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Let E be an abelian variety defined over a number field K. Let p be a prime
number. Let wi(K, E),- be the p-Tate-Shafarevich group of E and Si;'::s(K) the
p®-Selmer group of E. Thirty years ago, Tate proved a local duality theorem for
E and used it to establish a global duality for E, later called Cassels-Tate pairing
[3, 14]. It states that there is a pairing between wW(K, E),- and the p-Tate-
Shafarevich group mi(K, E*),- for the dual abelian variety E* of E and that this
pairing is nondegenerate modulo the maximal divisible subgroups. In terms of
the Selmer groups, it states that there is a pairing between SE::S(K) and S};‘fjs(K)
which is nondegenerate modulo the maximal divisible subgroups.

Let {V;} be a compatible system of l-adic representations of Gal(K/K) which
are ordinary at p. Let T, be a Gal(K/K)-invariant lattice of V, and define
A = V,/T,. R. Greenberg has recently defined the concept of a p®-Selmer group
for such an A. This concept is a generalization of the classical Selmer group for
an abelian variety with good, ordinary reduction or multiplicative reduction at
p (Theorem 5). We will prove a local duality theorem (Theorem 1) for such an 4
and use it to construct a Cassels-Tate type pairing for Greenberg’s general
Selmer groups (Theorem 2).

Let K, be any Z,-extension of K. Greenberg [5, 6] also defines a (strict)
Selmer group S%°(K.) for a compatible system as above. Greenberg uses
S%'(K ,,) and its nonstrict version to formulate his motivic Iwasawa theory. We
will give an application of the general Cassels-Tate pairing to the study of
S%'(K ,) (Theorem 3).

After fixing some notations and conventions in Section 1, we will state the
main theorems in Section 2. Theorem 1 will be proved in Section 3. The proof of
Theorem 2 will be sketched in Section 4. We will also discuss some examples
there. In Section 5 we prove the result on Greenberg’s strict Selmer groups.

I wish to thank my advisor, R. Greenberg. He suggested this problem to me,
and his encouragement and helpful conversations were essential to the com-
pletion of this work. I would like to thank M. Flach for sending his work [4] on
the similar subject to us (see Section 2 for details) and would like to thank J. S.
Milne for referring us to McCallum’s related work [9] and for his well-written
book [10] on this subject.
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1. Notations and Conventions

We will use the following notation throughout this paper.

Let I, p be two primes of Q. Let K/Q be a finite Galois extension,
G = Gal(K/Q). Let Gx = Gal(K/K). For a prime v over I, let K, be the com-
pletion of K at v and let G, = Gal(K,/K,). For any p-primary abelian group M,
denote M, for ker{p": M — M} unless defined otherwise. M;, is used to denote
its maximal divisible subgroup, and M_, =~ M/M,;, is used to denote the
cotorsion part. M " is the Pontryagin dual of M. If M is moreover a discrete G-
module, where F = K or K,, then for any integers r, s, the maps M, ¢, M,
and p"M,,,—» M, induce maps ¢,,.,; H'(F,M,)—>H(F,M,,,) and
Tyiss: H'(F,M,.) > H'(F,M,). Thus we have ¢,,,,°n,.,,=p  on
H'(F, M,.,). Let I, be the inertia subgroup of G, let g, = G, /I, be the Galois
group for the maximal unramified extension of K,. Let Frob, be the Frobenius
element which generates g, as a profinite group. Thus H'(g,, M'*)=
M!,/(Frob, — id)M'". It can be regarded as a subgroup of H(K,, M) by the
inflation map. We say that M is unramified at v if MT* = M.

The subject to study in the following will be a discrete Gx-module 4 such that
A=~(Q,/Z,)* as an abelian group. So A, = (Z/p"Z)’. Define ¢, =", , .,
when s — oo. For each v|p, we fix a G -submodule F 4 = A that is divisible.
We use ¢, to denote the natural map H(K,, F,f A) - HY(K,, A) induced by
FS A A.Let T, be the Tate module of 4 and define A* = Hom(T}, Q,/Z,(1)).
We also choose F, A* = Hom(Tr+ 4, Q,/Z,(1)) for each v|p. It is a divisible
Gg,-submodule of A* It follows that under the pairing between
Hom(T,, Q,/Z,(1)) and A*, Tr+, and F,; A* are the exact annihilators of each
other. Thus for any n, 4,/F; A, is dual to F, A* under the pairing 4, x A* >
Q/Z(1). It can be easily checked that the operations F,f (—),(—),,(—)* on 4 are
interchangeable, so we will ignore the order in which they are performed.

2. Statement of the main theorems

Let A be a divisible Gg-module as above. Consider a compatible system V= {V}}
of l-adic representations of G, (e.g., the I-adic homology of a motive) such that V,
is ordinary in the sense of [5]. Thus, for each v|p, there is a canonical subspace
FV, of V, that is invariant under the action of G, . Let T, be a Gg-invariant
lattice in V. Let A = V,/T,. Let F,f A be the image of F,; V in A. Then A is an
example of such a Gg-module. The results below can be easily reformulated in
terms of the compatible systems. But the setting here is purely Galois
cohomological and might be applied to other situations.
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DEFINITION 1. For each natural number n and prime v of K, define

Ev,n = ker{Hl(Kv’ An) - Hl(Kv’ A)/Hl(gu’ A’v)div}’ if Ufp;
Ev,n = ker{Hl(Km An) - Hl(Kw A)/eoo(Hl(Kv’ F: A)div)}’ ]f v l D-

Here in each case the map is the composition of maps through H'(K,, A).

The subgroup E,, , of H'(K,, A¥) is defined in the same way. For v| p, choose
F; A* = Hom(Tr+ 4, Q,/Z,(1)) to be the divisible subgroup of A* that is Gg,-
invariant.

THEOREM 1. {E,,} form a right exact duality system in the following sense:
(1) (right exactness) From the exact sequence

P
> Ar+s > As > Oa

0 > A

r

we have the induced exact sequence

b,

.
rts r4s,s
i Ev,r+s T, >0

E

ov,r

for r, s large.
(2) (local duality) E, , and E, , are exactly the annihilators of each other under
the Tate pairing

H'(K,, A)x H\(K,, A¥) > Q/Z

for n large.
If A is unramified at a finite prime v, and v{ p, then (1) and (2) are true for all r, s
and n.

Let A = E,», where E/K is an abelian variety with good, ordinary reduction
or multiplicative reduction at p. By Theorem 5, E,, = E(K,)/p"E(K,) if we
regard the latter as a subgroup of H(K,, E,) via the Kummer sequence

0 - E(K,)/p"E(K,) > H'(K,, E,) > H'(K,, E), > 0.

Thus (2) in the theorem is just the local Tate duality for E. In this case, (1) in the
theorem is the trivial fact that the sequence

E(K.)/p"E(K,)—2— E(K,)/p" **E(K,) - E(K,)/P'E(K,) » 0

is exact. This exactness is an essential property of E used to construct the
Cassels-Tate pairing.
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Let

S3(K) = ker(H'(K, A) - T, H(K,, A/H'(g,, A")aiv
x I, H'(K,, A)/eo(H'(K,, F; A)a))

be the strict Selmer group over K defined by Greenberg.

THEOREM 2. Assume that A is unramified at almost all primes of K. Then there
is a canonical pairing

s DiSTK) X SEUK) - Q,/Z,

whose kernel on either side is precisely the maximal divisible subgroup. If moreover
there is a Gg-module isomorphism

n: A — A* = Hom(T,, Q,/Z,(1))

such that (na)(a) = 0 for a€ A, then this pairing induces a skew-symmetric pairing
on S5 (K).

A classical example of 4 in Theorem 2 is A = E,~ where E is an elliptic curve
over K with good, ordinary reduction or multiplicative reduction at p. For any
abelian variety E with such reduction at p, fix a divisor D on 4 rational over K,
and let ¢,: E — E* be the induced isogeny. Restricted to E,«, the map ¢, gives a
map #,: E,» = E}. such that (n,(a))(a) = O for ae A. The map 7, is actually an
isomorphism for almost all p since ¢, has finite kernel. Thus the conclusion of
Theorem 2 is true for A = E,~ for almost all p. See Section 4 for more details and
other examples.

