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Abstract. Let g > 2 be an odd number. For each integer x with 0 < x < g and (g, x) = 1, we define x
by xX = 1 (mod q) and 0 < X < g. Let r(q) be the number of integers x with 0 < x < g for which x
and X are of opposite parity. The main purpose of this paper is to give an asymptotic formula for r(q)
for odd numbers g of certain special types.

1. Introduction

For any odd number n > 2 and integer 0 < x < n with (n, x) = 1, we know that
there exists one and only one X with 0 < X < n such that xx = 1 (mod n). Let r(n)
be the number of cases in which x and x are of opposite parity. E.g., for n = 13,
x,x)=(1,1),2,7),(3,9), 4,10), (5,8), (6, 11), (12,12) so r(13) = 6. Forn=pa
prime, D. H. Lehmer [1] asks us to find r(p) or at least to say something
nontrivial about. It is known that r(p) = 2 or 0(mod4) according as p = +1
(mod 4). About this problem, it seems that none can obtain any advance at
present. The main purpose of this paper is to study the asymptotic properties of
r(n) for odd numbers n of certain special types. The constants implied by the O-
symbols and the symbols «, >» used in this paper do not depend on any
parameter, unless otherwise indicated. By using estimates for character sums
and Kloosterman sums, we prove the following two theorems:

THEOREM 1. Let a > 0 be an integer and p an odd prime. Then we have
P =307 (p — 1) + O(p** In®(p%).
THEOREM 2. Let p and q be two distinct odd primes. Then

w(pg) = Hp — g — 1) + O((pg)'"* In*(pq))

We conjecture that for every odd integer n and every & > 0,
r(n) = 3¢(n) + O(n'/>*?)

where ¢(n) is Euler’s function.

*Project supported by the National Natural Science Foundation of China.



308 Z. Wenpeng
2. Several lemmas

To complete the proofs of the theorems, we need several lemmas. First we have:

LEMMA 1. Let q > 2 be an odd number. Then
@—-1)/2 2
na) = —¢(q) - S < ) x(a)>
¢( ) x(-1) 4=1

where the summation is over all odd characters mod q.
Proof. From the definition of r(g) and the orthogonality of characters we get:

1 q—1qg—-1
Wq) = —aZI Z (1 —(=1)7*h

ab=1(q)

=305 T T(-1p
ab l(q)

1
=90~ 2¢(q) ..Z(Z (=D (“)>
—¢(¢1) —m <Z (—1)“X(a)> (1)

where I, ,,0 denotes the summation over all nonprincipal characters mod g.
Now if y(—1) = 1 and y # °, then we have

q-1 (g_1)/2 q—_1)/
Y (1@ ="y 20 -3, x2a-1

(@_1)/2 (q—-1)/
= Y 19— Zl 1q — 2a)
(@—_1)/2 (q—_1)/2

= Y Ra- Y x2a=0 @

a=1 a=1

If (—1)= —1, then we have

q_1)/ @—_1)/2

Y -l ="Y -3 Aa—2a

(q@—_1)/2

@-12
= Z X(2a)+ Z x(2a) =2 ; x(2a) (©)
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By combining (1), (2) and (3) we immediately deduce that

W)= 300 - X (“’i"z e ))2
q9) =5 ¢4 ¥(a
@) w-H=-1\ &
This completes the proof of lemma 1. O

LEMMA 2. Let q > 2. Then for each primitive odd character y mod q we have:

> @ ="2 @ ze)La, p+ o)

a<gq/2

where L(s, x) is the Dirichlet L-function and 1(y) the Gauss sum corresponding to y.
Proof. From G. Polya [2] we know that for any primitive character mod g
and real numbers U and V with U < V we have

S am=t) Y z(h)"(_"U)_.e(_W)+o<1+‘““q>, @

ug<n<Vq O<|h<H 2nih H

27mix

where e(x) = e*™, ©(y) = Z{_, x(a)ela/q).
Taking U = 0 and V = 1/2 in (4), and noticing that y(—1) = —1, we get:

(%) x(h)(1 — e(—h/2)) < qlng )
=24 +o(14+404
1<a3q/2 1a) 2mi o<%‘sﬂ h H
_ Lx) x(hX(1 — cos(nh)) ‘o (1 N qlnq>
Tl 1<h<H h H
_ T(X) () + X(2h—1) )_((Zh):l
i [ wS b wdp 2h—1 W&z 2h

+0(1 + H 'qlng)

i h

i | w<H h<H,

By letting H — oo in the above formula and noticing that

H—-o hs<H
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we immediately deduce:

S ="z, p+ o

1<n<gq/2
This proves lemma 2. O

LEMMA 3. Let m, n, q be integers with q > 1. Then

Sm,m )= Y, exp(mﬁ—w%) « (m, n, )""2q"2d(q),

d(mod q)
d.g9=1

where dd = 1(mod q), d(q) is the divisor function, and (m, n, q) denotes the greatest
common factor of m, n and q.
Proof. (See reference [3]).

