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1. Introduction and summary

Aomoto [Aol] has recently given a simple and elegant proof of an extension of
Selberg’s integral [Sel]. Kadell [Ka4] has given two proofs of the following
generalization [Kal, Conjecture 2] of Aomoto’s theorem. There exists a family
{sk(?)} of homogeneous symmetric functions such that if the integrand of
Selberg’s integral is multiplied by s(¢,,..., t,), then the integral has a certain
closed form. It follows by comparison with the recent results of Stanley [St1]
and Macdonald [Ma2, Chap. VI] that s&(¢) is the renormalized Jack symmetric
function J,(t;a), introduced by Jack [Jal], with a« = 1/k. We call s(¢) the
Selberg-Jack symmetric function.

Our main result is that if the integrand of Selberg’s integral is multiplied by
the product si(t, . .., £,)sk(ty, . . . , t,) of two Selberg-Jack symmetric polynomials,
then the integral has a certain closed form provided that y =k. Hua [Hul]
proved the k = 1 case of this theorem by using the Cauchy identity for the Schur
symmetric functions. Our proof requires a certain homogeneous rational
function identity which follows by Hua’s theorem and which also follows by the
Cauchy identity. We formulate our main result as an equivalent constant term
identity and, using the homogeneity, we obtain a constant term orthogonality
relation for the Selberg-Jack symmetric functions which was conjectured by
Kadell [Ka3, Conjecture2] and recently proved by Macdonald [Ma2,
Chap. VI]. We give an expansion which is also equivalent to our main result.
The constant term orthogonality mediates between this expansion and the
constant term formulation of our main result.

We use throughout this paper notation and terminology related to partitions
and symmetric functions from Macdonald [Mal]. Let A=(iy,4,,...),
Ay = A, = --- 20, be a partition. The number (1) = card({i| 4; > 0}) of parts of
A, called the length of 4, is finite as is the norm of 4, denoted by |A| =X, , 4,. We
write 4 =(4,,..., 4,) to indicate that 4,,, =---=0.

*Research supported by National Science Foundation grant DMS-90-02043.



6 K. W.J. Kadell

Let t =(t,,t,,...) be an infinite set of indeterminates. We write t = (¢, ...,t,)
to indicate that t,,; =---=0. Let m,(¢t) denote the monomial symmetric
function.

Let n > 1 be a positive integer and let

An(t17~~~,tn) = l_[ (ti_tj) (11)

1<i<j<n

denote the Vandermonde determinant. Let k > 0 be a nonnegative integer and
let x and y be real numbers with Re(x) > 0, Re(y) > 0. The integrand of Selberg’s
integral [Sel] is

I/Vnk(x’ y7 tl! LR ] tn) = l_[ tngl)(l _ti)(y_l)Arzlk(tla LR tn)' (12)
i=1

Kadell’s generalization [Ka4] of Aomoto’s extension [Aol] of Selberg’s
integral [Sel] is given by the following theorem.

THEOREM 1 (Kadell [Ka4]). Let n > 1, Re(x) > 0, Re(y) > 0. For each k > 0
there exists a basis {sk(t)} for the vector space of homogeneous symmetric functions
in t such that the coefficient of m,(t) in s(t) equals 1 and whenever I(A) < n we have

1

1
I’r:(x9 y; A’) = J\O jo S‘}(.(tls R tn)VVnk(x’ y, tla s tn) dtl'”dtn

n (x4 n—ik+ AT +(n—ik)

=@ etk dy @
where, taking (x), = x(x+1)---(x+k—1),
fX2) = lsgjsn((j——i)kﬁLli—ij)k. (1.3)
We have (see [Stl, Kad4 or Ma2, Chap. VI])
TT 55 tse o) = St aftie st K <, (14)

where A is an integer for which both Selberg-Jack polynomials are defined.
Observe that when the parameter x is a positive integer, it is subsumed by A.

The integration formula (I) generalizes Selberg’s integral [Sel] which is the
case 4 =(0). See Andrews [An2] for a readily accessible version of Selberg’s
proof. Theorem 1 was also known for k=1 by Kadell [Kal], for 1, =1 by
Aomoto [Aol], and for n =2 by Richards [Ril] and Kadell [Ka3].
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Kadell [Kal] showed for k =1 that

det trg—i+2.i
S}.(tl,...,tu) =_|_jn+|n><n
det|t; ™|, xn

=58ty o t), MA) <n, (RA)

is the Schur function. This is the ratio of alternants formula for the Schur
functions.
Aomoto [Aol] showed for 4, =1 that

S{‘l"')(tl" “ey t") = z til "'tim
1Sip<- <im<n

=eu(ty,...»t,), m<n, (1.5)

is the mth elementary symmetric function. Here (1™) denotes the partition
A==2py=1 2y =--=0.
Richards [Ril] and Kadell [Ka3] independently showed that

= ¢p{t Tk (;) r=0, (1.6)
where
SEI() = Z ")f(”(;:):‘i ’+ Y= Ui (1.7)

is the Jacobi polynomial (see Szegd [Szl, Chap. IV]) of degree n. Thus we may
view s{,(s, ) as a formal Jacobi polynomial.

It follows by comparison with the recent results of Stanley [Stl1] and
Macdonald [Ma2, Chap. VI] that s%(¢) is the renormalized Jack symmetric
function J,(t; a) with o = 1/k. We have

si(e) = ¢J; <t; %) (1.8)

where the constant c is given by Stanley [Stal]. We call s%(¢) the Selberg-Jack
symmetric function.

We show that if the integrand of Selberg’s integral is multiplied by the product
sh(tys .- -5 ty)Sk(ty, ..., t,) of two Selberg-Jack symmetric polynomials, then the
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integral has a certain closed form provided that y =k. This is given by the
following theorem, which is our main result.

THEOREM 2. Let n > 1, k = 0, Re(x) > 0, I(A) < n and (1) < n. We have

1 1
Jix; A, w) = J; L SKtys o t)SK (s LWHX, ks ty, .., t,)dEy--dt,

1
(x+Q@n—i— jk+ A+ py),

= n! ) TRy H H )

Observe by (1.4) that when the parameter x is a positive integer, it is subsumed
by A and also by pu. The parameter y = k introduces the factor TT7_ (1 —¢)* D
into the integrand.

Hua [Hul] proved that the Schur functions s,(f) satisfy the product
integration formula (J) when k = 1. This is given by the following theorem.

THEOREM 3 (Hua[Hul]). Let n > 1, Re(x) > 0, I(4) < n and l(u) < n. We have

1 1 n
j f Sty s t)sulty, ..o t) [] (6 VAN, ..., t,)dEy - dt
0 i=1

0
=n! <H U—i+h—4)J—i+um—mn)
1<i<j<n

n n 1
. 1.9
n IJ (x+2n—i—j+A+u) (1.9)

i=1j

Hua’s proof used the ratio of alternants (RA) and the Cauchy identity for the
Schur symmetric functions in the form

n

= AGn XA y) T T
xn (xl x) (yl y)llz—-llll—:ll (x +y])

©

et
(xi+¥))

Our proof of Theorem 2 requires a certain homogeneous rational function
identity which follows by Hua’s Theorem 3 (1.9) and which also follows by the
Cauchy identity (C).

Let [w] f denote the coefficient of the monomial w in the Laurent expansion
of f and let y(4) be 1 or 0 according to whether A is true or false, respectively.
We let a >0 and b >0 be nonnegative integers.

Habsieger [Habl] and Kadell [Ka2, Ka4] (see also Section 4 of this paper)
have independently shown that Selberg-type integrals can be formulated as
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equivalent constant term identities. We formulate Theorems 1 (I) and 2 (J) as
constant term identities as follows.

The integration formula (I) is equivalent to the constant term identity of the
following theorem.