Let K, be any Z -extension of K. Let

S¥(K ) = ker(H' (K ,, A) — Ty, H'(I, A) x T, H' (K )5, A/FJ A)).

be the strict Selmer group over K, defined by Greenberg in [5]. We have the
following application of Theorem 2.

THEOREM 3. Let p # 2. With the same setting as in Theorem 2 and with the
additional assumption that S%(K ) is A-cotorsion and that A(K ) is finite, we
have

corankz S%'(K ,,) = corankz S%(K)mod 2).

If A = E,~, where E is an elliptic curve over Q with complex multiplication
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and with good, ordinary reduction at p, and if K , is the cyclotomic Z -extension
Q,, of @, then the conditions in Theorem 3 are satisfied by Proposition 2 of [6],
Theorem 4.4 of [11] and Proposition 6.12 of [8]. Further, by Theorem 5,
Sg’;’;s(K) = S%»(K) in this case. Thus a consequence of Theorem 3 is

corankz S723(Q,,) = corankz, S§2(Q)(mod 2).

There are other applications of Theorem 2 and Theorem 3. We plan to discuss
them in a subsequent paper.

M. Flach [4] has proved a result similar to Theorem 2. The generalization
given here, excluding the skew-symmetric property, was obtained before we
knew his work. The skew-symmetric property was proved by combining the
methods used in his paper and McCallum’s paper [9]. There are differences
between the two generalizations. Flach’s result generalizes the Cassels-Tate
pairing for an abelian variety with any kind of reduction at p while the approach
here only generalizes for an abelian variety with good, ordinary reduction or
multiplicative reduction at p though these are the most interesting cases in
connection with Iwasawa theory. On the other hand, as indicated before, the
setting and method here is purely Galois cohomological and might be applied to
other cases. Flach’s work is based on the theory of Fontaine and Bloch-Kato [1]
which was not known to us before. In particular, the local theory had been
formulated in his case. The approach here is self-contained, starting from the
local theory. Once the local theory is established, the global result can be proved
by a method analogous to that used to prove the classical case. In both cases, the
idea of the classical proof given in [10] is adapted to the generalized situations.

3. The local theory

We prove Theorem 1 in this section. The proof is divided into three parts. The
right exactness is proved in Section 3.1. To prove the local duality, we first
shown in Section 3.2, that E, , and H'(K,, A¥)/E,, , have the same order. Then it
is proved in Section 3.3 that E, , and E, , annihilate each other under the Tate
pairing

H'(K,, 4,)x H'(K,, A7) > Q/Z.

Now the local duality follows since the Tate pairing is nondegenerate.
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Recall that for each n we define
Eo,n = kel’{Hl(Km An)i_}Hl(Kw A) _>H1(Km A)/Hl(gw AIV)diV}’ ifv fp’

E,, = ker{H'(K,, A)—2> H'(K,, A) = H'(K,, A)/e(H'(K,, F} A)g,)}, if v|p.

If v is an archimedean prime of K, then |G | = 1 or 2, hence H'(K,,, A) is finite
and H(g,, A")4y = 0. Thus E,, = ker(H'(K,, 4,) > H'(K,, A)).

If A is nonarchimedean and is unramified at v, then A’> = 4. Hence H*(g,, —)
being zero implies that H(g,, A) is divisible. Since H%(g,, A™) = H(K,, A), we
have

0 - HK,, A)/p"H°(K,, A) > H'(g,, A,) > H'(g,, A"), = 0.

Thus H'(g,, A,) = E,, for all n if v is nonarchimedean and does not divide p.

3.1. Proof of the right exactness

We will prove the following more general result.

PROPOSITION 1. Let D be a divisible subgroup of H'(K,, A) and define
J, = ker{H'(K,, 4,) > H'(K,, A) > H'(K,, A)/D}.

Then from the exact sequence 0 — A, — A, ., > A, — 0, we have the induced

exact sequence,

T,

J' ¢r,r+: ;Jr+s r+s,s sz—)O

for r, s large.
We start with a simple lemma.

LEMMA 1. If M is a cofinitely generated torsion Z ,-module, then for any m and
any n = |[M/M,| we have p"M = My;, and p"M,, ., = (M 4;)m-

Proof. This is «clear since MMy ®M/My, and M, .=
(Mgiv)n+m ® M/My;, for n > [M/Mg;,|. d

Proof of Proposition. Choose r, s > N with p" > |H%K,, A)/H(K,, A)g;,l-
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Then p"H(K,, A) = p"H°(K,, A) = H%(K,, A)4;,- In the commutative diagram,

0 0 0
) | . i)
> . —> Ar+s AN AS >
A = A4 —T 54
pr pr+s ps
v 5 v J
A—FL— 4 = A
! | !
0 0 0

we have exact columns and exact upper row. Thus we have the induced
commutative diagram for cohomology groups,

HO(K,, A)/H°(K,, Aaiv

—

zero

HO(KW A)/HO(KW A)div

v

H'(K,, 4,) ey HYK,, A,
s, boss
H'K,,4),  —=>  H\K,, A,
0 0

T +s.s ,

—t

HO(KI)’ A)/HO(KW A)div

‘L
HY(K,, A)

&
b

H'(K,, A),

with exact columns and exact central row. From this diagram we can extract the
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commutative diagram with exact columns,

0 0 0
M zero l M
HO(Kw A)/Ho(Kw A)div—__) HO(Kvs A)/HO(Kw A)div = HO(Kv, A)/HO(KU’ A)
v ¢ . 4 . v
Jr ror+s ) Jr +s r+s,s Js
¢' ¢I‘+S ¢S
v incl : y Jr
0—— Dr Dr +s —F— Ds —
Jv v l
0 0 0
Now the lower row is exact because of the divisibility of D. Since
Hl(Kva Ar)—_@_’t’_‘) HI(KU’ Ar+s)A) Hl(Kvs As)
is exact, the middle row J, bores phe—t s ] is  zero.  So

Orrs(J,) S ker(n, 2 J, s = J,). Applying the snake lemma to the left half and
right half of the diagram, we have

IJr+s/¢r,r+s(Jr)I = IHO(Kw A)/HO(KU’ A)div”Dsl = 'Jsl

and that =, J,,, — J, is onto. Hence |¢, . (J,)| = |ker(n, s J, s = JJ|. Thus

the middle row must be exact at J, ., hence J, Furvs Jop 25 J 50 is
exact. O

The first part of Theorem 1 follows if we let D = H(g,, A'*)g;, when v{ p and
let D = ¢ (H'(K,, F,} A);,) when v|p.

If A is unramified at a finite prime v and v { p, then E, , = H'(g,, A,) for any n
by the remark after Definition 1. Since the sequence

Hl(gw Ar) - Hl(gw Ar+s) - Hl(gw As) - 0

is exact for all r and s, the sequence

Ev,r - Ev,r+s i Ev,s nd 0
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is exact for all » and s. This completes the proof of the right exact property.

Next we prove the duality property in the theorem. When v is archimedean, it
has been proved in [5, p. 129]. So in the following we will assume that v is a finite
prime of K.

3.2. A characteristic formula
Let n be any positive integer.

LEMMA 2. |H(K,, A),| = |HK,, A)/p"H°(K,, A)(H(K,, A)g,)ul-

Proof. Since H%K,, A) is cofinitely generated over Z,, we have
H°(K,, A) = HK,, A)g, ® X for some finitt X. So HK,, A), = (H%K,,
A)giv)n ® X,. Since X is finite, |X,| = |X/p"X|. Since H%(K,, A)y;, is divisible,
H°(K,, A)/p"H(K ,, A) = X/p"X, hence the lemma. O

We will prove the following result which will be used in the proof of the local
duality.

PROPOSITION 2. (characteristic formula)
|E, Ayl = |HY (K, Al = [H'(K,,, AP

Proof. First consider v{ p. Let D = H'(g,, A")4;y, by definition we have the
exact sequence,

0- H°K,, A)/p"H°(K,, A) > E,, — D, 0.

Thus |E,,| = |[H%K,, A)/p"H°(K,, A)||D,|. Being cyclic, g, has cohomological
dimension 1. So

corankz, D = corankz,(H'(g,, A™)) = corankz (H(g,, A™))
= corankz, (H(K,, A)).

