COMPOSITIO MATHEMATICA

Y VES LAURENT
Microlocal operators with plurisubharmonic growth

Compositio Mathematica, tome 86, n° 1 (1993), p. 23-67
<http://www.numdam.org/item?id=CM_1993__86_1_23 0>

© Foundation Compositio Mathematica, 1993, tous droits réservés.

L’acces aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique ’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CM_1993__86_1_23_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Compositio Mathematica 86: 23-67, 1993.
© 1993 Kluwer Academic Publishers. Printed in the Netherlands.

Microlocal operators with plurisubharmonic growth

YVES LAURENT

Université de Grenoble I, Institut Fourier, Lab. de Maths, B.P. 74, 38402 St. Martin D’ Heres,
France

Received 26 July 1991; accepted 12 March 1992

Introduction

The works of Malgrange [13], [14] and Ramis [15] have shown that the
classification of the differential equations in the complex plane is closely related
to the growth of their solutions. They used the growth of formal power series but
if we want to study the case of several variables we have to use microlocal
analysis, that is to consider sheaves on the cotangent bundle. In fact the good
object seems to be the sheaf of real holomorphic microfunctions (ﬁﬁx of [16]
and, more precisely, a family of sheaves of the same kind with suitable
growth conditions.

The aim of this paper is to define these “real holomorphic microfunctions with
growth”, prove some cohomological statements and then microlocalize them to
get “2-microlocal operators”.

We made such a construction in a special case in [11] working with formal
microfunctions and obtained a construction of the vanishing cycles of a
holonomic Z-module. In the next paper [12], we will use the microfunctions and
the 2-microlocal operators to construct the irregular vanishing cycles. From
this, we will be able to describe precisely the growth of the solutions and get the
index theorems which generalize the results of Ramis [15] in the one dimen-
sional case.

In [16], ‘6“}, x was defined as a local cohomology group, that is %5, x 1s the
microlocalization of the sheaf Oy of holomorphic functions on the complex
manifold X along the submanifold Y of X. In the same way, Andronikof [1]
defined a tempered microlocalization and, from it, he deduced the sheaf %“}Df( of
real microfunctions with polynomial growth.

We consider here another point of view, which was initiated by Boutet de
Monvel [3]: the sheaf is defined locally by a symbolic calculus and explicit
formulas are given for the action of a coordinate transformation. Aoki used this
method to define some subsheaves of (65,‘ in [2].

Boutet de Monvel worked in little neighborhoods of the real domain and
Aoki in the germs of the sheaf ‘6“}, x- But here we want to define symbols of the
new sheaves on global open sets and, moreover, we need results about the
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vanishing of some cohomology groups to define the sheaves of 2-microlocal
operators. That is why we have to consider growths given by plurisubharmonic
weights. Then the theorems we need are deduced from the well known results of
Hoérmander [5] about the cohomology with bounds of holomorphic functions.

Section 1 of this paper is devoted to some results about cohomology with
bounds on open conic subsets of C".

In the second section, we define the microlocal symbols and show how
coordinate transforms act on them. Then we can define the sheaves of real
holomorphic microfunctions %“}l x(r,8), 1<s<r< 4o, the microlocal
operators and the microdifferential operators. We end the section with cohom-
ological results about these sheaves that are needed in the next section.

In Section 3, we define the 2-microlocal operators as a microlocalization of
the real holomorphic microfunctions. Then we establish a symbolic calculus for
them and prove that they are invariant under quantized canonical
transformations.

Using microlocalization in this definition allows us to consider 2-microlocal
operators in the general case of arbitrary lagrangian manifold where no
symbolic calculus is possible.

0. Some notations

A lot of different sheaves have been introduced in [16], in [10] and some others
will be defined here. This section presents these sheaves and their mutual
connections and fixes some notations:

X: a complex analytic manifold of dimension n.

Y: a complex submanifold of X of codimension d.

T*X: the cotangent bundle to X.

T*X: the cotangent bundle without the zero section: T*X = T*X —X.

P*X ~ T*X/C* the projective cotangent bundle

P*X = T*X/C* ~ P*X U X.

p: T*X - P*X

5: T*X — P*X

T X : the conormal bundle to Y that is the kernel of (T*X)xy Y —» T*Y.

T*X, P¥X, {P/}‘}( , Py, Py are defined from T3*X as the corresponding object from
T*X.

Oy: the sheaf of holomorphic functions on X.

9y the sheaf of differential operators with coefficients in Oy.

(gﬁ x: the sheaf of “real holomorphic microfunctions” it is defined in [16] and [9]
as the microlocalization of ¢y along Y:

} the canonical projections

qg'ﬁx = ug(Oy).
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(Another definition will be given in Section 2.2). It is a sheaf on Ty*X.
(gﬁx =9y 1)A’Y'(g§|x-
ga?ix =H g(@x)-
By the definitions we have: .
Cixlizx = 77 7y (@¥ixlipx) and  Bfix = €ixly = Crxly.
If X is identified to the diagonal of X x X, the space T3 (X x X) is isomorphic to
T*X and thus the sheaf €%y is a sheaf on T*X.
ép§ = (g%){xx ®@XxXQ()?;<";"
where Q¢;" is the sheaf of holomorphic differential forms on X x X which are of
degree 0 in the first copy of X and of maximum degree n in the second.
Ex =%~ V*gx = (gXIXxx ®@X><XQ)?’<";(
D% = E3x = EIx.
2% is the sheaf of differential operators of infinite order.

These sheaves were defined in [16] but &% and &% were denoted respectively
by 2% and 2.

There exists other triples with the same mutual relations as (‘6'5‘ x> €¥ix> Byix):
(1) (‘éy,x, Gy\x> By x): the first sheaf is defined in [1], the two others in [16].
(2) (épX ’ éaX, 9){)

In this paper we will define new triples:

(a) (%5, x(@, 1), €yx(@, 1), Byx(@, 7)) where @ is a plurisubharmonic function

on T¥X and reR, r > 1.

(b) (‘ém(r, s), Gy x(r, s), Byx(r, s)) is a special case of the preceding with
o(x, &)=|¢M".

In each case there exists some &X(*). ..,
%% x is obtained when ¢ = |¢| and r = 1 and ¥%5;{ when r = 0.

Let us now come to the second microlocalization. We denote by A = T3X
and A the diagonal of A x A. Then if & is a sheaf on A x A we can consider its
microlocalization pj(#) Wthh is a sheaf on T*A and then looking at the
canonical map j: T*A — P*A consider § ™19, ui(F).

This has been done in [10] with the sheaves % =%,y xxx and
F =Cyxvxxx(r,s). We got:

é’ez #A((ngmex)@waXQ % and 5 9—1?*&2\»@'

In this paper we want to do the same with %";&YWX x and the sheaves
Exxvix xx(@, 1), we will get:

EXBB(x) = ta (BT xyixxx(¥) ®p ¥ x Bk
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and
B3R x) = 717,830 0(x).

Here (*) means one of the symbols (¢, 1), (7, s) etc. and in fact from these four
types of sheaves we will be interested in &2 (cf. [10]) and in £2® *)(x) for which
we will define a symbolic calculus.

All these definitions remain valid when A = T3*X is replaced by an arbitrary
homogeneous lagrangian submanifold of T*X as it will be seen in Section 3.

1. Cohomology with bounds on conic open sets

Using Hormander’s methods we extend to cohomology with bounds the
classical results on holomorphic functions.

1.1. Holomorphic functions

Let U, be an open subset of C" with coordinates x=(x,...,x,) and I'y be an
open R-conic subset of C*\{0} with coordinates ¢ = (£, ..., &,). (R-conic means
that T, is stable under the action of R¥ on C"\{0}). We denote by 4 the
Lebesgue measure on C"*",

Throughout this section an open subset V of U= U, x I'; will be R-conic if it
is invariant under real positive homotheties in ¢ and we will write V' « V if
V' n {|€|=1} is relatively compact in V.

Let ¢ be a plurisubharmonic function on U. For me R, V conic open subset of
U and feLZ (V) we set:

2 — 2 —Mi__
”f”V,tp,m - JV |f| € (1 +|f|2)m *

Let W(p, V) be the set of the functions f € L2 (V) such that, for every V' = V,
the norm | f |y, is finite for m large enough and let S(¢, V) be the subset of
W(e, V) of functions which are holomorphic on V.

When g belongs to [0,...,n+n'], W®9(p, V) denotes the set of differential
forms of type (0, ) with coefficients in W(¢, V) and W©9(¢, V) is the subset of
the forms u such that due W1+ (g, V).

We denote by &, (), #'9*?(¢) and #">9(¢) the sheaves on U whose sections
on conic open sets V of U are respectively S(¢, V), W©%(¢p, V) and W©9(¢p, V)
(the index U is often omitted).



Microlocal operators with plurisubharmonic growth 27
Theorem 4.4.2 of [5] proves that we have an exact sequence
0> S(g) > W ©Og) > W OD(g) = - L7141 ) 50

and therefore a resolution of #(¢) by soft sheaves (with respect to the conic
topology).

LEMMA 1.1.0. If V is a R-conic open subset of U the following conditions are
equivalent:

(i) V is a domain of holomorphy.
(ii) There exists a continuous plurisubharmonic function  on V which is real
homogeneous of degree 0 in & and such that:

Ve>0, T,.={x, eV & <c}eV.

In this case, we will say that y is a homogeneous exhaustion of V.

Proof. If ¢ satisfies (i) sup(y¥(x, &),|¢|) is an ordinary plurisubharmonic
exhaustion of V which proves (i).

Conversely if V is a domain of holomorphy we define the following function
on VxCr*";

Oy (x, & y, n) = sup{r > O/N7eC, [t| <7, (x+1y, {+ )€V}

It is known that, when V is pseudoconvex, —log d, is plurisubharmonic on
V xC"*" ([4] Theorem 1.7.5).

If B(r)={(v,meC"*"/|(y, m)| <r} then

5V(x’ 6) = inf 5V(x’ 5; Vs ”)

(y,meB(1)

is the euclidean distance to the complementary of V.

’

Now we define, for j=1,...,n":

5{/()6, 6) = ll'lf 6V(x7 é; ,V, rlé})

(v,meB(1)

and

h(x, &) = inf &)(x, &).

<j<sn’

If V is R-conic dy(x, &; y,né;) is real homogeneous of degree 0 in ¢ hence the
same is true for &%(x, &).
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On the other hand, if |£;| < 1 we have:
B(&;1) = {, n&)/(v, ne B1)} = B(1)
hence

1

Iéjl 6V(x9 é)

dy(x, & < o (x, &) <
and if || = 1 we have:

Sy (x, &) < Sh(x, &) < /n' dy(x, &),

Therefore the function y(x, &)= —log 6% (x, £) is a homogeneous exhaustion of
V and is plurisubharmonic because:

‘I/(xa é) = sup sup — log 6V(x, 57 Y, r’é})
1<j<n’ (ymeB(1)

PROPOSITION 1.1.1. Let V be a R-conic open subset of U. If V is a domain of
holomorphy then:

Vk>1, HXV, #(¢)) =0.

