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Introduction

This paper is the continuation of ‘On the Classification of Primitive Ideals for
Complex Classical Lie Algebras, I’ [4]. References to items, the first of whose
three digits is the numeral 1, are references to items contained in that paper.
Unexplained notation refers implicitly to part I, as well.

The first aim of this series of papers, as explained in the introduction to part I,
is to classify the primitive ideals in the enveloping algebra of a complex
semisimple Lie algebra of classical type by determining the fibres of the Duflo
map ([3]), that is, determining explicitly when two irreducible highest weight
modules have the same annihilator. Joseph [7] and [8], first accomplished this
for g of type A, _;, by showing that the Robinson—Schensted algorithm applied
to the symmetric group on n letters calculated a complete invariant of the
annihilator of an irreducible highest weight module. (Since this algorithm has an
explicit inverse this solves the problem in a very nice way.) In part I, the
existence of an analogous algorithm, called A, for the Weyl groups of types B,,
C,, and D, was demonstrated. It produces a pair of domino tableaux.
Completely new, however, was the phenomenon of cycles which was in-
vestigated in that paper, and the completely dissimilar algorithm, S (involving
the notion of cycles, peculiar to the domino situation) which, given a domino
tableau, produces one in a special shape (corresponding to Lusztig’s notion of
special irreducible Weyl group representation [10]: in the A, case, every
irreducible representation is special). This last product will be shown, in part III
of this series (for types B, and C,; the treatment of type D, will appear in part IV)
to be the complete invariant sought. (The inverses to both algorithms were
studied in part L)

In this part we study the relationship between the map o (the main ingredient
of A) and the various T,,’s (for « and B appropriate pairs of adjacent simple
roots), since we intend, in part III, to prove Vogan’s conjecture (in the cases B,
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308 D. Garfinkle

and C,, i.e. the cases where it is true) that the generalized z-invariant is a
complete invariant of a primitive ideal [11].

This study falls into two main halves. The first half, contained in Section 1 of
this paper, is, modulo what one may call the obvious complications induced by
the introduction of dominos where squares used to suffice, basically analogous
to Joseph’s analysis of the 4, situation, and obtains when a and # have the same
length. In Section 2 we then deal with the essentially new sort of complications
obtaining when a and f have differing lengths. (The case of D, would be a third
half and its complications are postponed until part IV.) We must then study how
the step a of the algorithm A disturbs what we call the cycle structure of the
domino tableaux (produced by the previous steps of A4). After this key result is
proved we can then finish our analysis of the relation between A4 and the T,4’s, in
Section 3.

In this way, the significance of the cycles has broadened considerably from
part I, where they played no role in the discussion of A.

In [5] this author showed how to calculate the annihilators of irreducible
Harish-Chandra modules for type A, using a hybrid cross between the
Robinson—Schensted algorithm and a completely different procedure. By
making somewhat similar (but more complicated) hybridizations between 4 and
other items (and then of course applying S) one can do the same for other
families of classical groups. In order, however, to even define these hybrids we
will need the results of this paper on the cycle structure of domino tableaux. (To
show further that these hybrids compute the annihilators we will need the results
on the generalized t-invariant from part IIL, in cases B, and C,, and on the
generalized generalized t-invariant, for Lie (G) of type D,, from part IV.)

It is best to take the results of this paper, to the extent that they refer to simple
roots, etc., as applying to types B, and C,. (In particular W is the Weyl group of
type B, or C,.) Most of these results do apply equally well to type D, (although
not those which refer to a,); this will be explained in part IV. Also, it is known
that the classification of primitive ideals depends only on the Weyl group. So the
discussion of tableaux for type B, is unnecessary for the immediate purposes of
this series of papers. On the other hand, most of it will be needed for the study of
Harish-Chandra modules.

In [4] we gave two definitions of the map 4. We will use the second of these,
Definition 1.2.7, in all proofs in this paper.

Section 1

The various definitions and theorems of this section are stated for Te 7 (M),
etc.; they hold for Te 7 °(M), etc., as well.
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2.1.1. NOTATION. (1) If Te 7 (M) and ie M, write T — i for T\D(, T).

(@ If P={S;;Sis,;} (respectively P={S;,S;;s}) we set p'(P)=i,
pXP)=i+1, k' P)=x*P)=j (respectively p'(P)=p*P)=i, k'(P)=j, and
k%(P)=j+1). Such a P is called horizontal (respectively vertical). If Te 7 (M)
and ke M we set p'(k, T)=p*(P(k, T)); similarly p*(k, T), x'(k, T), and x*(k, T).

We define various maps, all called transpose.

2.1.2. NOTATION. If F € & let 'F={S;;|S;;e F}. For Te 7 (M) let

‘T = {k, S;)I(k, Si)e T}.
(Then p;(‘'T)=k;(T).) We define similarly *: (M, M,)—»J (M, M,). We define
€M) (M) by (T, v,e)=(T, v, —¢) and " X(M)—>Z(M) by (T, P)=(T,"P).

PROPOSITION. of'X) =" X)) for X e ¥(M).
Proof. The proof uses induction on |M|. It is then trivial from the
definitions. O

2.1.3. DEFINITION. Let we W. We define tX(w) and t%(w) as subsets of I1, the
simple roots, by:

(1) aet®(w)if and only if wa¢ A* which is in turn equivalent to l(ws,) < I(w),
(2) aetiw) if and only if aet®w™!) which is in turn equivalent to
I(s,w) < I(w).

2.1.4. DEFINITION. (1) If « and p are adjacent simple roots we define
D(W) = {we W|Beti(w), ag¢t(w)};
similarly we define D(W).
(2) When « and B are adjacent simple roots of the same length, we define a
map
T5: Dag(W) — D (W)
by T.3(w)=z where
{z} = {s.w, spw} N DE(W).

Then T} is a well-defined bijection with inverse Tg;. (This is obvious if the Lie
algebra is of type A,. The general case is reduced to this case by Exercise 3,

§1,[2])

(3) When « and S are adjacent simple roots with different lengths, we define a
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map T3 with domain DJ,(W) by: for we Diy(W),
T5(w) = {5,w, s;w} N D (W).

Then T.j(w) is a one or two element set. Furthermore we have:
(i) if Tj3(w)={w'} then Tj(w)={w, w"} with w” # w and T3(w")={w'}.
(i) If T5(w)={w,, w,} with w; # w, then
7}3’&(“’1) = 7}1&(W2) = {w}.
(Again, the general case is reduced to that of B,.)
(4) We define similarly T.§, with analogous properties.
2.1.5. DEFINITION

(1) Suppose ye #(M,, M,) and {i—1,i} < M,. Let k, I, ¢, &, be such that

{(l_ 17 k’ 81)7 (la la 82)} == V-
(a) We say that o, e tX(y) if either both k > [ and ¢, = 1 or both k < l and

82= — 1.

(b) We say «;¢tX(y) if either both k > [ and ¢, = —1 or both k < [ and
82= 1.

(c) If 1e M, and (1,k,g)ey we say a, etl(y) if e= —1; otherwise we say
oy ¢ 7).

(2) We define similarly o; e t8(y) and «; ¢ t%(y) by interchanging the roles of M,
and M, in the above definitions. (This could be phrased as a; € t%(y) if and
only if a;etX(y~ 1) (see Definition 1.1.5).)

REMARK. If M;={1,...,n} then it is natural to consider (and we do) the
above as defining t(y) as a subset of II, the simple roots. Otherwise the
statements «; € tX(y), o; ¢ tX(y) are considered as formal statements to be made
only under condition of the stated hypothesis on M. Thus, for example, if 1 ¢ M,
then the statement a, ¢ t%(y) is considered, not true, but meaningless, and as
such, false. (Similarly for t%(y).)

