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1. Introduction and theorems

Consider the defocussing cubic non-linear Schrodinger equation (NLS)

2
Y= = TV e 1)+ 20, 00 )

"or 0x?

for complex valued function ¢ with periodic boundary conditions
Y(x + 1,t) = Y(x,t). It is well known that (NLS) is a completely integrable
infinite dimensional Hamiltonian system. The periodic eigenvalues of the
corresponding self-adjoint AKNS-system are invariant under the flow of (NLS),
where the AKNS-system is given by

(0 -1\ d —q(x, ) p(x, 1)
(Hp, 9F)o) = [(1 0> ax ' ( pix, ) glx, t))J F
with Y(x, t) = p(x, t) — iq(x, t). Define for NeN

AN = {(p, 9 € HR([0, 11)*/p(0) = p“(1), (0) = q"(1) for
j=0,...,N—1}.
For N > 1 the Liouville tori of (NLS) in the phase space #" are the isospectral
sets
Isox(p, q9) = {(P, @) € #V/H(p, §) has the same periodic
spectrum as H(p, g)}.

tPartially supported by NSF.
++Supported by Swiss National Fund.
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For every N, Isoy(p, q) is compact, connected and generically an infinite product
of circles.

For (p,q)e #N (N =0,1) let {4(p, q)}wcz be the periodic and antiperiodic
spectrum of H(p,q). One knows that the gap length map y from s#! into 3
defined as

(p, Q)—y’ x(Ps @) = 22(D, @) — A2 1(D, Dkez

is continuous (but not analytic), onto and y~'(y(p, q)) = Iso,(p,q), where
I = {(akez/d kez K*Nlal? < o0} (N = 0). (see [Gre-Gui]).
In Appendix A we prove

THEOREM 1.1. (1) The gap-length map y: #° — 12 is continuous and

? (P, 9)) = Isoo(p, q)

@) 1I(p, @)l 5~ is a spectral invariant, i.e. constant on Isoy(p, q).

Knowing the Dirichlet-spectrum { y,(t)} ez of the operator H(T,p, T,q), where
(T,f)(x) = f(x + t) one can reconstruct p and g by the trace formulas

__v1 .
p(t) kgz 3 (Aak + A2k—1) — 4 (2)

1
qit) =Y. 5 (Aak + Azk—1) — m(2).
keZ

Here { ji(t)}1ez is the Dirichlet-spectrum of H(T,q, — T, p). The dependence of ¢t of
{1 (t)} ez 1s given (see [Gre-Gui]) by a system of singular differential equations.
For finite gap potentials u,(t) can be explicitly calculated by geometric methods
(see [Pre]). In this article we compute the image of w (), or equivalently the
image of the flow by translation 7; on Iso(p, g), for non-finite gap potentials. To
do this we introduce the space

MY = {(R)kez/Ry is @ 2 x 2 symmetric, real, trace-free

matrix with ) k*V||R,||* < oo}.
keZ

and a map dety from .#" into I defined as

dety
(Rkez ———> {2(—det R)*}rez.

We will prove
THEOREM 1.2. For N = 0, 1 there exists a real analytic one-to-one map ® from
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AN into MN with ®(Ison(p, q)) = dety *(dety(®(p, ¢))). For N = 1, @ is onto and
bianalytic.

This theorem gives a geometrical description of the “foliation” Isoy(p, g) in
HN. A similar theorem for the KdV equation has been proved by T. Kappeler in
[Kp]. In section 2 we construct the map ® using results from [Gre-Gui] and
[Kp]. Theorem 1.2 follows immediately as in [Kp] using arguments from [Gar-
Tru, 1, 2] and

THEOREM 1.3. The derivative of ® at (p, q) is an isomorphism from #™~ to M"Y
(N =0, 1).

Theorem 1.3 is proven in section 3.
Let ® = (®,),z. The above mentioned result concerning the flow by trans-
lation is now a consequence of Theorem 1.2 and proved at the end of Section 2:

THEOREM 1.4. Suppose (p, q)e #° (resp. #?'). Then for every k with
Aak—1(P, q) < 224D, q) there exists a continuous (resp. cont. differentiable) function
@r(*): R > R such that

7%(p, 9) (cos 20,(t)  sin2¢,(t) )

T =
TP TD) =5 Gin2g () —cos20,(0)

with @, (t + 1) — @,(t) = krn for every teR.

This shows that the image of p,(-) by the flow of translation consists, for all
k # 0, of the whole gap [2,-1(p, 9), 22:(P, 9)]-

Similarly as in [Kp] for KdV Theorem 1.2 can be applied to the so called
finite gap potentials. Define, for a finite subset J < Z,

GapJ:= {(P, Q)e”o:'{Zn*l(p’ q) = j'2n(p’ q)’ n¢J} and
GapJ.r:: {(p’ q)GGapJ:XZn—l(p’ q) < )'Zn(p’ q)’ nEJ}-

Elements in Gap, , are called regular J-gap potentials. It is well known that the
potentials in Gap; are, in fact, real analytic. Further, observe that
Gap; = ® {R = (R)ez€ #°:R, =0Vk¢J} and thus Gap, is a 2N dimen-
sional manifold where N = #J. Clearly Gap,;, is open in Gap, and
®(Gap,,) = (R*)¥ x TV (diffeomorphically) where R*:= {x:x >0} and TV
denotes the N-torus (S')Y. Obviously Gap,, is invariant by NLS. Therefore,
with the symplectic structure coming from NLS, it follows from Theorem 1.2
that (R*)V x TV is a symplectic manifold of dimension 2N with a trivial fibration
by Lagrangian tori T". We thus obtain (cf. [Dui])

COROLLARY 1.5. When restricted to Gap;,, NLS admits global action-angle
variables.
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2. Global coordinates on sV

We first define the map ® mentioned in the introduction.