Proof. Let Y, be a plurisubharmonic homogeneous exhaustion of V, y be a
convex positive increasing C* function on R and

Y(x, &) = o(x, &) + x(Wolx, &) log(1+[&1%).

As ¥, is homogeneous of degree 0 we have

(K& 0 + <& 02)) xolx, £) =0
and therefore

00y = 30¢ + [00x(¥o)]log(1 +E1%) + x(¥0)0d log(1 +(&%)
which proves that  is plurisubharmonic.

From Theorem 4.4.2 of [5], there exists for each ge L% ,+,(V, ¥) such that
0g =0 a solution ue L% (¥, 1oc) of the equation Ou = g which satisfies:

dA
e v —— < 2e-20d,.
L' P ey J 1
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Now we remark that for each g in W©4* (¢, V), there exists an increasing
convex positive function y such that

J lgl?e”2¥ dA < + oo.
| 4

PROPOSITION 1.1.2. Let V be a R-conic open subset of U, then
Vk=n+n', HYV, #(p)) = 0.

Proof. From the existence of the resolution # ©(¢), it follows that
HXV, #(¢)) = 0 for k> n+n'. When k = n+n’, we can use the proof of Demailly
[4], Prop. 94.1:

We consider a function Y, which is strongly (n+n')-convex on V (i.e. Y, is a
C2-function whose Levi matrix has at least one strictly positive eigenvalue),
homogeneous of degree 0 in ¢ and such that:

Ve>0, T, ={(x, &eV/fo(x, ) <c}= V.

We can now follow the proof of (loc. cit.) using a function

Y(x, &) = o(x, &) + xWolx, &) log(1 +¢I%)

with y convex increasing and positive.

(More generally, this proof gives the Andreotti-Grauert theorem for ¥(¢),
that is: if V is strongly g-complete we have HYV, #(p)) =0 when k > q.)

Let S be a complex analytic manifold and p be the projection Sx U - U. If Q
is a local chart of S the preceding definitions give a sheaf %, y(¢°p) and
glowing these sheaves we get a sheaf %, (@) on S x U. We denote by 0 the
sheaf of holomorphic functions on S.

PROPOSITION 1.1.3. Let S be a compact complex analytic manifold and p be the
projection Sx U — U. We suppose that ¢ is a plurisubharmonic function on U.
Then

Vk =20, R*p,%s«u(0) = Lu(p) @c HXS, ).

(If S is compact, H%(S, 0) is a finite dimensional C-vector space by the Cartan-
Serre theorem.)

Proof. We will show that when V is an open subset of U satisfying the
hypothesis of Proposition 1.1.1, we have:

Vk 20, HYSxV, %5xu(@) =T(V, Lu(0)) @c HS, Us).
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We can calculate HY(S x V, %5 y(@)) by the complex W (¢, S x V) which is
the subcomplex of W (¢, S x V) of the forms whose coefficients are C® in the
variables of S (cf. [5], Th. 4.2.5 and Cor. 4.2.6).

The complex W )(p,Sx V) is equal to the topological tensor product

WO o, V) ® €5, .S).

In the complex %{ .(S), the differential has a close range because its
cohomology groups are finite dimensional over C and in W© (¢, V) the
differential is of close range because all cohomology groups are null except one.

So we can apply the topological Kiinneth theorem and get the result.

COROLLARY 1.1.4. Let (¢,)y50 be an increasing sequence of plurisubharmonic
Junctions on U and let $y(¢,) = lil)n 1+ 5Lu(@,).

(i) If V is a R-conic holomorphy domain in U, then
Vk =2, HYV, %y(¢,) = 0.

(ii) If V is a R-conic open subset of U, then
Vk = n+n'+1, H*V, $y(0y)) = 0.

(iii) IfS is a compact complex analytic manifold and p: S x U — U the projection
we have:

Vk >0, RkP*ny (@) = SLu(0.) ¢ Hk(S, 0Os).

Proof. Let y, be a plurisubharmonic homogeneous exhaustion of V.
We set

Ve={(x, DeVolx, &) <c} and T.={(x, Y)eV/fo(x, &) < c}.
From Proposition 1.1.1, we have
V=0, Ve>0, VYk=1, HYV,, #(p,) =0
and as ', = ()..». V. we have:
Vg=0, Vc>0, Vk=>1, HYT,, #(¢,) =0.

The sets I', are compacts (for the conic topology!), so as inductive limit
commutes with cohomology on compact sets we get:

HYT,, #(¢.)) = lim HT,, #(¢,)) =0 when k > 1.
q
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AsV = Uc> o I'., Mittag-Leffler’s theorem ([17], Proposition 13.23) gives that
if for ¢ > 0, H* (T, #(¢,)) = 0 then

HYV, #(¢,,)) = lim HYT,, #(¢.)) = 0.

So we obtain (i) and the part (ii) is proved in the same way applying
Proposition 1.1.2 to any increasing family of compact subsets of V.

For (iii), we consider a point « in U and fondamental system (")), of
compact holomorphically convex neighborhoods of «. We have:

Rp, L5 xv(Po)e = im HXS X T, s u(00))

c>0
T X
- ‘l:g)r(: l%}n H (S X rc’ eSﬁSXU((pq))
= lim li k
= l_l%n l%)n F(Fc, lVU((Pq)) ®C H (S9 05)
= yU((poo)a ®C Hk(S9 (QS)'
PROPOSITION 1.1.5. Let ¢ be a positive plurisubharmonic function on U.

(i) IfV is an open R-conic subset of U which is a domain of holomorphy then we
have:

k 3 —
Vk>1, H <V, Llr_ny(s¢)> =0.

>0

(i) If V is an open R-conic subset of U, then

Vk >dim U, H* <V, 1(i1_n5”(s<p)> =0.

>0

(ii) If'S is a compact complex analytic manifold and p: S x U — U the projection
then we have:

Vk=>0, R*p, I}Ln nyU(E(o):l‘iI_n Fu(ep) ®c HXS, Os).

>0 >0

If moreover ¢ is of the special form o(x, &)= @(&|) then the same results are still
true for li_n’lpo SL(ep).

Proof. In the proof of Proposition 1.1.1, the function u satisfying ou = g may be
chosen in (ker d)* and then the solution u is unique ([4], Remark 6.4.6).
Therefore if g € L2(V) is in W©4* D(gp, V) for each ¢ > 0 there is a solution u of
du=g in (),>o W e, V). This proves (i) for lim, o #(e) and the parts (ii)
and (iii) are proved in the same way.
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Let us now consider the inductive limit ]ir_r}vo & (ep) and come back to the
proof of Proposition 1.1.1.

If g is a section on ¥ of lim, ., W @4+ D(g0), there exists two functions y, and
x. wWhich are positive convex increasing C*-functions on R such that

f lg*e " *¥di< +
14

where Y(x, &) = x1(¥olx, O)plx, &)+ 12(Yo(x, &) log(l +¢J).

As in the proof of Proposition 1.1.1, ¢ is plurisubharmonic because ¥, is
plurisubharmonic and homogeneous of degree 0 in & while ¢ and log(1 +|¢|?)
depend only on [¢]. By this way we can prove (i) using the proof of Proposition
1.1 and (ii) using the proof of Proposition 1.1.2. The third part of the proposition
for lii)na S (ep) is a special case of Corollary 1.1.4(iii).

1.2. Formal completion

When m e R, we denote by S,,(¢, V) the subset of S(¢, V) of the functions f such
that | flly,m is finite for each conic open set V'« V and by ,(¢p) the
corresponding sheaf.

For &¢>0 the canonical imbedding %,(¢)< %,+.(¢) gives morphisms
HYV, %(@) = HYY, %1 +..(9))-

LEMMA 1.2.1. Let V be a R-conic open subset of U.

(@) If V is a domain of holomorphy, then for all k = 1, all m > k and ¢ > 0, the
morphism HV, %,,(¢)) » HY(V, %, + .(¢)) is zero.
(b) If V is any R-conic subset of U the preceding property is still true if

Proof. We will write %, instead of %,(¢).

Let #,, be the subsheaf of #7(¢) whose sections on an open set V satisfy
11l pm < + oo forall V' @ V, # P be the subsheaf of # ©P(¢) of forms with
coefficients in #/,. Let # P the subsheaf of # (- of the forms u such that
duew %PV and for ¢ > 0 fixed, " the subsheaf of % P of the forms u
such that due # Q07 Y),

We will denote by #°:) the complex

lQ)I

~ 0.0 3 o d 2 ~ ,
0> HLOL GO L 02 . S a@nin) g



Microlocal operators with plurisubharmonic growth 33
and by ¥{%) the complex
E) n
07 0S5y 0l "V(O 22— Vr(no "o tan +9 0.

Let us first remark that the sheaves # %) are soft for the conic topology. In
fact, the C*-functions which are homogeneous of degree 0 in ¢ operate by
multiplication on these sheaves.

Secondly, if V is a conic domain of holomorphy, the complex T'(V, ¥"L-?) is
exactindegree k > 1if m > k. To prove this, we take the function ¥, of the proof
of Proposition 1.1.1 and if x is a convex increasing positive function we consider

Ym(x, &) = @(x, &)+m log(1 +|¢1%)+ x(Wo(x, &)

By [5] Lemma 4.4.1 applied to y,,(x, &) +log(1 +(1+|&]?)) we get that for each
g€ L% 4+1)V; ) such that og =0 there exists ue LY o(V, Y41+, solution of
du=g. Then we conclude as in 1.1.1 choosing y big enough so that
ge L(Zo,q+ oV ¥rm).

This proves that ¥ 7 is a resolution of %, and so, for each conic open subset
¥, the cohomology groups HYV, &,) are equal to the hypercohomology groups
HYY, 727

If o>(n+n)e the canonical map ¥ 7¢ ¥ %) factorize in
VO e, O, ) and therefore we have the same factorization in
hypercohomology:

W, 9700) > B, 7 99) > B, 71950,

As the sheaves # P are soft, the hypercohomology groups of # " are equal
to its cohomology groups HX(V, # ) & HYT(V, #°-")) and the morphism of
these groups into H*(V, ¥"(%;?) factorize through the cohomology of ¥"{%7:

H W, #07) = HYY, #0) > HYY, ¥ 950 — WY, 7 %)

m+a. m+alt

Finally we proved that HXV,%,)— H%V,%,., factorize in HXV, %,)—
HWV, v % )—>HY\V,%,+,) and this morphism is zero if HYV,¥ ;)=0
which proves the lemma.