THEOREM 4 (Kadell [Ka4]). Letn > 1,k>0,a>0,b >0, () <nand l(p) < n.
We have

t

n b \k Nk
CS¥a,b; A)=[11s4(t,,....t,) [] 1—1)° (1_l> I (1_E> ( _.1>
i=1 t;) 1<i<j<n t; L

_ n (a+b+(n—ik)!
=n =D T o e i T Dh =iyt

(A)

We have

1 b 1 a+b
(I—t) (1_5> =(=t) (1—5) . (1.10)

Hence (1.4) gives

1

n 1 b

n 1\atbd
=(_1)nasfl1+a ..... ).,.+a)(t1a""tn) 1:11 (1__> . (1.11)

L

Multiplying (1.11) by Iy ¢; < ;j<a(1 —12;/t)5(1 —t;/t;)* and extracting the constant
term, we have

CSYa, b; A) = (—1y°CSX0, a+b; (4 +a,. .., Ay+a)). (1.12)

Thus the parameters a and b in (A) can be replaced by the single parameter a + b.

For A =(0), we see that (A) reduces to Morris’ theorem [Mol, (4.12)]. Morris
obtained his theorem from a Selberg-type integral which used the Cauchy form
of the beta integral. The a and b parameters of Morris’ theorem are related to the
x and y of Selberg’s integral (see [Habl, Ka2 or Ka4]) by

x = —b—(n—1)k, y=a+b+1 (1.13)

The product integration formula (J) is equivalent to the constant term identity
of the following theorem.
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THEOREM 5. Let n>1,k>0,a>0, I(A) <n and I(u) < n. We have

§ 1 1\ » . 1\¢k-a-1)
J{‘n(a;lzﬂ):[l]sﬁ(tly""tn)sﬁ t_"”,t_ I]l (l_tl) 1——
1 n/ 1=

t.
t;\¢ ti\k
0
1<i<j<n t; t;

" k—1)!
L= AL Dl (k—a—1+;(z-—l~))!(a+/1-—u~)!

1
1<il:[jsn (1 +a_k+(j_i)k+j'i'—:uj)k(_a+(j_i)k+:ui—j'j)k‘

(K)

Observe that setting y = k in (1.13) gives b = k—a— 1, which is the value of the
parameter b that is used in (K). Setting b=k—a—1 in (1.11), multiplying the
result by IT, <; < j<a(1 —2;/t)*(1 —t;/t)* and extracting the constant term, we have

A ¥as A, p) = (=1 AK0; (A1 +a,..., ,+a), 0
= (=1 X0; 4, (g —a, . .., p,—a)). (1.14)

The last expression is obtained by replacing A by (u,—a,...,u,—a) and
(ty,...,t) by (1/t4,...,1/t,) in (1.4). Thus the parameter a is subsumed by 4 and
also by pu.

Using the homogeneity of s%(t), Theorem 5 implies a constant term orthogon-
ality relation which was conjectured by Kadell [Ka3, Conjecture 2] and recently
proved by Macdonald [Ma2, Chap. VI]. This orthogonality combines or-
thogonality relations for the Schur functions and the Jacobi polynomials. It is
given by the following theorem.

THEOREM 6 (Macdonald [Ma2, Chap. VI]). Let n>1, k>0, (A)<n and
(1) < n. We have

1 1 £\ t:\¥
ks, ..., t)sk [ —,...,— 1— 2 _u
(1154 1) (tl tn) n< t,.> ( t,->

= nlx(A = wg(4), 0)

where

) (1.15)

WA) = ,
gn(4) 0
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A= JI A—=k+({—dk+i—2). (1.16)

1<i<j<n

Kadell [Ka4] obtained the expansion (H), given by the following theorem,
which is also equivalent to (A). The orthogonality (O') mediates between (H)
and (A).

THEOREM 7 (Kadell [Ka4]). Let k = 0, a = 0. We have

[ -2y = Z;, HYa; 2)s§(), (H)

iz1

where

n (—a—(@i—1)k),,
Ha;2) = 1) 11 W

I(A) < n (1.17)

Observe that the coefficient H*(a; A) is independent of n. We identify 4 with its
Ferrers diagram {(i, )| 1 <i <I(4), 1 <j < 4;}, by letting (i, j)€ A be the cell in
row i and column j of A. The conjugate partition A’ of A is given by (i, j)e A’ iff
(j, )€ A. Thus A;=card({i| 4; > j}), j > 1. We define the k-content number and
the k-hook number of (i, j) by

ki) =0G—-1)—G—Dk (1.18)
and
hif(2) = a+ Ag p(A) + kLg 5(2), (1.19)

respectively, where
AupA)=2;—j and L4 = Aj—i (1.20)
are the arm and leg, respectively, of the cell (i, j). We have (see [Ka4])

k(- _ (_a+c{",1(’1))
Hia: (i,l;Ie). helA (1.21)
which is independent of n.

Observe that (H) is a multivariable extension of the binomial theorem. It
follows by using Stanley’s [St1] extensions of the Cauchy identity and the
specialization formula for the Schur functions. Kadell [Ka4] used the argument
in the first proof [Ka4, §§3—5] of the integration formula (I) to give an induction
on a.
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Alternatively, we may use the orthogonality (O’) to compute the coefficient
H*a, 1) as follows. Use n variables in (H) where (1) < n and multiply by
sk(1/ty, ..., 1/t,) times the weight function IT; <; <<, (1—1;/t))"(1 —t;/t)* of (O’).
Since the constant term is unchanged by the substitution t;—1/t;, 1 <i < n, we
may use (A) to extract the required constant term. We obtain

HYa; 2) = (1154, . . .» 1) 1‘[ (1_—)“ T (1_2 "(1_2 ‘
’ n! k(/l) v " L; 1<i<j<n L t;

1
 nlgha)

(0, a; 4), 1(A) <n. (1.22)

Observe that the formula (1.17) for H¥(a; A) follows by substituting (A) and the
normalization (1.15) of the orthogonality (O’) into (1.22).

By (1.12) and (1.22), we see that if we know two of the three quantities
CS¥a, b; 1), H*(a; 1) and g¥(4), then we can evaluate the third. Macdonald [Ma2,
Chap. VI] proves Theorem 6 (O'), giving an elegant evaluation of the
normalization factor g¥(4). By (H), we obtain the value of CS¥(a, b; A), thus
proving the extension (A) of Morris’ theorem [Mol, (4.12)]. Thus (O’) mediates
between (H) and (A). Since (A) and (I) are equivalent, this gives the second proof
[Ka4, §§9-10] of the integration formula (I).

Macdonald [Ma2, Chap. VI] proves that the constant term orthogonality
(O’) may be used to define the Selberg-Jack symmetric functions {s%(r)}. Let us
now assume that we use (O’) to define {s%(z)} and that we want to evaluate the
normalization factor g&(1). We have (see [Hab1, Ka2, Ka4] or Section 4 of this
paper) that the constant term identity (A) is equivalent to the integration
formula (I). Alternatively, we may prove (A) by giving the first proof [Ka4, §§3—
5] of (I) in the constant term setting. One may then obtain both the coefficient
H¥a; ) and the normalization factor g¥%4) by the following argument.

Since H¥(a; /) is independent of n, we see that (1.22) gives

CSK0, a; 1) = CS: 10, a; 1), I(A)<n (1.23)

1
nlgi(2) (n+Dlgys4(3)

We want to use the known values of CS¥0, a; 1) and CS%, (0, a; 1) to evaluate
g&(4) by induction on n. Rearranging (1.23) gives

1 CS, 40, a; A)
oD CRE o D A, 1) <n. (1.24)

g’,§+ A=

This only applies if /(1) < n. We may circumvent this difficulty by using (1.4).
Replace 4 by —A in (1.4) and use the substitution t;—1/t;, 1<i<n.
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Multiplying our results gives

1 1
k.. )8 —, ..., —
s3(ty n)).(tl tn)

1 1
ZS:‘J.]—A ..... A"_A)(tl,...,tn)s:cllAA ,,,,, ).n—A) (t—,...,t_>, l(}') < n. (125)
1 n

Multiplying (1.25) by I1, <; < j<a(1 —t;/t)(1 —t;/t)* and extracting the constant
term, we have

Observe that (1.26) follows from the explicit formulas (1.15) and (1.16). Replacing
n by n+1 and setting A= — 4, in (1.26) gives

I i) =gns 1t —2ns o osdn— A r)s (D) <n+1. (1.27)
IfI(2) <n+1then I(A; —A,415---»An—An+1) < n. Using this in (1.24) gives

g:‘l"' l(ll_j'n+1’ . -’ln_)'n+l)

— 1 CS;4(0,a5 (A —Anstse v Ap—Ans )
(n+1) CSﬁ(O, a; (A'l_)'n+1,-",)'n_ln+l))

g¥A), lAH<n+l.

