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1. Introduction

Let G be a finite Coxeter group acting on a Euclidean space a as a real reflection
group. In his paper [8] Dunkl defines a commuting set of first order differential-
difference operators related to such a G, involving a parameter k € C™ (where m is
the number of conjugacy classes of reflections in G). In this paper we study these
Dunkl operators, by means of local analysis (even though these operators
themselves are not local operators since they do not preserve the support of
functions). The crucial observation that enables us to apply local methods was
made by Heckman in his paper [17]. His result says that G-invariant
compositions of Dunkl’s commuting operators are partial differential operators
when restricted to G-invariant polynomials on a. This yields a polynomial
algebra of partial differential operators on G\ac, and in the Sections 3-6 we
study the system of differential equations that arises from the spectral problem
for this algebra of differential operators (the Bessel equations) both locally and
globally. It turns out that locally on G\ ag?® this system of Bessel equations has a
finite dimensional solution space (of dimension |G|), which depends holomorphi-
cally on the parameter k€ C™, and the spectral parameter A€ a§. An important
piece of information on the global behaviour of such a system of equations is
given by the so-called monodromy representation on the space of local solutions
at some base point x, € G\ag¢®. For generic values of 4 and k we determine this
monodromy representation in Section 5. However, the structure of the mono-
dromy representation can change dramatically for special values of A and k. For
instance, generically the representation is both semisimple and cyclic, but for
special values of A and k the representation may fail to possess either one of these
properties. (For example, generically the space of global holomorphic solutions
is one dimensional but for special values of (4, k) this space can be bigger). It is of
course not surprising that such phenomena arise, but it is remarkable that it is
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possible to obtain fairly detailed information as to what kind of degenerations
occur for which specializations of (4, k). In Section 5 we also exactly locate the set
of “singular” values for the parameter k, i.e. those values for which the above

degenerations of the monodromy representation occur.
In Section 6 we introduce and study the Bessel function for G, which is the

unique solution of the Bessel equations that is holomorphic and globally defined
on G\ac, normalized such that its value at the origin equals 1. We also indicate
in this section how one may use this Bessel function to solve the simultaneous
eigenfunction problem for the Dunkl operators themselves (within the space of
holomorphic functions on ac). We thus recover some of Dunk!’s results on this
subject ([11]).

In the Sections 7, 8 and 9 we investigate the relations between

(a) The degenerations of the monodromy representation for certain spec-
ializations of (4, k).

(b) The singular locus of the Bessel function (as a function of ke C™).

(c) The conjecture of Yano and Sekiguchi (see [35]) on the explicit form of the
Bernstein Sato polynomial for the discriminant of G.

(d) Macdonald’s conjecture on the Mehta type integral associated with G.

(The interplay between (b), (c) and (d) was already noted in [28], and is a
consequence of the behaviour of the so-called Bessel shift operators. For Weyl
groups this leads to a proof of (c) and (d)). It is not hard to see that there must be
some relation between (a) and (b), but for later use we are interested in the
precise description of (b), including multiplicities of poles. The key tool we use is
the linear functional “evaluation at the origin” on the local system of local
solutions of the Bessel equations (Section 8). This functional exists in the interior
of a certain polygon of parameter values, thanks to the results of Section 7. It
behaves very nicely: it commutes with monodromy, is non-zero and depends
holomorphically on the parameters (4, k). Using these properties (in Section 9)
we are able to describe (b) explicitly. In turn this solves (c) for all G (and not only
for Weyl groups). Our results are not sufficient to solve (d) completely for non-
Weyl groups, but we reduce Macdonald’s conjecture to the verification that the
conjecture holds for one choice of the parameter k (other than k=0). F. Garvan
has informed me that he has been able to do this for k=1 by making use of
certain symmetries and with the help of a computer. His calculations complete
the verification of the Macdonald-Mehta conjecture. The considerations in
Section 9 will also give some information on the nature of the degenerations (a)
for different values of (4, k), but a lot of questions one might ask about this topic
remain unclear.

Some of the proofs in this paper are a bit tedious (especially in Sections 4 and
7). This is mainly due to the fact that we have no explicit knowledge of the
connection matrices of the connection V we introduce (in Section 3) in relation
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to the system of Bessel differential equations. From this point of view the results
of Matsuo (see [25]) for an analoguous system of equations are very interesting.
These results seem to indicate that it should be possible to rewrite the system of
Bessel equations as a first order system in a simple explicit way.

Finally I would like to give another motivation for the study (in Sections 7
and 8) of the evaluation map of local solutions (evaluation at the origin). Namely
there exists another system of differential equations, the hypergeometric
equations associated with a root system ([ 18], [19], [27]), to which the results of
Sections 7 and 8 apply (almost without a change). In this case however, one
disposes of an explicit basis of power series solutions for the space of local
solutions. It turns out that one can obtain an explicit summation formula for
these series at a certain point on the boundary of the domain of convergence. In
the case of one variable this formula is equivalent to Gauss’ summation formula
for the hypergeometric series at z=1. These results will be published in a
forthcoming paper.

2. Preliminaries

This section serves to fix notation and to recall certain results of Dunkl and
Heckman ([8],[17]). If G is a finite reflection group we will define a set of
differential operators which will be called the set of Bessel differential operators
for G.

Let a be a real inner product space of dimension n. For a € a\{0} we let r, be
the orthogonal reflection in ot.

DEFINITION 2.1. A root system in a is a finite subset R of a\{0} such that

(1) r,(R) = R YaeR.
(2) If both o, A€ R then A = +1.
(3) R'R=aq.

A root system is called normalized if (a, ) =2Va€eR.

REMARK 2.2. If R is a normalized root system then the group G(R) = (¥ D,z is
a finite reflection group in a. Conversely, any finite reflection group in E arises
from a (uniquely determined) normalized root system in this way.

DEFINITION 2.3. If R is a root system, then a function k: R — C which is G(R)-
invariant is called a multiplicity function. The vector space of all multiplicity
functions is denoted by K = K(R), and its dimension is denoted by m=m(R). If
S =R is a G-invariant subset then 1ge K is its characteristic function.

Fix R, a normalized root system. Let h=a+./—1a be the complexification
of a For ebh let 0J:. be the directional derivative 0,f(x)=
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lim,_ ot~ }(f(x+t&)— f(x)) (with feC[h]), and let £*eC[h] be the function
{u—(& w}. If £ea\{0} we define A, e End(C[b]) by

Adf)=(E*(f — ford (feCIb])

DEFINITION 2.4. Let R be a normalized root system, and k € K(R). Then for
¢ el the operator T, e End(C[h]) defined by

Tyk) = 0: + Y, k(@ 8A,

aeR

is called the Dunkl operator. We also let T, End(C[K x h]) denote the family
{Ty(k)| ke K}.

THEOREM 2.5 (Dunkl, see [8]). V¢, ueb: T,T, = T,T;.

THEOREM 2.6 (Dunkl, see [8]). Let &,,..., &, be an orthonormal basis for a.
Then

LT =2 0i+2 Y k(@) H0,—A).

aeR |

As a consequence of Theorem 2.5 one can define a homomorphism of algebras
C[b*]—End(C[K xb]) by sending £eC[h*] to T;. Clearly the result is an
injective homomorphism, and we denote the image of pe C[b*] by T,. (The
specialization to k = 0 gives the constant coefficient differential operator T,(0)
which we usually denote by J,).

A well known result of Chevalley is that C[H]¢=C[p,,...,p,], where
Pi»- .-, P, are homogeneous G-invariant polynomials. The homogeneous de-
grees of the p; are uniquely determined by R. These are called the primitive
degrees of R, and denoted by d;=deg(p;). We fix a choice of fundamental G-
invariant polynomials p,,..., p, such that: d, <d, < --- <d,. In general, if X is a
complex manifold, then A[X] will denote the algebra of (algebraic) differential
operators on X, but (due to its predominant role) we will write A for the Weyl
algebra on G\b, thus

0 0
A=A[G\[)]:C<p1,,pn,$,,$>
1 n

The next theorem was an important observation by Heckman.

THEOREM 2.7 (Heckman [17]). Suppose D is an element of the associative
algebra of endomorphisms of C(b), the rational functions on by, generated by (i) the
operators T.(k)(,eb, ke K fixed) and (ii) multiplication with elements of C(b). If D
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commutes with the G-action on Y, then its restriction to C()¢ = C(py,...,p,) is a
differential operator on G\b with rational coefficients.

Since one obviously has

g Trg ' =Ty VEeb, geg,
we obtain:

COROLLARY 2.8 (Heckman [17]). There exists an injective homomorphism of
algebras

C[K1® C[h*]° > C[KI® A
p—= D, = Tlcrye
Put
S = {D,|pe C[K] ® C[H*]%}
and

S(k) = {D,(k)| p C[H*]°}

for its specialization to ke K. Let y(k): S(k)— C[H*]¢ be the isomorphism of
algebras given by D (k) — p.
Let R, = R be a choice of positive roots. If S = R is G-invariant, then

p§= [l o*eC[b] and ps= [] «eC[h*]

aeR NS aeR NS

are semi-invariants transforming according to the same one dimensional
character yg of G. Hence, again using Theorem 2.7, we have:

Gs (k):= ((p¥) ™" ° T, (k)Icryye € A

Gs (k):= (Ty(k—1g)° (p)Icrpre € A 2.1)
(The fact that G§ has polynomial coefficients follows from the following result:
Vf e C[h] such that fog=ys(g)f, Vge G:(p¥)*f € C[b]. This is well known in

the case S =R, and the general case can be proven similarly, see e.g. [31], Lemma
22)

THEOREM 2.9 (Heckman [17]). The operators Gi(k) are shift operators, i.e.
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they satisfy: Vpe C[h*]%, keK:
G5 (k)°D,(k) = D (k £ 15)° G5 (k). (2.2)

Consider the map =: ) — G\ (canonical projection). This map is a covering,
branched along the set

{p =(ps>...,P.)€G\D| p%*(p) = 0}.

