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Introduction

This paper is the continuation of “On the Classification of Primitive Ideals for
Complex Classical Lie Algebras”, parts I and II ([3] and [4]). References to
items, the first of whose three digits is the numeral 1 or 2, are references to items
contained in one of those papers. Unexplained notation refers implicitly to parts
I and II, as well. We also give an alphabetical index of notation, covering all
three papers, at the end of the present paper.

The first aim of this series of papers, as explained in the introduction to part I,
is to classify the primitive ideals in the enveloping algebra of a complex
semisimple Lie algebra of classical type by determining the fibres of the Duflo
map ([2]), that is, determining explicitly when two irreducible highest weight
modules have the same annihilator. Joseph, [8] and [9], first accomplished this
for g of type A4,_,, using the Robinson-Schensted algorithm. In part I, the
existence of an analogous algorithm, called A4, for the Weyl groups of types B,,
C,, and D,, was demonstrated. It produces a pair of domino tableaux. Another
algorithm, S (involving the notion of cycles, peculiar to the domino situation)
was also defined, which, given a domino tableau, produces one in a special shape
(corresponding to Lusztig’s notion of special irreducible Weyl group represen-
tation [11]).

When g is of type B, or C, this first aim is achieved in Theorem 3.5.11 (when 4
is integral, otherwise see remark 3.5.13) by showing that L(w, 1) has the same
annihilator as L(w,4) precisely when S(A(d(w,))) = S(A(6(w,))) (for notation, see
section 5). The formulation of this theorem is the same when g is of type D,,, and
is postponed until a projected Part IV. (The proof for this type requires one
more significant ingredient compared to the material treated in parts I through
III since the generalized t-invariant, cf. 3.4.1, is no longer a complete
invariant — thus the use of T,;’s must be supplemented by a new operator: cf. the
discussion in [6].)

The second aim of this series of papers is the proof of Vogan’s conjecture (or
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the appropriate correction thereof for type D,) on the generalized t-invariant of
a primitive ideal. This is achieved for types B, and C, in Theorem 3.5.9. As
remarked previously, this result is essential for the author’s further work on
annihilators of irreducible Harish-Chandra modules for types B,, C,, and D,,
generalizing [5]. The generalized t-invariant is defined using wall-crossings,
which can be computed both in category O and in the Harish-Chandra category,
and thus can be used to relate (annihilators of) modules of the different
categories.

Except for Section 3 which is stated in complete generality, the results of this
paper are stated for g of type C, and when modifications for type B, are
necessary they are given in the remarks. Otherwise the results are equally valid
for g of type B, as well. The appropriate analogues for type D, of these results
will be included in Part IV of this series of papers.

This paper is organized as follows: In Section 1 we describe the interaction of
T,; with cycles. In Section 2 we characterize the set of pairs of tableaux which
can be mutually connected by sequences of T,,’s. The main result is Theorem
3.2.2, see also 3.5.2 in this regard where it is recapitulated in a more complete
form.

In Section 4 we recall, in Definition 3.4.1, the definition of the generalized -
invariant (cf. Vogan, [12]) and give a tableau-theoretic characterization of the
equivalence classes generated by the relation of having the same generalized -
invariant, in Theorem 3.4.17, using the algorithm S. A key step in the proof of
this requires a careful analysis of the properties of cycles. We divide cycles into
two sorts, called up cycles and down cycles (defined in 3.3.9 and 3.3.12). These
results are collected in Section 3. The results up through 3.3.13 are basic, and will
assume a greater importance, and require further study, in Part IV of this series
of papers, when we analyze the D, case.

Finally in Section 5 we put all this together. The main theorems of Section 2
and 4 are collected with the results of Part II and used to prove the two main
results on primitive ideals: firstly, Theorem 3.5.9 on the generalized t-invariant,
and secondly the classification theorem, 3.5.11 (see also the remark, 3.5.13).

Section 1

3.1.1. NOTATION. (1) Suppose Te Jx(M) where K = B,C, or D, and let
u=infM. If K=B or C let OC*(T)=OCT\{c(u,T)}; if K=D let
OC*(T) = OC(T).

(2) Suppose ce OC(T)\OC*(T). If K = B we write S(c) = S,(¢c), if K = C we
write S(c) = S ,(c).

We now. describe the interaction of T,,;’s with cycles.
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3.1.2. PROPOSITION. Suppose T e D,;(7c(M)) where {a, f} = {a;, a;,,} with
i>2 Let T, = T(T).
(1) Let

Gl = {(l - I’Sj,k)a (l - laSj,k+1)’ (i’Sj+ 1,k), (l’ Sj+ 1,k+1)’ (l + 1’ Sj,k+2)}
and let

GZ = {(i’Sj.k)’ (i’Sj,k+1)’ (l+ I’Sj+1,k)a (l + 1’ Sj+1,k+1)a (l_ 1’ Sj+1,k—1)}'

Suppose G, < T (respectively ‘G, = T) and suppose S; , (respectively S, ;) is ¢c-
fixed. Then {i — 1,i} is a closed cycle in T and

i+ 1,T)=cli+1Tuli—1i}.

Suppose G, = T (respectively ‘G, = T) and suppose S; (respectively S, ;) is ¢-
fixed. Then {i,i + 1} is a closed cycle in T and

i—1,T)=cli—1TU{i,i+1}

In any of the above situations, if keM, k¢ {i — 1,i,i + 1} then
P'(k, T,) = P'(k, T). In particular, if cisacycleinTand cn {i — 1,i,i + 1} = &
then cis acycle in T,. If neither T nor T, is in one of the situations described above,
then we have T, = In(a,a + 1;T) for some ae{i — 1,i}, P'(a,T,) = P'(a + 1,T),
P(a+1,T,)= P(a,T), and for k¢{a,a + 1} we have P'(k,T,) = P'(k,T). In
particular if c is a cycle in T and either c n {a,a + 1} = Jor{a,a + 1} S cthenc
isacycleinT,. Ifa¢cla+ 1,T) then

ca, Ty) = (c(a+ L, T)\{a + 1})u {a}
and
cla+ 1,Ty) = (c(a, T\{a}) v {a + 1}.

(2) There is a c.s.p.b. u: OC(T) » OC(T)).

3.1.3. PROPOSITION. Let TeJc(M) and suppose F, < T (respectively
F, cT). Let T' = (T\F,) U F, (respectively T' = (T\F,) U F,).

(1) If keM, k¢{1,2} then P'(k,T') = P'(k,T). In particular, any cycle in T
which is not equal to either c¢(1,T) or ¢(2,T) is also a cycle in T'.

(2) The cycle ¢(2,T) is closed if and only if 1ec(2,T'). If ¢(2, T) is closed then
2, T)=1¢c2,T)uc(l,T).
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(3) If ¢(2,T) is closed or 1ec(2, T) then there is a c.s.p.b. u: OC(T) - OC(T").
(4) If ¢(2,T) is open and 1¢c(2,T) then

OC(M\{c(1,T), ¢(2, )} = OC(T)\{c(1, T), (2, T')},

and this equality gives a c.s.p.b. We have S,(c(2,T)) = Sy(c(2,T")) and
Sp(c(2,T)) = S7(c(1, T)).

REMARK. The above proposition holds with T € 75(M), except that we change
the last statement of 4) to state that we have S (c(2,T)) = S;(c(2,T')) and
Sp(c(2, T)) = Sp(c(1, T)).

3.1.4. PROPOSITION. Let Te J(n) and let ¢ be a cycle in T such that either
c€eOC*(T) or both c is closed and for all 1 <a<n—1, ¢ #{a,a+ 1}. Then
(E(T, ¢)) = o(T).

Proof. Set T' = E(T, ¢). We will show that «; € ©(T) implies that «; € 7(T") (since
T = E(T, ¢) this suffices). Since ¢(1, T) is the open cycle in T which is not in
OC*(T) we have P(1,T') = P(1, T), so a, € t(T) implies that o, € 7(T"). Now let
i > 2 and suppose that a;e1(T), that is, that p'(i, T) > p?(i — 1, T). We have
pMi—1,T)<pi—1,T)+1 and p'(i, T) = p'(i,T) — 1. So clearly either
pXi, T') > p%(i — 1, T') (that is, ;e 7(T’)) or one of the following hold:

(1) p'G,T)=pi—1,T)+1 and i—lec and p2(i—1,T)=p3(i—1,T)+1

) p'i,T) = p2i— 1, T) + 1 and iec and p'(, T') = p'(, T) — 1

(3) p'G, T)=p*(i—1,T)+2 and i—1lec and p*(i—1,T)=p*i—1,T)+1 and
iecand p'(,T) = p'(i, T) — L.

We will derive a contradiction from each of (1), (2), and (3).

Assume first (1). Then we have (for some j and k) P(i — 1,T') = {Sj, S+ 4}
and either P(i—1,T)={S;_;,, Sy} or P{i—1,T)={Sy,S;;+1}. Let
b = N1(S;+1.4+1) Now we are assuming that p'(i, T) = j + 1, and thus we have
b =i Now, since Sy eP(i—1,T), S;,;,¢Pi—1T), and S;,,,,,€PGT),
condition (4) of Definition 1.1.8 implies that §;,;,eP(i, T), that is, that
P(i,T) = {Sj+ 14> Sj+1.4+1) Similarly we have S;, ., € P(i — 1, T). It follows that
P'(i,T) = {S;x+1,Sj+14+1)- Thus ¢(i — 1,T) = {i — 1,i} is a closed cycle in T,
contradicting our hypothesis on c.

Assume next (2). Then an argument analogous to the previous one arrives at
the same contradiction. Next assume (3). Let j = p%(i — 1, T). We must have for
some k and [ that P(i — 1,T') = {Sy,S;+14} and PG, T) = {S;, 1,812}
Again by condition (4) of Definition 1.1.8 (applied to T') we have [ = k + 1. Let
b = Np(S;,+1)- By condition (4) of Definition 1.1.8 we must have i — 1 < b < i,
a contradiction. O

3.1.5. PROPOSITION. Let {a, f} = {a;,%;4} withi > 2 and let T € D ,4(J¢(n)).

(1) Suppose c€ OC*(T). Let u: OC(T) — OC(T,4(T)) be the c.s.p.b. of Proposi-
tion 3.1.2. Then T 4(E(T, ¢)) = E(T,4(T), u(c)).
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(2) Let ¢ be a closed cycle in T and suppose there is a kec such that
k¢ {i — 1,i,i + 1}. Then T4(E(T, c)) = E(T,4(T), c(k, T,4(T))).

Proof. We note first that by Proposition 3.1.4 we have E(T, c) € D,;(7c(n)).
The proposition is clearly true if cn{i — 1,i,i + 1} = &, so assume not.
Assume first that either T or T,4(T) is in one of the distinguished situations
described in Proposition 3.1.2. In this case our proposition can be verified by
inspection. Henceforth assume the contrary, that is, assume that
T.5(T) = In(a,a + 1;T) (for a =i — 1 or a = i), and that a + 1 does not occupy
in T the square whose occupant determines P'(a, T) (and vice versa). Without
loss of generality we may assume that f=a;. Let T'=E(T,c¢) and let
T, = T4(T). If ¢ is open set ¢, = u(c), if ¢ is closed set ¢; = c(k, T,). Our
hypothesis on T says that P'(a,T,) = P'(a+ 1,T), P'(a + 1,T;) = P'(a,T), and
that for I¢{a,a + 1}, P'(l, T,) = P'(l, T), and hence that for I¢{a,a + 1}, lec, if
and only if lec, and that aec, (respectively a + 1ec,) if and only ifa + lec
(respectively aec). We want to show that E(T,, ¢;) = T,4(T"). But what we have
said already it suffices to show that T,(T') =In(a,a + 1;T). Assume for
simplicity that a = i — 1 (the argument is entirely similar if a = i). Now since
T,4(T) =1Ini — 1,i;T) we have p*i—1,T)<p'(i+1,T). To show that
T4(T') = In(a, a + 1;T') it suffices to show that p*(i — 1, T') < p(i + 1, T') (we
also need to show that F (i — 1;r,s) ¢ T', but this follows from our hypothesis
on T). Now an argument similar to that given in the proof of Proposition 3.1.4
shows that this could only fail to happen if ¢ = {i — 1,i + 1} and is a closed
cycle, which contradicts our hypothesis on c. O

3.1.6. PROPOSITION. Let {a, 8} = {a,a,} and suppose
(T, Ty) € D3p(Tc (M, M)

Suppose c is an extended cycle in T, relative to T, such that 1¢c.

(1) If 2¢ ¢ then TGE(T,, T), ¢, L)) = {E(Y, ¢, L)| Y€ T5((T,, T,))}.

(2) Ifc = ec(2, Ty; T,) then T3(T,, T,)) consists of a single element and we have
T(E(Ty, Ty), ¢, L) = T5((Ty, Ty)).

We add here some useful results of the type given at the end of section 5 of [3].

3.1.7. PROPOSITION. Let T € k(M) for K = B, C, or D, and let U be a set of
cycles in T. Set T' = E(T; U). Then OC*(T") = OC*(T). If ce OC*(T) and c¢ U
then Sy(c, T') = Sy(c,T) and S;(c,T') = S;(c,T). If ce OC*(T) and ceU then
Sy(c, T') = S;(c, T) and S;(c, T') = S,(c, T).

Proof. This follows from Propositions 1.5.28 and 1.5.20. O

3.1.8. PROPOSITION. Let Te k(M) for K = B, C, or D, and let U and U’ be
sets of cycles in T. Set T' = E(T; U) and T" = E(T'; U’) (this latter makes sense by
Corollary 1.5.29). Then T" = E(T; U") where U" = U v U'\(U n U’). In part-
icular E(E; U); U) = T.
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Proof. See the proof of Proposition 1.5.31. O

3.1.9. PROPOSITION. Let T,T'€eJx(M) for K=B, C, or D. Then
S(T') = S(T) if and only if there is a U = OC*(T) such that T' = E(T; U).

Proof. Let V = OC*(T) (respectively V' = OC*(T')) be the set of open
unboxed cycles in T (respectively T’), so that S(T) = E(T; V) (respectively
S(T') = E(T’; V’)). Assume first that S(T') = S(T). Note that by Proposition 3.1.7
we have OC*(T') = OC*(S(T')) = OC*(T). Now by Proposition 3.1.8 we
have first that T =E(S(T'); V'), and then that T = E(T,U) where
U=VuV\(VnV')< OC*T).

Now assume T' = E(T; U) for some U = OC*(T). Then (by Remark 5.3.2 and
Proposition 3.1.7) we have V' = V u U\(V n U). Now by Proposition 3.1.8 we
have T = E(T’; U), so again using Proposition 3.1.8 we have

S(T) = E(T; V) = E(E(T"; U); V) = E(T'; V') = S(T"). O
We also remark the following:

3.1.10. PROPOSITION. Let Te 9x(M) for K = B or C. Then ‘T is special if
and only if T is special.

Proof. Suppose first Te J-(M). Then it is easy to see that T is special if and
only if for all i e N* either both p,;_,(T) and p,;(T) are even or p,; _ (T) = p,;(T).
Similarly, T is special if and only if for all ie N* either both k,; ;(T) and «,;(T)
are even or k,; {(T) = k,;(T). If instead T € 75(M) then we have that T is special
if and only if p,(T) is odd and for all ie N* either both p,;(T) and p,;, (T) are
odd or p,;(T) = p,;+(T); and also that T is special if and only if k,(T) is odd and
for all ie N* either both ,;(T) and k5, ,(T) are odd or k,;(T) = k,;, ,(T). The
proposition follows from this. O

REMARK. The above proposition does not hold for (M), e.g. for |[M| =1
and Te J,(M) we have T is special if and only if ‘T is not special.

Section 2

3.2.1. DEFINITION. Let X be a finite sequence of pairs of adjacent simple
roots, T = (a, BY),..., (o, B*). We call such a £ a sequence for II, and write
|Z| = k. If IT" < IT and if we have {o/, '} = IT for all 1 <[ < k then we say that
T is a sequence for IT. Weset ™! = (¥, ), ...,(a*, B*). If X' is another sequence
for I, say X' =(y%6%),...,(0,d"), we define XX’ to be the sequence
@ BY), .. (05 B), (01, 8", (7, 8)

If X is one of the sets W, #(n, n), or J¢(n, n), and if U < X we define TF(U) as
follows:

(1) If k = 0 then TE(U) = U.
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(2) If k=1 and «' and B* have the same length then
EL(U) = {'I;Iiﬂl(x) | xeUn Di‘lﬂl(X)}.

(3) Ifk = 1 and {a!, B*} = {oy, 25} then T (U) = | Tf;: (x) where this union

is taken over xe U N D%ipi(X).

@ If k>1 set &' = (', pY),....*"* B! and =* = (o4, B*) and define

T (U) = Tgu(T#(U)).