2.1.6. NOTATION. Let ye (M, M,).
(1) If {i,j} =M, we define Ink(i,j;y)e #(M,,M,) as follows: suppose
{(l’ kia ei)’ (]’ kj’ 8j)} & Y then
InL(i’ .], ?)=(V\{(l, ki’ ei), (]’ kj’ 8j)})u {(]’ ki’ ei), (19 kj’ 8j)}'

(2) If ie M, we define SCL(i;y)e #(M,, M,) as follows: suppose (i, k;, &) €y
then

SCL(i; y)= (y\{(i, ki 8-‘)}) Y {(i, ki, —3i)}-
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(3) We define similarly In® and SCR (in relation to M,).
(4) Let My ={iy,...,i,} with [M,|=m. We define

SC(y) = SC(is; - - -3 SCH(iz; SCiy; 7). ).

REMARK. (1) For we W and 2 < i < n we have §(s;w)=In®(i—1,i; 5(w)) and
&(ws;)=Ink(i—1, i; 5(w)). We have 6(5 w)=SCR(1; 5(w)) and d(ws,) = SC(1; 6(w)).
We have also d(wow)=d(wwy)=SC(5(w)). (Recall Definition 1.1.3 for 4.)

(2) We have A(SC(y))="A(y) (by Proposition 2.1.2 and induction).

2.1.7. DEFINITION. (1) If {, B} ={o;, 2;+ 1 } and either i=1and {1,2} = M, or
i>2and {i—1,i,i+1} = M, we define

DS (M4, M) = {ye S (M, My)| et (y), a¢ tH(y)}.
(2) If {o, B} = {ot;, 0,41} withi <2 and {i—1,i, i+1} < M, we define
T Dag(F (M1, M) = D (S (M4, M)
by T(3) =7 where
v} ={In"G—1, i;9), In*(, i+1; )} 0 DL (M, My)).

It is easy to verify (see the list in the proof of Theorem 2.1.19) that T} is a well-
defined bijection with inverse Tj;.

(3) If {o, B} ={oy, a,} and {1,2} = M, we define a map T; with domain
Dy(S(My, M) by

T5(y) = {In*(1, 2; y), SCX(1; y)} N Df(F (M, M)).

Again, it is easy to verify (see the list in the proof of Theorem 2.3.7) that T;(y)is a
one or two element set, and furthermore that T;; verifies the statements (i) and
(ii) of part (3) of Definition 2.1.4 above.

(4) We define similarly D(¥(M,, M,)) and T;§, with analogous properties.

REMARK. (1) Clearly we have, for we W, t%(d(w))=t®(w) and t%(d(w))=1X(w).
For we DL s(W) we have o(T, (w))= Eﬁ(é(w)); similarly with L and R interchan-
ged. (This follows directly from Remark 2.1.6(1).)

(@ If yeDL(F (M, M) then SC(y)e Dj(F (M, M) and T;SC(y) =
SC(T5(y)); similarly with R in place of L.

2.1.8. NOTATION. Let Te 7 (M). If i, je M we define

In(, j; T)=(T\(DG, T)wD(j, T){(S, j)IS € PG, T)}{(S,)IS € P(j, T)}.
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If ie M and j¢ M we define
Re(i, j; T)=(T\D(, T) U {(S. j)| S€ PG, T)}.

These need not be domino tableaux, as they need not satisfy condition (4) of
Definition 1.1.8. When defined, Re(i,i+ 1; T) and Re(i,i—1; T) will be domino
tableaux.

2.1.9. DEFINITION. (1) Let Te (M) and suppose i > 2 and {i—1,i} = M.

(a) We say a;et(T) if p2(i—1, T) < p'(i, T), or, equivalently, if '(i—1, T) >
k@i, T) and x2(i—1, T) > k@i, T).

(b) We say «; ¢ o(T) if k*(i—1, T) < k'(i, T), or, equivalently, if p'(i—1, T) >
p'(i, T) and p*(i—1,T) > p*G, T).

(The equivalences follow from condition (4) of Definition 1.1.8.)

(2) Suppose 1e M. Then we say a,et(T) if k*(1, T)=«'(1, T) (=1) (ie. if
D(1, T) is vertical), otherwise we say o, ¢ ©(T).

REMARK. As in Definition 2.1.5, these are formal statements, except when
M={1,...,n}, in which case we consider these definitions as defining 7(T) as a
subset of II.

2.1.10. DEFINITION. (1) Let

Fl(a;j9 k)={(a’ Sj,k), (a, Sj+1,k)7 (a+ 1’ Sj,k+l)’ (a+ 13 Sj,k+2)’
(@+2, Sjs1 441 @42, Sjr1k42)}

Let

F~1(a; j, k)={(a7 Sj,k), (a’ Sj,k+ 1)’ (a+ 1: Sj+1.k)9 (a+ 13 Sj+ 1,k+ 1)’
(@+2, Sjx+2) (@+2, 8541442}

Define F,(a; j, k) ="(F,(a; k, j)) and Fy(a; j, k) = '(F(a; k, j)).

2 If {o,p}={a;,0+,} and either i=1 and {1,2} =M or i>2 and
{i—1,i,i+1} = M we define

Dyy(7 (M) = {TeT (M)|Beo(T), a¢<(T)}.

(3) If {o, B} ={ot;, o4} with i > 2 and if {i—1,i,i+1} = M we define

Top: Dop(T (M) = Diy(T (M)

as follows: if F(i—1;j,k) = T (respectively F(i—1;j,k) < T) then

Ts(T) = (T\F{i—1; j, k) U F(i—1; j, k)



Complex classical Lie algebras, I 313

(respectively ’I;,,(T)z(T\IF,(i— 1;j,k)) v F(i—1;j,k)). (In this case we say that
T,5(T) is obtained from T by an ‘F-type’ interchange.) If not, then T, i(T)=Z
where

{Z} = {In(i—1, i; T), In(i, i+ 1; T)} N Dy (T (M)).

Clearly, then, T, and Tp, are inverses. (The fact that, under the stated
hypotheses, this intersection consists of precisely one element can be shown to
follow from condition (4) of Definition 1.1.8.)

2.1.11. DEFINITION. If X =(T,, T,)e 7 (M, M,) we say ;€ t(X) if and only
if a; € 7(Ty); similarly for o; ¢ tX(X), a;€t®(X), and «;¢ T8%(X). We then have the
usual definition of D(7 (M,, M,)), and define, for (T}, Tr) e DE(T (M, M,))
and {a, B} ={o;, 0,14} with i > 2, T3(Ty, T,)) =(T,i(T;), T); similarly with R in
place of L.

2.1.12. REMARK. (1) If Te 7 (M), and if {i— 1, i} = M (respectively 1€ M) then
we have o;€7(T) if and only if a;¢t(‘T) (respectively, a, € t(T) if and only if
oy ¢7(‘T)).

(2 If TeD,(7(M)) then (for {a,p}={a;,04+,} with i>2) we have
(Top(T)) =(Tp('T)).

2.1.13. PROPOSITION. Suppose {i,i+1} < M, (T',v,¢)e 4(M) and let (T, P)=
(T, v)).

(@) Ifv=i+1 and e=1 then o;,, ¢ t(T).

(b) Ifv=i+1 and e= —1 then a;,, e t(T).

(c) Ifv=iand e=1 then o;, €1(T).

(d) If v=i and e= —1 then a;,, ¢ (7).

(e) Ifve{i,i+1} and oy, €7(T’) then o;,  €t(T).
() Ifve{i,i+1} and o, ¢ °(T') then o, ¢1(T).

Proof. Let e=sup M. Suppose first e #i+1. Then let T=T'—e and
(T;, P,)=a((T}, v, ¢)). By induction on |M| (the induction starts at |M|=2, in
which case necessarily i + 1 =sup M) the implications are true with T in place of
T'. (Clearly (T, v, ¢) satisfies the hypotheses of any of the above implications
when (T, v, ¢) does.) But P(k, T)=P(k, T;) for ke M, k # e, in particular for
ke {i,i+1}, so we are done.