The polynomial I = p%2eC[py,...,p,] is called the discriminant of R (or G).
Note that the map = induces an isomorphism of the algebras A[h€]% (where
bet={X eh|pr(X) # 0}) and A[G\h™#]. (However, the image of A[H] is, of
course, strictly smaller than A=A[G\bh]). Via this isomorphism we often
consider A < A[bh ]S,

REMARK 2.10. Take p = X, 2 C[H*]¢ then we see from Theorem 2.6 that

D,(k) =Y 02 +2 ¥ kfa*) 'd,eA.

aeR

This operator was studied in ([27]), and the results Corollary 2.8 and Theorem
2.9 were obtained there for the case where G is a crystallographic finite reflection
group. However, the above method of Heckman to use the Dunkl operators as
building blocks for an algebra of commuting differential operators is much
simpler, and gives a better understanding.

3. The system of Bessel differential equations

Let R be a normalized root system.

DEFINITION 3.1. Given Aebh*, ke K we will call
(D—y(k)D)A)f =0 VDeS(k) (3.1

the system of Bessel differential equations on G\}.

Put D=C[H*] ® C[K] ® A and let =« C[h*] ® S denote the kernel of the
natural extension of y to C[h*] ® S. Let J be the left ideal in D generated by I,
and write M =D/J for the associated cyclic D-module. Let C be the ring of
coefficient functions of operators in D, so C = C[h*] ® C[K] ® C[h]¢. Also
introduce the following notations. If N is a C[b]®-module then N8 =1"!N
(with I =TI, (2*)*€C[H]C, the discriminant of G), the localization of N at
I #0.If N is a C[b*] ® C[K] module and (4, k)ebh* x K, then N(4, k) denotes
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the specialization

N(4,k) = N ®cpyjecik1 {(C[H*] ® CLK])/Ker ¢},

where ¢: C[h*] ® C[K] — C denotes the character ¢(f) = f(4, k).
Recall the notion of harmonic polynomials

H*:= {q*€C[h]|9,(g*) = 0 VpeC[Hh*]1° with p(0) = 0}.

Let #:= {0,€S(h)| g* € #*} (here g* € C[b] and g€ C[h*] are corresponding
elements if we identify C[h] with C[h*] via the inner product) be the space of
harmonic constant coefficient differential operators. Put V = (#* @ #)°. It is
well known that, as a G-module, 5# ~ C[G] and hence dim¢ V = |G]|.

PROPOSITION 3.2. Consider #* @cH as a subspace of A[b] via
qf ® 0., — q% 0,,. By taking G-invariants we consider V as a linear subspace of A.
Also identify C ®c V with a C-submodule of D viaf ® v — f-v. Then we have a
direct sum decomposition of C™8-modules:

D= (C*® V)@ (C* ® V)L

Proof. Observe that A[H™8]¢ =A™t and that (C[H]® #)° ~C[HI°® V.
Therefore the above statement follows by taking G-invariants from:

Ch*] ® C[K]® A[H™*]
~C[H*]® CIK]IRC[H**]®@ # @ (C[H*]® C[K]® C[H*] @ #). (3.2)

This is proved in exactly the same way as Proposition 3.2 of [19] if one replaces
the coefficient ring R by C[h*] ® C[K] ® C[bh"*]. 0

COROLLARY 3.3. As a C™®-module, M**¢ ~ C**® @ V. The A-module structure
on M(J, k) induces an integrable connection V(A, k) on C[H™8]¢ ® V such that the
connection matrices are elements of C'® ®c End¢(V).

COROLLARY 3.4. M™%, k) is holonomic (VA eb*, ke K).
Proof. This follows since by Corollary 3.3, M™#(4, k) is a free C[h"#]¢-module
of rank |G|. O

DEFINITION 3.5. Let x € G\bH"® and let (), be the space of holomorphic germs
at x. Define %, (A, k)={f €| f satisfies the equations (3.1)}.

COROLLARY 3.6. Z,(2, k)~ (0, ® V¥V'Y_ In particular, L}, k) is a local
system on G\b™® of rank |G|.
Proof. Let by, ..., b be a basis for V, and assume that b, =1 ® 1 (=1 if we
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consider V < A). Clearly, b, is an A'E-generator for M™%, k). Hence if
x € G\h™® then the map

(G ® V¥V - Z.(2, k)

v— (1)
is an isomorphism of C-vector spaces, since
(G, ® V¥V = Hom, (G ® V; ) ~ Hom,(M,(4, k), G).
Note that the inverse map is given by

LK) (G, ® VTR
£ Y (b:0) b

where {b}} is the dual basis in V* of {b,}. O

Put % = G\b"8, the universal covering space, and ®: % — G\ the covering
map.

COROLLARY 3.7. There exist functions ¢,,...,¢, holomorphic on
b* x K x %, such that Y(A,k)ebh* x K the specializations ¢,(4,k), ..., d(4 k)
form a basis of global sections of ®*(£(4, k)).

Proof. Let xoeG\H™, and (Ao, ko)eb* x K. Let {b;}: a basis for V as in the
proof of Corollary 3.6. By standard theory of first order linear systems of
differential equations with a parameter there exist open neighbourhoods
Q,3x, and Q, 3(4¢, ko), and holomorphic functions v;:Q, x Q, — V* such that
v;(4, k, xo) = b¥ and v;(4, k, .) is V*(4, k) flat (Vi). Put ¢, = v;(b,) = v;(1). Of course,
when lifted to %, ¢;(4, k, .) extends holomorphically to all of . By Lemma 2.6 of
[27] we obtain that this extension of ¢; is holomorphic on Q; x %. But since
(A0, ko) was chosen arbitrarily this readily implies that ¢,,..., ¢, can be
extended holomorphically to h* x K x %. O

COROLLARY 3.8. The monodromy matrices of the system & can be represented
(with  respect to a suitable basis of solutions) as elements in
GL(|Gl, O(h* x K)X|G| x |G| matrices with entries that are entire functions on
b* x K).

At this point we make some remarks on two different forms of duality that
play a role in the theory of Bessel differential equations.

PROPOSITION 3.9. Let, for DeA, ‘D denote the formal transpose of D (i.e.
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D —'D is the unique anti-automorphism of A generated by

o) = p. tfoN__ 90
(p) =p; and (0p,~> 6p,->’

Let I(k) =Tl g, (a*)**«(k € K) and let pe C[H*]° be homogeneous. Then:

(1) D(1—k)=I(k—%)° D(k)° I(z—k)
) *D,(k) = (— 1)*=PD (1 —k).

Proof. For both (1) and (2) it is sufficient to show that the statement holds in
the case p=p* =X, (the G-invariant of degree two), since one has (see

[17], [26])
D,=(2"m!)"}ad D,s)"(p*) VpeC[H*I°. (3.3)

In this special case, both (1) and (2) are easy consequences of the formula

180> Dyl [(=30= 3 0%+ 3 Holl k) 2

aeR |

The proof of this formula is similar to the proof of ([19], Proposition 2.2). ]
COROLLARY 3.10

(1) Grk)=I1G—Fk)°Gg(1—k)°I(k—3)
(2) ‘Gx (k) = (= DG (—k).

Proof. Let us denote the left-hand side of identity (1) by Gr (k). Clearly G (k)
satisfies the same shift relation (2.2) as Gx(k). Moreover Gx(k) and Gg(k)
have the same homogeneous degree, and the same highest order part. Using
sl(2) theory (as in [17],[26]) and formula (3.3), this implies that
Grik—1)oGr(k)=Gg(k—1)° Gr(k), and since there are no zero divisors in A
this completes the proof of (1). Identity (2) is proved by a similar argument.[]

COROLLARY 3.11. Let a be the C[h*] ® C[K] automorphism corresponding to
the map(4, k)—(— A4, 1 —k), and let o also denote the extension of this automorphism
to D&, Define M™® as the D"*-module obtained from M™® by composing the
multiplication with a (so D-m¥ a(D)m in M™®). Then M & ~(M"®)* (the dual
connection).

Proof. We compute (Exthe(M ™8 D™#)° using two different free D*es-
resolutions for M™¢ (where M° denotes the left D"t-module obtained from the
right D**8-module M by composing the multiplication of M with the anti-
automorphism D —'D of D™®). Consider the operator d;:D™& — D" given by
D — D(D,,— p;). These operators commute, and from Proposition 3.2 one easily
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obtains that the §; form a regular sequence (here we use the algebraic
independence of the (D,,—p;)). Hence we may compute (Extp(M"¢, D"¢))° by
means of the Koszul resolution for these operators ;. If we use Proposition
3.9(2) in addition we obtain that (Extjy«(M"%, D"))° ~ M"*%. On the other hand,
by Corollary 3.3 we have M ~ C™t ® V, endowed with a connection. Let the
Dr&-module structure be given by the formula

0 0 . .
a—pi(f®v)=a—£i®v+;r;‘®aiv

(with ri e C™¢, and &, € End¢(V)). Define operators
0:DtER@V->D*t® V

by
0 . )
Sa®v)=a—Q@v—) ar, @ gv.
ap; k

The 6; commute and form a regular sequence and

M™t ~ (D™t ® V) / Z oDt ® V)

as a left D"®-module. The corresponding resolution gives:

(Exthes( M8, D)) >~ (M™5)*. ]
COROLLARY 3.12. Suppose that {b;}\%\, is a basis for C*** ® V. Then there exist

elements a;;€ C*¥(i, je {1,...,|G|}) such that if p € L(4, k), y € Z(— A, 1 —k), then

{(15, l//} = Z ‘xij(j's k)(bi¢)(bj‘//)

LJ

(where we consider C™® @ V < D**® as usual) is independent of x € G\b"%, and such
that the resulting pairing {-,"} of L(4, k) with #(— 2, 1 —k) is perfect.
Proof. This is a reformulation of Corollary 3.11. d

4. Regular singularities

The object of this section is to prove that M*™#(A, k) has regular singularities at
the discriminant {I=0}.
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PROPOSITION 4.1. Let ke K and let S = R be G-invariant. The left C[h*] ® A-
module morphism

i5(k):C[H*] @ A > C[H*] ® A
D-D-Gi(k+1y)

induces a morphism of left C[b*] ® A-modules
i (k): M(k) - M(k + 1).