For xe X we will write Ti-(x) for T+({x}). If £ is a sequence for IT\{«,} then
T(x) consists of at most one object. When (for such a X) T (x) = {y} we will
write TE(x) = y.

We define similarly TX. Also, for U < J(n) (with K = B.C, or D) and X a
sequence for IT\{a,} we define T;(U), analogously to the above.

REMARK. If xe X and ye T(x) then x e T (y).

The main theorem of this section is the following:

322 THEOREM. Suppose (T, T,), (T, TyeTe(M,,M,) with M, =
{1,...,n} and suppose S(T,) = S(T,). Then there is a sequence X for II such that
(T}, T € TE((Ty, Ty)).

REMARK. We have also the analogous statement with left and right
interchanged.

We first prove the easy converse of Theorem 3.2.2.

3.2.3. PROPOSITION. Let (Ty,T,)e Jc(M,, M,) with M, = {1,...,n}, let £

be a sequence for I, and suppose (T}, Ty) e TE(T,, T,)). Then S(T,) = S(T,).
Proof. The proof is by induction on |XZ|. It then follows easily from the

definitions and Propositions 3.1.8 and 3.1.9. O

We will prove Theorem 3.2.2 in two steps. The first step is:

3.2.4. PROPOSITION. Suppose (T,,T,)e Ic(M, M,) with M, = {1,...,n}.
Then there is a sequence X for 11 and a (T, T;) € T3((T,, T,)) such that T is
special.

The proofs of both Theorem 3.2.2 and Proposition 3.2.4 use induction on n.
For these arguments we will use Lemmas 3.2.6-8.

3.2.5. DEFINITION. Let (T, T,)eJc(M,,M,) and let e =supM,. Let
T, =T, —e and let (T, v,¢) = B(T,, Ple,T,)). We define (T,,T,)— L=
(T}, T>). We define similarly (T,, T,) — R.

3.2.6. LEMMA. Let (T, T,)e I¢(M,, M,) with M, = {1,...,n} and suppose T
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is a sequence for TI\{a,}. Then
TH(Ty, To) — L) = {(Ty, Ty) — L|(Ty, T e Ty (T4, To)))-

Proof. We prove the lemma when |X| = 1: the general result then follows
easily using induction on |Z|. So assume X = («, f8). If o ¢{a, f} then the
statement is obvious, so assume o, € {, f}. Then the lemma is a consequence of
Proposition 2.3.3.

3.2.7. LEMMA. Let (T, T,)e I(M, M,) with M, = {1,...,n}, suppose X is a
sequence for TT1\{a,}, and suppose (T}, Ty)e T(Ty, T,)).

(1) We have P(n,T})e{P(n, T,), P'(n,T,)}.

2) If Pn, T)) = P’(n, T,) then one of the following hold:

(i) there is a ke M\{n} with P(k, T\)n P(n, T;) # &.

(ii) there is a ke M|\{n} and there are cycles c}, ci e OC*(T}) (where possibly
cl=c?) and c,eOC*(Ty) with Sy(cy Ts) = Sy(c?, T))e Pk, T;) and
S;(cy, Ty) = Sy(ct, Ty) e P(n, T)).

(3) If Shape(T, — n) = Shape(T, — n) then P(n, T)) = P(n, Tl)

(4) Suppose P(n, T,) is boxed and T, — nis special. Then P(n, T}) = P(n, T)); in

particular T is special.

Proof. We prove statement (1) by induction on |Z|: the case |X| = 0 is trivial
and the case |X| = 1 is clear from the definitions. Write £ = £, %, with |X,| = 1,
and let (T}, T;)eTE(T;, Ty) be such that (T, T,)e T5(T], T3). Then
P(n,Ty) e{P(n, T}), P'(n,T})}. By induction we have P(n T})e{P(n,T)),
P’'(n,T,)}. On the other hand, it is easy to see, (using Proposition 1.5.33) that the
set of ¢-fixed squares in Shape(T}) coincides with the set of ¢.-fixed squares in
Shape(T,). It then is easy to see from Definition 1.5.8 (since n = sup M) that if
P(n,Ti) = P(n, T,) then P'(n,T}) = P'(n,T,), and if P(n, T{) = P'(n, T,) then
P'(n,T}) = P'(n, T,). This completes the proof of statement (1).

To prove (2), we again use induction on |Z|, the case || = 0 being vacuously
true. Let £,,Z,, and (T}, T}) be as in the proof of part (1). By induction part (2)
of the lemma is true with X, and (Ti, T)) in place of £ and (T}, T,). Write
2, = (o B). If {o, B} # {ay,,} the desired conclusion is obvious, so assume
{o, B} = {ay, @, }. If P(n, T}) = P(n, T,) then (in light of the last statement in the
proof of part (1)) the desired conclusion follows from the definition of T.; and of
extended cycle. Finally, assume P(n, T1) = P’(n, T,). Then the number k given by
the lemma (and induction) is contained in ec(n, Ti; T3). It follows that, if the
conclusion of our statement does not hold (with the same k) then
P(n,T}) = P'(n,T}) = P(n, T,).

Statement (3) is a direct consequence of statement (2), that is, clearly both (i)
and (ii) imply that Shape(T; — n) # Shape(T,; — n) (in the case that (ii) holds, we



Classification of Primitive Ideals 195

note that
Sy(cz, Th) = Sy(c3, Ty) € Shape(T — n);

on the other hand c, is also a cycle in T, (by Propositions 3.2.3, 3.1.9, and 3.1.7)
and since S;(c,, T;)€ Shape(T,) = Shape(T,) we have S;(c,, %) = Sp(cs, T))),
and so S,(c,, T5) ¢ Shape(T,) = Shape(T))).

Statement (4) also follows from statement (2): to see this assume that
P(n, T}) = P'(n, T,). If (i) holds then the square in P(k, T}) N P(n, T)) is a filled
corner in Shape(T; — n). If (ii) holds then since P(n, T}) = P'(n, T,) is unboxed
and nec! we have that c} is an unboxed cycle in T}, hence that ¢, is an unboxed
cycle in T}, hence that ¢ is an unboxed cycle in Tj. It follows that S,(c3, T}) is a
filled corner in Shape(T}; — n). So in each case we find a contradiction with the
hypothesis that T} — n is special. d

3.2.8. LEMMA. Let Te J:(M) and let P be an extremal position in T. Let
e = sup M. Then there is a tableau T, € I:(M) such that Shape(T,) = Shape(T)
and P(e, T,) = P.

Proof. If P = P(e,T) then we may take T, =T so assume not. Write
M = {k,...,k,} with k; < .- <k, =e Let (T,v,¢) = B(T, P)) and let j be
such that v = k;. Let T, be the tableau obtained from T’ by replacing k;, ; with
ki kj,, with k;, ,, etc, and let T, = Adj(T, P,e). Then T,e7:(M),
Shape(T,) = Shape(T) and P(e, T,) = P, as was to be shown. O

We can now prove Proposition 3.2.4 and Theorem 3.2.2.

PROOF OF PROPOSITION 3.2.4. The proof uses induction on n. We assume
by induction that both Theorem 3.2.2 and Proposition 3.2.4 are true when
M, = {1,...,n — 1} (the case n = 0 being trivial). Let (T, T,) = (T;, T,) — L. By
induction there is a sequence £, for IT\{a, } and a (T}, T}) e T=((T,, T,)) with T}
special. By Lemma 32.6 there is a (T}, T3)eTy-(T,, T,) such that
(T}, T3) = (T}, T3) — L. Now clearly either T} is special or P(n, T}) is unboxed
and {n} is an extended cycle in T] relative to T3. If the former we are done, so
assume the latter. We will assume also that P(n, T})is horizontal: the case where
P(n, T}) is vertical follows from this case using Remark 2.1.12-2) and Proposi-
tions 2.3.6 and 3.1.10. Let P(n, T{) = {S;;, S j+}. Then S, ;. , is a filled corner in
Ti and S;,,; is an empty hole in T}, in particular S;,, ;_, € Shape(T}) and
¢C(Sij) =Y

There are several cases. In the first three cases we assume that i > 1. Then
since ¢¢(S;,;) = X we have that i is odd, in particular i > 3. We set r = p; _,(T})
and s = p;_,(T}).

Case 1. Here r>s. Then (since T! —n=T} is special) we have
éc(Si—2,) =Y and ¢(S;—, ) = W; in particular r > s + 2 and s > j + 2. Let
Pi={Si—2,-1:8i-2,yand P, = {S; | ;1,8 1}
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Case 2. Here r=s>j+1. Set P, ={S;-,,,S-1,) and P,=
{8i—20-1>Si—14-1)-

Case 3. Herer =5 =j + 1. Let P, and P, be as in case 2.

In these three cases, by induction on Theorem 3.2.2 and using Lemma 3.2.8
(twice) there is a sequence Z, for IT\{a,} and a (T%, T3)e T((T}, T})) such that
T2=T., Pn—1,T?)=P, and P(n —2,T?) = P,. Using Lemma 3.2.6 let
(T2, T e TL(TL, T) be such that (T3, T3) = (T}, T3 — L. Set (T3,T3) =
T (T}, T3) and let (T3,T3) = (T3, T3) — L. In cases 1 and 2 we have
T? = In(n — 1, n; T?); in case 3 we have

T = (TAFy(n — 20 — 2, /) U Fy(n — 2;i — 2,).

Let £; = (&,-,,). By induction we have a sequence X, for II\{«,} and a
(T}, T3) e TE((T3, T3)) such that T3 is special. Let (T{,T%) be such that
(T, T3) e TE (T3, T3)) and (T4, T3) = (T{, T3) — L. Then Tf is special: in cases 1
and 2 this follows from by Lemma 3.2.7-4 (in case 1 we note that since T} is
special P, is boxed), in case 3 we have that T% special implies that

Shape(T‘f) = (Shape(’i‘?)\{si—z,ﬁ 1}) ¥ {Si+ 1,j}a

SO
P(n, T‘:) = P'(n, T?) = {Si—z,jﬂa Si—l,j+1}'

So, setting T = X,X,%,%, and (T}, T,) = (T{, T3), we have proved the proposi-
tion under the assumption that i > 1.

Case 4. Here i =1 and S, ;_, € Shape(T}). Since T} is special we then have
that S, ;_, €Shape(T}). Let r = k;_((T}), so r = 4. Set P, = {S,_, ;- 1,S, -1}
andset P, = {S,_;3 ;_1,S,-, ;-1}. The rest of the argument is as in cases 1 and 2,
except that we take X3 = (a,, %,_,) and (T3, T3) = T;, _ (T3, T3)).

Case 5. Here i=1, S;; ,¢Shape(Tj), and S, ;_,ecShape(T]). Set
Py ={S;;-1,82j-1} Setr = k;_,(T}). If r = 3 then T} special implies that j > 3
and k;_53(T{) = 3solet P; = {S3;_3, 83 -} Ifr >3set P, = {S,_ ;-2 5, -2}
(again, T! special says that P, is boxed). The rest of the argument is as in case 4.

Case 6. Here i = 1,j> 2, and S5 ;_,¢Shape(T}). Set P, = {S,;_,,S,,; 4}
and P, = {8, ;_,, 8, -1} The rest of the argument is analogous to that of case
3. (Here we have P(n,T3}) = Py, and then P(n,T) = P'(n,T3) = {S, -1, S2,}.)

Case 7. Here i=1,j=2 and S;;_,¢Shape(T{). Then n=2,
(T}, T)) =(T,,T,), and T,=(F,¢c). Let (T, T,) be such that
Tﬁz,al((Tl,Tz)) = {(T}, T3)}. Then T} = (F,, ¢¢) is special. Setting T = (a,, «,)
we see that we have proved the proposition in this case. This completes the proof
of Proposition 3.2.4. O
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REMARK. For (T, T,)e 75(M,, M;) we have to modify the above proof as
follows.

We note that ¢g(S; ;) = W, so here i is even. In the first three cases, the
assumption i > 1 is replaced with the assumption i > 2. We then proceed as
before. The next three assumptions are modified accordingly, that is “i = 17 is
replaced with “i = 2”, etc. Finally, assume i = 2 and j < 2. Then in fact j = 1.
Assume first p,(T}) > 3. Then T! special implies that p,(T}) > 5. Set r = p,(T}).
Setting P, = {S,,-,,S;,} and P, = {S;,_3,5;,-,}, we proceed as in cases 1
and 2. Finally, assume i=2 and j=1 and p(T})=3. Then we have
T! = (F,, ¢5). This case now proceeds as in the last case of the proof of the
proposition.

We now proceed to prove Theorem 3.2.2. The key ingredient in that proof is
the following lemma.

3.29. LEMMA. Let (T, T,) be as in Theorem 3.2.2 and suppose T, is special.
Suppose P’ is an extremal position in T,. Then there is a sequence Z for Il and a
(Ty, Th) e TE(T,, T,)) such that P(n,T}) = P’ and T, = T,.

Proof. As in the proof of Proposition 3.2.4 we will assume by induction on n
that Theorem 3.2.2 is true when M, = {1,...,n — 1}. Let P = P(n, T,). We may
assume P’ # P. We first prove the lemma under the additional assumption that
both P and P’ are boxed. As in the proof of Proposition 3.2.4 we will assume that
P is horizontal (here we note that for the C grid, P is boxed if and only if ‘P is
boxed, and similarly P’), so let P = {5,;, S, ;+1}. There are a number of cases. In
the first four cases we assume that P’ is also horizontal, and write
P = {Sk,ls Sk,t+1}-

Case A. Here k =i — 1. Then since P’ is an extremal position in T, we have
I2j+2 Set Py ={Si—1,-2Si-11-1}-

Case B. Here k<i— 1. Let r=p; ((T,). Then I=>r+1. Set P, =
{Si—l,r—l’ Si—l,r}'

Case C. Here k =i+ 1. Then I<j—2.Set P, ={S;;_,,S;;_1}.

Case D. Here k > i+ 1. Letr = p,_,(T;) and set P, = {S; _1,_ 1, Sk—1.,}-

Let (T,, T,) = (T;, T,) — L. In all the above cases, by induction on Theorem
322, and using Lemma 3.2.8, we can find a sequence X, for II\{«,}
and a (T}, T}) e T=(T,,T,) such that Ti=T, Pn—1,T)=P and
P(n — 2,T}) = P,. Using Lemma 3.2.6 let (T}, T3)e T.%((T,, T,)) be such that
(T}, T3) — L= (T}, T}). By Lemma 3.2.7-3) we have P(n,T})=P(nT,), in
particular T} = T,. In cases A and B set £, = («,_;, ®,); in cases C and D set
2, = (0, 0y~ ). Then £ = £, %, and (T, Ty) = T((T1, T3)) verify the lemma in
these cases.

Now we assume that P’ is vertical and write P’ = {S, |, S;+1,}. Again there
are several cases. The first four are easier so we treat them first.
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Case E. Here k + 1 =i — 1. Let P, be as in case A.

Case F. Here k + 1 <i— 1. Let P, be as in case B.

Case G. Here k =i+ 1 and [ <j — 1. Let P, be as in case C.

Case H. Here k> i+ 1. Suppose first that p;,(T,) <j— 3. Then let
P{Sij-28ij-1}. Suppose next that p, ,(T;)=j—1. Then Ilet
r = k;_,(Shape(T)\P') and set P, ={S,_,;-4,S,;-:}. Finally, suppose
pi+1(Ty) =j—2. Then T, special and P boxed implies that ¢.(S;;) = Z,
and thus that «;_,(Shape(T,)\P') > i + 2 (since P’ is vertical). Let
r = k;_,(Shape(T,)\P’) and set P, = {S,_, ;_5,S, -5}

In cases E and F we prove the lemma as in cases A and B; in cases G and H we
prove the lemma as in cases C and D.

Case I. Here k =i — 1, thatis Pn P’ = {S; ;. }. Then since both P and P’ are
boxed we have ¢¢(S;;) = Z. In particular since ¢¢(S; ;) = X we have that i is
even. There are several subcases of this case.
Subcase (a). Here i > 2. Then we have i > 4. Set r = p, _,(T,)s = p;_5(T)).
Assume first r =j + 1. Set

Pl = {Si-z.j+1sSi—1,j+ 1}
and

Pz = {Si—z.ﬁ Sifl,j}‘

Then as above there is a sequence X, for IT\{a,} and a (T}, T3)e Ty- (T4, T,))
with Ti=T, Pmn—1,TH)=P,, and Pn-2,T})=P,  Setting
Z, = (0y-1,%,), L =22, and (T}, Ty) = Ty _, (T{, T3)), we see that we have
verified the lemma under this assumption.

Assume next that s =r > j + 1 and set P" = {S;_3,, S;—,,}. Then by case F
there is a sequence X, for IT and a (T{, T3)e T ((Ty, T,)) such that T} = T, and
P(n, T}) = P". By case A or B (transposed) there is a sequence X, for IT and a
(T3, T3)e T:((T}, T3)) such that T = T3 and P(n,T) = P. Setting £ = X,%,
and (T}, T,) = (T, T2) verifies the lemma under this assumption.

