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1. Introduction

Let E = F(V7) be a quadratic extension of a number field F, and { the
quadratic idele class character of F attached to E. In [H-L-R] there is an
argument which shows that an automorphic representation 7 of GL(n, E,)
with central character y © Ngr is the base change of an automorphic represen-
tation of GL(n, F,) with central character y or x{ if 7 is H,-distinguished
for a unitary group H, with respect to an invertible Hermitian matrix 7.
Here = is said to be H,-distinguished if there is a function ¢ in the space
of 7 such that [ ¢(h)x° A, (h) dh # 0, where h € Zg, H,(F)\H;(Fa), H}, is
the group of unitary similitudes, and A,, is the similitude ratio. This property
of 7 being distinguished then might imply a possible pole of an L-function
attached to the representation = (cf. [H-L-R]).

An interesting question is whether the converse is true. For GL(2) it is
answered affirmatively in [H-L-R] and later in [Y] and [J-Y], while for GL(n)
it is conjectured to be true by Jacquet and Ye in [J-Y]. The approach in [Y]
and [J-Y] is to construct a relative trace formula. For GL(3) the fundamental
lemma of the relative trace formula is proved for unit elements of Hecke
algebras in [J-Y2]. In this paper we will prove that fundamental lemma for
general spherical functions on GL(3).

The author would like to take this opportunity to express gratitude to
Jacquet for his constant encouragement. Thanks are also due to Kutzko and
Manderscheid for their helpful suggestions.

2. The fundamental lemma

From now on we will denote by F a local non Archimedean field of odd
residual characteristic with the ring of integers Ry, and by E = F(V7) an
unramified quadratic extension of F with the ring of integers Rz, where
7TE Rr . Let { be the quadratic character of F attached to E, wr (resp. wg)
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a prime element in R (resp. Rg), and gr the cardinality of R/ wxRr. Select
an additive character ¢ of F of order zero and set . = o trg/r. Then g is
a character of E of order zero. For n € Np we define 0r(n) = (2 n;;41).
Define 6z on Ng likewise. Let y be an unramified character of F™.

We will consider spherical functions f (resp. f'), i.e., bi-Kg-invariant (resp.
bi-K g-invariant) functions of compact support of GL(3, F) (resp. GL(3, E)).
Denote by # (resp. ) the Hecke algebra consisting of the functions f
(resp. f'). Write f(A)=f(m) and f'(A)=f'(m’) and define ®;(A)=
Inef(mm) dn, We(A) = [n.f(mn)6p(n) dn, ®p(A) = [y, f'(m'n)dn, and ¥}
A) = [nef/(m'n)0(n)dn,  where A= (A, A2, A3) EZ?, m = diag
(@}, @}, wy) and m' = diag(w}}, w2, wy). Then the base change map
b:f'— f from ¥ into ¥ can be characterized by the equations

®;(A) = 0 if X % (0,0, 0) (mod 2); (1)
=®y(A\/2)  ifA=(0,0,0) (mod 2). @)

Let Hp be the unitary group with respect to the Hermitian matrix (1 ' ;).
Then the group of unitry similitudes with respect to (1 ' ;) is ZgH. For
f' € #r we define a function () on the space of Hermitian matrices by
Q(g(r ' 1)g) = [ f'(hg) dh where h € Hy, and Q(s) = 0 for Hermitian matr-
ices s not of the form ‘g(1 ' ;)g. For a = diag(1, q, pq) with p, g € F* we
define the relative Kloosterman integral J(f';p,q) = [ Q(‘fizan)y
(2)0(n)dnd™z, where n € Ng and z € Zr, and a Kloosterman integral
I(f;p, q) = J f(xzay)0p (x) 6 (y)x{(z) dx dy d“z, where x, y€E€ Nr and
Z € Zr. We also define several singular integrals:

1
Ji(f) = f Ql'azl 1 |n|x(2)0e(n)dnd™z,
N1 \Ng J Zf 1

p
Jz(f';p)=J f Q| ‘Azl p n |x(z)0s(n) dnd*z,
N2, \Ng J ZFf 1

N3 \NE

1
J(f'5p) = f Q| ‘Az p |n|x(z)0g(n)dnd”z,
ZFr
p
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I(f) = L  e@0r0) dy .

p
L(fip) = f 6, (x) dx f f Aoy v |e@oeo) dya=e,
N4, \NF NrJZFp 1
1
I(f; p) = j 6, (x) dx f f Aol oy |xe@ ety aya=e.
N5, \NF NrJZf
p
Here NlE = {n (S NE|tﬁ(1 1 1)” = (1 1 1)}, N4F = {x S Npl

(®? )" ''x(¢ ? 1) € Ng}, and N,,, N3,, Ns, are defined similarly.

THEOREM 1 (The fundamental lemma). Assume f € ¥ and ' € Hg satisfy

f=0b(f). Then I(fip,q) =H4q@J(f;p,q9), L(f)=N(f), L(fip)=
{p)Af'; p), and Is(f;, p) = A p)Js(f'; p) for p, g € F™.

We remark that the above fundamental lemma is purely a local argument.
For a version of the global relative trace formula for GL(3) we refer to
[J-Y2]. For a discussion of the singular integrals please see [Y]. The rest of
this article is devoted to the proof of Theorem 1.

3. Mautner’s identities

Mautner in [M] formulated several integral identities of functions on GL(2).
Although the proof of these GL(2) identities is rather elementary, let us list
them, together with others, in a systematic way for quick references.

Let f (resp. f') be a spherical function on GL(2, F) (resp. GL(2, E)).
Writef(A, Ay) = f(diag(w} , @3)).f (A1, A) = f'(diag(w ), w)?))anddefine
d;, ®, ¥,and ¥, in a way similar to the GL(3) case. Then

\Pf(Al ) )\2) = 0, if /\1 > )\2,

=f(A, ) —f(Ai— 1L, A+ 1)

=¢f(A1,A2)_qF(Df(A1_1,A2+1) ifA1$A2.
Assume f= b(f'). Then when A; < A, we have

\pf(Al ) /\2) = @}:(/\1/2, )\2/2) if ()\1 B )\2) = (0, 0)(m0d 2),
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= —qr®Pp (A1 = 1)/2, (A2 + 1)/2) if (A1, A2) = (1, 1)(mod 2);
=0, if(A,A0) #(0,0), (1, 1)(mod 2).

Finally by ¥/ (A, A2) = §p(Aq, A2) — q%‘bj’u()\l —1,A +1) for Ay <Ay, we
can get various relationships between Wy and ¥/, under the base change
map b: f'—f.

The above identities played an important role, although sometimes im-
plicitly, in the author’s paper [Y]. In this section we will generalize these
identities to the case of GL(3) over quadratic extensions. The generalization
to GL(n) is the subject matter of a separate paper [Y2] of the author.

Now let us go back to the GL(3) case. We will generally not assume that
f=b(f"), unless otherwise mentioned. Since the orders of the characters ¢
and g are zero, we know Wx(A;, A2, A3) = 0 and W} (Aq, A2, A3) = 0 unless
M<A<A\;.

LEMMA 1. For A = (A1, A3, A3) with Ay < Ay < A3 we have

\Pf(/\) = 2 (_l)el+ez+e3q;3f(A + (_el —é€3,€1 —€3,6; + 83)).

e1,e2,e3=0,1

Proof. Trivial.
Define

w
F X1 X3

A()t) = J f w}z 0 dx; dx;.
(F)?

@y
For a spherical function f on GL(2, F) we note that

DNz, As) = F(has Aa) + (1= g7Y) 2 g “F (o + k, s — k)

if A, < A;. Applying this equality to the integral with respect to x, in

o
F X1 X3

Dy(A) = g™ f f @y x, |dridradx;
#? A3
W

we get
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@A) = g AN + (1 — grV)g# kEO Gr*AA, A + K, A — k) 3)

if Ay <As.
LEMMA 2. For A = (A1, A2, A3) with Ay — 1 < )\, < A3 we have

g AN — g A — L, A+ 1,A3) =AM, — 1, A5, A3 + 1)
+ q;lA()\l - 2, Az + 1, )\3 + 1)]

=f()\) —f(Al - 1, AZ + 1, A3) - qFf(Al - 1, )\2, /\3 + 1)
+ qFf(/\l - 2, Az + 1, A3 + 1)

Proof. We first calculate the integral A(A;, A, A3) once for Ay < A, < A3
and once for A; — 1 = A, < X, and express the results in terms of f(A), A € YAl
Since A(A1, A3, A2) = A(A;, A2, A3), we may then apply these computations
to the linear combination of A in the lemma. After cancellation we prove
the lemma.