If Ae(b*)*® then ii specializes to an isomorphism of A-modules
iF(A,k): M(4, k) = M(4, k + 1).

Proof. This is a simple reformulation of the properties of the shift operators
G5 . The fact that if(4, k) is an isomorphism is a consequence of the identity (in
M(2,k): is (2, k—15)°i5 (A, k(D) = D- G5 (k—15)- Gs (k) = D-Dy(k) = p3(4)D.

O

COROLLARY 4.2. If (4, k)e(b*) e x {k|k,e ZVa} then M"¥, k) has regular
singularities (R.S.) at {I=0}.

Proof. Using Proposition 4.1 it is enough to show that M™¥(4,0) has R.S. at
{I=0}. This is clearly equivalent with showing that n*M"%(4,0) has R.S. at
{pr=0} (Where 7:H"# - G\h"® is the canonical projection). But

m* M™¥(4,0) = C[H™®] ® cyeejc M™¥(4,0) = A[h™¢] / Y. A[b™#)@,—p(%)
peCH*1°

= C[H™*] ®cry <A[b] / > A[bIE, - p(l))>

peC[b*1¢

and by the argument of the proof of Proposition 3.2, this equals (as C[h™*]-
module) C[H*] ®cy;(C[H] ®c #). In other words: n*M™%(4) is the re-
striction to h™2 of a connection on C[h] ® ¢ # (so without any singularities in

b). O

LEMMA 4.3. Let O be the ring of germs of holomorphic functions at the origin of
C, and K its quotient field. Let V be a germ of a meromorphic connection on
K" =V, and suppose that V depends polynomially on a parameter a € C. Then the
set {a€C|V(x) has R.S.} is Zariski closed.

Proof. Denote by v: K* - Z the valuation determined by 0. If fe K ® C[«],
then the map C—>Z, a—v(f(a)) is lower half continuous (with respect to the
Zariski topology on C) since f = X, yva,z", a,€ C[«], so that

{a]o(f(@) > k} = {alay(@) = - = a,—,(«) = 0}
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is closed (VkeZ). Choose, for some a,eC, a cyclic vector ce V* for V(a,).
Clearly o will be cyclic for V() if « is in the nonempty open set

Q={a|loc A V@) A - AV Hx)g # O}

Choose a;€ O ® C[a] such that £7_,a,;V'c = 0, then the Fuchsian condition for
R.S. says: if a€Q, then V(x) has R.S. if and only if

v(a; (@) = va, (@) +i—n Vie{0, 1,...,n}.

By shrinking Q a bit we may assume that v(a,(x)) is constant on Q, and thus we
obtain that {¢x e Q| V() has R.S.} is closed in Q. Hence {«| V(x) has R.S.} is either
open or closed in C. Now suppose that {«| V(«) has R.S.} is nonempty and open.
We will show that in this case {«|V(x) has R.S.} = C. Namely assume 3a,eC,
V(ao) is not R.S. According to a result of Katz [21] this is equivalent with the
following: if 4e K™" ® C[a] is the matrix of V with respect to the derivation
0 = z(d/dz), then the set {v(A"(%))}nz, is not bounded from below. Put
K,={a|v(4"(®) > (A"(x))}, then K, is finite. Hence (J,ez, K, is at most
countable, while ﬂ,,eL K¢ consists of points o € C for which V() is not R.S. This
contradicts the assertion that there are only finitely many a € C such that V(«) is
not R.S. Od

REMARK 4.4. Along the same lines one can prove (more generally) that if the
connection matrix has coefficients in K ® C[S] (S affine variety, C[S] the ring of
regular functions on S) then {se S| V(s) has R.S.} is Zariski closed in S. O

COROLLARY 4.5. For all (A, k)eb* x K, M™%, k) has R.S. at {I=0}.

Proof. It is enough to prove that for any map i:D* —(G\h™®) (D> the
punctured disk) the connection i*(M"™%¥(4, k)) has R.S. at {0}. By Corollary 4.2
this is true for (4,k) in a certain dense set, hence by Lemma 4.3 we are
done. O

REMARK 4.6. M™¥4,k) has R.S. at infinity<>A=0. Namely if 1 =0 then
the Euler vector field 6=2X,x;(d/0x;) acts on the solution space
Hom (M, 0, )((VpoeG\bh™®) since I(0, k) has a basis (over C) of eigenvectors for
ad 6. Thus, since the solution space is finite dimensional there exists a
polynomial ye C[T] such that all (local) solutions of (3.1) (for A=0) satisfy
x(0)f = 0. This implies the moderate growth of solutions of (3.1) (in case (1=0))
towards infinity. For the other implication see Remark 5.7.
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5. The monodromy representation

Let G be a finite reflection group with generators ry,...,r,, satisfying the
relations r? =1 (Vi) and (r7)™’=1 (i # j). Recall the notion of the associated
Artin group Ag;, which is the group generated by elements ¢,..., J, satisfying
the relations 6,0,0;--- = 6;0,0;---(i #j, m;; factors on both sides).

Consider X,ea¥® as base point for the orbit space G\h™® and let
s;e,(G\h™8, X ,) be defined by the loop

si{t) = (1 — )Xo + tr:Xo) + / — Le(®);
where &:[0,1]—[0,1] is continuous, &0)=¢(1)=0 and ¢3)>0. The next
theorem is due to Artin (G=S,) and Brieskorn (general case) (see [4]).

THEOREM 5.1. The fundamental group 7,(G\b"8, X ) is isomorphic with Ag via
9;—5;.

If ge K we define the Hecke algebra related to G as the complex algebra
Hg(q) generated by elements T; satisfying (T,—1)T;—q,)=0 (V) and
T.T,T,--- = T,T.T;---(i # j, m;; factors on both sides). Hence there exists an
epimorphism of complex algebras:

7,:CAg = Hg(q)
6i b ’T;.

LEMMA 5.2. The monodromy representation of the local system
HomA(M()"s k)’ (9)( =~ g(i, k))

on G\bh™® with respect to the base point X, u(A, k) say, factors through t, for

q= —exp(—2n./—1k).

Cry(G\bE, X o) —2“% s End(£(4, k)

~ J ]v(}t,k)

CAg f’ Hg(q)

Proof. We have to show that the relations

(u(s)—Du(s)—g) =0 (i=1,...,n) (5.1)
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hold. Choose coordinates (x,...,x,) in a neighbourhood of the orthogonal
projection of X, onto {of =0} such that

1

—_ *
xl ———0(,-,

NG
and let
U={(xg,..-»Xz)|Ix%;] <r}
be such that
Un{I=0}=Un{x;, =0}
Let
U = n(U) = (G\),

thus U is a polydisk with coordinates (y,,...,y, where y,=x23 and y,=x;
(i > 1). Moreover,

Un{l=0}=Un{y =0.

According to Corollary 4.5 we know that M8, k) has R.S. at y, =0 when
restricted to U™ = Un{y, #0}. Hence the connection V*(1,k) on
Ogly;*]® V* has, with respect to a suitable basis in Op[y; '] ® V*, the
following connection matrix: M =y; 'M, dy,, where M, is a constant matrix
(see for instance ([6], Remarques 5.5(ii)). Thus the columns of the matrix
exp(log(y,)M,) form a basis for the flat sections. By (the proof of) Corollary 3.6
we therefore see that all sections of £(4, k) are of the form (on U):

f=3Y Y )dog y)fin

eeC neZ,

(finite sum, and f, ,€ Oy Ve, n). Hence there is a basis of sections of £(4, k) of the
form (on U):

f=%i X X Vilog y\)fin (5.2)

leZ, neZ.,

(finite sum, and f;,€ @y such that f;,, o = 0< f,, = 0). The second order
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operator in the system (3.1) (see Remark 2.10) can be written on U as:

2
L= 2 42 T k)19, = 4y 0+ (k-0 +R)

2
T 0X; acR,

with

0 0 0
0=y1:7; and R=y1P<y1,...,y,,, 0’5}?“"6—)}")

where P is an operator with holomorphic coefficients on U. So from the
equation (L —(4, 4)) f = 0 we obtain the following conclusion when we insert the
expansion (5.2): if (k; —%) ¢ Z, then logarithmic terms never occur in (5.2) (for any
section f of #(4, k)), and the values for ¢ that can occur are ¢ = 0 or e=3—k,.
(Details are left to the reader.) Hence in the case (k, —1) ¢ Z (Va € R) we obtain the
relation (5.1). Finally we use Corollary 3.8 in order to see that this implies the
general case. d

DEFINITION 5.3. Let g= —exp(—2n,/ —1k), and put K*={ke K|Hg(q) is a
semisimple algebra}.

REMARK 5.4. If we write X=K\K®, then £ = K is an analytic subset of
codimension 1.

Proof. It is well known that (see eg [2], Ch. IX, §2, Ex.1)
Z={keK|det(Trace(T,T,))=0} (where the trace refers to the trace map on
End(Hg(g))). Also note that X # . O

COROLLARY 5.5. Let v(4,k): Hg(q) = End(Z, (4, k)) be the representation so
that u(4, k)=w(4,k) > 1, (cf. Lemma 5.2). If k€ K® then v(4, k) is equivalent with the
regular representation of H;(q).

Proof. Let # be the ring O(h* x K) of entire functions on h* x K, Q be its
quotient field, and let $ be the #-algebra with #-basis T,(g € G) satisfying the

relations: Vg € G, s;€ G simple reflection: (= —exp(—2n,/ — 1k) as always)

TT = T, if Us;g) > Ug)
site —q; T, +(1+g)T, else.

