y=(y)eR", put q(y) = 2y,¥50 + 4o(V3- - -» Y10)-
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Since the signature of g is (1, 18), if ye C(F,))\C(F,), then g(y) = 0, and hence
we have

CFNC(Fp)= |J R*y,  R"={yeR|y>0}.

ya(») =0

These half lines R* -y are called boundary components of C(F,). Note that the
lattice L,, induces a Q-structure on R!°. If y is defined over Q, then the
corresponding boundary component R* -y is called rational. It is known that
for fixed 0-dimensional rational boundary component F, of Z,,, there is a
bijective correspondence between the set of 1-dimensional rational boundary
components F of 9,, with F o F, and the set of rational boundary compo-
nents of C(F,) as

{F|F > F,} — {rational boundary components of C(F,)}
F = C(F)

([1], Chap. 111, §4, Theorem 3).

3. The group I',,

(3.1) In this section we assume d = p* and compare the groups I',; and I,.
First we fixadirectsum L, = U, QU, @ E; ® Eg ® (—2), where U, U, are
copies of U. Let u’ be a base of (—2). Then L,, is isometric to the sublattice
of L, generated by u=pu' and U, ® U, ® E; ® E;. In the following, we
consider L,,; as a sublattice of L, under the above isomorphism. The following
was suggested by K. G. O’Grady.

LEMMA 3.2. T, is a subgroup of T, of finite index. Furthermore if d = p* for
an odd prime number p, then [T',:T,,] = p?° + p*°.

Proof. First we shall prove that O(L,,) < O(L,). Consider the subgroup
M = L,/L,; in Ap,, = L3,/L,, which is totally isotropic with respect to g ,.
The lattice L, is reconstructed from M as

L,={xeL%;|xmodL,,eM} ([16], Proposition 1.4.1).

Let ¢ € O(L,,). Then ¢ naturally extends to an isomorphism ¢* of L%,. Let p*
be the induced isomorphism of 4; . Since 4;,, is a cyclic group, p* preserves
M, and hence ¢*(L,) < L,. Thus ¢ can be uniquely extended to an isometry
of L,. Hence I',, < I',.

Next consider the inclusion of lattices: pL, < L,, = L,. Then the affine space
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L,/pL, (~(Z/pZ)*") has a structure of non-degenerate finite quadratic form
over Z/pZ defined by

(x, )= {(x, y> mod pZ for x = xmodpL,, y = ymod pL,.

The group O(L,) naturally acts on L,/pL, as isometries. Note that L,,/pL, is
a non-degenerate hyperplane of L,/pL,. There are two types of nondegenerate
quadratic space of dimension 2m over Z/pZ according to its invariant (— 1)"A
in (Z/pZ)*/(Z/pZ)**, where A is the discriminant (e.g. [5], p. 63). In our case,
we have the following two types:

V+=P1@”'@P10’
V_=P1@"’@P9®<u’v>,

where P; is a hyperbolic space and <{u, v) is a 2-dimensional space generated
by {u, v} with (u,u) =1, (u,v) =0, (v, v) = 0 (—0 ¢(Z/pZ)*?). Since L,,/pL, is
the direct sum of two copies of (U @ Eg)/p(U @ Eg), the discriminant of
L,,/pL,, is a square in (Z/pZ)*. Hence L,,/pL,; ~ V,.

Claim: The group O(L,) acts transitively on the set of all non-degenerate
hyperplanes in L,/pL, isometric to V.

We shall give the proof of the claim in the latter. Consider the action of O(L,)
on L,/pL, which induces a homomorphism

O(L,) - O(L,/pL,).
The group O(L,,) (resp. O(L,,/pL,) x Z/2Z) is the stabilizer subgroup of the
hyperplane L,,/pL, of O(L,) (resp. O(L,/pL,)), where Z/2Z is generated by a
symmetry with respect to the hyperplane L,,/pL,. It follows from the claim

that O(L,/pL,) also acts transitively on the set of all nondegenerate hyper-
planes isometric to V, and

[O(L,): O(L,9)] = [O(Ly/pL,): O(L,4/pL,) x Z/27].

It is well known that ([5], p. 63):

10
IO(L,/pLy)| = 2p'°° - [ (p* = D),

i=1
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9
|0(La/pLy) = 10V, = 2p°°(p** — 1) T] (p* = V).

i=1

Hence [O(L,): O(L,;)]= (p*° + p'°)/2. On the other hand, [O(L,):T',] =2
and[O(L,,):T',;] =4 ([20], Lemma 3.6.1, Example 3.6.2). Thus we have
[[,:T,,]=p* +p'° O

Proof of Claim. Let V be a non-degenerate hyperplane in L,/pL, isometric
to V,. Define

L={xeL,|xmodpL,eV}.
Then L is an even lattice with [L:pL,] = p?°. Since
|det(L)|- [L: pL,]* = |det(pL,)|,

we have |det(L)| = 2p%. Moreover V is a totally isotropic subgroup in
A, = (pL,)*/pL, with respect to ¢, and g, ~ (q,.,|V*)/V ([16], Proposi-
tion 1.4.1). Hence A, ~ Z/2p*Z. Let q, (resp. q5) be the restriction of g, on
Z/2Z (resp. Z/p*Z): q;, = q, ® q5 ([16], Proposition 1.2.2). Then L,/L is a
totally isotropic subgroup of 4, of order p and q;, ~ (g, | (L,/L)")/(L,/L) ~ q,.
Hence

q,:2/27 - Q)27

is given by g,(mmod2Z)= —m?/2. On the other hand, ¢% is one of the
following:

45:2/p*7 — Q/2Z, ¢(m mod p*Z) = am?/p*

where, using the Legendre symbol, 6 = (a/p) = +1 (see [16], §1.8). Let « be an
integer with (—2a/p) = 6. We now consider the following lattice

2
L’=U@E8@E8®[: g]@<—2>

which has the discriminant form g, @ ¢®. Since rank(L) > 2 + I(L), the genus
of L contains only one isomorphism class ([16], Theorem 1.14.2). Hence
L ~ L. Fix a decomposition
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2
L= UG—)ESG-)Eg(-D[: g]@<—2>

and take a base {x, y}, {u} of [2: g], {—2), respectively. Since L, is obtained
from L by adding (1/p)y, yepL,. Hence
V= L/pL, = (U® Eg @ Eg)/p(U @ Eg @ Eg) ® <X, &)

where X = xmodpL,, # = umod pL,. Note that the first factor of the above
decomposition is the direct sum of 9 hyperbolic spaces because (—1)°A = 1,
where A is the discriminant of U @ E; @ Eg. Hence V ~ V, if and only if
{x,u) is isometric to a hyperbolic lattice. Since the discriminant of (X, #) is
equal to —4a, (X,u) is isometric to a hyperbolic space if and only if
(4a/p) = (o/p) = 1. Hence we may assume that o = 1. Then

2
L~ U@Es@Es@[p g]@<—2>-

Note that g, ~ q,,,. Hence, again by [16], Theorem 1.14.2, L ~ L,,. The
sublattices L and L,, give two decompositions of L, into

2 1

Obviously there is an isometry ¢ € O(L,) which sends one decomposition to the
other. Then ¢(L) c L,,, and hence V is equivalent to L,,/pL, modulo O(L,).
O

(3.3) We use the same notation as in (2.7). Let F be a 0-dimensional rational
boundary component of 2,, corresponding to Zv,,. Note that v, or v,,/p=
mu' + e + m*f(m > 0) defines a primitive isotropic sublattice of L,. Hence we
may consider F as a rational boundary component of 2,. In Section 5, we need
to estimate the indices [T,(F):T,,(F)] and [U(F)nT,:U(F)nT,,].

First note that {e,,...,e,,} generates a sublattice in L,; of index « and
{e1,..., €18 €10/P; €50, €;1/a} is a base of L,. Let M,, (resp. M,) be a primitive
sublattice of L,, (resp. L,) generated by {e,,..., e o} (resp. {e,,..., e s, €10/P}).

LEMMA 3.4. [[,(F):T,,(F)] < O(p'®).
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Proof. First consider the case that F corresponds to v,. Then {e,,...,e,,} is
a base of L,,;. Hence, for any

A B, O
o= 0 +1 O |eN(F)nT,,,
'C, d,; *1

A€O0(M,,). Therefore I',,(F) is a subgroup of O(M,,;) x {+1}. Since L,, =
U®M,,, any YyeOM 20) can be extended to an isometry qoeé(Lz,,) with
¢|M3,=1. Hence yel,,(F) if Yy(C(F))< C(F). By [20], Lemma 3.6.1,
[O(M,,;): O(M,;)] = 2, and hence the index of T,,(F) in O(M,,) x {+1} is at
most 8. Similarly, [',(F) is a subgroup of O(M,) x {£1} of index at most 8.
By the same argument as in the proof of Lemma 3.2, [O(M,):0(M,)] =
O(p'®). Thus we have [T ,(F):T,,(F)] = O(p*®).

Next consider the case that F corresponds to v,, (m > 0). Let y € O(M ).
Then, by [16], Proposition 1.5.1, { can be extended to an isometry (peé(Lz,,)
with ¢|M3, = 1. Hence O(M ;) = p(O(L,,)) where p: N(F) — Aut(U(F)) is the
projection. On the other hand, [O(M,):0(M,,)] = O(p'®) and T',(F) is a
subgroup of O(M,) x {+1} of index at most 8. Hence the assertion follows.

O
I., B, O
Foro=| 0 1  0|eU(F), put ‘B,
tC2 dll 1

= ('B';, b) and 'C, = (*C}, o).
LEMMA 3.5. Assume that F corresponds to Zvy, = Ze. Then

U(F)nT,,;~{B,|B, 7'},

U(F)nT, ~ {('B}, b)| B1€Z'8 and be(1/p)Z}.

Proof. First note that {e,,...,e,,} is a base of L,;,. Hence B,, C, and d,,
are integral. Conversely if B, € Z'°, then C, = —KB, and d,; = —'B,KB,/2
are also integral. Hence we have

U(F)nO(L,,) ~ {B,|B,eZ"°}.