Finally, assume s> r. Then T, special implies that ¢.(S;_3,) =Y and
s>r+ 2. Then we set P" = {S;_3,_,S;_3,} and argue as in the previous
paragraph, using case B in place of case F and case H in place of case A or B.
This completes the proof of subcase (a).

Subcase (b). Here j > 1. This subcase is parallel to subcase (a). We omit the
argument.

Subcase (c). Here we have i = 2 and j = 1. Then we must have n = 2 and
T, = (F,, ¢¢). Then, setting X = (a,, &), T} = (Fy, ¢¢), and T, = T,, we see that
(T}, Th) € TF((T,, T,)), as was to be shown. This completes the proof of case I.
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Case J. Here k =i + 1 and | =j — 1. Then again the hypothesis that P and P’
are boxed implies that ¢(S;;) = Z. Again, iiseven,soi > 2. Letr = p,_(T,). If
r=j+1let P" = {S;_yj+1> Sij+1}. Using case I we find a sequence X, for IT
and a (T}, T3)e T%((T,, T,)) such that T3 = T, and P(n, T}) = P”. Then, using
case B (transposed) we can find a sequence X, for IT and a (T, T5) € T~ (T}, T3))
such that T, = T} and P(n, T,) = P'. Setting as usual X = X,X, verifies the
lemma under this assumption. If instead r > j + 1 then T, special implies that
r=j+3,s0 set P"={S;_{,-1,8i-1,}. We now proceed, as under the as-
sumption r = j + 1, to move the n first to P” and then to P’, using the previous
cases. This completes the proof of the lemma in the case where both P and P’ are
boxed.

We now assume that P’ is boxed and P is unboxed. Again we assume that P is
horizontal and set P = {S;, S, ;. ,}. Since T, is special we have ¢(S;;) = W and
pi—1(Ty) =j + 1. Set (T,, T,) = (T1,T,) — L. By Proposition 3.2.4 there is a
sequence X, for IM\{a,} and a (T}, T} e TE((T,, T,)) such that T! is special.
Let (T}, T} e T=(T,, T,) be such that (T} Ti) = (T}, T} — L. Then
Shape(T}) = (Shape(T )\ {S;- j+1}) v {S;;}, and so by Lemma 3.2.7-1) we have

P(n, Ti) = P’(n, Tl) = {Si—l,j+1,Si,j+l})

which is boxed. Now we have already proved this lemma in the case where the
two positions are boxed, that is, we have shown that there is a sequence X, for IT
and a (T}, T) e T (T, T3)) such that P(n, T}) = P'. Setting £ = XX, proves
the lemma under this second set of assumptions for P and P'.

Finally we treat the case where P’ is unboxed. Here we may assume that P’ is
horizontal, so we set P’ = {S;;,S;;+,}. Then as in the previous case we have
¢c(Si;) =W and p;_4(T,)=j + 1. Set P" ={S,_, j+1,S:j+1}. Then P” is an
extremal position in T, and P” is boxed. Thus, using the cases of the lemma
which we have already proved, we have a sequence X, for Il and a
(T1, Ty e T:(T,, T,)) such that T} =T, and P(n,Ti) =P". Now let
(T!, T}) = (T}, TY) — L. By Theorem 2.2.3, there is a cycle ce OC(T?) with
Sy(c) = S;;and S;(c) = S;_; j+ - By Lemma 3.2.8 there is a tableau TeJe(n—1)
with Shape(T) = Shape(T}) and P(n — 1,T) = {S;_,;, S;;}. Then {n — 1} is an
extended cycle in T relative to Tj. Set (T}, T3) = E(T, TY), {n — 1}, L), so

Shape(T?) = (Shape(T)\{S;;}) U {S:i-1,j+1}-

Now S(T2%) = T}, so by induction on Theorem 3.2.2 there is a sequence X, for
T\ {a,} such that (T2, T3)e T (T}, T3)). Let (T}, T5) e T,E((T}, T3)) be such that
(T}, Ty) — L = (T2, T2). Then P(n, T}) = P'(n, T}) = P’, so, setting = = Z,%,, we
have prove the lemma in this case. O

REMARK. If (T,, T,) € J5(M, M,) we must modify the proof of Lemma 3.2.9
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as follows. The argument in subcase (a) of case I breaks down if i =3 and
r>j+ 1 (since now i is odd, it is not now true that i > 2 implies i > 4). If
r>j+3 we can set P" = {S;,_,,S,,} and proceed as before. Similarly the
argument in subcase (b) of case I breaks down if /| =3 and »(T,) > k + 1.
Again, if k,(T,) > k + 3 we can proceed as usual. We are left (in case I) with the
situation where i=1=3, p(T,)=x,(T,) =35, PnT,)={S3, 553}, and
P’ ={S, 3,853} In this case set P" = {S, 4, S s} and P* = {S,,,Ss ,}. Then,
using cases B, H, and the transposed case D, we can proceed as in case J to move
the n first to P”, from there to P*, and finally from P* to P’

We must also modify the proof of case J. In case J we need not have i > 1. If
i > 1, we proceed as before. If i = 1 but j > 2 we can proceed in an analogous
fashion, thatis we set r = k;_,(T,). If r =i + 2 weset P" = {S;15 ;-2 Siv2,-1}3
ifr>i+2weset P"={S,_,; 58, .} In either case we proceed as before.
We are left with the situation where i = 1 and j = 2. But then we must have
T, = (F,, $5), s0 we may take T = (a5,,) and (T, Ty) = (F, é5), To).

3.2.10. COROLLARY. Theorem 3.2.2 holds when T, and T, are special.
Proof. As usual we assume by induction on n that Theorem 3.2.2 is true when
M, ={1,...,n—1}. Let P'= P(n, T)). Applying Lemma 3.2.9, let £, be a
sequence for Il and (T}, T3)e T&(T,,T,) be such that P(n, T})= P’ and
T, =T, Since by hypothesis T, =T, we have T} =T, Now let
(T}, TY) = (T}, TY) — L and (T, T,) = (T}, T,) — L. Since P(n,T}!)= P(n, T))
and T} = T, we have T} = T,. Thus by induction on Theorem 3.2.2 there is a
sequence X, for IT\{a,} such that (T}, T5)e T5((T}, T3)). Let (by Lemma 3.2.6)
(T3, Ty) e Ti=((T}, T3)) be such that (T, T,) = (T4, Ty) — L. Setting £ = Z,X,,
we will have proved the corollary once we show that (Tj, T,) = (T}, T5).
Now Shape(T;) = Shape(T}), and thus by Lemma 3.2.7-3) we have
P(n, T3) = P(n, T}). Since P(n,T}) = P(n,T}) and T; —n=T, =T, —n we
have Ty = T}. It follows that Shape(T,) = Shape(T5;), and since T: = T, we
have T, = T = T. O

We can now complete the proof of Theorem 3.2.2.

PROOF OF THEOREM 3.2.2. By Proposition 3.2.4 we can find sequences X,
and X, for II and pairs of tableaux (T{,T})eT&-((T,,T,) and
(T3, T3)e TE(T;, T,) such that T3 and T? are special, that is, T = S(T,) and
T = S(T5). By hypothesis then T} = T2. By Corollary 3.2.10 there is a sequence
Z, for II such that (T%,T3)e (T}, T3). Setting = = X,Z,%; !, we have
(T, Ty) e TE(T,, T,)) (this uses Remark 3.2.1), as was to be shown. O

Section 3

3.3.1. NOTATION. (1) If Se# and S = S;; we write p(S) =i and x(S) = j.
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(2) Let Te Ix(M) with K = B, C, or D. We write

n,(T) = |{k|ke M and P(k, T) is horizontal}| and
n,(T) = |[{k|keM and P(k,T)is vertical}|.

3.3.2. PROPOSITION. Let Te Jx(M) with K = B, C, or D.
(1) Let ¢,c’ e OC*(T). Then
(@) p(Sy(c)) < p(Sh(c)) < p(S,(c)) if and only if p(Sy(c)) < p(Ss(c")) < p(S,(c)),
(®) p(Sy(c) < p(S,(c)) < p(Sp(c)) if and only if p(S;(c)) < p(S,(c")) < p(Sp(c))-

(2) If ¢ and ¢ satisfy either side of either equivalence of part (1), we have
infc <infc'.

(3) Suppose K =B or C, ceOC(T)\OC*(T), and '€ OC*(T). Then
P(S(c)) < p(Sy(c")) if and only if p(S(c) < p(S,(c"))

(4) Statements (1), (2), and (3) also hold with x in place of p.

3.3.3. DEFINITION. Ifc and ¢’ are related by one of the pairs of inequalities of
Proposition 3.3.2—1) then we say that ¢’ is nested in ¢. By Lemma 3.3.5 this is
equivalent to a similar relation involving «’s.

We will use the following lemmas in the proof of Proposition 3.3.2.

3.34. LEMMA. Let Te k(M) with K = B, C, or D, and let ce OC*(T). Then
we have

(1) p(Sp(c)) # p(Sy(c).

(2) If ceOC*(T) and c # ¢ then {p(S,(c")), p(S(c')} N {p(Sy(c)), p(S;(c))} = .
(3) If ¢ e OC(T)\OC*(T) then p(S(c')) ¢ {p(Ss(c)), p(Sy(c))}-

(4) Statements (1), (2), and (3) also hold with k in place of p.

Proof. These statements assert that any row has at most one corner or hole in
it, and that a corner and a hole cannot occur in the same row (and similarly with
column in place of row), which facts are obvious from the definitions. d

3.3.5. LEMMA. Let Te I4x(M)with K = B, C, or D, and let ¢, ¢’ € OC*(T). Then
we have

(1) p(Sp(c)) < p(Sp(c")) if and only if K(S(c)) > K(S,(c")),
(2) p(Sp(c)) < p(Sy(c')) if and only if K(S,(c)) > K(S,(c")),
() p(S5(c) < p(S,(c')) if and only if K(S(c)) > K(Sy(c")),
@) p(Sp(c) < p(Ss(c") if and only if k(S ,(c)) > k(S ;(c')).

Proof. Assume first ¢ # ¢’. Then it suffices to prove (1), since then to prove (2)
(respectively (3) or (4)), we can, by Proposition 1.5.33-2), replace T with E(T, ¢’)
(repectively E(T,c) or E(T,c,c’)). Using the symmetry between rows and
columns, it suffices to prove the foward implication of (1). So assume
P(Sp(c) <p(Sp(c")). Let S;;=S5,(c) and S, =S,(c). Then p,(T)=j, p; ., (T) < pi(T),
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and p,(T) =1 Then we have i<k, so i+ 1<k so p(T) < p;+(T). Since
pi+1(T) < p;(T), we have p,(T) < p,(T), thatis ] < j, that is k(S,(c")) < k(S,(c)), as
was to be shown.

Now assume ¢ = ¢’. Then (1) and (4) are vacuously true, and again by
symmetry it suffices to prove the foward implications of (2) and (3). Set
Si; = Sy(c)and Sy, = Sy(c). We have pi(T) = j, p;+ (T) < pi(T), pi(T) = — 1 and
Pi—1(T) > py(T). Assume first p(S,(c)) < p(S;(c)). Then as is the first part of the
proof we have p,(T) < p;(T),sol — 1 <jsol<j. But by Lemma 3.3.4-4) [ # j,
so we have k(S,(c)) < k(S,(c)), which proves the foward implication of (2). For
(3), assume p(S;(c)) < p(Sy(c’)), that is, k <i. Then p,(T) = p(T), that is
I —1>j. But then I > j, so k(S ;(c)) > x(S;(c)), as was to be shown. |

PROOF OF PROPOSITION 3.3.2. By Lemma 3.3.5 it suffices to prove
statements (1), (2), and (3). The proof uses induction on |M|, the proposition
being vacuously true when |M| = 0. Let e = sup M. We prove first parts (1) and
(2). If e¢ c U ¢’ then the proposition is true by induction (using the appropriate
c.s.p.b. of Proposition 2.2.4) so assume eecu ¢’. Set T, =T — e. We will also
assume that P(e, T) is horizontal. (If not, we can look at ‘T. A comparison of row-
indices in T becomes a comparison of column-indices in ‘T, which by Lemma
3.3.5 is equivalent to a comparison of row-indices in ‘T.) If P'(e, T) is also
horizontal then again by induction the proposition is true, that is, we consider
the cycles co = ¢ n(M\{e}) and ¢;, = ¢’ " (M\{e})in T,. By Proposition 2.2.4 we
have p(S,(co)) = p(Sy(c)), and similarly for p(S,(co)), p(S,(co)), and p(S ;(cp)). For
part (2) we note that infc, = infc¢ and infcy = inf¢'.

We are left with three cases. They are (1) ¢’ = {e}, (2) eec’,¢’ # {e}, and
P'(e,T) is vertical, and (3) eec,c # {e}, and P'(e, T) is vertical. Assume first
¢’ = {e}. Then (since P(e, T) is horizontal) p(S;(c")) = p(S,(c’)) + 1. So Lemma
3.3.5 proves part (1) of the proposition, and part (2) is obviously true.

Now assume that eec, ¢’ # {e}, and P'(e,T) is vertical. Let P(e,T) =
{Si;-1,8i}. Then P'(e,T) = {S;_, ;, S;;}. By Proposition 2.2.4 c is a cycle in
T, (with the same S, and S,), and we can write ¢'\{e} = ¢} U ¢, where ¢} and ¢}
are cycles in T, such that S,(c}) = S,(c’), Sy(c}) = S; ;- 1, Sp(c2) = S;—1,j» and
S;(c3) = S;(c’). We prove first the foward implication of part (1) (a) of the
proposition. Assume then p(S,(c)) < p(S,(c")) < p(S;(c)). By induction we have

P(Sy(c) < p(Ss(cy)) < p(S,(0)),

then by Lemma 3.3.4 we have

P(S5(c)) < p(Sp(c3)) < p(Sy(c)) (since p(Sy(c3)) = p(Sy(cy)) — 1). Again by in-
duction we have

p(Sp(c)) < p(Sy(cr)) < p(Ss(c));
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and thus p(S,(c)) < p(S;(c")) < p(Sy(c)), as desired. This argument also shows
that the conclusion of part (2) holds under the stated hypotheses, since
inf ¢’ = inf{inf¢}, inf ¢, }, and we have shown that both ¢} and ¢}, satisfy the two
sides of the implication of part (1) (a). The rest of parts (1) and (2) of the
proposition are proved in an analogous fashion.

Finally, assume tht eec, c¢#{e}, and P'(e,T) is vertical. Let
P(e,T) = {S;;_1,S;;}- Then P'(e, T) = {S;_, ;, S;;}. We can write c\{e} = c; U ¢,
where ¢, and ¢, are cycles in T, such that Sy(c;) = Sy(c), S;(c;) =S, -1,
Sp(c2) = Si—1,» and S,(c,) = S,(c). Replacing if necessary T with E(T,c') it
suffices to prove one implication of each of (1) (a) and (1) (b).

We will prove first the foward implication of part (1) (a). Assume
p(Sy(c)) < p(Sy(c’)) < p(S;(c)). Then (using Lemma 3.3.4) we must have either
p(Sy(c)) <i—1 or p(S,(c)) > i. We will assume that p(S,(c)) < i — 1; the proof
under the other assumption is similar. Then p(S,(c,)) < p(Sp(c,)) < p(Sy(cy)), so
by induction we have

p(Sp(cy)) < p(Sy(cr)) < p(Sy(cy))

Now, since p(S,(c’)) < p(S,(c)) = p(S;(c;)) and since Sy(c,) = Sy(c), we have

p(Sp(cy)) < p(Sp(c’)) < p(Sy(cy))s

so again by induction

P(Sp(c1)) < p(Ss(c") < p(Sy(cy))-

So we have p(S,(c)) < p(S,(c’)). It remains to show that p(S,(c")) < p(S,(c)).
To do this we will assume the contrary and derive a contradiction. So assume
p(S;(c)>p(Ss(c)). Now S,(c;)=S,(c), and we have already p(S,(c') <
p(87(c,)) = i, so (again using Lemma 3.3.4) we have

p(Ss(c2)) < p(Sp(c')) <i— 1= p(Sy(cr));

so by induction we conclude that p(S;(c,)) < p(Sy(c’)) < p(Sy(c2)). But
S;(c;) = S;(c), so this contradicts p(S,(c’)) < p(S,(c)). So this proves the foward
implication of part (1) (a) under these hypotheses. The conclusion of part (2) in
this situation can now also be easily seen. By induction and by what we have
shown above, we have infc, <inf¢’ and also infc, <infc,. Since
inf ¢ = inf{infc,, inf c,}, we have infc¢ < inf ¢/, as desired.