LEMMA 3. For A = (A1, A2, A3) with Ay < Ay < A3 we have

2 (C)Ereregutat2ad () + (—ep — 65, e — €, 6 + €3))

e1,e2,e3=0,1

= 2 (_1)el+ez+e34?f()\ +(—e1—es,e1— e, e+ es))-

e1,e2,e3=0,1

Proof. Applying (3) to the left side above and using Lemma 2 to simplify
the result, we prove the lemma.

COROLLARY. For A = (A1, A2, A3) with Ay < A, < A3 we have

V)= X (Slrreragpreria
e1,e2,e3=0,1
XPAA+ (—e;—es,e;— e3,e2 + e3)). 4)

Proof. By Lemmas 1 and 3.
We remark that we also have

‘I’;’()\) = E (- 1)€1+€2+e3q%_e1+2e2+4e3

e1,e2,e3=0,1

X Dp(A+ (—e1—e3,e1 — ez, 2+ €3)). (5)
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Since the base change map b can be characterized by Equations (1) and (2)
between ®,and ®; , we obtain a set of relationships between ¥ and & for
spherical functions f and f’ with f= b(f’). More precisely

THEOREM 2. Let f € ¥ and f' € ¥y be spherical functions with f = b(f").
For A = (A1, A2, A3) with Ay < Ay < A3 we have

W) = <I>}'<§> = q;q>;,<§ +(~1,0, 1)) if A = (0,0, 0)(mod 2);
/\1_1A2+1A3) 3 <A1_1/\2_1A3 )
SR YN (A S Tk () RPN (o Sk S S

r f< 2 2 )T Uy

if A=(1, 1, 0)(mod 2);

M A—1 A3+1) 3 </\1 A +1 A3+1>
= - q)l'<—3 Y + Qpl—— 19 [
qrPr 2 5 2 qr Py 2 5 5

if A= (0,1, 1)(mod 2);

=0if A% (0,0,0), (1,1,0), (0,1, 1)(mod 2).

Proof. Apply (1) and (2) to the right side of (4).

4. The identity between I,(f) and J;(f")

We recall from Section 2 that I,(f) = [, [z-f(zn){x(z)¥(n) dn d™z. Since
the characters ¢ and x are unramified, /1(f) = Z,ez {(w5) WAz, 2, 2). In the
sequel we will always write z = (z, z, z). Note that {(w%) = (—1)°. By Theo-
rem 2, ¥(z) = 0 when z is odd, if we assume f = b(f"). Consequently

L) = gzx(wff)«v,(zz)

= 2 x(@¥)[®)(z) - gkPp(z + (—1,0, D). (6)

zZEZ

On the other hand
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1
Jl(f’)=J f f flzh|1 n | xN(z)0z(n) d*z dn dh
Hfp/H\(F) JNE J ZE 1
where
1
H\(F) = '—(x)f/2)+,u,\/; 1 x||rEF,xEE}.
—-x 1

To determine a measure on Hx/H;(F) we use the Iwasawa decomposition
Hp= KA H, where K, = KN Hr and A, ={(“ va ;)|a € F*}. Since the
right measure on A, H; is given by

a 1
d 1/a —@xx2) +uVr 1 x||=laF*d*adxdu
1 -x 1

fora€ F*,x€ Eand u € F, we can set h = (* va ), dh = |a|z* d*a for any
he Kl\HF/Hl(F) Hence

wn=| | | (s " e

1
x |1 n|x°N(2)0g(n)|alz*d*z dnda.

Since f’ is bi-invariant under Kg, the function f’ in the integrand above
equals  f'(z("* 1t )n), and  hence  Ji(f')=3,ez k<o x (wF)
X Wi(z + (k, 0, —k))qr** where k = —ord(a). The condition k < 0 is neces-
sarybecause otherwise ¥ (z + (k, 0, —k)) = 0.

LEMMA 4. For A = (Al ’ Az, A3) with Al = Az = /\3 we have
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2 Wp(A+ (k, 0, —k))gr*

k=<0
= ®5(\) — 3P (A + (—-1,1,0)) — gz (A + (0, —1,1))
+grPr(A +(=1,0,1)).
Proof. Applying (5) in Section 3 to the right side, we get a sum of & .

After cancellation the four terms above are the only terms left.
By Lemma 4

L(f) = Z x(@¥)[®)(2) - ¢3f(z + (-1,1,0))

zEZ
— @¢®p(z + (0, -1,1)) + gk®/ (z + (~1,0, 1))].
We point out that gi®y(z+(—1,1,0))=qzPq(z+(0,-1,1)) =

q#®} (z + (—1,0, 1)) because they are essentially Satake coefficients of f'
which are independent of the order of their entries. Therefore

WF) = 2 x(@F)[ @) — qi®p(z + (=1,0,1))]. )

ZEZ

Comparing (6) and (7) we prove that I,(f) = J1(f") for f= b(f").

5. The identity between L,(f) and J>(f")

By similar computation we can show that

L(f;p) = & d(@HYAz + (P, P,0) = qr¥(z + (P~ 1, P, 1)

+qr¥Az+(P-1,P-1,2))] if P=ordr(p)<2;

2P 2P 2P
-2 W”“’f(z * (? ER ?))

X3 1
X ~PI3pyx d’ X +—+ dxl dX3
x,€Ewr" "R, X1 px3
x:Ew PR

if P>2, P=0(mod 3);
=0 if P>2, P#0(mod 3).

We proceed to rewrite L(f) in terms of &, by applying Theorem 2
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to the above formula. For instance when P =2, the only nonzero
term above is qFf¥YA(z+(P-1,P-1,2)), and hence L(f,p)=
qr2.ez {x(wi) YAz + (1,1, 2)). Since ¥(z + (1, 1,2)) = O unless z is even,
we get L(fi p) = qr 2.ez x(@F)VA2z + (1, 1, 2)). The expression of L(f; p)
in terms of ®yfor P = 2 then follows from Theorem 2. By the same argument,
we can prove the following results:

B(fip) = 2 x(@F)-gk®r(z +(0,1,1)
+q+Pp(z +(0,0,2)] ifP=2;
2 X(@F)(+ a7)grP(z + (0,0,1) = i)z + (-1,1,1))

~@3®p(z +(~1,0,2))] ifP=1;

S xtw)| @z + (5.5.0)) - @ + at

ZEZ

7)) raer(a (315 -12))]
xd(z+(E-1.E 1) +qion(z+(E-1.E-12
f<z (2 2 WFE\ET\G T2

if P<0, P =0(mod 2);

2 X(vaz)[_CIFq’}(z (u, Pr1 0>>

zEZ 2 2
P-1P-1
+(qr + g7 + D) (Z + <— - 1))
2 2
P-3 P+1 >> ( <P 3 pP-1 ))]
— gt (24 (=2 00 1)) - giop (2 + (—2 T2
qFf<Z<2 2 T\

if P<0, P=1(mod 2);
- EZ X (@ECPD)DL(2) — qbdf(z + (—1,0, 1))]
zEe

n, 1
X J'xlew—Plst l/’(xl +—=+ p.X,'3> d-xl dx3

X1
xE€EwPRE

if P> 2, P=0(mod 3);
=0 if P>2,P#0(mod3).

On the other hand
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L(f;p) = 2 x(@¥)[~g2®p(z + (0,1, 1))

€Z

+qt®r(z +(0,0,2))] ifP=2;

= 2 x(@¥F)[-(1 + gr)gz®} (z + (0,0, 1))

ZEZ

+qr®p(z +(-1,1,1) + g3Pp(z + (-1,0,2))] ifP=1;

I

2 X(W?)[d)}'(z + (g g» 0)) - (g7 + q7)

ZEZ

P P P P
X®Llz+[==-1,—,1)]+ 4d>',< +<——1,——1,2)>]
f(z <2 2 )) WFENET\Z 7 )

if P<0, P =0(mod 2);

P-1P+1
> X(wff)[q@;,(z + (—2— — 0)) —(gr+ g7 + q7)

ZEZ 2

P-1P-1 )) . < <P—3 P+1 ))
XOplz+ (—— —— 1))+ q:®|z+ |—, —1
f<z < 2 2 Er\ET\T
+ q;ob;,(z + (PT_‘Q’ %, 2))] if P<0, P =1(mod 2);

2 X(@E )DL (2) - qs®p(z + (~1,0,1))]gE"

ZEZ

xf wE(f’f+1>dx it P>2, P=0(mod 3);
R \2P X

=0 if P>2,P#0(mod3).

Comparing the above results, we conclude that L(f; p) = {(p)J(f'; p)
for any p € F* if we can prove the following lemma.