Since {e,, ..., eq (1/p)eyq, €50, €51} is a base of L,, we can see that
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U(F)n O(Ly) ~ {(By, b)| Bye Z'®, be(1/p)Z}.

If e U(F)n O(L,,), then ¢(u) = u + ce,; = u + 2p*be,,. Hence ¢(u/2p*) =
u/2p® (mod L,,), ie. p€O(L,,). Obviously U(F) preserves 2,,. Therefore
U(F)nT,,; = UF)n O(L,,) and we have the desired result. O

LEMMA 3.6. Assume that F corresponds to Zv,, (m > 0). Then
U(F)nT,,~ {('B}, b)| By €(pZ)'® and be Z},
U(F)nT, ~{('B}, b)| By€Z'® and be(1/p)Z}.

Proof. If e U(F)nT,, = U(F)n O(L,,), then Cy e Z'® by considering ¢(e;)
(1 <i< 18) and using the primitiveness of e,, in L,,. Since ¢ € O(L,,) and
€,0/2p = u/2p + mf e L},, we have

€10/2p = @(e10/2p) = €14/2p + (c/2p)ey; (mod L,,).
Since e,, is primitive in L,,;, ce2pZ. Recall that
K'B| + pC, =0, 2p®b = pc and 'B1K'B’, — 2p*b* + 2pd,, =0

K 0

0 -2
By e(pZ)'® and beZ, d,, e pZ. Conversely if ¢ e U(F) with B e(pZ)'8, beZ,
then it is easy to see that ¢(e)e L,,. Hence ¢ € O(L,,) because {e;, ..., e,q, e} is
a base of L,;. Moreover an easy calculation shows that ¢(u/2p?) = u/2p>
(mod L,,),i.e. € 5(L2‘,). Hence we have the first assertion. For U(F)nT',, we
can see the assertion by using the fact that {e,,...,e5, (1/P)e;o, €20, (1/P)e3;}
is a base of L,. O

where K = [ :l and K’ is an unimodular matrix. By these equations,

4. Tai’s criterion and dimension formula

(4.1) Let 2,, < C!® be a realization of 92,;, as a bounded domain. Let
u=(uy,...,u;) be a coordinate of C*° and put w =du; A -+ A du;e. A
holomorphic function f: 2,, — C is called a I',,-automorphic form of weight k
if for any yel',;, f(yu) = J(y,u)”* f(u) where J(7, u) is the Jacobian of y. We
denote by A4,(I',,) the space of I',,-automorphic forms of weight k. For
feAT,y, f+o® is invariant under T,,, hence can be considered as a form
in Ho(A %4, Q®") where A%, is the open set of 5, such that the projection
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7D,y — D34/T 24 is unramified over "%, and Q is the sheaf of top-dimensional
holomorphic forms on #"%,.

(4.2) Recall the construction of a toroidal compactification of 2,,/T",, ([1], §5).
Let F be a rational boundary component of 2,,. Let U(F), C(F) and 9(F) be
the same as in §2. Then 2,, is realized in 2(F)~ F x C™ x U(F). as Siegel
domain of the third kind. Put T(F) = U(F)./U(F),. Let {o,} be an admissible
polyhedral decomposition of C(F) < U(F) such that all cones o, are regular
([14], Theorem 7.20). The collection {o,} defines a torus embedding
T(F) = T(F),,- Finally define (2,,/U(F),)(,, = the interior of the closure of
2,/ U(F); in (2(F )/U(F)z) X ) T(F)(5,, which is smooth by our assumption
on {o,}. Then by the main theorem in [1] (also see [14], Theorem 7.20), there
exists a compact analytic space #,; = D,,/1 5, with only quotient singularities
and a morphism

i (D 2/ UF )z){a,} - X, 2d

such that >, is a Zariski open set in /3, and every point of £, is in the image
of m; or . We denote by %, the open set of X3, such that = and n, are
unramified for any F.

In the following we recall the Tai’s criterion of extendable pluri-canonical
differential forms to '3, Let F be a rational boundary component of 2,,. Let
(z, w, 7) be a coordinate of U(F). x C™ x F (see §2). Put U(F), = U(F)nT,,.
For fe A,(T,,), f is U(F),—invariant, and hence we have a Fourier—Jacobi
expansion

f = f(z, w, 1;) = 2 ép(f’ W)e(<<p’ Z>>)

peU(F)7

where e(x) = exp(2n,/ — 1x),  , ) is a positive definite bilinear form on U(F)
define over Q and U(F)jis the dual U(F), with respect to « , ). By Koecher’s
theorem ([3], [17]), £, # 0 only for pe C(F)n U(F)¥. In §5 and §6, we shall
need the following criterion due to Tai.

THEOREM 4.3. ([1], Chap. IV, §1). Suppose f € A,(,,), then f-w®* defines
a k-fold canonical differential form on A3, if f satisfies the following condition:
for any ratiﬂc_zi boundary component F, &, #0 implies {p,x) >k for all
non-zero x€ C(F)n U(F),.

Let feA(I',). We call f a cusp form if the Fourier—Jacobi coefficient
&o(t, w) = 0 for any rational boundary components. We denote by S, (I,,) the
vector space of cusp forms of weight k.
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PROPOSITION 4.4. dim S, (T',,) = (2-198/18Y)- vol(2,,/T,,)- k*° + O(k'?)
where vol(2,,/T ,,) is the volume with respect to a metric on 9,,.

Proof. Let I';; be a normal neat subgroup of I',,. By the Proportionality
theorem [12],

dim S,(T"3) = vol(@ 5/T'ha)- dim HY(G,,, QO*+Y) + O(k'#)

where Q is the sheaf of holomorphic 19-forms on the compact dual %,,. Recall
that &,, is a smooth quadric in P2°, Hence

dim H(F,,, Q®*+D) = (19k + 1)}/201(19k — 19)! —(19k — 1)!/201(19k — 21)!

= (2-19'8/18D)k*® + O(k'®).
By the Tai’s argument in the proof of [23], Proposition 2.1, we have

dim S, (T',,) = dim S (I"y,)" 2/

= 1/[T,;:T24]" Z trace(y | S;(I"24))
Y€l 24/T2a

= 1/[T34:T%,] - dim S, (I"34) + O(k'®)

= 2198 k19 yOl(D 5y /T5a)/18![Tpg: Tha] + O(K®).

Since vol(2 4/T34)/[T34:T24] = vol(2,4/T ,,), we now have proved the asser-
tion. O

COROLLARY 4.5. Assume d = p*. Then
dim S,(T',) = (2 - 1918/181) - vol(@,,/T,) - [T,:T5,] - k' + O(K'®).

Proof. This follows from the facts that I',, =T, (Lemma 3.2) and
VOl(D 24/T 3g) = [T3:T' 241 vol(2, /T ). O

5. Coefficients of Fourier —Jacobi series I

(5.1) Let F be a rational boundary component of 2,,. For f e 4,(T",,), consider
the Fourier—Jacobi series f = Z, ¢ (1, w)e( p, z)») with respect to F, where (z,
w, 7)€ U(F). x C™ x F (see §4). Put
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AT 2r = {f € 4T E, (1, =0 if Kp, x)) <k

for some non-zero xe C(F)n U(F),},
AT = fe A (D) f € A(Too)p

for any rational boundary components F of 2,,}.

The purpose of this section and the next is to estimate the dimension of
A (', (Theorem 6.18). In this section, we shall study the coefficients of
Fourier—Jacobi series with respect to 0-dimensional rational boundary com-
ponents.

(5.2) First we give a relation of 0- and 1-dimensional cases. We use the same
notation as in (2.15). Then the group U(F,), = U(F )N T',,; (~Z) acts on 2,,
as follows (see Proposition 2.14):

I, 0 w
0 I; O l@Ewn-o0E+cowr1),
0 0 I,

where

w[° o]

Let f e A,(T,,). Then we have a Fourier—Jacobi expansion of f:

f= ) 0,u(t, we(Kp, 2)) (5.3)
&p,E»=m=0
PGU(Fl);mC(Fl)

where ¢ is a base of U(F,), with &€ C(F,). Also the group U(F,), acts on %,,
as translations (see Proposition 2.9). Hence we have a Fourier—Jacobi expan-
sion of f:

f= Y celp@») (,e0. (54)

peC(Fo)NU(F o)y

Here recall that C(F,) = C(F,) and ¢e C(Fy) N U(F), (see (2.15)). It follows
from (5.3), (5.4) and the uniqueness of Fourier—Jacobi coefficients that
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0,(t, w) = 2 c, e(p, (0, ts,...,t50) D). (5.9
peC(FINU(F o)}
LpsE»=m

Assume 6,,(t, w) = 0 for some m. Then it follows from (5.5) that ¢, = 0 for any
peC(F,)nU(Fy)F with (p,&» =m. Conversely, each half line in
C(F,)\C(F,) defined over Q corresponds to C(F") for a rational 1-dimensional
boundary component F'; ((2.15)). Thus we have:

LEMMA 5.6. Let feA,(I,,) and assume that fe A (I ,))p, for any 1-dimen-
sional rational boundary components F, of 9,,. Then Fe A;(T,,) if f satis-
fies the following: for any O-dimensional rational boundary components F
of Doy, ¢, =0 for any peC(F)nU(F)¥ with p,x)) <k for some
xeC(Fy) nU(F,),.

(5.7) In the following we use the same notation as in (2.7), (3.3). Let F be a
0-dimensional rational boundary component of 2,,. Put U(F), ; = U(F)n T,
(0 =1ord)and

HQ, F, k)= {pe CF)n UF)},1Kp, x» < k

for some xe C(F)n U(F), 4}

Recall that T',4(F) acts on C(F)n U(F),, ((2.10)). This action induces the
action of T,;(F) on H(S,F,k) satisfying the condition (o*(p),x)) =
Kp, p(x)» for peT ,5(F), pe U(F)* and all xe U(F). Since T',(F) > I',,(F),
I,;(F)also acts on H(1, F, k). For f € 4,(T,,), I',,-automorphicity of f and the
uniqueness of Fourier—Jacobi coefficients imply that ¢, = +c,x, for any
@eT,,(F) where ¢, is a Fourier—Jacobi coefficient of f with respect to F.
Hence to estimate the dimension A4;(T,,)F, it suffices to count the order of the
set H(d, F, k) modulo I",,(F).