(1.28)
Substituting (1.28) into (1.27), we have
k (/1)= 1 CSII:+1(0’ a; (Al_'ln+1a'~-,'1n_ln+1))
It 1) CSKO, a3 (et — a1 r A A1)
A =i s A= Anin)s M) <n+1 (1.29)

We may evaluate g&4) by (1.29) by induction on n and then evaluate H*(a; A)
directly by (1.22).

There is an expansion (G), given by the following theorem, which is also
equivalent to (K). The orthogonality (O’) mediates between (G) and (K) just as it
mediates between (H) and (A).

THEOREM 8 (Kadell [Ka4]). Let k > 0. We have

A

5(t) l:l1 A=1)*™ P =3 G4, wsi), (G)
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where

. k—1)
G =(="H I k—1+;(+—z.))!(z-—u-)!

i=1

. (1 —k+(j— ik + A — A ((G — Dk + g — )
1<i<jen L—k+(—Dk+A—p)((G—Dk+pmi—A)°
) <nl@<n  (130)

In Section 2, we reprise the first proof [Ka4, §§3—5] of the integration formula
Theorem 1 (I). We use (I) to guess the coefficients U¥(v/A) and V¥*(1/u) occurring
in the extensions [Ka4, (U) and (V)] of the Pieri formula and the combinatorial
representation, respectively, of the Schur functions. The (U) property overdeter-
mines the Selberg-Jack symmetric functions {s%(¢)} by a double induction on the
number 4, of columns of 4 and on the number cl(4) = 4, of cells (i, 1) in the last
column of 4.

In Section 3, we prove the product integration formula Theorem 2 (J) by using
the double induction given in Section 2. The proof requires a certain homog-
eneous rational function identity which follows by Hua’s Theorem 3 (1.9) and
which also follows by the Cauchy identity (C).

In Section 4, we formulate the product integration formula Theorem 2 (J) as
the constant term identity Theorem 5 (K). Using the homogeneity of s%(t), we
prove the constant term orthogonality Theorem 6 (O’), including the evaluation
of the normalization factor g*(4).

In Section 5, we use the constant term orthogonality (O') and the constant
term identity (K) to obtain the expansion Theorem 8 (G). The orthogonality (O’)
mediates between (G) and (K) just as it mediates between (H) and (A).

In Section 6, we outline alternative proofs of the constant term identity
Theorem 5 (K) and the expansion Theorem 8 (G). We show that the argument
used to prove the product integration formula Theorem 2 (J) in Section 3 can
also be used to prove (K) and (G) and that the identities which arise for (K) and
(G) are both equivalent to the identity which arises for (J), which may be
formulated as a homogeneous rational function identity.

2. A reprise of the first proof [Kad, §§3-5] of the integration formula Theorem
1M

In this section, we reprise the first proof [Ka4, §§3—5] of the integration formula
Theorem 1 (I). We use (I) to guess the coefficients U*(v/A) and V*(4/u) occurring
in the extensions [Ka4, (U) and (V)] of the Pieri formula and the combinatorial
representation, respectively, of the Schur functions. The (U) property overdeter-
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mines the Selberg-Jack symmetric functions {s%(t)} by a double induction on the
number 4, of columns of 1 and on the number cl(1) = 1), of cells (i, 4,) in the last
column of A.

Let the skew diagram v/A = {(i,j)| 1 <i<I(v), 4; <j < v;} consist of those cells
of v which are not in 1. We call v/ a vertical m-strip if 4, < v; < 4;+1, for all i,
i > 1,and |v| =|1| +m. We call 1/u a horizontal r-strip if A'/u’ is a vertical r-strip.

The first proof [Ka4, §§3—5] of Theorem 1 uses the integration formula (I) to
find the coefficients U¥(v/A) and V¥(A/u) occurring in the following two properties
of s().

en(t)S5(t) = > UH(v/As\(t) V)
v/A is avvgrtical
m-strip
and
s’}‘.(th te tn) = ZO t; Z Vk(l/ﬂ)sﬁ(tli tee tn— 1)' (V)

"
A/u is a horizontal
r-strip

The (U) property reduces for k=1 to a special case of the Littlewood-
Richardson rule which is dual to the Pieri formula. The (V) property extends the
combinatorial representation of the Schur functions. Each of these properties
determines the Selberg-Jack functions.

Let 0 < m < n and I(v) < n. Observe that if v/4 is a vertical m-strip, then no
two cells of v/A are in the same row. Thus v=A41+y, where
M = {i|v;=A4;+1} =[1,n], where [1,n]={i|1 <i<n} denotes the interval
from 1 to n. We have

x, y+ L) = 3 (=DMUKA+ /DI, y; A+ 1) 2.1)

ME<T1,n)

For I(A) < n—1, we have

> Y VI 2K+ ). (22)
(l +2k <2> + nx> Alp is a“l‘gorizontal
strip

All of the coefficients are identically equal to 1 when k=1, in which case
Theorem 1 is known [Kal]. Thus (2.1) and (2.2) hold for k =1 and we may
convert them into polynomial identities. Observe that if U%(v/A) and V*(J/u) are
rational functions, then (2.1) and (2.2) may be converted into polynomial
identities. We boldly define U*(v/A) so that when (2.1) is written as a polynomial
identity, it is homogeneous in x, y, k and A;, 1 <i<n Using n—nk,

Ix, 1; )=
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x—x+1—k, we define V¥(A/u) so that when (2.2) is written as a polynomial
identity, it is homogeneous in 1/k and A}, 1 <j < 4,. This gives

(=k+(—ik+A—A)k—1+(—Dk+A—1)

Ukv/A) =
/4 1<iI_<],~<n (11 G-k + AN — Dk + A7)
v j‘: ;.,):I'- 1
-1 hEFORE(2)
= B ORE )
and
(I—=k+(—Dk+p— A (L =k+(G—Dk+A— ;- 1)—1
V¥Ap)= . ! _ C
=, L] =k Gt 2= 2 (1=K G Dt - e
hE (R
= ] e A 24
A TS GRER) @49
Observe that
hEH(A) = KMiDRLE (),
HEX(2) = KPR ), 25)
Using (2.5) to compare (2.3) and (2.4), we have the elegant identity
V¥A /) = UYHX /W), (U-V)

which is related to Macdonald’s extension (see [Ma2, Chap. VI]) of the duality
property of the Schur functions.

There now arises an important quandry. While the (V) property determines
{s(t)} by induction on the number of variables, it is not clear that the resulting
functions are symmetric. However, the (U) property overdetermines {s%(r)},
although it is clear that if there exist functions satisfying (U), then they must be
symmetric. This quandry is resolved and Theorem 1 (I) is proved by a double
induction on n and y by showing that the functions defined by (V) satisfy (U).
This requires induction on the number of variables and the identity

Y VHA+ xu/ @)U A+ 2/ A)

o
= Y Vo 1U0/0— 1)
MaaZa
ey He = 100U 0l0 s, (UV)
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which is homogeneous in k—1 and A;+(n—i)k, 1 <i <n, and ¢;+(n—1—ik,
I<is<n—L

We require some of the calculations from [Ka4] for the homogeneous
polynomial identity obtained from (2.1). Divide both sides of (2.1) by

w1 C(x +(n—ik+ A)0(y +(n—ik) (2.6)

isi Tx+y+1+Q@n—i—1k+4)

We obtain
5 [T 0+ 0=k

= ¥ (=DMUCA+ /D LG 1)

M<(1,n]

TT 40—kt 2) T] (e y+@n—i—Dk+4).
Y’ fen

The coefficients U*(A+ yx,,/4) are chosen so that (2.7) becomes the homogeneous
polynomial identity

1 G=dk+2=2) [T 0+n=00)

1<i<j<n
= Y (=)™ 1 (G —idk+A+kylie M)—i;—ky(jeM))
M<S([1,n] 1<i<j<n
T e+ =ikt 4 TT Cety+@n—i—Dk+A). 2.8)
i=1 i=1
ieM i¢M

This may be done by dividing (2.7) by

Q= ] Q+(—Dk+A—2A)-,. (2.9)

1<i<j<n

Thus we have

@) _
Q) 1<£[fs,.