If Aok—1(P, @) # A2k(D, 9) (k€ Z) one denotes by Fy,_((-;p,q) and Fy(+;p, q)
the two corresponding eigenfunctions of H(p, q) such that, for j = 2k — 1, 2k

@) 1F;(-5 P, Dlizzgo.1p2 = 1
(i) If F{P(O; p, g) # 0 then F{(0; p, g) > 0
If F{(0; p, q) = 0 then FP(0; p, g) > 0

If A2k 1(P, @) = A2k (P, q) then F,_(-; p, q) and F,(-; p, q) are two orthonormal
eigenfunctions such that

(i) F$Q-1(0; p, 99 =0 and F)_(0; p, ) > 0
(i) If FEXO; p, g) # O then FEX0; p, q) > 0
If FZXO0; p, q) = 0 then FS)(0; p, g) > 0

As the eigenvalues 4; are periodic or antiperiodic one has
Fi(x + 1; p, q) = (= 1)F;(x; p, q).

Let E,(p, q) be the two-dimensional subspace of L? generated by F,,_, and F,,.

As in [Kp], in order to introduce an orthonormal basis (G,,_(";p,q),
Gul;p,q) of Elp,q) depending analytically on (p,q)e #° one needs the
following lemma.

LEMMA 2.1. For (p, ) #° and for every ke Z the map
Fi— (F0), F(0))

from E,(p, q) into R? is a linear isomorphism.

Before proving Lemma 2.1, let us introduce some more notations and a few
elementary results from [Gre-Gui] which will be used later.
Denote by

Yi(x, 4 p, q)) 12

Fi(x, 4 p, q) = (Z.(x % . g)
J b £ 2

the fundamental solutions to H(p, g)F; = AF; such that

1 0
F,(0, 4 p, q)=<0> and F,(0, 4 p, q)=<1>,

The p,(p, q)’s (resp. vi(p, q)’s) are the simple zeroes of Z,(1, -; p, q) (resp. Y,(1, -;
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p,q)) in C. (u(ps @)iez(resp. (vi(p, 9))kez) is a strictly increasing sequence of real
numbers.
Further

Aa-1(P, @) < (P> @)s vi(ps 9) < Aau(p, q), keZ.

Denote by A(4) the discriminant
A(Y) = A% p, 9) = Yi(1, 4; p, 9) + Z,(1, 4 p, 9).

The collection of periodic and antiperiodic eigenvalues (4;(p, g))kez Written in
increasing order and with multiplicities have the following asymptotics

Aa(p, q) = kn + I(k)
and
Apk—1(ps @) = kn + (k)
where the error terms are uniform on bounded sets of potentials

(P, @) € LX([0, 1])*.
It follows that for j = 2k — 1, 2k

COS A;x
Fx, A;; p, q) = o 1(k
1%, 45, 9) <_81ij>+ (k)

and

sin 4;x
Fl(x> )'J’ D, q) = <COS).J«X

J

) + (k).
Finally, for 4,,_.(p, @) < A,x(p, q) one has (j = 2k — 1, 2k)

- Y1, 4;(p, 9))
Ai(p, 9)

Zl(l’ Aj(p, q))
+e(p 4) ( AG(p. 9)

1/2
F,-(x;p,q)=< ) Fy(x, 2(p, 9); P, 9)
1/2
> Fy(x, 4(p, 9); P, 9)

where ¢;(p, q) = + 1.
Proof of Lemma 2.1.
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Fix k and (p, q). It suffices to show that
W(F ("5 P, 4) Fau—s(+5 p, @)0) # 0.
where

W(F ("5 ps @) Far—1(+5 py @)x)
= F9)x; p, 9FR-1(x; p, 9) — FSAx; p, @FS-1(x; p, q)

is the Wronskian of F,, and F,,_,. Using the equation H(p,q)F; = A;F; one
derives

d
dx W(F 3k, Fap—1)(%)
X

=(Aak — Ag— JFRXFE_ 1(x) + FRAX)FF- 1(x))

(cf. [Gre-Gui]).

Thus, if 4,; = 45,1, we conclude that W(F,,, F,,_,) is constant. As F,, and
F,,_, are linearly independent, this constant is different from zero. In the case
where A,,_; < A,, we first show that W(F,,, F,,_,)(x) has at most simple
zeroes. Assume that this is not the case. Then there exists 0 < x, <1 and
0 < ¢(x0) < 27 such that

F (21,‘)(x0)F (22,‘)_1()(0) —F (zzk)(xo)F (Zlk)— 1(x0)

= |F 2k (xo)l [F 2k - 1(Xo)Isin ¢(x) = 0
and

FQUAxo)FS_ 1(xo) + FRAxo)FR - 1(x0)

= |F i (xo)l |F 2 - 1(x0)lcos @(xo) = O

where here |-| denotes the Euclidean norm in R2.

But both |F,,(x0)l # 0 and |F5,_(x,)| # 0 which leads to a contradiction.