LEMMA 5. Assume the orders of ¢ and Yz = Yo tr to be zero. When P =
ord(p) < —3, P=0(mod 3), we have

q;z“gj. b2+ 2 ax
WEP/:;RE 2 x
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- (—1)Pq§J - z//<x1 +2 4+ ) dx; dx,.
X1 X2
x2ewF2P/3R><

Proof. Let o be a character of F*. Then

f o 1(p) dpq—zPlsf ¢E<xxl’ + 1) dx
P @z™R: 2 X
- %mam@f o) ) dug .
wf‘IBRF /3RX

It is known that the integral with respect to p on the right side equals
€(o, ¥) when the conductor of o is —P/3, and vanishes otherwise. When
the conductor of o is —P/3, the integral with respect to x becomes

f o (xx) ¢E<1> dx
WEP/SRE x

WWLD o () (x) dx = g%e(oo N, Ui).
EISRF

Therefore

f o~ '(p) dpgr>""? J %—(ﬁ + 1) dx
ohR; "R 2 x
= 6(0" l/’)5(0.0]\]’ ‘//E)

if the conductor of o is —P/3, and vanishes otherwise.
By the same reason

-1 d—1””f <x++>dxdx
L};R;U (PYAP(=1)'GF | o, ¥\ ¥ 5 i de

xzem,i_P/SR;

= (0, Y)e(ol, ¥)

if the conductor of o is —P/3, and vanishes otherwise.

Since e(o° N, yr) = €(0, p)e(al, ¥), the lemma follows from the Four-
ier inversion formula.

We observe that this lemma and Lemmas 12 and 14 in Section 12 are
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all of the type of the identity between finite exponential sums proved by
Zagier in [Z].

6. The identity between I5(f) and J5(f')

The proof of I5(f; p) = {(p)Js(f'; p) is based on the similarity between I(f)
and I5(f), and between Jo(f') and J5(f'). We will denote by L(f; p; x, ) the
integral I,(f; p) involving characters xy and ¢. Denote I, J, and J; similarly.

Define f (g) = f("g” ) andf'(g) = f'(‘g™"). Writew = (; 1 ').

LEMMA 6. Forp € F*,we have Ii(f. p; x, ¥) = L(f; 1/p; x %, ¥).
Proof. Since

-1

1 0 x5 p 11 0 x5
z 1 x, ply|=Fflz"wlw 1 x| w
1/\1 1
. -1
p
X |w p| w|Wy 'ww
1

and f is bi-invariant under K, we have

L(f;p; x> ¥)
1 —x, —x3 1
B ‘P(xz)dxzd%f f Flz'l 1 o ||wp
*? " Jzg
1 1/p
1 =y yy2—ys
X 1 —» W(y1 + y2)ix(z) dy d™z.

1

Changing variables we get the lemma.

LEMMA 7. Forp € F*,we have JI5(f'; p; x, ¥e) = J.(f ' Up; x 78, ¥E).
Proof. Similar to the proof of Lemma 6.
From  ®i(A, A2, A3) = PH(—As, Ao, —A;)  and  Df (Mg, Ay, As) =
®q(—As, =X, —Ay), we know that f = b(f') if and only if f= b(f"), by (1)
and (2) in  Section 2. Consequently L(f;1/p;x~ ', ¢)=
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Up)Af'; Up; x 71, dg) for p € F*, according to Section 5. By Lemmas 6 and
7 we get Ii(f; p; x, ¥) = {(p)s(f's p; x> ¥e)-

7. Reduction formulas for I(f) and J (')

Recall that the principal orbital integrals I(f) and J(f') are matched in [J-
Y2] for unit elements f and f' of Hecke algebras. Although it is not clear
whether we can use the techniques in [J-Y2] to match I(f) and J(f') for
general functions f and f’, we may use the results in [J-Y2] to simplify our
calculation of I(f) and J(f") for spherical functions.

Let fo be a bi-Kg-invariant function of compact support in ZgKr. By
Lemma 1, Wf(A) = fo(z) if A = z for some z € Z, and ¥/, (A) = 0 otherwise.
By the corollary of Lemma 3

2 (__l)el+e2+e3q?+ez+2e3¢}6(/\ + (_el —e3,61 —€3,6> + 63))

e1,e2,e3=0,1
= fo(z) if A = z for some z EZ,

=0 otherwise.

Because of the compactness of support of f, these equations can be solved
uniquely for ®f: P () = fo(z) if A=z for some z €EZ, and ®;(A) =0
otherwise.

Now denote the image of f under the base change map b by fo = b(f0).
Then by (1) and (2) in Section 2, ®(A) = fo(z) if A =2z for some z EZ,
and ®;(A) =0 otherwise. By the corollary of Lemma 3 again,
Wo(A) = fo(z) if A = 2z for some z € Z, and ¥;,(A) = 0 otherwise. Hence we
get a set of equations from Lemma 1:

Y (C)ETeteagsfo(A + (—e — €3, 61— €2, €2 + €3))

e1,e2,e3=0,1
= fo(z) if A =2z for some z € Z,

=0 otherwise.

Consequently fo(A) = fo(z) if A = 2z for some z € Z, and fy(A) = 0 other-
wise, because f is also compactly supported.

The argument in [J-Y2] actually implies that I(fo; p, q) = dq)J (fo; P, q)
for the above functions f, and f. Thus when we match I(f) and J(f’) for
spherical functions f and f’ with f= b(f’), we may select such functions f,
and f; so that fo = b(f) and W,_z(22) = 0 for every z € Z. Since f = b(f')
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and fo = b(fo) imply that f— fo = b(f' — fo), we have W, _,(z) = 0 for any
z € Z and it is necessary to match I(f — fo) and J(f' — fo) in order to match

I(f) and J (f').

According to Theorem 2, ¥, ,(2z) =0 if and only if ®}_f(z) — g7
X ®f_p(z+(—1,0,1)) = 0. Therefore we will assume without loss of gen-
erality that the spherical functions f€ # and f' € ¥ satisfy f= b(f’),
Wi(z) =0, and ®}(z) = q#®@}(z + (—1,0, 1)), for all z € Z, and devote the
rest of the paper to the identity between principal orbital integrals I(f) and
J(f") for such functions f and f".

8. The orbital integral I(f)
First let us look at a theorem which gives the orbital integral I(f) in terms
of ¥,. Since its proof is quite long, we will prove it in Section 11.

THEOREM 3. Suppose f € ¥ satisfies V(z) = 0 for z € Z. Then

I(f;p,q)
= gz X(@)[¥s(z + (0,0, P+ Q)

—Vi(z+(-1,0+1,P+ Q) —Ve(z+(0,0-1,P+ Q0 +1))

+ Uz + (-1, Q,P+ Q0+ 1)) — gr+ qrlio-—1 + qrlitr=-1)

+q¥(z+(-2,0+1,P+ Q0 +1))

+qr¥s(z+(-1,0—-1,P+Q +2))

—q¥(z+(-2,0,P+Q+2))] if P=ords(p)=—-1,0=orde(q)=—1
- Bacfofer(28+0)

ZEZ

—qF‘Iff<z+<%—1,%,P+Q+l>>

+¢IF‘I’f<Z+<%_1’%—1’P+Q+2>>]JWE’ZR: lp(x—%)dx

ifQ<-1,0=0(mod2), P+ <= —2;

SRS

- Laep| e+ (0505w 0))
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—qp‘l’,(z + (—1,§+ Q,§+ 0+ 1))

+qF‘Pf(z+<—2,§+Q+1,§+Q+1>>]

X J l/f(x - B) dx
w*R; X

it P< 1, P = 0(mod 2),§+ 0=-2
=0 otherwise.

We note that in Theorem 3 we do not assume f= b(f’), but from now on

we will assume f= b(f’) and use Theorem 2 to rewrite I(f; p, q) in terms of
Dy

THEOREM 4. Suppose f € ¥ satisfies Vp(z) =0 for every z €Z and f=
b(f") for some f' € Hg. Then

I(f;p,q) = ix(wz""9) zéz X(wfrz)[QJ}(z + (— Pt Q, - g, 0>)

2
ofer (2521 E010)
oo (-£58-E 1)
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= x(wr"9) gz x(w¥

<[Forami{e (-5 -50)

P+Q+1 _P+1 1>

+(1+ qF)q?@}'(Z + (‘ 5

+(1+ qp)q?@}'(Z + ( 5

)
P+Q+3 _P- ’ ))
)

P+Q+3 _P+1 )]

—(1+ qF)q?@}'(z + <— 5

ifP=-1,P=1(mod2), Q =0, Q = 0(mod 2);

= x(wr"9) Zgz x(@F [‘W(Z + < P; S i:’ - IZJ))

—(q%+q‘})<l>}r<z+(—P;Q—1 P_E ))

+
+q‘;c1>;,<z+<—PZQ—Z,—£+1,—§+1>>]

4
X J’ W(x — 1—) dx
’ﬂ{-’zR; X

if P <0, P=0(mod 4), Q = 0(mod 2), g +Q0=-2;

= {x(@:779) gz x(w?%

e _P+Q_P+2_P—2>>
x[‘“”(”( 2 4 g

1’_ ’