Hence |D,| = |(H%(K,, A)4;.),)- Thus from Lemma 2 we have
|E, | = [H(K,, A),| = [H*(K,, 4,)\.
Similarly,

|E, .| = [HYK,, A7) = |[H*(K,, A,)-
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Hence |H(K,, 4,)| = |E, |E, | = |[H'(K,, A¥)| by Tate’s characteristic formula.
Now consider v]p. Let D = ¢ (H'(K,, F;} A),;,). From the exact sequence of
Z ,-cofinitely generated abelian groups

0> H%K,, FJA)— H%K,, A) > H°(K,, (A/F A))
- HYK,, FfA)—>im(¢,,) >0
and corankz H'(K,, Fy A)g;, = corankz H YK,, F} A), we have
corankz (D) = corankz (im(e,))

= corankz (H'(K,, F; A)) — corankz (H %K,, (A/F} A)
+corankz (H°(K,, A4)) — corankz (H %K,, F)A)).

By Tate characteristic formula,

corankz (H'(K,, F, A)) = [K,:Q,]corankz F, A
+corankz (H%(K,, F,  4))
+corankz (H*(K,, F,  4)).

Hence

corankz (D) = [K,: Q,]coranky (F; 4) + corankz (H(K,, A))
+ corankz (H*(K,, F; A)) — corank (H(K,, (4/F; A))).

By the definition of E, ,

|E,..| = [HYK,, A)/p"HK,, A)|ID,|

= |H(K,, A)p"H°(K,, A)lp"*=" 20
— IHO(K A ) ” F+A [ [K,:Q,] pn(corankZsz(K,,,F;' A)—corankZ ,H(K,.,(A/F} A)))
v n v n

Since |H°(K,, A,)| = |[HY(K,, A),| = |HYK,, A)/p"HO(K,, A)|p"ZH"Ke4) by
Lemma 2. On the dual side, for 4*, we have

IE;’HI — IHO(K.;’ A:)”F:A::I[K,,:Op]pn(corankZPHz(K,,,F:A*)—corankZpHo(K,,,A"/F,fA*))‘

Since A4,/F, A, is dual to F;f A¥ under the pairing 4, x 4% - Q,/Z (1), Tate’s
duality theorem says that HY(K,, A,/F} A,) is dual to H*K,, F, A¥). This
implies that corankz H™ K,, A/F; A) = corankz H*K,, F; A*). Similarly,
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corankz H(K,, A*/F} A*) = corankz H*(K,, F;} A). Thus

\E, WllEy | = |HAK,, ANIHOK,, ANF) A|IF.; A¥)K Q]
= |H°(KU, An)IIHZ(K,,, An)”Anl[K,,:O,,]
= IHI(K"’ A")l = IHI(Kw A:)I‘

This completes the proof of Proposition 2.

3.3. Proof of the local duality
We consider two cases.
3.3.1. The case when v{p

Consider the following commutative diagram,

H(g,, (A"),,) —2=— H'(g,, (A"),) — H'(K,, 4,)

| l J "

Hl(gva AIU)Zu L’ Hl(gu’ Alu)n _— Hl(Kw A)n

Since A is cofinitely generated over Z,, so is A’. Thus H'(g,,A")=x

A'*/(Frob, — id)A™ is cofinitely generated over Z,. So by Lemma 1, for large n
with n>max{|H'(g,, A")/H"(g., A")ai)> |4"*/(A")asl}, we have p"H'(g,, A"*)=
H'(g,, A™)4;, and p"H'(g,, A™);, = (H'(g,, A™)gi)a- Also the exact sequence
0 - (A"),, - A" -, (A™)gy = 0 and A" = (A7), ® (A™).give surjective
map H'g,,A"™)—> H'(g,,(A"),) and injective map H'(g,,(A")ay)
H'(g,, A*™). Thus H'(g,,(4™),,) = H'g,, A™),, is onto. Therefore in the dia-
gram (1), the diagonal map A:H'(g,,(4"),,) > H'(K,, A), has image
(H(g,, A™)4iy)- Thus by the definition of E, ,,

E,, = im(H'(g,, (A™),,) —=*— H'(g,, (4"),) > H\(K,, 4,))
+ker(H\(K,, A,) > H'(K,, A),)

=im(H(g,, (A"),) —2— H'(g,, (4"*),) > H'(K,, A,))

+im(H(K,, A)—>— HY(K,, A,),
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where 0 is the boundary map. Similarly,

E,, = im(H(g,, (A%)})—22—> H'(g,, (4*)* > H'(K,, A})

+im(HO(K,, A%)—2— HY(K,, A}).

From Proposition 2 |E, | = |[H'(K,, A¥)|/|E, ,|. Therefore, to prove that E, , and
E,, are the exact annihilator of each other under the pairing
H'(K,, A,)x H\(K,, A¥) - Q,/Z,, We only need to show that they annihilate
each other, that is, that the composition map E,,— H'(K,, A4,) =
HYK,, A¥)" - (E,,)" is zero, where for a finite group X, X" is the Pontryagin
dual of X. By our descriptions of E,, and E;, above, this means that the
composition map

H'(g,, A%) ® HYK,, 4A)-"=2®% H\(K,, 4,)

> H'(K,, A" 2220 (H'(g,, (4)%) ® HOK,, 4%)"
is zero. As (H'(g,, (A%)5) @ HUK,, A*)" = H'(g,,(4%)3)" ® HK,, 4%)",
the proof can be accomplished in the following four steps,

(1) The map H°(K,, A) —— H'(K,, A,) = H'(K,, A%" — H(K,, A*)" is
zero.

For n large we have p"H%(K ,, A) = H°(K,, A)4;,. Hence we have the commu-
tative diagram of exact sequences,

HO(K,, Ay)—"— HK,, A,) > X >0
HK,, A) —Z— H(K,, A) > X >0

Thus im(0: H(K,, A) - H'(K,, 4,)) = im(0: H°(K,, A,) > H'(K,, 4,)) = X. The
same applies to A* So we only need to show that the map
H(K,, A,) > HY(K,, A,) = H'(K,, A¥)" - H(K,, A¥)" is zero. But the
map fits into the commutative diagram,

HYK,, A)—>— H'K,, 4,) ——— H*K,, 4,)

HY(K,, A})" —— HK,, A%)"



On a generalization of Tate dualities 137

where the vertical maps are from Tate’s local duality. To prove that the top row
is zero, consider the commutative diagram of exact sequences

0 > A2n > A3n ”

v
N
E
v
b
N
B
~
v
N
B
v
(=)

0

In the induced cohomological diagram we have the commutative square

HYK,, A,)—>— H'(K,, A,,)

Jnn.n
7}

HO(Kv’ An)—) Hl(Kv’ An)

from which we get

im(0: H(K,, A,) > H'(K,, A4,))
Eim(TCZn,n: Hl(Kw An) nd HZ(KD’ An))
= ker(0: HY(K ,, A,) » HXK,, A,)).

Hence the top row is zero and (1) is proved.
(2) The map

H'(g,, AL)—2*— H'(g,, Alv) > H'(K,, A,)
~ H'(K,, A¥)" - H(K,, A*)"

is zero.
For the same reason as in (1), we only need to prove that the map

Hl(gv’ AIZ; — Ty Hl(gw ArIvv) - Hl(Ku’ An) - H2(Kua An)
is zero. But the map fits into the commutative diagram,

M 2nn

Hl(gv’ Agl;l) — Hl(gw Aiv)

Jm li.,f

HY(K,, Ay) —2*> HY(K,, A,) — H*K,, 4,),
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where the bottom row is exact. This proves (2).
(3) The map

H'(g,, A%)—"=— H'(g,, Al") > H\(K,, A,)
= HY(K,, A7) - HY(g,, (A*)1")" —2=2 H'(g,, (4*)k)"

is zero.
This is clear since

H'(g,, A) = H'(K,, 4,) = H'(K,, A¥)" - H'(g,, (4%);")"

is already zero, as shown by Greenberg in [5, p. 113].
(4) The map

HO(K,, A)—"— H'(K,, A,)
~ H(K,, AH™ > H'(g,, (A%))" —"22 H(g,, (A*)k)"

is zero.