Henceforth assume i+ 1 =sup M. By Proposition 2.1.2 and Remark 2.1.12(1)
it suffices to prove statements (b), (c), and (¢). Now (b) is clear since
p'(i+1, T)> p*(k, T) for all ke M\{i+1}. Also, (c) is clear unless p'(i + 1, T)=1
(since if not then x!(i, T)=p,(T")+1 > k?(k, T) for any ke M), so assume
p'(i+1, T)=1. But in that case we see directly that p(i+ 1, T)=p%(i+1, T)=2;
on the other hand we know p2(i, T)=p?*(i, T)=1, so done.

To prove (e) let T} =(T'—(i+ 1))—i, and set (T}, Py)=o((T}, v, €)). We use the
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definition of the map « to compute P(i, T) and P(i+1,T) in the various
situations which arise. First, we see that (e) is clear if any of the following three
conditions holds:

(i) Py (PG T)VPi+1, T)) = &,
(i) P,nP(i+1, T) = & and pi, T) < p'(i+1, T)—1,
(iii) P, n P(i, T')= and either P(i+ 1, T") is horizontal or P, # P(i+1, T").

Suppose now that P, nP(i, T)=¢ and P,=P(i+1,T) is vertical. Then
kG, T)=x*G, T') and x'(i+1, T)=x*(i+1, T)=x?@i, T')+1 so we are done
unless k'(i+ 1, T")=x'(i, T). But this latter contradicts our hypotheses.

We are reduced to the case P, n P(i, T') # & and p(i, T)=p(i+1,T")—1.
Assume first P(i, T') is vertical. Then the result holds since then
p2(i, T) < p(i, T'), and, by our hypotheses (including that p(i, T') < p*(i+1, T")
which implies P, nP(i+1,T)=¢) we also see that (P;uUP(, T)n
Pi+1,T) = .

So, finally, assume P, N PG, T)# & and pi, T)=p i+1,T)—1 and
P(i, T") is horizontal. There are two cases: firstly, that P, n P(i, T")={S,,} for
some k, . In this case, then we have that P(i, T")={S;, Sx.;+1}, and

Pi+1, T) = {Sks11s Sk ra+1) OF  {Sks 15 Skw2.)-

Then we compute: P(i, T)={Si,;+1, Sk+1.+1) and p'(i+1, T)=p*i+1,T)
=k+2 so we are done with this case.
Secondly, we have the case that P, = P(i, T"). In this case, then we compute

p'l, T) = p(G, T) = p'(i, T') + 1
and

Pi+1, T)=p i+ 1, T)=p i+ 1, T)+1=p i T)+2 O
2.1.14. PROPOSITION. Suppose {i — 1,i,i+ 1} = M.

(a) Suppose (Ti,i+1,1)e4(M) and o;et(T{). Let T,=Re(i,i+1;T}); let
(Ty, P)=ol(T, i+1,1), and let (T, Py)=o((T3,i, 1). Then T,=T,,(T;)
(in particular P, =P,).

(b) Suppose (Ti,i+1, —1)e€(M) and a;¢1(T]). Let T,=Re(i,i+1;T), let
(Ty, Py)=o((T{,i+1,—1)) and let (T, P,)=a((T{,i,—1)). Then
T,=1,,  (T}) (in particular P, = P,).

(c) Suppose (Ti,i—1,1)e €M) and o;,,¢1(T)). Let T,=Re(i,i—1;T)), let
(Ty, P)=a((Ty, i~ 1, 1)), and let (Ty, P)=0((T3,i, 1)). Then T, =T, ,(T,)
(in particular P, =P,).

(d) Suppose (Ti,i—1, —1)e€(M) and a;,,€t(T}). Let T,=Re(i,i—1; T}), let
(T, P)=o(T{,i—1,—1)) and let (T, P,)=o(Ts,i,—1)). Then
T,=T,, (T} (in particular P, = P,).
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Proof. By Proposition 2.1.2 and Remark 2.1.12, it suffices to prove (a) and (c).
By induction, we may assume that i + 1 =sup M. By Proposition 2.1.13 it suffices
to prove that T, is related to T; by one of the interchanges listed in the definition
of T,;. We prove first (a). Now it is clear that T,=In(i,i+1,T;) unless
p'(i, T{) + 1, which latter would contradict a;e1(7}), so done.

We next prove (). If p'(i, T{) > 1 then it is clear that T,=In(i—1,i; T}), so
assume p'(i, T{) = 1. This assumption yields three possibilities; setting r=p,(T7})
they are:

1) PG, Tll)={Sl,r—3’ Sl,r—z} and P(i+1, Tl/)={Sl,r—l’ Sl,r}’
(2) P(l’ ’Tl,)={sl.r—2? S2.r—2} and P(l+ 15 Tl’)={S1,r—1a Sl,r}’
() PG, T))={S1,-1, S2,—1} and P(i+1, T{)={S,,, S,,}.

In each case we compute explicitly that the proposition is true. More precisely,
we find that in case 1 we have T,=In(i,i+1;T;); in case 2, setting
T=(T,—(i+1)—ithat ;=T U F,(i—1;1,r—2)and T,=T U F,(i—1;1,r—2);
and in case 3, that, with T as in case 2, T),=Tu F,(i— 1;1,r—1) and
T,=TUF(i—11r-1). O

2.1.15. PROPOSITION. Suppose (T{,v,e)e €(M) with v¢{i—1,i,i+1} = M.
Suppose further that TieD,, (7(M\{v}) and let T,=T,, (T). Let
(T;, P)=0o((T},v,¢) for j=1,2. Then T, €D, (7 (M)) and T,=T,,  (T)), and
in particular P, =P,.

Proof. As before, we may assume (by induction on |M|) that i+ 1=sup M.
Again, by Proposition 2.1.13 it suffices to check that T, is related to T, by one of
the relevant interchanges. Let

i+1

T'=((T i+ D)= ) — (i~ 1) = (T3~ i+ 1)~ i) — (i~ 1)

Set (T, P)=o((T", v, £)).

The basic idea of this proof is as follows: in most cases T, =In(a, b; T}) for
{a,b} = {i—1,i,i+1}; we may take b=a+ 1. (The case where T, is obtained
from T; by an F-type interchange is handled separately.) Now in many
situations it will be true that, again, T, =In(a,a+ 1; T;); we refer here to the
situations where P(a, T;) n P(a+ 1, T{)= & and P(a, T,) n P(a+ 1, T;)= . So in
the proof we will first show under what hypotheses these two conditions hold,
and then in the remaining cases we will calculate explicitly the positions of i —1,
i, and i+1 in T} and T,, and thus prove the proposition. There is also a
symmetry involving transpose which we will exploit to reduce the number of
cases we have to consider. This symmetry arises in that ‘T, satisfies the
hypotheses on T, and that it suffices to prove the proposition with ‘T, in place of
T.

Now the proposition is obvious unless P intersects at least one of P(i— 1, T}),
P(i, Ty), or P(i+ 1, Tj), so assume that it does. There are three major cases.
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() T, =1In@G, i+ 1; Ty).

We will show that T, =1In(i, i+ 1; T;). By symmetry we may assume P(i— 1, T})
(which equals P(i—1, T;)) is horizontal, ie. p'(i—1, T{)=p*(i—1, T;). By the
above it suffices to show that

PG, T)nPi+1,T))=¢ (2.1.16)
and
Pi, H)NnPi+ 1, T)=(. (2.1.17)

For (2.1.16), obviously we need only consider situations in which it
is possible that P(i, T;) # P(i, T;). Note first that since p'(i, T}) < p'(i—1, T}),
it follows from the definition of « that if PnP(i—1,T])# & then
(Pu P(i—1, T))) n P(i, T{)= &, and thus that P(i, T,)= P(i, T{) and thus (2.1.16).
So we are left with the possibility that P~ P(i—1, T{) = ¢f and P n P(i, T}) # &.
But in this case we must have p'(i, T}) < p}(i—1, T{) (or else P would meet
P(i—1, T))) and, since p'(i+1, T)) > p'(i— 1, T}), this implies (2.1.16).