(G—Dk+4;—4), (2.10)

which is the M = J case of
UKA+ xn /D S+ 1)
Q%)
= I G—-dk+i+krieM)—i—ky(jeM)), M<[Ln].  (2.11)

1<i<js<n
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We now recall the proof [Ka4,§2] of the fact that the (U) property
overdetermines the Selberg-Jack symmetric functions s%(t). We proceed by a
double induction on the number A, of columns of A and on the number
cl(A) = A, of cells (i, A,) in the last column of 1. We begin the induction by using
the initial condition

Sto(t) = 1. (2.12)

We may assume that 4, > 0. We set m = cl(4) > 0 and let 6(4) be the partition
obtained by deleting the last column of 1. Thus

0(A); = 4—1, 1<i<cl),

0A); = 4;, i > cl(A). (2.13)
We have
A =02+ x1,m (2.14)

and, since the coefficient of m,(t) in s&(t) equals 1,
UX4/6(2) = 1. (2.15)

By the (U) property, we have

en(DG(t) = MCUZZ | UH(O(2) + 1 /OS2 + xad(D)- (2.16)
CE

By (2.14) and (2.15), we see that the term s%(f) occurs on the right side of (2.16)
when M =[1, m]. Solving for this term, we obtain

si(0) = em(t)S'ém(t)—Mc ZZ } UH(O(2) + xaa /O(A))St03) 4 1 (D) (2.17)

Since all of the partitions which occur in the terms on the right side of (2.17) have
fewer cells in column A,, our induction is complete and the (U) property
determines the Selberg-Jack symmetric functions {s%(¢)}.

Observe that the coefficient U*(v/4) is constrained so that (2.16) holds for all
m > 1. Thus the (U) property overdetermines the Selberg-Jack symmetric
functions {s%(¢)}.
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3. A proof of the product integration formula Theorem 2 (J)

In this section, we prove the product integration formula Theorem 2 (J) by using
the double induction given in Section 2. The proof requires a certain homog-
eneous rational function identity which follows by Hua’s Theorem 3 (1.9) and
which also follows by the Cauchy identity (C).

We proceed by a double induction on the number 1, of columns of A and on
the number cl(4) = 4}, of cells (i, 4,) in the last column of A.

We begin the induction by setting 1 = (0) and letting u be any partition with
I(u) < n. Using the integration formula (I), we have

1 1
Jﬁ(x,(o),ﬂ) = J‘O J‘O SZ(t17'--’tn)mk(x7 k7 tla- --7tn)dtl ~--dt

= I¥x, k; p)

n T(x +(n—i)k + p)T(k + (n—i)k)

=5 I = Fo ks ookt )

n T(k+(n—ik)

=8 I e gk ¢
We easily have
[T T+ (=80 = O T Rl
=@y T IT G-k
—r 1 G-k
— (TR)FH0) (32)
and
n 1 n n 1 3 3
U (c+(n— Dk + p)me ,~l=—[ H (x+Q@n—i— jk+u), (33)
Substituting (3.2) and (3.3) into (3.1) yields
J5x; (0), 1) = nt£HO) @0y TT [T 1 (3.4)

i=1j=1 (x+Q2n—i— jk+p),’

as required.
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We let I(4) < n and we may assume that 1, > 0. We set m = cl(1) > 0 and let
0(4) be the partition obtained by deleting the last column of A.

Using n variables in the (U) property, we may expand e,(t,,...,t,) times
either sg)(ty, ..., t,) or sk(ty, ..., t,). This gives

em(tb ey tn)sloc(l)(tl, RN tn)sﬁ(tl’ DY tn)
= Uk(g(}') + XM/O(}'))S‘;(A)+1M(t13 ey tn)s;li(tl, ey tn)

.n)
m

n
Il =

EE

= i Uk(lu +XM/“)S,0‘(}.)(t1’ e tn)s/’i+xM(tl, LR tn)' (3'5)
I

n
(™
=

n
m

Ez

Multiplying (3.5) by WX(x, k; t;,...,t,) and then integrating using (J), we obtain

1 1
f j eml(ty, ooy t)Shaf(tes - - o E)SK(E L, - o, L)W, ks 4y, ..., t)dEy - d,
1) 0

= UHO() + xar /(N3 0(A) + ags 1)

In
Il

X

y UM+ xaa /I 50x; 0R), 1+ Xng)- (3.6)

n

(N

[

=

5N,
m

=

We now show that (3.6) holds when we use the product integration formula
Theorem 2 (J) for J¥(x; A, ). Substituting (J) into (3.6) and dividing by n!(I'(k))"
gives

UMOM) + 1 /O(D) /(O + 2a0) S (12)

M<([1,n]
|IM|=m

I

n n 1

I1 11

1 ot ok @n—i— D+ 6+ s+ i€ M),

= UK+ 20/ ) Fu O £+ xa)

1
i=1 j=1 (x+@2n—i— jk+0(A);+ p;+ x(je M),

(3.7

Multiply both sides of (3.7) by

: :1 (e 2n—i— k+ 0@+ p;+ Dy . (338)

13

1
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We obtain

Mczu ] UMO(A) + xp/0(2)) F;KO(2) + xa0) (1)
M| =m

T 1

i =1 O+ @n—i— j)k+ () + p; + k(i e M)

= UM+ 1 /1) SO S (1 + 100)

n n 1
,Dl =1 (x+(2n—1—])k+0(l),+,uj+kx(]eM)) (39)

Using (2.10) and (2.11), we divide (3.9) by QX(0(4))Q%(u). This gives

[1 (G —k+06(2);+kx(ie M)~ 6(3),
METLa 1<i<)j<n

—kx(je MN(j—ik+ p;— p;)

T —

i=1 j=1 (X+2n—i— jk+0(A);+ p;+ ky(i e M))

= wim [T (G = Dk+00)— 0N — ik + 1,
MZI:':‘! 1<i<j<n

+ky(ie M)— pu;—kx(je M))

T !

i=1 j=1 (x+2n—i— jk+0(A);+ p;+kx(je M)’

(3.10)

Observe that (3.10) and hence (3.6) is homogeneous in k and x as well as 0(4);,
I<i<nand y;, 1<j<n
Let us set

0 = (n—i)k+0(4);, 1<i<n,

= (n—ik+ u;, 1<i<gn (3.11)
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Recognizing the Vandermonde determinants, we see that (3.10) becomes

Y AW +ky(1eM),..., 00 +kxine M)A, ..., )

1T !

i=1 j=1 (x+ 0 + s+ kx(ie M))
= A0, - ., ODAL +hkx(Le M), ..., s+ ky(ne M))

M<([1,n]
IM|=m
Sibil 1 (3.12)
11 e 0+ i+ k(e M) '
Let us set
X; =X+ 0(1)1" Vi = ll’:, 1 <isn (3.13)

Observe that since the Vandermonde determinant is unchanged if all of its
arguments are shifted by the same amount, we may just as easily incorporate the
parameter x into the y;, 1 <i < n. Using the substitutions x; — x;+ky(ie M),
1<i<nandy;>y;+kx(jeM), 1 <j< n,for the left and right sides of (3.12),
respectively, we have

Y Ay tkx(1eM),..., x,+kx(ne M)A, (- -, Ya)
M<S([1,n]
[M|=m

1T !

i1 j=1 (x;+y;+ky(ie M))

= ,,(xl,...,x,,)A,,(y1+kx(leM),...,y,,+k)((neM))

1
x+y,+kx(]eM))

Observe that (3.14) is homogeneous in k as well as x;, 1 <i<n, and y;,
1<j<n

The k = 1 case of the product integration formula Theorem 2 (J) was proved
by Hua [Hul]. Thus (3.6) and hence (3.14) holds for k=1. Since it is

homogeneous in k as well as x;, 1 <i<n, and y;, 1 <j < n, we see that (3.14)
holds for all k > 0. Hence (3.6) holds for all k > 0 when we use the formula (J) for
Ta(x; 4, ).