LEMMA 1.2.2. Let S be a compact complex analytic manifold and p: Sx U - U
be the projection. If k = 0, m > k and ¢ > 0 the canonical map

yU,m+e((p) ®CHk(S’ (OS) - Rkp*ys)( U,m+s((P)

is injective and its image contains the image of R*p,, %5« y m(®)-
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Proof. In the commutative square

yu,m(‘P) ®c Hk(S’ Os) 3 RkP* Lsxv.m(®)
i !
Sv(9) ®c¢ Hk(S, Os) > R"p*,% «u(®)

jm is injective and « bijective (Proposition 1.1.3) therefore a,, is injective.

Let V be a R-conic domain of holomorphy in U denote by ¥ &) the
subcomplex of (), , of the forms which are C* in the S-variables. It is a
resolution of %,,.,, so as in the proof of Proposition 1.1.3 we get by the
topological Kiinneth’s theorem:

F(Va ESpm+¢z((p)) ®‘CHk(S’ (OS) = Hk(S X 1/9 V?)S()L;.r)n+£ -
From the preceding proof, the map
HYS XV, S(@)) > HAS X V, L 1+.(9))

is factorized through H*(S x V, ¥" 29N 2 T(V, &y + .(¢)) ®c HXS, Os) and taking
the inductive limit on the neighborhoods of a point « in U we have:

Rkp*ym((p)a - m+e((p)a ®‘CHk(S’ 08) - Rkp*ym+e((p)a

which gives the result.
Let us now assume that there exists on U a holomorphic function u(x, &)
whose real part is equivalent to |£|, i.e.:

Elcl) CZ > Oa V(x9 f)G U’ cllfl < Re(ﬂ(x> é)) < cZIél

(this property is satisfied if U= U, xI', with I'y strictly contained in a half
space).

PROPOSITION 1.2.3. Let ¢ be a plurisubharmonic function on U and let us
define

(p) = lim lim ,(9)/ S (0
meZ peN

(i) If V is a R-conic open subset of U and a domain of holomorphy, then:

Vk =1, HYV,%(p)) =0.
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(ii) If V is a R-conic open subset of U, then
Vk > dimg U, HMV, €(p)) = 0.

(iii) If S is a compact complex analytic manifold and p: S x U— U the projection,
then

Vk >0, Rp,@sxy(9) = Gy(e) @cHXS, ).

Proof. The multiplication by (1+u(x, &)Y gives an isomorphism
F(@) > P n(@), which proves that the results of Lemma 1.2.1 and 1.2.2 are
true for all meR.

Let V be a R-conic domain of holomorphy in U. Lemma 1.2.1 proves that for
k>0, meR and p > 1, there is a commutative diagram

HYY, %5 HYY, Sn/Fn—p) = H 'V, F) =0
l“k lﬁk l}’k
HYV, %) % HXY, Sl S p 1) > H Y, S i) >0
with o, = id and y, = 0 so that the image of f, is equal to the kernel of J, that is
to HY(V, %,,).
For all domains of holomorphy V and k >0, the projective system

HM(V, Sn/Frm— p)p>o satisfy the Mittag-Leffler’s condition and from [17] Propo-
sition 13.3.1, we have:

Vk>1, H* (V, 1%9 y,,,/.?,,,_,,) = l‘ilenH"(V, S Fn_ ).

Moreover, in the above diagram, the maps p, are injective for k > 1, so as o, = id
and y, = 0 the morphism

HY, %) > Gm HY, %,/

is an isomorphism.
Let us denote ¢, = Lan p Im/Sm-p- We have proved that when k > 1 we have:

HYV, %) ~ HY(V, 4,)
and therefore that

VmeR, Vk>1, H%V,4,/%,)=0.
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Now we remark that (3,,,/.56” does not depend on m and is therefore equal to
%/S. We have HM(V, 4/%) =0 when k > 1 and, as the same is true for &, we get

Vk=1, HYV,€)=0.

The second part of the proposition is proved in the same way. To prove the third
part we consider the sheaves

%=1] %u-p and Z=lim¥%,.

p=0 "
It is obvious that &, satisfy the result of Lemma 1.1.4 so that & satisfy:

Rp, Fixy = & ®c HKS, Oy).

Now we remark that we have an exact sequence

~ ~ -~

where the first map is (f,),>0—(f, — fo-1)p>0 and the second
(f,)p>0 (Z£Z5 fi)p>1 Which gives an exact sequence 0> — % — % — 0 and
proves the proposition.

2. Microlocal operators

2.1. Microlocal symbols

Let U, be an open subset of C" and 'y, an open R-conic subset of C". The
coordinates on C" will be y=(y,,...,y,) and on C", &=(&,,...,&,). Let
U=U,xT,.

As in Section 1.1, R-conic means invariant under the positive real homotheties
in ¢ and, for R-conic sets V' « V means relatively compact for the R-conic
topology.

Let reR, r > 1, and let ¢ be a continuous function from U to R such that
limy,, o, o(y, &)/1€|"" = 0 locally uniformly.

DEFINITION 2.1.1. Let V be a R-conic open subset of U.

(i) &+(@, V) is the set of holomorphic functions on V such that
Ve ¥, 3C > 0, ImeR, V(y, e V',

Ifn, Ol < C|§|me¢(y,§).
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(i) & _(r, V) is the set of holomorphic functions on V such that
VW'V, 36 >0,3C >0, Y(y, eV,

IO, O < Ce %M

(i) (@, r, V) =limy e y&Li(o, V)L, V).
We denote by S(¢, r) the sheaf generated by the presheaf Vi— (o, r, V).

(More precisely, the presheaf generates a sheaf on U with the R-conic
topology and &(¢, r) is its preimage on U with the usual topology).

PROPOSITION 2.1.2. If V is a R-conic domain of holomorphy in U and if there
exists a holomorphic function u(x, &) whose real part is equivalent to ||} on V,
then

L, L@, 1) = L(o,r1, V).

(T(V, L(@, r)) is the set of global sections of (¢, r) on V).

Proof. Let &, (@) and &_(r) be respectively the sheaves generated by &, (p, V)
and &_(r, V), let @ (x, &)= —% Re p(x, &).

With the notations of Corollary 1.1.4 we have &_(r) = lim jens F4(0,)-

The functions ¢, are plurisubharmonic, so from the proof of Corollary 1.1.4,
there exists a family (T',),» o of compact subsets of ¥ such that V = | )., and
HY(T,, #_(r)) = 0. Thus we have:

I, #(¢,n) = lim I (T, (g, r)) = im T(T,, L, (@))/T([T., &-(r))
= I(EI_I y+((Pa V’)/y—(ra V,) = y((p, r, V)
VeV

The action of coordinate transformations on &(¢, r) cannot be explicit on the
spaces &(¢, r, V) so we will now introduce a new class of symbols, equivalent to
the preceding one, and which following Boutet de Monvel [3] we will call
“formal symbols”.

DEFINITION 2.1.3. Let V be a R-conic open subset of U.

(@) &.(@,r, V) is the set of the formal series X, 5 ¢ fi(y, &) whose terms are in
&, (@, V) and satisfy:
VV' e V,3meR,34 > 0,3c > 0,3C > 0, V(y, &)e V', |¢| > ¢, Vk = 0,

£, O < CAXK!Y|E|™ k209,

(ii) L-(o,r, V)is the subset of Z,(@,r, V) of the series f = ;54 fi(y, &) such
that S(f) = Zy» 0 gk With g, = Zo<i<x f; is still in L, (@, 1, V).
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(ii)) P, r, V) =limy <y Lo, 1, VY@, 1, V).

The map which associates to an element f of %, (¢, V) the series X5, fi
defined by f, = f and f,=0 if k > 0 sends &, (¢, V) into Z,(p,r, V) and
&_(r, V) into Z_(¢,r, V) hence defines a map from F(o, r, V) to (o, r, V).
LEMMA 2.14.

(i) The map F(o,r,V)—> P(o,r, V) is injective.
(ii) Let y be a continuous function from U to R such that

lim Y(y, /1€ =0 and Yy <o onU.
1] 0

Let fe S (o, V) and Zi50 fre Lo, 1, V) such that (f —Zisofi) € (s, V),
then fe L (Y, V).

This lemma has been proved in [3], Sections 1.13 and 1.14 when r=1. We
may use the same proof when r > 1.

THEOREM 2.1.5. Let U, be a domain of holomorphy in C", I’y a convex open R-
conic subset of C" and V = Uy x T'y. The map ¥(o, r, V)— P(o, r, V) is bijective.

REMARK. This theorem has been proved in [3], Theorem 1.2.3 but only for
small cones I'" (and for r=1).

Proof. By the hypothesis, I is equal to C" or is contained in a half space of C"".

Let us first assume that ' =C" and consider an element X, , fi(y, &) of
Sa((o, r, V') with V'=U,; xC" and U, relatively compact open subset of U,.

As limg, o, 9(y, &)/IE|M" = 0, we have from Definition 2.1.3: VU « U, ImeR,
34>0,3¢>0,Ve>0,3C, >0, Vye Uy, VEeC™, |E| > ¢, Yk = 0

1@, O < C Ak |EIm* el
The Taylor development of the f, functions is

Sy =Y &

aeN"

and Cauchy’s inequalities give: YR > ¢, Vk > 0, Vae N", Yye U/,

|fEW) < CAXK!yR™ el R
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Taking R = [(k+ o] —m) 1] and using Stirling’s formula, we get when k > m:
€

|ﬁ‘¢(y)| < C'A* (__k'__)r <§>r(l¢+|a| —m)
: (k+ Ial ‘m)’ r

that is, with other constants,
YU, « U, Ve >0, 3C, > 0, Yye U}, VaeN", Vk >0,

k+|a 1
IfEW) < C e8! lm-

This proves that the series f(y, &) = Zyso fi(, £) is convergent and satisfies:
YU, « U, Ye > 0, 3C, > 0, ¥(y, §)e U} x C",

1, Ol < C e

So there exists a function ¢,(y, £) such that

Jim 0,0, O/ =0, feFipnV) and =3 fieP(pir V)

From Lemma 2.1.4, it follows that f is an element of (¢, r, V’).

Let us now suppose that I' = {Re &, > 0}. Then if V' = V, there exists some
& > 0 such that V' < {(y, £)e V/Re &, > d|¢]}.

For each u > 0 and a > 0, we set

a( ) Z" “ —tztu—ldt
= e .
WE TG o
The g4(z) functions are holomorphic when Re z > 0 and satisty
1-g2@ Z"f“” a1 g
1) 1—gu(2) = = e kT de
O 1=60 =15 ).

III‘ 1]

T(w) p

iii) [1—g%(z)] < C*e 7l if Re z > §|z| and & < &
"

(i) |ga(2)l <
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(iv) Z( lg“(z)l\j:k;Nt"-‘e-“"z'dt

< 1 —t&|z|tth<N||Z| N- 15 N—-1
1—a l1—a

ifa<1l and Rez> J|z|.

