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Introduction

If X is a compact Kédhler manifold with trivial canonical line bundle, then the
parameter space of the Kuranishi family of X is locally isomorphic to an open
set in HV(X, A), where A is the holomorphic tangent bundle ([Ti], [To], [Go-
Mi]). On the other hand, for the CR-structure case, the deformation theory was
also successfully developed by ([A2], [A3], [Mil]), and the versal family in the
sense of Kuranishi was established. Therefore it is reasonable to try to obtain a
corresponding result, namely, “an analogy of Tian—Todorov theorem”.

For this purpose, we recall the Tian—-Todorov’s approach in ([Ti], [To]). The
Tian-Todorov’s approach consists of the following two parts.

Part 1. As the canonical line bundle is trivial, the deformation equation, which is
holomorphic tangent bundle valued, can be reduced to the equation on scalar
valued differential forms.

Part 2. By using the Hodge structure on compact Kéhler manifolds, we see that
the obstructions vanish.

On the other hand, contrast to compact Kahler manifolds, in our case, Hodge
structure is not simple. We see this more precisely. Let (M, °T”) be a compact
strongly pseudo convex CR-manifold. Furthermore we assume that (M, °T")
admits a normal vector field, namely there is a global vector field { on M
satisfying;

(1) £,¢°T, + °T; for every point p of M,
(2 [, TM, °T")] =« T(M, °T").

This manifold (M, °T”, {) is called a normal s.p.c. manifold. For this normal s.p.c.
manifold, Tanaka already studied Hodge structure. Namely he set

BP9 = I‘(M, A p(OTw)* AA q(OT")*),

and he introduced d’, d”-operators on these spaces. So he had a double complex
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(B*,d',d"). However, his double complex does not seem so efficient for our
problem. For example, on B>,

dd" +d'd #0.

Therefore the Tian—Todorov’s argument completely breaks down. Nevertheless,
because of ingenuity and simpleness of Tian-Todorov’s argument, we would
like to adopt their method for our deformation problem. For this purpose, in
this paper, we introduce a new subcomplex (F?%d,d") of
(C(M, (CO* A APCT")* A AY°T")*),d’,d"). And we see that our F"~ 29 comes
from E, bundle, which is introduced in the successful line of deformation of CR-
structures ([A2], [A3]). Then on F749,

dd’ +d'd = 0.

Furthermore for F?4, we show

(1) the CR-analogue of Tian-Todorov lemma (Section 4 in this paper),
(2) the key equality; for u in F*~ 29,

d Oy u=2/3)d"*d"(d'u)+(1/2)d"d"*(d'u) (Section 6 in this paper).

With (1) and (2), following the Tian—-Todorov method, we have the following
theorem.

MAIN THEOREM. Let (M, °T") be a normal s.p.c. manifold with dimpM > 7.
And we assume that its canonical line bundle K= A"(T')* is trivial in CR-sense.
Then the obstructions of deformations in Z* appear in J"~ %2, That is, if J"~ 22 =0,
then for any deformation of CR structures in Z' is unobstructed. Here
Z'={ueF"  >Ydu=0} and J" >*=((Kerd")nd'F"~>2)/(d'F"~ 32 nd"F"~2).

Though, at present, we have no example indicating whether J""22=0is a
useful condition, as will be proven in Section 9, if d’'d”-lemma holds in the double
complex (F74, d’, d"), the main theorem provides the complete analogue of Tian—
Todorov’s theorem (i.e. smoothness of the versal family of CR structures in the
sense of Kuranishi). Therefore the above theorem seems a CR-analogue of Tian—
Todorov’s theorem.

1. Deformation theory of CR-structures

Let X be a complex manifold and let » be a C® exhaustion function which is
strictly pluri-subharmonic except a compact subset. Let

Q= {x:xin X, r(x) < 0}
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and we assume that the boundary of Q, bQ is smooth. Then, naturally we can
put a CR-structure over bQ). Namely we set

T"=CR ThQ) N T Xy

Then we have

(1) °T"A°T"=0, f —dim(C ® THRY(CT"+°T)=1,
(2) [T, °T"), T, °T")] < I(bQ, °T").

This notion is generalized as follows. Let M be a C* orientable real odd
dimensional manifold. Let E be a subbundle of the complexified tangent bundle
C ® TM satisfying:

(1) EnE=0, f — dime(C ® TGQ)E+E) =1,
Q) [T(M, E), [(M, E)] = T(M, E).

This pair (M, E) is called an abstract CR-structure or simply a CR-structure. For
our pair (bQ, °T”), we set a C* vector bundle isomorphism

C® T(hQ) =°T" +°T" + CL, (1.1)

where ( is a real vector field supplement to °T” +°T”. And by using this
decomposition, we set a Lexi form L by: for X, Y in °T”,

L(X’ Y)= RV —II:X’ ?]CC,

where [X, ?]CC means the C{ part with respect to (1.1). We recall deformation
theory of CR-structures which is developed in [A2]-[A4], [A-M], [Mil]. We
assume that we are given a complex manifold X, a strongly pseudo convex
domain Q, and the boundary bQ, a CR-structure °T” induced from X over M,
and we set a C* vector bundle decomposition (1.1).

DEFINITION 1.1. Let E be a subbundle of the complexified tangent bundle
C ® TM satisfying:

ENnE=0, f—dime(C® TMAE+E)=1. (1.1.1)

Then, the pair (M, E) is called an almost CR-structure. As E is a subbundle of
C ® TM, we have a projection map from E to °T” according to (1.1). If this
projection map is isomorphism, then we call (M, E) an almost CR-structure
which is at a finite distance from (M, °T”) or simply an almost CR-structure.
Then, we, immediately, have the following proposition.