We pause to show that (3.14) and hence (3.6) also follows by the Cauchy
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identity (C). Using (C), we see that (3.14) becomes

L |
(xi+ y;+ k(i€ M))|uxn

det l
M<S[1,n] l
IM|=m

! |
= det | - . 3.15
A|II§|Z[1,"] |(xi+Yj+kX(JeM))nxn ( :

=m

Expanding the determinants in (3.15), we obtain

n 1
sgn(n -
ML n;n en( )il=_[1 (i + Yuy +kx(ie M))
n 1
_ sgn(m : . (3.16)
PN L e O )
| M =m
This follows directly using the bijection

M = (M) = {n(i)|ie M} 3.17)

and, since it is equivalent to (3.14), we obtain (3.6).
By (2.14) and (2.15), we see that the term J¥(x; 4, u) occurs on the left side of
(3.6) when M = [1, m]. Solving for this term, we obtain

JHx; A, ) = Z{:l ] U+ xar /)T (x5 6(A), 1+ Xar)

|M|=m

— X UXOA) + /O x5 0(A) + xaas 1)- (3.18)

Since all of the partitions which occur as a first argument of J¥(x; -, ) in the terms
on the right side of (3.18) have fewer cells in column 4,, our induction is complete
and the product integration formula Theorem 2 (J) is established.

4. Proofs of the constant term identity Theorem 5 (K) and the constant term
orthogonality Theorem 6 (O’)

In this section, we formulate the product integration formula Theorem 2 (J) as
the constant term identity Theorem 5 (K). Using the homogeneity of s%(¢), we
prove the constant term orthogonality Theorem 6 (O’), including the evaluation
of the normalization factor g¥(A).
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By (1.14), the parameter a is subsumed in the constant term identity (K) by 4
and also by . Thus in order to prove Theorem 5 (K), we need only prove the
a =0 case of (K). This is given by

1 1\ 1\¢-1
A0 = [t 5 (~—) 1(i-1)
t, t,/) i=1 L
AN £\
BIRCICH
(k—1)!
_ k 14 =1ul
DR T G,

1
1<il:[jsn (I —k+(—Dk+ 24— pu((J — DK+ pi— Ak ’
IA<n l(w<n 4.1)

We assume throughout this section that I(1) < n, I(x) < n. Let us set
SK(trse oo t)Sh(Eys - L)AL, s 1) = Y k(A ;o) TT 5, 4.2)
0 20 i=1
where by homogeneity the sum on the right side of (4.2) is also restricted to

Y o = Al + |l + 2k (;) @3)
i=1

Substituting (4.2) into the product integration formula Theorem 2 (J), we can
carry out each integral separately. We obtain

1 1
FocsAw=| | sty o t)skty, . LW, Kty t) dEg-o-dty,
0 0 #

I(x+ )T (k
- z>c"w,>ﬂr—i"i+)+i,—3

(4.4)

— n k
- (r(k)) anzo,;,a" (/1 ”, a) l_[ ( +al)k

Equating this with (J) and dividing by (I'(k))", we have

Fuxhw= Y (4, p; ) H

a120,...,0 20 (x+al)k
" n n 1
= R AL® ,-D D (x+Q@n—i— jk+4+u) *3)
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Observe by (4.3) that the sum in (4.5) is a finite sum. Thus (4.5) is valid for all x
since both sides are rational functions in x. We can convert (4.5) into a
polynomial identity if we wish.

We are going to require the closely related function

R(x; Ay p) = )y A, p; ) ﬂ . (4.6)
@120,...,2,20 1(x _“x)k
The identity for reversing a finite product is
(@y=a--(a+N-1)
=(—D¥—a)---(—a—N+1)
=(—-1)"1—N-a)y, N=0. 4.7
By (4.7), we have ’
1 1
—— = (= <ign :
Ga ) Umk—xta, SIS “8)
Hence (4.5) gives
1
RE(x; A, ) = (— 1™ k4, p; -
( #=(=1 m?O,;,aHB o 11:9) n —k—x+ay)
=(—=)*F (1 —k—x; 4, p)
n n 1
=(—1)"n! f}¥4
(= 1y /i fG 11 B —k—x+@n—i— k+ A+ m)
4.9
By (4.7), we have
1
(AI—k—x+Q2n—i— jk+A;+ pu)
k 1
=(-1) (4.10)

(x—(@2n— i_j)k_)‘i_ﬂj)k .
Observe that

(_ l)nk(_ l)nZk — (_ 1)(n2+n)k — (_ 1)n(n+ Dk _ 1, (411)
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since either n or n+ 1 must be even. Thus we see that (4.9) becomes

n n 1
R (x; A, p) = n! fXA) [k — . 4.12
( w AW .-1=_[1 le = @n—i— Dk Z— i) (4.12)
Set
A= —Ipi-n 1<i<n (4.13)

By (1.4), we see that we may define s(¢,, . . ., t,) even when some of the parts of 1
are negative provided that the parts are in nonincreasing order. Kadell [Ka4]

has shown that

s';(l .‘,l>=s;(t1,...,t,,). (4.14)

t 7,

Observe that

t.\k t.\k —1\*
INGHIEHE ()
1<i<jsn L t; 1<i<js<n \ Lt

=(—1)t® 1“[1 7T DAk L), (4.15)

By (4.2), (4.14) and (4.15), we have

1 1) & 1\¢- 1 £\ £ \k
Kty ont)si | — o — 1—— 1— 4 _l
sl S (tl tn> v]=_[1( ti) 1$il:[j$n< tj> < ti>

i X n 1 (k—1) k)
= S).(tla--wtn)sﬁ(tl,-”,tn) l-_ll l_t_ (_1) 2

n
DA, )

- n 1 (k—1)
=109 ¥ Ao ]l t?"“”‘“"<1—t—> SNCAT

Substituting (4.16) into (4.1) and extracting the constant term, we have

n (k—1)
HNO; A= (=D ¥ A psa) [] [ (1_ ;) .
20 =0 i=1

i

@.17)
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Let A be an integer. We have

. Nt (k=1
o (1) ()

(k—1)!

=V -

(4.18)

Observe by the standard convention

(_ln)' =0 ifn>0 (4.19)

that the constant term (4.18) is 0 if A <0 or A > k—1. We assume that
0 < A < k—1. This gives

(—A), = (—=D*D), = (14l (4.20)

Observe that

lime (k=11 _ lime (k= 1t
s-0 (6— A 0 (e—A)e(l+e)—1-4
_ (k—1)
T (= A) (k—1—A)
_ (k—1)!
=(-1" m 4.21)
Comparing (4.18) and (4.21), we have
L\emt o (k—1)!
[1]s4 (1 — ;) = 11_13(1) s(s——A)k' 4.22)

Since the right side of (4.22)is 0if A < 0 or A > k— 1, we see that (4.22) holds for
all integers A.
Using (4.22) to extract the constant term in (4.17), we have

{0301 = (— 1) o) [ tim s (=D
G Au=(=1 L >oc,‘"(l’”’a)il:[1 }E;E(ﬁﬂn—l)k—oci)k

a120,..., an =

= (— D)(k—1))" 1in(1) "R(e+(n—1k; A, fi). (4.23)
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Using the rational function identity (4.12), we obtain

H 05 4, p) = n! fEA S @(— DO (k— 1)y
1

1T 424
e_>o l=_[ U (e+(m—Dk—Q2n—i—jk—A;— ) (4-24)
We now reconcile (4.24) with the formula (4.1) for 7%0; 4, p).
Using the substitution i > n+1—j, j > n+1—i, we have
Y@= T1 G —dk+u—)
1<i<j<n
=, [I @+1=) =+ 1= Dkt Ry =1 -
<i<j<n
= ) H (G — Dk + p; — )
Si<j<n
= fa(p). (4.25)
Observe that under the substitution j - n+1— j, we have
e+(m—1Dk—Q2n—i— jk—4—fi;
—et(m—Dk—Q2n—i—(n+1—jDk—Ai—flys1—;
=e—(j—Dk—A+p, 1<i<nl<j<n (4.26)
Thus (4.24) becomes
HNO; 4, 1) = nlfEA) KN — 1Dk — 1)ty
n n 1
*lim & 4.27
600 1:[ l:[ (e—(—ik— ﬂ.+u,)k “4.27)
Let us investigate when 27%(0; 4, u) is 0. Observe that
(= +D—dk—Ai+pjs)+k
<e—(—dk—A+p;, 1<i<nl<j<n—L (4.28)
Thus for a fixed i, 1 <i < n, when we consider
n 1
H 4.29)

(e—(—k—2;+p)
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as a function of ¢, it has only simple poles. If it has a pole at ¢ =0, then there
exists a unique j(i), 1 < j(i) < n, such that

1
=GO~ Dk— 2+ fxoe @30
has a pole at ¢ = 0. This requires that
1-k < —(j—i)k— A+ pje < 0. (4.31)
Multiplying by —1 and reading the inequality from right to left gives
0<(j)—ik+A—pjp <k—1. (4.32)

We observe from the factor " on the right side of (4.27) that %0; 4, p) is 0
unless for each i, 1 < i < n, the function (4.29) has a simple pole at ¢ = 0. Thus
for each i, 1 < i < n, there exists a unique j(i), 1 < j(i) < n, which satisfies (4.32).