For (2.1.17), note that we have (i, T;) < x'(i+ 1, T3), so it suffices to exclude
the possibility that x'(i, T;) =x*(i, T;)=x'(i+ 1, T;)— 1. So assume this. Now,
since T;=1In(i,i+1; T}) and since ;¢ (T}) we have x*(i—1, T;) < k'(i+1, T}).
Thus x2(i—1, T;) < k!(i, T;). Since we have assumed that P(i—1,T))=
P(i—1, T;) is horizontal we have k!(i—1, T;) < «(i, T;). But this, together with
the fact that, since a;e1(T;), p2(i—1, Ty) < p'(i, T;), contradicts the satisfaction
of condition (4) of Definition 1.1.8 by T;.

(2) F.(i—1;j, k) € T{ for some j, k and re{1,2}.

Then (since we assume that PN F(i—1;j k) # &) we have either
P={S;,S;i+1} Of P={S;,S;+1.4}- In each of the four situations that we have
listed (i.e. either possibility for P and either r=1 or r=2) we compute directly
that T,=In(, i+ 1; T;). (In fact up to transpose there are only two situations.)

() T;=In( — 1,i; T)).

Since kl(i, T}) > k*(i—1,T}), it is clear from the definition of o that
P(i—1, )" P(i, T|) = & unless k}(i—1, T])=x2%(i—1, T{) (ie. P(i—1, T}) is ver-
tical) and P=P(i— 1, T}) and (i, T{) =«'(i— 1, T{) + 1. Similarly, it is clear that
P(i—1, T,)n P(i, T;) = & unless p'(i—1, T;)=p*(i—1,T;) and P=P(i—1,T;)
and p'(i, T;)=p(i—1, T;)+ 1. These situations are related by transpose (as
discussed above) so it suffices to consider the situation in which the last-
mentioned three conditions hold. Again there are two cases:

(@) p'G, T;) = p(i, T3),
(b) p'G, T3) < p*(, T5).
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In case (a) our hypotheses imply that D(i+ 1, T;) is a horizontal domino in the
same row as D(i, T;) and we then compute that T, =In(i, i + 1; T;); in case (b) our
hypotheses imply that p'(i+1, T;)=p'(i, T;); we then compute that
T,=TUF,(i—1;j,k) and Ty=TuU F,(i—1;j,k) where P(i, Ty)={S;4>S;+ 1.4}

O

2.1.18. PROPOSITION. Let ye #(M,, M,).

(a) Suppose 1€ M,. Then a, € t(y) if and only if o, € T*(A(y)) = t(L(y)).
(b) Suppose {i—1,i} = M. Then o;et™(y) if and only if o; € T“(A(y)).
(c) Suppose 1€ M,. Then o, €t®(y) if and only if a, € t*(A(y)).

(d) Suppose {i—1,i} = M,. Then a;et®(y) if and only if «;e T*(A()).

Proof. We note first that it suffices to prove (a) and (b). For, given (a) and (b),
we have (assuming M, contains the appropriate numbers) a € t%(y) if and only if
aetH(y~!) if and only if aetX(A(y~?)) if and only if aet(L(y ")) if and only if
ae1(R(y)) which in turn is equivalent to aet®(A(y)); where the next to last
implication uses Proposition 1.2.3.

Note next that (a) follows directly from the definition of 4 (here we refer to
Definition 1.2.7) and of the map .

It remains to prove (b). We prove first that «;et™(y) implies a; € T*(A(y)).
Assume first i=sup M,. Now by definition, «;e t*(y) implies that one of the
following holds:

@) {G—1, b, 1), G, a, &)} <y with a < b,
@) {(i—1, a ), G, b, —1)} <y with a < b.

If case (i) holds, the fact that a; € 7(L(y)) follows directly from the definition of 4
(again we refer to Definition 1.2.7) and Proposition 2.1.13 part (c). If case (ii)
holds then similarly, using Proposition 2.1.13(b), we see that a;et(L(y)). If
instead i < sup M, then we use Proposition 2.1.13(¢) and induction on |M|.

The implication o;¢tX(y) implies o; ¢t (A(y)) is proved similarly, using
Proposition 2.1.13(a),(d), (f). This completes the proof of (b), and thus of the
proposition. (]

We would like to prove that A and the T,;'s commute. When {a, f} ={1, 2} this
is difficult (we have not even defined T, on tableaux in this case yet) and we
must postpone it until Section 3. Meanwhile we can prove:

2.1.19. THEOREM. (a) Suppose {i—1,i,i+1} = M, and {o, B} ={a;, 0+ 1}
Suppose y € Diy(F(M 1, M)). Then A(T(y)) = Tis(AR).

(b) Suppose {i—1,i,i+1} = My, {o, B} ={0;, %;+1}> and ye DS (M, M5)).
Then A(T5(y)) = T,HA®))-

Proof. (a) Since T; and Ty) are inverses, we may assume a=o;,, and f=a;.
Define for je M, k; and ¢; by (j, k;, ) €. Set 7=y\{(J, kj, &) | je {i—1,i,i+1}}.
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Letd < e < f besuch that {d, e, f}={k;_, ki, k;}. Set = T,5(y). Then one of
the following eight cases holds:

M) y=2{(i—-1e1),0Gde),@i+1, f; 1)} and

Y =pu{li—-1,¢e1),G £1),30i+1,4d ¢}
2 y=2{(i—-1,4d¢,@Ge —1), 3G+ 1, f, 1)} and

Yy =y0u{(i—-1,d,¢),(@ f, 1), (i+1, e, —1)}.
B)y=2{Gi-1,£1),Gd e, (+1,e 1)} and

Y =30{(i—1,4d, ¢, f, 1), (i+1, e, 1)}.
@ y=2{i—L £ 1),3Ge —1),3(+1,d ¢} and

Y =p0{(i—1,¢e —1),G f, 1), (i+1, d, &)}.

Cases (5)—(8) are the situations obtained from cases (1)—(4) by replacing y with
SC(y’). By Remarks 2.1.6(2), 2.1.7(2), and 2.1.12(2) we need only consider cases
(D-(4).

Assume first i+ 1=sup M,. Then the proposition is a consequence of
Propositions 2.1.13 and 2.1.14: more precisely, case (1) uses Proposition
2.1.13(c),(e) (applied to ;) and Proposition 2.1.14(a). Case (2) uses Proposition
2.1.13(b),(e) (again, applied to «;) and Proposition 2.1.14(a). Case (3) uses
Proposition 2.1.13(a), (f) and Proposition 2.1.14(c). Case (4) uses Proposition
2.1.13(d), (f) and Proposition 2.1.14(c).

Assume next i+ 1 # sup M,. Then the proposition is easily seen to follow
from Proposition 2.1.15 (using induction on |M,|).

(b) This now follows easily from part (a) and Proposition 1.2.3: clearly

T3 =(T50~ )" So

ATH0) = A(TH0 ™)™ = RTH0 ™), LT ™)
=(RG™Y), TyLO™ ) = THRG™), Liy™")
= T(LO), R() = THA)). 0

We now record two propositions which are analogous to Propositions 2.1.13,
2.1.14, and 2.1.15. They, as well as Propositions 2.1.13, 2.1.14, and 2.1.15, will be
used in subsequent papers on annihilators of Harish-Chandra modules. (One
could have proved these initially instead of Propositions 2.1.13, 2.1.14, and
2.1.15 and then derived Propositions 2.1.13, 2.1.14, and 2.1.15 from these.)
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2.1.20. PROPOSITION. Let Te T (M), {l;, L} AM =&, I, <1,.