We now prove the foward implication of part (1) (b). Assume
p(S,(c) < p(Sp(c")) < p(Sp(c)). We first show that

p(Sylc)>i  and p(S;(cy) <i— 1. (3.3.6)
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To do this, assume not. So suppose p(Sy(c;)) <i—1. (As usual,
p(Sp(cy)e{i—1,i} is ruled out by Lemma 334) Then
P(Sp(c1)) < p(Sy(ca)) < p(Sy(cy)), so by induction we have p(Sy(cy)) < p(S,(c,)).
But S,(c;) = Sp(c) and S(c,) = S,(c), so this contradicts p(S,(c)) < p(S4(c)).
Similarly, p(S ;(c,)) > i is impossible, so we have established 3.3.6. Given this, we
have either p(S,(cy)) < p(Sy(c) < p(Sy(cq)) or p(Sy(c2)) < p(Sp(c") < p(S,(cy)).
Then by induction we have either p(S,(c;)) < p(S;(c')) < p(Sy(cy)) or
p(S,(cz)) < p(Sy(c)) < p(Sy(c,)). In the first case, since S,(c;) = S,(c) and since
p(Sp(cy) =i > p(Sy(ca)) = p(Sy(c), we have p(S,(c)) < p(S,(c')) < p(Sy(c)) (as
desired); in the second case an analogous argument gives the same conclusion.
Also, the conclusion of part (2) of the proposition under these hypotheses follows
from what we have shown;
by induction we have either infc, <inf¢’ or infc, <inf¢’, and
infc = inf{inf ¢, inf c,}. This completes the proof of parts (1) and (2) of the
proposition.

Part (3) of the proposition is proved in a similar fashion; we omit the details.

a

3.3.7. PROPOSItION. Let T e Jx(M) with K = B, C, or D, and let ce OC*(T).
The following are equivalent:

(1) p(Sp(c) < p(Sy(c))
(2) K(Sy(c) < K(Sy(c)
(3) nu(E(T, ¢)) = ny(T) + 1
(4) n,(E(T, ¢)) = n,(T) — 1
(5) P(infc, T) is vertical.

3.3.8. PROPOSITION. Let Te Jx(M) with K = B, C, or D, and let ce OC*(T).
The following are equivalent:

(1) p(Sp(c) < p(Sy(c)
(2) k(Sp(c) < K(Sy(c))
(3) nu(E(T, ¢)) = n,(T) — 1
4) n,(E(T, ¢)) = n,(T) + 1
(5) P(infc, T) is horizontal.

3.3.9. DEFINITION. A cycle ce OC*(T) which satisfies the equivalent con-
ditions of Proposition 3.3.7 is called an up cycle (in T). A cycle c e OC*(T) which
satisfies the equivalent conditions of Proposition 3.3.8 is called a down cycle
(in T).

REMARK. Of course (e.g. by the conditions (5)) every ¢ € OC*(T) is either an up
cycle or a down cycle. This implies the non-obvious fact that
n,(E(T, ¢)) = n,(T) + 1.
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PROOF OF PROPOSITIONS 3.3.7 and 3.3.8. We note first that the equival-
ence of conditions (3) and (4) (of either proposition) is obvious, and that the
equivalence of conditions (1) and (2) is part of Lemma 3.3.5. Thus it suffices to
prove that given a cycle c e OC*(T), either c satisfies conditions (1), (3), and (5) of
Proposition 3.3.7 or ¢ satisfies conditions (1), (3), and (5) of Proposition 3.3.8.
The proof uses induction on |M|, the propositions being vacuously true when
[M] = 0. Let e = sup M. If e ¢ ¢ the propositions are true by induction, so assume
eec. If ¢ = {e} the propositions are obvious, so assume ¢ # {e}.

We will assume P(e, T) is horizontal (when P(e, T) is vertical we have an
analogous argument, interchanging rows and columns). Let

P(e, T) = {Si,j—l’ Sij}‘

Let T, = T — e. Suppose first that P'(e, T) is also horizontal. Let ¢, = c\{e}.
Then ¢,eOC*(To). We have p(Ss(co)) = p(Ss(c)),  p(Sh(co)) = p(Sh(c)),
1, (To) = n,(T), n,(E(Ty, ¢o)) = ny(E(T, ¢)), and inf ¢, = inf c. By induction either
¢o satisfies conditions (1), (3), and (5) of Proposition 3.3.7 or ¢, satisfies
conditions (1), (3), and (5) of Proposition 3.3.8, and thus the same is true for c.

Henceforth assume that P’'(e, T) is vertical. Then P'(e, T) = {S,_, ;, S;;}. We
can write c\{e} =c, uc, where ¢, and ¢, are cycles in T, such that
Sp(cq) = Sp(c), Sy(cy) = Sij—1, Sp(cz) = Si—1,j» and S,(c;) = S,(c). By induction
we have that each of ¢; and c, satisfy the equivalent conditions of either
Proposition 3.3.7 or Proposition 3.3.8.

Suppose first that both ¢, and ¢, are up cycles. We will show that c satisfies
conditions (1), (3), and (5) of Proposition 3.3.7. Note first that

P(S5(0)) = p(Ss(ca)) < p(Sy(ca)) < p(Sy(cr)) < pSplcr)) = p(Sp(c)),

so statement (1) of Proposition 3.3.7 holds. Next we have (since
P(e, E(T, ¢)) = P'(e, T) is vertical and since E(T, ¢y, ¢c,) = E(T, ¢) — e) that

ny(E(T, ¢)) = n,(E(To, ¢4, ¢5)) = n,(To) + 2 = ny(T) + 1

so statement (3) of Proposition 3.3.7 holds. Finally, if a = infc then either
a = infc¢, or a = infc, so statement (5) of Proposition 3.3.7 holds.

Suppose next that ¢, is a down cycle. We will show that ¢ satisfies conditions
(1), (3), and (5) of Proposition 3.3.8. We first establish that ¢, is an up cycle. To
see this, note first that p(S,(c,)) < p(Sy(c2)) < p(S,(cy)) (this uses Lemma 3.3.4).
Then by Proposition 3.3.2 we have p(S,(c,)) < p(S,(c,)) < p(S;(cy)). Thus
p(Ss(c3)) < p(Sp(cy)) (again using Lemma 3.3.4), so ¢, is an up cycle. Since
Sp(c) = Sp(c;) and  S,(c) = S;(c,), we have also established that
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p(Sy(c)) < p(Sy(c)), that is, statement (1) of Proposition 3.3.8 holds for c. Now
my(E(T, ¢)) = n,(E(Ty, ¢y, ¢3)) = ny(To) = ny(T) — 1

so statement (3) of Proposition 3.3.8 holds. Finally, by Proposition 3.3.2 we have
infc; < infc, so infc = infc,. Thus since statement (5) of Proposition 3.3.8
holds for ¢, it holds for c.

Finally, suppose that c, is a down cycle. Then, in the same way as in the
previous paragraph, we show first that ¢, is an up cycle, and then that ¢ sataisfies
conditions (1), (3), and (5) of Proposition 3.3.8. This completes the proof of
Propositions 3.3.7 and 3.3.8. O

3.3.10. PROPOSITION. Suppose T e Ix(M) with K = B,C, or D. Let ¢ be a
closed cycle in T. The following are equivalent:

(1) n,(E(T, ¢)) = n,(T) + 2
() n,(E(T, ) = n,(T) — 2
(3) P(infc, T) is vertical.
(4) P(supc, T) is vertical.

3.3.11. PROPOSITION. Suppose Te Ix(M) with K = B, C, or D. Let ¢ be a
closed cycle in T. The following are equivalent:

(1) ny(E(T, c)) = n,(T) — 2
2) n,(E(T, c)) = n,(T) + 2
(3) P(infc, T) is horizontal.
(4) P(supc,T) is horizontal.

3.3.12. DEFINITION. Suppose Te Zx(M) with K = B,C, or D. Let c be a
closed cycle in T. Then c is called an up cycle if it satisfies the equivalent
conditions of Proposition 3.3.10, otherwise c is called a down cycle.

PROOF OF PROPOSITIONS 3.3.10 and 3.3.11. The proof uses induction on
|M|, the propositions being vacuously true when |[M| = 0. Let e = sup M. If e¢ ¢
the propositions are true by induction, so assume e e c. Since the two conditions
(4) are mutually exclusive, it suffices to prove, for each proposition, that (4)
implies (1), (2), and (3). We will prove this for Proposition 3.3.11 (an analogous
argument works for Proposition 3.3.10). So assume P(e, T) is horizontal, say
P(e,T) = {S;;-1,8;}. Since ¢ is closed we have P'(e,T)={S,_,;,S;;}. Let
To=T—e and let ¢, =c\{e}. Then c,eOC*(T,), S,(co)=S;-,; and
Sy(co) = S;;—1. Thus ¢, satisfies condition (1) of Proposition 3.3.8, and so ¢,
satisfies conditions (5) and (3) of Proposition 3.3.8. So we have that P(inf c,, T,)
is horizontal. Since infc =infc, we have P(infc,T) is horizontal, that is,
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condition (3) of Proposition 3.3.11 holds. Also, we have
n,(E(To, ¢o)) = n,(Ty) — 1. But then

n,(E(T, ¢)) = ny(E(To, ¢o)) = ny(To) — 1 =n,(T) -2,

that is, condition (1) of Proposition 3.3.11 holds. Since clearly condition (1)
implies condition (2), we are done. O

3.3.13. REMARK. Let ¢ be an up cycle in T. Then ¢ is a down cycle in ‘T. (This
follows from condition (5) of Propositions 3.3.7 and 3.3.8 when c¢ is open, and
from condition (3) of Propositions 3.3.10 and 3.3.11 when c is closed.) Also, c is a
down cycle in E(T, ¢). (This follows from condition (3) of Propositions 3.3.7 and
3.3.8 when c is open, and from condition (1) of Propositions 3.3.10 and 3.3.11
when c is closed.)

3.3.14. DEFINITION. Let T e k(M) and let ¢ be a non-empty subset of M.
We set

Vic)={k|kec and p(S)=i for some Se Pk, T)}.

We let p;¢(c) = inf{i| Vi(c) # &}, and similarly p,,(c). If i = p;¢(c) we write V(c)
for Vi(c). If Vi(c) # & we let ri(c) =inf Vi(c) We write r(c) = inf V(c) and
s(c) = sup V(c).

3.3.15. LEMMA. Let Te Ix(M) and let ce OC*(T). Then

(1) pin(c) < p(Ss(c)) and pyyp(c) = p(Sy(c)) — 1.
(2) Let e=supM and suppose ecc and c+# {e}. Then p;(c\{e}) <

p'(P(e, T)), that is, pinf(c\{e}) = Pine(C).

Proof. To prove statement (1), let S (c) = S;;. Since S,(c) is empty in T and
S,(c)e P'(k, T) for some k € c, then (from the definition of P’'(k, T)) we must have
either S;_, ;e P(k,T) or S, ;_, € P(k, T). Statement (2) is verified by an examina-
tion of the cases (and their transposes) of Proposition 2.2.4, using in some cases
statement (1) of this lemma. O

3.3.16. LEMMA. Let Te Jx(M). If ¢,c' e OC*(T) and if ¢’ is nested in ¢ then
Pint(€) < Pine(c’) and pgyp(€) = pyyp(c).

Proof. The proof is by induction on [M|. Let e = sup M. If e¢ c U ¢’ then the
lemma is true by induction, so assume e€c U ¢'. Suppose ¢’ = {e}. Then {p;.¢(c"),
Psup(€)} = {p(Sp(c')), p(S;(c'))}, so this lemma is a consequence of Lemma
3.3.15-1. So assume ¢’ # {e}. Let T, =T —e. Assume first that either
Sy(c)e P(e, T) or S;(c)e P'(e, T). Let ¢, = c\{e}. Then ¢, and ¢’ are open cycles in
T, and ¢’ is nested in ¢, (since by Proposition 2.2.4, if P(e, T) is horizontal we
have p(S,(co)) = p(S,(c)) and p(S;(co)) = p(S(c)), and if instead P(e, T) is vertical
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we have the corresponding statement with k in place of p). Now clearly
Pin(€) < Pins(co) and pyyp(c) = poup(co). Thus by induction the lemma is true in
this case. Assume next that S,(c’)e P(e, T) or S,(c')e P'(e, T). Let ¢, = c'\{e};
then, as cycles in T,,cp is nested in ¢. Now Lemma 3.3.15-2 says that
Pint(€') = pins(cp), so induction proves the first statement of this lemma. Now if
P(e, T) is horizontal then pg,,(c') = pqp(co), if P(e, T) is vertical and S,(c) € P(e, T)
then pg,,(c') € {pap(co), p(Sy(c"))}, if Ple, T) is vertical and S,(c)e P'(e, T) then
Peup(€) € {Psup(co), p(Sf(c)) — 1}. So (using also Lemma 3.3.15-1 and the ineg-
ualities of Proposition 3.3.2-1 when py,(c") € {p(S,(c)), p(S;(c')) — 1}) the
second statement of the lemma is proved in this case by induction. Next assume
that eec’ and ¢'\{e} = ¢ U ¢, where ¢ and ¢} are open cycles in T,. Then the
argument given in the proof of Proposition 3.3.2 shows that, considered as cycles
in Ty, both ¢ and ¢}, are nested in ¢. Now by Lemma 3.3.15-2 we have
Pine(€') = Inf{p;ne(c}), Pinc(c2)}. Also, if P(e, T) is vertical then

psup(C,) = Sup{psup(cll)’ psup(c,z)};

if P(e, T) is horizontal then either

psup(c’) = Sup{psup(cll)’ psup(CIZ)}

or

Peup(€’) = p'(Ple, T) € {p(S,(ch)), p(S;(c2))}-

So again the lemma is true by induction (and using Lemma 3.3.15-1 and the
inequalities of Proposition 3.3.2—1 in the last-mentioned situation). Finally
assume that eec and c\{e} = ¢, Uc, where ¢, and c, are open cycles in T,
Then the argument given in the proof of Proposition 3.3.2 shows that either ¢’ is
nested in ¢, or ¢’ is nested in ¢, (considered as cycles in T,). Again, the lemma
now follows by induction. O

3.3.17. LEMMA. Let Te Jx(M) and let ce OC*(T). If p;ne(c) < i < pgyp(c) then
Vile) # .

Proof. The proof is by induction on |M|. Let e = sup M. It e ¢ ¢ the lemma is
true by induction, so assume e € c. The lemma is clear when ¢ = {e}, so assume
¢ # {e}. The lemma is also easy to verify, using induction and Lemma 3.3.15-1,
when S,(c)e P(e,T) or S;(c)eP'(e,T).. Now suppose c\{e} =c; Uc, where
€1, c,€OC*¥(T —e). If ¢ is an up cycle then the argument in the proof of
Propositions 3.3.7 and 3.3.8 shows that either P(e, T) is horizontal and ¢, and c,
are up cycles or P(e, T) is vertical and (say) ¢, is an up cycle and ¢, is a down
cycle which is nested in c,. The latter situation splits into two cases, depending
on whether S(c,)e P(e, T) or S;(c,) € P(e, T). We have an analogous description
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of three cases when ¢ is a down cycle. Then an examination of these six cases,
using Lemmas 3.3.15-1 and 3.3.16 and induction, verifies this lemma. O

3.3.18. LEMMA. Let ¢ and ¢ be as in Lemma 3.3.16. Then for all
Pine(€') < i < paup(c’) we have ri(c) < ri(c).

Proof. Given the previous lemma, this is easy to prove, using induction and
the same breakdown into cases which was used to prove Lemma 3.3.16. We omit
the details. O

3.3.19. PROPOSITION. Let T € 7x(M) and let c be an open up cycle in T. Then

(1) P(ri(c), T) is vertical for all p;(c) < i < pgyplc).
(2) If Se P(ri(c), T) and p(S) = p'(ri(c), T) then S is g-fixed.
(3) If pins(c) # p(S;(c)) then P(s(c), T) is vertical.

Proof. The proof is by induction on |M|. Let e = sup M. If e¢c then the
proposition is true by induction, so assume eec. If ¢ = {e} then the proposition
is obviously true, so assume ¢ # {e}. Let T, = T — e. There are several cases. In
the first four cases c\{e} € OC*(T,). We set ¢, = c\{e}. By Lemma 3.3.15-2 we
have pi(Co) = Pine(c)-

Case 1. Here P(e,T) is horizontal and S,,(c)eP(e, T). Then S,(co) = Sy(c).
Write P(e, T) = {S;, Sjx+1}- Then Sy(co) = S, -, in particular N(S;,—,)ec.
Then pg,,(co) = psup(c). Since ¢ is an up cycle, Lemma 3.3.15-1 says that
Pinc(c) < j. Thus s(c) = s(co) and for all p;c(c) < i < pg,p(c) we have ri(c) = ri(co),
so the proposition is true by induction.