PROPOSITION 1.2 (Proposition 1.6.1 in [A2]). An almost CR-structure *T"
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corresponds to an element ¢ of T(M, T' ® (°T")*) bijectively. The correspondence
is that: for ¢ in T(M, T' ® (°T")*),

T ={X" X' =X+ ¢(X), X in °T"},
where T' =°T" +C{. And we have

PROPOSITION 1.3 (Proposition 1.6.2 in [A2]). An almost CR-structure *T" is
an actual CR-structure if and only if ¢ satisfies the non-linear partial differential
equation P(¢)=0.

Here P(y) is defined as follows. For ¢ in (M, T' ® (°T")¥),

PW) = 0¥ + (1/2[Y, 1],

where 0, means the T’-valued tangential Cauchy—Riemann operator on M (for
precise definition, see [Al], [A2]) and (1/2)[¥, ] corresponds to R,(y) in
[A1],[A2].

2. The complex (Z,,,-,T(M, AXT')* A A4°T")*),d) on a s.p.c. manifold

Let (M,E) be an abstract strongly pseudo convex CR-structure with
dimgM =2n—1 > 7. Then as is proved in [A1], the vector bundle T’ is a CR-
holomorphic vector bundle, and so we can introduce the canonical line bundle
AP(T')* like in the complex manifold case.

We study I'(M, AP(T")* A A%°T")*). First, we can introduce d”-operator from
T(M, AP(T)* A ACT")*) to T(M, AP(T'Y*A ATTY°T")*) by: for u in
C(M, AXT'Y* A ACT")¥),

d'u = (du) , T A AT IOT)*s

where (du) » sy p pe+1077+ means the AP(T')* A A2*H(OT")* part of du accord-
ing to the following canonical decomposition.

A ptqg+ l(q: TM)* — Z A r(T/)* AA s(O T")*.
r +s;——sp>+0q +1

As is shown in [T] p. 64,

du = (du)A ‘”2(7")‘ A Aq—l(c-rn): + (du)/\ p+l(T')i AA "(OT")" + (du)/\ p(T')t A Aq+1(oTn).
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We use the notation

Du = (du),\v*'Z(T')t A AITIOT)* + (du),\p* YTy* A ASCT")*

So
du = Du + d"u.
Therefore

ddu = DDu + Dd"u + d"Du + d"d"u.
If we see AP(T')* A A972(°T")* part, we have

d"d"u = 0.
Hence we have a d"-differential complex

T(M, AT A ACTHOT)V) —S T(M, AXTY* A AYCT")*)
L T(M, AXTY*A ATTIOTY)¥),
And we set IP1=T(M, A" (T')* A AY°T")*), and
H3(M, AY(T')*) = Ker d" ~ TP4/d'TPa 1,

Let { be a supplement real vector field to °T” +°T". Then by using this vector,
we have a C* vector bundle decomposition

An—l(T/)* A AP(OT/’)*=(CC)*/\ /\”‘Z(OT")/\ Ap(OT//)*+ /\"_I(OT")*/\ /\p(OT”)*.
By the same way, we can introduce a d” operator on

L(M, (CO* A A(T'V* AYCT")).
Namely, for u in

L(M, (CO* A AXT)* ACT")),

d"u = (du)cper a APOT") A AT ICOTYS
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where (du)cpyx o 277y A as+1eT7) Means the (CO* A A POT"y* A ATT1(OT")* part
of du according to the vector bundle decomposition

APTITYC @ TM)* = Y AMCO* A AYCT)* A AIOT")*,
h+itj=p+q+1
Kij20 s
Similarly, for u in T(M, (C0* A APCT")* A AY°T")*), we set
d’u = (du)(co* AA p*l(o'f")t/\ ACT"Y*>
where (du)cgr o ar+ 107> & a5+ means the (CO* A APH1OT")* A A9(OT")* part
of du according to the above decomposition. So we have that for u in
DM(CO* A APCT"* A AYCOT")¥),
du=d'u+du+ (du),\vﬂ(o'f")t/\ ATHLOT*.
By a direct computation, we have

(du) A PHLUOT e A A9+ 1O = —dOA( Ju),

where 0 is a 1-form defined by 6o o7» = 0 and 6({) = 1. We see the relation
between these operators. For u in I'(M, (CO)* A APCT")* A AYCT")*),

du=d'u+ d'u—don( ] u)
And so
ddu=ddu+d'du+dd'u
—(d(dO AL J W)y a ar 10Ty A as*10Ty*

+d"d"u—dO AL | du)— d'(dO A |u)
—dO A (L ] d"u)— d"(@dO A (L ).

By comparing the type, we have the following relations. Namely, from
(CO* A APY2OT")* A AY°T")* part,

ddu=0. 2.1)
From (CO)* A APYYOT")* A AT 1(OT")* part,

d'du+dd'u— (d(d0 A (C _] u)))(cQ: A APHIOT Y A ATH O = 0. (22)
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From (CO* A APCT")* A A9Y2OT")* part,
d"d"u = 0. (2.3)
From AP*2OT")* A A9TY(OT")* part,
A0 A (L ] d'u) + d(d6 A (] w) = O. 2.4)
From AP*YOT"y* A A9*2(°T")* part,
dOA(]d"u)+d"(dO A({]u)=0. 2.5)

A CR manifold is called a normal s.p.c. manifold if and only if there is a vector
field { on M satisfying

{,¢°T, + °T, for every point p of M, (2.6.1)
(¢, T(M, °T")] = (M, °T"). (2.6.2)
In this paper, we assume that (M, °T”) is a normal s.p.c. manifold and we adopt

this vector { as a supplement vector to °T”+°T”. And so from this, it follows
that —d@ is an element of (M, (CT")* A (°T")*).