Let us consider the smooth path (tp,tq) in #° Denote by
to =max{0 <t < 1; A,(tp,1q) = Az 4(tp,tq)}. Then 0 <ty < 1. Choose L2-
normalized eigenfunctions F,, (", tp, tq) and F,,_,(-, tp, tq) such that for t = 1,
Fu(,p. @) = Ful:,p,q) aild sz—lg',P,‘I) = Fy-1(*,p,q) and ﬁzk and FZk—l
are continuous in ¢, ie. F,, and F,,_,eC([t,, 1], (H'[O0, 1])?). In particular
we conclude that F,(-;top,toq) and F,,_(-;top,teq) are L2-normalized
orthogonal eigenfunctions for A,,(top,toq). We conclude that for t=t,
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W(F,, Fy_,) is constant and different from zero. Clearly W(t, x):=
W(F (-, tp, tq), Fo_i(-,tp,tg))(x) is continuous in 0<x<1 and t,<
t < 1. To simplify notation assume that W(ty, x) >0 (0 < x < 1). For fixed
to <t <1, W(t,x) can have at most simple zeroes and thus by a classical
argument from homotopy theory we conclude that W(t, x) can never vanish for
0<x<1landt, <t<1and Lemma 2.1 is proved.

We use Lemma 2.1 to define G,,_(*; p, q) as the unique function in E,(p, q)
satisfying

(@) 1Gak—1("; P, ‘Z)“LZ([o,l])l =1
(i) G5-1(0; p, 9) = 0 and GR_,(0; p, g) > O.

G,i(*; p, q) is then defined to be the unique function in E,(p, g) such that
@A) 1G2(5 P, Dllr2qo,172 = 1; GYA0; p, ) >0
(i) (Gak(*5 P, @) Goi—1("5 P D)2q0,112 =0

Clearly, G, and G,,_, can be expressed in terms of F,, and F,,_,. There
exist a unique 6,(p, g) € [0,2n) such that

( Ga(*: P, 9) )= (cosﬂk(p, q) —sin6,(p, q))( Fu(;p, 9) )
Gau-1(; P, 9) sin 6,(p, q) cos 0x(p, 9)/\&F2c—1(*; P> 9)

where ¢, = sign W(F,.("; p, 9), Fai—1(*; P, 9)O0).

Using a perturbation argument (cf. [Ka]) one proves as in [Kp] that
G,i(+;p, q) and G, _,(*; p, q) are both analytic functions of (p, g) as maps from
(L*([0, 1]))* into (H&([O, 11))*.

F,, and F,,_, are ecigenfunctions of H(p,q) but they cannot depend
analytically on (p, g) due to possible multiplicity of the eigenvalue 4,,. G,, and
G, - are not necessarily eigenfunctions but they depend analytically on (p, ).

For (p,q)e #" (N = 0,1) and for ke Z define

q)k(p’ q) =

< (Go(*), (H — Tk)sz('))Lz([o,u)l (Ga(+), (H — Tk)sz—l('))Ll([o,11)2 )
(Gak—1(+), (H — Tk)sz('))LZ([o,l])Z (Ga—1(*), (H — 19)G - 1(‘))L2((0,11)2

where 7, = (A, + 4, 1)/2. One easily shows that

d)k(p9 q)

_ %(p, q) (cos20,(p, q) sin20,(p, q)
2 \sin20,(p,q) —cos26,(p.9)

where (P, ) = A(P, @) — 22— 1(P; 9)-
The matrix ®@,(p, q) is symmetric and its trace is zero. Its eigenvalues are
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+[74(p, q)/2]. For every ke Z, ®,( -, -) is a compact map from #°° into the space
of real symmetric trace free matrices. (See [Kp] for a proof.)

Furthermore it is proved in [Gre-Gui] that (y,(p, Q))kez € I(Z) (resp. 12(Z)) for
(p,q)e#° (resp. #*') and, for N =0, 1, Y, yi(p, 9)°k*" < co uniformly on
bounded sets of potentials in V.

DEFINITION 2.2. For (p,q)e #" set

@(p, q) = (Pu(P, Dkez-

It follows that ®(-, -) is a bounded map from #V (N = 0, 1) into .#".

As in [Kp] one shows that ®(-, -) is real analytic. Furthermore @(-, -)
preserves isospectrality in the following sense: ®(p, g) and ®(p’, q') are isospec-
tral, ie., spec®.(p,q)=spec®(p’,q) for every k, if and only if
Yx(p,-9) = y:(P', q') for every k. It is shown in [ Gre-Gui] that, for (p, q) and (p’, ¢')
in #, y.(p, 9) = y:(p', ¢) for every k implies A,(p, q) = 4(p', ¢) for every k. For
(p,q) and (p,q) in #° the same conclusion follows from Appendix A (see
Corollary A.4) by the same argument given for the case N = 1 in [Gre-Gui].

REMARK 2.3. .#° (resp. .#*!) can be identified with 1*(Z) (resp. I?(Z)) by the
map

<L(’2’_‘1) cos 26,(p, a), 2 sin 20,5, q))

- alp, q) = ——V"(g’ 9 e2ted ez

It then follows that for (p, g)e # with N = 0,1

2 kKN (p, 9lI* = 3 k*New? < oo.
keZ keZ

In particular ®(-, -) coordinatizes #~ globally.
It follows that for (p,, qo) € #

O(Ison(pos 90) = {(ck)kEZEII%(Z)I el = lex(Po» g0)l, ke Z}.

One recovers the well-known result that Isoy(po, o) is @ compact set, generically
an infinite product of circles, the radii of which are in I3(Z).