Clearly the specialization $(0,0) = $ ® 5 C (and C the #-module f.z:= f(0,0)z
(Vf e, ze()) is isomorphic to the group algebra CG, which is semisimple.
Hence by ([2], Ex. 26, Ch. IV, §2) we know that $,=$ ® 4 Q is separable over
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Q. By Corollary 3.8, Theorem 5.1 and Lemma 5.2 we have

ggAG_ﬁ_, Z\01x1al

T v

—™ 9
id
Hence v induces a representation, also denoted by v, of the semisimple algebra
$¢ on the space 0'¢! (where Q is an algebraic closure of Q). It is easy to see that
for each character of $g, Y say, one has: Y(T,)e #* (Vg € G), where #* is the
integral closure of # in Q. Fix an extension ¢*: 2* — C of the homomorphism
¢: R —C given by f — f(0,0). From the proof of the deformation lemma in
([32], Lemma 8.5) we see that (see also the proof of Proposition 7.1 in [5]) the
application Y — Y 4+( 4+ defined by ¢ 4+(T,) = p*(Y(T,))) gives a bijection between
the set of (irreducible) characters of $; and those of CG. So we just have to show
that v is the regular representation of $; (since the same deformation lemma can
then be applied for any specialization $— H(4, k), v—v(4, k) if ke K* (since
9(4, k)~ H (G)) is semisimple in that case) and for this it is enough to show that
v(0,0) is the left regular representation of CG. But this is clear since for
(4, k) =(0,0), the solution space of (3.1) equals the space of harmonic poly-
nomials on f, and the monodromy specializes to the ordinary G-action on this
space. O

PROPOSITION 5.6. Let (as usual) O(X) denote the space of holomorphic
functions on X.

(1) 3fe0B* x K x G\b), f # 0, such that the specialization f(4,k) satisfies
(3.1) (V(4, k)ebh* x K).

(2) Y(4,k)eh* x K: dimc{¢ € Oh)°| ¢ satisfies (3.1)} > 1, and equality holds if
ke K* (see Definition 5.3).

(3) V(4,k)eb* x K=, if ¢ € Ob)© satisfies (3.1) then ¢(0) # 0 if ¢ # 0.

Proof. (1) Recall the basis of solutions ¢, ..., ¢ of (3.1). The equations to
solve in order to obtain a solution with trivial monodromy are:

G|
(u(s)—1) (kil ak¢>k> =0 i=1,...,n

By Corollary 3.8, this is a set of homogeneous, linear equations in {q,}}¢', with
coefficients in O(h* x K), and by Corollary 5.5 it has rank |G|—1 when
specialized generically (since the left regular representation contains the trivial
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representation once). Hence there exists a nontrivial solution with g, mero-
morphic (Vk), and by homogeneity of the equations we may even assume that
a, € O(h* x K) (Vk). Next we show that if ( —k,)¢ Z then a solution of (3.1) (for
(4, k)eh* x K fixed) which has trivial monodromy will automatically extend
holomorphically to G\ (and not just to G\bh"#). In fact, in the neighbourhood U
of a point in the smooth part of {I=0} it follows from the description of
solutions as in the proof of Lemma 5.2 that a solution which has trivial
monodromy extends (if 1—k,¢Z, YoeR) holomorphically to U. Thus the
singular set of the solution is contained in the singular part of {I =0}, which is
an analytic set of codimension >2. So by Hartog’s theorem the singular set of
the solution is empty. Finally we consider X[, a,¢, as function on
bh* x K x G\b. Using Corollary 3.7 and the remarks above we see that this
function is holomorphic outside the set h* x {k|3—k,e Z Va} x {I = 0}, which is
again an analytic set of codimension >2. Hence f = X%, a,¢,(#0) has the
required properties.

Let us now consider (2). To prove that dimc{¢ € O(G\b) | ¢ satisfies (3.1)} > 1,
Y(4o, ko)€b* x K fixed, we use (1). If f(4g,kq,") £ 0 (f as in (1)) then there is
nothing to prove, so assume that f(4,, ko, ) = 0. It is easy to see that we can
choose an embedding i:D ¢ h*x K (where D={xeC||a| <1}) such that
i(0) = (4o, ko), and f|ip)xc\p is not identically zero. Let [eN be the largest
number such that if g is the function g(x; x) = f(i(o); x)- « ' then ge O(D x G\b).
Clearly, ¢(x)=g(0; x) is a nonzero solution of (3.1) (for the parameters (4, ko).
Finally note that if ke K* then dim¢{¢ € O(G\b)| ¢ satisfies (3.1)} <1 because of
Corollary 5.5. Hence we have proven (2) completely.

Finally consider (3). Suppose that for some (4, k) eh* x K* we have a solution
0 # ¢ € O(h)° of (3.1) with ¢(0)=0. Then the lowest homogeneous part ¢, of ¢
clearly satisfies (3.1) for the parameters (0, k) e h* x K. But 1 e C[H]€ also satisfies
this system of differential equations, contradicting (2). |

REMARK 5.7. In addition to Remark 4.6, we show that if 1 # 0 then M™%/, k)
has irregular singularities at infinity, as a consequence of Proposition 5.6.
Namely, by Proposition 5.6(2) there exists a solution 0 # ¢ € O(h)° of (3.1). Now
assume that M™8(/, k) has R.S. at infinity. Then Corollary 3.6 implies that ¢ is a
polynomial on §. But if pe C[H*]€ of positive homogeneous degree d, then D (k)
has homogeneous degree —d. So the equation

(Dy(k)—p(A))¢ =0

implies that p(4)=0 in this situation (by looking at the highest degree part).
Since this must hold for all nonconstant homogeneous p (by equation (3.1)), we
see that 1=0.
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6. The Bessel function and the exponential function for G

In this section we make a first study of the holomorphic eigenfunctions on } for
the Bessel differential operators and for the Dunkl operators and their mutual
interdependence. It turns out that it is useful to consider the relationship
between these functions and I am indebted to G. J. Heckman for suggesting this

idea to me.

DEFINITION 6.1. Let K,={keK]|all eigenvalues of the operator
Zi_, & Ty (k) on the space {f e C[h]|f(0)=0} have strictly positive real part}.
Following ([8], p. 176) we note that K , is the interior of a polytope, containing
the cone {ke K |Re(k,) = 0Va}.

LEMMA 6.2. If ke K, then { f e C[h]| Ty(k)(f) =0VEebh} =C- 1 (the constants).
Proof. Clear by Definition 6.1. O

COROLLARY 63. If ke K, and Aeb* arbitrary, then
dimc{f € O(b) [(T(k)— (&, M) f =0 VEeb} < 1

and if f # 0 is in this simultaneous eigenspace, then f(0) # 0.
Proof. Clear by the previous lemma. d

The next lemma is essentially due to Harish-Chandra ([14], [15]). It is the key
result for the description of the relationship between eigenfunctions for Bessel
differential operators and those for Dunkl operators.

LEMMA 6.4. There exists a unique rational function
0eC(h*) @ A = C(h* xbh¥)

such that VAe(b*)%, Q(4,g4)=|G|d, , (Vg € G). The function Q has the following
properties:

1) (4, -1, 5 dA)Q(A, 1) is a polynomial in (A, u) € h* x h*,

(2) Given Aeb*, let ¢, denote the ideal in C[b*] generated by
{peCH*1°|p(1) =0}. If Ae(®*), and <Eeb(=C[h*]) then
(E=EQ(, ") € 4.

() Yge G: Qg4 gu) = Q(4, ).

(4) Z4ec Q(4, gp) =1Gl.

Proof. We refer the reader to ([33], Ex. 70, Ch. 4) for existence of Q, and

property (1). The properties (2) and (3) are clear, so let us prove (4). It is enough
to show that X, Q(4, gu) is independent of u, since we have Q(4, g4)=|G|d, ,.
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But this follows from the formula

IGI Y 9= f0) (Vf e #). O
geG

DEFINITION 6.5. We denote by T(4, k) the operator Ty, (k) (4€(h*)%, ke K),
acting on the space O(b) of entire functions on b.

COROLLARY 6.6. Let ke K, Ae(b*) ¢, and let ¢peOb)C satisfy the Bessel
differential equation (3.1). Then Y = T(4, k)¢ € O(b) satisfies (T:(k)—(&, Y =0
vEeb, and Y(0)=¢(0).

Proof. Clearly (T;(k)— (¢, W)y =0 VEeb, by Lemma 6.4(2). In order to see that
¥(0)= ¢(0), note that

¥(0) = lGI Z ¥%(0) = G |<Z T*(4, k)¢)(0)=¢(0),

geG

by Lemma 6.4(4). O

PROPOSITION 6.7. There exists a unique meromorphic function Expg on
b* x K x b characterized by:

(1) Expg(4, k; 0) =1 V(4, k)eh* x K.
(2) (Tz— (&, 2) Expg(4, k) = 0 V(4, k)eh* x K, Eeb.
Moreover, this function satisfies the following properties:

(3) Expg is holomorphic on h* x K . x}.
(4) Expg(g4, k; gx) = Expg(4, k; x).

Proof. Uniqueness is clear by Corollary 6.3, so it suffices to construct a
function that satisfies (1) and (2). Let f be the function constructed in
Proposition 5.6(1). Put g(4, k; x)=T(4,k)f(4, k;x). This is a meromorphic
function with singular set contained in {Il,.,(4)=0}x K xb (see Lemma
6.4(1)), and by Corollary 6.6 this function satisfies (2). By Proposition 5.6(3) and
Corollary 6.5 we also see that g(4, k; 0) # 0, and thus we can define

g(4, k; x)
E A ky x) ==—""—7"—=.

xpG( s by X) g(ll, k, O)
Property (4) is a direct consequence of Lemma 6.4(3), so let us finally prove (3).
By construction, the singular set of Exp is of the form Z x [ for some analytic
set of codimension 1 in h* x K. Let i:D ¢ h* x K be any embedding of the
disk D={aeC|la| <1} such that i(D*)=iD—{0})<=Z If the function
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h(e; x) = Expg(i(a); x) on D x b has a pole at {&a=0} x b, let /e N be the smallest
integer such that o'h(a;x) extends holomorphically to D xb. Clearly
@(x)=(o'h(et; x))| = 0y is @ nonzero solution of (put a(0)= (Ao, ko)) the system of
equations (T;(ko) — (&, Aoy =0 V&b, and (0)=0. By Corollary 6.3 this implies
ko¢ K , and the conclusion is that Z < h* x (K, )". O

PROPOSITION 6.8. The meromorphic function J=Jg; defined by the formula

1
JG(/Lk;x)=L Y. Exp(4, k; gx) =— 3 Expg(g4, k; x)
IGl geG IGI geG

has the following properties:

(1) J(4, k; 0)=1.