3. The double complex (4”4 M), d’, d")
We use the notation 4”4 M) by
APYM) = T(M, (CO* A APCT")* A ACT")¥).
Then, as is shown, we have d’, d"-operators on 4”9 M), and we have a double
complex (APUM),d',d"). On APYM), we put an inner product {,). Let

{es,...,e,_1} be an orthonormal base of °T; where x in M, with respect to the
Levi metric. Then

Like the case for B”? in [T], there is a unique # operator on this complex.
Namely,

x: APA(M) > A"~ 1= 1 p(M)
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satisfies

(1) = is a real operator,

2) ¢, YX(@O) "' =(n— DU I P)AL ] +¥) for ¢,y in AYM),

(3) *x¢p=(—10"¢.
And by the same way as for B”? in [T], we introduce operators L and A. We
define L: APY(M)— AP* 4" Y(M) by L = —dO A ¢, for ¢ in APY(M). Let A be
the adjoint operator of L with respect to {, . Let &’ be the adjoint operator d’
and let §” be the adjoint operator of d”. Then we have

d'A—Ad" = —/—10, dA—Ad =./—16", 3.1
0"L—Lé" = —/—1d, OL—Lé =./—1d", 3.2)

d"o'+d6d" =0, dé"+6"d =0, (3.3)
(see Lemma 12.3 in [T]).

ALp =LA¢+(n—k—1)p, pe APY(M), k=p+gq, 3.4
(see Lemma 12.1 in [T]).
And like the case for B9,

dd"+d'd

does not vanish.

4. A CR analogue of Tian-Todorov’s lemma

Let (M,°T”) be a normal s.p.c. manifold with a real vector field { satisfying
(2.6.1) and (2.6.2) and with dimgM =2n—1 > 7. In this section, we will assume
that the canonical line bundle K,; = A "(T")* is trivial in CR-sense, that is there
exists a nowhere vanishing section w e I'(M, A "(T")*)satisfyingd"w =0.If Misa
real hypersurface of a complex manifold X, then the above assumption implies
the existence of a nowhere vanishing CR-section Qe I'(M, A™(T'X |,,)*), since
the projection operator p': CTX |, — T'X|,, induces an isomorphism

(o) T(M, AYT' X ag)* A ATV > T(M, AT)* A AYCT")¥)

satisfying d” o (p')* = (p')* ° 0,. And moreover, by the Lewy extension theorem, it
is equivalent to the existence of a nowhere vanishing holomorphic n-form on an
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inward collar neighbourhood of M, if M is a strongly pseudo-convex boundary
of an isolated singularity. Obviously Gorenstein singularity is this case.
In this situation, we will consider a bundle isomorphism

i T'® ACT")* > A" Y(T')* A AY°T")* given by i(u)=u | w.
Note that
iq(OTw ® A q(OTI/)*) = (CC)* A A n—Z(OTW)* AA q(OT//)*

holds. We will denote ijo7-gaqor) by the same symbol i,.
Now we have the Lie bracket, on ['(M, °T” ® (°T")*), given by

[¢, Y1(X, Y):= [¢(X), ¥(Y)] + [¥(X), §(Y)]
— (X, Y(Y)]or + [W(X), Y]or) —Y([H(X), Y]op+[X, (Y)]or)

for X, YeI(M,°T”). And then, a Lie bracket is induced on
O(M, (CO* A A" 2CT")* A(CT")*) by [o, B1:= i,[iy "o, i ' B1.

The main purpose of this section is to obtain a CR-analogue of Tian-
Todorov’s lemma (cf. [ Ti], [ To]) analyzing this induced Lie bracket.

First of all, in order to simplify the argument, we will obtain a local frame of
CTM normalized at a reference point in M.

LEMMA 4.1. For any point pe M, there exists a local frame ey, e,,...,e,_; of
OT” around p satisfying

(1) [eh e}](p) =0 (l,J = la 2’~ s 1),
(2) [ei edp) = / — 164, G, k=1,2,...,n=1)

Proof. Let {fy, f5,---, fo_ 1 be a moving frame of °T” such that [f;, f;1=0
(i,j=1,2,...,n—1). Note that such a local frame always exists because M is
realized locally as a real hypersurface of a complex manifold (cf. [A3] and [Ku]).
Set e;:= Z"_1 q,.f, where gq,; is a C*-function. Then (1) holds if and only if

5S-G} =0 (j=12..m=1)

Hence, if g;; satisfies
f@)p)=0 (s=12,...,n—1) (4.1.1)

then (1) holds.
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Next, let [f;, fil=ZrZ}ahf,—Zr-ta. f.+ ./ — lcyl, where af and ¢, are C*-
functions satisfying ¢,,=c,;. Then (2) holds if and only if

n—1n—1

;1 1:21 4si(Dau(p)ca(p) = 0y (i, k=1,2,...,n—1)

and

T @D+ T Y apPLP=0 Gk r=1,.n-1)

Since (M, °T") is strongly pseudo-convex, (c;) is a positive-definite hermitian
(n—1)-matrix. Hence we can find a unitary matrix (u;) satisfying
ot m s bugegiy =064  (,k=1,...,n—1).  (2) holds if gqu(p)=iy
(s,i=12,....,n—1) and f(q,)p)+Zr2!a,(pu;=0 (i,t,r=1,2,...,n—1).
Therefore (1) and (2) hold if g3 (,k=1,2,...,n—1) satisfy qu(p)=1u;,
f@)(p) =0, f(au)p)=—ZjZi ag(p)uy (s=1,2,...,n—1). Thus Lemma 4.1
follows from the following:

CLAIM. For given xq, X2, .-, X2 -1, there exists a local C*-function g satisfying
el(q)(p)=j(, (l: 1’27""”_1)’ éi(q)(p)=Xn+k'l (k=1a21'--,n_1) and

UDD) = x2n-1-
In fact, since e,, e,,...,¢,_1, &, &5,...,2,_1,{ form a local frame of CTM,

0 . .
<6x'>,, (i=1,2,...,2n—1)is a linear combination of (e,),, (€2),, - - -, (€4 1), (€1),5
(€2)p>---»(€s—1)p, (- Hence it is enough to find a C*-function g with preassigned

0 .. .
derivatives a—q(p) (i=1,2,...,2n—1), and clearly it is possible. O
Xi

If we write w = w(C{)* A e¥f Aef A --- Ae¥_ | with this local frame, then we
have

LEMMA 42, ¢o(p) =0 (k=1,2,...,n—1).
Proof.

d"o(l, ey, e, .....28,_1, ¢) =(—D"e((, &, &5,...,8,-1)

+ (_ l)nw([g’ ek]T” él’ é2’ RS en*l)

n—1
+ _Zl (— 1Al [2s, ey B1aeee Vinesy o).