Replacing i by i + 1 in (4.31) gives

1—k< —(E+D)—=0+1))k—Aip 1 +lje+1 <0, 0<i<n—1. (4.33)
Adding (4.32) and (4.33) together gives

1—k<(j(i)—j(i+l)+1)k+).i—li+1+,uj(,'+1)_ﬂj(i)<k—1, 1 Slén—l.

(4.34)
Since A is a partition, we have 4;—4;,; =0, 1 <i<n—1. Hence
GO—=JjE+D)+Dk+pjiry— i <k—1, 1<i<n—1 4.35)
Observe that
Jj@ = j(i+1) implies (j()— j(i+ 1)+ Dk+ pj+1)— iy = k. (4.36)

Since this contradicts (4.35), we have j(i) <j(i+1), 1 <i<n—1. Thus j@i)=i,
1 <i < n, and (4.32) becomes

0<l—pu<k—1, 1<i<n @.37)

We have that #7%(0; A, ) is 0 unless (4.37) holds. Assume that this is the case.
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Then we have

n n 1
D*O(k—1))" lim &
0= e I 1L = G——2 v,
. k_l' n n 1
=171 1k® 4.38
e O L comw—rmme %
Putting A = A;,—y; in (4.21), we have
ey - (k1) .
7 (= <i<n. .
p R s sk A e sy TR
Hence
. (k1) (k—1)
A 1A~ lel 4.40
11 tim e S = I et (440

Using the substitution i« j and the identity (4.7) for reversing a finite
product, we have

n n 1
)
(=D ““ —G— kit

H (=1F
<i<jsn (== Dk— A+ ph(— G — Pk — 2+ po

1
_ , 44
B0 O v vy e s Par— 44D

Substituting (4.40) and (4.41) into (4.38), we have

n n 1
k(1 — "
(k—1)!
- 1Al = lul
SR oy ey
1 4.42)

1<i1:[j<n (I—k+(@j _i)k+)‘i_”j)k((j _i)k+:ui_’1j)k '

Since the first factor on the right side of (4.42) is 0 if (4.37) does not hold, we see
that (4.42) holds for all partitions 4 and u. Substituting (4.42) into (4.27) gives the
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formula (4.1) for o%0; A, u). This completes the proof of the constant term
identity Theorem 5 (K).

We have that s(t,,...,t,) is homogeneous of total degree |A|. Similarly,

sk(1/ty,...,1/t,) is homogeneous of total degree  —|ul. Since
I <icjen(l—t;/t )1 — j/t,.)" is homogeneous of total degree 0, we have

e 1 t\* t;\ .
(104, ..o t)se [ —, s — IT (1==) (1=2) =0 if |l # ul
t, t,) 1<i<j<n t; t;

(4.43)

Let us assume that |A| = |u|. Then we have

1 1 t.\k t.\k
Kty .. t)s | —,...,— 1—4) (123
[l]s).( 1 n) (] (tl tn> 1$il:[j€n ( tj) < t,‘)
1 1 n 1 k-1 t. k t. k
Y (——) I (1__) 1 (1__'> (1__,>
t t,) i=1 L 1<i<j<n L Li

= A50; 4, p). (4.44)

We have already seen that this is 0 unless (4.37) holds. We require only the
weaker condition

0<l—p, 1<i<n (4.45)

Since |4| = |y, this gives A = u. Thus we have

[1]s';(t1,...,r,,)s;;(tl,...,l) I (1_5)"(1—%)":0 if A#pu. (4.46)
1

t,) 1<i<jsn L i

This gives the constant term orthogonality (O’). We may evaluate the normali-
zation factor g¥(4) by setting u = 4 in (4.44). We obtain

1 1 t; t\k
mgh(h) = [1154(ts ., )54 (——) 1 (1——) (1-—1)
151 t,) 1<i<js<n t; t;

= A10; 4, 4)

1
_ k, 2
ALY U S e ey oy g e ey

—nt A 4.47)

AN
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in agreement with the formula (1.15) for g&(4). This completes the proof of the
constant term orthogonality Theorem 6 (O’).

5. A proof of the expansion Theorem 8 (G)

In this section, we use the constant term orthogonality (O’) and the constant
term identity (K) to obtain the expansion Theorem 8 (G). The orthogonality (O’)
mediates between (G) and (K) just as it mediates between (H) and (A).
Since it is a symmetric function, we may expand sk()IT;> (1 —¢,)* ! in terms of
the Selberg-Jack symmetric functions {s%(t)}. Let G*(4, p) denote the coefficient.
We may use the constant term orthogonality (O’) to compute the coefficient
G*(4, p). Using n variables in the expansion (G) where I(u) < n, we have

sfl(tl’ n) 1_[ (l_t)k = z Gk(l )sk(tls . atn)’ l(”) < (51)
l(l)<n

Multiply (5.1) by sk(1/ty,..., 1/t,) times the weight function

I <i<j<a(1 _ti/tj)k(l - j/ti)k

of the orthogonality (O’). By (O’), we may compute the coefficient G¥(4, u) by
extracting the constant term. Thus we have

1 1\ =
Gk(l,l»l) n k(/l) [l]sk(tb e tn)s’)‘. <E5 e ,E> il=_[1 (1 _ti)k_1

t;\* ti\*
=7 (1) sl <n (52)

Since the constant term is unchanged by the substitution t;— 1/t;, 1 <i<n, we
may use the constant term identity (K) to extract the required constant term. We
obtain

1
GH(A, 1) = ”‘('1) [11sk(ty, . .., s (tl tl)

t. k Nk
1<i<jsn t; t;

1

D N0 A ), 1A <n l(w) < n (5.3)
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By (1.3), (1.15) and (1.16), we have

1 1 (1 —k+(— ik + 4 — A
- = , A <n 54
R I | iy pur v pay <o 64

Substituting (1.3) into (4.1) gives
T (k—1)
H0; A, ) = n)(— 1)1~ lul
A0 4 p)=nl(=1) ilz_ll (k= 1+ p;— AUA — py)!

. (G =Dk + 24— Ah(( — Dk +pi— pik
1<i<j<n (L=k+(j —Dk+ 24— p)((j — Dk + pi— 4k ’

A <nlw<n  (59)

Substituting (5.4) and (5.5) into (5.3) gives the formula Theorem 8 (1.30) for
G*(4, u). This completes the proof of the expansion Theorem 8 (G).

By (1.14) and (5.3), we see that if we know two of the three quantities
A a; A, w), GX(A, u) and g¥(2), then we can evaluate the third. Thus (O’) mediates
between (G) and (K) just as it mediates between (H) and (A).

6. Alternative proofs of the constant term identity Theorem 5 (K) and the
expansion Theorem 8 (G)

In this section, we outline alternative proofs of the constant term identity
Theorem 5 (K) and the expansion Theorem 8 (G). We show that the argument
used to prove the product integration formula Theorem 2 (J) in Section 3 can
also be used to prove (K) and (G) and that the identities which arise for (K) and
(G) are both equivalent to the identity which arises for (J), which may be
formulated as a homogeneous rational function identity.

Observe by Aomoto’s theorem [Aol] (1.5) that the 4 =(1™) case of (4.14) is

e,,,<1 ..,l)= I'lll%e,,_m(tl,...,t,,). 6.1)

e, i

This plays a key role in Macdonald’s elegant evaluation [Ma2, Chap. VI] of the
normalization factor g¥%/) of the constant term orthogonality (O’). It is
important to note that (4.14) and (1.4) are implicit in the orthogonality (O’). The
following result is also implicit in (4.14).