LEMMA 5.8. H(S, F, k) modulo T ,;(F) is a finite set.

Proof. Let {a,} be a T',;(F)-admissible polyhedral decomposition of C(F)
([1], Chap. III, §5). By [14], Theorem 7.20, we may assume that each g, is
regular, that is, o, = X{_; R, ¢} where {e!} is a part of a base of U(F), ; and
R.o = {yeR|y > 0}. The admissibility of {s,} implies that the number of
classes of cones modulo I, ,(F) is finite. Therefore it suffices to see that, for each
top dimensional polyhedral cone o, the set

H,;={pea,nUF)};|Kp, x)» <k for some xe C(F)n U(F), s}

is finite. We may assume that <( , )) is integral on U(F),; if necessary
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replacing « , )> by some multiple of « , )> because the order |H, ;| does
not depend on « , ». For peH,; write p =22 a;-¢, a,€Q, a;>0.
Then k > p, x> = Za;{e;, x) for some xe C(F)n (F), ;. The self-duality
of C(F) implies that (e;,x)) is a positive integer. Therefore [H, ;| <
[UF):s: UF), 5] K. 0

We denote by h(3, F, k) the order of the set H(S, F, k) modulo T',;(F). Recall
that the set {v,|0 <m < (p—1)/2} is a complete set of I',;-inequivalent
0-dimensional rational boundary components of 2,,.

LEMMA 5.9. Assume that F corresponds to v,. Then
h(d, F, k) < cp[T5(F):T5,(F)1k**
where c is a constant not depending on p and k.
Proof. Let {c,} be a I',(F)-admissible polyhedral decomposition of C(F).

We may assume that each o, is regular. Let o, be a top dimensional polyhedral
cone and let {e;} be a base of U(F), , with o, = Z}2; R, ¢;. Put

H ={peo,nUF)F,Lp, x)) <k
for some xe C(F)n U(F), ,}.

Then H, ; « H; ;. By Lemma 3.5 and the proof of Lemma 5.8, we have
|H)al < p-LUF):UF), 1 k"

Therefore
h(d, F, k) < ¢'p(U(F)} 1 : U(F), | J[T5(F): T,y (F)Jk*®

where ¢’ is the number of TI',(F)-inequivalent cones o,. Since ¢ and
[U(F);,:U(F), ] are not dependent on p, we have the desired result. O

LEMMA 5.10. Assume that F corresponds to v,, (m > 0). Then
h(d, F, k) < [T (F):T,,(F)]-h(1, F, k)
Proof. By Lemma 3.6, we have bijections

U(F),, —> U(F),, and U(F)}, — U(F)},

iven by B, — pB,, B¥ - pB* respectively which induce a I',,(F)-equivariant
g y b,y 1 2d q
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bijection H(1, F, k) ~ H(d, F, k). Therefore h(d, F, k) = #{H(1, F, k) modulo
I,4(F)}, and hence

h(d, F, k) < [T(F):T,(F)]-h(1, F, k). O

THEOREM 5.11. 2.h(d, F, k) < ¢"-p'°-k'°, where the summation in the left
hand side means that F moves on a set of all T, inequivalent 0-dimensional
rational boundary components of 92,, and c" is a constant not depending on p
and k.

Proof. We denote by F, (resp. F,, 1 <m < (p — 1)/2)the rational boundary
component corresponding to Ze (resp. Zv,,). Then it follows from Lemmas 5.9,
5.10 that

Y h(d, F, k)<
F

(p—1)/2

cl’[l_ﬂz(FoyI_ﬂzd(Fo)]k19 + Z [Fz(FnJ:fzd(Fm)]'h(la F,, k)

m=1

Note that (1, F,,, k) < c’k'® where ¢’ is a constant not depending on p. Now
the assertion follows from Lemma 3.4. O

6. Coefficients of Fourier—Jacobi series II

In this section we consider the case of 1-dimensional boundary component. We
assume d = p? for some prime number p.

LEMMA 6.1. We use the same notation as in Proposition 2.4. Let F be a
1-dimensional rational boundary component. Let feA,(I',,) and let f =
s 00,,(t, we(mz/o) be the Fourier—Jacobi series of f. Then

G 0,(t, w+an)=0,(t, w) for neZ'’,

(i) 0,(z, w+ tn) = 0,,(t, we[m/a{'nKw + (t/2)'nKn}] for neZ'’,

(iii) 0,,(yt, yw) = 0,,(t, w)(ct + d)'**e[ —m/o(U — Bc)] for

=] hlere

where yt = (at + b)/(ct + d), yw = w/(ct +d) and U = (¢/2)(ct +d) ™!
(‘wKw).
Proof. Consider the following transformations in N(F) (see (2.12)):
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L, Vv, W,
1= 0 Il7 Yl :(Z, w, T)_’(Z,W-Fdn, T)
0 0 I,

where

0 -~ 0 0 0 10 -+ 0
V = s W = s Y =
! l: —'nK :I ! [0 - oc'nKn/2] ! [ a'n ]

and neZ'” is a column vector;

LV W
y,=10 I, Y, |:(z,w 1)>(z—"nKw— (1/2)'nKn, w + tn, 1)
0o 0 1,

where

—'mK —'Kn/2 0 ! n
VZ_I:() 0]’ WZ_[ 0 ():I and YZ_[() ()]

Note that K is an even lattice (i.e. ‘nKne2Z), and hence y,, y,€I',,. Since
J(y,) = J(y,) = 1, the relations (i) and (ii) follows from the I', ;-automorphicity
of f and the uniqueness of coefficients of Fourier—Jacobi series.

Next, in case a = 1, consider

U 0 o0
ya=|0 1, 0l whereZ=[a Z]er
C
0 0 Zz

and U ='Z~!. Then by Proposition 2.14,

v3(z, W, 1) = (z + (¢/2(ct + d))'wKw, w/(ct + d), (at + b)/(ct + d))

and J(y;) = (ct + d)~'°. Hence the relation (iii) holds.
Finally, in case « = p, consider
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u o
=0 I; 0 where Z = [Z Z:lerl(p), U= [_‘z/p —acp],
_0 0 Zz
_[wi wa _ —Bc? —Be(d + 1) ]
"= Ly W4] [/30(“ “lp Ba—1d+ 1yp|ME D

Then it is easy to see that y3e N(F), (see (2.12)). By Proposition 2.14

Y3(z, w, 1) = (z + (ct + d) " {c/2:'WKw + B + tw, + w,},
w/(ct + d), (at + d)/(ct + d))
= (z + (ct + d)~ Y(c/2)'wKw — Bc, w/(ct + d),
(at + d)/(ct + d)).

Hence the assertion (iii) follows. O

(6.2) In case a =1, we need to introduce the following: we use the same
notation as in Proposition 2.4. Denote by N,, the sublattice of L,, generated
by {es,...,e;o}. Then its discriminant quadratic form gy, is equal to ¢;_,, and
hence gy, ~(Z/2dZ, —1/2dmod2Z). Note that the subgroup of Z/2dZ of
order p is totally isotropic with respect to gy, . Hence it follows from [16],
Proposition 1.4.1 that there exists an even lattice N, with rank(N,)=
rank(N ), N, © N,, and gy, ~ (Z/2Z, —1/2mod 2Z). Let {¢,,...,&,,} be a
base of N, Put (é,,...,&;;)=(es,...,€,0)Q where QeM(17,Q). Then
|det(Q)| = 1/p, Q' is integral and K = (¢&,, é;)) ="'0(Ke;, ;)0 ="QKQ. We
note here that pQ is integral because pN, < N,,.

(6.3) Let k be a positive integer and ! a positive integer with p|l, [ > 2. Let
6(z, w) be a holomorphic function on H* x C!7 which satisfies the relation

0(yt, yw) = 0(t, w)(ct + d)*e[(—m/a)U]

for y = [‘c’ Z]er(l). (64)

Fory = [a b:IeSL(Z, Q), put
c d

01y = 0(yt, yw)(ct + d) ™ e[(m/x)U].
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Then (0 |7)|y = 0|yy for y, y = SL(2, Q) (see Lemma 6.7). Let s be a cusp of
I'(}) and take y e SL(2, @) with y(c0) = 5. Then by the above relation and (6.4),
1 nh

6|y is invariant under the action of y " 'I'();y = {[ 0 nl :| neZ}, where I'(J), is
the stabilizer subgroup of s and h is a positive rational number. We say 0(t, w)
holomorphic at s if 6|y is holomorphic as a function of u = e(z/h) at u = 0.

Let H,, ,(]) be a vector space of holomorphic functions 6(z, w) satisfying the
following conditions:

@,): 0(zr, w + an, + n,) = 0(z, wye[m/a{'n,Kw + (t/2)'n,Kn,}] for

n, nyeZ'’,

(0,): 00z, yw) = O(, w)(ct + d)1%%e[((—m/a)U ] for y = [‘C‘ zjlel“(l),

(05): In case a = p, as a function of 7, 6(z, w) is holomorphic at each cusp of
I'(l). In case o = 1, for any n,, n,eZ'7,

6" (1, w) = 0(t, w + Qn, + 1Qn,)e[ —m{'Qn,)Kw
+ (1/2)(Qn,)K(Qn,)}]

is holomorphic at each cusp of I'(l).