As in (1), we can replace H/(K,, A) by H%(K,, A,) and the rest of the proof is

the same as for 2).

If A is unramified at v, then E,, = H'(g,, 4,) for all n by the remark after
Definition 1. Also, E,, = H'(g,, A¥) for all n. Thus the result follows from the
fact that H'(g,, A,) and H'(g,, A¥) are the duals of each other under the local

Tate pairing.
Now the proof of local duality for v{ p is completed.

3.3.2. The case when v|p

Now we assume that v|p. We define the maps ¢,, ¢,, ¢,, &, to be the natural

maps in the following diagram,

H'(K,, F} A,)—*— H'(K,, 4,)

f

H'(K,, F; A) —=— H'(K,, A).
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Let D* be the maximal divisible subgroup of H (K, F, A), and set D = ¢,(D ™).
By definition, E,, = (¢,) (D).

As in the case when vf p, we first express E, , as the image of a proper map.
Since H'(K,,F;A,) is finite, H\(K,, F;} A), is finite. Hence H'(K,, F, A) is
cofinitely generated as Z,-module. By Lemma 1 p"H'(K,, F; A)s, = D3, for.
p" = |HYK,, F A)/D™|. Thus in the following diagram

HY(K,, F} Ay)—22> H\(K,, F; Ay) —2=— H'(K,, Az,

l«b;" Jqs;, Jd’z. )]

HY(K,, F} A)y,—Z—> H'(K,, F} A);y—2— H'(K,, A),,

where the left column is surjective, the image of the diagonal map A is the same
as the image of the map Dj, = D,,. Let B =ker(D* == D), then B is
cofinitely generated over Z,, hence B,,, def B/By;, is finite. Putting X = D*/By;,,
we have the following commutative diagram of exact sequences,

0 0
|
By, = Baw
|
0————> B ——> D" —= D >0
|
0 > B.o, > X ¢ > D >0
|
0 0

where ¢ is induced from ¢, . Since B = By, ® B.,,, D = By, ® X by the
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property of divisible groups, for p" > |B,,| we have

0 0
(Bdiv)ln = (Bdiv)2n

2n (3)
0——— By —— X, ——— Dy,
0 0

Now choose n such that
p('l/2] 2 max{lHO(Kw A)/HO(KD’ A)divl’ IHI(Km F: A)/D+l7 IBcotl}’

and consider the following commutative diagram of exact sequences

0 0
Xptiwzg —— D, i w21
0—— B, — X — D —0
Jp”[um pn+[n/2] P +[n/2]
~ ¢ ~
o— B, —— X — D —0

The left column is zero, and B, S X,_[,2 since n — [n/2] > [n/2]. Let
deD,, [, and choose xeX such that &(x) =d, then p"*!"Zxeker(e) =
Bew & X, _(n2- Hence xeX,,. This shows that &(X,,)2D, 2z
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and by diagram (3),
D3, 2 65(D3) 2 Dyt pu2y-
That is
Dy 2im(A) 2 Dyt 21
where A is defined to be the diagonal map in the diagram (2). From our choice of

n and Lemma 1 we have p"H%(K,, A) = H(K,, A)g;,. Thus we have the exact
sequence

0 HOK,, A)/HK,, A)gpy——> Eyp—22—> D=0

of Z/p*"Z-modules. But D, is a free Z/p*"Z-module, hence the above sequence
splits. Therefore we have exact sequence

0— HO(Kw A)/HO(KU’ A)giv — (Ev,2n)n+[n/2]—j>L_) Dn+[n/2] - 0.

Therefore from the inclusions D,, 2 im(A) 2 D, (,2; obtained above we have

(Ev,2n)n+[n/2] = ¢2_nl(Dn+[n/2]) S ¢2_nl(lm A)
= il‘n(Ech> 7.".371.2'1) + HO(Kv’ A)/HO(KI), A)div

S ¢;nl(D2n) = Eu,2n'
Thus

p[n/ZI(Ev.Zn)n+[n/2] < p["/Z](im(gbl ° 7té\n,Zn) + HO(Km A)/Ho(Kw A)div)
= p™"?(im(e,, ° T3n,20)-
Therefore
P"E, 20 = "2 (p"""PE, 5,)
S p[n/Z]((Ev,Zn)n+[n/2])

c ¢["/27(im(€2n g n.’&r.?.n))

< irn(£2n ° n3n.2n> < Ev.Zn'
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From property (1) of Theorem 1, n,,,: E, ,: E, 2, = E,, is surjective. So the
image of ¢, ,,:E,,— E, 5, is p"E, ,,. Hence

¢n,2n(Eu.n) = anv,Zn = il'n(szn ° 7t3n,2n) = Ev.2n'
Since Ev,n = ¢n_l(D) = ¢r:21n(¢;nl(D)) = ¢n_.21n(Ev,2n) and Ev,n = ¢r:21n(¢n,2n(Ev,n))’

from the above inclusions we have E, , = ¢, 3,(im(e,, ° 73, 5,)). Thus E, , can be
described as the image of ¢ in the following diagram

P > > HY(K,, A,)

HY(K,, F As,) —22> HY(K,, F} A,,)—2=— HY(K,, A,,)

where P is the pullback of ¢, ,, and ¢&,,° 73, 5,. On the dual side E,, , is the image
of ¢’ in the pullback diagram

P z > HY(K,, 4%)

HMK,, F} A%,) —=*> H\(K,, F} A%)—2— H\(K,, F; A%,

By Pontryagin duality, (P')" is determined by the pushout diagram

H'(K,, A" . > (P)"

I(du.zn)‘ [ﬂ

H\(K,, A%)" — HY(K,, F} A3)" —"=20s H\(K,, F} 4%,)"

By local Tate duality for finite modules, this diagram is naturally equivalent to
the pushout diagram

H'(K,, A,) > Q

Hl(Kva A2n)_62"—> Hl(Kw (A/F:A)Zn)—%a;) Hl(Kvs (A/F:A)3n)
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Our goal is to prove that E, , and E, , are the exact annihilator of each other
under the pairing H'(K,, A,) x H'(K,,, A¥) > Q,/Z,,, that is, o(P) is the kernel of

the map a:H'(K,,4,)— Q. As |E,IE,,|=|H'K,, 4,) = |[H(K,, A¥)| by
Proposition 2, we only need to prove that a° o = 0 in the following diagram

P — Hl(Kva F:ASn)

J"sn,zn

lva Hl(Kv’ F:AZn)

€2n

Hl(Kv’ AZn) —M#) Hl(Kv’ An)——m——) Hl(Kva A2n)

Hl(Kw (A/F:A)Zn la
D2n3n

H'K,, (A/Ff A),) —2— ¢

From the commutative diagrams

HY(K,, FJ A3,)—2— H'Y(K,, A3,)

Ju3n.2n l’fa..,zn

HY(K,, F} Ay)—2— HY(K,, A,,)

and

HY(K,, Ay)—22—> HY(K,, (4/F} A),,)

ld’n.an l¢2n.3n

HY(K,, A3,)—22— HY(K,, (A/F; A),,)

we have €;,°T3, 20 = M3n,20°€3n ANA D3, 3,° 02, = 03,° P2, 3, Thus we only
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need to show that a° ¢ = 0 in the commutative diagram

P —— H'K,, FA;,)
€3
l” Hl(Kv’ A3n)

T3n,2n

HI(KW Aln) — ey Hl(Ku’ An)—-qsﬁi") Hl(Kw A2n)

l‘ﬁzn.sn

Hl(Kva A3n) J“
G3n

HY(K,, (A/F} A);)—2— @

Next, we complete the diagram by taking the obvious pullback R and pushout S
and get the commutative diagram
R —_— P —t) HI(KU’ F:A:&n)
€3n
J& la Hl(Kv’ A3n)

T3n,2n

Hl(Kw A2n) i"_) Hl(Ku’ An oze HI(K”’ AZ”)

D2n.3n
HY(K,, A3,) Ja Ja
H'K,, (A/Ff A))—— o —2 s

We can attach the upper-right square to a commutative diagram with exact
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rows and get

Hl(Kw A2n)% HI(KU’ An) - Hz(Kvs An)

¢2n,3n ¢n.2n

Hl(Kv’ Aa»)% Hl(Kw A2n)___) Hz(Kv, An)