Let .50 fi(3, ) be an element of &, (¢, r, V') with V' = V. We fix V" = V'. By
definition we have: 3ImeR, 34 > 0,Vc > 0,3C > 0, V(y, &)e V", |é]| > C,Vk = 0

Ly, O < CA*T(rk)|gm kP9

therefore the series f(y, &) = Zy 5o fi(y, E)gi(E1) is convergent on V" {|¢] > ¢}
if a< A~ Y and we have:

9= % £0:9)< 3 1A Dllgh(E -1
+ 3 140, Dl

< CL(A/3) Ny [ o702,

This proves that f = 2,5, fi is in P(¢,r, V") and that f is a holomorphic
function on V" " {|¢| > ¢} which satisfy: 3C > 0, V(x, {)e V", |€| > c,

IS, &I < ClEme?.

Let C, and C, such that ¢ < C, < C, and let «({) be a C*-function on C" such
that a(é) = 0 if |& < C, and o(&) = 1 if |¢] > C,.

The function d(xf) = (6a) f has a compact support, thus from Theorem 4.4.2 of
[5], there exists a C®-function g such that dg=2d(af) and |g(y, &) < Ce Reé
on V".

Now, the function af —g is in &, (p, V") and is equal to X5, f; in
'52+((P9 r, V”)'

a

Let us now consider the function ¢,(y, &) = |&|*'". We could define as before the
sets S(¢,,r, V) and F(¢,,r,V) but the map L(o,,r,V)— P(p,,r, V) is not
injective.

Nevertheless, we can define (¢, ,r, V) by replacing the majoration in
Definition 2.1.1(i) by the following: VV’ = ¥, Ve > 0, 3C, >0, Y(y, )e V",

I, &l < C el
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and we define $(¢,”,r, V) as in Definition 2.1.3 replacing the majoration by:
V'« V,34>0,3c>0,¥e>0,3C,>0, Y(y,E)e V', |§| > ¢, Vk = 0,

(> E) < C,AM(k!)|E| % e,
By the same proof as in Theorem 2.1.5 we obtain:

PROPOSITION 2.1.6. If U, is a domain of holomorphy and T an open R-conic
subset of C", if V.= Uy xT then the map & (o, ,r, V)>F (@, ,1, V) is bijective.

2.2. Definition of microlocal operators

Let X be a complex analytic manifold, Y be a submanifold of X and let T*X be
the conormal bundle to Y in X.

As a fiber bundle, T3*X is provided with a canonical action of C hence of R¥.
In the sequel, R-conic will refer to this action.

DEFINITION 2.2.1. Let reR, r > 1, and let U be a R-conic open subset of
TX.
A r-weight on U is a continuous plurisubharmonic function ¢ on U such that
lim, , , , @(tx*)/t'"=0 for te R* uniformly for x* in a compact subset of U.
(The hypothesis “¢ plurisubharmonic” will not be used in Section 2.2).

Let (Q, (X, ..., %y Vi, .-, ) be a local coordinate system of X such that
if Q=QnY we have Q={(x,y)eQ/x=0}. Let (T*Q, (x,y,&,7)) be the
local coordinate system associated to (x,y). We have (T3#X)x,Q=
{(x,y,Em)e T*Q/x=0, n = 0} and thus an isomorphism between (T3*X) x ;, Q
and U, x C" where U, is an open subset of C". This allows us to consider the
sheaf #(p,r) on Un(T3#*X x, Q) and we have now to define the action of a
coordinate transformation on &(¢@,r). From Theorem 2.1.5, it is enough to
define this action on the spaces Plo,r, V).

Let (&Y, x’, ") be another coordinate system, y:Q—{' be the coordinate
transformation and 7:(T* X) x y Q—(T* X) x y Q' the map induced by . In fact y
is given by (x, y) = (x' =x,(x, ¥), ¥ = x2(x, ¥)) with x,(0, )=0 and ¥ is given by
¥, &)=, &) with y'=x,(0,y) and & ="x,(0,y) & Let us define a matrix
M(x, y) by x1(x, y)=M(x, y): x and denote by J(y) the jacobian of y,(0, y).

When V is an open R-conic subset of (T3*X) xy Q ~ Uy x C" and V' its image
under ¥, we define a map y,,: Lo, r, V)= P(o,r, V') by:

221 I f(,)=Zz0 i34 we set x, f(y,{)=Ziz00:(V, &) with
0/, &)=10, ) and

=0
=0

1 /0\(0)\* -

0.0 =0 T o (5 (G o o mte ey
aeN™ ~° <
jel <k
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It is easily verified that y, is well defined from Flo,r, V) to 5;((,0, r, V') and
that if y and x' are two coordinate transforms we have (xx')y = X,X%, Which
proves that y, is an isomorphism.

As the sheaf #(¢,r) is generated by the presheaf Vi— Lo, r, V), the formula
2.2.1 defines an isomorphism y,: L(¢,r) =%~ L (@, 1).

DEFINITION 2.22. LetreR,r > 1, and let ¢ be a r-weight on a R-conic open
subset U of T3*X.

The sheaf ‘6"}|X(<p, r) is the sheaf on U which is defined by the gluing of the
sheaves (¢, r) along the isomorphisms y,,.

If # is the canonical map n: T*X — Y, then %ﬁ x(@, r) is a sheaf of n_‘((OX|y)-
modules.

DEFINITION 2.2.3. Under the preceding hypothesis, we set:

(g“}?|x(¢+, r) = ll_l'.)n %%X(c(pa T)

c>0

(o™, 1 = lim Gy (co, 7).

c>0

In the following text the symbol ¢* in (g"}l x(@*,r) will mean ¢, ¢* or ¢ .

Let us now define the sheaves of microlocal operators.

Let X be a complex analytic manifold. If we identify the diagonal of X x X to
X, the conormal bundle T¥(X x X) is identified to T*X and thus (ﬂﬁ, xxx(@* 1)
is a sheaf on T*X. Now ¢ is a function on an open subset of T*X.

We denote by QQ;") the sheaf of holomorphic differential forms on X x X of
degree O in the first variables and of maximum degree n=dim X in the second.

DEFINITION 2.2.4. The sheaf of microlocal operators of ¢*-type is the sheaf
on T*X defined by:

g§(¢*, r) = %§|x><x(<l’*, r) ®0X><XQ()?;"‘4)¥

(¢* means ¢, @* or ¢7).

Let (Q, (x4, .- ., X,) be a local coordinate system of X, then T*Q~ Q x C". If
Q, is a domain of holomorphy in Q and I, a convex cone in C"\{0}, then the set
of the sections of &%(p,r) on V = Qy x Ty is (o, 1, V).

Let x:(Q, x) = (', x') be a coordinate transform and ¥: T*Q— T*Q' be the
induced isomorphism. The isomorphism y, on ZL(p,r, V) is given by:
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If f =Z%4>0 filx, &) and (x', &) = F(x, §) then , f(x', ) = Zy» 0 gu(x', &) With
@ &)= T ~ () (2) ot T+ Mx, 92)

gl X, = ol 0% aZ k—|a| N > E;—‘

aeN"
el <k

0
x

In this formula M(x, X) is defined by y(x)— x(X)=M(x, X) - (x — X).
When P=X,. o Pi(x, &) and Q =3, ., Qi(x, &) are two formal series of holom-
orphic functions on V = C"x C" we set: P # Q(x, £)=Z; 5 (P # Q) (x, &) with

a a a
P#Ou(x, &)= Y % (a%) P,(x, &) (5;> Q;(x, &). (2.2.2)
e

PROPOSITION 2.2.5. Let ¢, and ¢, be two r-weights on U.
() If PeP(¢y, 1, V) and Qe P(¢,, 1, V) then

P#QeP(¢1+0s51, V).
(@ii) If x is a coordinate transform then
((xP) # (14Q) = X4(P # Q).

These results may be proved by a direct calculation, but it is easier to get them
from the fact that the same formulas are true for the usual microdifferential
operators.

COROLLARY 2.2.6. The operation (P,Q)— P # Q provides &£%(¢™*,r) and
&ER(¢ ™, ) with a structure of sheaves of unitary rings.

The same formulas provide ‘5;'3, x(@™,r) with a structure of £%(¢*, r)-module
and ‘6”}, x(@*, ) with a structure of £%(¢ ~, r-module when ¢ is a r-weight on a
neighborhood of T*X.

Let (ﬁ, x,y) a local coordinate system of X such that Q=0QnY =
{(x,y) e Q/x = 0} and let (TFQ, (v, &) be the corresponding coordinate system of
T*X.

The function @,(x, £)=|¢|** is well defined on T and is a r-weight if r <.
So we may consider the sheaves (65, x(@*,7) on TFQ.

In a coordinate transform the function ¢, is not preserved but if (y, £) and
(v, &) are two coordinate systems, there exist always C; >0 and C, > 0 such
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that C,|&'|'"* < |€|** < C,|¢’|*", hence the sheaves €5 x (@5, 7) and €5 x (s, 7) do
not depend on the local coordinate system.

When r =35, it follows from the preceding section that the sheaf (¢, ,7) is
well defined in a local chart and is generated by the presheaf Vi— L(¢,, 1, V).
Moreover, it is easy to see that the morphisms y, act on the spaces L7, V)
and it follows that we can define a sheaf ‘g;'f, x(@, ,r, V) by gluing the F(p,”,7)
along the y,.

DEFINITION 2.2.7. (i) Let r, sin R such that s > r > 1, the sheaf (gﬁ x(s,r)is the
sheaf which is equal to 5x(¢,", ) in each local chart (y, &) with ¢(y, &)=|¢|*~.
(i) The sheaf ‘€§| x(r) is the sheaf equal to (55| x(@, ,r) in each local chart with

@y, )= ¢
(i) With ¢, being the function 1 on T3*X, we set

(g$|x(°0s r) = (g"ﬁx((l’;, r).

If we fix m in Definition 2.1.1, we get the spaces &%, (¢, V) and, for ¢ =1,
Z+ m(@, V) is the set of holomorphic functions on V such that

YV eV, 3C > 0,V(y, He V', ISy, I < CIEI™

and

In(Pwr 1, V) = lIim &, (@, V) S_(r, V).
VeV
In the same way we can define %,(¢.,, r, V) which is clearly invariant under
the morphisms y,.. From this we can define the sheaves "}l x.m(00, r) and we have

@hix(co, 1) = 11'1;1,1 rix.m(o0, 7).

DEFINITION 2.2.8 The sheaf (ﬁ'ﬁ x(00) is given by
@Hx(e0) = lim €5, (c0)
meZ
with
(€$|X,m(w) = li)n (g}RIX,m(w’ 1)/%;'3”{,11(@5 1)
psm
peZ

DEFINITION 229 Let X be a complex analytic manifold and let r, s be two
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real numbers such that r >s>1 or r = .

R .
Ex(r, s) = ‘fﬁ,xxx(r, 5) ®0Xxxgg);<d)l(m 0

ERr) = ERix xx(1) Oy x WY

gﬁ(r, s) and ﬁg(r) are sheaves of rings on T*X.