Case 2. Here P(e, T) is horizontal and S/(c)e P'(e, T). Then S,(co) = S,(c).
Write P(e, T) = {S;,—1,S;x}, so that S;(c)=S;;,,;. By Lemma 3.3.15-1 we
have p;c(co) < j, and since c is an up cycle we have j < p(S,(co)) < psup(Co)- Thus
Psup(€) = Psup(co), and, using Lemma 3.3.17, we have for all p;,¢(c) < i < pyp(c),
ri(c) = ri(co). Now, either p;c(c) <j or pi(c) = p(S;(c)), so again the pro-
position is true by induction.

Case 3. Here P(e, T) is vertical and S,(c)e P(e, T). Then S (c) = S,(co). Let
P(c,T) = {S;_ 14 S;x}. Then Sy(co) = §;_, . Here the proposition is clearly true
by induction, and inspection if pg,,(co) =j — 1.

Case 4. Here P(e, T)is vertical and S (c)e P'(e, T). Let P(e, T) = {S;_, 4, S}
$0 Sp(co) =S;—1x and Sp(c) = S;4 14 Then piye(co) <j—1 and pg,p(co) =
p(Sp(co)) >j+ 1. Thus, as in case 2, py,(c) = pyplco) and ri(c) = rico)
for all p;e(c) < i < pgp(c), s0 statements (1) and (2) of the proposition are true by
induction. For statement (3), we note that either p,,¢(c) <j — 1, in which case (3)
is true by induction, or p;.¢(c) = j — 1, in which case s(c) = e, so again (3) is true.

In the remaining cases c\{e} = ¢, Uc,, where c,,c,e OC*(T,). Again by
Lemma 3.3.15-1 we have p;(c) = inf{pi(cy), Pinc(c2)}. As in the proof of
Propositions 3.3.7 and 3.3.8, there are three possibilities (up to interchange of ¢,
and c,).
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Case 5. Here ¢, and c, are up cycles and (for some j and k) we have
P(e, T) = {Sj,k—laSj,k}, Pe,T)= {Sj—l,k’sj,k}, Sp(cy) = Sp(0), Sf(cl) = Sj,k~1,
Sy(cz) = Sj— 14> and S,(c,) = S;(c). Then

psup(cl) = p(Sp(cy) > p(Ss(cy)) = .

In particular by Lemma 3.3.17 we have e # r;(c) and p,,(c) = sup{p.,,(c,),
Psup(€2)}. So for all p,(c) < i< pg,(c) we have either ric) =ry(c,) or
ri(c) = r;i(c,). This proves statements (1) and (2) of the proposition by induction.
Now

Pine(C2) < p(Syp(cy)) < p(Sy(cy) =j — 1,

s0 e # s(c), and thus also statement (3) of the proposition is true by induction.

Case 6. Here c, is an up cycle, ¢, is a down cycle, P(e,T) = {S;_, ,, S;x},
P'e,T) = {Sj,kfl,Sj,k}’ Sp(cy) = Sy(0), Sp(e) =S;-1h Splcr) = S;x-1, and
Ss(cz) = S;(c). Thus

Psup(€1) = P(Sy(cq)) > p(Sy(cz)) > p(Splcy) =j

and

Pine(cy) < p(Sf(cl)) =j—1L

In particular by Lemma 3.3.16 we have p; () = pinc(c) and pg,p(c) = pgup(cy). By
Lemma 3.3.17 (applied to c,) we have e # r;_(c) and e # r;(c). Then by Lemma
3.3.18 we have that for all

pinf(c) < i < psup(c)’ ri(c) = ri(cl)'

So as usual we are done by induction (and inspection if e = s(c).

Case 7. Here ¢, is an up cycle, c, is a down cycle, P(e,T) = {S;_, 4, S}
P'(e,T) = {Sjx-1,Sji}> Sslc) =Ss(c) Sylc,) = Sjk-1> Sslc2) =Sj-14 and
Sy(c;) = Sy(c). The argument in this case is like that of the previous case, so we
omit it. O

3.3.20. PROPOSITION. Let T € (M) and let ¢ be a closed up cycle in T. Then

(1) P(ri(c), T) is vertical for all p;,(c) < i < pgyp(c).

(2) If Se P(ri(c), T) and p(S) = p'(ri(c), T) then S is ¢y-fixed.
(3) P(s(c), T) is vertical.

(4) If Se P(s(c), T) and p(S) = p'(s(c), T) then S is ¢x-variable.
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Proof. The proof is by induction on |[M|. Let e = sup M. If e¢c then the
lemma is true by induction, so assume eec. Then by Proposition 3.3.10-4,
P(e, T)is vertical. Let T, = T — e and let ¢, = c\{e}. Then ¢, is an open up cycle
in T, (by Proposition 3.3.7-5 and Proposition 3.3.10-3) and by Lemma
3.3.15-2, we have py(co) = pine(c). Write P(e,T) = {S;_;,,S;x}. Then
P'(e,T)={S;i-1.8ix}> Splco) =814 and Sy(co) = S;x-,- In particular
Psup(€) = Peup(Co), and by Lemma 3.3.15, p;ne(co) <j — 1. Then by Lemma 3.3.17
we have that r;(c) = ri(co) for all p;(c) < 1 < pgyp(c). Thus statements (1) and (2)
of this proposition follow from Proposition 3.3.19, as does statement (3), since
P(e, T) is vertical. Now statement (4) is an obvious consequence of statement (3).
To see this, note that if /e M and P(, T) = {S,,, S,.+1} and S, , is ¢x-fixed then
either S,_, ,eP'(,T) or S,,+,€P'(I,T). So such an [/ cannot be s(c). |

Section 4

3.4.1. DEFINITION. Let X be either W, &(n, n), I(n, n) or Ig(n, n). We define
an equivalence relation, the left generalized z-invariant, on X, as follows. Let
x, ye X. We say that x ~, y if t£(x) = t£(y). Inductively, for m > 1 we say that
x ~nyif x ~,._,y, and if for every sequence X for IT with |£| = 1 we have

(1) for every ze T;X(x) there is a we T;X(y) such that z ~,,_; w, and
(2) for every we T¥(y) there is a ze T,F(x) such that z ~,,_, w.

We say that x ~;7. y, or that x and y have the same left generalized t-invariant,
if x ~,, y for every non-negative integer m.

We define similarly the right generalized t-invariant. For the convenience of
our proofs by induction we extend (in the obvious way) the definition of ~ g, to
Je(My, M,) when M, = {1,...,n}.

3.4.2. REMARK. (1) Since |T:E(x)| < 2 when |Z| = 1 we see thatif x ~g7, y then
(1) and (2) above hold, for any X, with z ~;7, w in place of z ~,,_, w.

(2) Let X be a sequence for IT\{a,}, let x, y€ X, and suppose that Ty"(x) # .
Then x ~gr. y if and only if T (x) ~gr TE(Y).

The purpose of this section is to prove that for (T, T,), (T}, T5) € J¢(n, n) we
have (T, T,) ~g7. (T}, T,) if and only if S(T,) = S(T;). We start by proving the
easy implication, that is, Proposition 3.4.7.

3.4.3. PROPOSITION. Let (T, T,)e Ic(My, M,) where M, = {1,...,n}. Let
U be a set of extended cycles in T, relative to T, such that for every cycle c in T,
such that c<¢ for some ¢eU we have ¢ceOC*(T,). Let
(T, T2) = E(Ty, T,); U, L). Then (T, T3) ~67L (T, To).

Proof. We prove by induction on m that (T, T;) ~,,(T,, T,). When m =0
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this is part of Proposition 3.1.4. Assume then that m > 1 and that the
proposition is true with ~,,_; in place of ~;7,, and let Z be a sequence for IT
with |X| = 1. Suppose first that £ = (o, B) where {a, B} = {0, 04 1} With i =2
Then Proposition 3.1.5-1 and induction give the desired conclusion, since, by
that proposition, T5((T}, T3)) = E(T;((T,, T,)); U’, L) where U’ is the set of
extended cycles corresponding to U via the map u. Now assume X = (a, ) with
{a, B} = {ay,a,}. For simplicity we will assume a = «, (an analogous argument
holds when o = «,). Suppose first either that F, = T, or that F, = T, and
1¢ec(2, T; T,). Then clearly one of these is also true with T} and T in place of
T, and T,. Now T*((T,, T,)) consists of a single element, say To-((Ty, T,)) = {Z}.
Then clearly we have TF((T,,T,) = {E(Z,U,L)}, where U =U if
ec(2,T,; Ty)¢ U, otherwise U' = U\{ec(2, T; T,)}. Thus by induction we have
the desired result. Suppose next that F; = T, and 1e€ec(2, T,;T,). Again, the
same is true with T; and T, in place of T, and T,. Then TX(T,, T,)) =
{Z,,Z,} where Z,# Z,, and, say, Z, =(T},T,) with F,<=T. Then
T ((Ty, Ty) = {Z4, Z4} where Z; = E(Z;; U, L) for j = 1,2. So again by induc-
tion we are done. O

3.44. COROLLARY. Let (T,,T,)e D5(Jc(M,, M,)) with M, = {1,...,n} and
{o, B} = {ay, a5} Suppose that T5(T,,T,) ={Z,,Z,} with Z, # Z,, and
suppose ¢(2,T,)e OC*(T,). Then Z, ~s11. Z,.

3.4.5. DEFINITION. Let(T,, T,)e Ix(M,, M,) (for K = B, C, or D). We define

S((Ty, T,)) = (S(Ty), S(T5)).

Since in general Shape(S(T)) is determined by Shape(T) we have that
S((Ty, Ty)) e Ik (M, M»).

As a consequence of Proposition 3.4.3 we have

3.4.6. PROPOSITION. Suppose (T,,T,)e To(M, M,) with M, = {1,...,n}.
Then S((T4, T,)) ~6r.(T1, To).

3.47. PROPOSITION. Let (T,, T,), (T}, T3) € Io(M,, M,) where M, =
{1,...,n}. Suppose S(T;) = S(T}). Then (T, T,) ~gr. (T}, TY).

Proof. By Proposition 3.4.6 we may assume T, is special and T, = T}. We
will prove by induction on m that (T, T,) ~,, (T}, T,). When m =0 this is
obvious, so assume that m > 1 and that (T,,T,) ~,_, (T, T;) whenever
T, = T} is special. Let T = (a, ) be a sequence for IT. If {a, B} = {o;, o;, ;} with
i > 2 then since T, =T); we have T4(T,) = T4(T)) and thus are done by
induction. Suppose now {a, 8} = {a,, ®,}. There are three possibilities. First is
that ¢(2,T) is closed. In this case T (T, T,)={(T,,T,)} and
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T#(Ty, Ty) = {(T3, Ty)} for some T; € J¢(n). The second possibility is that
TH(Ty, Ty)) = {(T}, Ty), (T, To)}
with T} # T2. In this case
TH(Ty, Ty) = {(T1, Ty), (T, TY)}.
The third possibility is that
(T, Ty) = {Z,, Z,}

(where possibly Z, = Z,) with Z, = S(Z,) = S(Z,). In this case we have, setting
Z, =(T1, Ty, that Ty (T}, Ty) = {Z},Z,}, with Z =S(Z)) = S(Z,), and
Z, = (T}, T,). Then by Proposition 3.4.6 (or Corollary 3.44) we have
Z, ~¢r.Z, and Z'| ~gr. Z5. So in all three cases we are done by induction.

a

We now prove that for (T, T,), (T}, Ty) € Jc(n, n) we have
(T, T,) ~67L (T, T,) implies S(T,) = S(T). A key step in the proof is the special
case contained in Lemma 3.4.15. The following results will be used in its proof.

348. LEMMA. Let (T, T,)e Te(M,, M) with My = {1,....n}. Let 1 <l<n
and let T, be the tableau obtained from T, by removing the numbers | + 1,...,n.
Let P be an extremal position in T,. Then there is a sequence T for {a,...,} and
a (Ts,T,)eTE(T,,T,) such that P(,T;)=P and for 1+1<r<n,
P(r,T;) = P(r, T,).

Proof. Let (T,, T,) be the pair of tableux obtained from (T, T,) by applying
the procedure “—L”, n — I-times. By Lemma 3.2.6 there is a T;€ 7¢({1,...,1})
such that Shape(T;) = Shape(T,) and P(l, T;) = P. By Theorem 3.2.2 there is a
sequence T for {ay,...,o} such that (T,, T,)e TF((T,, T,)). Using repeatedly
Lemma 3.2.5, parts (1) and (3), we find that there is a (T5, T,) € T=((T,, T,)) such
that applying the procedure “— L” n — I-times to (T3, T,) results in (T, T,), and
such that P(r,T;)=PrT,) for all I+ 1<r<n Then we have
Shape(T;) = Shape(T,) and thus T, = T,. O

3.49. LEMMA. Let (T,,T,), (T}, Ty)eT:(M,M,) with M,=/{1,...,n}.
Suppose (T, T;) ~grL (T, T2). Then (T, T,) — L~ (T}, T3) — L.

Proof. We want to show that (Ty, T,) ~,,(T}, T5) implies (T, T,) — L ~,,
(T}, T) — L. We prove this by induction on m, the case m = 0 being obvious.
Now the desired result is a consequence of Lemma 3.2.5-1. O

3.4.10. PROPOSITION. Let Te Jc(n) and suppose a and k = 2 are such that
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Oyt €TT), Agszs-. .04 € 7(T), and k*¥(a, T) > k*(a + k, T). Let
T = (042 %ar1)s (Oas3s %a2)seos (Ggrir Havi—1):

Then Ty(T) # &, and setting T' = T;(T), we have

P(a+ k, T')= P(a + k, T),

Pa+k—1,T)= PaT),
and

Pa+j,T)=Pa+j+1,T)
for0<j<k-—2

Proof. The proof is by induction on k. When k = 2 we have £ = (a4 5, 04 1);
then our hypotheses ensure that T3(T) = In(a, a + 1; T), as desired. Suppose now

that k > 2. Since a, ., ¢ 7(T) we have k*(a + k, T) > k%(a + k — 1, T), and so the
hypotheses of this proposition are satisfied with k — 1 in place of k. So, setting

T = (s U)oy (ati— 15 %asr—2)

and T = T (T), we have P(a + k, T) = P(a + k, T), and by induction
Pa+k—1,T)=Pa+k—1,T), Pa+k—2,T)=PaT),

and
Pa+jT)=Pa+j+1,T) for0<j<k-—3.

Now the hypotheses of this proposition are satisfied with T in place of
T,a + k — 2 in place of @, and 2 in place of k. So

Em,am_l(T) =In@+k—2a+k—1,T),
as desired. O

3.4.11. PROPOSITION. Let T € J¢(n) and suppose that for some 0 < b <n—2
and some | > 1 we have

Upsseees Oy 1 ETT), 0y g 1 €TT), Opyzse s Wy oy (T,
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and suppose we have

KXb+j,T)>cXb+1+jT) for1<j<l
Then there is a sequence Z for {ot, 1 3,0y 4 3,- .., %42, such that Ty(T) = T with

Pb+2k—1,T)=Pb+kT)
and

Pb+2k,T)=Pb+1+kT forl<k<l

Proof. The proof is by induction on [, the case [ = 1 being trivial (i.e. T = T).
So assume [ > 1. Now the hypotheses of Proposition 3.4.10 are satisfied with
b + 1 in place of a and [ in place of k, so let X, be the sequence given by that
proposition, and let T, = T; (T). Then

Pb+2, T)=Pb+2,T),Pb+2l-1,T,)=Pb+1T),
and for 0 <j <1 — 2 we have

Pb+1+j,T)=Pb+1+j+1T).

Now the hypotheses of Proposition 3.4.11 are satisfied with T, in place of T and
I — 1 in place of I (we have to check that a,,,€7(T,); now by hypothesis

Kb+1-1,T)>k*b+21-1,T),
and our conditions on 7(T) show that
Kb +21— 1L, T)>®b+ 1+ 1),

SO
Kb+1-1,T)>rkXb+1T,),

as desired), so let £, be a sequence given by the conclusion thereof. Setting
X =2Z,%, we are done. 0O

3.4.12. PROPOSITION. Let Te J(n) and suppose a and k = 2 are such that

Uik €UT), 0py g, Uuip— g €T,
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and
pla+k—2,T)=p'(a+kT).

Let X = (0451, % 4k)s---»(0as1>%as2) Then Ty(T) # & and, setting T' = T(T),
we have

Pa+k,T)=Pla+kT),Pa+jT)=Pa+j—1,T) for1<j<k—1,
and
P(a, T')= Pla+ k—1,7T).