€3n°T [

P ——— HYK,, 4,

A diagram chase shows that im(¢) < im(n,, ,: H'(K,, 4,,) > H'(K,, A,)). Thus
the projective system

p

l,

Hl(Kv’ Aln) — T, Hl(Kw An)
is equivalent to the projective system

p

l,

Hl(Kv’ A2n) % im(”Zn,n)

with surjective row. Hence 7 is surjective by the property of pullbacks. Similarly,
from lower-left square of the commutative diagram (4) we get commutative
diagram with exact rows

H'K,, A) —— @

J"zm Iﬂ"‘ssu

HYK,, A,)—>— HY(K,, A,,)—22> H\(K,, As,)

HOK,, A4)—2— HY(K,, A) —2> HY(K,, A,)
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Another diagram chase shows that ker(a) 2 ker(¢, ,,: HY(K,, A,)—
H(K,, A,,)). Thus the injective system

H'(K,, 4,)—%* H\K,, A,,)

la

is equivalent to the injective system

HY(K,, A)/0HK,, 4,) —22> H'(K,, A,,)
0

with injective row. Hence B is injective. Therefore, to prove that a© ¢ = 0 we only
need to prove that R is sent to zero in S following any path in the diagram (4).
We will show that fof°03,° ¢z, 3,25 = 0.

From the upper half of the diagram (4) we get the diagram

R —&') Hl(Km A2n)_"2$} Hl(Ku’ An)

H\K,, F} Ay,) —=2— H'(K,, A3,)—=2> HY(K,, 4,,)

in which the outer rectangle and the right square are commutative. It follows
that

im((¢2n,3n °© 6-) - (83n ° (T ° %)) S kcr(n3n,2n: Hl(Kv, A3n) - HI(KU’ AZn))
:im(¢n,3n: Hl(Kv’ An) - Hl(Kv’ A3n))-

Thus

im(¢2n,3n ° &) = im(83n: Hl(Km F:ASn) - Hl(Kw A3n))
+im(¢n,3n: Hl(Kv’ An) g HI(KU> A3n))'

Thus im(¢,, 3,° 6) S im(e3,) + im(¢, 3,) in the group H'(K,, A3,) in the lower
half of the diagram (4). So we only need to show that the subgroup
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im(e3,) + im(¢, 3,) of H'(K,, A3,) in the lower half of diagram (4) will go to zero
in S via (8o p)° d5,. But if keim(es,), then d3,(k) = 0, hence ((BoB)od3.)k) = 0.
On the other hand, let keim(¢, 3,). From the commutative diagram of exact
sequences

HY(K,, A,)—22 H\K,, A,)—"2*> H'(K,, A,)

HY(K,, A)—22 H\(K,, A5,)—=22> H'(K,, A3,)

k=, 341) = P2 31(Pn.2,(w)) for some ue H YK,, A,). By the commutativity of
the lower half of the diagram (4),

(B> B)od3.)(K) = (B> B)° 330 ° 3 W)
= (B B°830)° D2m3n) P, 24(W)
= (& ° (¢n,2n ° n2n,n))(¢n,2n(u))

= (& ° ¢n.2n)(n2n,n ° ¢n.2n(u))
=0

Now we have finished the proof of the local duality, hence finishing the proof of
Theorem 1.

3.4. Cocyle property of E,,
Let E, , be defined as before. Let Z, , be the subgroup of elements in Z(K,, A4,)

representing elements in E, . The following is a version of Theorem 1.1 and will
be used to prove Theorem 2.

PROPOSITION 3. The exact sequence

P

0 — A, > A, s > A, >0
induces the exact sequence
0——Z > Z, A 4 >0

v,s v,r+s
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Proof. We have the following diagram

C%K,, 4) —2— BYK, A) — Z,, —*— E,

J l laﬁ,,, +s Berss

CO(KU’ A'+S)—d_) Bl(Kw Ar+s)—) Zv‘r+s—yL+’—) E

Jf’s JPS JPS Ty +s,r
v

ZO(KI)’ Ar)—) CO(Kv’ Ar) "—d‘_) BI(KU’ Ar) > Zv.r i > Ev,r'

v,r+s

where the d’s are the differential maps and the y’s are the quotient maps from
cocycle groups to cohomology groups. By the commutativity of the square in
the lower-right corner and that =, ,: E,,,, — E,, is surjective (Theorem 1.1),
Z,,=BYK, A)+p°Z,,,, Since p*: B\(K,, 4,,,) = BY(K,, 4,) is surjective, we
have Z,,=p(B'(K,, A,+)+Z,,+)=pZ,,+s This proves the required sur-
jectivity. The injectivity of Z, —Z, .,  is clear. Also im(Z,;—~Z,,,)<
ker(Z,,+s—Z,,). So we only need to prove the inverse inclusion. From the
above diagram,

ker(p": Zv,r+s E— Zv,r)

< ker(Z Y 7, —LE,)

v,r+s v,r

_ Pr+s Trtsr
- ker(zv,r+s 7 Ev,r+s 4 Ev,r)

=y idker(n, s, E, s E, )

=9 im(@sy 15 Eps——> E, 1)

=9, 4s(im(Bs 1 +5° 7))

= V(M 45 Byrv )

=B'(K,, A4 )+Z,

As ker(p*: C'(K,, 4,49 = C'(K,, 4,)) = C'(K,, Ay,

ker(p*:Z,,+s > Z,,)

= C'(K,, A)nker(p"Z,,,,~ Z,,)

S CY(K,, A)N(B'(K,, 4,40+ Z,,)

=CYK,, A)nB K, A,+)+Z,,
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But

C'(K,, A) " BY(K,, A,+,)
= d(ker(p*> d): C(K,, 4,4+, - B'(K,, 4,+,) — B'(K,, 4,)
= d(ker(d > p): C°(K,, 4, - C°(K,, 4,) > B'(K,, 4,)
= d(p) " '(Z%K,, A4))
= dZ°K,, A,)

where 0 is the boundary map from Z%K,, 4,) to Z'(K,, A,). By the definition of
E,, 0H°K, A,) S E,,, hence 0Z°%K,, A,) < Z,,. This proves the proposition.

4. The global theory

Because of the space limitations, we will only give the construction of the pairing
on S (K) and give an indication of the proof of Theorem 2. The full details will
be included in [7].

Assume that v is unramified at 4 for almost all v. For such a v with v{ p, we
show in Section 1 that E,, = H'(g,, Af"). Thus the restricted direct product
IT,H(K,, A,) of HYK,, A,) relative to the subgroups E,, is equal to the
restricted direct product P(K, A4,) of HY(K,, A,) relative to the subgroups
H'(g,, A™) defined by Tate [14]. This implies that the image of the localization
map

H'(K, 4,) > [[H'(K,, 4,)

is contained in IT, HY(K,, 4,). Similarly, H'(K, A¥*) - I1, H(K,, A¥) has its
image contained in IT, H'(K,, A¥) relative to E, .

DEFINITION 2. Define the p*(strict) Selmer group S5'(K) to be the kernel of
the map

H'(K, 4,) > @ H'(K,, A,)/E, .
v

Here one can take a direct sum instead of a direct product because of the above
remark. In H'(K, A), define

Si(K) = lim S%(K).
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This is the strict Selmer group over K defined by Greenberg.

Let N be an integer such that (1) and (2) in Theorem 1 hold for all primes v of
K and all r,s,n > N. Such N exists since A is unramified for almost all primes of
K. Theorem 2 is a consequence of the following result,

THEOREM 4. Assume that A is unramified at almost all primes of K. For each
pair r,s = N, there is a canonical pairing

ot S5K) x SI(K) > Q,/Z,

whose kernels in the two sides are precisely the images of the induced maps
(S (K) > S$(K) and 7, 4 g Sji (K)—)SS"(K) If moreover there is a G-

7[,. +s,r° Y Ap+s
module isomorphism

n: A — A* = Hom(T,, Q,/Z,(1))

such that (na)(a) =0 for ac A, then this pairing induces a skew-symmetric pairing
ot SHK) x SHIK) - Q,/Z,

in the sense that
(b,b g+ b, by, =0 for beSIK), b e SIK).