P+Q . P-2 _P—2>>
2 4 4

+(qr + g7 + q%)d>;f<z + (—

P+Q P+2 P-6
- qid) +<————1,————,——~>>
1 f<z 2 4 4
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_q;¢},<z+<_P;Q_2,_P___2,_P_—6>>]

4 4
X f w<x——>dx
o’ R} X

if P<0, P=2(mod 4), QEO(mod2),§+ o=-1,

o e (18,2 120)

- (g7 + qi‘v)¢}'<z + <— 2P: Q9 4, - %’ 1))

+q‘}<1>}/(z + (—%— L 1,2))]

4
WFIZR; X

if 0 <0, Q=0(mod?2), P+ %2 —2,P+%EO(mod2);
(@) 2 x(@F)

><[_qﬂ)}(H(_2P+4Q+2’_2P+4Q—2,0>>

2P+Q+2 2P+Q+2
+(qF+qi~+q3p)¢;/<z+<— 4Q , — 4Q 1))

_q;(b}(z+<_2P+Q+6’_2P+Q—2,1>>
4 4
_q%q)f,(“<_2P+4Q+6,_2P+4Q+2’2>>]

S e
o R x



138 Y. Ye

ifQ<O,QEO(mod2),P+%2 —1,P+%El(mod2);

=0 for any other P, Q with Q = 0(mod 2);

= - X(W;Q)zgz x(w¥ [(1 + qF)(I)}'”<Z + (‘ Q; 1’0’ PTH»

—(1+qF)q%¢}f<Z+<—Q; L1 P?))

_ +qp)q%d>;'(z ¥ (— 22,

+ (U gy + (-
ifP=-1,0=-1,P=0Q =1(mod2);
=0 for anyother P, Q with P = Q = 1(mod 2).

Note that Theorem 4 does not cover the case of P = 0(mod 2), Q = 1(mod
2), because it can be deduced from other cases. Please see the remark before

Theorem 5 in Section 9.
Proof. We will only prove the first and the last non-zero cases. The rest

are all similar.
(i) Let P=0,0=0,P= Q= 0(mod2). Since (-1, Q, P+ Q + 1) = (1,
0, 1)(mod 2), we have ¥4z + (-1,Q, P+ Q + 1)) =0 for any z € Z.Thus

If; p, q) = gz X(T[¥Az + (0,0, P+ Q)

YAz +(0,0-1,P+ Q+1))lio-0
— Yz +(=1,Q+ 1, P+ Q)liro
+qr¥H(z+(-2,0+1,P+Q+1))
+qr¥Az+(-1,0-1,P+ Q +2))
= qr¥Az + (=2, 0,P + Q0 +2))].

Since (0, Q, P+ Q) = (0,0, 0)(mod 2), we know ¥«(z + (0,0, P+ Q))=0
unless z is even. The same conclusion is true for the other five terms.
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Therefore the sum above is actually taken over even z € Z. Changing the
index from z to 2z — P — Q, we get the formula in the theorem for P =0,
0=0, P=Q=0(mod 2) from Theorem 2.

(ii) Let P=-1, Q=-1, and P=Q=1(mod 2). Since
0,0,P+ Q)=(0,1,0)(mod 2), we know ¥,(z+ (0,Q,P+ Q))=0 for
every z € Z. Similarly Y4z + (-2, Q, P + Q + 2)) = 0 for every z € Z. Thus

If;p.q) = 2 D(@FH[-YA2z+1+(0,0-1,P+Q+1))

- V(2z+1+(-1,0+1,P+ Q)

+ V(22 +1+(-1,Q0,P+Q+1))

X (1 = qr+ qrlto--1 + qrlitp=-1)

+ g2z +1+(-2,0+1,P+Q+1))
+qr¥(2z+1+(-1,0—-1,P+ Q+2))]

Changing index from z to z — (@ + 1)/2 and applying Theorem 2, we get

I(f;p,9)= - x"'() gzx(w%f

0210721)

X [(1 + QF)q’;’(Z + <

0+ 1 P 3))
)
=)

0+3 P+3>>

-+ gy (z +

if 0>0

if P>0

<_
-+ angop(s+ (- &
(-

+ 1+ gtz +

if P>0, 0>0

ifP=Q=-—1:|.

From this expression we can easily see that the last non-zero part of
the theorem is valid when P >0, Q > 0. When P = Q = —1, we note that
(-Q-3,0,P+3)=(-2,0,2) and qi®2z+(-Q—-3,0,P+3))=
P22+ (-Q—1,-2,P +3)) = g3®A2z + (-Q — 3,2, P+ 1)), because
they are essentially Satake coefficients which are independent of the order

’0’———
2 2

-1+ gty (z + (-
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of their entries. Thus the theorem is valid for P= Q = —1. When P = —1,
Q>0 we point out that the two missing terms cancel each other:
~(1+qr)qi®PA22 + (-Q = 3,2, P+ 1)) + (1 + qr)qr¥2z + (-0 — 3, 0,
P +3))=0, and hence the theorem holds in this case. Similarly from
~(1+qr)gi®A2z + (-Q - 1, =2, P +3)) + (1 + ¢r)qi®2z + (-Q - 3,
0,P +3)) =0when P>0, Q= —1, we get the theorem for P>0, Q = —1.

9. The orbital integral J (f")

Recall from Section 2 that J(f'; p, q) = [ Q(‘Azan) x(z)6:(n) dn d*z, where
n€ENg, 2z€Zr and a=diag(l,q,pq). Since Q(x)=0 unless
det(x) € N(E™), the integral with respect to z is actually taken over those
z with z det(a) € N(E™). By deta = pg® we may change variables and get
J(fsp,q) = x (pg®) [ Q(Azzbn) x° N (22)0:(n) dnd*z, where n € Ng,
z € Zg and b = diag(1/(pq®), 1/(pq), 1/q). According to the definition of
the function () we can write the orbital integral in terms of f':

J(f’;p,q)=x“(pq2)L JN L
X f(zhvn) x° N (z)6z(n) dhdnd™z

where v is a matrix such that ‘(1 ' )y = b.
The choice of v depends on p and g. When Q = ord(g) is even, we may
choose

1 1/ 1
v=—|-1/Qap) 1/(2p)
a;

where «, a;€E™ with ad=-q, ayd;=q. Hence J(f';p,q)=
x(p)TUN(f'; p, q) if Q = 0(mod 2), where

JU(f'p,q) = L{:_q dor LJNJZE

e 1
X f'| zh| =1/Qap) 1/(2p)  |n|x °N(2)6s(n) dhdnd™z.

Here the measure de is normalized so that [, da = 1.
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When P = ord(p) is even, we may set

B 1 1
—-Bql2 qi2 1
1/ \1

y=—
B

where B, BiEE™ with BB=-p and B B,=p. Thus J(f';p,q) =
JP(f'; p, q) if P=0(mod 2), where

Jm(f’;p,q)=f . dB f f
BB=—-p Hp JNEJZE

g1 1
X f'| zh{ —Bq/2 ql2 1 nix °N(z)0g(n)dhdnd™z

Withf3l§=_p dﬁ =1.
Finally when P = Q(mod 2) we use

1/y 1 1
V—‘-;— -pl/(2y) pl2 1

1

where v,y € E™ such that yy= —pq, y:71 = pq. Consequently we have
J(f;p,q) = x (@)IPN(f'; p, ) if P=Q(mod 2), where

J[3l(f’;p,q)=f dvf f f
Y¥y=-—prq Hp JNg JZE

1/y 0 1
X f'{ zh| —p/(2y) 0 pi2|n|x°N(z)0g(n)dhdnd™z
0 1 0

with [,y— _pody=1.

Therefore we need to show that {(q)x ~'(pg)J™(f';p,q) = I(f;p, q)
when Q=0(mod 2); «q)J*(f';p,q) =I(f;p,q) when P=0(mod 2),
Q=1(mod2); and Lg)x "9/ (f;p.q) =I(f;p.q) when P=Q=1
(mod 2). The second case, however, can be deduced from the first, by exactly
the same argument as we used in Section 6. Consequently what we need to
do is to calculate JM(f') and JPI(f").
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The computations of J!I(f') and J*I(f") are quite similar but the integral
JU(f") is much more complicated than J©/(f'). By this reason we will write
a theorem on JPI(f') below without proof and give the detailed computation
of J(f) in Sections 10 and 12.

THEOREM 5. Suppose f' € ¥ satisfies ®;(z) = i@ (z + (—1,0,1)) for
any z € Z. Assume P= Q = 1(mod 2). Then

575 p.0) = 3 xtap) o+ (- L4 0.25))

zEZ 2
5 0+1 P+1>)
— . Z+<_ -1,1,——
qF@f( 2 2
~giap(e+ (-4 L )

(s (220752 o v

ifP=-1,0= -1,

=( otherwise.