LEMMA 4. Let q > 2. Then for any integer b we have

Y A ub)LA(1, 7) < ¢*?d(g)In q.

(-p=-1

Proof. First for any integer r with (r, g) = 1 we have

1
Y =5 ¥ ) - = Dx»)
x(—1)=-1 x
1 1
5 ; - 5 ;, =)

3¢(q), y = 1(modg);

= 1—36(q), y= —1(modg), )
0, otherwise.

Now let y be a real number with y > g2 and put A(y, y) = 22 <n<ydn)x(n) for
x # x°. Then from the well-known Pélya-Vinogradov inequality (See Theorem
13.15 of [4]) we may get

Ay, 0= Y dmm=2 Y Y x(mn)

42 <mn<y m$\/;(q2/m)<"<y/m

- > x(mn) « \/_ Ing (6)
m< yn<\/—
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From (6) and Abel’s summation we can easily deduce that

_ Zz d(n)X(n) +0(g -121p 9 )

If (b, q) > 1 then x(b) = 0 and in this case it is clear that lemma 4 holds. Now we
suppose that (b, q) = 1. It is known that for primitive characters y (mod q) we
have |1(x)| = q*/?, while for nonprimitive characters y (mod q) with y # x° we
have |t(y)| < q'/>. Therefore,

Y [l « g2
1#X
From this inequality, (5), (7) and the definition of Gauss sum, we get:

Y LA, ¥)

x(—1)=-1
q-1q—-1 d
= ;1 ; Zz%l (Al,z_lX(“)X(b)X(C)Z(n)exp<ﬁ%_c)

+0 (q’”2 Ing |t(x)|2>

x#x°

=y d(n) oot ot 5 (abcn)CXp< jl' > +0 (g*?1ng)

n<g2 N a=1c=1 g(-1)=

¢()Z dw) Z f’ < p )+0(‘13/21nq)

n<qz N c(:

)
1 a_lq a+c
~ 300 T I (1)
n(q)

a=1c

abc=

=-¢@q) Y @ (81, bn; q) — S(1, —bm; q)) + O(g**Ing)  (8)

n<gq?

N =

where the definition of S(m,n;q) is as in lemma 3. From the estimate
Y n<nd@m)/n < 1n% N, (8) and lemma 3, we may immediately deduce that

Y. TOr®LA(, 1) < ¢**d(g)n’ q.

w-i=-1

This completes the proof of lemma 4. |
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LEMMA 5. For every integer a > 0 and every odd prime p, we have the recursive
formula

(pa=1)/2 2

> (Z x(2a)>
T —)=~1\ a=1

=12 2

> ( > x(2a)>
i (CH=—1\ =1

Proof. From the properties of characters we know that any non-primitive
odd character y mod p* is a nonprincipal odd character mod p*~!. Thus we have

(px—1)/2 2 (pz—1)/2
) ( > x(2a)> = Y ( % X(2a)>

Tl =D=—1\ a=1 T =D=—1\ =1

+ 0(p**1n*(p%)

(px—-1)/2 2
+ ) ( > x(2a)> ©)
Xper(—1)= 1 1

a=

From the periodicity of y,,_,(n) we deduce that

(p2—1)/2
> ( Z x(2a)>
Trei(D=—1 \ a=1

[(p—1)/2]-1 2
- (ZI)=_1< ¥ S a9+ Y x(za))

k=0 kp*'<a<(k+1)p*~! [(p—1)/21p*" ' <a<p*/2

2
= < x(2a)> (10)
Tpe-a(=1)=—1 \1<a<p*~12

By applying lemmas 2 and 4 and using that for primitive characters mod g we
have |7(x)| = ¢*/* and |L(1, y)| < Ing, we get:

(pz_1)/2 2 (pe—1)/2 2
2 (T8 ) - s (5 )
X pal

I —D=—1 \ a= “h=-1 a=

-y x(4)<@ @ - 1)L, z)+0<1))

Yo —D)=—1

-- 3 W o) - 172201, 9 + 0 ()
Xpal —1)=—

(x)

X —1)=—1

« p*2d(p*)In? (p*) < p**21n’(p%) (11

) — D’L*(1, ¥) + O(p>*2In(p")
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where we have used the identity:

z Xpa l(a) CXp( )

1<a<p®

SES _ b +a
=3 Y Xpa-1(p* ‘b+a)CXP<—
b=0 a=1 pa

pl—l a p— 1 b
= HZI Xpe- (@) exp (E) b;) exp (I—’) =0.