2) J(g4, k; x)=J(4, k; gx)=J(4, k; x) VgeG.

(3) If (A, k) x Y is not in the singular set of J, then J(A, k)€ O})€ satisfies (3.1).
(4) Expg(4, k; x)=T(4, k)J(4, k ; x).

Proof. Trivial consequences of the previous results in this section. O

DEFINITION 6.9. J; is called the Bessel function associated with G.

COROLLARY 6.10. The singular set of both Exp and J is contained in
b* x (N (K, ))x b (where Z=K — K*, see Remark 5.4).

Proof. From the definition of J, Proposition 6.8(3), and Lemma 6.4(1) it
follows that the singular sets of Exp and J coincide. Moreover, this set is of the
form Z x b for some analytic set Z < h* x K. When we apply the argument as in
the proof of Proposition 6.7(2), but with J instead of Exp we obtain the result
that if (4o, ko) € Z is a generic point, then there exists a nonzero solution ¢ of (3.1)
with ¢(0)=0. By Proposition 5.6 this implies that k,e€X, and hence that
Zch*xXxh On the other hand, by Proposition 6.8 we see that
Zch*x (K, xbh. O

EXAMPLE 6.11(G=1Z/2Z). Let G={+ 1} act on C by (+ 1)x = + x. Identify the
complex number A e C with the linear functional a« — Ax on C, and denote by J4
the Bessel function associated with G. The relation between J; and the classical
Bessel function J, is given by:

Jo(4, k5 x) = GAx)' 2T TG+ k)M 15(y/ — 1 4x)

o GA*
=Tk+3) Y =7
(k+3) ,;ol!l“(%+k+l)
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It is not hard to see that in this case:
1
T(4 k) =1+ 7 T(k)
10 k
=1+ ™ + \/5 7 A

where (Af)(x) = (f(x) — f(—x))/x, and thus A(J;) = 0. Therefore:

1d
Expg(4, k; x) = Jg(4, k; x) + ZaJG(i, k; x).

REMARK 6.12. Just as in the case of hypergeometric functions associated with
root systems, the Bessel function J; sometimes occurs “in nature” as spherical
function. More precisely, let ¥ be a noncompact real semisimple group with
finite center, and " < ¢4 a maximal compact subgroup. Let g=f@® p be the
corresponding Cartan decomposition, and a = p a maximal abelian subspace.
Denote by Z < a* the restricted root system, and put m,=dimg(g,) (Va€a*®).
Identify a and a* via the Killing form, and let R < a be the normalized root
system associated with the Weyl group W acting on a. Define ky=4Z,crsm, for
all normalized roots fe R. Then for all Ae a}"; = b* we have Jy(4,k) = ¢,|,, the
spherical function for the Euclidean symmetric space p= %" x p/J, restricted to
a. This identity follows by taking radial parts of K-invariant constant coefficient
differential operators on p (see [20], Ch. II, §3).

Note that, however, such an interpretation of J; can only be given if G is a
Weyl group. Even in that case, the set of multiplicities for which J is a spherical
function for some Euclidean symmetric space is discrete (and in most cases even
finite). In the case of the exponential function Exp(4, k; «) I do not know of any
direct interpretation of this sort (except for the trivial case k=0).

It is strongly suggested by these interpretations of J that if Yo: k,e R, one
has the following analogy of the spherical transform on p: let fe C>®(a) and
define

Vieb*: (1) = I SO (=24 ks x) ] lo*(x)|*=dx.

aeR

Then the following inversion formula should hold:

Vxea: f(x) = J I ks x) TT la(d)**da (6.1)

i aeR
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(here dx and d/ are suitably normalized Lebesque measures) (for a proof of this
formula in the case " x p/A": see [20], Ch. IV, §9). For the exponential function
Expg (4, k; x) one expects similarly: let f € CP(a) and define

vieb*: f(3) = J SO Expa(—4 ks ) ] la*(x)*dx.

aeR

Then one should have:

Vxea: f(x) = f FA)Expg(4 k; x) [T ledA)*=da 6.2)

acR

(where we assume k, > 0Va). Clearly, (6.1) follows from (6.2) by taking the
average over G. Recently these important formulas were proven by Dunkl ([12])
(on some dense subspace of L%(a, I1 l*(x)|**« dx) other than CZ(a)).

REMARK 6.13. In the paper [11] Dunkl also obtains the function Expg(4, k; x)
(denoted by K(x, 4) in his notation), by completely different methods, and he
derives many interesting properties for this kernel. It seems however that our
methods using local analysis of differential operators and monodromy are best
suited for the purpose of describing the singular behaviour of Exp as a function
of the multiplicity parameter ke K. We will also gain some insight into the
meaning of these singularities (see Section 9).

7. Exponents at the origin

In this section we will study the singular behaviour of solutions of the Bessel
differential equations near the origin (which is the most singular point for these
equations). Our method is this. By the results of Section 5 we know that the
monodromy representation is (generically) equivalent with the regular represen-
tation of the Hecke algebra. Therefore we can easily calculate the action of the
center of the fundamental group n,(G\h™#)(~ A;) on the space of local solutions
of the Bessel equations (I am grateful to Prof. G. Lusztig for explaining this to
me). On the other hand we can interpret a generator for the center of A
topologically as a loop going once (or twice sometimes) around the origin in
G\b™® (see [7]). As a consequence we obtain a detailed description of the local
exponents of solutions of the Bessel equations towards the origin. We give more
details in the description of the exponents in this section than we will use in this
paper. Yet we feel that these details are interesting enough to be presented here.

Finally we mention the fact that the results of this section also hold in the
context of hypergeometric equations associated with root systems. This can be
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used towards the evaluation of solutions of the hypergeometric equations at
special points (these results will be given in a forthcoming paper).
Let p: X — b denote the blowing-up of ) at O€b, i.e.

X = {(x,Debhx P(by) | xel}

and p projects onto the first factor. If H = | is a subspace of codimension 1, and
xebh—H then we can define an affine coordinate patch by

¢X,H: C X H - X

(t, h) = (t(x+ h), C(x + h)). (7.1)

Clearly we may cover X with patches like these, and p(¢, (¢, h)=t(x+h). We
use the following notations:

X =p G, Y =p )

Y& = {(0, ])|, # O, Vae R},

D.y=¢,y(CxH) and D} =D,y (X0 Y™).

Choose a base point x, € a't8, and let H = x§. Then
Gron(X™F) = C* x (H D).

Let sen,(G\b™8, x,) be the loop corresponding to the positive generator of
n,(C*,1)~ Z, so that s can be represented by {t—»ez”\/‘—“-xo} (te[0,1]).
Recall Theorem 5.1. It is well known that the map G— A sending the reduced
expression g=r; -1, to 6, =6;, --- J;, is well defined (meaning that 6, does not
depend on the reduced expression for g) (cf. [22], Remark 3.19).

Fig. 1. The map p for G =S;.
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PROPOSITION 7.1 (Deligne, see [7]). s=06% € Ag ~ 7,(G\b™®, X,,), where go € G
is the longest element.

Proof. Assume (for sake of simplicity) that go(xo)= —x,. Let go=r;, ---1;, be a
reduced expression for g,. Consider the following path in b

{riN e riz(si.)} oo {riNrN~—1(Si,,,_2)} ° {"iN(SiN_l)} ° {SiN} =s*

(from x, to —x,). We claim that s* is homotopic with the path
{t >e™ " xolory in bE

To see this, note that r; ---r;(s; ) is homotopic with (inh™®) the path st ,
defined by (¢€[0, 1]):

t—’(l - t)r,-N-nr,"xo + triN---r,-lrilile + \/ —1 (Sinnt)xO

since r; -+ r;(;,_ ) > 0 (V). So

s¥~st--sfcla+/—IRxg)NnhE=X%
= (a+,/—1Rxp)\{xea|a*(x)=0 for some a € R}.

The path {t - e/t Xo}1eq0,1; also lies in this (n + 1) dimensional real subspace
of b, and is obviously homotopic with s* in X since they both lie in the halfspace

a+./— 1R x,. This implies the result. O

PROPOSITION 7.2 (Deligne, see [7]). 62, € Z(Ag), the center of Ag.

Proof. If r; ---r; is minimal and «; | is simple and such that r; ---r;(a;, ) >0,
thenr; ---r;  isalso minimal. Thus if a minimal expression cannot be extended
(from the right) then it represents the longest element. Therefore there exists a
minimal expression go =r; ---r; for any choice of r; , a simple reflection. Let r; be
a simple reflection, and let go=r;;,---r; be minimal. Put —go(a;) = o), then
also

9o = riz t riNrT(i) = r’(i)riN o riz = riN e rizri’
and the corresponding expressions hold for é,,€ Ag. Hence

8:0, = 0B, -+ 6;,0:))y, -+~ 8:,0)
= (6i6iz e 5,'”)(5.[(i)6i~ e 5i2)5i = 6306i fOI‘ all ie {1, ceey n}- D
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REMARK 7.3. The two previous results are due to Deligne ([7]). In this paper
Deligne proves a stronger result, namely that Z(A4g) is generated by J,, if
go= —id, and by 62 otherwise (we do not need this stronger result for our
purposes).