Comparing Theorem 5 with the last non-zero part of Theorem 4 in
Section 8, we conclude that ¢(p)x “(q)J°Nf';p,q) =I(f;p,q) when
P=Q=1(mod 2).

10. The orbital integral J!'!(f")

In this section we always assume Q = 0(mod 2). Using the Iwasawa decompo-
sition of Hr we may specify a Haar measure on Hr and write

J[”(f';p,q)=f daf ff|b|4d*bddi
ad=—q F*JEJF

1 —2xi+2AV7 2x

b
xf f Flzl b 1 0
Nese ~2% 1
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Va 1
x| -1/Qap) 1/2p)  |n|x°N(z)6s(n)dnd*z.

Let B = ord(b), X = ord(x) and A = ord(A). Then there are four cases:

b 1 —2xE+2AVr 2 Ve 1
f'(z( 1/b )( 1 0)(—1/(2ap) 1/(2p) )n)
1 -2 1 1
1/Qapb) 0 0\/1 —a 0
=f’<z< 2b 2bx>( 1 o)n)
1 1

if -B <X, —B < B + min(ord(p + x%), A);

il(ap) O 1 1 —a O
= f’(z( 2b b(—p+xx+ /\\/?)/f)( 1 O)n)
1/(bx) 1

if X < —B, X < B + min(ord(p + x%), A);

b(p + x% — AV7)/(ap) 2b 2bx 1 —a 0
=f'(z< 1/[b(p + x% — AV x/[b(p + x% — A\/?)])( 1 O)n>

1 1
if B + min(ord(p + x%), A) <min(—-B, X),B+ X =0;

b(p + x% — AV1)/(ap) 2b 2bx
=f’(z( —2%/(p +xE— AVT) (p —x% - AVDI(p +xf—)\\/;))
1/(bx)

1 -« 0
’ ( 1 0)”)
1
if B + min(ord(p + xx), A) <min(-B, X), B + X <0.
We will denote by JIUD (£, ... JH®(f) the integrals corresponding to
these cases. Thus JIU(f') = JHD(f1) + ..« 4 JUHO (1),
THEOREM 6. Assume f' € ¥ satisfies ®4(z) = ¢*®}(z + (—1,0,1)) for

all z €Z. Then

JHO(f: pq) = ) x(@%

zEZ,B=—P/2,
—(2P+Q)/4<B=<0

X ¥(z+ (—P—(Q/2) - B, B, O))f - Ye(a) da
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ifP=0,P+(Q/2)=0;

= ( otherwise;

JU®(f:p, q)

= ) x(wF

ZEZ,
—(P+Q)2<B<—(P/4)

X Wh(z + (—(P+ Q)/2, B, —(P/2) — B))gr2E~®?

x (—1)P’2f .p(x—’i)dx
o X

if P<0, P=0(mod 2), (P/2) + Q =0;

= ) x(w¥
ZEZ,
—(P+Q)2<B<—P/2
X Wo(z+ (=(P+ Q)/2,B,—(PI2) = B))gr > "(1 + qFr")
if P=0, P=0(mod 2), Q >0;

= () otherwise;

IO (f' p,g)

= 3 X(Wfrz)‘P}'(z n (—P Q4 g, o))
ZEZ, 2
O<L=<(P-1)/2
X ((1+qr)gr**P-1) ifP>0,0=0;

> x(w?f)‘l’ﬁ(z + <—P - % +L,-L, 0>>

ZEZ,
0=<L=(2P+Q)/4

(gt =D [ w@da ito<o.p+Zz0;
ad=—q
= (0 otherwise;

JUD(f; p, q)

_ > x@ (e + (-P- Lot k-1,-k))a - g
2E€Z,k<0,l—k<(P—1)/2, 2
O=<l—k=(2P+Q)/4
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X (q;2l—2k+P(1 + q;l) _ q;4k) l//E(a) da (8)

ad=—q

ifP>0,2P+Q0=0;

+ X(w%")‘l’ﬁ(z + (—P - % -1+k,1, —k))

zZEZ k<0
X qi**(q7® — qE( + ) f Ye() dar ©)
ad=—q

ifP?—l,P+—§—2-—2;

+ E X(W%Z)T;'<Z+<_2P+4¢+k,_2—P—-EZQ—'+—2,_k>>

ZEZ,k<0

X qr* (1 + q")(@r" = ar @7 (1 + ¢7Y) ve(a)da (10)
aa=—q
ifQ<-4,P+ %a -1,P+ %E 1(mod 2);
e 3 x@wp(e (<=L ikt k) g
ZEZ,I<P/2, 2
PR<l—k=(P+Q)/2
x(1-gr)(1+gqF) ifP=0,P=0(mod2),Q=0; (11)
I e )
ZEZ,I<PI2 2 2 2
X grt2PO(1 + g7h) ifP=0,0 =0, P=0(mod 2); (12)
+ 2 x(w?)%(“ <—P—%+”k“” "‘))

ZEZ,I<P/2,
(P—-2)/4=I-k=(P+Q)/2
< g w1 - g1y [ fx=E)ar (13)
o R} x

ifP<O,PEO(mod2),§+Q>O;

- 2 X(wfzz)‘lf}'(z+<—P—%+P—;2—+k,—PT_2, —k))

ZE€EZ,
k<(P-2)/4
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X q;4k+P(1 +q;1)(_1)P/2f «V(x—£>dx (14)
wi°RF x

ifP<O,PE2(mod4),§+ 0=-1;

ZEZ
k<—(Qr2)-2
y q;4k—Q—4(_1)P/2q§/2f |1/<x _ E) dx (15)
@R X

ifP<0,PE(mod2),§+ Q=-2;

+ > )((m,zf)‘I'}f<z+ (—P——%+l,k——l, —k))

ZEZ,k<O0,
O=/—k=<(2P+Q)/4
X gr¥(1 - qr>) f VYe(a) da ifP>0,2P+Q=0; (16)
aa=-—gq
-2 X(w?)‘l'}(z + (— P-2 11k, —k))q;‘”“z
Z€EZ,k<0 2
xf VYe(a) da ifP=-1,2P+ Q= —4; a7
ad=—q
+0- +Q+
- > X(wg)«p;(z " (_ 22+0-2, . _ 2ro+2 k))
ZEZ,k<0 4 4
X gr* i1+ g7") f Ye(a) da (18)
ad=—q

ifP>0,2P+ Q= -2,2P+ Q =2(mod4), Q < —4;

I e ),
ZEZ k<0 2 2
X g7*(1-297* - q5°)  ifP=0,0=0, P=0(mod?2); (19)
P+Q P

- 2 x@w(a (-

ZEZ,k<0

+k, — > ——k))q;“"‘l(l + qr')?
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xj Ye(a)da  ifP=0,P=0(mod2),Q = —2; (20)
ad=—q

P+ P ke
- 2 X(W?)‘I’}'<z+<— 2Q+k,—5,—k>>qf“" 'q7%)

ZE€EZ,k<0

xf w<x—‘2>dx ifP=-2,0=0. (21)
wr'RF X

This theorem will be proved in Section 12.
We remark that the integral [,s——, Y£(a) da in Theorem 6 was discussed
in [Z], p. 24, and [Y], p. 92:

LEMMA 8. When Q <0, Q =0(mod 2), we have

a+a) | wele)da

= (~1)2%@" J «V(x ~ ﬂ) dx.
w?’R¥ X

We then observe that the expressions of JM® (), ... JH@(f) are all
given in terms of infinite series of the forms <o ¥/ (A + (k, 0, —k))g#**
and 2,0 V5 (A + (I, =1, 0))g7*'. By Lemma 4 in Section 4 we can rewrite the
first kind of infinite series as finite sums of ®; . The second kind of infinite

series is given by the following lemma.
LEMMA 9. For A = (A1, Az, A3) with Ay < A, < A3 we have
2 g+ (1, —1,0)

A2—A3<I<0
= (I);/(/\) - CI%@;"()‘ + (Oa - 1’ 1))

- qi(l)}, ()‘ +(-1,0, 1)) + q?,—(l);r(/\ + (_17 -1, 2))

+ gL (M A= A= 2,3+ 1, A5+ 1)

— gD (M A= A= 2,03, A5+ 2).
Proof. By (5) in Section 3.
Now we can apply Lemmas 4 and 9 to each sum in Theorem 6 and rewrite

JU(f') in terms of ®}. Since there are so many cases, the computation is

rather lengthy, but it is very similar to the proof of Theorem 4 and hence
we will not give the detail here. If we collect the results, we see that
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U x (pq)J"(f'; p, q) has exactly the same expressions as the integral
I(f, p, q) in Theorem 4 under the condition Q = 0(mod 2). Therefore the

identity I(f; p, ) = {(q)J (f'; p, q) is proved for Q = 0(mod 2) save the proof
of Theorems 3 and 6.