Because of (2.6.2) and Lemma 4.1, we have Lemma 4.2. O

Throughout this section, by e, e,, ..., e,_; we denote a local frame of °T” as
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in Lemma 4.1, and use the abbreviations ef=e} Anef A ---Aef and
et=ef nef A nep for I=(iy, 0. ..,1) and K =(ky, k,, ..., k,) respectively.

LEMMA 43. If

1 n-1
¢ =4 {¢x€®e}§+ Y ¢>kéi®ez"é}€1"(M, T'® (°T")*),
YIKT=4q i=1
then
. (—1! o
lq¢— 1 Z wpgel ® ex
q: |K[=¢
n—1
+._Zl(—1)"w¢;z;*Aé’rAé§A--~v"---Aé:‘_1Ae;z},

where N=(1,2,...,n—1).
Proof.

P, 2y, 8g0. . Vi B, €y Chy 5 k)

=, 8y, 8... V.., 8 1, Pler,, €y -5 €,)
- - i - q j - —'—1 '
=l e, ep... Vi, 81 D, Oke; ) =(—1"" lodk.
=1
Py, €5y @y 15 €y iy 5 )

= (e, €3 ...,8—1, D€k €y -5 €k,))

=w(ey, €y .-y, d’xC):(_l)"‘l(mﬁx' O
LEMMA 44. If

1
]

* YooY o gCO* A A e e APUM)

P'q! 12 p 1KT=q

=T(M, (CO* A APCT")* A AY°T")¥),

' _ 1 1\ * A (3 *
d'a(p) = TFS\IT IK;W . ;ﬁ ) “,1‘4;Ia(i,r)ei(%x')(p)(CC),, A (@), A (eX)ps
(—1p!

d"o(p) =
g+ D \Fp ik 53+1 kD=1

ik )e(@rx XPNCOF A (€8, A (€X)ps

where o(’ ;) (resp. o(¥ k) denotes the sign of permutation changing @ 1I') into 1
(resp. (k, K’) into K).
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Proof.

d'ol, €, €y v v 8ipyys €ps €y - €k,)
p j— - i -
= Z (— Ve, ol, &, VI . 80,0 €hps -5 Ek,)
i=1

+ Zl(—l)j”a([é,-j, e ot (8o VI VIR L6, ey, ).
Jj<

By Lemma 4.1,

d,a(C, éip éip ceey éip+ 12 ekl’ ekp sy ekq)(p)

p+1

= Z (— l)iéij(ailiz---v'l--~i,,,,lklk2--~kq)(p)'

=1
Next,

" -
d “(C eu’ e; ei,,’ €kys Cyse - - ’ek.ﬁ 1)

T
q+1

i _ _ .

= Zl (—1)P e ol &y s @iy €4y e VL0, )

+ Y (=Y oler,, e Jor, & 8iyen s @iy €4y €4y VI VI g ).
i<i
By Lemma 4.1,
d”d(C, 119 12’ cevy éi,,’ ekp ekp ) ekq+1)(p)

qg+1

= -2‘1 (= 1P ey (i kg v ook, JD)- d
=

LEMMA 45. For

n—1n—1
¢ = Zl kz ¢ke ® e
and
n—1n—1

Y= ; ; Vi ® ef eT(M, °T" ® (°T")*),

nlnlnl

[, l//](p)— Z Z Z {dlp)e;(Wi)p) — ¥i(P)e(Dip)
+ Ui (9)p) — dl(P)e; (WP} (@), ® (ef), A (eF),-
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Proof.
(6. Wlew e = | S, otz S vie, | +| 'S e 'S ofe |
], [,
}.

n—1 n—1
-y ([eka .Zl d’{éj]oT" + [Zl die;, e >

By Lemma 4.1, we have Lemma 4.5. O

Before proving a CR-analogue of Tian—Todorov’s lemma, we recall the inner
product between T' ® A4°T")* and AP(T')* A A'°T")*: by

- o - 1
WX, X o ts Xpoty Yy Vpu okl ¥ )= —— okt
¢ JodXy, X, p-1 11, 1 a+r) @ ko asm (k1 )
XXy, Xpop, 6Ny, Yoo LX), Y, T, YD)

for X, X,,...,X,_,€°T"and Y, Vs,..., ¥,,,€°T".
Note that ¢ [ae(C* A AP 2OT")* A ATHOT)* if ¢e°T” @ CT")* and
2e(CO*A AP IOT)* A ATOT")*

PROPOSITION 4.6 (A CR-analogue of Tian-Todorov’s lemma). If a,
Be A"~ 2Y(M) and satisfy d'oa=d'B =0, then

20y toy iy Pl =diy ta ] B+ iy 1B ).
Proof. Write

n—1n—1
a= Y Y o (CO*AetfAeEA - vi AT Aef
i1 651

and

n—1n—1

B=Y Y BuCO* At At A VI AEE Aet.
ji=11=1

Then

(_1)»-1 n—1n—1

2 2 (— Va2, ®ef

i=1k=1

ifla=
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and

—1)" ln—1n—-1
iip="" 5 Y (-1 @ et

J

By Lemma 4.5, at pe M,
n—1 n—-1n—1

__ ,+J Jk = Bi. Bj.l-. Ak

[11 o, iy ﬁ] 1:21121( {w <w> we’<w>

Z
ﬂjk— < ;1) @éj<ﬂi'k>}é,~®€f/\e;k
w w w [0}

1 ) ~ _
Z Z (=1 { o 8;Bi— B8 %k + Bl it — %18 Bix)

2kl 1i=1j=1

1 _(1\]._
+ 5(“j,kﬂi.l"ﬁj,l“i,k +ﬁj,k°‘i,1‘°‘j.tﬁi,k)ej <5>} e, Qef nef.