(6.5) Remark. The condition (6 ;) will be used in the proof of Lemma 6.15.
We remark here that under the assumption p|l, 6+ (z, w) satisfies the relation
(6.4). Recall that pQ and ‘QKQ are integral matrices. Then by using the relation
(6,), we have

6" (yt, yw) = O(yt, y(w + (ct + d)Qn, + (at + b)On,))
x e[ —m{"(Qn,)K(yw) + y7/2-'(Qn,)KQn,}]
= (ct + d)'%*0(z, w + (ct + d)Qn, + (at + b)Qn,)
e[ —m{*(Qny)K(yw) + y7/2-(Qn;)KQOn, }]
xe[—mc/2-(ct +d)~*'(w + (ct + d)Qn,
+ (at + b)Qn,)K(w + (ct + d)0n, + (az + b)0n,)].

Since

w+ (¢t + d)Qn, + (at + b)Qn, = w + Qn, + tQn, + bQn,
+(d — 1)Qn, + ctQn, + (a — 1)t0n,,

pQ is integral and yeI'(l), it follows from (0,) that



276 S. Kondo

0(t, w + (ct + d)Qn, + (at + b)Qn,) = O(t, w + Qn, + 10n,)
x e[m{(cQn, + (a — 1)Qn,)K(w + Qn, + 10n,)
+1/2-(cQn; + (a — 1)Qn)K(cOn; + (a — 1)@ny)}].

Now the assertion follows from a direct calculation by using the fact ‘QKQ are
even integral. Moreover we can see that the group ¥ = (QZ'” ®1QZ'")/
(2" ®tZ'7) acts on H,, () as (Qn,, On,)(0(z, w)) = 0"+"(z, w) and the in-
variant subspace under this action corresponds to the space of functions
satisfying the similar relations as (0,) — (65), which contains Fourier—Jacobi
coefficients of I' ,-automorphic forms.

LEMMA 6.6. Assume p|l. Let feA,(I',;) and f=2Xx0,(t, we(m/o z) its
Fourier—Jacobi series. Then 0,,(t, w)e H,, ,(I).

Proof. Since «|l, Lemma 6.1 implies that 6,,(z, w) satisfies the conditions
8,), (8,). For (8,), first, we shall see that 6,,(z, w) is holomorphic at co. Let
ey,...,€,; be a base of L,, as in Proposition 2.4. Denote by F, the boundary
component corresponding to Ze,. Then by the same way as in (5.2) we have

On(z, W)=} c,e(Lp, (1, w, 0)))

where the summation on the right hand side means that p runs on the set
{peU(F)¥n C(Fy)| K p, &Y = m} (see (5.5)). Note that e(z/x) is a coordinate
around oo. Since p and (1, 0, 0)e C(F,), & p, (1, 0,0)} > 0 and hence 0,,(z, w)
is holomorphic at co.

In case o =p, we need to estimate 6,(t, w) at cusps s of I''(p). For
feA T,y and pel,, ® Q, put

flo = flex)J (e, x)*.

Then f|e¢ is a ¢ 'T';p-automorphic form of weight k. Let
b

Y= [j d] e SL(2, Q) with y(c0) = s. Consider the following transformation in

N(F)nT,,® Q (see the proof of Lemma 6.1):

u o0 w
=0 I, 0
0 0 Z

where
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_la b | d —cp
Z_[C d]’ U—[—b/p a ]
and
W= l:x: :i]eM(Z, Q), w,=—pBc% wy,=—pc(d+1),
wy = fc(a — 1)/p, w, = pla—1)(d + 1)/p.

An elementary calculation shows U(F)n ¢~ 'T',,¢0 = U(F),. Thus we have the
Fourier—Jacobi expansion f|¢ = X8,,(t, w)e(mz/p). On the other hand, we
have

flo =Y 0,(yt, yw)ct + d)~'**e[m/p(U — fc)le(mz/p).
Hence 0,,(yt, yw)(ct + d)~ ***¢[(m/p)U] = 0,,(z, w)e(mBc/p). By the same proof

as in the case o = 1, 0,,(t, w) is holomorphic at oo, and hence 0,,(t, w) is so at s.
Lastly we shall see the property (65) for « = 1. Consider

L, v w
y=(0 I,, Y |eWF)NT,,@Q
0 0 I,

where

Y = [Qn,, On,], V= —'YK,

W [— 1/2-Qn;)KQn, 0 ]
—{(Qn)KQn  —1/2(Qn)KOn, |

Put f|y = f(yx)J(y,x)* = f(yx). Then f|y is a y~'T',,y-automorphic form of
weight k. Note that U(F)ny ™ 'T,,;y = U(F), because U(F) is the center of
W(F), and hence 0™ ") (t, w) is nothing but the Fourier—Jacobi coefficient of
f17. Now the assertion follows from the same way as above. O

LEMMA 6.7. Let | be a positive integer with p|l. Then the group T'(a)/T(l) acts

on H,,,(1) as follows: for y = [‘cl Z]er‘(cx),



278 S. Kondo

y:0(z, w)— Oy = 0(yt, yw)(ct + d) ™ e{(m/a)U — Bo)}.

b b
Proof. Let y=|:‘cl d} y’=[:, d,]el“l(cx). Then we can easily see

that
(c-yt+d)ct+d)=(ca +dc)t+ (cb' + dd’)
and
/2t +d)  + (/2 yr+d) T+ d) 2
= ((ca’ + dc')/2)((cd’ + dc)t + (cb’ + dd’))~ 1.
Moreover in case a=p, ¢ + ¢ =ca + dc’ (mod p) since y, y eI''(p). The
property (0 ,), (6,) of 0]y follows from those of 8(z, w).

In case « = 1, by using the fact 1/2-/(Qn))KQn;, ‘(Qn,)KQn,eZ, we can see
that

(ct + d)~'(Qn, + 1Qn,) = Q(an, — bn,) + WD)Q(—cny + dny),
(ct +d)~1-(Q(—cny + dny))="(Qn,) — c(ct + d) ™'+ (Qn, + ©Qny),

cev +d)™ - 1(Qny + 1Qn;)K(Qny + Qn;) — 1-(Qny)KQn,
= — (1) (Q(—cny + dny))KQ(—cny + dn,)(mod 27).

By these equations, we can directly see that
(n1,n2) — Qlany—bna,—cny +dna) a b
O™ "X(z, w)= 0 : @ wly fory={ = el

Hence the property (6,) also holds. O

(6.8) In the following, we shall compute the dimension of H,, ,(I) by using the
transformation formula of theta functions. First we recall the theory of theta
functions (e.g. [8], Chap. 2). For a fixed 7, we denote by R}, ,(re H*,a =1 or
p) the space of holomorphic functions 6(w) on C!” satisfying the conditions
(6,). Put

L,(w, w) = m/(aIm(1)) - { —'WKW + ‘WKw'},

A, (w, w) =m/22\/—1 aIm(7)) {'WKw — ‘WKW'}



Moduli space of K3 surfaces 279
=1/2\/—1-{L,(w, w) — L,(W, w)}.

Then L, is a quasi-hermitian form and A4, is an alternating form on C'7 x C'".
Put L=aZ'" @ tZ'" which is a lattice in C'7 in the usual sense. Then
A, (& &)eZ for any & EeL. Put e, ='0,...,0, 1,0,...,0)eZ'7 and take a
base {te;,ae;|1 <i, j <17} of L. Then the matrix of A, with respect to this
base is

0 —mK
mK 0o |

Let B, denote the R-bilinear form on C'7 x C'7 defined by the matrix

s

Then A.(w, w)=B/(w, w)— B.(W, w), B, is Z-valued on Lx L and
B.(¢ &) = —m'n;Kn, for any £ = an, + th,e L. We remark here that R},
coincides with the vector space of theta functions relative to L with

e{1/2/=1-L.(w, &) + 1/4/—1-L (¢, &) + 1/2-B,(¢, &)}

= e[m/a{'"n,Kw + (1/2)'n,Kn,}]

as an automorphy factor ([8], Chap. II, Theorem 3). By a theorem of
elementary divisor, there exist matrices P, R in GL(17, Z) satisfying

where ¢ is a positive integer with ¢le,, (i =1,...,16). Note that
g, -+ &1, = |det(K)| = 2p*/a®. Now we take a base {7 Re;, «’Pe;} of L. Then the
corresponding matrix of A4, is

0 me

—-me O]
Take {m™'e; ‘o' Pe;};<i<17 as a base of C!'” and denote by z the coordinate
with respect to this base. Then z = —(m/a)'RKw. Put Q = —(mt/a)’)RKR =
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(—(1/2\/ —1)-L(tRe;,TRe;)) ;. Then Q is contained in the Siegel upper
half-plane &, , of degree 17 because K is negative definite. For g e(me)~'Z'7/
7', put

0,(Q 2)= Y e{(1/2(p+9Ap + 9+ '(p + 92)}.

pez'’
Since Re GL(17, Z), we have

0,Q 2= ) e[(m/m{—(1/2)'(n+ RgK(n+ Rq) — (n + Rg)Kw}].

nez'’

We denote by ® (7, w) the right hand side of the above equation. Then by the
theory of theta functions ([18, Chap. 2, p. 75), we have

PROPOSITION 6.9. For fixed te H*, the set {®(t,w)|qe(me)~'2'7/7"7} is
a base of R}, ,.

Define

['={MeM(34,2)|M [0 m‘g] ‘M = [O me]}
—me

For y = [Z’ Z]eSL(Z, R), put

. [4 B
"Zlc b
where A = al,,, B=b/a"'RP™!, C = acP'T" ' and D = d1,,. Then
-0 me|,. |0 me
7 —me O “l-me 0
because PKR = —¢g = —' = 'RK'P. Put

@(‘C, w) = {®q(r’ W)}qE(mﬁ)ilZ”/Z”'
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b

PROPOSITION 6.10. For y = [“ ;
C

]eSL(2, Q) with jeT,

O(yt, yw) = e(—(m/m)U)(ct + d)'"?p(»)O(t, w)

where p(y) is a constant unitary matrix.