For 1 <r < + o0, we will often write %"yﬁ x(r, r) instead of %’ﬁ «(r) and &%(r, r)
instead of £%(r) to unify the statements with the case (r, s), 7 > s but we have to
take care because

Eyx(r, ) =€yx(9,s) whenr>s
and
Ghx(r, 1) = Eix(9;, 7).

PROPOSITION 2.2.10 The sheaf £%(1) may be identified with the sheaf &% of
[16] and &% (oo, 1) with the sheaf &% of [1].

The identity between &5(1) and &% is a consequence of Theorem 2.1.1 of Aoki
[2], and the other case can be proved by the same method.

REMARK. In [2], Aoki has defined some subsheaves of &% which he denotes by
&%(r) and which are equal to the sheaves &%(r, 1) of Definition 2.2.4 here.

On the other hand we defined in [11] a sheaf &% which is denoted here &%(c0),
it is called the sheaf of formal microlocal operators.

2.3. Microdifferential operators

Let X be a complex analytic manifold, Y be a submanifold of X, T3*X be the
conormal bundle to Y in X. We identify Y with the null section of T*X and set
TFX=TFX —Y.

Let P¥X ~ T;*X/C* be the complex projective conormal bundle and
);TzX — P$X be the canonical projection. Moreover we will consider the set
P¥X = Ty* X/C* which is isomorphic/tg the disjointed union of P¥X and Y and
the canonical projection $: T*X — P¥X.

In this section, the function ¢ will be a r-weight (re R, r > 1) which is defined
on a C*-conic open subset U of T3*X. By definition C*-conic is equivalent to

U=9""¢)).
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DEFINITION 2.3.1. The sheaves @y x(¢*,r) and By x(¢*,r) are defined by
Byx(9*, 1) = €5x(@*, )y
(gnx((P*, r) = ?—1?*('55”@*’ r)
By definition we have
Crx(@*, Nlizx =77 7Gx (0%, Dlipx)
and
(gﬂx((P*, Ny = t@nx((l’*, r).

As before @* means ¢*, ¢~ or ¢ and by the same definition we have the
sheaves €y x(r, s) and €y x(r) with 1 < s <r < +o0.

LEMMA 2.3.2 For each k > 1, we have
RY (€5 x(¢*, 1) = 0.

Proof. When T*X is provided with the R-conic topology, 7 is a proper map
P
and thus for each xe P§X, each k > 0 and each sheaf # on T*X we have

R (F), = H*(G ™' (X), Z ly-1(x)-

As 9~ 1(x) is isomorphic to C or to C* = C\{0}, we have R (#)=0if k> 2.
If we take the notations of the proof of Proposition 2.1.2, we have
(é}'ﬂ x(@, )=, (p)/&_(r) and thus an exact sequence:

RY9,(£4(@) > RS (€Fx(0, 7)) Rzi’*(lcly—(r))

0.

From Proposition 1.1.1, we have
H'(71(x), L+ (@)ls-1) = 0

hence R'$,(#+(¢))=0 and R'J, (%% x(@, ))=0. Replacing Proposition 1.1.1 by
Proposition 1.1.5, we get the same result for ‘€"§|X(<p_,r).

At last, as $ ~(x) is compact for the R-conic topology, the cohomology on
%~ !(x) commutes with inductive limits which gives the result for (6",3' x(@*,7).

PROPOSITION 2.3.3. If V; and V, are two open sets in Ty*X with V; not empty,
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V, connected and V; < V,, then the restriction morphism
F(Vla %le((p*a r)) - l_‘(Ill’ (€§|X((p*s r))

is injective.

Proof. The result is known for the sheaf (K'ﬁ x ([16], Chap. III, Th. 2.2.8). By a
ramification, we get the same result for ‘6% x(r) when r > 1 and now we remark
that %”5' x(©*,r) is always a subsheaf of ‘65, x(1).

COROLLARY 2.3.4. Gy x(¢*,7) is a subsheaf of €3x(¢*, 7).
Proof. The morphism %y x(¢*, r)—>(£'$|x((p*, r) is given by the restriction
morphism:

LG GV, Ghx(@*, 1) = TV, €hx(0*, 1)

and it is injective by Proposition 2.3.3.
With the notations of Section 2.1 we have:

PROPOSITION 2.3.5. Let Uy be openinC"and U=UyxC". LetreR,r = 1, ¢
a r-weight on U.
If V is a R-conic open subset of U which is a domain of holomorphy then:

LW, (e, 1) = ’?((P’ r,V)= e?+((p9 r, V)/‘S}—((p, r, V).

Proof. When V = V, x C", this result is a consequence of Theorem 2.1.5, thus
we may suppose that ¥V < U, x C"\{0}.

Let Z,(p,r) and Z_(o, r) the sheaves whose sections on R-conic open sets V
are respectively %, (¢, r, V) and Z_(o,r, V).

From Theorem 2.1.5, #(¢, r) is the quotient sheaf Z, (¢, r)/_(¢,r) and to
prove the proposition we have to show that if ¥ is a domain of holomorphy then

HY(V, (¢, 7)) = 0.

This is proved as Proposition 1.1.1 by Theorem 4.4.2 of [5].
As in the preceding section we consider a local coordinate system (&, (x4, ...,
Xp» V15 - -5 Vu)) Of X such that

Q=QnY={(xyed/x=0} and (TFQ,(y %)

the corresponding coordinate system of T3*X.

Let V be a R-conic domain of holomorphy in T#Q. From Proposition 2.1.2, a
section of %'ﬁ x(@*,r) on V has a symbol in T'(V, #(¢*, 1)) if V is contained in a
half space but from Proposition 2.3.5, it has always a symbol in [(V, #(¢*, )).
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This applies to C*-conic open sets, hence to sections of the sheaf €y x(¢*, r): if
V is an open subset of T;*X whose fibers for y are connected and if V =y~ 'y(V)
then:

LV, @yx(@*, 1) = TV, €% x(0*, 1) = Z(0*, 1, V).

(But a section of @y x(¢*,r) can never have a symbol in some F(¢*,7, V)).
From this, we can define a better symbolic calculus for €y, (0%, r) analogous
to the symbolic calculus of @y x in [16].

THEOREM 2.3.6. Let (Q, (x, y)) be a local coordinate system of X, Q=Y N Qand
(TFQ, (, £)) be the corresponding coordinate system of T¥X.
Let r > 1 and let ¢ be a r-weight on TFQ. We suppose that ¢ satisfy:

(@) VK @ Q, VteR, t > 1, 3n; >0, I, > 0, VyeK, VEeC, || > 1,

oy, t&) < oy0(y, &) and to(y, &) < @y, 238).

(b) VOeR  o(y, €°8) = o(y, ).

For each k>0, we define a function @, on the unit sphere SxQ =

{0, &)e TEQY & = 1} by

= inf R ¥ e?0R9),
@iy, §) = inf R™%e

Let V be a C*-conic open subset of T3Q. The set of sections of €y\x(¢*,r)on V
is isomorphic to the set of formal series .7 fi(y, &) of holomorphic functions on V
such that

(i) For each k in Z, f,(y, &) is homogeneous of degree k in &.
(i) VK €« ¥,3C,>0,3C>0,Yk =0, V(y, ) ek, |é| =1,

s O < CoCrouly; ©).
(iii) VK « ¥,3C,>0,3C >0, Yk <0, V(y, &)eK, |¢]| =1,
/s O < CoC™ (=R

The same result is true for €y x(¢ ~,r) if we replace the condition (i) by:

(iv) VK = ¥, Ve >0, 3C,>0, Yk >0, V(y, Y eK, |& = 1,

1A, Ol < Ceeo(y, ).
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REMARK. If u is a section of Zy|x(¢ *,r) or By x(¢~,r) on an open subset U of
Y, its symbol will be a formal series X, fi(, ) satisfying conditions (i), and (ii)
or (iv).

Proof. We will consider @y x(¢ ", r), the other case would be the same. Let us
denote by g (p*,r, V) the set of the series which are defined on V and satisfy (i),
(i1) and (iii). The presheaf V +— S (¢™*,r, V)is clearly a sheaf, hence the theorem is
local in ¥ and we can suppose that V is a domain of holomorphy.

From Proposition 2.3.5, I'(V, €y x(¢*, 1)) is isomorphic to
Ple*,r, V)= lim limZ.(co,r, V)P (co,r, V).

VeaVe>0

Let Ziez fi(y, &) be in P, r, V), we have:

Z |ﬁc(ys é)l S CO Z Ck|€|k¢k (y’ ‘6_)
k=20 k=20

1]
and
1€ i (y, I%) < (2C) 7k eo02€0 < (2C) "k g2uCo0d)
hence

kZo Ifk(y9 f)l < Co e221Co(r.0) Z 2k < 2C0 e2uCo(y:d).

k=0

The formal series X5, g:(y, &) defined by go(y, & )=Z,50 fi(y, &) and
9, &) = f_(y, &) when k > 1 is thus an element of 9+(C’<p, r,V).

We get a map F from k7 (@*,r,V)to (¢, r, V)and it is easy to see using the
Cauchy inequalities that this map is injective.

To show that this map is surjective, we will first suppose that

V{0, /8 #0},

then using the coordinates (y,&,/¢,,...,&,/&;&;) we can suppose that
V = V, x C* with just one variable &.
Let V; @ Vo and V' = Vi x C*, let f(y, &) = Zi»0 i, &) in Lilco,r, V).
The functions f, have a representation in Laurent series:

L &) =2 fu)é

lez
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and from Definition 2.1.3 and the Cauchy inequalities
Ip>0,34>0,3C>0,VR > 1, Vye V}, | fu(y)| < CA¥Kk!y R ¥ leroR),
As lim o, (v, &)/IE['" =0 we have:
Ve >0,3C, >0, VR > 0, e?*® < C,e*R"”

hence
Ve>0,3C, >0, VR =1, VyeV,, | fu(y) < CC,A*Kk!yR* 'R

and with

R=<’(_k£+_’)>' ifk>1—1 and R=1if0<k< —I we get:

Ve > 0,3C, > 0, Vye Vg, V(k, )eN x Z, k+1> 1,

k! \
< C Ak k+1
ul < €A ((k . m)
ik, NeN X Z, k+1<0,Vye Vs, |ful)l < CAYK!.
The series f{(y) = Z;5 0 fu(y) is therefore convergent and satisfies:

3Co, €, >0, V<0, Vye Vg, I < CoCr (=Dl

1
Vo> 0, 3C, VI>0, ¥ye Vs, 110 < Col

Now we consider the functions

70, 9= l;) f'B)E and  f7(n,0) = l)ZO JaW)E.