Hence, at pe M,

( "lnlnlnl

Z Z Z(_l)]{ (ajke]ﬂll Bj€i% k

kil=1j=11i

12[11_ la’ l; 1ﬂ] =

) ) (1
+ B ot — .2 Bi) + (o6 Bii— Btk + Bjxi — Otj,lﬂi,k)ej (5)}

X(CO*AEtACEA Vi nEF_ Aef nef.
On the other hand,
(iy o) | B+ B
n—1 1
=) X P {34 Bja— i Bia— i Bjac+ %5 Bi

i<jkl=1

X{XABFABEA v v AR At Aef.

By Lemma 4.4, at pe M,
d'(iy 'o | B+iy "B le)
n—1 1
Z {z (_I)Je < (aj.kﬂi,l—“i,kﬁj,l_“j,lﬁi,k+“i,tﬂj,k))

ki=1 (j<i
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. 1
+ Z (=1~ léj <—a; (ai,kﬁj.l —aj,kﬁi‘l_ai'lﬁj'k +aj,lﬁi.k)>}

Jj>i

X(CO*AefnesAn-- Vi nef  AefAef

n—1
=Y { Z(“I)Je (o Bis— %k Bri— %1 Bik+ %1 Bja)

k,l=1  jFi
) (1
+ Z (- I)J(aj,kﬁi.l_ai,kﬂj,l_aj,lﬁi,k+ai,lﬂj,k)ej -
JFi @
X(CO*AeX* A A Vi ngf_ Nef nef
n—1 1n—
= z - z (- 1)"6 (“; WBii— l.kﬁj.l—aj.l,Bi,k+ai,lﬁj,k)
Ki=1 (W j=1

n—1 1
+'Z1 (— 1« o Bii— x,k,Bj,l_aj.lﬁi,k+ai,lﬁj.k)éj(6>}

=

X(CO*Ae*AesA--vi-nek  Aef nef

Now, since

n—1n—1

d'a(p) = k; ; (— 1Y@ )PXCO)* A (@X), A (e)p

n—1
d’a=d’ﬁ=0=2 (e;;,)(p) = Z @Bp)=0 (k=1,2,...,n—1).

Therefore, at pe M,

d(iy e ] p+ir'flo)
1121
=“2=:1{ Z (=1 (‘1] k(e Bi)— (e i k)ﬁ]l j.l(éjﬁi,k)

[ON =

+(€;05.08;.%)

_ 1
Z (= (B l,kﬁj,z—%-fﬁi.k+°‘f-"3f'*)é"(5>}

X(CO* Aet A A Vi Aer A ef A ef.

Thus we have Proposition 4.6. O

Next, we will consider the compatibility of J, and d” via i,
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LEMMA 4.7. If

n—1 —
6=1"Y Y she®et el M, OT" @ AT,

9! =1 1K=

then

1
B0) = s e R { — 180X, ® (),
+T aldk)pIe), ® (e;'z),,},

where a(f ) denotes the sign of permutation changing (k, K') into K.
Proof. By the definition of d,,

éb(p(ekl’ €rys e ekq+1)

q+1 .
= z (—1}’“[ekj, dlew,s - - - v"f...,ekq+l)]

+ Zl(— Y (Lex,s exdors €y VI VL e L)
_]<

By Lemma 4.1,
ébqb(ekn ekza coey ekq+ 1)(p)

+1
Y (- { NEST A4

+ Z ek,(d’k Ky v Rk )(P)(e) }

]_

PROPOSITION 4.8. For ¢ I'(M, °T" @ (°T")*),

d"oig(P) = gy °0p(¢) +/ — 1dO A (L Ligh).

Proof. Write
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Then, by Lemmas 4.2, 4.3 and 4.4, at pe M,

G~ K i i
Z Z 0.k ) — D w(erdi)

@+ & kS kB =k

d"c i) =
X(CO*Ae*net A Vvie ne* | Ael

On the other hand, by Lemmas 4.7 and 4.3, at pe M,

/-1
ig410pp = ——

@+ k53+1 K=k

_ln-l -
=1 Z (kK)(_l w(ek¢x)

@+ D! x53+1 0kr=k iE

O'(k K’ )CU¢K e N eg

-

X(CO*AefAesAn---vie ne* | Aek

Now, since dO(p)=Z; {(e}), A (e}), and by Lemma 43, at peM,
oA (i) =

@ 221 Ziki=g+1 0k )0Pk el A ef. We have Lemma 4.8. [J

Thus we are led to a new subspace F”?={ue A»YM)|d0 A ({ Ju)=0} (cf.
Section 5 for the details). We will conclude this section by proving the following
proposition indicating the naturality of considering the new subspace F?%.