Proof. Put z* =me-'(CQ+mDe) 'z and Q* =(AQ +mBe) x (CQ+mDe) ™ 'me.
Then Q* = —(m/a)yt-'RKR, z* = z/(ct + d), (C(me)'D), =(—ocdmPK'P),=0
and (A(me)'B), = (—(abm/ax)'RKR), = 0 (mod 2), where for a matrix T, (T),
denotes the vector with i-th diagonal coefficient of T as its i-th coefficient. Now
by the transformation formula for O(Q, z) ([8], Ch. 2, Theorem 6), we have

O(yt, yw) = B(Q*, z¥)
= e[1/2{'2(CQ + mDe) ~*Cz}]- det((me) ~*
x (CQ + mDe))' ' p(7)- O, z)

where p(7) is a constant unitary matrix. Put p(y) = p(7). An easy calculation
shows that 'z(CQ + mDe) " 1Cz = —(mc/a)(ct + d)~ ' 'wKw = —(2m/a)U and
det((me) " 1(CQ + mDe)) = (ct + d)*”. Thus we have the desired result. O

(6.11) Remark. In case o = 1, 5T for any yeSL(2, Z), and in case & = p, jel'

for any y = [07p IZ) ] with a, b, ¢, de Z and ad — bc = 1. Also it follows from

Proposition 6.10 that (ct + d)'7/?- p(y) satisfies the cocycle condition. Since

(ct + d) satisfies the cocycle condition, p ® p is so, i.e. p® p is a unitary
representation.

LEMMA 6.12. For any cusps s of T'(1), there exists a ye SL(2, Q) with 5T and

() = 0.
Proof. In case o = 1, the assertion is obvious. In case « = p, by Definition of

- b

I', it suffices to see the assertion for cusps of I'y(p) = {[Z d:l b = 0(mod p)}.

Recall that {0, o0} is a complete set of I'y( p)-inequivalent cusps (cf. [22], p. 26).

Then y = [1(; _()p] sends 0 to oo. By the Remark 6.11, jeT. O
p
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Let 0(t, w)e H,, ,(I). Then by Proposition 6.9,

0(r, w) =Y. (1) O (z, w) = F(1)B(z, w)

where f,(7) is a holomorphic function of 7 and F(r) = { 120} gemey-1217/2+7 (For
the holomorphicity of f,(z), see the proof of Lemma 6.15). It follows from the
condition (@ ,) and Proposition 6.10 that

F(yr) = (ct + d)'%~172.1p(3)~1-F(zr) for yeI'(l). (6.13)

Also, by Definition of ®,(t, w) and the relation ‘¢'RKRq = —'q'RP™ '¢g, we
can easily see that ©,(r + [, w) = ©,(t, w) if (4mp*/x)|l. Hence we have

p<|:(1) i]) =1 if (4mp?/a)| L. (6.14)

Put
Fly = (ct + d)~ 11712 05()F(yr)

for yeSL(2, Q) with 5eI". Then (F|y)|o = F|yo for y, 6eSL(2, Q) with 7,
el (Remark 6.11). Let s be a cusp of I'(/) and take yeSL(2, Q) with
y(c0) = s and jel' (Lemma 6.12). Denote by I'(l), the stabilizer subgroup of

5. Then y~'T'(l),y = {[(1) "lh]

(6.13), Fl y is invariant under the action of y~'I'(l),y, and hence there exists a
vector valued function G(u) = {g,(u)} in 0 < |u| < & with F|y = G(e(z/h)). We
call F(c) meromorphic at s if g,(u) is meromorphic at u = 0 for all g e (me) 12"/
Z'" and define the order of pole of Fats by the maximum of those of {g,(u)}.
Also put

ne Z}, where h is a positive rational number. By

Oy = e(m/a-U)(ct + d) ™" p~1(3)O(yz, yw).

Then we can similarly define the order of zero of ®(t, w) at cusps. By
Proposition 6.10, ® |y = ® for yeSL(2, Q) with eI’ Therefore, by Lemma
6.12, the behaviors of ©(t, w) at any cusps are the same as that of @(z, w) at co.

LEMMA 6.15. F(z) is meromorphic at any cusps of T'(l) and its order of pole is
at most cml/o, where c is a constant depending only on the matrix K = 'QKQ if
o =1, K if « = p, in particular, does not depend on p, m and k.
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Proof. First we shall prove the meromorphicity of F(7) at any cusps. Put
= |m~1e~1Z'7/Z""). Since for fixed t,e H*, {©,(t, W)} is a base of Ry, ,,
there exist N elements x, ..., xy in C'” satisfying

det(® (¢, X)), #0 ([8], Chap. I, §5, Lemma 9).

We take 7, w,, ..., wy in some neighborhoods of 7, x;,..., xy and consider N
linear equations

N

Z [,00,(t, w)=0(z,w;) (=1...,N).

We can uniquely solve this equation in the unknown f(7). Thus f,(7) is
holomorphic on H*. Moreover by definition of ®, and the property (6;), as a
fEnction of u =e(t/a), ®, and 0 are holomorphic on {u|[u| < é}. Therefore
F(7) is meromorphic at cusps.

Next we shall estimate the order of poles of F(t) at cusps. We shall see the
assertion for o = 1. For o = p, the proof is similar and simpler. Since Q! and
'QKQ are integral, for n,, n,eZ'’,

®q(T’ w+ Qn, + ‘Can)e[—m{'(an)Kw + (1,'/2)'(Qn2)KQn2}]
=e[—m '(Rg)KQn,] Y e[ —m{(c/2)'(n + Rq + Qn,)

x K(n + Rq + Qn,) + '(n + Rq + Qn,)Kw}]
=e[—m-'(Rq)KQn,] '®q+R“QnZ(T, w)

and hence

gmn)(g, w) = Z e(—m-'(RqQ)KQn,)" f,(1): Oy r-10n, (T, W).

q

By the property (6 ), it suffices to see that for fixed g, there is a n, such that
Oy r-10n, (1, W) vanishes at oo of order at most cml. Since e(t/l) is a co-
ordinate around co, the order of zero of @, g-i1g,, at o is at_ most ml/
2-{—Rq + Qn,)K(Rq + Qn,)}. Take Le GL(17, Z) such that —'LKL is Min-
kovski-reduced ([6], Chap. I, §2 or [&], p. 191) Then there exists a constant ¢’
depending only on the degree of the matrix K such that any entries of ‘LKL
are bounded by ¢ - |det(K)| = 2¢’ ([6], Satz 2.5). Now by replacing n,, we may
assume that the absolute values of any entries of (L™ 'Q ™ 'Rq + L™ 'n,) are less
than 1. Then
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—'(Rq + Qny)K(Rq + Qny) = —(Q ™ 'Rq + n)K(Q™'Rq + ny)
= —YL"'Q " 'Rq+ L™ 'n))LKL
x(L7'Q7'Rq+ L™ 'n))<c. O
LEMMA 6.16. Assume that k is even. For any m with 0 < m < k,
dim H,, ,(1) < c;kp*m'” + c,p*m'8/o + c;p°m' "\ /m (k> 0)
where c,, ¢, and c, are constants not depending on k, m, p.
Proof. Put |=4mp?*/o. and consider the following action of I'(l) on

H™* x C?P"m’1* for ye (1),

(1, W)= (y7, (et + d) " 172 Pp(y) " tw).

It defines a vector bundle on H*/I'(l). Let s be a cusp of I'(l) and take
yeSL(2, Q) with eI and y(c0) = s. Then

{[(1) ';’] neZ} if yeT = SL(2, 2)

1 nlp? ) 0 r|
o " Jlreet wo=["0 o)

Hence, by (6.14), the above vector bundle can be extended to a vector bundle
W of rank 2p?m!7/a®> on the Satake compactification C of H*/I'(l). Let
{s;]I1<i<r} be the set of boundary points of C. It is known that
r=[I:T()]/21 ([22], p. 23). Put

Yy Iy =

L, = K82 @, <Z (19k/2 + v)si>
i=1

which corresponds to I'(l)-automorphic forms on H™* of weight 19k/2
meromorphic at each cusp with the order of pole < v, where v = cml/a (see
Lemma 6.15). Then by identifying 6(z, w) and the corresponding F(z),

H, ()< HY(C, W ® L,).

Since L, ® O(—Z,vs;) is ample, by a vanishing theorem,

HY(C,W® L,)=H(C,L)=0 fori>0, k> 0.
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By Remark 6.11, W® W~ L® F where L is a line bundle defined by the
cocycle (ct +d)™!7 and F is a flat vector bundle defined by p ® p. Then
ch(W @ W) = (tk(W))? + 2rk(W)c,(W) and ch(L® F)= ch(L) ch(F) =
(tk(F))( + ¢,(L)), where ch(V) (resp. rk(V))is the Chern character of a vector
bundle V (resp. the rank of V). Hence ¢,(W) = rk(W)- c¢,(L)/2. By Riemann—
Roch theorem,
dimH(C, WQ® L) =), (—1)'dimH'(C, WQ® L,)
= deg{ch(W ® L,)- Td(C)},
= deg{(tk(W) + tk(W)cy(Ly)
+ tk(W)ey(L)/2)(1 — ¢, (KD}
= tk(W)-deg{cy(Ly) + ¢,(L)/2 — ¢,(K()/2}
= rk(W){(19%k — 19/2)(g(C) — 1)
+ (19k/2 + v — 17/4)r}
because L®* = (K:® Oc(Zi=1s))®"'7. By [22], Proposition 1.40,
g(C) — 1 =[I':T'(1)]/24 — [T:T'(1)]/4] since T'() has no elliptic points. Thus
we have
dimH(C, L, ® W)
= (2p*m*7 [a®)[T: T(1)1{19k/24 + 2cml/o + 1)/4] — 19/48} (k> 0).
Put G = {£1}T}(x)/{ £ 1}T'({). The finite group G acts on the pair (C, W ® L,)
as automorphisms which is induced from the action mentioned in Lemma 6.7.
Then
dimH,, ,(1) = dim H,, ,(1)° < dim H*(C, W ® L,)¢
= 1/|G|- Y. trace y*|H°(C, W ® L,).

veG

Since [I':T'(2)] = O(«?) and rank(W ® L,) = 2p*m'7/a?, the assertion fol-
lows from the following:

LEMMA 6.17.