U G+ xp1y— i1/ %) = U+ xae/ ) (6.2)
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where
M = {n+1—ilieM}, Mc<[L,n] (6.3)

In [Ka4], we verified (6.2) and used it to obtain (4.14).

For the constant term identity Theorem 5 (K), we may assume that a = 0 since
by (1.14) the parameter a is subsumed by A and also by u. By (6.1), we may
proceed by induction on A or on u. We proceed by a double induction on the
number g, of columns of y and on the number cl(u) = y,,, of cells (i, u,) in the last
column of u. We begin the induction by observing that for u = (0), the expansion
(K) reduces to the b = k—1 case of (A). Assume that [(1) < n. We have

H%(0; 4, (0)) = CS}O, k—1; A). (6.4)

We let [(1) < n and we may assume that g, > 0. We set m = cl(u) > 0 and let
0(p) be the partition obtained by deleting the last column of u. Replacing 4 by u
in (2.14) and (2.15), we have

1= 601+ X11,m (6.5)
and
U(w/6(u) = 1. (6.6)

Using the n variables (1/¢,,..., 1/t,) in the (U) property, we have

1 1 1 1
==, ..., =
om <t1, ’t,,) o0 (tl t,,)

1 1
= z Uk(e(”') + XM/G(I"))S’(;(;;)+1M <_ PR _> . (6'7)
METm ty tn

Multiplying (6.7) by s%(ty,...,t )T (1—1/t)*"* times the weight function
I, <icj<n(1—1:/2)f(1 —t;/t)* of the orthogonality (O’) and using (K) to extract
the constant term, we obtain

11 1 1) LA
— e - .o i . e - 1_ "
[1len <t1 ’ ’t,,) s bl <t1 ’ ,tn> l=_[1< ti>
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1—2

) (

k
I b
1<i<j<n t;

U(0(1) + xae /0D 11552,

M<([1,n]
<’l:[j$n <

IM|=m
531

" ( 1\&-1
H(‘ﬁ 1

(1,

t

-

]

H

Em

Sl

UH(O() + 2 /O(1)H 505 A, 0(1) + xpg)-

35

1
t

1
9. n)slo‘(n)+xM <t PR
1

1l

o

1

(6.8)

Use n variables in the (U) property and replace the index M of summation by

M. By (6.1), we have

1 1
e — Sk, ..t
em<t1 tn> }.(1 n)

no 1
o | IRCECRRRAT RIS
LN |
N l——ll 2 ,/{z[ll ] UK+ Xt/ DS 4O )
i= i =lln
| M =n—m

Setting M =[1, n] —.#, we have |M|

=mand 4 =[1,n] — M. By (1.4), we have

o1
]z—[1 . Sy gt st =55 ,(ty,..., 1) (6.10)
Hence (6.9) becomes
1 1
en (Z’E) sty ...t
= U"(}.+X[1’,,],M//1)s’j,m(tl, ceesly) (6.11)

[1

Multiplying (6.11) by sk, (1/ty, ...,
tion I ;< j<a(1—t:/t)(1—

1/t,) 1T
t;/t)* of the orthogonality (O’) and using (K) to

(1 =1/t)¥~* times the weight func-
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extract the constant term, we obtain

1 1 1 1\ 1\k-1
— e, — A T N 1—-—
[1]e, <t1’ ’t,,) sk(ty, )S6() <t1 t,,) lll( ti)
t:-\k t.\k
. 1—-2 1—--2
1<i1:[i<n( tj) ( t,~>

1 1
= Uk(l"'Xu nl— M/ 1155 P (ST ,t")sﬁ(u, <_""’—)
M<T,n] ty tn

[MI=m
n k- 1) \k \k
i=1 <i<j<n t; t;

2 U"(/1 +X1m-m/ DA 205 A= xar, O()). (6.12)
Noei=m

_4

Equating (6.8) and (6.12) gives

Y. UMO) + xa/0) A N0 A, O(11) + 2a1)

MES(1,n]
IM|=m

=M§1 ]U"(l+x[1.n1—M//1)f 405 A—xar0 O(1)). (6.13)
IM|=m

The homogeneous rational function identity (3.14), which is equivalent to
(3.6), is central to our proof in Section 3 of the product integration formula
Theorem 2 (J). We now show that (6.13) is equivalent to (3.6).

Substituting (4.9) into (4.23) gives

HH0; 4, 1) = (— DOk — 1)) lim &"R5(e+(n—Dk; 4, 1)

e-0

= (= 1) O+ Kk —1))* lim &"F*(1 —e—nk; A, f). (6.14)
e—-0

By (4.4) and (4.5), we have
Tix; 2, w) = (CR)"S5(x; 4, p). (6.15)
Comparing (6.14) and (6.15), we have

HKO; A, p) = (— 1M+ Lim e"J¥(1 —e—nk; A, f). (6.16)
£—0

We require identity expressing #°%(0; 4, p) in terms of J(—&—(n— 1)k; 4, u). To
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obtain this we observe by (4.14) and (1.4) that

S’;.(la'-','l_) Sfl(tla'“,tn) ﬁ (l_ti)k_l
tl t, i=1
B n B 1 1 n 1\,k—1
= (_l)n(k b l—[ t{( lsft(tla'“’tn)s,}‘. <_’*~-9_> H (1__>
i=1 15 L,/ i=1 L

_ 1 1 k-1
=(=1)*"Dst, 1oy, untk— D15+ > )55 (t—”t_> n <1—t—> »

1

I2) <n, l(w) <n (6.17)

Multiply (6.17) by IT, <; < j<a(1—1:/t)"(1 —t;/t,)* and extract the constant term.
Using the fact that the constant term is unchanged by the substitution ¢;— 1/z,,

1 < i< n, we have the symmetry

H30; 4, p) = [1]s5 <Ltl> Sulti -5 t) H (A=g)~!
i=1

tl n

t. \k t.\k
1<i<j<n L L;

_ 1
=(—1)* 1)[1]S{cﬂl+k—l ..... untk-1)E1s -5 LSk <t_> e ’t_>
1

n 1\k—1 t. \k t.\*
00005 0-0)
i=1 L; 1<i<js<n tj t;

= (_1)"(k_1)fﬁ(0; (#1 +k—13' . 's.un+k—1)s )-)a
) <nl(pw<n  (6.18)

Using (6.16), the A = k—1 case of (1.4), and the fact that JYx; A, p) is symmetric
in A and u, we have

Hn(0; 4, ) = (=1 0o50; (g +k—1,..., gy +k—1), )
= (—1)f@+n2k=1) lin; eIl —e—nk; (uy +k—1,..., g +k—1), })
= (= D)MO+rC=D Yim gk —e—(n— 1)k; 2, p),
e—0

A<nlw<n (619

Substituting (6.19) into (6.13) and dividing both sides by (— 16 +n2—1 e
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obtain

> ] UXO(1) + 2 /60(1)) lim & JE(—e—(n—k; 4, 0(1) + 1a)

= 2 UG+xim-u/d) lmé &T(—e—(n—Dk; A—1a0) > O(u)-

M<([1,n]

|M|=m
(6.20)

Observe that
A=) =2+ am, M<[1nl. 6.21)

Replacing 4 by 7 and M by M in (6.2) and using the facts that i =iand M = M,
we have

U A+ Xpim-m/A) = UQ + xw/, M < [1,n]. (6.22)
Hence (6.20) becomes

MCZ“ ] UMO() + 1ar/0(1)) lim T (—e—(n—1)k; 2, 0() + xp)
M| =m o

= Y UQG+xm/d lin(1) e —e—(n—1k; A+ 57, 0(w). (6.23)

Since |[M| = |M| and the parameter x in (3.6) is subsumed by 4 and also by p, it is
easy to see that (6.23) is equivalent to (3.6).