Proof. The proof is similar to that of Proposition 3.4.10; we omit the details.
O

3.4.13. PROPOSITION. Let T € I¢:(n) and suppose that for someQ < b <n—3
and some | = 1 we have o, ,, € t(T)for 1 < k <land oy, ., ¢t(Tfor1 <k <,
and suppose in addition that

plb+2k+2,T)<p'(b+2kT) for1 <k<l-—1
and

p’b+2k+1,T)<p*b+2k—1,T) for 1 <k<l
Then there is a sequence T for {0ty 5, %1 3,--.,0 42,41} SUch that

LM=T with Pb+kT)=Pb+2k—1,T) for 1<k<I+1
and

Pb+1+1+kT)=Pb+2kT) for1 <k<l

Proof. The proof is by induction on I. When | = 1 we take £ = (05 1 3, 0 4 5);
then our hypotheses ensure that Tg(T) =In(b + 2,b + 3;T), as desired. In
particular this applies with b + 2] — 2 in place of b and 1 in place of [; so let
2 =(+214+1, %+2) and T; =T; (T). Then T, =In(b + 2I,b + 2] + 1; T). Now
assume [ > 1. The hypotheses of Proposition 3.4.13 are satisfied with T, in place
of T and I — 1 in place of [, so let X, be a sequence for {o ,,,...,%,42,— 1} such

that T, = T;,(T,) satisfies P(b + k,T,) = P(b + 2k — 1,T,) for 1 < k <! and

Pb+1+kT,)=Pb+2kT,) forl <k<I—1.
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Then the hypotheses of Proposition 3.4.12 are satisfies with T, in place of
T,b + [ + 1 in place of a, and [ in place of k, so let £; be the sequence given by
that proposition. Setting £ = X%, we are done. |

3.4.14. PROPOSITION. Let T e J.(n) and suppose T satisfies the hypotheses of
Proposition 3.4.11 for some 0 < b < n — 3 and some | with b + 2l + 1 < n, and
suppose in addition that p*(b + 21 + 1,T) < p(b + I, T). Then there is a sequence
2 for {0y 425 -s Uy 2141} such that T(T) = T with

Pb+kT)=Pb+kT) for1<k<LPb+1+1,T)=Pb+2+1,T),
and
Pb+1+kT)=Pb+1+k—1T) for2<k<Il+1.

Proof. Let X, be any sequence given by Proposition 3.4.11 and let
T, = T; (T). Then T, satisfies the hypotheses of Proposition 3.4.13, so let X, be
any sequence given by that proposition. Setting £ = X,X, we are done. dJ

3.4.15. LEMMA. Let (T, T)e Ic(M,, M,) where M, = {1,...,n} and suppose
T, is special. Let ¢ be a closed cycle in T, and let T} = E(T,,c). Then
(T, T) 467 (T3, T).

Proof. Interchanging if necessary T, and T; (cf. Remark 3.3.13) we may
assume that cis an up cycle in T ;. The proof of this lemma is, in the first instance,
by induction on n. Since the lemma is vacuously true when n = 1, we will assume
the lemma is true when M; = {1,...,n — 1}. Assume first n¢ c. Then induction
and Lemma 3.4.9 verify this lemma. So henceforth we will assume that nec.
Now we will proceed to prove the lemma by a downward induction on infc. Set
a=infc. When a=n—-1 we have a,¢7(T,) and oa,et(T;), so
(T4, T) #6r (T, T). So henceforth we will assume that a < n — 1 and that the
lemma is true for all (T, T), etc., with inf¢ > a. We now let

W(c) = {k|k >infc and p'(k,T,) < pine(c)}.

If W(c) # & we set k(c) = inf W(c). There are two cases:

Case A. Here we have W(c) # (J. We first prove the lemma under the
additional hypothesis that for all i with a + 1 < i < k(c) — 1 we have «; ¢ ©(T,).
(Note that by the definition of k(c) we have o, ¢ 7(T,).) Since the argument is
lengthy we state this as a lemma here and postpone the proof thereof until after
completing the proof of Lemma 3.4.15.

3.4.16. LEMMA. Suppose (T,, T), etc., are as in Lemma 3.4.15 with ¢ an up cycle,
and suppose that nec, that W(c) # &, and that for all infc < i < k(c) we have
;¢ 1(T,). Suppose further that for every (T, T)€ Ic(My, M,) and every closed
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cycle © of T, such that either M, = {1,...,n— 1} or M, ={1,...,n} and
inf ¢ > inf ¢ we have (T, T) 7 (E(Ty, ), T). Then (T, T) %67 (Ty, T).

We now proceed to prove Case A of Lemma 3.4.15 by induction on k(c). Set
k =k(c). If k =a+ 1 then necessarily (T, T), etc., satisfy the hypotheses of
Lemma 3.4.16, and so we are done. So assume that k > a + 1 and that Lemma
3.4.15is true for all (T, T), etc., with inf ¢ = a, W(c) # &, and k(¢) < k. If (T,, T),
etc., satisfy the hypotheses of Lemma 3.4.16 then again we are done, so assume
that thereisan a + 1 <i < k — 1 such that a;€ 7(T ), and assume further that i is
maximal given this criterion. We will complete the argument by a downward
induction on i. Assume first that i = k — 1. Since p!(k, T,) < p(k — 2, T,) we
have T, ,, (T;)=Ink—1,k;T,). Set T, =T,, (T, andT,=T,, (T}). Let
¢, = c(n,T,). Then by Proposition 3.1.5-2 we have T, = E(T,,c,). Since
k(c,) = k — 1 (we observe that T, does not fall under any of the exceptional
situations described in Proposition 3.1.2-1), we have by induction
(T,, T) 461 (T5, T), and so by Remark 3.4.2-2 we have (T, T) #41.(T}, T).

Finally, assume thati <k — 1. Let T, =T,  ,(T)and T, = T,  ,(T)). Let
¢, = c(n, T,). Then by Proposition 3.1.5-2 we have T, = E(T,, ¢,), and by
induction we have (T, T) #1. (T1, T). (If i = a + 1 then possibly infc, > a. In
this case the conclusion (T, T) #41.(T}, T) follows from an appeal to our
earlier induction hypothesis. If infc, = a then Proposition 3.1.2—1 shows that
Wi(c,) # & and k(c,) = k.) So again by Remark 3.4.2-2 we are done. This
completes the proof of Case A.

Case B. Here we have W(c) = (J. Since we have already proved Case A, we
will assume that the lemma is true for every (T,, T), etc., with inf¢ = infc¢ and
W(c) # . Set i = p;n¢(c). The proof of Case B is by induction on s(c). That is, we
must first prove Case B under the further assumption that s(c) = a + 2, so
assume this. (Proposition 3.3.20 rules out s(c) = a, and s(c) = a + 1 would, by
that same proposition, imply that ¢ = {a, a + 1}, contradicting our hypothesis
that infc <supc — 1.) Then by Proposition 3.3.20 we have, for some j,
Pa,T))={S:;j-1,Si+1-1y and Pla+2,T,)={S;,S:+:,}, and since
W(c) = & we have p'(a + 1, T,) = i + 2. (Note that it is not possible that a + 1
occupy the position which we have allotted to a in the previous sentence, since
then we would have ¢ = {a + 1,a + 2}.) Assume first that a + 2 = n. Then since
cisclosed we have P'(n, T;) = {S;+1,j-1,Si+1,;} and thusc = {n — 2, n}. That s,
we have P(n—2,Ty)={S;;-1,S;;} and P(n,T}) = {S;4+;;-1,Si+1;}. Then
(transposing and interchanging the roles of (T,, T) and (T, T)) we see that this
situation corresponds to a case of Lemma 3.4.16 (with k(c) =n — 1), so we
proceed accordingly. We note first that P(n — 1, T,) = P(n — 1, T}), and thus
since pi(n — 1, T,) > i + 2 we have k*(n — 1,T;) <j — 1. We let | be maximal
given that S,;_,eShape(T,)\P(n — 1,T,). Using Lemma 348 we find a
sequence X for {ay, 0p,...,%_3} and a (T, T)e TX(T,, T) with
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P(n—3,T,) ={Si-1,-2 8-, and P(r,T,)=PrT;) for n—2<r<n
Let T, = E(T,,¢). Then (using Claim 1 of the proof of Lemma 3.4.16) we
have that (T,,T) ~gr. (T}, T) implies (T3, T) ~gr(T5, T). Now let (T3, T) =
T} ,a_ (T2, T)) and (T5,T) = T 44, (T2, T)). Then by Remark 3.4.2-2 we
have (T,, T) ~ g7 (T5, T) if and only 1f(T3,T) o1 (T3, T). Now we observe that

=Inn—-2,n—1T,) and Ty=Inn—2,n—1;T,), so a,¢7(T;) and
a, € 7(T%), and so we conclude that (T, T) # ;7. (T}, T), as desired. Now assume
a+ 2 < n. Then ¢ # {a,a + 2}, so

Pa+2T)= {Si+1.j’ Si+2.j}‘

It follows that S;., ;_; € P(a + 1, T,), and since by Proposition 3.3.20 we have
that S;,, ;- is ¢c-fixed, we have a + lec and Fy(a;i,j — 1) = T}. Let

(T2, T) = T}, a,.,(T;, T)

and

(T3, T) = (T3, T),

and let ¢, = ¢(n, T,). Then (by Propositions 3.1.2—-1 and 3.1.5-2) we have
¢, =c\{a,a + 1} (in particular infc, > infc) and T, = E(T,,¢,). So by in-
duction and Remark 3.4.2—-2 we have proved the lemma in this case.

Henceforth assume that s(c) > a + 2 and that the lemma is true for all (T, T),
etc., with nec, inf(c) = a, W(c) # &, and s(¢) < s(c). Set s = s(c) By Proposition
3.320 we have that P(s,T,) is vertical, so let P(s,T;) = {S;;,S;4,;}. Let
b = Nt,(S;;-). Since i = infc and S;_, ; is ¢-fixed (by Proposmon 3.3.20) we
have P'(b,T,)={S;;-1,S;}. Now b<s—2, since b=s—1 and P(b,T))
vertical implies that ¢ = {s — 1, s}, contradicting s > a + 2, whereas b =s — 1
and P(b, T,) horizontal contradicts condition (4) of Definition 1.1.8. There are
four cases:

Case 1. Here b = r(c) = s — 2 (so b > a). Then by Proposition 3.3.20 we have
P(s —2,Ty) = {Sij-1Si+1,j-1}.- Then as in the previous situation (since
c#{s—25} and W()=¢) we have S,.,; €P(s— 1 T,) and
Fals — 2i,j — 1) € Ty Let (T, T) = T, _ (Ty, T)and (T3, T) = T, _ (T;, T),
and let ¢, = c¢(a, T,). Then (by Propositions 3.1.2—-1 and 3.1.5-2) we have
c;=c\{s—2,5s—1}, T, = E(T,c,), and p;(c;) =i+ 2. Now nec,, and
inf c, = a, but on the other hand W(c,) # &, since

P(S -2, Tz) = {Si.j—la Si+1,j—1}~

So, as far as (T,, T) and ¢, are concerned, we are in Case A of this lemma, that is,
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we have already proved that (T,, T) # g7 (T5, T). Then by Remark 3.4.2-2 we
have (T, T) #6r.(Ty, T).
Case 2. Here we assume that b = s — 2 # r(c) and that

Pis —2,T)) ={Sij-1,Sis1,-1}-
Then as in Case 1 we have
Sit2; 1€P(s—1,T) and Fy(s—2;i,j— 1)< T

Let T,, T, and ¢, be as in Case 1. Then ¢, = c\{s — 2,5 — 1}, T, = E(T,, ¢,),
and, since s — 2 # r(c), we have p;¢(c,) = pine(c) and s(c,) < s(c). So by induction
(T3, T) #67L (T2, T), and thus (T, T) 467, (T, T).

Case 3. Here we assume that b = s — 2 # r(c) and that

P(s —2,T)) = {Si,j—Za Si.j‘l}'
Then by condition (4) of Definition 1.1.8 we must have

Pis = LT = {Sis1,-2Si+1j-1}

that is, 171(3—2; i,j—2)<T,. Let T,,T;, and ¢, be as in Case 2. Then
¢, =c\{s — 1,s} and s(c,) = s — 2. If s # n then the desired conclusion follows
as in Case 2; if s=n then we have né¢c, in which case the fact that
(T,, T) #41 (T T) is a consequence of our first induction hypothesis.

Case 4. Here we assume that b <s — 2. Now since W(c) = J we must
have a,,,€7(T,) and o ¢7(T,). Let m =m(c) be maximal given that
b+1<m<s—1 and a,e1(T,). We will prove this case by a downward
induction on m. Assume first that m = s — 1. Let

(T2, T) = T, (T, T), (T3, T) = T, (T, T)),

and let ¢, = ¢(a, T,). Then by Proposition 3.1.5-2, we have T, = E(T,, ¢,). Since
pl(s, T,) < p'(s—2,T,) we have T, =In(s — 1,5;T,), and by Proposition
3.1.2-1 we have inf ¢, = infc, p;(c,) = pinr(c), Wlc,) = &, and s(c,) = s — 1L If
s # norifs = nand nec, then the desired conclusion follows by induction on s;
if n¢ ¢, then instead we use induction on n.

Finally, if m <s —1, we let (T, T)= T/} _, (T, T), (T, T) =T}, , (T}, T)),
and ¢, = c¢(n, T,). As usual we have T, = E(T,,¢,). f m=b+1=a+1itis
possible that infc, > infc, in which case we are done by the induction
hypothesis involving a; if infc, =infc then we have p,(c,) = p;(c),
Wi(c,) = &, s(c,) = s, and m(c,) = m + 1, and so we are done by induction on m.
This completes the proof of Case B and of Lemma 3.4.15. O
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PROOF OF LEMMA 34.16. Leta = infc. We will assume (T, T) #47. (T, T)
and derive a contradiction. We will need the following:

Claim 1. Suppose a > 2. Let £ be a sequence for {oy,a,,...,%,_}, and
suppose that (T,, T)e TX(T;, T)). Then ¢ is a closed cycle in T, Let
T, = E(T,, ¢). Suppose (T, T) ~gr (T}, T). Then (T5, T) ~g7. (T, T).

The proof of this claim is by induction on |X|, the case || = 0 being trivial. So
assume |X| > 1 and write £ =X'(o, f). Assume first that «,¢{a, f}. Let
T3 = T,(T,). Then (T;, T)e T(T,, T)), so by induction c is a closed cycle in T5.
Let T = E(T3, ¢). Now by Proposition 3.1.2—1 we have that c is a closed cycle in
T,, and by Proposition 3.1.5-2 (since T, = T,4(T;)) we have that T, = T,,(T%).
Now by Remark 3.4.2-2 we have (T;,T)~gr (T35 T) if and only if
(T3, T) ~611(T5 T). So by induction we are done in this case.

Assume now that a, € {o, B}. Note first that Ty, (T,, T)) N TE((T,, T)) # &.
There are three cases:

Case 1. Here Tg;((T,, T)) is a two-element set. Let
(T3, T) e Tyo(T,, T)) N TE(Ty, T)).

By induction c is a closed cycle in T; so let T3 = E(Tj;, ¢). Then by induction we
have that (T3, T) ~g. (T3, T). Now T5((T5, T)) = {(T,, T)}, so by Proposition
3.1.6-1 we have Tj;((T3, T)) = {(T5, T)}. Then by Remark 3.4.2-1 we have
(T2, T) ~erL(T5, T).

Case 2. Here Tj;(T,, T)) = {(T5, T)} and T5((T;, T)) = {(T,, T), (T4, T)} with
T # T. Then by Corollary 3.4.4 we have (T,, T) ~7 (T4, T). Now c is a closed
cycle in Ty (by induction) and in T, and T, (by Proposition 3.1.3-1). Set
T, =ET,,c) for k=3,4 Then by Proposition 3.1.6-1 we have
T5((T5, T)) = {(T5, T), (T4, T)} and so by Corollary 344 we have
(T%, T) ~g7rL (T4 T). Thus by Remark 3.4.2—1 we have (T,, T) ~gr.. (T3, T) if and
only if (T3, T) ~gr (T3, T). So by induction we are done in this case.

Case 3. Here TL((T,,T)) = {(T5, T)} and T5((Ts, T) = {(T,, T), (T4, T)} (s0
¢(2,T,) is closed and T, = E(T,, c(2,T,))). Set ¢’ =c(2,T,). (By hypothesis
infc > 250 ¢ # ¢'; in particular n¢ c'.) Let T, = E(T,, ¢) for k = 3,4. Then as in
the previous case we have that ¢ is closed cycle in T,,T;, and T,, and
T5(T5, T) = {(T5, T), (T4 T)}. Now (T3, T)e TE(T,, T)), so by induction we
have (T3, T) ~gr.(T5 T). Thus by Remark 34.2-1 we have either
(T2, T) ~g7(T5, T) or (T, T) ~er(Ty, T. We will show that
(T, T) #6¢7.(Ty, T) and thus complete the proof of this case. Let
(T, T) = (T,,T) — L for k=2 and k = 4 (since P(n,T,) = P(n,T,) the right
tableaux of these two pairs are equal) and let (T, T') = (T,, T) — L. Now
c\{n} is an open cycle in T,, and by Proposition 2.3.3c) we have
(T, T') = E(T4, T),c\{n},L), so by Proposition 343 we have
(T4, T') ~67.(T4, T). On the other hand, since T, =E(T,,c¢') we have
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T, =E(T, ). Now (T, T) is an element of some Z.(M,, M,) with
M, ={l,...,n— 1}, so by the hypothesis of Lemma 3.4.11 (and using again
Proposition 3.4.3 if T, is not special) we have that (T,, T) #g71(T4, T). Thus
(T, T) 467 (Ts T') and so by Lemma 3.4.9 we have (T,, T) %67, (T4, T). This
completes the proof of Claim 1.