Y. trace y*|HY(C, W ® L,) < c[T":T'(1)] - rank(W ® L) p\/m

y#1eG

where c is a constant independent on p, m, k.
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Proof. Let yeG and let C? = {x,,...,x,} be the set of fixed point of .
Assume that y acts on the tangent space of x; as e(6;). Then by the holomorphic
Lefschetz fixed point formula [2], Theorem 4.6,

trace 7* | HOC, W@ L) = ¥ {ch(;’V_®e (Li'oxs)m} [x].

i=1

Note that [ch(W @ L,|x;)(y)| < rank(W ® L,).

Now assume o = 1. Recall that [T :I'(1)]/2L, [T':T°'(1)]/4 or [T:T'(1)]/6 is the
number of I'(/)-inequivalent cusps, elliptic points of order 2 or elliptic points
of order 3 respectively ([22], p. 22). Since G = I'/{+1}I'(l) acts on these sets
transitively, |G,| = [, 2 or 3 where x is a cusp, elliptic point of order 2 or elliptic
point of order 3 respectively and G, is the stabilizer subgroup of x. We first
consider the contribution of cusps. Denote by {y,,...,7,} a maximal subset of
{reG|y is of order I and fixes a cusp} satisfying C"* N C" = ¥ for i # j. Let
{X; 15-..,X;5,} denote the set of fixed cusps of y; on C. Then =i_;s; = [[:T'()]/
2l. Assume that y; acts on the tangent space of x;; as e(; ;/I) where [, ; is a
positive integer with (/,]; ;) = 1 and [, ; < I. Then the contribution of cusps to
Z, 41 trace y*|H°(C, W ® L,) is bounded by

P>

q=1i=1 j=1

: ™

ch(W® L, | xi,j)()’?)
{ [ = e(—dl, /D }[x""']

Note that 1/|]1 — e(—6)| < /6 for 0 < 6 < 1/2 where ¢’ is a constant indepen-
dent on p, m, k. Hence

Y 11— e(—gly;/DI =3 111 — e(—g/D)|

12

<2 Y 111 —e(=g/D)

q=1
<21y 1/g < 4cly/l.
q
Therefore (*) is bounded by

¢”-rank(W ® L)l,/I- Z s; = ¢ rank(W @ L)[T:T(1)1p\/m/2

where ¢” is a constant independent on p, k, m. Similarly we can see that the
contribution of elliptic points is bounded by
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¢ [T:T ()] rank(W ® L,) (c:constant)

by using the fact that the term 1/(1 — e(—#6)) is independent on p, m. Thus we
have proved the assertion for o = 1. The above proof also implies the assertion
for o = p. Thus we have proved Lemma 6.17 and Lemma 6.16. O

THEOREM 6.18. If d = p? for some prime p, and p, k are sufficiently large, then
dim HO(A %4, Q®%) > ¢ p?°- k'°, where c is a positive constant.

Proof. By Proposition 2.4, (ii), Corollary 4.5, Lemma 5.6, Theorem 5.11 and
Lemma 6.16, for sufficiently large k,

k-1

dim 4;(T,,) > dimS,(T,p) — Y. h(d,F,k— Y ) dimH,,®1)

F:0—dim F:1-dim m=1

=(cy[Iy: ] — cz'I’lg)k19

where c,, ¢, are positive constants not depending on p and k. It now follows
from Lemma 3.2 and Theorem 4.3 that

dim H(X9;, Q%9 > ¢ p?°-k'°

for sufficiently large p. O

7. Extension over the singular points in ),

Let £, be a toroidal compactification of ¢, with only quotient singularities
and let £,, — X, be a non-singular model of £,,. In this section and the next,
we shall see that every element in HO(#1s8, Q®) extends to ;,, where H;s®
is the smooth locus of ;. Our argument is based on the following:

THEOREM 7.1 (Reid —Tai’s criterion, [7], [23]). Let V be a vector space of
dimension N, G =« GL(V) a finite group. For all ge G of order m, let the
eigenvalues of g be &*,...,E°, where & is a primitive m-th root of 1 and
0<a;,<m. Let V°c V be the open set where G acts freely and let v be a
G-invariant m-th root of 1 and 0 < a; < m. Let V° < V be the open set where G
acts freely and let ® be a G-invariant m-th canonical form on V which can be
considered as a form on V°/G. Then w extends holomorphically to a resolution
of V/G of V/G if Sa,>m for all geG.

PROPOSITION 7.2 ([23]). We keep the same notation as in 7.1. Then w
extends to V/G iff w extends to a non-singular model of V/{g) for all geG.
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(7.3) Let (X, H) be a polarized K3 surface of degree 2d and [wy]€2,,
the period of (X, H). Recall that the tangent space of 2,, at [wy] is can-
onically isomorphic to V = Hom(H*°(X), H)i.(X)) where H*(X,C)=
H*°(X)® H"'(X) ® H**(X) is the Hodge decomposition and H};k,(X) = H*
in H!(X). Let G = I',, be the stabilizer group of [wy]. Then G is a finite
group. Let d€ Hyin(X) N HX(X, Z) with 6% = —2. Then

s5:x = x + {x, )0

is a reflection which is contained in G because {J, wyy = 0. Denote by W(X, H)
the normal subgroup of G generated by {s,|0>= —2 and de HLL.(X)n
H*(X,Z)}. It follows from the Torelli theorem for K3 surfaces [18] that G is
the semi-direct product A(X, H)- W(X, H), where A(X, H) is the image of the
group of automorphisms of the pair (X, H). For yeG, put y(wy) = a(y)wy,
then a(y) is a root of unity. We remark that if y=g-w for ge A(X, H),
we W(X, H), then a(y) = a(g) because W(X, H) acts on H>°(X) as identity. Let
Sy denote the Picard Lattie of X, ie. Sy = H*(X, Z)n H""!(X), and let Ty be
the orthogonal complement of Sy in H(X, Z) which is called the transcendental
lattice of X. We remark that W(X, H) acts on Ty as identity.

In the following, we denote by m the order of y and by r the order of the
root of unity a(y). Note that y|T, ® Q is a direct sum of irreducible represen-
tations of the cyclic group Z/rZ defined over @ with maximal degree ¢(r),
where ¢ is the Euler function ([15], Theorem 3.1). In particular ¢(r) < 20
because rank Ty < 21. Let the action of ye G on V be given by

&

Caxs

where ( is a primitive m-th root of unity and 0 < g; < m. Put

{1, [wx]} = Z a;/m.

13

The main result of this section is as follows:

PROPOSITION 7.4. (i) Under the same notation as above,

{y’ [wX]} > 1

except y acts on V as a reflection. In case that y acts on V as a reflection, a
general point [wy] in the fixed point set of y is one of the following:
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() [wy] is the period of a polarized K3 surface (X, H) with rank Ty = 20
such that X contains exactly one smooth rational curve R orthogonal to [H] and
y is a reflection in W(X, H) induced from the class [R], i.e. 7 = 5g;-

(B) [wy] is the period of a polarized K3 surface (X, H) with an automorphism
o of order 2 such that rank Ty = 20, 6*|Sy = 1, 6*|Ty = —1 and y = o*.

(ii) Assume that y" acts on V as a reflection (m = 2n). Let {y) = {y)/{y™,
V = V/{y") and let [@5] be the image of [wy] in D5,/{y"). Then the natural
map V — V/{3> has no ramification divisors and {3,[®@x]} > 1.

For an integer k, we denote by [k],, the integer satisfying 0 < [k],, < m and
[k],, = k (mod m). Also denote by V, an irreducible representation of the cyclic
group of order r which is defined over Q and is of maximal degree ¢(r).

LEMMA 7.5. If o(r) = 6, then {y, [wx]} = 1.

Proof. The restriction y|Ty ® Q is a direct sum of irreducible representations
of a cyclic group of order r with maximal degree ¢(r) ([15], Theorem 3.1, ¢).
Let ¥V, be a component of 9|T,®Q and put U = Hom(H*°(X),
V,® CnHLin(X)) < V. Let ky, ..., k, (t = o(r)) be all integers with 0 < k; <r,
(k;,;r)=1 (1 <i<t). Note that for fixed i, [k, + k;], #[k; + k], (j#D).
Assume that o(y) = "™ and «(y) = (™ where m = nr. By considering the
action of y on U, we have a rough estimate

{’)), [wx]} > Z [n 1;" 1]m= Z [k, + J]r>(t ;E_t )

i=3 j=3 r

By a calculation, we check [(t — 1)(t — 2)]/2r = 1 for all r with ¢(r) < 20
except ¢(r) < 4 or r = 14, 18, 24, 30. But for r = 14, 18, 24, 30, we can directly
see Lj-3[k, +k;1,/r= L

LEMMA 7.6. If r = 1 or 2, then {y, [wx]} = 1 except y acts on V as a reflection.

Proof. In case m =2, obviously {y,[wy]} =1 except y acts on V as a
reflection. In case m > 2, there is a component V, of y|Sy ® Q with n > 2. By
considering the contribution of V,, we have the assertion. O

(7.7) Remark. In Lemma 7.6, consider the case that y acts on V as a reflection.

(i) Assume r=2. Then the number of irreducible components ¥V, of
(y, H¥(X, Q))is 2 and other components are V,. Since the period of a polarized
K3 surface (X, H) with rank T, < 19 is contained in a subvariety of %,; of
codimension 2, a general point of the fixed point set of y is the period of a
polarized K3 surface (X, H) with rank Ty = 20. Since y|Ty ® Q is a direct sum
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of V,, y|Ty = —1 and y|Sy = 1. Hence y preserves effective divisors on X.
Therefore, by Torelli theorem for K3 surface [18], y is induced from an
automorphism ¢ or order 2:0* = .