(@) Let (T, P)=o(Tly,¢)  for some ¢e{l,—1}, and let
(Ty2, Py2)=al(Ty, 12, 1)). Then 1*(Py) < k'(Pyy).

(b) Let (T{2, Py2)=0o((Ty, I, —1)). Then p*(Py) < p'(P},).

(©) Let (T, P))=a(T 15 1) and let (Tyy, Pyy)=ol(To,1y,¢) for some
ee{l, —1}. Then p*(P,) < p'(P,,).

(d) Let (T;,, Pyy)=o(Ts, 1y, €)) for some e€ {1, —1}. Then k*(P,) < k'(Pj,).

Proof. The proofs are similar; we prove (a). Let y=A~ (T, T))e 7(M). Pick
i>sup M, and let y'=y U {(l},i,¢), (I5,i+1, 1)}. Then Ty, =L(y’), P, = P(i, R(Y")),
and P,,=P(i+1, R(y')). Since «;, ; ¢ T”(y’), our proposition is a consequence of
Proposition 2.1.18. O

For the next proposition, let a((T, (v, ¢€))) = a((T, v, €)).

2.1.21. PROPOSITION. Let TeJ (M), and let |, <l, <l; be such that
{1, 15,13} " M = . Suppose one of the following:

(‘) Xy = (lls 8)’ Xy = (127 1)’ X3 = (l3a 1)9

(i) x; = (I, —1), x; = (I3, &), x3 = (I3, 1),
(iii) xy=(3 —1), x; =(ly, &), x3=(I3, 1),
(1v) x; = (5, —1), xa = (2, = 1), x3 =y, ¢).

Set (T;, P)=o((T;, x;)) for ie{1’2,3}’ (Eﬁpij):a((T;"xj» fo"je{la 2, 3}\{i}, and
(Tijx> Pijp) = (T35, %)) for ke {1,2,3}\{i, j}. Then we have the following:

(1) T13=T,3, (and both P, =P,3, and P,3=P, ;).
(2) T5,,=T,3, and further,
(@) if Py Py = (& then P,3;=P; and P5;=P,.
(b) If Py~ P3={S;,} then either
(i) P, ={Sj,k’ S+ 1.k)> P13={Sj,k+1a Sj,k+2}’ and
Pl32={Sj+1,k+1’ Sj+2,k+2}

or

(i) P1={Sj,k» Sj+l,k}’ P13={Sj,k+ 1> Sj+1,k+l} and
P132={Sj+2.k9 Sj+2.k+1}'
(C) IfP1=P3 then P13=P312 and P31=P132.

Proof. The eight statements parallel the eight cases of the proof of Theorem
2.1.19. As an example we will prove (2) when x,, x,, x5 satisfy condition (ii); the
other seven statements are proved in an analogous fashion. Set y=A4"((T, T))
and pick i—1 > sup M. Let

yl =y v {(13’ i— la 1), (12, i9 - 1)5 (ll’ '+ 19 8)}
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and
'))2 = V v {(lz, l - la - 1)5 (13a i’ 1)3 (ll’ l+ 13 8)}

Then Ty, =L(y"), Py=P(i—1, R(y")), P3; = P(i, R(y")), and Py, =P(i+1, R(y")),
and Ty3,=L(y?), Py=P(i—1, Ry?), P;3=P(, R(y?), and P,3,=P(i+1, R(?)).
On the other hand, y>*=TJ, .(y"), so the proposition follows from Theorem
2.1.19. d

Section 2

In [4] we introduced two basic objects: the map « and cycles. We now have to
describe the relations between them. There are several results which will be
needed either for Theorem 2.3.8 of Section 3 of this paper or for subsequent
papers. We prove the first one in detail as a model for the others.

Throughout this section, we will be discussing tableaux with grid. The results
we prove are valid only for elements of Jx(M), TAM), or T H(M). We will
indicate this in the hypotheses of theorems by writing e.g. Te (M), the
theorem is then true with K either B, C, or D.

2.2.1. NOTATION. (1) Let TeJ (M) or T°M), let ¢ be a grid, and let
T =(T, ¢). Objects defined in relation to T will be extended in the obvious way to
T, e.g. Shape(T)=Shape(T), T—e=(T —e, ¢), 'T=(T, ¢), and P(e, T)=P(e, T).

We extend the definition of « to tableaux with grid: for K=B, C, or D write

Ex(M) ={(T, v, &): Te Tx(M\{v}) and ee{l, —1}}.

Similarly we have 2x(M), and we have as usual the bijection a from éx(M) to
Px(M), with inverse f.

(2) If I[M| =0 and T is the unique element of J 4z M), respectively I (M), we
introduce the convention that T has one open cycle, c, which is of course empty,
and we say that S;(c)=S,(c)=S,,,. We define E(T, c) as in Definition 1.5.26(2),
respectively, 1.5.26(3), so that E(T, c) e 7 (M), respectively, E(T, c) € 7 z(M).

(3) We will modify the notation of Section 1.5.31 to replace the comma by a
semicolon, that is, if U is a set of cycles in T, U={cy,...,c,}, with |U|=n, then
E(T; U)=E(T,c,...,c,), and extend this definition to the case when U = ¢,
that is, we put E(T; &) = T.

Suppose (T', v, &) € €x(M) and (T, P)=a((T’, v, €)). We need first to describe the
relations between the cycles of T’ and the cycles of T. Now (as may be guessed) «
does not preserve the cycles of T'. But it does behave well in relation to what
might be called the cycle structure of T'. We will not define formally a notion of
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cycle structure, but loosely speaking, by cycle structure of a tableau T € 7 (M)
we mean the list of which corners (Definition 1.5.5) of T are connected to which
holes of T by cycles in T. (A corner C and hole H of T are connected by a cycle ¢
if either C=S5,(c) and H=S/(c) or C=S(c) and H =S(c).)

2.2.2. DEFINITION. Let T, € 7x(M,), T, € 7x(M,) and suppose U; = OC(T,)
and U, = OC(T,). A bijection u: U, — U, is called a cycle structure preserving
bijection (and abbreviated c.s.p.b.) if for all ce U; we have S,(u(c))=S,(c) and
Sy(u(c)) =S (c).

(Of course, given U, and U,, any such map is unique.)

2.2.3. THEOREM. Let (T',v,e)e (M) (for K=B,C, or D) and let
(T, P)=o((T’, v, &)). Suppose P={S,;, S, j+1}-
(1) Suppose S; ;. is ¢g-variable (so that S, ;. , is a corner or hole of T).

(a) Suppose S;;_, is a corner or hole of T, ie j>1 and
S;+1,j-1 ¢ Shape(T’). Then there exists ¢'e OC(T’) and ¢ OC(T) such
that Sy(c')=3S;;-1, Sp(c)=S;+1, and S;(c)=S(c), and furthermore
such that there is a c.s.p.b. u: OC(T')\{c'} >OC(T)\{c}.

(b) Suppose S;;_, is not a corner or hole of T, ie j=1 or
S;+1,j—1€Shape(T’). (Then S, , ;is an empty hole or corner of T which
is not a corner or hole of T'.) There are two possibilities:

(i) There is a cycle ce OC(T) such that Sy(c)=S; ;+, and S{c)=5;+ 1,
and such that there is a c.s.p.b. u: OC(T')»>OC(T)\{c}.
(ii) There is a cycle ¢'e OC(T’) and cycles ¢,, c,€ OC(T) such that
Sp(e) =8, Sp(c1)=S; j+1> Sfc2) =Si+1,5» Se(c2) = Sy(c"), and such
that there is a c.s.p.b. u: OC(T')\{c'} >OC(T)\{cy, c,}.
(2) Suppose S; ;. is ¢x-fixed (so S;; is an empty corner or hole of T).