We now prove Theorem 1.4. Following [Kp, Thm. 4] one easily shows that
there exists a continuous (resp. continuously differentiable in the case
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(p, 9)€ oY) function (¢, s) such that

Gai—1(x; sT,p, sT,q) = cos Y (t, s)F 1 (x + ; sp, 5q)

+sin Y (t, )Fu(x + t; sp, sq)

Gaulx; sTp, sT,g) = —sin i, (t, )F i (x + t; sp, sq)
+cos Yy (t, S)F,(x + t; sp, sq)

for (t, s)e[0, 1] where, for s, < s <1, Fp(:;sp,sq) and Fy_,(-;sp,sq) are
chosen as in the proof of Lemma 2.1 with so=max{0<s<1;
221(SP, 89) = Ay —1(sp, sq)}. Taking possible crossings of the eigenvalues
As(sp,sq) and A,,_,(sp,sq) into account (cf. [Ka]), F(-;sp,sq) and
F,_1(+;sp, sq) can be chosen to depend smoothly on s, 0 < s < s, if one allows
F x(";Sp,sq) to be either a (normalized) eigenfunction for A,,(sp,sq) or
Ak 1(sp, sq) and similarly for F,, _,(-; sp, sq).

Define ¢, (t):=y,(t, 1) and the winding numbers h(s):=
W (1 + t,5) — Y, (t, 5))/m, h(-) being a continuous function of s with values
in Z. Therefore hy(s) = h(0) =k for every se[0,1] and thus ¢,(1 + 1)

— @ul(t) = k.

REMARK 2.4. For (p,q)e #* one shows that
. d .
sign 2% (1) = sign(zy—, + q(0).

Then, for |k| sufficiently large, one has

deoy . dey () .
ar ) >0if k>0 and at <0ifk<0

i.e. ®,(T,p, T,q) winds |k| times around the origin without stopping, clockwise if
k < 0 and counterclockwise if k > 0.

3. The derivative of ®

In this section we compute the derivative of ® and show that it is a linear
isomorphism from #" onto .#" for N =0, 1.

As in [Kp] it is convenient to write @ in a slightly different form. One writes ®
as a map ¥ from #¥ into 13(Z) (see Remark 2.3) with ¥(p, q) = (¥x(P, ez
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where

Yaou-1(p @) = (Gox-1(:; P, @) (H — ©(p, )Gk —1("; P, D)r2qo,132
¥ou(p, @) = (Gl P, q), (H — (P, 9))Gok-1("; Ps ‘1))1}([0,11)2‘

Let dg, ¥ (resp. d,, ¥.—1) denote the derivative of W, (-, ) (resp.
Wor-1(+5 )

THEOREM 3.1. Suppose (u, v)e #°. Then
d(p,q)\PZk— 1[(u, v)]

1
= 2% (p, 9 ‘L d(p,q)sz—l('; p, 9y, U)](x)'sz(x§ p, q)dx
f (GR_1(x; p, 9* — G- 1(x; p, 9)* + GE(x; p, 9)°

1
—GSx; p, @P)v(x)dx + JO (G- 1(x; p, 9GR-1(x; P, 9)

—G50x; p, 9)GSA(x; p, @)u(x)dx
d(p,q)lPZk[(u9 U)]

1
=—=2¥,-1(p, 9 J‘o d(p,q)sz—l('; P> Py, v)](x)

1
“Ga(x; p, g)dx + L (—GSAx; p, 9GS-1(x; p, @)
+GEx; p, @GR - 1(x; p, @)v(x)dx
1
+ L (GRAx; p, QG- 1(x; p, 9)

+GRAx; p, 9)GY - 1(x; p, @)u(x)dx

where - denotes the scalar product in R?.
Proof of Theorem 3.1. The derivative d,, ,'¥ - 1[(u, v)] is given by

dip.g)¥ 21— 1[(u, )]
=(dip.)Gax—1(*5 P, YL, V)], (H — 7)Goi—1(*; P> q))
+(Go-1("; P, @) (H — 1)d (4,0 G k- 1( 5 > @Lw, 0)1(+))
+(Gou-1("5 P, 9)s dip(H — T)[(, 0)1(*)* Goe—1("; P, 9))-
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The chosen normalization of G, imply that

@G5 P, @) Gi(5 P, @) =0,  keZ

Further

(H = t(p. )10 1. @ = — 22 c0520,(, 9Gou 155 . 0)

(p,
yk 2 q) sin 20,,(17, q)le(x’ D; q)

One then gets

d(p.q)lPZk— 1[(, v)]
= \PZk(p, q)(GZk( 5D ‘1), d(p,q)GZk—l('; D; q)[(u, U)]( : ))
+ lPZk(p’ q)(d(p,q)GZk— l(a D; q)[(“’ U)](), GZk('; D; Q))

—u(*) u(*)

u(-) v(,)>sz-1(';p,q))

+(Gak—1(";5 P> 9), (
—dg 0T[4, v)].

Hence one finally obtains

d(p.q)lPZk -1 [(u’ U)]
=2¥,—1(D, OG5 P, @) dip,g)Gax—1(*; P> DL, v)1(+))

—u(*) u(")

(") v(_)>GZk—1('; P, 9))

+(Go-1("; P 9), (
—d .o T[4, V)]

Let us now compute d, T [(4, v)].
Define, for fixed ke Z, the open set %, < #°

U = {(p’ q)E«%o; Ay 9) simple}.