COROLLARY 7.4. Let {p;}}= be a complete set of representatives for the set of

irreducible representations of G, and put d(i)=dimc(p). Put M;,=
dimc(Ker(p;(r,) + 1)). With these notations, we have:

(1) If p; also denotes the representation of $g corresponding with the
representation p; of G (recall H5 ~ QG (cf. the proof of Corollary 5.5)), then
pi(T}2) acts by multiplication with

{k—»exp( \/'ZkM,a}—aeg?

i) sex
(2) Suppose {e}i=1={¢y,2,...,€1} (so L' is the number of distinct ¢;). Then
u(6%) € GL(|G|, ) has minimum polynomial L (T—e)e2[T)).

Proof. By Corollary 5.5 we know that x induces the left regular representation
of $g on Q!9 so that (2) follows from (1). As for (1), let T,, =T, --- T;, be a
minimal expression. Then, if p,(T;2) acts by the scalar f € Q (since ’I;,ZJEZ(QQ-)!),
we obtain

det(p(T;3) = H det(T;, H (go)* e = f19.

(16+

From this equation we solve f (with f(0)=1). O

Let us return to the situation at the beginning of this section. The Euler vector
field

n 0
=4 M

((x1,.--.,x,) an orthonormal basis for a) on § will play an important role. Note
that, in the coordinates (t, h) (via po ¢, ) one has:

Let

#7 = C[X™] ® # = (n°pHCIG\H™] ® V),



358 E. M. Opdam

and let C[h* x K] ® %™ be endowed with the connection V,,-=(r° p)*(V). Let
1=q%, q%,...,q% be a basis for #* consisting of homogeneous elements such
that deg(q;) < deg(q;.,)(Vi). On the coordinate patch D, gy X™® the elements
(B)x.p = t*°592¢, form a basis for #°¢|, _~x«s. Let #” be the vector bundle on
the space X™®u Y™# such that (B)), 4 (i =1,...,|G|) form a basis of sections for
W lpey, Let Wy =W |yws.

LEMMA 7.5. The connection V., has logarithmic poles along Y*°® with respect to
the extension W of W 8. The residue I’ = Resyw: (V) € End(#7y) is independent
of Aebh*.

Proof. This is a local calculation on D, y. Let (y,,. .., y,) be coordinates on H,
and let (x;,..., x,) be coordinates on b such that

po(¢xo,H)(t’ y27' . 1yn) = (t’ t.VZ’ RS ] tyn) = (xl’ e ’xn)'

Then
0 " 0
taz 0= ,-Z‘l i aX,
0 0 0

(i>2).

=f—

ay; 0x; =N 0x;

We have to show that

0
Vy (0), Vyr <E> (i=2)

do not present poles at t = 0 when expressed with respect to the basis {(B;).,,u}-
Now if D is any differential operator on §™8, we can apply D to sections of % ¢
by means of the structure defined by V. On D58, (=D, ynp~ '(H™*¥) we define
a matrix

(f;(D) egl(IGl, C[h* x K] ® C[D5Ex])
by the requirement

DBj = Z fij(D)Bi (Vj)

or equivalently (by definition of V)

|G|
D-t9%@)g, = Y f(D)*5 @9, mod(J) (V)). (7.2)
i=1
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Note that, in the case where D is a vector field, the matrix of the covariant
differentiation V(D) with respect to {(B)),.x}\%; is just ( fij(D)). So, since the
left-hand side of (7.2) commutes with 8 if D does so, it is enough to show the
following. Let E e A[h™®], and ad 6(E) = 0. If we write (according to (3.2))

a

| I
E= ) 9B+ Z Z hy ;Bj(t ¥ (D, — py) (7.3)

i=1 ji=

(here po=1, py, P, . - . is a homogeneous basis for C[h*]%), then g; has no poles at
(t=0), and g;|, - o) is independent of 2 € h*. To this end, let d be the largest integer
such that we can write

= Z gﬁ‘, hl.j = Z hﬁj
k=d k=d

(expansion in ad 6 eigenfunctions). Then if d < 0, (7.3) yields

|G| 1G|
0 = ‘=Zl g:,B, + Z hﬁij(tdeg(anpl).

ji=1121
Again by (3.2), (specialized in A=0) this implies

which contradicts the assertion of maximality for d. Now it is obvious that d=0,
and (7.3) yields

S

!
E=)Y ¢°B + Z 3 hE,B(t*2"D,)

i=1 j=1121

by (3.2), specialized for 1 =0, this determines

g¢ € C[K] ® C[(xo+ H) N h™e]. O

DEFINITION 7.6. Let D, 4 be a coordinate patch as above, with x,€a™®.
Then V,, 4 denotes the connection on C[K]® #|p, ,~y~ defined by

0 0
on.H <6—y; t=0> = V‘IV (6__)7,>

REMARK 7.7. It is easy to see that V. is an integrable connection (cf. [6]).
Note however that its definition depends on the local coordinates (t, y,, .. ., y.),
and that the V, 5 do not glue together to give a globally defined connection on

t=0)
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Wy. Also note that V, , is independent of 1€bh*, similar to the fact that I' is
independent of Aebh* (Lemma 7.5). Finally we mention the fact that
IFeEnd(#'y)~#y® #% is flat with respect to V, y® VE 4 (cf. [6]). In
particular, the endomorphisms I' (y € Y) are conjugate to each other.

In addition to the notation of Corollary 7.4, let
{pli=1,...,Lj=1,...,d(0)} = {0,...,|R4|}

be the set of so-called p-exponents of G (i.e. the representation p; occurs with
positive multiplicity in #*P?¥ (j=1,...,d(i)), the homogeneous harmonic
polynomials of degree p;; (cf. [30], Section2)). Denote by v;;e C[K] the
following affine linear function on K:

Vij(k) = Dij — di)~! ;R M; k,.

Let {vjjli=1,...,Lj=1,...,d0)} = {vy, v, ..., v}
DEFINITION 7.8. The numbers v,(k), ..., v;«(k) are called the exponents at the

origin of the system of Bessel differential equations (3.1). Also define the
multiplicity of the exponent v; by

m(i) = 3 (pu: A% O)d()

where the sum is taken over all '€ {1, ..., L} such that &, = exp(2n,/ — 1v;) (see
Corollary 7.4).

REMARK 7.9. The reason for these definitions is explained in Theorem 7.10 and
Corollary 7.12. The following observations are obvious from the definition. The
exponent that corresponds to the trivial representation will be called v, from
now on, and clearly v,(k)=0(Vk). Note that m(1)=1. If Re(k,) <0(Va), then
Re(v;(k)) >0Vie{2,...,L"}.

THEOREM 7.10. Iffis a section of W ™, then f can be considered as a differential
operator on b8, Hence it makes sense to consider (ad 0) f, which is again a section
of Wt Note that (ad 0)B;=0 (i = 1,...,|G|) on every coordinate neighbourhood
D, y, so that on D, y:

ad(0)(f) = (ad ) (Z fiBi> = Z 0(f)B;.

(1) If 2 =0 then the space of Vy-flat sections is invariant for ad 0. Extend
[eEnd(#7y) on DY to I'eEnd(# |pey) by the requirement that with
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respect to the bases (B)), p the matrix of I is independent of t, and restricts
to T on Y A D=%. Then we have: adf= —T on WY | pes,.

(2) In the situation of (1), one has exp(2n\/:_1 =us) on (W *)V*ID;e}, (see
Proposition 7.1 and Lemma 5.2).

(3) The minimum polynomial for T equals TI. (T —v;)(A € b* arbitrary now). If
keK is generic then

Vie{l,...,L"}: m(i) = dim Ker(I'(k) —v;(k)).
Proof. (1) If A=0 then it is clear from (7.3) that

V,(0) and V, (%) (i=2)

are independent of ¢ when expressed, on D, y, with respect to the basis
{(B)x.1}!¢',. Hence ad 0 leaves invariant the space of flat sections. Moreover, by
definition of I" one has VW(0)=ad0+I~" (with respect to the basis (Bj), g),
proving (1).

Next we prove (2). On #*|p, we obtain from (1) that ad(6) acts on (¥~ V" by
means of the matrix I'* (with respect to the basis (B¥)). Since the vector field
\/—_1 0 integrates to the loop s (as in Proposition 7.1) we obtain the desired
result.

Finally consider (3). It is enough to prove this at a certain y,e Y™ (see
Remark 7.7) and by Lemma 7.5 we may assume A=0. Hence we may consider
the endomorphism T’ @y as in (1), instead of I',. By (1) this endomorphism
commutes with the monodromy action u(0, k) on %, . Recall that (0, k) is the
regular representation of H;(q) if k€ K*. Thus from (2) we obtain that f"(,,y)(k) is
semisimple if ke K* and that there exists a decomposition into irreducibles of
W,y for the action of u(0, k) such that r .y 1S @ constant times the identity on all
the irreducible constituents of #;,,. Clearly the eigenvalues of T, are
algebraic functions of k. So on a suitable open set Q < K we may assume that
the eigenvalues depend analytically on keQ. But then we see from (2) and
Corollary 7.4(1) that the eigenvalues are in fact polynomials in k of degree 1
obtained from the ¢; by taking a proper logarithm and dividing by 2n\/—_1 .
From the situation at k = 0 € K* we see which logarithm we have to take on the
irreducible components and this shows that v; is an eigenvalue with geometric
multiplicity m(i). |

We are now in the position to study the behaviour of V*,,-flat sections of #*
in a neighbourhood of Y. As a direct result we can describe the behaviour of
solutions of (3.1) near the origin.

Let xeh™® and H a hyperplane in ) such that x¢ H. Let (¢, y,,..., y,)=(t, y) be
coordinates on D, , as before. So xeb has coordinates (1,0,...,0), and the
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origin (0, .. ., 0) corresponds to the element (Cx)e Y. Let {B;}!9, be the basis of
W px.n 3 usual and let ¢ > 0 be small enough to ensure that Dx a={ty |l

< ¢ and |y;| <¢Vi} has the property D, y—X"¢={(0, y)||y;| <& Vi}.