(@) Suppose S; ;. , is a corner or hole of T (i.e.i=1or S;_, ;. , € Shape(T)).
Then there exists a ¢'e OC(T') and ce OC(T) such that S c)=S;;,
S,(c)=S8;;+2 and Syc)=S8yc), and such that there is a c.s.p.b.
u: OC(T)\{¢}>OC(T)\{c}.

(b) Suppose S;;., is not a corner or hole of T (ie. i>1 and
Si-1,j+2¢ Shape(T)). (Then S;_, ;,, is a corner or hole of T which is
not a corner or hole of T.) Then there is a ue M, with u > v, and such
that {u}=c'€ OC(T'), with S (c)=S;; and Sy(c')=S;_, j+1, and such
that there is a c.s.p.b. u: OC(T')\{c¢'} >OC(T).

Ifinstead P={S;;, S;., ;} we have the obvious transposed statements of the above.
To prove this theorem we will make use of the following observation:

2.2.4. PROPOSITION. Let TeJ(M). Let e=supM and let T=T—e.
Suppose P(e, T)={S;;,S; j+1}-

(1) Suppose S; ;. is ¢px-variable.
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(a) Suppose S;;_, is a corner or hole in T. Let ce OC(T) be such that
Sy(€)=S;;—1. Then c=cu {e} € OC(T), S(c)=Syc), Sy(c)=S,; ;+, and
OC(T)\{¢c} =OC(T)\{c} and this equality is a c.s.p.b.

(b) Suppose S;;_, is not a corner or hole in T. Then c=/{e}e OC(T),
Sy€)=5;j+1> SHc)=Si+1,;, and id: OC(T) > OC(T)\{c} is a c.s.p.b.

(2) Suppose S;;. 1 is Pi-fixed.

(@) Suppose S, ;., is a corner or hole in T. Let ¢e OC(T) be such that
54@)=S5,;. Then c=cu {e} € OC(T), S;(c)=S5;+2 Syc)=S,c) and
id: OC(T)\{¢} - OC(T)\{c} is a c.s.p.b.

(b) Suppose S, ;.. , is not a corner or hole in T. There are two possibilities.
(i) There exists ¢e OC(T) with Sy@)=S8;-1,j+1 and S(c)=S;;. Then

cu{e} is a closed cycle in T and OC(T)=OC(T)\{c} (with the
identity map a c.s.p.b.).

(ii) There exists ¢,, ¢,€ OC(T) with ¢, # ¢, such that Sp(C1)=8i_1,j+1
and S(¢,)=S;. Let c=c,uc,u{e}. Then ceOC(T),
$4(0)=Sy(2), SAc)=S5,), and OC(T\{c} = OCTN\(e,,2,} (and
the identity is a c.s.p.b.).

Again, we have the corresponding transposed statements.

Proof. 1t suffices to note that P'(e, T) is determined by Shape (T) (and how it is
determined by Shape(T)), and that if ue M and u # e then P'(u, T)= P'(u, T). The
rest follows easily. O

Proof of Theorem 2.2.3. Let e=sup M. Assume first v =e. Then the theorem is
reduced to Proposition 2.2.4 (note that since i=1, P cannot satisfy the
hypothesis of 2(b), and that if P satisfies the hypothesis of 1(b), then it satisfies the
conclusion of 1(b)(i) with c¢={e}).

Henceforth assume v #e. Let T'=T'—e and set (T,P)=a(T’,v,¢) (so
T=T—e by definition of a). We will assume by induction on |M| that the
theorem is true for (T’,v,¢) (since if [M|=1 then v=e and we have already
proved the theorem in this case). Write P,= P(e, T") and P,=P(e, T). If P and T’
(respectively, P and T) satisfy the hypotheses of 1(a) of the theorem we will say
that P (respectively, P) is in situation 1(a), and similarly for the other parts of the
theorem, and also similarly for P, and P, in relation to the various parts of
Proposition 2.2.4.

We will prove the theorem by treating in turn the various cases which can
arise, where each case is specified by the situation of P and of P, and by the
location of P, relative to P. (The situation of P of course will be determined by
this.) Many cases are basically trivial; we will treat the more interesting cases in
detail. By symmetry (ie. transpose) we may assume P is horizontal, so
henceforth assume P={S,;, S; ;+}.

The point of this proof is that from Proposition 2.2.4 we have relations
between the cycle structures of T’ and T’, and between the cycle structures of T
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and T, and by induction we relate the cycle structure of T’ to that of T. Putting
these three sets of information together gives the desired relation between the
cycle structures of T’ and of T. To do this we have to list the various cases and
then carry out this program in each case.

Case A. P is in situation 1(a) and P,=P (so P, is also in situation (1a) and
Shape(T’) = Shape(T)). Let & e OC(T") be such that S,(¢')=S; ;-,. Let ¢ OC(T)
and ¢'e OC(T') be such that S«(¢)=S,(c)=S/(c). Then by induction and
Proposition 2.2.4 we have S,(¢)=S5; ;. =S,(c'). Also, we have c.s.p.b.’s

OC(T)\{¢'} = OC(T)\{&'}  OC(\{&}.

Since S,(c’)=S,(¢) and S /(c")= S /(c) the above composition of c.5.p.b.’s extends to
acs.p.b. OC(T") & OC(T). Now P=P,={S;,1,+1>Si+1.,+2} Where r=p,, {(T"),
and so P lies in one of the situations 1(a), 1(b), or 2(a) (since by hypothesis
Pi+1(T") < p(T’)—2). The relation which we want between OC(T) and OC(T’) is,
by Proposition 2.2.4(1a), (1b), or (2a), respectively, holding as a relation between
OC(T) and OC(T). Since, as noted above, we have a c.s.p.b. between OC(T’) and
OC(T), we are done.

Case B. Here, P is in situation 1(a) and P,={S;,, ;_y, Si+2,-1} (s0 P, is in
situation 1(a)). Then P=P, P,=P,, and both P and P, are in situation 1(b). Let
¢'€ OC(T’) be such that S,(¢)=S;, j-1-Letce OC(T) and ¢’ € OC(T’) be such that
S{c)=S/c)=Sc) (so ¢'=¢ U {e}). Then by induction and Proposition 2.2.4,
Sy(€)=3S;j+1 and Sy(c')=S;4, ;1. Let ¢;=C and ¢, ={e}, then by Proposition
224, c¢;,c,€0C(T), Syc))=84c), Spc1)=847), Syc)=8;+2;-1 and
Si(c3)=S8;+,j- Also by induction and Proposition 2.2.4, we have c.s.p.b.’s

OC(T')\{¢'} > OC(T\ (€} > OC(T)\ (&} <> OC(D\ ey, ¢}

Since Sy(c)=Si+2,j-1="Su(c2)s Sy(c)=5,)=5,)=Scy), Ssc;)=S;+1, and
Sy(c1)=S,(c)=S; j+1 we see that P verifies the conclusion of situation 1(b)(ii).

Case C. Here, P is in situation 1(a), P,={S;+1 -2 Si+1,j-1}» and P, is in
situation (2b)(i). (That is there is a ¢ e OC(T’) such that S,(c)=S; j—1 and
S,c)=S8;41,j-2-) Then P= P, P,=P., P is in situation 1(b), and P, is in situation
2(a). Also, ¢’ U {e} is a closed cycle in T". Let ¢ e OC(T) be such that S (¢)= S (c').
Then by induction Sy(¢)=S§; ;. ;. Let ce OC(T) be such that S,(c)= S,(c). Then by
Proposition 2.2.4, Sy(c)=S;,,; By induction and Proposition 2.2.4 we have
cs.p.b.’s

OC(T") = OC(T)\{¢'} & OC(T)\{¢} > OC(T)\{c}.