We have f1(y,&) =250 fi7 (0,8 and Z,50 £ (3, &) is a formal symbol of
Lo(@*,r, V') hence f(y, &) is in &, (¢, V') (Lemma 2.1.4) that is:

3u>0,3m>0,3C>0,Vye Vg, |f*(y, Ol < cl&|™ e o9

The Cauchy inequalities applied to f* give:
VyeVs, VR > 1, |f{(y)) < CR™ ! groB

hence the inequalities (ii) by definition of ¢,.
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The formal series X;c7 f(y)é' is thus in & (¢*,r, V') and its image by F is the
series X fi(y, &). . R

This proves that F is surjective from (¢, r, V') to L (¢*,r, V') for each
VeV and, as F is injective, from & (@*,r, V) to & (¢*,r, V) when
Ve {& #0}.

In the general case, the problem being local in ¥, we may suppose that V is of
the preceding type or that V contains {£ =0}. In the latter case, we have
V ~ V, x C" and the proof is the same, the f,(y, £)’s being represented in Taylor
series:

fk(,Va 6) = Z ﬁm(y)éa-

aeN"

EXAMPLE 237. When s>1 and ¢y, &) =1, ¢, is the constant
¢y = (ks)"*e** and the Stirling’s formula shows that in Theorem 2.3.6, ¢, may be
replaced by 1/(k!). When ¢(y, £)=1, we cannot apply Theorem 2.3.6 but the
same calculus gives:

PROPOSITION 2.3.8. The set of sections of €yx (r) on V is isomorphic to the
set of formal series Zicz fi(y, &) of holomorphic function on V such that:

(1) For each k in Z, fi(y, &) is homogeneous of degree k in .

(i) Vk > m, fi(y, &) = O.
(iii) VK ¥, 3C, > 0, 3C > 0, Vk < 0, ¥(y, )€K, || =1,

1y, Ol < CoC™ M (=R

When r = oo the condition (iii) has to be removed in Theorem 2.3.6 and in
Proposition 2.3.8.

Let X be a complex analytic manifold and § be the projection
T*X - T*X/C* ~P*X uX. The sheaves of microdifferential operators are
defined by

Ex(0*, 1) =771, E5(0*, 1)
and the sheaves of differential operators by
Dx(9*, 1) = EF(@*, Nlx = Ex(@*, Dix.

We define in the same way the sheaves &x(r, s) for 1 <s<r< + o0.

Theorem 2.3.6 proves that the sheaf & x(r, s) is exactly the sheaf which has been
defined in [10], Section 1.5.

When r =1, we saw that £%(1) is the sheaf &% of [8], [16] (it is denoted by 2%
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in [16]). The sheaf &£x(1) is thus the sheaf &% of microdifferential operators of

infinite order.

The sheaf & (o0, 1) is the sheaf & of ordinary microdifferential operators and
the equality &x=9"'9,5(c0, 1) was proved in [1].

At last let us remark that &y (o0, 1) is the sheaf &, of microdifferential
operators of order m and that &(o0) is the sheaf é x of formal microdifferential

operators.

The symbol of an operator of &x(@*,r) where ¢ satisfies the conditions of
Theorem 2.3.6 is a formal series X7 fi(x, &) of functions on T*X which satisfy
conditions (i), (i), (iii) or (i), (iv), (iii)). The formulas for the product of two
operators and the coordinate transforms are the same as in [16] for &y.

PROPOSITION 2.3.9. Let r, s be such that 1 <s <r < + oo, then
%}Rm(r, 5) = ‘g)}R('E s) ®e, %nx-

This proposition is easily proved using the symbolic calculus. In fact if
Y = {(x, y)€ X/x =0} then it is well known that

%le :gx/éaxxl + -+ épxx" + gXDYl + -+ ngyn
as a &y-module and it is easy to see that the same result is true for ‘g”;ﬂ x(r,s)asa
&X(r, s)-module and Eyx(r,s) as a Ex(r, s)-module.

The same is true for €5 x(r) and in fact if ¢ is a r-weight on T*X in a
neighborhood of Ty*X, if = ¢|7xx then we have:

(g$|x(‘7’a r) = é”§(q), r) ®¢s’x (gnx'
2.4. Canonical transformations

PROPOSITION 2.4.1 (Division theorem). Let (x,..., X,, &;,...,&,) be a local
coordinate system of T*X and let (x4, &,) be a point of T*X with £,=(0,...,0, 1).

Let P be a microdifferential operator of &y defined in a neighborhood of (x,, &)
whose principal symbol satisfies:

0 \J 0 \4
<3_51> o(P)(xo, $0)=0 ifj<q and (E) o(P)(xo, §o) # 0.

There exists a neighborhood V of (x,, &,) such that each section S of &%(p*, 1)
defined on V' = V has a unique representation

S=0QP+R
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with Q and R sections of £%(p*,r) on V', R having a symbol of the form

q—1 .
R(xs 6) = e Rj(x’ 62, sy én)é'll

Proof. It is enough to prove the theorem for &%(p, r), then we get the cases ¢ *
and ¢~ by unicity.

Let f = X5 fi(x, &) be a formal series of holomorphic functions on an open
R-conic convex subset V of C" x (C™\{0}), the formal norm of Boutet de Monvel

[3]is:

N 2(2m) k! (1+|¢|)"+'ﬁ'|/a>a<i>ﬂ
N T)= ,EO koG By o= |\ax) \ag) 9

(2,p)eN" x N"

T2k+|az|+|ﬁ|.

From [3] we have

NQi o (f # g, T) < NO(f, TINGNg, T)

and (o, r, V) is the set of formal series f such that N’ O(f, T) is convergent for
|T| < T, for some Ty > 0.

Now we can prove the proposition following the proof of Theorem 2.2.1, Ch.
IT of [16] with this formal norm.

In the same way it can be proved that Proposition 2.4.1 is still true if we
replace £, par x,. (In this case another proof works as in Kashiwara-Schapira
[8], Lemma 6.2.1))

These division theorems allow us to define quantized canonical transforms
using the usual proof of & and &% (cf. [16], Ch. II or [8]). We obtain:

THEOREM 2.4.2. Let f be a canonical transform from an open set U of T*X to an
open set U’ of T*X' (with X and X' complex manifolds of the same dimension).
Any quantized canonical transformation

F:8xly = [~ (éx v
extends uniquely in an isomorphism of sheaves of rings
F: g¥(¢*’ r)lU _’f_l(g§’((p*’ r)lU')

for each r = 1 and each r-weight .
The proof of Theorem 3.4.1, Ch. II in [16] gives, with the preceding results:

THEOREM 2.4.3. The sheaves of ring @"f (p™*,r) and é’f (¢, r) are faithfully flat
over 8.
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2.5. Cohomological properties

Let X be a complex analytic manifold and Y be a submanifold of X. Let re R,
r =1, and ¢ be a r-weight on an open subset U of T*X.

PROPOSITION 2.5.1. Let V be an open R-conic subset of U which is contained in
some local chart domain (y, £) and where it exists a holomorphic function u whose
real part is equivalent to |E|*". (For example V is contained in some halfspace
Re &, >0).

(i) Vk > dime X, HY(V, %¥x(p, 1)) = 0.
(i)) If V is a domain of holomorphy then

Vk = la Hk(I/’ %u}?|x(¢, r)) =0.

The same results are also true for (gﬁx((p_,r) and when @ is of the form

@y, &) = @olI&|) they are still true for €5x(¢*,7).
Proof. As V is contained in a chart domain, %5‘, x(o, ) is identified to S(o,r)
and we can write as in the proof of Proposition 2.1.2:

L (@, 1) = L (@)lim F (@)

where ¢, (y, £) = —1/q Re u(y, &) is pluriharmonic on V.

The proposition is true for &, (¢) by Proposition 1.1.1 and 1.1.2 and it is still
true for li_l’n 1% (9,) by Corollary 1.1.4 but only for k > dim¢ X in (i) and for k > 1
in (ii).

We conclude using the long exact sequence

= HYY, #,(9) > H{Y, #(9,7) > H*1 (K lim «9’(%)>»-~
q

The results for ‘6"}| x(@*,r) and ‘g”fl x(@~,r) are proved in the same way using
Proposition 1.1.5.
In the same way, Propositions 1.1.3, 1.1.5 and 1.1.6 give

PROPOSITION 2.5.2. Let S be a compact complex analytic manifold and
p:Sx T§*X — T¥ X the projection. Then

k>0, R'p,%E.ysxx(0%1) = €5x(0*, ) ®c HYS, 0.

These results are true, as a special case, for the sheaves %'{ﬁ x(r, s) and %”",ﬁ MG
r< + oo.

The sheaf %§x(o0) is, by definition, the formal completion of €3x(c0, 1), so
from Proposition 1.2.3 we get:
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PROPOSITION 2.5.3. The results of Propositions 2.5.1 and 2.5.2 are still true for
%5,,((00),

PROPOSITION 2.5.4. Let V be an open R-conic subset of Ty*X contained in
some local chart domain and whose fibers for the projection j: T#X - P$X U Y are
contractible.

() Yk > dime X, HYV, €y x(¢*, r)=0.
(if) If moreover y(V) is a holomorphy domain, then

Vk =1, H4Y, €yx(o* 1) =0.
(i) If S is a compact complex analytic manifold
Vk =0, Rkp*%s x Y|S x x(@*, )= (gnx(‘P*, r) ®c Hk(S» Os)

(when o*=¢* we have to assume that ¢(y, &)= (&)

The proof is easily obtained from Lemma 2.3.2 and the corresponding results
for €®.

As we showed in [7] (cf. [10]), if a family of @x-modules satisfies the
Propositions 2.3.3, 2.5.1 and 2.5.2, it satisfies the “Edge of the Wedge” theorem,
that is we have the following result:

THEOREM 2.5.5 (“Edge of the Wedge”). Let X=C"and Y = C" ?x {0} = C".
Let G be a convex closed subset of Ty*X = C"~P? x C? which is R-conic.

Let x be a point of G. Assume that there exists no complex line L such that L N G
is a neighborhood of x in L. Then

Vk#n,  HLF),=0

when & is one of the following sheaves:
(l) (gﬂ}m((l’, r)a (gnx}u(((o_, r)a (gYIX((P’ r)a (gY|x(¢_, r) whenre Ra r= 1 and @ is r-
weight defined on T3#X.

(ii) €Tix(@*,r) and Gyx(@*,r) if moreover o= qq(|E)) where (4, ..., ¢&,) are
the coordinates on CP.
(iii) %ﬁ x(r,5) and Gyx(r, s) for each (r,s) such that 1 <s<r< + 0.

3. The sheaf of 2-microlocal operators

Let X be an analytic manifold and Y a submanifold of X, let T;*X be the
conormal bundle to Y in X.
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If # is a sheaf of C-vector spaces on X, the microlocalization of & along Y is
a complex of sheaves on T3*X which is denoted by uy (&) (more exactly it is an
object in the derived category of sheaves on T*X). We refer to [8], [9] for the
definition of the microlocalization which was first used in [16]. We denote by
1E(F) the kth cohomology group of uy(&). Let us recall that when Y is
identified to the null section of T3*X we have uy(%)|y ~ RT'y(#) and thus
W(F)ly = HY(F).