It can be verified that the pairing <, ), ; is compatible with the direct systems
{S%'(K)} and {S%:(K)}, hence induces the required pairing {,) on the direct
limits.

The pairing {, ), is constructed as follows. For any positive integer n, the
pairing e,: A, x A¥ - Q,/Z (1) induces the local Tate pairing

U: Ci(K,, A,)x CAK,, A¥) - CI*i(K,, Q,/Z,(1).

n

Fix a pair r and s with r > N, s > N. Let beS§(K), b'eS:(K). Choose a
BeZY(K, A,) representing b and p e Z'(K, A*) representing b’. Lift f to a
cochain B,e C1(K, A, , ) with p*8, = B. The coboundary dp, of f, takes values in
Ay, hence is an element of Z*(K, A,). Thus df, U, represents an element of
Z3K, Q,/Z,) and therefore an element in H3(K, K *). But this last group is zero
by [10,1.4.18], so d, U, f’ = de for some 2-cochain s C%(K, K *).

Now for each v, let B,€ Z'(K,, 4,), B;.,€ C}(K,, A4, , ;) be the images of § and B,
under the localization (restriction) maps. Thus p°§, , = f,. By Proposition 3,
B,€Z,, and we can find B,,€Z,,,, such that p°B,,=pf,. Thus
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ﬁv,s— ﬁs,v € Cl(KU’ As) and (ﬁv,s - ﬂs,v) Us ﬂ:; € Cz(Kw Qp/Zp) We have

d((ﬂv,s—ﬁs.v) Us ﬁ:;) = _d(ﬂs.v) Us ﬁ:; = _(dﬂs)u Us ﬂ:: = _dsv'

Hence (B,,—B.)UsB,+e,€Z*K,,K*) and represents an element of
H?*(K,, K*). We define

<b’ b’>r,s = z invu((ﬂv,s"ﬁs,u) Us ﬂ;;+8|))' (5)

In the special case when b is divisible by p® in the sense that there is an element
b,e H'(K, A, . ) such that =« (b) =b, where n,,,,: H(K, 4,,,)~>H'(K, 4,) is
the map induced by p*: A4, , ;— A4,, we could choose f to be a cocyle and choose
¢ =0. Then we actually have

<b’ b/>r,s = Z invv((ﬁv,s - ﬁs,v) Us ﬁ:)) = Z invv((bu,s - bs,v) Us b:))9

where f, , represents b, ,, f, , represents b ,.

It can be verified that the pairing ¢, ), ; is well-defined. The proof of the non-
degeneracy in Theorem 4 is analogous to the proof used for the classical case.
Here, we use the idea in [10] with some modifications. The key for the
generalization is the observation that the proof of the classical case in [ 10] uses
only the following properties of an abelian variety E, together with some general
facts from Galois cohomology:

(1) The local Tate duality for E.
(2) The sequence

E(K,)/PE(K,)—Z—> E(K,)/p"**E(K,)—— E(K,)/p°E(K,)——0

is exact.
(3) E,- is unramified at almost all primes v of K.

The proof of the skew-symmetry of the pairing is similar to those used in [4] and
[9].

Let E be an abelian variety over K. We say that E has ordinary reduction at p
if for each v of K over p, there is a divisible G -submodule F, E,~ of E,~ such
that corankz F; E,= =(1/2)corankz E,=, I, acts trivially on E,«/F,E,= and
such that (E,«/F, E,«)K,) is E,=/F, E,= or is finite. It is the case if E has good,
ordinary reduction or multiplicative reduction at p. The following result shows
that S5"(K) is a generalization of the classical Selmer group for an abelian
variety.
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THEOREM 5. Let A=E,«, where E is an abelian variety over K with ordinary
reduction at p. We have S9**(K)= S%"(K).
Proof. Recall that §¢*%(K) is defined to be the kernel of the map

Hl(Ka A) - @ Hl(Kw A)/(E(Kv) ®Z,, 0lp/zz‘v)

and S%(K) is defined to be the kernel of the map

H'(K, A) - %) H\(K,, A/(H'(9,, A" ® D H'(K,, A)/(im(es))aiv
v{p vlp

where e .: HY(K,, F} A)— H'(K,, A) is the natural map. So we only need to show
that E(K,) ®z,Q,/Z,=H'(g,, A™)g; for v{p and that E(K,)®z,Q,/Z,=
(im(e,))aiy for v|p.

Let v{p. By Lutz’s theorem, E(K,)®z,Q,/Z,=0. On the other hand,
H'(g,, A') = A"*/(Frob,—id)A'". In the exact sequence

0 - ker(Frob, —id) —» A7 —F°%=9 | 41, 41v/(Frob, —id)A" — 0,

ker(Frob, —id)=A(K,) and is finite. Hence corankz ker(Frob, —id)=0. There-
fore corank; H'(g,, A"")=corankz, A"*/(Frob,—id)4">=0 and H'(g,, A")s, =
0.

Now consider v|p. We have the following diagram,

0— E(K,)®2,Q,/Z,—— H'(K,, A)— H'(K,, E(K,))

H'(K, F}4) —=— H\K, A)—> HYK,, A/F} A)

We will first prove that imd Sime,, hence imd < (ime, )y, since
im6=E(K,) ®z,Q,/Z, is divisible. Then we will show that im é and im ¢,, have
the same Z ,-corank. Thus im = (im & )gjy- For any
P®(1/p)eE(K,) ®z,Q,/Z,, choose Q € E(K,) with p'Q = P. Then (P ® (1/p"))
is the cocyle o in Z'(K,, A) such that a(g) = g(Q)—Q for any g e Gg,. Since the
natural map A—-A/FfA, x—Xx, is a Gg-homomorphism, we have
o(g)=9(Q)— Q. Since I, acts trivially on A/F} A, this shows that o(g) =0 for
o€l,. Thus from the inflation-restriction sequence

0 H'(g,, A/FSA) > H'(K,, A/FJ A)—> H'(I,, A/F; A)
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this o represents an element in H'(g,, A/F; A). If G, acts trivially on A/F; A,
then @ =0 for all 0eGg, Thus o represents an element in ime,. Let
(A/F} A)g,) be finite. It follows that H(g,, A/F, A) is finite. Then this group
must be zero because H(g,, A/F, A)=(A/F, A)/(Frob,—id)A/F, A)is divisible.
Therefore o represents zero in H'(K,, A/F;} A), and ¢ represents an element in
ime,,.

Next we compare the Z,-coranks of E(K,)®gz,Q,/Z, and ime¢,. By
[13,VIL.6.3] and its generalization to an  abelian  variety,
corankz E(K,) ®z,Q,/Z,=[K,:Q,]1dim E where dimE is the geometric di-
mension of E. From the exact sequence

0 HK,, F; A) > H%(K,, A) > H%(K,, (4/F; 4))
- H'(K,, F; A)— im(e,,) > 0

and Tate characteristic formula, we have

corankz im(e,) = [K,: Q,] corankz (F o A) + corankz (H %K,, A))
+ corankz (H*(K,, F,” A))—corankz (H %K,, (A/F; A))).

By the basic properties of such an abelian variety,
corankz Ff A4 =dimE and corankz H(K,, 4) = 0.

By local Tate duality between F,f 4, and A*/F,f A¥ (see the proof of Proposition
2 for details), corank; H*(K,, F, A)=corankz H%K,, A*/F, A*). Since E is
isogenous to its dual abelian variety E*, the restriction of this isogeny to 4 sends
A onto A* with finite kernel. Hence the reduced map sends A/F, A onto
A*/F}A* with finite kernel. This implies that corankz H(K,, 4/F, A)=
corankZpHO(K,,, A*/F} A*). Thus corankz ¢, = [K,:Q,]dimE, as is required.