Since S (c)=S5,+1,;and S;(c)=S,(c)=S, ;+ 1, we see that P verifies the conclusion
of situation 1(b)(i).



324 D. Garfinkle

Case D. Here P is in situation 1(a), P,={S;, ;-2 Si+1,j-1}> and P, is in
situation 2(b)(ii), i.c., there are cycles ¢}, ¢, € OC(T’) with ¢, # ¢, such that
Sy€)=S;,;_1 and S{(¢,)=S;4+, ;-,. Then P=P, P,=P,, P is in situation 1(b),
and P, is in situation 2(a). Let ¢'=¢; U &, U {e}, then '€ OC(T"), Sy(c") = S(5),
and S/c)=84c;). Let ¢,, ¢, €OC(T) be such that S(¢,)=S/c;) and
Sy(¢,)=S4(c5). Then by induction S,(¢,) = S;;+; and S,(c,)=S/(c,). Let cy,
¢, € OC(T) be such that Sy(c,)=S,(¢,) and S(c;)=S/(c,). Then by Proposition
2.2.4, Sy(c;)=S,(c,) and S (c,)=S;,, ;. By induction and Proposition 2.2.4, we
have c.s.p.b.’s

OC(T)\{¢'} = OC(T)\{¢}, &3} « OC(T\{¢;, &} = OC(D\{c,, ¢}

Since Sy(c') = 8,(C2) = Sp(€2) = Sp(c2), SAC)=S5,(€))=SAc1)=S(cy), Scz)=Si+1,
and Sy(c;)=5,(¢;)=S5;;+1, We see that P verifies the conclusion of situation
1(b)(ii).

Case E. Here, P is in situation 1(a) and P, does not satisfy the hypotheses of
any of the previous cases. Then P=P, P,= P,, and P is also in situation 1(a). One
now checks (tediously but trivially) using induction and Proposition 2.2.4 that P
satisfies the conclusions of situation 1(a).

Case F. Here P is in situation 1(bXi) and P,=P (so P, is in situation 1(b)).
Let ¢eOC(T) be such that S,©) =S;;+; and Sqc) =S, We have
P=P,={S;1y,Si+1,+1} 80 P is in situation 2(b) and we see that P, is in
situation 2(b)i) (with ¢ as in the statement of that situation). Then, setting
¢'={e} e OC(T’), we have c.s.p.b.’s

OC(T)\{¢'} = OC(T") = OC(T)\{¢} — OC(T),

which yields the conclusion of situation 2(b) with u=e.

Case G. Here P is in situation 1(b)(ii) and P,=P (so P, is in situation 1(b)).
Then P=P,={Siy1Si+1,+1}- Let €€ OC(T') and ¢, ¢, € OC(T) be such that
S/C1)=8AT), SyC1)=S:j+1> S;C2)=S8i+1,; and S§,(C2)=Sy(c). Now P is in
situation (2b) and P, is in situation 2(b)(ii), with ¢, and ¢, as in the statement of
that situation. Let ¢'={e} and ¢'=¢’, then, by Proposition 2.2.4, ¢/, ¢ € OC(T’),
SyC)=S84(C), SHT)=S4(), Sp(c") =S, j+1 and S(c')=S;+, j Letc=¢c, L, L {e},
then ce OC(T), Sy(c)=S,(C,), and S (c)=S4(¢,). We have c.s.p.b.’s

OC(T)\{c, &} & OC(T')\{¢'} & OC(T)\{¢;, &,} <> OC(T)\{c}.

Since  Sy(c)=S,(C,)=S4C)=S,C) and SHc)=S/c,)=S,(c)=S4¢) we can
extend the above-given composite of ¢.s.p.b.’s to a c.s.p.b. OC(T")\{c'} «> OC(T).
We have thus the conclusion of situation 2(b) with u=e.

Case H. Here, P is in situation 1(b)i) and P,={S;, S;+;;}. Then

ijs
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P={S;;+1,Si+1,j+1} isinsituation 2(b) and P, = {S;,, j, S; 4, j+,} is in situation
2(b)(i). This case is entirely similar to Case F.

Case I. Here P is in situation 1(b)(ii) and P,={S
similar to case G.

Case J. Here, P is in situation 1(b)(i) or (ii) and P, does not satisfy the
hypotheses of any of the previous four cases (that is, P N P, = (¥). Then P=P is
in the same situation as P (with one exception), and one verifies the appropriate
conclusion using induction and Proposition 2.2.4. We discuss the exception as
an example. Suppose P is in situation 1(b)(ii). Let ¢,, ¢, € OC(T) be such that
Sy(C1)=S;j+1 and S(c,)=S;,, ; Let & € OC(T") be such that S4(c')=8c,) and
S4(¢')=S,(¢,). Suppose further that for some k and | we have S/c¢,)=S,,
(respectively S; ), Sy(€2) =Sk —1,1+1 (respectively ;. 1), and Po={S;;, Sy 1+1}
(respectively  {S;4, S;+14}). Then Sqc)=S,, (respectively S;;) and
Sy(C’) = Sy— 1.1+ (respectively S, ,—4), so P, is in situation 2(b)(i) with ¢’ the
distinguished cycle of that situation (so ¢'=¢’ U {e} is a closed cycle in T’). Then
we see that P, is in situation 2(b)(ii) with ¢, and ¢, the distinguished cycles of that
situation and ¢=¢, U¢c, U {e} the corresponding open cycle in T, that is
Sy(c)=S4(¢,) and S (c)=S,(C,). Also, we have c.s.p.b.’s

i Si+1,;}- This case is entirely

OC(T) > OC(T)\{¢'} & OC(T)\ {2y, &} > OC(T)\{c}.

Since Sy(c)=S4(¢;) =S, ;+1 and S(c)=S,(c,)=S;,,; we see that P verifies the
conclusion of situation 1(b)(i).

Case K. Here P is in situation 2(a) and P, =P (so P, is also in situation 2(a)).
This is entirely similar to case A (again, our hypotheses rule out the possibility
that P is in situation 2(b)).

Case L. Here P is in situation 2(a), P,={S;;, S+, ;}, and P, is in situation 2(a)
(ie. j=1 or S;,, -, €Shape(T’). This case follows the pattern of case B (let
¢ e OC(T") be such that S{c')=S,;,...) and P satisfies situation 1(b)(ii).

Cases M and N follow the patterns of Cases C and D, respectively.

Case M. Here P is in situation 2(a), P,={S;;, S;+;,;} and P, is in situation
2(b)(i) (so j > 1 and S, , ;- ¢ Shape(T’)). Then P satisfies situation 1(b)(i).

Case N. Hypotheses as in Case M, except that P, is in situation 2(b)(ii). Then P
satisfies situation 1(b)(ii).

Case O. Here P is as in situation 2(a) and P, does not satisfy the hypotheses of
any of the previous four cases. This is as Case E.

Case P. Here P is in situation 2(b) and P, = P. Then since by induction there is
aue M\{v, e} such that {u} =¢'e OC(T") with S (¢')=S;;and S,(¢) =S4+ 1, W€
see that P, is in situation 2(b)(i) with ¢’ the distinguished cycle of this case. We
have c.s.p.b.’s

OC(T’) & OC(T')\{¢'} > OC(T),
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and thus a c.s.p.b. OC(T’) <> OC(T). The rest is as in cases A and K.

Case Q. Here P is in situation 2(b), P, = {S;;, S;+1;}, and P, is in situation 2(a).
Then P={S; ;+1, Si+1,j+1} is in situation 1(a) and P,={S;;, j Si41 j+1} is in
situation 1(b). By induction we have {u} =¢'€ OC(T’) with S,(¢)=S;_, ;+, and
S (¢')=S,;. By Proposition 2.2.4 we have ¢’ U {e} =¢' € OC(T") with S,(c') =5,
and SHc)=S;4,; and also {e}=ceOC(T) with S)(c)=S;;;;+1 and
SHc)=S8;,, Then we have cs.p.b.’s

OC(T')\{c'} @ OC(T')\{¢'} « OC(T) « OC(T)\{c}.