(ii) In case r = 1, the number of components V, of (y, H¥(X,@))is 1 and
other components are V,. As above, a general point of the fixed point set of y
is the period of a polarized K3 surface (X, H) with rank Ty = 20. Consider the
following primitive sublattices in H*(X, Z):

S = {xeH*X, Z)|y(x) = x} and N = {xe HX(X, Z)|y(x) = —x}.

Since y|Ty = 1 and y([H]) = [H], N is a negative definite sublattice in Sy of
rank 1. Obviously N* = S. Note that S and N are even 2-elementary lattices.
In fact, by [16], Proposition 1.6.1, Ag ~ Ay. It now easily follows from the
definition of S and N that Ay ~ Z/2Z. Hence N ~ {—2). Let J be a base of
N. Then by Riemann-Roch theorem, § or —J is represented by an effective
divisor R. Since rank(Sy) = 2, H is numerically effective and H-R =0, R is
irreducible, and hence a smooth rational curve. Obviously y = 5.

LEMMA 7.8. Assume that there is a component V, (n > 2) of y|Sx ® Q with
n>r or nxr. Then the contribution of V, to {y,[wy]} is more than t(t — 1)/2n
where t = @(n).

Proof. Let ky,...,k, be all integers with 0 <k, <n and (k;,,n)=1. Put
m = nl = rk and assume a(y) = {*, 0 <c <, (¢, r) = 1. Then the action of y
on Hom(H?*°(X), V, ® C) is given by

(Sl TP

Note that [Ik; + kc],, # O, [lk; + kc],, # [lk; + kc],, (i #j) and [Ik; + kc],,=
[lk; + kc],, (mod I). Hence the contribution of V, is more than It(t — 1)/
2m = t(t — 1)/2n. O

(7.9) Proof of Proposition 7.4, (i): By Lemmas 7.5, 7.6, we may assume r = 3, 4,
5, 6, 8, 10 or 12. We shall prove the assertion for r = 12 and omit the proof for
other cases. In Lemma 7.8, t(t — 1)/2n > 1 except n = 8, 10, 18, 30. Hence we
may assume that components of (y, L,, ® Q))are (V, (n=1, 2, 3, 4, 6, 8, 10,
12, 18, 30). A direct calculation shows that the contribution of V; or
V, (resp. V,, V,, Vg or V,,) is more than 1/12 (resp. 5/6). Denote by r, the
number of components of V, appeared in (y, L,, ® Q). Then X, ¢(n)r, =
rank(L ,;) = 21. We now have:

{9 [oxd} = (ry +1)/12 4 5(rs + 14 + 16 + 115 + 715)/6 + 3rg/d
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+3r,0/5 + 14r;,/15 > <Z qo(n)r,,)/12 = 21/12. |

(7.10) Proof of Proposition 7.4, (ii): By Proposition 7.4 (i), for any y" € {yX\<{y™),
the set of fixed points of 7" has codimension >2. Hence the map V — V/{3)>
has no ramification divisors. Next consider the action of y on L,, ® Q. If the
representation (77, L,, @ Q) =V, ®V, ® --- ® V; (see Remark 7.7, (ii)), then
nis odd and (y, L,,®@ Q) =V,®V, ®@---®V, (n; is a divisor of n). If
O, Ly,®Q)=V,®V,® - @V, (see Remark 7.7, (i)), then (y, L,; ® Q)=
Vi@V, @ - ®v, (n is even and 2n/n; is odd) or V, @V, ®--- @V, (nis
even and' 2n/n; is odd). In any case, the contribution of V, ®---®v,, to
{7,[@x]} is the same as that of V, @---@V, to {y[wy]}. Since
dimV, @ --- ®V,, = 20, the same proof as that of Proposition 7.4, (i) holds.
d

Now by Theorem 7.1, Propositions 7.2 and 7.4, we have:

THEOREM 7.11. Let A5 be a smooth locus of Ay = D,4/T 54. Let ® be a
pluri-canonical differential form on A'5f. Then w extends holomorphically to a
non-singular model of A,,.

8. Extension over the singularities on the boundary

We use the same notation as in (4.2). Let y, € #,,\#,,. Then for some F,
Vo = Tp(Tg, W, Zo + 0%°) Where 1, € F, w,e C™ 2z, € U(F) and Z, = its image in
T(F), z, + o is the ideal point in the torus embedding T(F), (associated to
o) obtained by starting at z, and moving the imaginary part to infinity in the
direction of o, and ¢ is a face of one of the a,’s. If y, is a singular point, then
for some ye N(F), with y #id mod U(F), such that y(t4, wy,Zo + %) =
(9> Wo, Zo + 0®). The main result of this section is as follows:

PROPOSITION 8.1. Under the above notation,
{V, (Toa Wo, Zo + 0'00)} >1

except y acts on F x C™ x T(F), as a reflection. Moreover there are no branch
divisors of ny contained in A, \A,,.

(8.2) In case F is of dimension 1: We use the same notation as in Proposition



292 8. Kondo

2.14. In this case, C(F) = {y|y > 0} and the polyhedral cone decomposition is
unique: {0,} ={{0}, o= {yly>0}}. It defines a torus embedding
C*c T(F),~C. Put u=e(z/a). Then (r,w,u) is a coordinate of
H* x C'7 x T(F),. By Proposition 2.14, the action of y on the tangent space
of H* x C'7 x T(F), at (t, wg, 0) is

(cto +d)~2 . .
0 (cto+d)'X =
0 0 e(T)

where T = 1/a* (cty + d) ™ {cgo)wo/2 + cf + viwo + WiTo + Wy}

If yJH* = 1, then ¢ = 0, d = +1. We may assume that d = 1 if necessary by
replacing y by —y. Denote by m the order of X and assume m > 2. We consider
X as a representation of a cyclic group of order m defined over Q. Let V, be
an irreducible component of X with n > 2. Let k, k' be integers with (k, n) =
(k,n)=1,k+ k' =nand 0 <k, kK <n. Then we have

k+k

{'}’, (TO9 Wo, O)} 2 _n_ 1

If m = 1, the condition y(t 4, g, 0) = (4, Wy, 0) implies Y= 0, V= 0 and hence
yeU(F),. If m=2, then y’¢U(F), and VX = -V, XY= —Y and
2W= —VY (mod U(F),). It follows from this fact and the equation

To

w(,=Xw0+Yl:1

} that 2(v,wo + w Ty + wy) = 2v,w, — le[TIO:l

=V,Wwy + Vv, <w0 — Y[Tlo]> =V, Wy + v, Xw, = 0(mod aZ).
Thus the action of y at the tangent space is

*
*

t1

S O =
S =< %

Therefore {y, (4, w,, 0)} > 1 except y acts as a reflection. Moreover in case
m = 2, there are no reflections which fix the locus {u = 0}. Since {u =0}
corresponds to a divisor in #,,\#5,, in this case, there are no branch divisors
of m contained in A, \ A5,
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If yJH* % 1. then we may assume that 7, is equal to \/—1 or e(1/3),
if necessary by replacing y by its conjugate. Recall that if 7, =./—1 (resp.

a b 0 —1 -1 -1 0 1
e(1/3)), then [c d] = i[l O] <resp- i[ ! O] or + [__1 _I:D

and ¢ty +d = i\/—l (resp. +e(1/3) or +e(1/6)). By considering X as a
representation of a cyclic group, the action of y on the tangent space of C'7 is
similar as that of y with a(y) = 3, 4 or 6 in §7. Since degree X = 17, the same
argument holds in this case and hence {y, (1o, wo, 0)} > 1.

(8.3) In case F is of dimension 0: Recall that 2(F) = U(F). and the action of y
on 2(F) is as follows (see Proposition 2.9):

y(z) = Az + B,.

Since Y(Z,+0°)=2,+06%, zo=Azy+ B, +cmod U(F),, where ce L(6) ® C
and L(o) is the linear span of ¢. Since y” = 1 (mod U(F),) for some n, A" = 1.
Note that A(¢) < ¢. By taking a further decomposition of C(F), we may assume
that Ajo = 1. In fact, if dim(¢) = 1, then A|o = 1 because A and ¢ are defined
over Q and A(0) < o. It follows from [9] that there is a unique closed orbit O,
and a subtorus T in T(F), with T(F),/T, ~ O,:

0, is defined by * =0, ¢ = 0 on o, p > 0 on Int(o).
T, is defined by Spec(C[Z*]) peL(o) N U(F) -

Since we assume A|o = identity, 4 acts on To trivially, and A fixes e, = the
identity of O, . Let t, denote the translation by z,. Then t, o4 =y°t, on O,
because yot, (z) — t, ° A(z) = cmod U(F), for any z € U(F).. Therefore, in the
0,-directions, the eigenvalues of y on the tangent space of T(F), at Z, + ¢®
coincides with those of A on the tangent space of O, at e,. The latter
eigenvalues coincide those of A|U(F)./L(c)c. By the similar way as in (8.2),
we have

{'Y, 20 +Gw} = 1

except A acts on O, as a reflection. Moreover if for some 1-dimensional
polyhedral cone o, the orbit O, is the fixed points set of y, then A = 1 and hence
y€ U(F),. Therefore there are no branch divisors in #,,\4,. Thus we have
now proved Proposition 8.1.

Now by the same proof as that of Theorem 7.11, we have:

THEOREM 8.4. Let w be a holomorphic pluri-canonical differential form on
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AP, Then, for any d = p* (p: prime), w extends to a holomorphic pluri-canonical
differential form on a non-singular model of A ,,.

9. Ramifications

In this section, we shall complete the proof of the main theorem. We assume
that d = p?> (p:odd prime). First we shall study the branch divisor of the
projection m: 2,, > 9,,/T ,,4, and see that, for p > 0, there are sufficiently many
cusp forms f € S,(T,,) such that f - w®* extends to a general point of the branch
locus of 7. Recall that this branch locus corresponds to the fixed point set of
the following involutions in I',, (Proposition 7.4): the first one is a reflection
55 (6 € L,, with {J,0) = —2),and the second one is an involution induced from
an automorphism ¢ of a K3 surface X with rank T, = 20 such that ¢*|Sy = 1
and ¢*|T, = —1.