Asi(+, -) and A, (-, -) are continuously differentiable on %,.
Using H(p,9)F; = A;(p,9)F; (j =2k —1,2k) one obtains for (p,q)e%,

dipars[@ 0] = (F(-; P, ) (_Z((’) Zf;) Fi(5 by )
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Thus

dp,q T [(®, V)] =% J l (FE(x; p, 9)° + FR_1(x; p, 9> — F5(x; p, 9)°
—F8)_1(x p, 9*)u(x) dx
+ J (PG P PR 5.
+F5_1(x p, QF - 1(x; p, @)u(x)dx.

Expressed in terms of the G,’s we obtain

1 1
dip.gtl, 0] =3 L (GR(x; p, 9 + GH_1(x; p, 9 — GHx; p, 9)?
(Zlk) l(xa D q )z)v(x) dx
1
+L (G5(x; p, 9GRAx; p, 9)

G- 1(x; p, 9GR - 1(x; p, @)u(x) dx.
Now %, is dense in #° and both sides of the least equality are continuous
functions of (p, g) in #°. Thus this equality expresses d,, ;7 in terms of the G,’s
on #°. d, ¥ is calculated in the same way as d, ¥ - ;-

The derivatives d, ¥, and d,, ¥, -, can be expressed in a slightly
different way as follows.

COROLLARY 3.2. Suppose (u, v)e #°. Then

< d(p,q)‘ka [(u, U)] >
d(p.q)lPZk -1 [(ua l))]

1
=<L (F&0x; p @)* — F_1(x; p, @)% + FR_1(x; p, 9)°

— i 20 b
—FQx; p, 9%) — (X) )( cj;nze,‘&()pqz))

1
& ( j . (FE(x; p, QFF)- 1(x; p, )

—F50x; p, @F5-1(x; p, @))v(x) dx>(‘s:;)ns igk(( II:, ;1))>
k\ D>
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1
+<I0 (F&_1(x; p, QF - 1(x; p, @)

—sin 20,(p, q)
cos 20,(p, q)

— F{x; p, QF5(x; p, @)u(x) dx)(
1
+ & ( L (FS(x; p, QF 5 1(x; p, q)

cos 20,(p, q))

+F$)_1(x; s QF5x; p, @)ulx)dx ><sin 26,(p, 9)

1
+7x(p, @) <L dp.9G2k-1("; p» QL(w, v)](x)

- . cos 20,(p, q)
Gul(x; p, 9) dx)(sin 20,(p, q)>

where &, = sign W(F ("5 p, @), Fax—1("; P, 9))0).

We now study the asymptotics of d, ¥, and d, ¥ 5, . First of all it will
be useful to bring

1
L dip.pGai-1("; P PLw, V)](x)- Golx, p, g)dx
into another form.

LEMMA 33.

1
L dip.yG2k-1("5 P» QLW, v)](x)* Goulx; p, @) dx

— 1
= FOWO) F;, v u>F )sin@
j#Zlc.ZZk—l ! ()< ’ ( u v) * “ Dok — A

— 1
+ F&(0 <F~,< R )s cosf, ———.
#zék_l j ©) j u v 2k—1 ) & COS k/12k_l —ij

The proof of Lemma 3.3 follows as in [Kp; Lemma 5.3].
In order to bound F,,_(*) and F,,(-) uniformly with respect to k we use the
following lemma.

LEMMA 34. For (p, )€ #° and keZ denote I,(-) the unique function in
E.(p, q) such that |L,(*)lL2q0.1p> = 1 with I{’0) > 0 and I{¥(0) = 0. Then for
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je{2k — 1,2k}

() Fi(-, 4) = I,(*) + PP(k) and
(i) Fy(-, &) = Gy 1(*) + I3(K).

The error terms are uniform with respect to 0 < x < 1 and (p, q) in any bounded
set of #°.

REMARK. We present a proof of Lemma 3.4 which generalizes easily to a
situation encountered in Lemma 3.14 below.

Proof of Lemma 3.4. (1) Assume that j = 2k. Observe that (see [Gre-Gui])

Fy0, A) = (é) and F(1, 1,) = <(_Ol)k) + (k).

Existence and uniqueness of I;(-) follow from Lemma 2.1. Then there exist o,
and B, satisfying

Li(*) = o Fo— (") + B F ()

with of + B2 = 1.
Further

H(p, 9Ii(*) = A i (*) — 0P F 2k 1(7)

with (0y ez € 1%(2).
Define

filh) = L()— I;cl)(O)Fx('a 12k)~
Then f,(-) satisfies
H(p, fi(*) = Aufi-) — oV F ok 1(7)

with

#0=(g)

Set

K = (F&U(x, T PG, Az,‘))'

F (12)(3‘, Au) F (22)()6, A2k)
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We then obtain
Je(x) = — f : K(x) ™ KXWty F 5 1(x) dx'.

It follows from the estimates of F,(-, A) and F,(-, 4) in [Gre-Gui; Section 1] that
there is a constant C > 0 independent of k such that

I/l < Claudy < Cyy.
Therefore we get

IF(, A2ll2qo, 12 K(O0) = 1 + P(k).
Further we get from [Gre-Gui; Section 1]

1F (s j'Zk)"LZ([O,I])Z =1+ lz(k)-
Thus

IP0) =1 + 1P(k)
and (i) is proved with j = 2k. The case j = 2k — 1 follows exactly in the same
way.

To prove (ii) remark that

Fy0, ) = C’) and Fy(1, ) = ( ( _01),,> + (k).

Further
1G2k-1()lL2qo,1p2 =1 and GH)-1(0)>0.