11. The proof of Theorem 3

Recall from Section 2 that

1 x1 x3 Pq
I(fap’q)zf 3[ f f Z 1 X2 q y
(F)” JNFJ Zp 1 1

X Y(x1 + x2)0(y){x(2) dx; dx, dxs dy d™z.

We denote P = ord(p), Q = ord(q) and X; = ord(x;) for i = 1, 2, 3. Since
the function f is bi-invariant under K, there are six cases:

1 x; x3 Pq
f Z 1 X2 q y
1/ \1

1
=f(z q y if X1, X5, X3=0;
pq

1 0 0
=f Z X1q pPq y ile<O,X23X3>O;
pql/x,

X2 q 0
=f d q/x2 0 y ifX2<0,X2<X3,ord(x1x2—x3)20;
Pq
X2 q 0
=flz q(x1x2 — x3)/%; pq y
Pl (x1xz — x3)

if X, <0, X, < X3, ord(x1x; — x3) < 0;
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X3 X19 pq
=flz x1q/xs pqlxs |y
pq/x,

le3 < 0, X3 < Xz, Xl = 0rd(x1x2 - x3);

X3 X1q9 pq
=flz q(x1x2 — x3)/x3 Xopqlxs y
pql(x1x3 — Xx3)

ifX3 < 0, X3 < X2 ’ Xl > 0rd(x1x2 - X3).

We will denote the integral corresponding to the case (i) by I)(f) for i =
1,...,6. Since the last case is the most complicated one, we will give the
computation of 71‘“(f) in full detail and only list the final expressions of

1D, ..., I90):
I(f;p, q) = gz (@) PAz + (0,0, P+ Q));

I(f;p,q) = — gz (@ WHz + (0,0 - 1, P+ Q + 1))

ifQ>0,P=—1;

- Lo (o0 )] e

if P< —1,P50(m0d2),§+ 0=0;
= ( otherwise;

I9(f;p,q) = - gz X(@D)¥z+(-1,0+ 1, P+ Q))

ifQ=—1,P>0;

- Locufes (GEre))] s fe

ifQ<—1,QEO(mod2),P+%>O;

= ( otherwise;
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If;p,q) = qr Zzz (@) Pz + (1,0 - 1,P+ Q +2))
ifQ=-1,P=—-1;
+(1-qr) EZ K@Yz + (~1,0, P+ Q + 1))

ifQ=-1,P=0;
+ 2 (w)¥z +(~1,0,P+ Q + 1))

ifQ=-1,P=-1,;

S aenfes (120 0 e)

X f W(X > dx
wPFZR; X
P

ifQ=-1,P< —1,PEO(mod2),Q+5> —1;
= ( otherwise;
I9(f;p, q) = EZ X(@HA - ¥z + (=1,0, P+ Q + 1))
ze

+qr¥(z+(-2,0+1,P+ Q+1))]
ifP=-1,0=0;

N gz K@Yz +(-1,0, P+ Q + 1))

+qr¥{z+(-2,Q+1,P+ Q +1))]
ifP=-1,0=-1;

-0 3 ataiyfe+(2-1.2, P40 41))

X J n&(x - Q) dx
wP?R; X

ifP=-1,0< -1, Q=0(mod?2);

= ( otherwise;

Now let us study the integral 7”(f). In this last case
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I(f;p, q) = > (%)
zZ€Z,X3<0,
2X3—L=Q,2L—-X3<P

X Uz + (Xs,Q+L—X5,P+Q—L))
X

X, +1
XETPRE X, E@r Ry,

L+1
X €Ewr 'R XX, —x:€EWERF

X X
X\v<x1+x2—ﬁ‘ 22 )dxldX2dX3.
X3 X1X2 — X3

To compute the integral T = [ (x; + x2 — (x19/x3) — x2p/ (X1X2 — X3))
dx; dx, dx; we consider two cases: (i) X, <0 and (ii)) X, = 0. We will denote
by I®V(f) and I1“?(f) the corresponding expressions we get from these
cases. We need a trivial lemma which will be quoted repeatedly.

LEMMA 10. Assume the order of the character  to be zero. Then the
integral meRx Y(x — (b/x)) dx vanishes unless either B= —1,-1< X< B +1,
or B< —1, B=0(mod2), X = B/2, where B = ord(b).

11.1. The computation of IV (f). Setting x;= (xs/x;) +x with x €
wi Ry we get T=[y((xslx2) +x+ x2 = (q/x2) — (xq/x3) — (p/x))
dx, dx; dx where x, € wi2R5, x3 € wi*Ry and x € @ *2Rj; . By Lemma 10
the integral with respect to x; vanishes unless either ord(xq/x;) = —1,
X;—Xo=-1, or ord(xq/x;) <-1, ord(xq/x,)=0(mod2), X;—-X,=
sord(xq/x,). Denote by I¢'D(f) and I¢'P(f) the corresponding ex-
pressions.

11.1.1. The integral I*V(f). In this case the conditions are X3 <
-1,L<-1, 2X;-L<Q, 2L-X3sP, X,=X;+1, and X=
L—X;—1, and the integral becomes T = — gz ' [y(x — (p/x))dx
I W(x2 — (g/x2)) dx,, where x € ws **"'Rj and x, € wp3*'RF. Applying
Lemma 10 to these two integrals with respect to x and x, we get

1°"D(fip,q) = = qr gz (@) ¥z +(=2,0,P + Q0 +2))

ifP=-1,0=-1;

ZEZ

< )
R x

—gr 3 o(wHY z+(—2,Q+§+1,Q+§+1)>
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ifQ=-1,P< -1, P=0(mod2);

= ( otherwise.

11.1.2. The integral 1¢12(f). Since ord(xq/x,) < —1,
ord(xg/x,) = 0(mod 2), X5 — X, = %ord(xq/xz), we have

1°Y2(f,p, q) = )
ZEZ,X3<—1,X3<(Q—2)/2,
X3=<(P+2Q)/3, X3<X2<0, X3+X2<Q

Xx(wE) YAz + (X3, X3, P+ 20 — 2X3))

x XEWRRE x;€EWRRE,

xEwF %T2RE

We will consider three cases: (i) X5 < Q, (ii)) X5 = Q and (iii) X3 > Q, and
Calculate I(6.1.2.1)(f), I(6.1.2.2)(f), and I(6.1.2.3)(f).

11.1.2.1. The case of I'S**V(f). Since x3 < Q and ord(x; — q) = X3, we
may apply Lemma 10 to the integral with respect to x, in I¢*?(f) and
conclude that [ (x; + (x3 —q)/x;)dx, vanishes wunless X3< —1,
X3 =0(mod 2), X, = X3/2. Assume X3 < —1, X5 = 0(mod 2) and X, = X3/2.
We may also apply Lemma 10 to the integral with respect to x. Then
J ¥(x ~(xq/x3) — (p/x)) dx vanishes unless either P= —1, 2X; — X, — Q =
1, or P< -1, P=0(mod?2), 2X; — X, — Q = P/2. Therefore the integral
with respect to X2 and x van-
ishes unless either Q = 1(mod 3), 2(Q — 1)/3< Q, 2(Q — 1)/3=<(Q/2) — 1,
X;=2(Q-1/3<-1, or P<-1, P=0(mod2), P+20<-3,
P + 20 =0(mod 3), X5 = (P + 2Q)/3. The formal case, however, is impos-
sible, because it would imply 0 <1, Q0=1, 0 =1,2(Q — 1)/3<(Q/2) - 1.
The latter case implies Yz + (X5, X3, P+ 20 —2X3)) =
Ye(z + ((P+2Q)/3, (P+2Q)/3, (P+2Q)/3)) =0 by our assumption in
Section 7. Consequently 1'%V (f; p, g) = 0.

11.1.2.2. The case of I°**?(f). When X5 = Q we have
1(6.1.2.2) (f;P, q)

= 3 o@ e+ @ 0P S e newtn
ZEZ 0<X2<0
xEw2 %R}
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X w<x2—q_x3—1(q—x3)—i—)>dxzdx3dx

X2 X3

forO<-1,0=<P.

If P=Q, then ¥4z + (Q, Q, P)) =0 by the assumption in Section 7.
Now we assume P> Q. By Lemma 10 the integral [ y(x, — (g — x3)/x2) dx»
vanishes unless either ord(q — x3)= -1, X, = —1, or ord(q — x3) < —1,
ord(g — x3) =0(mod 2), X, = %ord(q - X3).