When Z is the sheaf 00y of holomorphic functions on a complex manifold X,
u4(Oy) (d=codimy Y) is precisely the sheaf % y)x of [16] which is isomorphic to
‘ﬁﬁ x(1) as we stated in Section 2. In the same way:

E%(1) ~ 6% = pmX(Qe 0.
Most properties of %“}ﬂ x and &% in [16] come from the following property:

In [10], we defined the 2-microdifferential operators by substituting &y x(r, s)
to Ox. Here we will use the sheaves €% yix(@*,7) to get a new class of operators.

3.1. Definition of 2-microlocal operators

Let X be a complex analytic manifold, Y be a submanifold of X and A = T*X be
the conormal bundle to Y in X.

From now on, the symbol (65, x(*¥) will mean one of the sheaves that satisfy
Theorem 2.5.5 that is:

(i) (fﬂx((p, ryor ¢ ,x((p ,r) when r is a real number withr > 1 and @ is a r-
weight (Definition 2.2.1) on a R-conic open subset of A.
(ii) ‘6'5, x(@*,r) if @ is a r-weight such that there exists a coordinate system
y, &) of Ty X where ¢ is a function of |&|.
(iii) ‘ﬁ"}l x(r, 5) when r, s are numbers such that 1 < s<r < + 0.

From ‘é“}, x(*¥) will be defined some sheaves for which we will keep the same
notation, for example if we write as in Definition 2.3.1: %y, X(*)=‘€$| x(*)|y, this
means that By x(p, 1) = Eyx(@, Ny,  Byx(r) = €Hx()ly and the same
formula for all cases (i), (ii), (iii) here above.

The diagonal of A x A will be denoted by A and the isomorphism A ~ A gives
an identification T*¥(A x A) ~ T*A.

DEFINITION 3.1.1. The sheaf of 2-microlocal operators on T*A is:

évzz\(R,R)(*) ﬂA(%Y xY|X x X(*» ®(DX x X Q(J?,:)X
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where n=dim X =dim A and Q{7 is the sheaf of holomorphic differential
forms on X x X with degree O in the first variables.

When X is an homogeneous submanifold of A of codimension d in A, we
define:

Baiivix (¥) = HHET x(+)).

It is a sheaf on TZ*A and by definition we have:
glzx(R'R)(*) = (gﬂﬁ/’u})}qx xx (%) ®ox xx Q.

As for the microdifferential operators the basic result is:

PROPOSITION 3.1.2. Let d be the codimension of X in A
Vk#d,  pE(ETx(*) = 0.

Proof. Using Theorem 2.5.5. we can make the same proof as Theorem 1.3.2,
Chap. I of [16].

More generally, let us consider a lagrangian conic submanifold of T*X (here
conic means complex conic).

Let 4 be a simple holonomic left &y-module with support A, its dual
N *=Exty (N, Ey) is a right &y-module and A **=4"* ®, QF ' is a simple
holonomic left &x-module (€2 is the sheaf of holomorphic differential form of
maximum degree on X).

It was proved in [6] and [10], that the simple holonomic &y, y-module
My=N ® A * is independent of the choice of 4" and thus is globally defined
in a neighborhood of the diagonal A of Ax A in T*X x X.

DEFINITION 3.1.3. We set:
ME*) = EFx(+) Ry, M

and we define the sheaf of 2-microlocal operators on T*A of type (*) as:
EXPR() = P (MARH) ®o,, , AWy
When A = T*X we have # , = €y yx~x and the definition is the same as

Definition 2.1.1 (by Proposition 2.3.9).
From now on we will exclude the case (¢, r) in (¥) to get the following:

PROPOSITION 3.1.4. &2®R)(x) is g sheaf of rings.
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The proof of this proposition is the same as the proof of Theorem 2.1.5in [10].
It is based on the isomorphism:
R Hom(,?(*)((ﬁ(*) g, N> EX(¥) ®s, N)
=R Homd’x(‘/‘/, ./V) ®ng5(*) I~ CA-

For @"%R’R)((o, r) we have no ring structure but an external operation:
EXF (@1, 1) x X 1, 1) > E3F B0, + 5, 7).

Let us denote by j, the canonical projection from T*A to
T*A/C* ~ (P*A)LIA.

DEFINITION 3.1.5. We define a sheaf of rings on T*A by:
EXB (1) = 75 Fp 830 Rs)

and we denote by 22®©)(x) the sheaf £3®R(x)|,.

REMARK. By the definition we have:
DEEN %) = HUME) o, , WP

Let A; and A, be two lagrangian conic submanifolds of T*X, and T*X,
respectively and let ¢:T*X,—>T*X, a canonical transformation which
exchanges A; and A,. Let @: T*A, —» T*A, be the map induced by ¢.

Each quantized canonical transformation ®: &, > ¢~ '8y, induces an iso-
morphism . , (¥) = (¢ ® @)~ ' ,(*) and thus isomorphism of sheaves of rings:

: S3HR(x) - 3B (x)
and
@: E3Fx) > I ERT).
3.2. Symbols of 2-microlocal operators

We show in this section that when A is of the special form Ty*X, we can define
symbols for the operators of £2®)(x) to make explicit calculations on these
operators.

The method we use here is the method of [10] that is of [16]. Using Aoki’s
method [2] we could in the same way define a symbolic calculus for the sheaf
EXRB(y),
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Let Y be a submanifold of X and let (x,...,x,,t;,...,t,) a local coordinate
system of X such that Y = {(x,t)e X/t =0}. If (x,t,¢&, 1) is the corresponding
coordinate system of T*X we have

A=TFX ={(x,t, ¢, 1)eT*X/t =0, ¢ = 0}

and we denote by (x, 7, x*, t*) the local coordinate system of T*A associated to
(x, 7).

DEFINITION 3.2.1. Let (r, s) be two real numbers with 1 < s <r < +00. Let
o = (Xg, To, X§, 78) be a point of T*A with 7, # 0.
(i) P2 .(r, s) is the set of formal series
Z uik(x7 T, x*, T*)
k>0
ieZ
such that:

(3.2.1) There exists an open neighborhood V of a in T*A, R-conic in (z, x*) and
C*-conic in (x*, t*), such that for each (i, k) e Z x N, u,, is holomorphic on V and
homogeneous of degree i in (x*, t*).

(322) VK « ¥,3¢ > 0,3C > 0,34 > 0, Ve > 0, 3C, > 0,
V(x, 7, x*, *)e K, VA > 0,

@) Vi=0, Vk >0, lux(x, At, x*, A7 1t%)| < csf—, Akl A ket
(b) Vi<0, k>0, |us(x, 47, x*, A~ '7¥)| < CT{(— il A kIyA e

ii) $2_(r, s) is the subset of £2,(c0,r) of series T y;
s s ©>0 ik

such that the series S(u)=XZuv; given by vy=Xo<,;<x Uy is an element of
P (r,9).

(iii) L20,5) = P2, 9)/F2_(r,9)

(iv) When 1< s=r< 400, #2(r,r) has the same definition except that
(3.2.2) is modified in:

VK e V,Ve>0,3C... (3.23)
(v) When 1 <s <r= 4 o0, we have to replace the function:

e by 1+4).
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(vi) When r = s = + oo, the condition 3.2.2 has to be replaced by:
(3.24) VK < ¥, ImeR, 3C > 0, Ve > 0, 3C, > 0, Vk > 0, 34, > 0,
Y(x, 7, x*, t¥)e K, VA > 0.

(@) Vi >0, ¥k > 0 Juy(x, 72, x* 4710 < €, AL+ A",

(b) Vi<, Vk =0 |uy(x, At, x*, A~ 11%)| < CTH{(—i) A, (1+ )™k

THEOREM 322. Let r,s be such that 1<s<r< +o and Ilet
o = (Xg, T, X&, &) be a point of T*A with 1, # 0.

The set ﬁaz(r, s) is equal to the set of germs of the sheaf &
point o.

2AR0) . ) at the

If Pe £2®©)r, 5),, a symbol of P is an element of #2 ,(r, s) whose image in
P2(r, s) corresponds to P.

THEOREM 3.2.3. Let P and Q be two elements of &3®°)r,s), with respective
symbols

p= Z pik(x: T, x*9 T*) and q= Z qik(x’ T, x*7 T*)'
i€Zk>0 i€eZ,k=>0

Then the product R=PQ of P and Q in the ring &X®°)r,s) has a symbol
r=p # q defined by:

rlu(xa T, X*’ T*)

_ (= l)ml RYEAY * ok AYIRY * ok
_).=i+jz|a|—|ﬁ| “!ﬁ' ax* 61 pik(xa T, X7, T ) ax aT* qkl(X, T,X5 T )'
u=k+1

(3.2.4)

The proof of these two theorems is exactly the same as the proof of Theorem
2.3.1 and 2.3.3 in [10], replacing the symbols of €y by those of %”5, x(r, 9), that is
by the elements of Z(r, s) of Section 2.1.

We have supposed that 7, # 0, because when 7, = 0, we are in the case of 2-
microdifferential operators, that is in the case of [10] as we will see in the next
section.

In fact, the same calculations give symbols for each &2®*)p*, r) with due
modification in the definitions. We can define & 2(¢, r) in the following way:

DEFINITION 324. Let reR, r > 1 and let ¢(x, t, £, 7) be a r-weight on T*X
defined in a neighborhood of A = T#X.
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For ¢ sufficiently small we define:

P, )= sup (% 1,8, 7)
It ==t =

[E4l=---=I&pl=elt|
then £2 (¢, 7) is the set of series
Z U (x, T, x*, %)
=0

2

ieZ
which satisfy (3.2.1) and:
(325 VK= V,3C>0,3¢>0,34>0,Ve > 0,3C, > 0,
Y(x, 7, x*, t*)e K, VA > 0,

(@) Vi=0, Yk =0, luy(x, it, x*, 17 11%)| < Cef—:A"(k!)’l_"e"’e""“).

(b) Vi<0, Yk =0, |luy(x, A, x*, A7 11¥)| < C_".(—i)!A"(k!)’,l"‘e"’C‘x"".
9,2 _(¢p, r) is the set of series u such that S(u)e.?: +(o, 1) and

PHp, 1) = P20, NP (9,7).
Then we can define:

D2+ —_h 22
ya(q) ’r)_ll_r_l;lya(C(pa r)

c>0

and

D2( 0~ — 1 22
eya((p 3r)—1£)nya(cq)’ r)'

c>0

We now have:
THEOREM 3.2.5. The set $2(¢*,1) is equal to &>®©)(p*, s),.

(As before ¢* means ¢*, @, ¢~.)

The formulas of Theorem 3.2.3 give the ring structure of &2®<)(p*,r) and
EX®<Np™, 7).