Thus (ii) follows in the same way as (i) and Lemma 3.4 is proved.
Let us deduce from Lemma 3.4 that

IFe()lL=o, 172 < C (3.1

uniformly with respect to k.
Consider F,;. For [k| sufficiently large it follows from Lemma 3.4 that

W, Ga—1X*) # 0 because W(F (-, ), Fa-,45)) = 1.
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Therefore

Fau(r) = o4 Lie() + BiGo— (), o, BreR

for |k| sufficiently large.
From | F5,(*)lL2q0,1p: = 1 we deduce that

1=of + B7 + 204 BuI (), G- 1(")DL2qo,1y)2

with |(Iy, Gyu-y)I<1 and (L(-), G, -,)€l’(k) because (F(+, A20),
Fy(, Az € (k).
We then get

lol < C and B <C

uniformly with respect to k. (3.1) then follows from Lemma 3.4.
We now study the asymptotics of d, ,,'¥,, and d, ;¥ 5, — ;. One easily shows
that

cos kmx

Goulx; p, q) = < ) + 1%(k)

—sin knx

sin knx
cos knx

Gau—1(x p, @) = < > + (k)
where the error terms are uniform with respect to 0 < x < 1. Furthermore since
G,.(-;p,q) and G,,_(";p, q) are real analytic functions of (p, q) as maps from
#° into HK([0,1])* it follows that d, ,,G,.(";p,q) and d,, ;G- 4("; P, q) are
bounded linear maps from #° into H([0, 1])> which are still real analytic
functions of (p, q).

It follows from Lemma 3.3 and (3.1) that the norm of the linear map

1
(u, U)'—’L d(p,q)sz—l('; p, PLu, v)1(x) Gi(x; p, g)dx

is uniformly bounded with respect to (p, q) on bounded sets of #° and to ke Z
(See [Kp; Prop. 5.4]).

It then follows from Theorem 3.1 and from the fact that (¥,(p, q))kcz is in 13(2)
that we obtain

THEOREM 3.5.

( dip.o¥ 2y, V)] ) _ Jl <cos 2knx —sin 2knx)<u(x)) dx + P(k)
. =

P 2k— 1L, V)] o \sin2knx  cos2knx J\v(x)
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where the error term is bounded uniformly with respect to (u,v) and (p,q) in any
bounded subset of #°.

We need to introduce some more notation. For (p, g)e #7° set

J={keZ; Ay-1(p,q < Au(p, @)}

Then, for ke Z, define

H, (x; p, @)=

( F®_ (5 p, QFR-1(x; b, @) — FYAx; P q)F“’(x P, 9) )
LFQ(; p, 9) — FE; p, ) + FE_1(x; p, 9> —F8-1(5:p,9)°)

For k¢ J set

W0 p, QFS- 1% p, @) + FR-1(x; P g )F XX p, g )

Hy (s p,q)=¢ <
2k—1 (2)(x P, q)sz (6 p,q) — 2k(X, D9 ) 2k (% p, q

and for ke J define

Hy—1(x;p, @) =
B ( W(x; p, PFR_ 1(x; p, @) + FR-1(x; p, 9F 5% p, q))
F@(x; p, FR_ 1(x; p, 9) — FSRx; p, QF 5 1(x; p, q)

(1) G2

1 oG
{G(Zlk)(y; P, 4) 62(")‘ (v; p» 9 + GEA(¥; p, @) 62(")‘ (5 P, q)}dy

(1) G(Zlk) 1 (2), 0G(22k 1
G5y p, @) 34 (v p, 9 + G5y, P, 9) 24 (»;p,@¢d

1

+7(p, @ f

0

Then, from Corollary 3.2, it follows that

< d(p.q)‘PZk[(u, )] >
d(p,q)\sz— 1[(, v)]

—sin260,(p, q)
cos 26,(p, 9)

cos 20,(p, 9)
sin 20,(p, 9)/)

=(H2k(9 12 q)’ (u(')’ U())) <
+(H - 1("5 P> @), (u(*), v()))(

THEOREM 3.6. Suppose (p, q)€ #°. Then d, ,® is a linear isomorphism form
#° onto M°.
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The proof of Theorem 3.6 is rather long and several steps are needed.

Theorem 3.5 shows that d,,¥ is a Fredholm operator of index zero.
Therefore it suffices to show that d,, ,)'¥ is one to one in order to prove Theorem
3.6.

Assume that d, ,,'¥[(u, v)] = 0 where (u, v) € #°. From the above formula we
conclude that (H,(; p, q), (u(*), v(+))) = O for every ke Z. Therefore, in order to
prove that d, ;¥ is one to one, one must prove that {H,("; p, q)}xcz is a Riesz
basis of #°°. Using the definition of the H,’s and the asymptotic behavior of the
G,’s one shows that {H,(";p, q9)}wez is quadratically close to the orthonormal
basis (T,(*; p, q)) of #° where

. cos 2kmx sin 2knx

T > @) = —sin 26,(p, q) (—sin 2k7tx> + c0s264(p. 9) (cos 2knx>
cos 2knx . sin 2knx

T 1(x; p, q) = cos26,(p, q) (—sin 2k7rx> + sin 26,(p, q) (cos 2knx>

Thus to prove that (H,("; p, @)z is a basis of #°° it remains to prove that the
Hp’s are linearly independent, i.e., if (o )xcz iS @ sequence of real numbers such
that

(i) Dkez o || Hi(*; P, 9) 320,177 < o and
(i) YkezouHy =0,

then «;, = O for all k.