We first consider the case of ord(q — x3) = —1, X, = —1. Since X3 =
Q< -1,wehavexsEq+ wr'Rr, x(q — x3)/x3 € Rr, p/x € Rr, and

— X3
X q
Xo=-1, X

ord(g—x;3)=-1

X — —
-5 =B endndr= -0 - e
X3 X

Next we consider the case of ord(g — x3) < —1, ord(g — x3) = 0(mod 2),
X, = %ord(q - X3). Since ord(x(qg — x3)/x3) = X, <0, ord(p/x) =
P-Q+ X,>X,, applying Lemma 10 to the integral with respect to x, we
know that it vanishes unless X, = —1, ord(q — x3) = =2, X3 =0 < -2, X =
Q+1, Q<P. Thus

—X3 X
f X,=—1 \b(xz_q 3——(q—x3)—£>dx2dx3dx
2 > X X3 X

2

ord(q—x3)=-2
=-qr97"  ifQ<-2;

== gFQ 1 4 g21 J’ .p<x2 - 1) dv, ifQ=-2.
wr'R} X2

Therefore

[€12D (£, p q) = — 72 zz x(wh)¥YAz + (Q, Q, P))
ifQ<-2,0<P;

= - ¢7° gz X(@) Az +(Q, Q, P))

<(i-at | ofx-1)er)
@r 'Ry X
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ifQ=-2<P;

= ( otherwise.

11.1.2.3. The case of I“'*?(f). When X5 > Q, we have

1(6.1.243)(f;p, q) = E
ZE€EZ,X3<(P+2Q)/3,
0<X3=<(0/2)—1

X (i) ¥z + (X3, X3, P+ 20 - 2X3))

X 2 J xR,

X3<Xp<Q—-X3
XETPRE X EwRE

X¢<x—£+x2—i+ﬁ—ﬂ)dx3dx2dx
X X2 X2 X3

ifQ<-4,0+3<P.

Since ord(xq/x;) <X, ord(x — (xq/x3)) = X5 — X, <0, the integral
J (x — (xq/x3) — (p/x)) dx vanishes wunless either P+ Q — X3= -1,
Xs—Xo=—-1,or P+Q0—-X;<-1, P+ Q- X;3=0(mod 2), X5 — X, =
(P + Q — X3)/2, by Lemma 10.

When P+Q—-X;<-1, P+ Q — X3 =0(mod?2), X;—X,=
(P+ Q- X3)/2, we note that ord(g—x3)=Q and the integral
J W(x2 — (g — x3)/x3) dx, vanishes unless Q = 0(mod2), X, = Q/2. Thus
P +20Q=0(mod 3), Xz =(P+2Q)/3, and Vo(z+ (X3, X5,P+
20 - 2X3)) =¥ (z + (P +2Q)/3, (P +20Q)/3, (P +2Q)/3)) = 0 by the as-
sumption in Section 7.

When P+ Q — X3 = —1, X5 — X, = —1, the integral becomes

J¢<x—1—’+x2—1+’2—’ﬂ>dx2dx3dx
X X2

X2 X3

_ 0-2X;—1 q
= qg™*% J ‘V(xz - —‘> dx,,
wiRF X2

because [ (x3/x;) dxs = —qr*>"". Since X, = X3 + 1 < Q/2 < -2, the inte-
gral [ y(x, — (q/x,)) dx, vanishes unless Q = 0(mod 2), X, = Q/2. Thus we
get

IC123(f p o) = gp EZ x(w§)
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X\I’f<z+<%—l,%—l,P+Q+2>>J . w<x—)%>dx
if 0 < —4, 0 =0(mod?2), P + (Q2) = —2;

= (0 otherwise.

11.2. The computation of I°?(f). Now we assume X,=0. Then
X+ X,> L, L =ord(x;x> — x3) = X3, and

I?(fip,g)= 2

ZEZ,
L=<min(—1,P,Q)

X (@r) ¥z + (L, Q, P+ Q — L))

_*9
X J‘xlewﬁﬂkr, ¢/<x1 )dxl dxs.

X3
X EwWERE
Observe that the integral with respect to x; vanishes unless ord(x; — g) =—1.

When ord(xs —¢q) = —1, the integral [ y(x; — (x1g/x3))dx;dx; equals
g7 ' [ dxs. Therefore

1°?(f;p, q) = (qr— 1) gz K@Yz + (1,0, P+ Q + 1))
fQ=-1,P=-1;
= g7% gz X (@R YAz + (Q, Q, P))

ifQ<-1,0<P,

= ( otherwise.
Collecting the results in these subsections, we have
19(fip,@) = = ar 2 O(@R)¥z + (2,0, P+ Q +2))
zEe

+(qr— 1) g K@Yz + (1,0, P+ Q + 1))

ifQ=-1,P=—1;

=qr 2 X(wh)¥ z+<—2,Q+12—)+1,Q+§+1>)
ZEZ
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X f «p(x - E) dx
R} X

ifQ=-1,P< -1, P=0(mod 2);

=(qr EZ{X(W;‘)\I, z+<%—1,—2Q—-—1,P+Q+2)>

X J gb(x - Q) dx
wr 'Ry X

ifQ<—2,QEO(mod2),P+—§—>—2;

= ( otherwise.

Adding the results for IV (f), ..., 19 (f), we complete the proof of Theo-
rem 3.

12. The proof of Theorem 6

We will only consider the integral J!'* (f")because the calculations of others
are similar and less complicated. By Section 10 the integral is

JUO (' p, q) = ) x(@F)

ZEZ,k<O0,
2k=l2l<k+P+(Q/2)

x \If;(z + (—P - % + k-1, —k>>q;4k
X qre . w(p, a, x, A) dadx dA
X>1 aa==4q,

min(ord( p+xx),A)=I—k+X

where w(p, @, x, A) = Yz(a — 2ap/(p + x& — AV1) + (p + x& — AV1)/2% — x)
and k = B + X. We will consider three cases: (1) X>[—-k, 2) X<Il—-k
and (3) X =1 — k, and denote by JI'“?(f"), i =1, 2, 3, the corresponding
expressions.

12.1. The computation of JM“V(f). Since X>1I—k, the condition
min(ord(p + xx), A) =/ — k + X can be written as min(P,A)=1—-k + X.
Hence the conditions in the expression of JM@V(f') are k<0, 2k <1,
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A<k+P+(QR), 2<k+P, I-k<X<P-I+k, min(P,A)=
I—k+X.

LEMMA 11. When X >1—k, the integral [ o(p, a, x, A)dxdA, where
min(P,A)=I—k+X and x€& weR5, vanishes unless either (i)
P+(Q12)=-5, —1<I-k<QP+Q+2)4 or (i) P+ (Q/2)<-6,
P+ (Q/2) =0(mod 3), [ — k = 2P + Q)/6.

Proof. For x € waRE we set x = x;(1 + y) with x; € ws(R:/1 + w¥RE)
and y € w¥ R for some M > 0. At the same time for A € @ “**RF or A €
@ “***Rr with min(P,A)=1—-k+X we set A=A +7n with )\ €
@ *TX(RFN + wr T MRY) or A € o KT (Rl wiE KT MRY) and nE
wy "R ;. We will show that it is possible to choose M so that the integral
with respect to y and 7 vanishes, except for the above cases.

It M = —[(2P + Q)/4)] + | — k, then

¢,<__20fp_>=,,,<__@__
' P+xt-Vr "\ ptxg - AVr

2ap
+
(p + xlfl - Al\/;')

5 (2x1%1y — ”fh\/‘_f)> (22)

where n;, = 0+ x5 (y — 7)/V7E ¥ MRy, Similarly when M = (k — )/2,
we have

(I[ <p+x.f—)\\/;_x)=¢ <p+x1)'c'1—/\1\/—1_'
i 2% £ 2%,

(23)

- x

_ 14 + xlfl - /\1\/_7' _ 771\/;>
2 0 2 /)

When [—k=[2P+ Q)/4]+1 we can choose M >0 satisfying
—[QP+ Q)/4] +I— k<M< —P—(Q/2) + 2] - 2k so that (22) is a non-
trivial character of y and hence [ yg(— 2ap/(p + xx — AV7))dydn=0. If
Il —k<[(2P + Q)/4] + 1, then (22) is indeed independent of y and 7;. On
the other hand when [—k=<-2, we can choose M >0 with
(k—=0/2<M<k—1 and hence [ ¢z((p + x% — A\V7)/2% — x) dydn = 0. If
| — k= -1, then (23) is independent of y and 7.