Now let k = k(c). By hypothesis, for all a <! < k we have

lec, k(I T,) < k'l + 1,T),),
and
p'(LTy) = p'(l+ 1, Ty

Let a=j,<j;<--<j,=k be such that for 0<i<r—1 we have
p'(i+1-T1) < p'(ji» Ty) and for j; < 1 <j;, we have p'(L, T,) = p'(j;, T,). Set
t; = p*(j;, T;). We claim that

Claim 2. (1) For 0 <i<r—1 we have that P(j;, T;) is vertical and, if
Se P(j;, T,) is such that p(S) = p'(j;, T,) then S is a fixed square.

(2) ForO<i<r—1landj;, <! <j;;, we have that P(l, T,) is horizontal, and,
if Se P(I, T,) is such that k(S) = x?(I, T,), then S is a fixed square.

(3) Fora<I<k,if S,,eP(l,T,) is such that t = p'(l, T,) and u = k*(], T,)
then S, , ., € P’'(, T,). Furthermore, Nt (S,-; ,+1) < a.

(4) We have p*k, T,) < t,_;.

Part 1 of this claim follows from Proposition 3.3.20 and the observation that
Ji = r,(c). We have also that P'(j;, T,) is horizontal, since else let Se P'(j;, T,),
S¢P(j;, T,), and let d = Ny (S). Then dec, d <j;, and «*(d,T,) = «'(j;, T,),
contradicting the fact that for a <1 < k we have x¥?(,, T,) < k'(l + 1, T,). Thus
the first statement of part 3 holds for | = j;. We prove part 2 by induction on
I — j;. Suppose first that [ = j; + 1. If P(j;, T,) were vertical then by the above we
would have ¢ = {ji, j; + 1}, contradicting our hypothesis that W(c) # . Thus
P(I,T,) is horizontal, and the statement about SeP(,T;) is an obvious
consequence of the corresponding statement in part 1. Now suppose that
ji+ 1 <1< j;,,and that 2 holds for all m with j; + 1 < m <[ — 1. Suppose that
P(,T,) is vertical. Let u = k'(/, T,) and let d = Nt (S, +1,,—1)- Then by con-
dition (4) of Definition 1.1.8 we have j; < d < [, contradicting our induction
hypothesis. Thus P(l, T,) is horizontal, and the statement about Se P(/, T,) is an
obvious consequence of the corresponding statement about [ — 1. This
completes the proof of statement 2. Now the first statement of part 3 is proved
for the rest of the I by the same argument as that used for / = j;. The second
statement of 3 is now clear, since we have that Nt (S,_;,.+1) <l so
Nt(S;—14+1) = a would contradict the fact that for a <r <k we have
k*(r,T,) <x'r+1,T,. Now part 4 follows from 3, since
by condition (4) of Definition 1.1.8, if p*k,T,)=1t,_, then x'(k,T,)=
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k3(k — 1, T,) + 1, so by 3 we have P(k,T,)n P'(k — 1, T,) # J, contradicting
k — 1ec, k¢c. This completes the proof of the claim.
Nowfor0<i<r—1lsetuy, =t —1andlet

v; = sup{x(S)|p(S) =u; and Nrg(S) <aj}.

By part 3 of Claim 2 we have v; > k*(ji+; — 1,T;) + 1. For 0 <i<r set
m;=j;,—aand for 0 <i<r—1let

W =v; — 2myy g —my) =0, — 2(j;4 1 — Ji)-

Then by part 2 of Claim 2 we have w; > «%(j;, T,) + 1. For0<i<r—1 and
m; <l<m,, set

P, = {S"i,wi+2(’_mi)_1’ Su.»,w,-+2(14m.-)}-

Let b = 2a — k — 1. By Lemma 3.4.8 (applied repeatedly) there is a sequence
for {0y, 005,..., 2,1} and a (T,, T)e T{((Ty, T)) such that P(b + [, T,) = P, for
1<lI<k-—a and P(r,T,)= P(r,T,) for a<r <n. (That is, in T, we have
placed the numbers between a — (k — a) and a — 1 (inclusive) as horizontal
dominos so that the numbers between j; —(k —a) and j;., — 1 —(k — a)
(inclusive) are in the row above the numbers between j; and j;,; — 1. See the
example, below.) Set T, =E(T,, ¢). Then Claim 1 says that (T,, T)~g7.(T5, T).
Now Claim 2 shows that T, satisfies the hypotheses of Proposition 3.4.14 with
k — a in place of I, so let X, be the sequence given by that proposition, let
(T3, T) = TL((T,, 1)), let (T3, T) = T (T, T)), and let ¢ = ¢(n, T3). Then by
Proposition 3.1.5-2 (applied repeatedly) we have T3 = E(T;, c3). On the other
hand we have clearly (i.e. using Claim 2) that ¢; = (c\{a}) U {k}, in particular
infc; = a + 1. By Remark 3.4.2-2 we have (T3, T) ~;7. (T3, T), on the other
hand by hypothesis, since inf c¢; > a, we have (T, T) # 51, (T3, T). This contra-
diction proves Lemma 3.4.16. O

EXAMPLE. In this example T, is the tableau pictured below, and c is the cycle
{14, 15, 16, 18, 19, 20, 21, 22}.

4

15 18
20 21

L -
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Then T is the tableau picture here

1| 4|6|8|10{12{13]17

16
215|179 |11 |

18+19+

14 15 _I
3 ! |
20 211 22 N

We have p,(c) =3,a=j, =14,k =j, = 17, and j, = 16. We may take for T,
this tableau.

10
1134|517 17
13
8 9
2 1619 !
11 12 _l
15 18
6 |14 22| |
20 21 N
Then Tj is the following tableau.
10
113 4|57 14
13
8 9
2 17119 |
11 12 "l
16 18
6|15 22 !
20 21 ]

We have ¢y = {15, 16, 17, 18, 19, 20, 21, 22} and in fact W(c;) = &, so that for
this tableau we are in Case B of the proof of Lemma 3.4.15.

34.17. THEOREM. Let (T, T,), (T}, Ty)e To(M, M,) where M, = {1,....n}.
Then (T, T;) ~gr (T}, T?) if and only if (T,) = S(T).
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Proof. We have already proved one implication as Proposition 3.4.7. We will
now prove the other implication. The proof is by induction on n, the theorem
being vacuously true when n = 0. By Proposition 3.4.6 it suffices to prove the
theorem when T, and T) are special, so assume this. That is, we have (T,, T,),
(T}, T,) € Fe(n, n) with T, and T} special, and such that (Ty, T,) ~gp, (T}, T),
and we want to prove that T, =T, Set (T, T,) = (T, T,)—L and
(T}, T,) = (T}, T;) — L. By Lemma 3.4.9 we have (T, T,) ~ g7 (T, T5). Then by
induction we have S(T,) = S(T}). We will now assume that T, # T, and derive a
contradiction. There are several cases. In general the point of the proof is to
choose carefully a sequence X for IT\{,} and a (T3, T,) € T((T,, T,)). Then by
Remark 3.4.2-1 there is a (Tj, Ty)e T-(T), Ty)) with (T3, Ty) ~grr (T, Th).
Setting (T;, T4) = (T3, T4) — L and (T4, T,) = (T4, Ty) — L we have, by Lemma
3.4.9, that (T, T,) ~g11 (T3, T4). Then by induction we have S(T;) = S(T3). On
the other hand, Lemma 3.2.7 gives information about information about the
relation between P(n,T;) and P(n,T,), and similarly between P(n,T%) and
P(n, T}). Now in many cases we will have been able to choose Z so that at this
point we have the contradiction that o, € 7(T5) and o, ¢ 7(T%), or vice versa. Then
there are two cases in which we make a more elaborate argument. Finally, there
is one case in which neither of these arguments work. This case was handled
separately as Lemma 3.4.15.

We will assume that P(n, T;) is horizontal. (Our arguments can then be
applied to the case where P(n,T,) is vertical by interchanging rows and
columns.) Let P(n, T,) = {S;;,S;;+.}. Since T, is special we have either (i)
dc(S;))=X or (i) ¢c(S;))=Z or (iii) ¢c(S;)=W and i>1 and
Si-1,j+2 ¢ Shape(T,).

Case A. Here we have p*(n,T))<i Let r=p,_(T;) and let
Py ={Si-1,-1,8i—1,}. Then by Lemma 3.2.8 and Theorem 3.2.2 there is
a sequence X for II\{x,} and a (T3 T,)eTF(T,,T,) such that
Shape(T;) = Shape(T,) and P(n—1,T;)=P,. Using Lemma 3.2.6, let
(T3, T,) e TF(T,, T,)) be such that (T5, T,) = (T5,T,) — L. By Lemma 3.2.7-3
we have P(n,T;) = P(n, T,). Then a,e1(T;). Let (T3, T,) and (T;, T,) be as
described above. Since S(T;) = S(T3) we have P(n— 1,T3)e{P(n—1,T,),
P'(n—1,T,)}, and thus p*n —1,T;)>i— 1. By Lemma 3.2.7-1 we have
P(n,T3)e{P(n,T,), P'(n, T})}, and thus p'(n, T5) <i— 1. Thus o, ¢ t(T5).

Henceforth we assume that p?(n, T}) > i. Note that in general any square
S e Shape(T,) which is ¢ -fixed is also in Shape(T;). We use this implicitly in
what follows to rule out some possibilities for P(n, T}). If P(n, T}) is horizontal
then p2(n, T;) > i (since if p?(n, T;) =i then T, and T, special implies that
T, = T}, contradicting our hypothesis), so, interchanging the roles of (T, T,)
and (T, T3), we are reduced to case A. So we also assume that P(n, T}) is vertical.

Case B. Here we have that p'(n, T)) > i, that S,,, ;—, € Shape(T,), and that
P(n,Ty) # {Sis1.5 Si+2;}- Then «k*n,T))<j. Let r=xk;_((T;), and Ilet



226 D. Garfinkle

P, ={S,_1-1,5,;-1}. We now proceed as in case A and find that «, ¢ o(T3) and
a, € 7(T5) (for this last fact we transpose the argument given in case A.

Case C. Here we assume that p'(n, T}) > i, that S;,, ;_, ¢ Shape(T,), that
Si+1,j-2€Shape(T;). and that P(n,T}) # {Si+1,j-1»Si+2,;-1)- Then T, special
implies that ¢(S;) # X. If ¢c(S;;) =Z then T, special implies that
Si+2.j—2€Shape(T,). Here our hypotheses show that k'(n,T)) <j— 1. Let
r=k;_,(T,) and let P, ={S,_;; 58, ;-2 If &cS;)=W and
Kk;-(Ty) > i+ 1 then again we set r = k;_,(T;) and P, = {S,_,; 5,5, ;_2}.
Here again we have k'(n, T}) <j — 1 (note that P(n, T}) = {S;15 -1, Si+3,j-1} i
impossible since else S;,; ;- is a filled corner in T}). If ¢(S;;) = W and
kj-o(Ty) =i+ 1then T, special implies that j > 4 and S;, , ;_; ¢ Shape(T,), so
we set Py ={S;iyj_38i+1,-2). Since P(n,T)) is vertical we have
k'(n,T)) <j— 2. Now we proceed as in the previous cases and find that
o, ¢1(T;) and a, e 1(T3).

Case D. Here we assume that p'(n,T)) > i and S, ;_,¢Shape(T,). Since
P(n, T}) is vertical we have x*(n,T}) <j—2. Let P, ={S,;_,,8;;-1}. We
proceed as in the previous cases, and find that o, ¢ 7(T;) and a, € 7(T%).

Case E. Here we assume that P(n,T}) = {S;.,;,Si+,;}. Then S is ¢c-
variable, so ¢¢(S;;) # Z. We have also ¢(S;;) # X, since else S, , ; is a filled
corner in T}. So ¢¢(S;;) = W.Set P, = {S;_, ;, S;;} and let (T}, T3) = S((T,, T,)).
Then

ShaPC(Ti) = (Shape(Tl)\{SiA 1,j+ Y {Sij}’

so we can apply Lemma 3.2.8 to find a tableau Tye Z¢({1,...,n — 1}) with
Shape(T,) = Shape(T}) and P(n — 1, T;) = P,. Then we set T, = T} = S(T,)
and apply Theorem 3.2.2 to find a sequence X for IT\{w,} such that
(T3, T, e TF(T,, T,)). Let (T3, T,), etc., be as in previous cases. Then

P(n, Ts) = P'(",T1) = {Si—l,j+ 15 Si,j+1}’

so a,¢1(T;). On the other hand, since S(T3) = S(T;) and P(n, T5)e {P'(n, T})},
P'(n, T})}, we see that a, e 7(T5).

Case F. Here we assume that P(n, T)) = {S;+ -1, Si+2,-1}- The subcase
where ¢(S;;) = X is the transpose of the subcase where ¢(S;;) = W, so we will
assume @¢(S;;) = W or ¢.(S;;) = Z, in particular, since ¢¢(S,,;) = X, we have
i> 1. If ¢c(S;)) = W then, since T, is special we have p; (T;)=j + 1 and
Si+1,j-1¢Shape(Ty), so let Py = {S;_;,Si—1;+1) and Py = {Si_y ;- 1,S;;-1}-
If ¢c(S;j)=2Z and p;_((T;)=j+ 1 then let P, and P, be as above. If
p;-1(Ty) >j + 1 then since T, is special we have p;_(T,) =j+ 3, so let
r=p;_(T,) and let P, ={S; , 1,S;y,} and P, ={S; 1,3, 8-y, 2} By
Lemma 3.2.8 and Theorem 3.2.2 there is a sequence X for IT\{«,} and a
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(T3, T,)e T-(T,, T,) such that Shape(T;) = Shape(T,), P(n —1,Ty) = P,,
and P(n —2,T;) = P,. Let (T3, T,)e (T, T,) be such that (T, T,) =
(T3, Ty) — L. Let (T3, T3) € T((T}, Ty)) be such that (T3, T;) ~g7 (T3, Ty). By
Lemma 3.4.2-2 we have

P(n, T3)e {P(n, T}), P'(n, T})}.

Let (T4, T4) = S(T3, T})). Then P(n, T3)e {P(n, T}), P'(n, T})}, and by Proposi-
tion 3.4.6 we have (T3, Ty) ~gr.(Ts, Ty). Let (T3, Ty) = (T3, T,) — L. By in-
duction S(T%) = S(T3). In the case where ¢.(S;)) = W we then have

Pin—2,T3)=P, or Pin—2T3)=1{S;; ,Sis1,j-1}
P(n - I,TIS) = {Si—l,j’ Sij}’ and P(n’ T’3) = P(na Tll)

In the other cases we have

Pn —2,Ty)=P,, Ph—1,T;) = P,,
and

P(n, T5) = P(n, T).

Now let (Ts,Te) =Tk ,(TsT,) and (T5,Tg) =T, (T5Ty). Let
(Ts, Tg) = (Ts, Tg) — L and (T, T) = (T, Ts) — L. Then by induction we have
S(T5) = S(T%). On the other hand, we observe directly that S(Ts) # S(T%).
Case G. Here P(n, T}) = {S;;, S+, ;}- Then we must have ¢(S;;) = X.(To see
this, note that since T is special we have that ¢.(S;;) # Z. Now assume
¢¢(S;;) = W. Then since T, is special and S;_, ;. , is a filled corner in T, and S;;
is an empty hole in T,, it follows that there is a cycle ce OC*(T,) with
Sy(c) = S;_1,j+1 and S;(c) = S;;. Similarly, there is a cycle ¢’ e OC*(T}) with
Sy(¢’) = Si+1,-1 and S,(c’) = S;;. Since S(T,) = S(T}) this is impossible.) If i = 1
and j =1 then n =1, «, e”(T}), and o, ¢ 7(T,). Henceforth assume that i > 1.
(The situation where i =1 and j > 1 is the transpose of the situation where
j=1and i> 1) Since ¢(S; ;) =X we have i > 3. There are several cases.
If S, 1;+3€Shape(Ty) let r = p;_(Ty), Py = {Si-1r-1-8i-1,}, and
P, ={8_1,-38i—1,-2}- IfS;_y ;+3¢Shape(T,) and S;_, ;€ Shape(T,) then
since T, is special we have S;_, ;.3 ¢ Shape(T,) so let Py = {8;_, ;1 2, Si—1 j+2}
and P, ={S;_Si—1j+1}. If S;—y;+,¢Shape(T,) and S, , ;,,eShape(T,)
then since T, is special we have S;_, ;.;eShape(T,) so let r = p; ,(T)),
P ={Si_5,-1,8i-2,yand P, = {S;_; ;,S; 1 j+1}. If ;5 ;4 ¢ Shape(T,) then
let Py ={S;_5;+1-8-1+1} and P, ={S;_,;,8;-,;}. In all four cases we
proceed as in case F and arrive at the contradiction that S(Ts) # S(T%).
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Case H. Here we assume that P(n, T}) = {S;;_1, Si+1,j-1)- This case is the
transpose of case E.