PROPOSITION 4.9. If a, Be F"~ 2!, then iy 'a | feF" 32,
Proof. Write

n—1n—1
a= 3 Y GuCO*netnes - viengk  Aef
i=1k=1

and

n—1n—1

B=D2 Y BiCO* At nesA--- Vi  nBE | Aet.
=115

Then o, feF"~>' implies (—1)o;.(p)—(— Dy i(p)=0 and (—1)'B;x(p)
—(=D*Bii(p)=0for i,k=1,2,...,n—1.
As in the proof of Proposition 4.6,

(o) | B= Z Z : {“i.kﬁj,l — 03 Biy— %1 B+ %0 Bik)

<

- - i j 5% * *
x(CO*Aernesn--vie-vienef g ne Nep.
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Since

n—1
ddp)= Y. @), A (e}), atpeM,
i=1

12(1) kiI=1]i<j

_1yw=3 n—- .
do A (iy I“Jﬂ):( ) Zl [Z {(_l)lﬁl(ai,kﬂj,l_ai,l j,k_“j,kﬁi,l‘l‘“j,tﬁi,k)

+ (= D Yo Bji— i Bt — %1 B+ 5. Br)

+ (=)' Moy i Bk — i Bi— i Brac+ P}

+ Z {(— l)i(aj,k Bin—aBix—%xBii+ 1B
i>j

+ (= D40 Bri— i Br— % By + o iBn)

+(— l)l(aj,iﬁl,k - aj,kﬂl.i - al,iﬁj.k + “l,kﬂj,i)}]

x(CO*AefnesAn--vIe-nek_ | nef nef nef.

Since «, feF"~ 2!, we have d  (i{ '«JB)(p)=0.

5. The new double complex (F”9,d’, d")

In this section, we introduce a new double complex (F?74, d’, d"). Namely, we set
Fri={u:ueT(M, (CO)* A APCTY* A AICT")*), dO A (¢ Ju) =0}.

Then by (2.4) and (2.5), for u in F?*4,
d'ueF>1*! and dueFr*1q

So our (F74,d’,d") is a double complex. We study this complex. First, we have
dd" +d"'d =0 on FP.

In fact, from (2.2), this follows. We see cohomology groups.

LEMMA 5.1. The map from (CO*A AP YOT")*A AT7YOT")* 1o
APCT")* A AYCT")*, defined by: for u in (CO* A APTYOT")* A ATT1OT)¥,
A0 A(C Ju) in APCCT")* A AUCT")* is surjective if p+q = n, and p or ¢ = n—2.

Proof. For any ordered set I =(iy,...,i,), J =(j1,--.,J,), there are k and k'
satisfying: i,=j,., because of p+q >n and p or g = n—2. Without loss of



An analogy of Tian—Todorov theorem 75

generality, we can assume i, =j,. Namely, I=(,i,,...,i,), I<i<i,<--
<iy<pand J=(,js....Jp), | <i<j,-- <j, <q. Soif we set

u=C*nein--nefnef A nef,
we have

—dOA((Ju)=ef nef,n---nef nef nef,n - nef.
Hence we have our theorem. O

We set a vector bundle F?? by:

FPi={u:ue(CO* A APCT"Y* A AY°T")*, dO A({ ] u)=0}.
We note that the condition df A ({ ]u)=0is equivalent to df A u=0 because df is
an element of T(M,(°T"y*A(°T")*) ((M,°T”) is normal). Then obviously,
FP4=T(M, F”9). We note that our F"~29= (E,), where i, is defined in Section 2
in this paper, and E_ is introduced in [A3]. Soif p>n—2and g > 2,0rp>2
and g = n—2, then

Ker d” nFP9/d"FP1~ ! =~ Hy.(M, AP*Y(T)*),

and
Ker &’ nF"~ %' - H} (M, A" YT')*)— 0.

In fact,if p>n—2and g > 1, or p> 1 and q > n—2, we first show
Ker d"nF?1 - H3(M, AP*Y(T')*) - 0.

For u in T(M, AP*Y(T")* A AY°T")*) satisfying d"u = 0,

u=uy+uy; u el(M, (CO*A APCT")* A AYCT")*),
u, (M, APTYOT")* A AYOT")¥).

While by Lemma 5.1, there is a v in I(M, (C{)* A APCT")* A A171OT")*)
satisfying

us - —
(@"0) nr 10Ty p Aoy = U
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We set u—d"v. Then, obviously

u—d"v in T(M, (CO* A AP(CT")* A ACT")*),
and

u—d"v in F» (by d'u=0).
So we have injectivity. Second we show

0> Ker d"nFP4d"FP4~ ! 5 H3(M, AP Y(T)*).
For ue F?4 we assume

u=4d"v, V=10, +0,,
v, €M, (CO* A APCT")* A ATTHOT)¥),
v, eD(M, APHIOT"Y* A AT 1OT")*).

By the same way as in the proof of injectivity, by Lemma 5.1, there is a w in

(M, (CO* A APCT")* A A7 2(OT")*) satisfying

(d”W)AnH(O'f")tA ATTLHOT)E = D).

So u=d"(v—d"w). Obviously v—d"w is in F»?~ !, Hence we have injectivity.
By the same way as in [A3], we have an a priori estimate for (F"~29,4")

complex (at g=2). So we have the Kodaira-Hodge type decomposition

theorem. Namely, we have the operators N,, Hy from L,(M,F"~%2?) to

L,(M, F"~22), satisfying:

(1) u=Hpu+(d"*d" +d"d"*)N pu for u in F*~22,
() OsNe = NpOgr» Op =d"*d"+d"d"™,
(3) NyHy = HpNg = 0.