THEOREM 7 11 Let (A,k)eb*x K be arbitrary. There exists a basis
{fiili=1,. "sj=1,...,m(i)} (for the definition of m(i) see Definition 7.8) of
Vi flat sectzons in W*|py, of the form

nij(A,k)
fi(t,y) = ¢ ® I—ZO (log 1)'v;;(t, y)-
Here v, D, y—Z\9, CBY is holomorphic, and {¢;|i=1,...,L";j = 1,...,m(i)}
is a basis of solutions of (ad 0 —TI{cy(k))p =0, if we put
nij(A,k)

¢i(e) = t® 3 (log 1)'v;;(0,0).
=0

On the other hand, if f is a V3-(4,k)-flat section on Dx u Of the form

fit.5) =" 3. (g 0fot.)

such that (v4(0,0), . ..,v,(0,0)) # 0, then ve {v,(k),...,vi(k)}.

Proof. First consider the equation V3-(0)f = ad(6)(f)+ Mf = 0 on the line
{(t,0)|0 < |t| <¢&}. Recall that M o= —I'cy(k). Using Theorem 7.10(3), and
standard theory of systems of first order linear differential equations in one
variable (see for example [34]) we obtain a basis of solutions for this equation of
the form:

nij(A,k)

Aty =1"® Y (log t)v(1)
=0

where

nij(4,k)

Pift) =0 2, (ogufy(0)
runs through a basis of solutions of (ad 0)(¢) = I'c,(k)¢. Now define v;;(t, y) by

0
V?;V (E) vijl(t: y) = O (VP’ i’ j9 l)
p.

v;(t,0) = vty (Vi, j, D).
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Hence v;;(t,y) (tfixed) is a flat section of an integrable connection with
holomorphic parameter t, and thus v;;(t, y) is holomorphic in (¢, y). With this
definition of v;;(t, y) it is clear that f;; is V}-flat, and that { f;;} forms a basis of
(#*)V". Finally, if

fe.y=r % (og uft,y)
is Vj-flat, then it is clear from series expansion at ¢t =0 on the line {(¢,0)||¢| < &}
that

é=0 3 (08 u0.0

satisfies the “constant coefficient” equation (ad 0)¢ = I'c(k)¢. Clearly this
equation implies (when ¢ # 0 of course) that v is an eigenvalue of I'c (k). [

COROLLARY 7.12. Let (4,k)eb* x K be arbitrary. There exists a basis
{¢ijli=1,...,L";j=1,...,m(i)} of solutions of (3.1) on bx,,, of the form

nij(A,k)
Yift, y) = t"® ’ZO (log )'uy(t, y).

Here u;; is holomorphic on l~)x,,,, and (u;j0(0,0),..., U, 1,6(0,0)) # (0,...,0).
Moreover, if Y(t, y) is any solution of (3.1) on BX,H of the form

e, 3) = ¢ 3 (1og (e, y)

with u, holomorphic and (4,(0,0)}- o # O then ve {v,(k)}} .

Proof. This is immediate from Theorem 7.11 if we use the isomorphism
(W *) — &, given by v— (1) (see Corollary 3.6). Recall that the inverse of this
map is given by f — Z!9 (B,f)B¥. O

REMARK 7.13. Note that I'(k)B; =0Vk, and also I''(k)B¥ = 0 Vk. The first of
these identities is immediate from the definition. The second one holds since (by
definition) I" is the matrix determined by the condition that for all i, there exist
functions h;;, regular at ¢t = 0, such that

1G]
FB,- — QB,-— Z Z h,ij(tdeg(m)Dm) (7.4)

j=1121
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(see Lemma 7.5). On the other hand,
I"Bf =0« B¥(I'B)=0 Vi<(B)1)=0 Vi

Applying (7.4) to the function 1 we see that this is indeed true.

EXAMPLE 7.14. By Remark 7.13 we know that Vye Y™®:I'j(k). Bf = 0(Vk).
Hence ¢,,(t) = B¥ is a solution of

(ad6-Tc)p =0

and according to Theorem 7.11 and 7.12 there exists a solution ¥ ,(t, ) on D, 5
of the form:

n11(4,k)

Vit y) = 1;() (log t)'uy (1, y)

of (3.1), with u,,4(0,0)=1, and u, ;,(0,0)=0V!> 0. From the proof of Lemma 7.5
it is easy to see that

0
H < ) (Bf)=0
0yili=o0

(see Definition 7.6) and so, by construction of ¢,, as in Theorem 7.11 and
Corollary 7.12 we obtain that

u110(0,y) =1 Vywith |y;| <e
u1/0,y) =0 Vywith |y, <e VI>DO0.

We close this section by mentioning some simple consequences of Corollary
7.12. Let £(G\b) denote the C-vector space {f e O(G\b)| f satisfies (3.1)}.

COROLLARY 7.15. Let Aieb* be arbitrary, and keK such that
vi(k)¢{0,1,2,...}Vi>1 (this is true for example if Re(k,) > 1Va€eR). If
f € L(G\b)(A, k) then f =0<> f(0)=0.

Proof. Use Corollary 7.12. |

COROLLARY 7.16. Let (4, k)eh* x K satisfy one of the following conditions

(1) vi(k)¢{0,1,2,...} Vi> 0.
(2) Ae(®*)s

Then dimc[ L(G\b)(4, k)] = 1.
Proof. By Proposition 5.6(2) we have dim[Z(G\h)(4, k)] = 1. Clearly the
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assumption  dim[£(G\b)(4,k)] >1 would imply the existence of
0 # e L(G\h)(4, k) such that f(0) = 0. So (1) is clear using Corollary 7.15. If
/e (h*)® we can dispose of the intertwining isomorphisms ig of Proposition 4.1.
By repeated application of these we may assume that Re(k,) > 0 Vo e R, in which
case condition (1) holds again. This proves (2). O

REMARK 7.17. If we look at Definition 7.8 and compare this to the calculation
of Dunkl in ([8], p.176) we observe that the eigenvalues of the operator
X¥_ ) E¥Tu(k) on the space #°* are precisely the exponents v,(—k) (i=1,...,L")
(counted with multiplicity). From this observation one easily sees that (see
Definition 6.1):

—K, ={keK|Re(;(k)>0(=2,...,L).

We will use the notation K _ = — K, in the sequel. Finally note that v;(k) € Z (Vi)
if k,e ZVaeR (cf. [10], Lemma 2.1 and Corollary 2.2).

8. Evaluation at the origin

Let x, € h™8, and consider its image as base point for G\h™8. Let K_ = — K, (see
Remark 7.17) and recall that if ke K_, then the exponents v;(k) satisfy:
v;(k) = OVk, and v,(k)=0=i=1. Therefore the following definition makes
sense, provided that ke K _.

DEFINITION 8.1. Let (4, k)ebh*x K_. Let E(=E(4, k; x,))e ZL¥(4, k) be de-
fined by E(f)=Ilim,_,f(tx,) (analytic continuation via the path (t - tx,)). E is
called “evaluation at the origin”.

PROPOSITION 8.2. E(4, k) is a nonzero global section of £*(4,k).
Proof. This follows immediately from Corollary 7.12 and Example 7.14. O

Recall the pairing {-,} introduced in Corollary 3.12.

THEOREM 8.3. V¢ e L4 k):{¢p,J(— 4, 1 —k)} =a(k)E(p), for some aeC(K)
such that a(k) has neither poles nor zeros inside K _.

Proof. Let us recall the bases {B;}!%!; for #" on a coordinate patch of the form
D, (as in Lemma 7.5), consisting of differential operators of homogeneous
degree 0. With respect to this basis we may write (use Corollary 3.12):

{¢, J(=2, 1=k)} =) B4, k; t, yXBi()(t, ) @.1)

with, as a result of Corollary 3.12 and Corollary 6.10, ; a holomorphic function
in the variables A and k (use that 1 —keK, if ke K_=—K ) and a merom-
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orphic function of ¢ and y. We claim that (¢ =0) is not a hyperplane of poles for
B:(Vi). Since it is sufficient to prove this for generic (4, k) we may assume that
(4, k) are fixed, and such that the monodromy representation is semisimple. In
this situation it is clear that {@, J(— A, 1 —k)} =0 for all ¢ € £(4, k) that have no
component in the trivial part of the monodromy representation. Now let me Z ,
be minimal subject to the condition that t™f; is regular at t =0Vi, and put
;= w;(y) = lim, o t™B;(t, y). The above remark implies that (use formula (8.1),
Remark 7.9 and Theorem 7.11):

((sus)=o

for all eigenvectors v of I'* with nonzero eigenvalue. By Remark 7.13 this means
that u;=0 when i =2,..., |G| (since I' is semisimple, and B, is the only
eigenvector with eigenvalue 0). The assumption m > 0 would imply that also
Uy = B¥(Z; u;B;) =0 by a similar argument, but this contradicts the minimality of
m. So we have not only proved our claim, but also the result that
u;=lim,_ o(B;(t, y)) =0Vi > 2. Using formula (8.1) again, we obtain

{&, J(=4, 1=k)} = pu,(4, k)E(¢)

where u,(4, k) is polynomial in 1 and rational in k. (Here we used the fact that all
the coefficients of the power series expansion in ¢ at t=0 of J(4,k,t, y)) are
rational in k and polynomial in A. This follows at once if from the recurrence
relations defining them (using V¥ and Lemma 7.5.)) Since for all (4, k)eh* x K _
both {,J(—A4,1—k)} and E are nonzero sections of #*(4,k) (recall that
1—keK, if ke K_), we see that u,(4,k) # 0, oo for (4, k)eh* x K_. Hence
(4, k)=a(k) e C(k), having no poles or zeros in K _. O

COROLLARY 84. E(4,k) depends holomorphically on (1, k)eh* x K _.