First, let us recall that the set Iso,(p, q) of isospectral potentials is a countable
intersection of manifolds and that one can define the normal space N(p, g) and
the tangent space T(p, q) of Isoy(p, q) at (p, q). Using results of [Gre-Gui], an
easy computation shows that {H,,(; p, q)}rez and {H,_1(*; P, q)}xgs belong to
the normal space N(p, q) of the isospectral set Isoy(p, g) at (p, ).

Set for k'eZ

(P> ) = (Vo)A P, D= ()™ (32

where (a, b)* = (—b, a), (V(p, g))vez is one of the two Dirichlet auxiliary spectra
defined in section 2.

Clearly (py, q,) is in the tangent space T(p, q) of Iso,(p, q) at (p, g). Hence it
follows that for every k'

0= kZZ ak(Hk('; D q)a (pk()9 qk’(')))9

= Z Ok~ 1(Hak—1("5 P> @)s (P )> qi(+))). (3.3)

keJ

The proof of Theorem 3.6 consists of three steps. In the first one we show that
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ok—1 = 0 for ke J. In the second one we prove that o, = oy, =0 for k¢J
and in the third one we finally show that a,, = 0 for every k in J.

3.1. The first step

Let us begin with a computational lemma.

LEMMA 3.7. If (u,v)eT(p,q) and k in J such that Ay _(p, q) <vi(p,q)
<A2(p, q), then

(Hi-1(5 , @), (u(-)), o(+))

__npg

5 (G5(0; p, ))&, cos B,(p, QFR-1(0; p, q)

5 < 1 B 1 )
iz \Vi(P, @) — AP, @) vi(P, @) — AP, 9)
'(V(p,q)vj(pa q)’ (ua U)) .

Proof of Lemma 3.7. We first prove that for (u, v)e T(p, q)

(s Ddp,q) 0k, 0)] = (Hu—1("5 P, g), ((*), v(-)) (G4

as follows:
1
Jo d(p,q)sz—1(‘; P, PLu, v)1(x): Gi(x; p, q)dx
1
= d(p,q)gk [(u, v)] + &, cos O,(p, q) L d(p,q)FZk— 175 Py @L(u, v)](x)

1
“Gak(x; p, @) dx + sin 0, (p, q) L dip.gF2u (-5 Py @L(w, v)](x)
*Gai(x; p, g@)dx
1
= d(p,q)ek [(u’ U)] + & J\O d(p,lI)FZk—l('; D, q)[(“? U](X)

“ Fo(x; p, q)dx.
Using H(p, q)F;; = A;F; one gets

(d(p.q)FZk—l('; D, q)[(u’ U)]()’ FZk('; D; q))

I e e S R O\ P
- Yk(P,Q) (FZk—l( ,P,Q),( u() U()) F2k( > Ds q))
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Thus (3.4) follows from the definition of H,, _;. To compute d,, ,, 0, [(u, v)] take

the derivative of 0= G%)_,(0) = sin 6, F{(0) + &, cos 0, F_,(0) and use a
similar argument as in [Kp, Lemma 6.8] to obtain

—GY0; p, 9)d, 40, [(u, v)]

1
= Egk cos 6(p, ‘I)F(zlk)— 10; p, @)

‘¥ ( 1 B 1 )
Vi, @) — Aa-1(P, @) vi(p, @) — AP, q)

jez
’ (V(p.q) Vi (“’ v))
In the case where v,(p, 9)€ {A2.(P, q), 24— 1(p, q)} the following result holds.

LEMMA 3.8. If keJ with vi(p, q) € {A2(P, q), A2x—1(P, )}, then, for k'e Z,

(Haw—1(5 2, @) (p(*), ai(+))) = Spnci with ¢, # 0.

The proof of Lemma 3.8 follows as in [Kp, Lemma 6.10], once the following
result is proved:

“Every (p, 9)€ #° with v(p, 9)€ {A,4(P, q)s Azx— (P q)}, for some ke J, is the
limit of a sequence (p;, g;)jen in Isog(p, q) With Ay (P, ) < Vi(P), 4;)< A5:(P. q).”

This result easily follows from Appendix A.

Thus using (3.3) and Lemma 3.8 one gets a,, _; = O forevery ke J — J, where
Ji ={keZ Ay, 1(p, q) < vi(P, q) < A2i(P, q)}. We now prove that o, = 0 for
keJ,. For that purpose define

A= Hyu—1(; 0, @), (Pes i), k, K'€Jy
where (py, q,) is given by (3.2). Define

Bk’,k = Ak',k - Ak’,kék’k
Ck’,k = Ak',kék’,k

where J,., denotes the Kronecker delta function.
Let A (resp. B, C) be the linear operator associated with the matrix

(kWD ess <5, (tesp. (Biw), (Cn)). Then A (resp. B, C)e B(1*(Jy)) has the
following properties.
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LEMMA 3.9.

(i) B is of trace class.

(ii) C is invertible with a bounded inverse.
(iii) A is one-to-one.