When P+ (Q/2) = —5 and [ — k=< -2, it is possible to choose M >0
such that (k —D/2<M<k—1, M=—[2P + Q)/4] + | — k. Thus (22) is
independent of y and 7, while (23) is a non-trivial character of y, and hence
w(p,a,x,A) is also a non-trivial character of y. Therefore when
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P + (Q/2) = =5, the integral in the lemma vanishes if / — k < —2. Likewise
the integral equals zero when P+ (Q/2) = =5 and [/ — k= [(2P + Q)/4] + 1.
When P + (Q/2) < —6, we may use the same techniques to show that the
integral of w(p, @, x, A) is zero. But it is possible that both (22) and (23) are
non-trivial characters of y. If this is the case, w(p, a, x, A) remains a non-
trivial character of y when ord(4apx%i/(p + x: % — M V1)?) #
ord((p + x1%1 — AV7)/2%y), i.e., [ — k # (2P + Q)/6. Therefore the integral
of w(p, a, x, A) vanishes when P + (Q/2) < —6 unless / — k = (2P + Q)/6.

O
By this lemma we can write J!'¢D (') as
J[11(4'1)(f’;P, q) — 2 X(W%Z)
ZEZ,k<0,2k=l2l<k+P,
—1<=i—k=QP+Q+2)/4,l—k=(P—1)/2
><\P'< +<—P—Q+l k-1 —k)) e
f Z 2 ’ ’ qF
> 2 4XJ o
1—k<Xsk—l+PqF ad=—q.xewRE,
min(P,A)=I-k+X
X o(p, a, x, A) dadx dA (24)

ifPB——l,P+%>—3;

= 2 x(w¥)

2EZ,k<(2P+Q)/6

+
y \I’}r<z + (_ 2(2P6+ 0) +k - 2P6 Q’ _ k))q,?‘”‘

X > f w(p, a,x, ) dadxdr  (25)

@2P+Q)6<X<P—(2P+Q)/6
if P+ (Q/2) < =6, P + (Q/2 = 0(mod 3);

= () otherwise.

By the assumption at the end of Section 7 the sum with respect to k in
(25) vanishes. Thus (25) equals zero. To calculate (24) we consider four
cases:

1) 0sI—-k<(2P+ Q+2)/4;

@ l—k=-1,2P+Q+2)/4>-1;

(3) P+ (Q/2)=1(mod2),!—k=2P+ Q +2)/4=0; and
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@) P+(Q2)=-3,1—k=—1,
and denote the corresponding expressions by JM@1D(f) i=1,...,4.

To calculate JM@D(f), we note that w(p, a,x,A) = Ye(a) when
0<!— k< (2P + Q + 2)/4. Consequently J!H*1-D(f) equals (8) in Theo-
rem 6.

In the second case we note that w(p, a, x, A) = Ye(—a[(p + AVD/(p — A
V)] + [(p — AV7)/(2%)]). Integrating this expression we get (9) from
JUIGL2) ()

For JM®13 () we have w(p, a,x,A) = ¢e(ay(1 — 2pyy)) where o =
a[(p + AVDI(p — AV and y = x/(p — AV7).

LEMMA 12. If OQ<-4, Q=0(mod2), P+(Q/2)=-1 and P+
(Q/2) = 1(mod 2), then

[ e el =235 dar ey
yEmE(ZP*QﬂmRE

= -1+ q;1)q1;+(g/2)J

Ye(a) da.
ad=—q
Proof. Similar to the proof of Lemma 5.
By this lemma we get (10) from the third case.
Finally we see that J!®14 (") equals zero because it can be written in
terms of <o ¥j(z + (k + 2,1, —k))gr**, which vanishes according to our
assumption in Section 7.

12.2. The computation of J™M©?(f'). When X <I— k, we deduce from
min(ord(p + xX),A)=l—k+ X that P=0(mod 2), X=P/2, xx€
—p + @¥P kR andl — k > P/2.

LEMMA 13. When  P=0(mod2), [—k>P/2, the .integral
fw(p, a,x,A)dxdX, where x € we*R5 ,x% € —p + w¥'?*'"*R and min
(ord(p + xx), A) = (P/2) + I — k, vanishes unless in any one of the following
cases:

(1) P=0,0=0,PR<I—-k<[P+Q)2]+1,

2) P<0,(PR2)+Q=-3,(P-2/d<l—-k<(P+ Q)2 +1;

(3) P<0,(P2)+ Q< -3, P+ (Q/2)=0(mod3), - k= (2P +Q)/6.

Proof. Similar to the proof of Lemma 11.

According to this lemma we consider six cases and denote by
JW@E2H ey i=1,...,6, the corresponding expressions:

1) P=0,0>0,I<P2, P2<I—-k=<(P+ Q)2

2) P=0,0=0,I<P2,l-k=[(P+Q)2]+1,

(3) P<0,(P2)+Q0=0,I<PR,(P-2)4<I—-k=<(P+Q)/2;
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(4) P<0, P=2(mod 4), (PI2)+Q=-1, k<(P-2)/4, I—k=
(P —2)/4;

(5) P<0,(P2)+Q=-3,k<—(Q/2)—2,l—k=[(P+ Q)/2] + 1; and

(6) P<0, (PI2)+Q<-3, P+(Q/2)=0(mod 3), k<(2P+ Q)/6,
I—k= 2P+ Q)l6.

We observe that w(p, a, x, A) = 1 in case (1), = y(—2ap/(p + xf—/\\/;))
in case (2), and = Y((p + x& — AV7)/2% — x) in cases (3) and (4). For case
(5) we have a lemma:

LEMMA 14. When P <0, P = 0(mod 2), (P/2) + Q = -3,

w(p, a,x, A) dadx dAr

—4k+2P
F xEwRE, x¥€E—p+wh @R,
ad=—q, min(ord(p+xx),A)=P+(Q/2)+1

_ q;4k——Q—4(_1)P/2q;/2J’ W<x _ 1_’) dx ifE +Q0=-2;
w;/ZR; X 2

Proof. Similar to the proof of Lemma 5.

By the above observation and Lemma 14 we get the expressions
(11),...,(15) in Theorem 6 from JM@2D(fy  JHE29 ¢y respec-
tively. Similar to (25), the expression J!'*29 () vanishes because of our
assumption in Section 7.

12.3. The computation of J"*? (f"). From X = [ — k and min(ord(p + x%),
A) =21 — 2k we observe that [ — k < P/2. We will consider two cases: (1)
I—k<P/l2 and (2) I — k= P/2, and denote the corresponding expressions
by J[l](4.3.1) (f/) and J[l](4.3.2) (f/)

12.3.1. The integral ">V (f"). Since | — k < P/2, the integral with respect
to x and A is taken over x € w's “Rj and A € w¥ ?*R.

LEMMA 15. When | — k< P/2, the integral [ w(p, a,x,A)dxdA, where
x € w's “RE and A € w% %R, vanishes unless either

1) P+(QR2)=-5,-1<l-k<QP+Q+2)/4,1 - k<P/l2; 0or

(2) P+ (Q/2)<—6, P+ (Q/2)=0(mod 3), I — k = (2P + Q)/6.

Proof. Similar to the proof of Lemma 11.

Lemma 15 suggests five cases:

(1) P>0,P+(Q2)=0,k<0,l—k<PR,0<sI—-k< 2P+ Q)/4;

2) P=-1,P+(Q2)=-2,k<0,l-k=—1,;

B) P>0,P+(Q2)=-1,k<0,l—k=Q2P+ Q+2)/4;
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4 P=-1,P+(Q2)y=-3,k<0,l-k=~—1; and
(5) P>Q, P+(Q/2)<-6, P+(Q/2)=0(mod3), k<(P+Q)/6,
- k=P + Q)/6.
Denote by J!114-31-D(£') the corresponding expressions. By similar compu-
tation as in subsection 12.2 we get (16), (17) and (18) from the first three
cases and prove that JUH®3-19 (1) = JlIE31.5 ey =

12.3.2. The integral J™M“>2 (). Now let [ — k = P/2. Then

1[1](4'3'2)(]”;17, q) = E X(W%‘Z

Z2EZ, k<0,
k<P/2, k<QOI2

X \If,’~<z + (— P; Q. k, - g, —k))q;“"””

X J mox 0P, @, x, A) dadx dAr

ad=—qxEwy RE,
min(ord(p+xx),A)=P

when P = 0(mod 2).

LEMMA 16. Let P=0(mod 2). Then [ o(p, a, x, A) dadx dA, where aa =
—q, x € we?* R} and min(ord(p + xX), A) = P, vanishes unless either P = —2,
Q=-2;0orP=0<-4.

Proof. Similar to the proof of Lemma 11.

According to Lemma 16 we consider five cases: (1) P=0, Q=0; (2)
P=0,0=-2,3P=-2,0=0;4) P=Q=-2;and (5) P=Q0 <-4
In the first case, we have w(p,a,x,A) =1, and hence we get (19) for the
theorem. In cases (2) and (3) we have ow(p,a,x,A)=
V(e — 2ap/(p + x& — AV7)) and ye((p + x% — AV7)/2% — x), respectively.
Consequently we get (20) and (21). The last two cases yield nothing under
our assumption in Section 7.

This completes the proof of Theorem 6.
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