We now return to our alternative proof of the constant term identity Theorem
5 (K). We require that (6.13) holds when we use the constant term identity (K) for
A(0; A, u). We may simply verify (6.19) and (6.22) formally or we may explicitly
massage (6.13) into (3.14) as was done for (3.6). The preceding analysis shows
that this may be done using the substitution

x;=(1 —i)k+1,-, yi=m—ik+0(u);, 1<i<n (6.24)

As in Section 3, we may use the Cauchy identity (C) to establish the
homogeneous rational function identity (3.14). Thus (6.13) holds when we use
the constant term identity (K) for s%(0; 4, u). We may use Hua’s argument
[Hul] in the constant term setting to establish the k=1 case of (K). This
requires the Cauchy identity (C). We again obtain (6.13) since (3.14) is
homogeneous in k as well as x;, I <i<mand y;,, 1 <j<n
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By (6.5) and (6.6), we see that the term #%(0; 4, u) occurs on the left side of
(6.13) when M =[1, m]. Solving for this term, we obtain

H0; A, ) = » Z[ UMA+ x1,.m - /DA 205 A—tar, O(1))

IM|=

- Z UH(O(1) + 1 /0N A (05 2, 0G0+ xnr) (6.25)

,n]
=m
M [1,m

]

Since all of the partitions which occur as a second argument of £%0;-,) in the
terms on the right side of (6.25) have fewer cells in column y,, our induction is
complete and the constant term identity Theorem 5 (K) is established.

For the expansion Theorem 8 (G), we proceed as with (G) by a double
induction on the number p; of columns of u and on the number cl(u) = p,,, of
cells (i, u,) in the last column of u. We begin the induction by observing that for
1 = (0), the expansion (G) reduces to the a =k —1 case of (H). That is

G*(4, (0)) = H¥k—1; J). (6.26)

We let I(u) < n and we may assume that u; > 0. We set m = cl(u) > 0 and let
0(u) be the partition obtained by deleting the last column of u.
Using n variables in the (U) property, we have

em(tl’ EERE] tn)slé(u)(tls e tn)
= UH(O(1) + 2aa /Oty + 13 (15 - - -5 La)- (6.27)

M[]
1M

Multiplying (6.27) by IT?_, (1 —t,)*~! and using the expansion (G), we have
emltys- s to)Shu(is- v osty) ]__[1 (1—t) 1

= U"(O(u) + 13 Oy - 1) TT (=2

Sln
||t:

= UKO(u) + 1 /0) Y, G, 0(1) + Xa)si(t 1 - .-, 1) (6.28)

[ p)
I i) <n

Sln
|| =

Using the expansion (G) first gives

S'(;(u)(tl, ] tn) lj[l (1 _ti)k-. = Z Gk(v’ 0(#))S€(t1, A tn)' (629)

v
I(v)<n
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Multiplying (6.29) by e,(t;,...,t, and using n variables in the (U) property, we
have

em(tla ey tn)sg(u)(tl’ LR} tn) l=_[1 (1 - ti)k_ !

= z Gk(v’ 0(”))em(t1’ KRS ] tn)slv‘(tl, ceey tn)

l(v)VSn
= Z G (v, O(w) MCZH ; U0+ 2 /)85 4 g (B - - -5 L)
(v <n f|=m
We set
A=v+yy, Mc[l,n], (6.31)

where we assume that I(v) < n. We have [(1) < n and we may equate coefficients
in (6.28) and (6.30). We obtain

Y UMOw)+ 1 /OW)G A, 00)+ xa)
MET ]

IM|=m

= wdin UM/ A= xa) G — x> O(p)- (6.32)
1] m

[N

Il

The homogeneous rational function identity (3.14), which is equivalent to
(3.6), is central to our proof in Section 3 of the product integration formula
Theorem 2 (J). We now show that (6.32) is equivalent to (3.6).

Substituting (5.3) into (6.32) and multiplying by n!gk(4) gives

Y ] UMO) + 20 /6(1) A %(0; 4, 8(1) + Xrg)

ME<(1,n
IM|=m
B " gu(%) .
= UA/A =20 77— A n(0; A—xar, O(w). (6.33)
ME<Tin 9n(A— 100
IM|=m
Observe that substituting
k g
UMAi=xm) 57— — = Ul+1um-u/d), M<[Ln], (6.34)

g —2xn)

into (6.33) gives (6.13), which is equivalent to (3.6). We give an elegant argument
due to Macdonald [Ma2, Chap. VI] which establishes (6.34) directly. By (6.1)
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and (1.4), we have

1 1
enlty, - s t)Sh_ (s, 1)S% (t——>

1 tn
1 1 1 1
= tl...t"e,,_m (t—,...,t—> sl)‘.—xu(tl"'ﬂtn)s’;. (t—,...,t—>
1 n 1 n
1 1 1 1
= S,i“"x[l.n]—M(tl’ e ,t,,)e,,Am <t_’ .. ,t—> S’i (t—, . ,t—>. (6.35)
1 n 1 n

Expanding the extreme left and right sides of (6.35) by the (U) property,
multiplying by the weight function TT ¢;<;<,(1—1;/t)(1—1t;/t)* of the or-
thogonality (O’), and using (O’) to extract the constant term, we obtain

UXA/A= 209D = U+ X1 m -/ DInA+ Xum-n), M < [1,1]. (6.36)
By (1.26), we have

A+ xim-s) = Gih—xa), M <= [1,n]. (6.37)

Substituting (6.37) into (6.36) and rearranging gives (6.34). Thus (6.32) is
equivalent to (3.6).
Solving (6.34) for gk(2) gives

UKA/A—xm)

Tt 1) Pk M S L) (638)

ga(A) =

Observe that
gn(0) = CS3(0, 0; (0)). (6.39)

Macdonald [Mad4, Chap. VI] evaluates the normalization factor g¥(1) of the
constant term orthogonality (O’). He proceeds by induction on A starting with
A=(0) (6.39) and uses the |[M| =1 case of (6.38). Observe that we may evaluate
g%(A) by using any nonempty subset M and that the coefficient U*(v/A) is
constrained so that we obtain the same value for g¥(1) for all M # . This
constraint is also implicit in the fact that the (U) property overdetermines the
Selberg-Jack symmetric functions {s%(1)}.

We now return to our alternative proof of the expansion Theorem 8 (G). We
require that (6.32) holds when we use the formula Theorem 8 (1.30) for G¥(4, p).
We may simply verify (5.3) and (6.34) formally or we may explicitly massage
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(6.32) into (3.14) as was done for (3.6). The preceding analysis shows that this
may be done using the substitution (6.24).

As in Section 3, we may use the Cauchy identity (C) to establish the
homogeneous rational function identity (3.14). Thus (6.32) holds when we use
the formula Theorem 8 (1.30) for G*(4, p).

By (6.5) and (6.6), we see that the term G*(4, ) occurs on the left side of (6.32)
when M = [1, m]. Solving for this term, we obtain

Ghw= 3 U HA—xu)G* (A—1n OW)
et

— 2 UMOW)+xm/0mNGH (L, 0()+ xaa)- (6.40)

Since all of the partitions which occur as a second argument of G*(-,-) in the
terms on the right side of (6.40) have fewer cells in column p,, our induction is
complete and the expansion Theorem 8 (G) is established.

Since the constant term identity Theorem 5 (K) and the product integration
formula Theorem 2 (J) both reduce to the rational function identity (4.4), we see
that they are equivalent. Since it follows from (K), let us assume that the constant
term orthogonality (O’) is known including the value of the normalization factor
g%(4). The orthogonality (O’) mediates between the constant term identity (K)
and the expansion (G). Thus (J), (K) and (G) are equivalent. It is not surprising
that the argument used to prove (J) in Section 3 can also be used to prove (K)
and (G) and that the identities (6.13) and (6.32) which arise for (K) and (G),
respectively, are both equivalent to the identity (3.6) which arises for (J), which
may be formulated (3.14) as a homogeneous rational function identity.

The product integration formula (J), the constant term identity (K), and the
expansion (G) are equivalent formulations of the constant term orthogonality
(O). Since the rational function identity (3.14) is homogeneous, the orthogon-
ality (O’) is in some sense independent of k. That is, the orthogonality (O’) is in
some sense the same for all k > 0 as the orthogonality of the Schur functions. As
is well-known (see [Mal, Chap. I]), the Cauchy identity (C) is a formulation of
the orthogonality of the Schur functions. Accordingly, we may use (C) to
establish the homogeneous rational function identity (3.14) which is central to
our proof of (J), (K) and (G).
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