Finally, in this section, we set the projection from A""29(M) to F 24,

Namely we set that for u in A"~ 29(M), we put

u—(1/(q+1)ALu,

where L, A are introduced in Section 3. In fact, by (3.4),

L{u—(1/(q+1))ALu} =0 because of LLu=0.
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And ALu is orthogonal to F"~ 24 with respect to the inner product ¢, ), defined
by the Levi metric.
6. The key equality

For v in F"~ 22, we show the key equality. Namely, we have

Key equality: For v in F"~ %2
d' Ogv = (2/3)d"*d"(d'v)+(1/2)d"d"*(d'v).
Proof. By the definition of (J,,
d{d"*d"v+d"d"*v} = d'{(6"d"v)p-22+d"{(8"V)p-21}},
where (8”d"v)g-2> means the projection of 6”d"v to F*~ %% and (6"v)-21 means
the projection of §”v to F"~2'1, And by the result in the last part of Section 3 in
this paper,
(0"v)pr-21 = 0"v—(1/2)AL6"v
and
(0"d"v)gn-22 = 6"d"v — (1/3)ALd"d"v.
Hence we must compute
d'd"{8"v—(1/2)ALS"v}
and
d'{6"d"v—(1/3)ALd"d"v}.
The computation of d'd"{6"v—(1/2)ALd"v}
d'd"{6"v—(1/2)ALé"v} = —d"d'{6"v—(1/2)ALd"v}
(because on F?9)

= —d"{d'§"v—(1/2)d ALS"v}
= d"8"(d'v)+(1/2)d"d' ALS"v
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(because of d'6”+6"d'=0). We see (1/2)d"d'ALS"v. By

'L —Ly =—/—1d,
(1/2d"d ALS"s = (1/2)d"d A" L+ /—1d'Ww
=(1/2d"dA/—1d".
By
dA—Ad = /—15",
=(1/2d"(/—18"+Ad)/—1d"v
= —(1/2)d"8"d"v.
Hence

d'd"{6"v—(1/)ALS"v} = (1/2)d"8"d'v
= (1/2)d"{8"d'v—(1/3)ALS"d'v}

(because d"ALY'dv=d"A{6"L+./—1d'}d'v=0)
= (1/2)d"d"*d'v.
The computation of d'{6"d"v—(1/3)ALd"d"v}

d{8"d"v—(1/3)ALS"d"v} = d'8"d"v—(1/3)d' ALS"d"v
= —8"d'd"v—(1/3)d'ALS"d"

(because of d'6” +6"d" =0)
= 6"d"d'v—(1/3)d'ALd"d"v
(because on F?9). We see (1/3)d’ALS"d"v. By

dA—Ad = /15",
(1/3)d'ALS"v = (1/3){Ad' +/— 18"} L&"d"v
= (1/3)Ad’L8"d"v+(1/3)/—18"L8"d"v. By
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'L — L8 = —/—1d,
(1/3)/ —16"Lé"d"v = (1/3)\/ —16"{0"L + \/ —1 d'}d"v
= —(1/3)6"d'd"v
= (1/3)0"d"d'v.
Hence

(1/3)d'ALS"d"v = (1/3)Ad’LS"d"v+(1/3)8"d"d'v
= (1/3)0"d"d'v.

Because
Ad'LS"d"v = Ad'{0"L + \/ —1 d'}d"v

= Ad'é"Ld"v+ ./ —1Ad'dd"v
= 0.

Namely,

d'{6"d"v—(1/3)ALS"d"v} = (2/3)8"d"d'v
= (2/3)d"*d"d'v.

Because

ALS'd"d'v = A{6"L + \/—1d'}d"d'v
= 0.

Therefore we have our equality.

Next by using this equality, we have

THEOREM 6.1. If for u in F*~ %2, d'u =0 holds, then
d'd"*N pu = 0.
Proof. In fact, for u in F"~ 22,

d'OgNgu=(2/3)d"*d"(d N yu)+(1/2)d"d"*(d’'N gu).

79
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Hence

d'u—d Hgu=(2/3)d"*d"(d’'N gu)+(1/2)d"d"*(d’ N yu).
Namely,

—d'Hyu = (2/3)d"*d"(d’'N gu)+(1/2)d"d"*(d' N yu).

We show d’'Hyu=0,d"d’Nyu=0 and d"*d'N,u=0. For this, it is sufficient to
see

(d"*d"(d’'Nyu), doa)=0 for any a in Hy, (6.1)
and
(d"d"*(d'Nyu), da)y=0 for any a in Hy. (6.2)

First, we see (6.1). For any « in H,

(d"*d"(d'N pu), d'a) = (d"(d N pu), d"d'a))
= (d"(d'Ngu), —d'd"%)
=0.

Second, we see (6.2). For any o in Hy,
(d"*d"(d'N yu), d'a) = (d"(d'N pu), d"*d'a).

While we have

LEMMA 6.2. For a in Hy and for v in F*~ 11,
(v, d"*d'a) = 0.
Proof.

(v, d"*d'a) = (v, 6"d'o—(1/3)ALd"d'®)
= (v, 6"d'®)
= —(v, d'0").
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We show (v, d’8"a)=0 for v in F"" ! and « in Hy. As « is an element of Hy,
d"*o = 0.
Namely,
8"a — (1/2)ALd"o = 0.
So
d'6"a — (1/2)d’ALS"o = 0.
Hence

(v, d'8"0)—(1/2)(v, d’AL6"a) = 0.

By

dA —Ad = \/—_16

(v, d'6"0)—(1/2)(v, (Ad' + \/j 0")Lo"a) = 0.
So

(v, d'8"a)—(1/2)v, /—18"L8"a) =0 (by Lv=0).

By

Ls'—6'L=/—-1d,

(v, d'8"0)—(1/2)v, /= 18"(3"L + /—1d)2) = 0.
Namely,

(v, d'6"0)—(1/2)(v, \/—18"(y/ —1d'0)) = 0.
Hence

(v, d'6"a) + (1/2)(v, 6"d'a) = 0.