U

To obtain nontrivial examples of Gg-modules where Theorem 2 can be
applied to, consider a compatible system V = {V;} of l-adic representations of
G =Gal(K/K) which are ordinary at p and suppose that there is a Gy-invariant,
nondegenerate and skew-symmetric pairing on ¥, with values in Q,,. Let T, be a
Gg-invariant lattice of ¥, that is its own annihilator T;" under the induced
pairing on V, with values in Q,/Z,. This requirement is equivalent to the
existence of the isomorphism 7 on A=V, /T, in Theorem 2. If V,=T,(E) ® z,Q,,
where T,(E) is the Tate module of an elliptic curve E/K, then T,(E) is such a
lattice. For an odd number r, let Sym, (V) be the rth symmetric power of ¥;. It is
easy to see that the system Sym, (V)= {Sym,(V))} with the induced represen-
tation is also a compatible system of l-adic representations which are ordinary at
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p. Let
GO Vpx V= Q,

be the skew-symmetric pairing defined on V,. For decomposable tensors
{x1,...,x,} and {y;,...,y,} in Sym,(V,) define

Axpseves xr}’ {Yh e ’yr}> = Z o1y Y10 Xy V-

oeSy

Extending by bilinearity we get a Gg-invariant pairing {, )" defined on Sym, (V).
By [12, p.404], this pairing is also nondegenerate. Since r is odd,

<{x1,...,x,}, {yl""’yr}> = Z <xa(1)7 Yi)e L X gy Ve

aeSy

= _Z {Y1s X ¢(1)> LY X d(r)>

aeS,

= - Z <ya Y1) x1> <y¢7 1y X r>

aeSy

- Z <ya'(1)’ Xy <ya(r)7 X,

o€eSy

_<{y1""1yr}’ {xl""’xr}>-

Hence this pairing is also skew-symmetric.

Let {v,,...,v,} be a basis of ¥V, such that T,= @®{_1Z,v;. Let
a=min{|<vy, v;)|,:v;€ {v;}}. Then [{p~ %y, v)],=I<vy,p W], =0. Since T,=
T,", a=0. Thus there is a v;, say v,, such that {v,, v,) € Z,". Multiplying v, w1th a
unit in Z,, if necessary, we have {vy,v,)=1. Letting H, —Z V1 @ Z,v,, we have
T,=H, G—) H? and the same can be applied to H1. Finally we get a Z,, basis {v;}
of T, such that (vy;_1, 050 = — V35 U2i-17 =1 and <v;,v;>=0 for any other
choices of i and j.

Sym,(T,) is a lattice in Sym,(V}) and is Gy-invariant. It has a basis of the form

{{xili...x;d}|ij >0,i,+ - +ig=r},
where

B yelal —
(XXl =X, Xy Xy ooy Xy v e oy Xgy e vy Xg)-
i, terms i, terms iy terms
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It can be easily verified that

o ), (ol i

_ (= l)zi”‘(il!)(izl) (i) i ige- g =Jaw k=1,...,d/2
0 otherwise.

It follows that if p > r + 1, then Sym,(T}) is its own annihilator under the pairing

Sym,(V,) x Sym,(V,)—— @,—— Q,/Z,

Thus we have

THEOREM 6. If V, satisfies the conditions in Theorem 2, and r is odd with
p = r+1, then the same conditions are satisfied by Sym,(V,). Consequently, let

Sym,(A4) = Sym,(V,)/Sym,(T,),
then |Sgm, 4)(K)/Ssymu(K)aivl is a square.

5. Infinite extensions

The aim of this section is to give a proof of Theorem 3.
Let K, be any Z,-extension of K with p # 2. We have made the following
restrictions on A4 in Theorem 3:

(1) A is unramified at almost all primes of K.

(2) There is a Gg-module isomorphism 5: A - A* such that (na)(a)=0 for
acA.

(3) The strict Selmer group S%(K ,,) of Greenberg is A-cotorsion.

(4) A(K,) is finite.

Let K, be the unique extension of K contained in K ,, of degree p”. For each
prime 1 of K ., let I, denote the inertia group for some prime of K lying over A.
Let g,=G_),/I,- Let T = Gal(K ,,/K) and T,,= Gal(K,/K). Then {H'(K,, A)} is
a direct system of abelian groups with an action of the inverse system {T",}. Thus
H'(K,, A)=lim H'(K,, A)is a [-module. It is clear that the system {S3(K,)} is a
submodule of the {I',}-module {H'(K,, 4)}. Therefore lim S%'(K,) is a I'-
submodule of H'(K ,, A).

PROPOSITION 4. If A*(K ) is finite, then

lim S$(K.,) = S¥(K..),
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where
SH(K ) = ker(H'(K o, 4) = [[ H'(I;, A)x [ [ HY(K); A/F; A)).
itp Alp
is the strict Selmer group defined by Greenberg in [5].

Proposition 4 applies to our situation since assumptions (2) and (4) combine
to show that A*(K ) is finite.

Proof. Let 1 be a prime of K , over a prime v of K, and let v, be the prime of K,,
lying below 1. We only need to show that

l_ll_n, Hl(gv,.7 Alvn)div = Hl(g}.’ AI‘)
for v{ p and
5 _ 1
lim H'(K,),, FS' A) g5, = H' (Ko)s, FJA)

for v| p when n — co. For v{ p, (K ,),/K, is unramified, so g, has profinite order
prime to p. Thus H'(g,, A™) = 0. Hence the proof in this case is clear. Suppose
v|p. As HY((K,),,, Fy A) is cofinitely generated over Z,, p"H'((K,),,, F, A)=
H'(K,),,, F; A)gy, for m large. From the proof of Corollary 1 in [5,p. 111],

HY(K,),,» Fy A)/H (K, FJ A)aiy = H(K,)s,s FS AR) € FJSAXK ).
Hence the order of the first group is bounded when n — co. Therefore
Hl((Koo)l’ F:A)/(an Hl((Kn)v,,, F:A)div)

is finite. Since HY((K_);, F,S A) is divisible [5,p. 111], this quotient must be
Zero. O

By our assumption and Theorem 2, there is a skew-symmetric pairing on
S5(K,,) which is nondegenerate modulo its maximal divisible subgroup. We will
use it to prove Theorem 3.

Since, by the assumption, S%(K,) is a cofinitely generated Z,-module, the
image of D, = S%(K,)4, in S5 (K ) becomes stabilized for large n, denoted it by
D . Thus we have the exact sequence of {I",}-modules

0 {D,} - {S¥"(K,)} > {S¥'(K,)/Ds} — 0
which gives the exact sequence of A-modules

0- Dy - SY(Ky) > S5(Ky)/D oy = 0.
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We first consider the direct system {T,}={S%"(K,)/D,} with direct limit
T, =S3(Ky)/Do.

THEOREM 7. With the same assumption as in Theorem 3, the Z ,-corank of T, is
even.

First we need a lemma.

LEMMA 3. Let N be a finite abelian p-group with p #2. Let {,) be a
nondegenerate skew-symmetric pairing on N. Then N has a maximal isotropic
subgroup B that is a direct summand of N. Thus N =~ Bx N/B and N/B =~ B.
Proof. Let N=7Zx,® --- ® Zx,, with Zx;~ Z/p*Z for i=1,...,r and
a, = a, = --- = a,. The pairing gives an isomorphism N =~ Hom(N, Q/Z). Thus
the image of x, in Hom(N, Q/Z) is of order p*. This implies that there is an
X;, €{Xy,...,x,} such that {x, x;, ) is of order p*. Thus changing a generator of
Zx;, if necessary, we might assume that {(x;, x;, > =1/p*(mod 1). Thus the pairing
is nondegenerate on H,=7x, @ Zx;,. Hence H; nH; =0 and this in turn
shows that the restriction of the pairing is nondegenerate on Hi. We have
N =H, ® Hi. Repeat the above procedure to Hi. At the end we get a
orthogonal decomposition N=H, ® ---® H,, H;=2Zb,;_, ® Zb,; and the

01
matrix of the pairing with respect to b,;_;, b,; is of the form [ { 0]. Let

B = @®i_, Zb,;_,, then the size of Bis half of N and B < B*,so B=B*. Thus Bis
a maximal isotropic subgroup. From the construction, B is a direct summand of

N. ad

By the fundamental theorem of finitely generated abelian groups, N can be
uniquely expressed as a direct sum Z/p°Z @ Z/p*Z @ --- @ Z/p*Z with
azb>-->z Wecall(a,b,...,z)theindex of N. Let {4,} be a direct system of
finite abelian p-groups with bounded number of generators. For each n, let
(@, ..., z,) be the index of 4,. Then {a,} for a=a,...,z are sequences of non-
negative integers. We say that {4,} is homogeneous if each of these sequences
either goes to infinity or remains bounded as n goes to infinity. For a
homogeneous system {4,}, the number of sequences {a,} that is convergent to
infinity is called the corank of {4,} and is denoted by corank({4,}).