9. The singular set of J; and Expg

In this section we will prove a refinement of Corollary 6.10, namely we will give
an exact description of the singular set of J; (and thus of Expg — cf. the proof of
Corollary 6.10), counted with multiplicity. At the same time we will discuss the
relation of this result with the problem of calculating the Bernstein-Sato
polynomial b of the discriminant of G explicitly. As a consequence we obtain a
proof of the formula for b that was conjectured by Yano and Sekiguchi
(see [35]). Finally we will show how this “almost” proves the Macdonald
conjecture ([24], Conjecture 5.1) on the Mehta type integral. (In order to get a
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complete proof we still need to calculate a certain constant by computer. This
was done by Prof. F. Garvan.) We note that these results have previously been
proven in [28] for all cases where G is a Weyl group, as an application of the
calculus of hypergeometric shift operators. Thanks to the results of Dunkl and
Heckman mentioned in Section 2 we know that shift operators do exist in the
general case. But still the calculation given in [28] does not carry over to the
general situation, since it is based on the evaluation of Jacobi-polynomials at the
identity element (and Jacobi-polynomials are not present in the general case).
This part of the proof will be replaced by the use of the evaluation map E (as
defined in Section 8) in the present section.

Recall the notion of i-length l(g) of ge G (see [23]). If ke K is a multiplicity
function on R=R(G), we define k9 =ky@...[® Here k=X" k], if
R=17, C; is the decomposition of R in minimal G orbits, and [;(g) is the
number of simple reflections r, with a € C; that occur in a minimal expression for
g. We denote by Pg(k)=Z,; k!9) the Poincaré polynomial of G (see [23]).

The regular representation of Hg(g) contains the trivial representation
precisely once, and it is not hard to give an explicit basis vector in H;(qg) for this
one dimensional subspace.

LEMMA 9.1 (See [13]). The vector v(q)=ZX,c(—q) Y9T,e He(q) satisfies
Tv =v (Vi) (Where T,=T,).
Proof. Easy calculation, similar to ([13], Lemma 1). O

DEFINITION 9.2. Recall the notations of Section 5. In particular, if ke K we
define g€ K by: g(k)= —exp(— Zn\/_—_l k). Clearly g,€ # Vo e R (recall that £ is
the ring of entire functions on h*xK). Let Ae#A; be the element
A(k)=deG(—q)‘1‘9)6g (0, was defined just before Proposition 7.1).

PROPOSITION 9.3 Let (4,k)ebh* x K _(see Remark 7.17), and let f € &L (4, k)
(for some x € b™®8). Then (see Lemma 5.2 for the definition of u):

(4, BAK)S = Pe(—q~") E(f) Js(4 k). ©.1)

Proof. Clearly (u(4, k)A(k)) f € L(4, k) has trivial monodromy as a consequence
of Lemma 9.1. If ke K* this implies that (u(4, k)A(k))f equals some constant
times Jg(4, k), as a direct result of Proposition 5.6(2) and Definition 6.9. Then
formula (9.1) follows by applying E and using Proposition 8.2. When ke K _
arbitrary, we can still extend f by a holomorphic family of solutions
f(k')e ZL(4, k'), k' varying in a neighbourhood of k and such that f(k) = f.
Hence formula (9.1) follows from the case k' € K* by meromorphic continuation
when we use Corollary 8.4. O
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DEFINITION 94. Let Be C[K] be the polynomial defined by

B(k) = Gr(k+1g)1) = <ﬂ T(k))(]_[ )

eR acR

(Here 1g: T — C denotes the function 1z(a) = 1Vae R as usual). We denote the
zero locus of B (counted with multiplicity) by Z, < K. Also let be C[s] (s an
indeterminate) denote the restriction of B given by b(s)= B(s1), and let Z; be its
zero locus in the s-plane.

PROPOSITION 9.5. be C[s] has degree |R ,|.
Proof. From its definition it is clear that we have to show that

(L E)(p1 ) 2o

where

~ 1
T,=lim -Ts1p) = ). (0 PA,
s> w g

PeR

In order to see this we use Dunkl’s results on harmonic polynomials and peak
sets ([9], Th. 2.10, §3). Let E denote the peak set, and let x, € E. Then

<l;[ T)(Q“ > Gl & <I,1 T)(fkl a*)(gxo)
-G (H a*(gxo))«ag T*) 1) (g%0)

=(1 e )(11 7)1 o0

(Here T* denotes the adjoint of T, with respect to the inner product (on C[E])
(f, 9) =2,k f(x)g(x). In the last step we used Dunkl’s results (Section 3, loc. cit.)
that the map

C[h] - C[E], p(xy,...,x) = p(T¥,..., T*)1|; is an isomorphism when re-
stricted to the harmonic polynomials #* < C[h], together with his result
Xo€b™®). O

PROPOSITION 9.6. The set of poles of Jg equals (with multiplicity) b* x Z x b,
where Z=\)nez, (Zg—nlp).
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Proof. First of all recall that J is holomorphic on h* x K, x | (Corollary 6.10).
We use the functional equation

J(4, k) Gr(k+1R)J(% k+1g)

o
~ B(k)

in order to extend J meromorphically to h* x K x b. Hence we see that the set of
poles of J is contained in h* x Z x ). We obtain the equality by observing that if
Ae(h*) e then Gg(k+ 1g)J(4, k+ 1g)) # 0 (by Proposition 4.1). This completes
the proof. O

We will now determine b explicitly (up to a multiplicative constant) using
Proposition 9.3 and Proposition 9.6. A key role is played by the well known
factorization formula for P; due to Bott [1], Solomon [29] (in the case of
identical root labels) and Macdonald [23] (general case).

THEOREM 9.7. Z=Z,n(K.), where (K ,)° denotes the set-theoretic comple-
ment of K, and Z, denotes the zero locus of k— Pg(—q~ (k) (counted with
multiplicity).

Proof. We leave it to the reader to verify that all components of Z, intersect
the diagonal s-plane Cli = K (for instance by inspection of Macdonald’s list
([23], Section 2.2) which gives factorizations for the polynomials Pg(g)). Since
Clgc K, UK _ this implies that the components of Z,N(K,)° all contain
points of K _. Therefore we may apply formula (9.1), and we obtain the result
ZcZpn(K,) (use Proposition 9.6 and Corollary 8.4. Note that we may
assume that E(f)=1in (9.1) since E € #*(4, k) is nonzero (Proposition 8.2)). It is
sufficient now to show that the intersections of Z and Z,n(K,) with Clg
coincide (with multiplicity, of course). Recall the theorem of Bott and Solomon
(see [1], [29]): (¢ an indeterminate)

noth—1

Po(t1) = []

i=1 t_l

where d; denotes the ith primitive degree of G. Hence (the dot - denotes
intersection counted with multiplicity):

n di—1

(Zp):(Clg) = U U U {(l+j/di)1R}'

lez i=1 j=1

By Proposition 9.6, (Z)(Clg) = )icz,(Z5 — 1z), thus by counting the number of
points per unit interval (Proposition 9.5) we obtain (Zp) - (Clg) =(Z)-(Clg) in a
half plane Re(s) <M (for some MeZ_). Using (9.1) again this is clearly
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equivalent with the condition:
If e Z.(4, k) such that (u(4, k)A(k))f # 0. *)

Hence (*) is satisfied when k=sli with Re(s) < M. Moreover, if we take
Ae(h*)® then condition (*) is periodic in k€ K with period 1, by Proposition
4.1, and thus condition (*) holds for all k=51, with se C. Hence by formula (9.1)
we have:

Z(Clg) =(ZpnK_)(Clg) = (ZpnK%)-(Clp)
=U U O {(=1+ j/d)1g}. O

eNi=1 j=1

This proves the conjecture of Yano and Sekiguchi on the b-function for the
discriminant of a finite Coxeter group (see [35]):

THEOREM 9.8. The Bernstein-Sato polynomial be C[s] of the discriminant
I; < (G\b) is, for any finite Coxeter group G, given by

bs) = [1 H (s+2+‘;> 92)

i=1 j=

(m;=d;— 1, the G-exponents and n=rank(G)).
Proof. The reasoning in [28], Section 7 shows that b(s+4)=c" b(s) (for some
constant c¢). By the proof of Theorem 9.7, we also have:

@)l = U (—11x 42 = U Q (=l (/d) ).
leZ, leN i=1 j=
Hence,
n di—1

= U U {(=Gital

and the factorization (9.2) follows. O

The above results also yield information on Macdonald’s conjecture on the
Mehta type integral for finite reflection groups ([24], Conjecture 5.1):

THEOREM 9.9. Consider the Mehta type integral

M(s) = L Fx)dy(x)



Dunkl operators 371

where d.(x)=(2m) " e~ /2" dx denotes the Gaussian measure. There exists a
constant ce R, such that

M(s) = ¢’ ﬁ (

Proof. Using Corollary 3.10 and Definition 9.4 we obtain the functional
equation

M(s+1) = b(s)M(s)

where, according to Theorem 9.8, for some nonzero constant:

- n di—1
bs) = clGl [T T1 @is +.).

13

This leads to the stated result (copy the proof which was given in ([28], Section
7) for the case where G is a Weyl group). O

This would prove Macdonald’s conjecture ([24], Conjecture 5.1) for these
integrals if we could show that in fact ¢ = 1. Equivalently, we have to show that:

( I1 6)( [1 a*) = [[1 (d:))- 9.3)

aeR acR

Unfortunately, I do not have an intrinsic explanation for (9.3). But when we use
the classification of irreducible finite Coxeter groups it suffices to verify (9.3) for
the groups H, and H , only (since the conjecture was proved for dihedral groups
by direct computation in [24], and for Weyl groups in [28]). As was already
mentioned in the Introduction, Prof. F. Garvan has informed me that he has
indeed been able to verify (9.3) for these cases by computer (after he simplified
(9.3) somewhat using certain symmetries). (In the case of H, this computer
calculation was carried out independently by Dr. H. Finkelnberg using
“Maple”.) Thus, provided that we accept these computer calculations as a proof,
we have:

COROLLARY 9.10. Macdonald’s conjecture on the Mehta type integral as-
sociated with a finite Coxeter group is true.
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