LEMMA 9.1. Assume that p is an odd prime number.
(i) Let 6 be a vector in L,,; with {d,0) = —2. Then the orthogonal complement
of d in L,, is isometric to either

- 2
U@Es@E8@<>@<_2P2> or U@E8®E8@[p g]

(if) Two vectors in L,, with length —2 are equivalent modulo O(L,,) if and
only if their orthogonal complements in L,; are isometric.

Proof. Let S denote the primitive sublattice of L,, generated by . Let K be
the orthogonal complement of S in L,;. The primitive embedding of S into L,,
is determined by the following sets:

(Hs, H, vy, K, yy) where Hgc Ag~7/27Z and H < A, ,~Z/2p*Z are
subgroups, y:qg|Hg— q;,,|H is an isomorphism of forms, and yx:qx — q:=
—(gs ® (—q., )/ , is an isomorphism of forms where I, is the “graph” of
yin Ag® Ay,

Two such sets, (Hg, H, y, K, yx) and (Hs, H', y', K, yx), determine
isomorphic primitive embedding if and only if Hg= Hg and there exists
¢e0(q,,,) and an isometry ¥ from K to K’ for which 3" = £oy and Eoyg =
7k ° ¥, where € is the isomorphism of discriminant forms g and ¢’ induced from
¢ ([16], Proposition 1.15.1).

Note that Hg ~ {0} or Z/2Z. In case Hg ~ {0}, gx ~ (—q5) @ q,,,- In case
H,~ 7/27, it is easy to see that gx ~ q[2]. Since K is an even indefinite lattice
with rank(K) > I(K) + 2, it follows from [16], Theorem 1.14.2 that the genus
of K contains only one isomorphism class and the homomorphism
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O(K)— O(qg) is surjective. Hence K~U@E;® E;® 2) ®(—2p*) if
Hg~{0}and K~ U@ E;®E; ® [i 6:| if Hg ~ Z/27, and the assertion (ii)
follows. O

LEMMA 9.2. Assume that p is an odd prime number. Let (X, H) be a K3 surface
with rank Ty = 20. Assume that (X, H) has an automorphism o of order 2 such
that 6*|Sy = 1 and ¢*|Ty = —1. Then

(i) (X, H) is one of the following: (a) Sy ~U, h~ U@ U@ E;® Eg and
[H] = p®e + f, where {e, [} is a base of Sy with{e,e) =<{f,f>=0,{e,f>=1;
(b) Sy=<2)®<~2), TreUBE;® Es ®<2) ®<~2) and [H]=(p*+1)/2:x
— (p* = 1)/2'y, where {x,y} is a base of Sy with {x,x) =2, {y,y) = =2,
{x,y>=0.

(ii) Let (X, H), (X', H') be two polarized K3 surfaces as above. Assume that
Sy ~ Sy.. Then there exists an isometry

¢:HX(X, 7)— H¥(X', Z)

with @(Sy) = Sy and o([H]) = [H'].

Proof. First note that Sy and T, are 2-elementary lattices with I(Sy) =
I(Ty) <rank(Sy) = 2 (see Remark (7.7), (ii)). Such Sy is classified as follows
([16], Theorem 3.6.2): Sy ~ (2> @ (-2, U(2) or U, where U(2) is the lattice

defined by the matrix [(2) (2)] Then T, 2UB2)D(-2)DE;DE,,

UQUR)PE;®E; or UG U@ Eg @ E; respectively. Note that [H] is a
primitive vector in Sy with length 2p2. Since the length of each vector in U(2)
is divided by 4, the case Sy ~ U(2) does not occur. Also it is easy to see that
any primitive vector in U (resp. in (2> @ {—2)) with length 2p? is of the form
p’e + f for a base {e, f} (resp. (p* + 1)/2-x — (p? — 1)/2-y for a base {x, y}).
Thus we have proved the assertion (i).

Next, taking any isometries

H¥X,Z) S>U®UQUBE, ®E, < HXX, Z),

we consider Sy, Sy as primitive sublattices in U@ U @ U @ Eg @ Eg. Then
their orthogonal complement Ty, T are mutually isometric and, by [16],
Theorem 1.14.2, the map O(Ty)— O(qr,) is surjective. Let y: Sy — Sy. be an
isometry with Y([H]) = [H']. Then it follows from [16], Corollary 1.5.2 that
¥ can be extended to an isometry of U@ U @ U @ E; ® E;. Hence the
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assertion (ii) follows. O

(9.3) Let 6 be a vector in L,, with {4,) = —2. Put

H; = {[w]eP(L,; ® C)|<w, 6) = 0}.

We denote by 4" the union of all hyperplane sections H; N &,, with § being
of length —2. Then A" is invariant under the action of I',, and #7/T,, is a
divisor of 2,,/T,,. Recall that [O(L,,):I,,] =4. Hence Lemma 9.1 implies
that A"/T,, consists of at most 8 irreducible components. We remark here that
each component is covered by a 18-dimensional bounded symmetric domain
H;n2,, of type IV. Next consider the divisor of 2,,/T",, consisting the
periods of polarized K3 surface as in Lemma 9.2. Let .# denote the union of
all hyperplanes

2, " P(T®C)

where T are primitive sublattices in L=U® U @® U @ Eg @ E; which are
contained in L,, and isometricto U @ U P EgP EgorUPE;DE; D (2)®
{—2). Then  is invariant under the action of I,,. Here note that if T+
denotes the orthogonal complement of T in L, then the involution 1 on T @ T+
defined by i|T= —1 and 1|T* = 1 extends to an involution on L because T is
2-elementary. Hence .# is the union of ramification sets of all involutions
appeared in Remark 7.7, (i). By Lemma 9.2, the number of irreducible
components of #/T,, is at most 8. We denote by A,,...,A, (resp.
Ay, A the components of A7/T,, (resp. /T ,,), r, s < 8. Now we
conclude:

COROLLARY 94. Assume that d = p® for an odd prime number p. Then the
branch divisor of the projection 2,y — D,4/T,4 is

A+ +A +A L+ AL, r<8s<8.
Let Z; denote the hyperplane section H;, N 9, corresponding to A;, 1 <i<r,
and 2; the hyperplane section P(T,® C)n2,, corresponding to A,
r+1<j<r+s, where §; is a vector in L,; with {(;,6,> = —2 and T,

is a primitive sublattice in L,, isometric to UQU®@E;®E; or
U®Es ® Es ® (2> ® (—2). Put

[, ={pel,le0) =74}

and
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[;={pelule(T) =T}

Then T (resp. I'j) is an arithmetic subgroup of SO(2, 18), acting properly
discontinuously on ; (resp. Z;). Let K; be the orthogonal complement of J;
in L,,. Then T'; is a subgroup of O(K,) of index 2 and I'; is a subgroup of 6(Tj)
of index 2.

In case K; ~ U @ Eg ® Eg @ {2) ® {—2p*), by the same way as in §3, K;
is a sublattice of Ki ~ U @ Eg ® Eg @ {2) @ {—2) of index p.

In case K; ~ U(—DEg(-DEg(-B[Z g

p

U® U ® Egz @ Eg which contains K; as a sublattice of index p. In fact, let

{x,y} be a base of [i I(;] with (x,x)> =2, {x,y> =p, {¥,¥y>=0. Then

:I, there is a lattice K} isometric to

. 2 1
{x, (1/p)y} generates a lattice isometric to [ i 0] ~U.

(9.5) Remark. By the same proof as that of Lemma 3.2, I; (1 <i<r)is a
subgroup of the group I = {peO(K)|p(2)= 2;}. Moreover [I'i:T;] <
O(p'°) because the number of hyperplanes of the quadratic space of dimension
2 is equal to O(p!®) (see the proof of Lemma 3.2). Also note that
I;(r +1<j<r+s)is independent on p.

For a positive integer vand i = 1,...,r + s, define

S (T2)(—vZ)
= {feS,(T',,)| f vanishes on 2, at least of order v}.

Note that f-w®* extends holomorphically to a general point of A; if
feSiT)(— kD).

LEMMA 9.6.

r+s
dim () ST (—kZ) = c p*°k'®  (p>»0,k»0)
i=1

where c is a positive constant.
Proof. Let (z,:-+:2,,) be a homogeneous coordinate of P(L,; ® C) such
that 9, = 2,,0 {z, = 0}. Consider the following exact sequence:



298 S. Kondo
0 — S;(L)(=(v+ 1)Z) —

—> SUN)(—vZ) —> S, (I) O <v,<k—1)

13

where S,(I";) is the vector space of cusp forms on 2, with respect to I'; and «,
is a homomorphism defined by

a0, ()= (f/z0)12;  for feS(I)(—vZ).
Then

r+s r+s
dim () S(T,)(—k2,) > dim S, (T,,) — ¥ k-dim S,(T).
i=1 i=1

13

On the other hand, it follows from Corollary 4.5 and Lemma 3.2 that
dim S, (I,) = ¢ p?° k'®  (p»0,k>»0)

where ¢’ is a positive constant. By the same proof as that of Proposition 4.4,
we have

dim S,(T") = ¢;- vol(@,/T)k'® + O(k'"),

where ¢; is a constant independent on p and k (1 <i<r+s). Since I}
(1<i<r), T; r+1<j<r+s) are independent on p (Remark 9.5),
vol(2,/T’}) and vol(2 ;/T ) are so. Again by Remark 9.5,

vol(2,/T;) = [T::TJvol(2,/T) = O(p*®) (1 <i<r).
Hence the assertion follows. O

THEOREM 9.7. Let &, be a non-singular model of A ;. Assume that d = p*
where p is a sufficiently large prime number. Then

dim HY(A,,, Q®) > c k' (k> 0)
where ¢ is a positive constant. In particular, X, is of general type.

Proof. In the proof of Theorem 6.18, replacing dimS,(I,;) by
dim N 25 S, (T, )(—k2;), we have
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dim HO (K 5F, Q%) = ¢ - k*°.

Hence the assertion follows from Theorem 8.4. O
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