PROPOSITION 5. Let {A,} be a homogeneous direct system of finite abelian p-
groups with corank d. Let A, =lim A,. Then

(1) d > corankz (4,),

(2) if the bounded sequences have bound less than M, then for n large we have
(A)m = (Z/pM 2)* x B,, where (A,)y=ker(p™: A,— A,) and B, has exponent less
than M.

Proof. Let i,: A, - A, be the natural map. Since i,(4,) is a quotient of 4, the
index of i,(A4,) is less than the index of A, Thus d=corank({4,})>
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corank({i,(4,)}). But the last term is precisely the Z,-corank of A. This proves
(1). (2) is clear.

PROPOSITION 6. Let {A,} be a direct system of finite abelian p-groups with a
bounded number of generators. Let A, =1lim A, and let i,:A,— A, be the
canonical map. The following statements are equivalent:

(1) the exponents of ker(i,) are bounded.
(2) {A,} is homogeneous and corankz (A,) = corank({4,}).

Proof. (1)=>(2). Let (a,, . .., z,) be the index of i,(A4,). Since i,(A4,) S i+ (444 1),
each sequence {a;}, @ =a,...,z is a monotonely increasing sequence of non-
negative integers. Hence it either has infinity as limit or is bounded. Thus it is
homogeneous and corank({i,,(A,,)})=corankzp(A »)- Since ker(i,) have bounded
exponents, there is integer N such that ker(i,) = (4,)y for any n. Thus we have
surjective maps A4,—A4,/ker(i,) = i,(A4,), and i,(A4,) = A,/ker(i,) > A,/(A,)y- Let
(a),...,z)) be the index of A,/(4,)y. It is clear that o) =max{a,— N,0},
®,=a,...,z since the index of (4,)y is (min{a,, N},..., min{z,, N}). Note that if
A and A’ are finite abelian p-groups with indices (a,...,z) and (d,...,z') and if
we have a surjective map 4 — A’, then « > o' for a =a,...,z. Thus we have
o, = 0, = oy > o, — N. This shows that «, — a;, is bounded. Hence the sequences
{«,} and {«,} both go to infinity or both remain bounded. This implies that {4, }
is homogeneous and corank({4,}) = corank({i,(4,)}) = corankz (4).

(2)=(1). Suppose ker(i,) have unbounded exponents. Let d be the Z ,-corank of
A_. Choose M such that p™ is larger than the exponent of the cotorsion part of
A, and such that M is a uniform bound for the bounded sequences from {a,},
a=a,...,z. Then (A, )y = (Z/p™Z)? x (finite group of exponent < M) and
(A,)rp = (Z/p™ Z)* x (finite group of exponent < M) for n large. Let H < (A ) be
a subgroup isomorphic to (Z/pMZ)* and choose N such that iy(4y) 2 H and
such that (4,),, = (Z/p™Z)* x (finite group of exponent < M) for n> N. Since
ker(iy) is finite and ker(iy) =lim ker(iy y+,), Where iy y.n:Ay—> Ay, is the
natural map, ker(iy)=Xker(iy,,) for n large. Since ker(i,) have unbounded
exponents, we can find N, > N such that ker(iy)=ker(iy y,) and such that
ker(iy,) has exponent greater than M. Thus ker(iy,) contains a copy of Z/pMZ.
Now ker(iy)=ker(iy y,) implies that iy y (Ay)nker(iy,)=0. So iyy,(4y) D
ker(iy,) = Ay,. Since

inny(in ' (H)) = iy (H)/iy '(H) " ker iy y,) =iy "(H)/(iy '(H) nker iy)
= in(iy '(H) = H = (Z/pM 2’
is contained in iy y (A4y), Ay, contains at least d+1 copies of Z/pMZ. So
(An )M = (Z/pM Z)° x (finite group of exponent < M) with ¢>d. But by the

choice of N, (Ay,)s = (Z/p™Z)* x (finite group of exponent < M). This is a
contradiction. O
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LEMMA 4. Assume that A(K,) is finite. The natural maps i,: T,— T,, have
bounded kernels.

Proof. The kernel of H'(K,, A)»H'K, A) is H\(I'”", AK,)) = AKK )/
(»*"—1)A(K ) which has bounded order for all n. Hence the kernel of the
induced map f,:S%"(K,)— S%(K,) has bounded order. By the remark made
before Theorem 7, f,(D,)=D, for n large. Thus the kernel of i, is
(ker(f,)+ D,)/D, for n large. Hence it also has bounded order. O

Proof of Theorem 7. From Theorem 2, there is a nondegenerate skew-
symmetric pairing defined on 7,. By Lemma 3, we can find a maximal isotropical
subgroup M, of T, such that we have a (noncanonical) decomposition
T, = M, x T,/M, as abelian groups.

By assumption, S%(K,), hence T, are finitely cogenerated over Z,. This
implies that the finite subgroup of T,, has a uniform bound for the number of
generators. In particular, the images of T, —» T,, have a uniform bound for the
number of generators. Since by Lemma 4, the kernels of T, — T,, also have a
uniform bound for the number of generators, the T,’s have a uniform bound for
the number of generators. Thus by Proposition 6, {T,} is homogeneous and
corank{T,} = corankz, T,. Since M, is a maximal isotropic subgroup of T, under
the pairing {, ),, we have T,/M, =~ Hom(M,, Q,/Z,) = M, as abelian groups.
By Lemma 3, T, =~ M,x T,/M, as abelian groups. Thus the index of T,
is two copies of the index of M, after proper permutations. In particu-
lar, corank{T,}=2corank{M,}. Thus by Proposition 6, corankz T,=
2 corankz M, and hence is even. O

LEMMA 5. Let p be odd. Let Y be a T',-module which is a finite dimensional Q-
space. Then dimqg, Y = dimg, Y/(y—1)Y (mod 2), where y is a generator of T,.
Proof. From the exact sequence

0 > YTn »y—"Lsy > Y/(y—1)Y ——— 0,

we have dimgq, (Y/(y—1)Y)=dimg (Y™). Since Q,[I,] = Q,[TI(T""-1)=

{=0Qp(uy), the Q,[I',]-module Y is completely reducible and Y
®@}-0 Q,(u,), for some c; > 0. Since each dimg (Q,(u,9) is even for i > 1, we
have

dimg, Y=c¢, = dime(Yr") (mod 2),
hence the result.

LEMMA 6. Let X be a I',-module which is a finitely generated Z ,-module. Then
rankz X = rankz (X/(y —1)X) (mod 2).
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Proof. From Lemma 5 we have
rankz X = dimg (X ®z, Q,) =dimg (X ®z, Q,)/(y— )X ®z,Q,) (mod 2).

Also rankz X/(y—1)X =dimg (X/(y — 1)X) ®z,Q,. So we only need to show
that

dimg (X/(y —1)X) ®z,Q, = dimg (X @z, Q,)/(y— (X @z, Q,).
From the exact sequence

0-@p—-1)X->X->X/(y—1)X-0, rank X/(y—1)X =rank X — rank(y — 1)X.

So

dim(X/(y —1)X) ®z,q,-dimx ®7, Q,) —dim((y +~ )X ®z,Q,)
=dim((X ®z, Q,)/(y —1)X ®z, Q,)). This completes the proof.

Now we can give a proof of Theorem 3. From Theorem 7,
corankz, SS(K ) = corankz D, (mod 2). By the remark before Theorem 7,
D.=D, for n large, where D, =S5 (K )aiv- Thus
corankz D, =corankz D,=corankz, S3(K,). As S¥'(K,) is a Z,[I',]-module of
finite Z ,-corank, Lemma 6 implies that

corankz S%"(K,) = corankz S5(K,)"™ (mod2).
Consider the inflation-restriction sequence
0- H(T,, A7) > H'(K, A) > H\(K,, A" —> HX(T,, 4.
Since H\(T,, A™") and HAT,, A™) are both finite,
corankz S%"(K)=corankz, S%{(K,)™", hence the theorem.
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