It then follows that a,,_, = O for keJ, since

Z Uok—1(Hoi- 105 P> @) (Pi» Q) = kz.l Uok— 1A, K€Jy
€J 1

keJ

Proof of Lemma 3.9. Use [Gre, part II Chap 3 Th. 5] to conclude that
(Vp,qvk’ (pk” qk’)) = 6kk’(Z2(19 vk’) - Yl(la vk’))-
From Lemma 3.7, it follows that
1 _
Apy = E(G(zlk)(o)) Ye, cos O, (p, QF5-1(0; p, q)(Z,(1, i) — Yi(1, vy))

A2k(Ds @) — Az 1(D, 9)

.(Vk'(P, q) — Azk—1(Ps D) A2u(pPs @) — vied D> @) (3.5)

Moreover as we have already observed
(GO0 p, @)~ ' =1+ P(k),  G5_1(0; p, g) = P(k)

as well as cos? 6, = FE(0)?/(FG(0)*> + F)_,(0)?), we conclude that
lcos 0(p, Q)F4-1(0; p, )|

__ IF50; p, 9F5_1(0; p, 9)
(FS0; p, 9)* + FS_4(0; p, 9)»)'/*

__ IFGX0; p, 9FL-,(0; p, q)l
(GE0; p, @)* + G5-1(0; p, 9))'"

= [F50; p, 9F5-1(0; p, @I(1 + (k)

— _ YZ(I’ '12k(p’ q)) l/2<_ YZ(I’ )'Zk—l(p9 q))>l/2 1 12 k
( A(A2k(p, 9) > A(A2k-1(p; 9) e

(see the beginning of section 2). Using Lemma B.3 (Appendix B) we then obtain
the estimate

[cos 0, (p, QF4R-1(0; p, g)|

_ (A20(p> @) = vilp, @)0u(P, @) — e 1(p, ) (1 + P(K).

AP, @) — Azi—1(P, @)
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Further (cf. [Gre, Part II, Ch. 3, Th. 5])

|ZZ(1, vk’(p9 q)) - Yl(l’ vk’(p9 q))l
=A% (p, @) — '
=2(A24AP, @) — Vi (P, D) (P, @) — A - 1(p, P21 + P(K)

where we used for the last equality the representation of A2 — 4 by an infinite
product (cf. Appendix B). Thus, from (3.5), one obtains that |A4,.| is given by

(Agpr — Vk')”z("k' - '12k'—1)1/2()‘2k — Vk)l/z("k - /Izk—l)llz

1 + Pk + I2(K)).
(e — Aok hax — %) (14 POo)1 + (k)

(3.6)
From the asymptotic behavior of the 4,’s and v,’s it follows that

ak'bk

Per = le—ky

where (a; )y, and (bes, are in 1*(J,). To prove (i) one must show that

Y |Bea < +o00.
k,k'eJy
k#*k’

By well known properties of the convolution this follows from the estimate

byl
Bod < Y lal ¥ 0
k,kZe:h = k;h , kezJ:, (k — k)?
kEK’ k#k'

From (3.6) we learn that
[Apl =1 + lz(k)-

Furthermore A,, is different from zero for any ke J,. Thus (ii) follows.
Towards (ii)) we first observe that C"'4 =1d + C"'B is a Fredholm
operator of index zero. Thus in order to prove the first step we must show that
C~ !4 is one to one, or equivalently, that the Fredholm determinant of C~ 4 is
different from zero. Let det C ™' A4 be this Fredholm determinant which is a limit
of determinants of finite matrices, i.e., det C™'A4 = limy,_,,; det(C~'A4),, where
(C~'A),, denotes the J, x J, matrix (C ™ A), y-cs, With J, a finite subset of J ;. As
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C~! is diagonal, one has

1

det A4 1
det(C~1A4),, = J2 — det< - ) .
( )2 detCy, Vie — Akt Vie — Ao i keds

(G2
kedz \Vk — A2k—1 Vi — Aok '

As in [Kp] one considers the sequence x = (Xes, With X, € {— 45— 1, — Ao}
and & = (g ey, With &, = 0if x, = — 45, and g, =1 if x, = — A,. From [P-S

p. 98] (cf. also [Mck-Tru, p. 207]) it follows that

1 1 1
det — =Y (=1 det( )
<Vk' — -1 Vi — '12k>k’,ke.lz Z:c: =D Vi + Xi i keda

(Vi — Vi) l—[k’>k(xk' - Xi)
nk.k' (% + Vi)

-3 (e L=

where |e| = Y &.
ked 2

Then

(o)
det —
Ve — Azk—1 Vi — Aok ked:

1 X + Vi ( X + vk>
z < l—[ |vk’ + xk'l) k'l;!z kl>]k’ < Xk + Vkl> Xy + Vi

x k'el2
ked 2
1 (X + V)X + Vi)
(1) I, (- -
T \wels Ve + Xl ) ke i + X)X + Vi) (3.7
k>k' '
Note that

_ (xk + vk)(xk' + vk') > 0 fOI' k ;é kl.
Ok + Vi) + Vi)

1Dy =1

Furthermore Dy, is of the form

_ abe
Dk,k' - (k _ ki)2
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with (a)kez and (by)rez in 13(Z). Thus

Y Dy < o0
kicez
kK

and there exists an integer N > 0 independent of J, such that

1
Ev= Y D< 3
Ikl k7> N
k#*k'el2

One deduces that

. l!:l] (1 —_ Dk,k') 2 1 —_ ‘Zl (ZN)J = K/ > 0.
l’(#ek'z =
|kl,|k'| = N

On the other hand one has

[T a-D)=K">0.
k,k'eJ2
k>k'
|kl Ikl <N

These two estimates lead to

k [l 1 =Du)=K=KK">0 (3.8)
k'ed2
k>k’

where K does not depend on the finite subset J, of J,. Moreover

1
detC,,=> []

¥ kedz Vi + x4 .

This implies together with (3.7) a