So

(v, d'6"x) — (1/2)(v, d'8"a) = O.
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Hence
(v, d0"a) = 0.
Hence we have our lemma. O

Hence at the same time, we have

d(Hpu) = 0, (6.3)
d"d'Nyu =0, (6.4)
d"*d'N pu = 0. (6.5)

As F*~ 11 = A" L Y(M), d"*d’'N yu = 8"d’'N gu. So (6.5) means (6.6) "d'Nyu = 0.
With (6.6) in mind, we show

COROLLARY 6.3. If uin F"~ %2 and d'u =0, then
d'd"*Ngu = 0.
Proof. We compute d'd"*N pu. Namely,
d'd"*Ngu = d'(6" —(1/3)ALS")N yu
=d'0"Nyu—(1/3)d'AL6"N yu
—0"d'Nyu—1/3)(Ad' +/ —16")LS"N yu
—(1/3)Ad'Lé"N gu+ ./ —16"L6" N 4u)
(1/3)ALS"d’'Nyu—./ —1(1/3)0"L6" N yu
-/ —=1(1/3)0"(0"L + \/ —1d")N4u
= (1/3)0"d'N yu
=0. U

Hence we have our corollary.

7. A subcomplex

Let Z4 be a subspace of F"~ 2 given by Z9={a € F"~ 29| d’a=0}. Then by (5.1)
d"Z% = Z9*', The following proposition indicates the possibility of considering
deformations of CR structures relying on this subcomplex (Z',d") of (F"~ % -,d").



An analogy of Tian—Todorov theorem 83

PROPOSITION 7.1. If e Z* then i,P(i; ‘a)e Z2.
Proof. Recall that P(¢)=0,¢ +(1/2)[¢, ¢p]for ¢ e T (M, °T” ® (°T")*). Then by
Propositions 4.6 and 4.8, we have

i,P(iy Yo) = d"o + (1/2)d'(ig ‘o | ).
Hence Proposition 7.1 follows from Proposition 4.9 with

dd" +d'd =0 onFPq, O
Let

J" 2 = (Ker &) nd'F" /@' F' "> ndF Y2 < g <n—1).

In Tian—Todorov’s approach, 0-lemma for a compact Kihler manifold plays
an essential role. We call a (FP,d’, d")-version of d0-lemma the d'd’-lemma.
That is

d'd"-LEMMA. If ¢ eFP?is d"-closed and d'exact, or d’-closed and d"-exact, then
it is d'd"-exact.

PROPOSITION 7.2. If d'd"-lemma holds, then

(1) the natural homomorphism (Ker d") N Z* — H}(M, A"~ Y(T')*) is surjective,
2 JM=02<qg<n—1).

Proof. (1) Since (Kerd')nF" 2! Hi(M, A" YT')*) is surjective (cf.
Section 5), it is enough to show that (Kerd)nZ!=(Kerd")nF" 2! Let
¢e(Kerd)nF" 2! Then d'¢pe(Kerd')nd'F" 2!, Since d'd’-lemma holds,
d'pedd’F"~*°={0}. (Note that F”°={0}.) Therefore ¢ e(Kerd")n Z".

(2) Is clear from the definition of J"~ 24, d

8. Main theorem

Our main theorem is as follows:

MAIN THEOREM. Let (M,°T") be a normal s.p.c. manifold with
dimpM =2n—1 = 7. And we assume that its canonical line bundle K ,, = A"(T")* is
trivial in CR-sense. Then the obstructions of deformations in ij Y(Z') appear in
J"~22 That is, if J"~22=0, then any deformation of CR structures in iy (Z") is
unobstructed.

Proof. Suppose that a Z'-valued polynomial ¢®(t)in t=(t,, t, ..., 1) satisfy-
ing P(i; *¢™(t)) = 0 mod »**! is given, where » denotes the maximal ideal of
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C{ty,t3,-.,t,}. Then, by Proposition 4.8 and [A1] Theorem 4.10,
d"i,P(i7 '¢™M (1) = 0 (mod #**2),

By Proposition 4.6,
i P(i; '¢¥(t) = d'(iy ' ¢ 1) ] 9“1)).

Hence the (k+1)th order homogeneous term of i,P(i; '¢®(t)) is in
(Kerd")nd’F"~*2, Since J"~22=0 by the assumption, we have

i P(i7 ' ¢™M(1) = d"d"*N yi, P(iy ' $*(1)) (mod 4" *2).
Therefore, if we set ¢, ,(t) to be the (k+ 1)th order homogeneous term of
—d"™*Ngi,P(iy '¢™(1) and set ¢** V(1) =pN(t)+ By+1(2), then ¢*71(t) is Z'-
valued by Theorem 6.1 and we have

P(iy '¢* T V)1) = 0 (mod »**2).

By the same argument as in [A3], we can prove the convergence of
o(t)=lim, _, . ., ¢"™(t) with respect to the Folland—Stein norm || ||;, (cf. [A2]), and
we omit it. O

9. Smoothness of the versal family

If K, is trivial in CR-sense and if d'd”-lemma holds in (F?7%, d’, d”), then from the
Main Theorem together with Proposition 7.2, we have a holomorphic map

Y=i;le¢:C" o> DM, T'®CT)* || Il) (r=dimcH; (M, T),

such that
P((t)) =0 for all teD,

and the infinitesimal deformation map
T,D - H; (M, T')

is an isomorphism.
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Also in this case, the argument of Section 3 in [Ak-Mi] works well and then
the family y(t) is versal in the sense of Kuranishi.

On the other hand, from the Main Theorem of [Mi2], we infer that all versal
families of strongly pseudo convex CR structures (in the sense of Kuranishi) of
dimp > 7 are realized as families of real hypersurfaces of a canonical family of
tubular neighbourhoods of M. In particular, their parameter spaces coincide
with each other.

Hence we have

COROLLARY 9.1. Suppose that dimpM = 7. If K, is trivial in CR-sense and if
d'd"-lemma holds in (F™9,d’, d"), then all versal families (in the sense of Kuranishi)
of strongly pseudo-convex CR-structures are unobstructed.
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