Thus for all nonprimitive odd characters mod p* we have

2(Jc)

2x@) — 1’L*(1, p) =

By combining (9), (10) and (11) we immediately get lemma 5.

3. Proof of the theorems

313

(12)

. In this section, we shall complete the proofs of the theorems. First we prove

theorem 1. Notice that

(p—1)/2 2
> < ) x(2a)>
xp(—1)=-1 a=1

- Y ¢ (@(2—;«2)%(1, x)+0(1)>

p(—1)=-1

_ Z(X) 27201 = 3/2
= > (2x(2) — D*L*(1, x) + O(p*'*In p)

From lemma 5 we easily deduce, by using induction on «, that for a > 1,

(pa—1)/2 2
2 ) «p o)
Apd — )=~

a=1

From this and lemma 1 we get

pe=1)2 2
Y(P)——¢(P)—WZW( > ( ) X(2a)>

D=—1\ a=

= 2600 + 02 1’ (7).
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This completes the proof of theorem 1

O
Now we prove theorem 2. Let p and g be distinct odd prlmes Every

nonprimitive character mod pg can be expressed as either x5y, or x,x
this and lemma 1 we get

9 From
Lé(pq) — 2 ¥ (pa=1)/2 2
y(pq) = 2¢(pq @D _1)__1( a; x(2a)>
=3p—1g-1) 2 Y *<(m§)/z (2a)>2
2 ; (P9 1, (-D=-1\ &1 X
2 Z (p a bz ) ) )2
_—¢(pq) e a; Xp( a)Xq( a)
2 (pa-1)/2 ) ) 2 ;
~ ¢(pq) 1,,(-§=_1( .,;1 Xp(2a)13( a)) 13)

From lemma 2 and lemma 4 we get

(pa-1)2 5
x (—%:-1( ;1 Xp(2a)x (2a)>

(pqa_1)/2 —1y 2
= 2 < L 100 - ; x,(zaq))

—1) 2
s ((xp(2) 1) ; x,,(a))

(p_1)/2 2
~5=-1 Xp(4)(1 - Xp(q))z( ;1 Xp(a)>

2 (Xp) 2
5, 141 — 2,(9)) ( 2 — )L, 7) + 0(1))

« p321n? p.

(14)
Similarly we can deduce that

pq—1)/
Y ( Z x2(2a)xq(2a)> «q*?In%q
Xe(—1)=—1 a=1

(15)
Notice that if y is a character mod pq of the form ypy,, then

(y) = Z xp(@)13 (@) CXP( q)
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pq a P a
= a)exp| — | — aq)exp| —
,,; %p(a) p(pq) ,,; 1,(a9) p<p)
P 4 b p_1 a
=2 L t(aq+ bp)exp )L x,,(aq)eXp<;>

a=1b=1

= (a; xp(ag)exp <g>>(i < )) Xp(@T(x,)

= — x,(@)(x,) (16)

Similarly, if y is of the form x9y,, then

() = Z Xa(@x5(a) exr>< q) = —x,(p)t(x,) (17)

Thus from Lemma 2 and lemma 4 we get

(pq—1)/2 2
s+ (5" xea)

Zpa(—1)=—1 a=1

2
-y (4)[@ @ — 2L x)+0(1)]

Apg(—1)=—1
= 3 - IR D + 0 n(r0)
= 3 eu@- 2B + 00 In(ra)
+ Y eR@-1 ’z(f;;"") LA(1, 7,29

xw(—1)=-1

bY@ 0l g, )

2g(—1)=-1

(x)

—— Y (@@ -1 =LA, D + 0(pg)*? In(pg)

Xpa(—1)=—1

2 b 2
RN RE L (PR DRTR S

xp(—1)=-1

T TG I At <1 - ’_‘«;”)>2 L1, 7,

x(—D=-1

« (pg)*"? In*(py). (18)
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By combining (13), (14), (15), (18), we arrive at
¥pg) = 3(p — g — 1) + O(pg)*/* In*(pg)).

This completes the proof of theorem 2. O
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