Case 1. Here we assume that P(n, T}) = {S;_1 j+1,Sij+1)- Then ¢¢(S;;) = X
or ¢(S;;) = W, and we have T} = E(T, c(n, T,)). Here the arguments used in the
previous cases will not work. We could set P, = {S;_; ;,S;—; j+:} and find
(T, T,), etc., as in case A, but it is then possible that T; = T5. So instead we have
proved this case by a different method, in Lemma 3.4.15.

This completes the proof of Theorem 3.4.17. O

REMARK. To prove this theorem for (T,, T,), (T}, T}) € 75(n, n) we need the
following variations on cases F and G.

Case F. We can no longer assume that i > 1. So assume that i = 1. Then T,
special implies that ¢y(S;;) = Z. If j > 2 then transposing takes us to the
situation where i > 1, so we are reduced to the case where i = 1 and j = 2. But
then n =1, a; ¢ «(T,), and a, € 1(T}), so we are done.

Case G. Here we have to consider the possibility that i = 2 and j = 2 and
p(T;) = 3 and «,(T,) = 3. We will assume that T, = T = (F,, ¢5) (the case
where T, = T = (F,, ¢) is entirely similar). Then Tt , (T}, T5)) consists of one
element, say (T5, T,), and we have a5 € 7(T5). On the other hand, EL,,az((Tl, T,))
consists of two elements, and a5 is not in the left t-invariant of one of them.

Section 5

We now recall the equivalence relation of cells defined by Joseph in [8].

3.5.1. DEFINITION. Let X be either W, ¥(n, n), I:(n, n) or I5(n, n). We define
an equivalence relation, the left cell relation of Joseph, on X. If x, ye X then
x ~ . yifand only if there is a sequence X for IT such that y € T.X(x). (That this is
an equivalence relation follows from the definition of T;* and Remark 3.2.1.) We
define analogously the right cell relation of Joseph, ~ ;.

We recall here the main result of Section 2, in the form in which we will use it
in this section.

3.5.2. THEOREM. Let (T,, T,), (T}, T3) € Z¢(n, n). Then (T, T,) ~ ;5 (T}, Ts) if
and only if S(T,) = S(T)).
Proof. This combines Theorem 3.2.2 and Proposition 3.2.3. O

3.5.3. NOTATION. For this section we will consider the map A defined in part
I of this series of papers as a map from &(n, n) to I¢(n, n) in the obvious way, that
is, the image of a ye &(n, n) is a pair of tableaux with the C grid. We will write

A@y) = (L(y), R(7)).
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3.54. PROPOSITION. Let wy,w, € W. Then

(1) wy ~;w, if and only if A(6(wy)) ~r A(6(w»)).
(2) wy ~grrW, if and only if A(6(w,)) ~grL A(6(W,)).

Proof. These statements are an obvious consequence of Remark 2.1.7-1),
Proposition 2.1.18, and Theorems 2.1.19 and 2.3.8. O

3.5.5. PROPOSITION. Let w,,w, e W. Then

(1) A(3(wy)) ~ - A(6(w2)) if and only if S(L((wy))) = S(L(3(w2)))-
(2) A(8(wy)) ~grL A(S(w2)) if and only if S(L(6(w,))) = S(L(6(w)))-

Proof. Statement (1) is simply Theorem 3.5.2 applied to A(d(w,)) and A(é(w,)).
Similarly, statement (2) is Theorem 3.4.17 applied to A(d(w,)) and A(é(w,)). O

3.5.6. COROLLARY. Let w;,w,€W. Then

(1) wy ~grr W, if and only if S(L(6(w,))) = S(L(5(w,)))-
(2) wy ~yLw, if and only if wy ~grgrw,.

Proof. This combines Propositions 3.5.4 and 3.5.5. Od

Now let g be a complex semisimple Lie algebra. Let U(g) be its universal
enveloping algebra, and let Prim U(g) be the set of primitive ideals in U(g). Fix a
Cartan subalgebra | of g, let A = A(g, h), and fix A* a choice of positive roots for
A Letn=X,r-g*and letb=h+n Let p=1Z -0

If 2ebh* we write A, for the integral roots with respect to 4, that is,

A, ={aeA]|s,(A) — A =n,0 with n,eZ}.

Weset Ay = A" n A, and we let IT, be the simple roots of A} . We write W, for
the Weyl group of A;. We define <%, D;, and T, on W, exactly as they were
defined on W in section 1 of [4], and similarly for their counterparts on the
right, and for the equivalence relations ~;;, ~;r, ~grL, and ~grg. We write
Prim, (U(g)) for the set of primitive ideals in U(g) with infinitesimal character A.

Now suppose 4 € bh* is anti-dominant and regular. Let we W,. We write I,(w)
for the annihilator in U(g) of the irreducible highest weight module L(wA), where
L(wi) is the unique irreducible quotient of the Verma module
M,,; = U(g) ®up) Ci-p-

Duflo [2] has shown that the map W, — Prim,(U(g)) given by wi I ,(w) is
surjective. One can define 7, D,;, and T,; for Prim,(U(g)) by means of the Duflo
map:

3.5.7. DEFINITION. We define t(I,(w)) = t®(w) and

D, y(Prim;(U(g))) = {IePrim,(U(g))| e () and a¢(I)}.
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Suppose I;(w) € D,z(Prim;(U(g))). We define T,4(1;(w)) = 1 A(T5(w)) when o and
p have the same length, otherwise T,4(I;(w)) = {I,(w')|w' € T 5(w)}.

Duflo [2], Borho-Jantzen [1], and Jantzen [7] have shown that the above are
well-defined. Vogan [12] then defines the generalized t-invariant as an equival-
ence relation on Prim;(U(g)), written ~gr, as in Definition 3.4.1. We have
clearly

I,(wy) ~grI,(w,) if and only if w; ~grgrw,. (3.5.8)

3.5.9. THEOREM. Suppose all the simple factors of A; are of type 4,, B,, or
C,. Let 1,,1,€Prim,(U(g)). Then I, ~;1, if and only if I, = I,.

This is Conjecture 3.11 of [12]. In that paper it was proved when the simple
factors of A; are of type A,. As we will show in part IV of this series of papers, it
is false as stated for type D,, but true when ~; is replaced by a stronger
equivalence relation, which will be described in that paper.

PROOF OF THEOREM 3.5.9. Let w;,w, € W,. Joseph has shown [8] that
w; ~;.w, implies that I,(w,)=1I,(w,). Clearly if I,(w,)=1,(w,) then
I,(w;) ~gr1,(w,), and the observation 3.5.8 says that I,(w,) ~41I,(w,) implies
that w; ~grg W,. So it suffices to prove that w, ~;rg W, implies that w, ~;; w,,
and clearly it suffices to prove this when A; is simple. For type 4, this was done
by Jantzen in [7], and also by Vogan in [12], where the above argument was
used to complete the proof of Theorem 3.5.9 for type A,. For type C, we have
proved that w; ~grgrw, implies w; ~;; w, as Corollary 3.5.6-2). Since the
standard identification of the Weyl groups of types B, and C, commutes with the
definitions of 7%, etc., we have also proved this for type B,. O

3.5.10. DEFINITION. Recall that 7 (n) was defined by 7 (n) = {Te J¢(n)| T
is special}, and similarly 7 §(n). We define t on J2(n) as on J¢(n), and then
define D,; as usual. When {a, f} = {a;,2;.;} with i>2 we define T,; on
Dy(7¢(n) as on D,(Jc(n), that is, using Definition 2.1.10. When
{o, B} = {o;, o4 1} withi = 1 and T e D,4(7 ¢(n)) we define T 4(T) as a one or two
element subset of Dy, (7 2(n)) as follows.

(1) If F, = T (respectively F, = T) then, since T is special, we have that ¢(2, T)
is closed. Let T = E(T, ¢(2, T)) and define T,4(T) = {(T'\F,) U F,} (respectively
T,p(T) = {(T\F) UF,}).

(2 If F, =T (respectively F,<T) let T =(T\F,)uUF, (respectively
T =(T\F,)UF,). If ¢(2,T') is open define T,(T) = {T'}. If ¢(2,T') is closed,
define T,(T) = {T', E(T', ¢(2, T'))}.

We now have the classification theorem.
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3.5.11. THEOREM. Suppose g is of type C, or type B, and A€l is integral,
regular, and anti-dominant. Then the map

cl: Prim,(U(g)) = 7 3(n)

given by cl(I,(w)) = S(L(6(w))) is a bijection. The map c/ has the following
properties:

(1) t(clD)) = =(I) for 1€ Prim,(U(g)),
() clT5(D)) = Top(clI)) for 1€ Dyy(Prim;(U(g))).

The map cl is the unique map from Prim,(U(g)) to 7 2(n) having properties (1)
and (2).

Proof. The surjectivity of cl follows from the surjectivity of the map A. The
injectivity of cl is a combination of Corollary 3.5.6—1 and Theorem 3.5.9.
Properties (1) and (2) follow from Definitions 3.5.7 and 3.5.10 and the results
cited in the proof of Proposition 3.54. To see the uniqueness, let y:
Prim,(U(g)) —  £(n) be another map with properties (1) and (2). Then cl™ oy
commutes with t and the T,’s, and thus for every IePrim,(U(g)) we have
(cI™ Y oy)I) ~gr 1. Then by Theorem 3.5.9 we have (cI™ ' o y)(I) = I, as desired.

U

3.5.12. REMARK. For g of type B, and A as in Theorem 3.5.11 it will
sometimes be necessary to have a classifying map cl: Prim,(U(g)) —» J 5(n). This
map is defined as in Theorem 3.5.11 except that L(5(w)) is defined with reference
to the map A° of Remark 1.2.14. Theorem 3.5.11 still holds for this map cl, as
every input to this theorem is either true as stated for this situation and has the
same proof, or we have, in the various remarks of these papers, shown how to
modify the statements and proofs for this situation.

3.5.13. REMARK. Recall that for g of type 4, and A integral, regular, and anti-
dominant Joseph has proved the analogue of Theorem 3.5.11 for a classifying
map Prim,(U(g)) = J,(n), where 7,(n) is the set of standard Young tableaux of
size n. It follows from this and our results that, for g and 4 as in Theorem 3.5.9,
we can, by choosing an identification of A; with a product of root systems of
type A4,, B,, and C,, define a classification map which takes Prim,(U(g)) to a
product of I,(n)’s, 7 5(n)’s, and 7 5(n)’s. This map will also have the properties
stated in Theorem 3.5.11. (Cf. [5], Chapter 5 and section 6.3. In that paper
Joseph’s classification map for type A, is called cl** and there is another
classification map cl’. For types B, and C,, since the long element of the Weyl
group is equal to — 1, we do not need to distinguish two classification maps: they
are equal.)
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Index of Notation hole 1.5.5
horizontal 2.1.1

A 121,353 I, 3.56

A 127 In 218

Adj 1.1.13 Inf, In® 2.1.6

adjoinable (domino position) 1.1.12 inverse 1.1.5

adjoinable pair 1.1.15 ~ 1518

« 125 ~e 231

0.0, 1111 ~n 341

B 1211 ~gr 3.57

B 129 ~61Ls ~Ggrr 341

box 1.5.7 ~5L, ~jr 3.5.1

boxed 1.5.7 J4 1117

boxed cycle 1.5.23 JR 1.1.20

(M), Z(M) 221 K 2220

ok, T) 15.18 Kk 33.1

EM) 124 kl,k?2 211

cspb. 222 k; 1.1.7

cells 3.5.1 A 356

c 3.5.11,35.12 M; 112

cl* 35.13 — 21.1,325

cl4 3513 moving through 1.5.26, 1.5.27

closed 1.5.19 N 113

corner 1.5.5 A 119

correspond 2.2.5,2.2.7 N, 15.16

cycle 1.5.18 N, 1514

cycle structure 2.2.1 n, 3.3.1

D, 3.57,35.10 Ny 119

DL, DR, 214,217, 2.1.11 n, 331

Dk, T) 1.19 nested 3.3.3

2(M) 124 ocC* 3.1.1

D'(k,T) 1.5.25 OoC(T) 1.5.19

6 113 open 1.5.19

down 3.3.12 P4 132

E (when the argument is an extended P4, P4 1117
cycle) 2.3.1 Pk, T) 1.19

ene.re, 111 pups 118

E(T,c) 1.5.26,1.5.30, 1.5.31, 2.3.1 P'(k,T) 158

ec 231 PR 1.1.20, 1.3.5

empty cycle 2.2.1 ¢ 151

g 111 ¢s, ¢c. ¢p, ¢p 152

equivalent 1.5.18 ¢-box 1.5.7

extended cycles 2.3.1 ¢-fixed 1.5.4

extremal position 1.1.11 o* 1.5.11

empty cycle 2.2.1 ¢-variable 1.5.4

F,F, 21.10 n 1.1.1

F 117 m 213

F,F, 2110 1225

F° 117 41,9, 112

filled 1.1.9 Re 2.1.8

fixed square 1.54 removable pair 1.1.18

generalized t-invariant, left, right 3.4.1 removable pair, minimal 1.1.18

generalized t-invariant 3.5.7 removable pair, standard 1.1.18

grid 1.5.1 p;i L17,1.19



plp? 211

p 331

S 1534

S 345

Sy(c) 1.5.21

SCE, SCR 2.1.6

SC 2.1.6

S(c) 3.L1

S;(c) 1521

s; 1.1.6

S;; L17

FM,M,) 112

S, introduction
S(n,n) 112

S(T) 1.5.37

S(T) 1.5.34

X 321

Shape 1.1.9

special 1.5.6

special tableau, associated 1.5.34
standard 1.1.9

T, conventions for 2.2.1
to21.2

T, 2.1.10,234,357,3.5.10
TS, TR 214,217,234
Is(M), Tc(M), Tp(M) 1.5.3
Ip(n), Tc(n), Ip(n) 1.5.3
T(y) 1.3.1

T$(M) 1537

JM) 118
TM,M,) 119

I 1.19
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Tz 321
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transpose 2.1.2
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variable square 1.5.4
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Y, condition 1.1.7
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0 221

%, conventions regarding 1.1.8, 1.2.14

233

. Borho, W. and Jantzen, J.: Uber primitive ideale in der Einhiillenden einer halbeinfacher Lie-
Algebra. Invent. Math. 39 (1977) 1-53.

. Duflo, M.: Sur la classification des idéaux primitifs dans I’algébre enveloppante d’unde algébre
de Lie semi-simple. Ann. of Math. 105 (1977) 107-120.

. Garfinkle, D.: On the classification of primitive ideals for complex classical Lie algebras, 1.
Comp. Math. 75 (1990) 135-169.

. Garfinkle, D.: On the classification of primitive ideals for complex classical Lie algebras, II.
preprint.

. Garfinkle, D.: The annihilators of irreducible Harish-Chandra modules for SU(p, g) and other
type A,_, groups. preprint.

. Garfinkle, D. and Vogan, D.: On the structure of Kazhdan-L usztig cells for branched Dynkin
diagrams, J. of Alg. (to appear).

. Jantzen, J.. Moduln mit einem hdchsten Gewicht, L ecture Notes in Mathematics, vol. 750.
Berlin: Springer 1979.

. Joseph, A.: A characteristic variety for the primitive spectrum of a semisimple Lie algebra,
preprint. Short version in: (ed.) J. Carmona, and M. Vergne, Non-commutative harmonic
analysis. Lecture Notes in Mathematics vol. 587, pp. 102—118. Berlin: Springer 1977.



234  D. Garfinkle

11.

12.

. Joseph, A.: Towards the Jantzen conjecture, II. Comp. Math. 40 (1980) 69-78.
. Kazhdan, D., and Lusztig, G.: Representations of Coxeter groups and Hecke algebras. Inv.

Math. 53 (1979) 165-184.

Lusztig, G.: A class of irreducible representations of a Weyl group. Proc. Kon. Nederl. Akad.,
Series A 82 (1979) 323-335.

Vogan, D.: A generalized t-invariant for the primitive spectrum of a semisimple Lie algebra.
Math. Ann. 242 (1979) 209-224.