When « is a point of the null section A of T*A, that is when we consider
sections of D2(r, s) or 2%(¢*,r), Theorems 3.2.2 and 3.2.5 are still true but the
symbols are of the following special type:

The functions p,(x, 7, x*, T*) are equal to 0 when i < 0 and are homogeneous
polynomials of degree i in (x*, *) when i > 0.

Instead of the formal symbols of (6"}% x we could use the “convergent symbols”,
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that is the sets #(¢,r, V), and define “convergent symbols” of £2®=)r, s):

DEFINITION 3.2.6. Let (r,s) be two real numbers with 1 <s<r < + oo and
o = (xq, To» XX, &) be a point of T*A with 75 # 0.

Let V be an open neighborhood of a in T*A, R-conic in (7, x*) and C*-conic
in (x*,7*) and a > 0.

(i) F2.(r,s)a, V) is the set of formal series Z;.z u;(x, 7, x*, 7*) such that for
each i€ Z, u; is a holomorphic function on ¥ n {|7| > a} homogeneous of degree
i in (x*,7*) and such that:

VK @ Vn{r| >a}, 3¢>0,3C>0, 3C >0, V(x,1,x* t*) e K,

@) Vi >0, ux, 7, x*, %) < c,,:'—‘ ectelir,

L

(b) Vi <0, Ju,(x, 7, x*, %) < Ci(—i)l e

(i) L2 _(r,s)a, V) is the subset of £Z.(r,sNa, V) of formal series
Z;cz ui(x, T, x*, 7¥) such that:
VK @ Vn{lz|>a},3c¢>0,3C>0,Ve>0,3C, >0, ¥(x, 7, x*, %) e K,

(@ Vi=0, fux, 7, x* ) < C‘,?—' el
(b) Vi <0, Ju,(x, 7, x*, )| < C~i(—i)e el
(i) L2, 5) = lim» o lim 0,52, (r, s)a, V) L2, 5)a, V).

We may extend this definition to each (r,s) such that 1 <s<r< +o0 as in
Definition 3.2.1 and we have:

THEOREM 3.2.7. The canonical map &(r,s)— LA, s) is bijective.

This theorem may be proved in the same way as Theorem 2.1.5 or, by proving
directly that #2(r, s) = £2®)r, 5), (replacing & by & in the proof of Theorem
322).

3.3. Bicanonical transformations

If we replace @3 x(*) by €yx(*) in the definition of &3®<)(x) we get the sheaf
€%(*) of 2-microdifferential operators. In the case of €y x(r, s) we get the sheaf
&%*(r, s) which has been studied in [10].

The injective morphism @y x(*) ¢ ‘ﬁ'ﬁ x(*) of Corollary 2.3.4 gives a morphism
&2°(x) - £2®©)(x) which is injective from Lemma 3.1.2.

Let us recall ([10], Theorem 2.3.1) that the sections of £2®(r, s) are bijectively
mapped to the symbols of the type X cz: Pi;(x,7,x* 1*) where P;; is a
holomorphic function which is homogeneous of degree i in (x*, t*) and j in (t, x*)
and where the family (P;)) satisfy suitable estimates (cf. Remark (ii) hereafter). Of
course the same is true for £2%(¢p*, r) with due modifications on the estimates.
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As the symbols of &2®°(x) and &2® (%) are calculated in the same way from
the symbols of €y,x(*) and %"Yﬂ x(*) respectively, the morphism of Theorem 2.3.6
gives:

PROPOSITION 3.3.1 If P is an operator of &i™(x) with symbol

T ez Pij(x, T, x*, T*), its image in &3®-=)() is given by the following symbol of

S o r(¥):

ViEZ, ui,O(xa T, X*’ T*)=Zl>0Pi,i+l(x’ T, x*, T*) (3 3 1)
VieZ, Yk = 1, wuy(x, T, x*, *)=P;;_4(x, T, x*, T*). -

REMARKS. (i) The Cauchy inequalities show immediately that if the symbol u
defined by (3.3.1)isin &, 2 _(*) then the functions P;; are all identically zero which
corresponds to the injectivity of &2°(*) ¢, &3®«)(x),

(ii) The estimates of Theorem 2.3.1 in [10] which define the symbols of
&3%(r, s) are exactly those which make the symbol defined by (3.3.1) belong to
PE(r,9).

(iii) If o = (xq, 7o, X, &) is a point of T*A such that t,=0, that is if
ae(T*A)x , Y, the morphism &3%(*) > &Z®)(x), a is an isomorphism for on
the null section Y of A = T*X we have @3 x(*)ly = €5 x(*)ly-

2(R.) i the case which was excluded

This gives a symbol to the elements of &
in Theorem 3.2.2.

For 1 <s<r< oo, we defined in [10] the sheaf &3(r, s) of 2-microdifferential
operators of finite order which is a subring of £3(r, s) and we associated to each
section P of &%(r, s) a principal symbol ¢{'*)(P) which is a holomorphic function
on T*A independent of the local coordinate system.

When r = s, ¢{")(P) is always a non-zero function.

THEOREM 3.3.2. (Division theorem.) Let a be a point of T*A, and ® a
neighborhood of a with local coordinates (x, T, x*, t*).

Let u be one of the coordinates x;, t;, x} or ©¥ which vanish at « and let U be the
operator whose symbol is u (e.g. if u=x, then U is the multiplication by x, and if
u=x¥, then U is 0/0x,).

Let P in &%(r,s) and let m be the first integer such that

2 s PYe) # O,
ou

we assume that m < + oo.
Let &3®°)Xx) be some of the sheaves of 2-microlocal operators such that
EXRNr, s) = EXB2)(x).
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Each S in &2®*)(x) has one and only one representation:
m—1

S=QP+ ) URY
v=0

where Q, RY, ..., R™~ 1 gre in £X®«)X(%) and the operators R, ..., R™~ 1 have
symbols in .?7“2,4,(*) independent of u.

Proof. Let us first assume that u = x;. As in the proof of Lemma 6.2.1 of [8],
we consider the operator

1 1

2im s—X;

which is well defined when |s| > |x,| and we apply to it Theorem 2.7.1 of [10]:

1 1
Y = P(x’ T, X*’ T*)G(S7 X, T, X*’ T*)+K(S> X, T, x*7 T*)
2im s— X,
with
m—1
K=Y x}K%Gs, x", 7, x* t*) (X" = (x2,...,X,))
v=0

LetSe 9: +(#%), it is a formal series of holomorphic functions so it satisfies the
Cauchy formula:

. 1
if [x;] <& S(x, 7, x* %) = ==
Isl=¢ 2iTT S — X

S(s, x”, T, x*, t*)ds.
We define Q, RY, ..., R™~ 1 by setting:

o(x, 7, x*, %) = j G(s, x, T, x*, T%)8(s, x", 7, x*, T¥)ds,

Isl=¢

RY(x, 1, x*, t*) = I K, x”, T, x*, t*)S(s, x”, 7, x*, t*)ds.

Isl=¢

In these formulas, the products GS and K®S are given by (3.2.4) and therefore
Q and R® are belonging to £2 ,(*) and we have:

m—1
S=PQ+ Y xJR®.
v=0
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Let us prove that this representation is unique in .573 +(*):
From Theorem 2.7.2 of [10], we may assume that P is of the form

m—1
xT+ Y x}PO(x", 1, x*,T*)
v=0

and that there exists some C > 0 such that P = x7P with P invertible when
|x,] > C.
If there exists some Q and R"™ such that:

m—1
P(x, 1, x*, ™)Q(x, T, x*, %) = — Y XjRV(X", 1, x*, %)
v=0
we will obtain when |x,| > C:

m—1
Q(x9 T, x*s T*) = —‘I)—1 Z XX_"'R(")(X", T, x*, ‘C*)
v=0

Q is thus a formal series of holomorphic functions in x; which vanish in
Xx; = + o0 hence Q = 0.

The same proof will work in & 2 _(*) and thus the representation is unique in
PH¥) = P2 (¥)/F2_(+) that is in E2R0)(x),

Let us now consider the case where u is one of the variables t;, then we can
make a quantized canonical transformation which transforms t; into x; and use
the first case. (Quantized canonical transformations operate on %”5' x(*) by
Theorem 2.4.2 and Proposition 2.3.9. and thus on &2® «)(x).)

When u is one of the x}’s or t¥’s, we may suppose that a is not on the zero
section (otherwise the theorem would be a special case of Theorem 2.7.1 in [10])
and then, after a quantized canonical transformation, suppose that u = x¥ and
that x} # 0 at o. Then the proof is the same as before replacing

1 1
by — o
S—xl xps—xl

Let X and X’ be two complex analytic manifolds, A and A’ be two lagrangian
homogeneous submanifolds of T*X and T*X' respectively.

The manifold A is provided with the action of C* induced by the structure of
vector bundle on T*X, this action induces an action of C* on T*A which is not
equal to the action of C* given by the vector bundle structure T*A — A.

Let us recall ([10] §2.9) that a bihomogeneous canonical transformation from
T*A to T*A' is an analytic isomorphism from an open subset Q of T*A to an
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open subset Q' of T*A’ which preserves the canonical 2-form and the two
actions of C*.

We proved in [10] Theorem 2.9.11 that if ¢:Q—-Q' is a bihomogeneous
canonical transformation, then there exists a (non unique) isomorphism of
sheaves of rings:

D: 83(r, 5) > ¢ ER(r, 9)

such that ¢{:)(®(P)) = a{*)(P)° ¢ for each (r, s) such that 1 <s<r< + 0.
Using Theorem 3.3.2 when r = o0, s = 1 and the same proof as [10] we get:

THEOREM 3.3.3. The isomorphism ® extends uniquely to an isomorphism:
@: 3® 2 %) > o 1E3® <)),

Using Theorems 3.3.2 and 3.3.3 and the method of the proof of Theorem
2.9.12 of [10] we get:

THEOREM 3.3.4. £2®-*)Xr,r) is faithfully flat on &i(r,r) for each re[1, + o]

COROLLARY 3.3.5. Let n: T*A — A be the canonical map, then &3®Xr, r) is
flat on =X (&yl,) while D2F7Nr, 1) is flat on Exla.

PROPOSITION 3.3.6. The sheaf M%(*) is a 22® ) x)-module and we have
canonical isomorphisms:

gi(R'w)(*) ®¢xm My = gzzx(R’f)(*) ®(5’m VNG Jlﬁ(*}

Proof. The fact that 4R (%) is a 22® *)(x)-module is proved in the same way as
Proposition 3.1.4 (in fact it is much more simple).
From this structure we get canonical morphisms:

DI ) @ g, Mp— MN(*) and  DEEDH) @ g, My~ M)

and to see that they are isomorphism we can make a quantized canonical
transformation and then we may suppose that A is of the form TyFX. The
proposition becomes:

9,2\(&@)(*) ®e, Cyix > (g$|x(*)

and the morphism is easily calculated with the symbols. Then it is clear that it is
an isomorphism.
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