Since S(c')=8;42,;=S4(c), Sy(c)=8uC)=S;_1,j+1, and Sy(c)=S8;+, j+1, We see
that P verifies the conclusion of situation 1(a).

Case R. Here P is in situation 2(b), P, ={S;;, S;,;}, and P, is in situation 2(b).
Then P={S;;+1, Si+1,j+1) and P,={S;., j, S;+1,;+1} are in situation 1(a). By
induction we have {u} =¢, € OC(T’) such that S,(¢5)=S;_, j+; and S/c5)=S;
Let ¢, e OC(T’) be such that Sy(¢}) =S, ;1. We see then that P, is in situation
2(b)(ii)) (with ¢) and ¢, the distinguished cycles of that situation). Let
¢y vy U {e}=c' e OC(T), s0 S,(c)=S,(c5) and S(c")=S/(c)). Let ¢e OC(T) be
such that S,(C)=S,(c}); then S c)=S4c;). Let cu{e}=ceOC(T), so
S(c)=8,c) and Sy(c)=S;.1,j+1. We have c.s.p.b.’s

OC(T)\{c'} = OC(T)\{¢}, &} > OC(T)\{¢} > OC(T)\{c}.

Since S,(c')=S4(c1)=S5,€)=S(c), Sy(c')=Sy(c2)=S;-1,j+1, and Sp()=Si+1,j+1,
we see that P verifies the conclusion of situation 1(a).

Case S. Here P is in situation 2(b) and P,={S; 5 j+2 Si-1,j+2} (50 P, is in
situation 2(b)). Then P=P, P,=P,, and P and P, are in situation 2(a). Let
{u}=¢} €OC(T") be such that Sy(€1)=S8i-1,j+1 and Sg(c})=S;;, and let
¢,€ OC(T’) be such that Sy(c5)=S;_, ;+,. Then we see that P, is in situation
2(b)ii) (with ¢} and ¢, the distinguished cycles of that situation). Let
¢y Uty U {e}=c'eOC(T), so S,(c)=S,(c) and S(c')=S/(c)). Let ce OC(T) be
such that S,(¢)=S,(c,); then S,(¢)=S/(c5). Finally, let ¢ U {e} =ce OC(T), so
Sy(c)=154(¢) and S (c)=S; ;+,. We have the following c.s.p.b.’s:

OC(T)\{¢'} & OC(T\{2}, €3} > OC(D)\{c} > OC(T)\{c}.

Since Sy(c) = S,(¢)=S4(c3) =S4(c"), Sy(c') = S(c1)=S;j, and Sy(c)=S; ;+,, We see
that P verifies the conclusion of situation 2(a).

Case T. Here P is in situation 2(b) and P,={S;_; j+2, Si—1 +3} (50 P, is in
situation 1(a)). Then P=P, P,=P,, P is in situation 2(a) and P, is in situation
1(b). This case follows the pattern of case Q.

Case U. Here P is in situation 2(b) and P, does not satisfy the hypotheses of
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any of the previous five cases. Then P=P and P is also in situation 2(b). As in
cases E, J, and O, the conclusion follows by induction.
This completes the proof of Theorem 2.2.3. O

2.2.5. DEFINITION. Let T' and T be as in Theorem 2.2.3. A cycle ce OC(T) is
said to correspond to a cycle ¢'e OC(T") if either Sy(c')=S,(c) or S (c")=S(c) (or
both). Equivalently, by Theorem 2.2.3 (and in that theorem’s notation), either
¢=u(c") for u the applicable c.s.p.b., or P is in one of the situations 1(a), 1(b)(ii), or
2(a) of the theorem and ¢ and ¢’ are amongst the distinguished cycles of P’s
situation. In particular note that an open cycle in T corresponds to at most one
cycle in T'.

2.2.6. PROPOSITION. With the notation as in Theorem 2.2.3, suppose me M
and m < v. Suppose c(m, T')e OC(T’). Then c¢(m, T)e OC(T) and c(m, T) corre-
sponds to c(m, T').

Proof. This can be proved by induction as in the proof of Theorem 2.2.3 by
examining the cases which arise in that proof. (When |M|=1 the proposition is
vacuously true.) As examples we treat cases G and R (with notation as in those
cases). Let c,,=c(m, T') and let c,,=c(m, T).

Case G. Suppose first c,,=¢; then since ¢'=¢', we have mec’. By induction
then either me¢, or mec,. Since c=¢, uc, U {e} we have mec, ie. c=c,,. By
definition, ¢ and ¢’ correspond, as desired. Suppose next c,, # ¢'. Let ¢ be the
cycle in T corresponding to c,,. Then c,,e OC(T), e OC(T), and c,, and &
correspond as cycles of T’ and T. Thus by induction me¢, so we are done.

Case R. If m¢ ¢’ then the argument is as in the second half of the previous case,
so assume ¢’ =c;,. Now ¢’ =¢} U &, U {e}, and &, = {u} with u > v. Since m < v by
hypothesis, we have me¢). By induction (since ¢ corresponds to ¢;) we have
mec. Since c=c U {e} we have mec, as desired. O

2.2.7. DEFINITION. Let T’, etc., be as in Theorem 2.2.3. Suppose me M,
m < v, and suppose ¢’ =c(m, T') is closed. We define ¢=c(m, T) to be the cycle in
T corresponding to c¢'.

2.2.8. PROPOSITION. (1) The above is well-defined, i.e. does not depend on the
choice of m < v inc'.
(2) Either
(a) c is closed
or
(b) P is in the situation 1(b)i) of Theorem 2.2.3 and c is the open cycle in T

with no corresponding open cycle in T’ (i.e. Si(c) € P).

Proof. The proof uses induction on |M|. (The proposition is vacuously true
when |M|=1.) Let e=sup M. The proposition is obvious if e=v (since then
c(m, T)=c(m, T') is closed) so assume e # v. Let T, etc. be as in the proof of
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Theorem 2.2.3, and let c(m)=c(m,T), c'(m)=c(m, T, &m)=c(m,T) and
¢'(m)=c(m, T’). Note that ¢'(m) is closed if and only if e ¢ c’(m) which in turn is
equivalent to ¢’(m)=c'(m). Assume first that both ¢'(m) and ¢(m) are closed. Then
(since ¢(m) closed implies that ¢(m)=c(m)) the proposition is true by induction.
Assume next eec(m). We may assume P(e,T') is horizontal, so let
P(e, T')={Si.1> Sk.1+1}- Since c'(m) is closed we have P'(e, T')={Si—1.1+1> Sku+1}-
Now ¢(m) is open in T, Sy(¢'(m))=S,_1,+1,and S £(c’(m))=S,;. By the previous
proposition, ¢(m) corresponds to ¢'(m) (in the sense of Definition 2.2.5). By
Theorem 2.2.3, and using Proposition 2.2.6, there are four possibilities:

(1) Sy(c(m)) = Sy(c'(m)) and S (c(m)) =S «(¢'(m)). Then c(m)=2c(m) L {e} is closed.

@ P= {_Sk—l,l+2’ Sk-11+3}> S(Em))=Sc'(m)), and Sy(E(m)=S;_1,+3 (s0
P=P and P(e, T)=P(e, T")) (cf. case C of Theorem 2.2.3). Then P is in
situation 1(b)(i) and c¢(m)=¢c(m) L {e} is the open cycle in T which has no
corresponding open cycle in T'.

() P= {Sk1> Sks1.4}> Sp(c(m)=S,(€(m)), and S(c(m))=Sy 3, (cf. case M of
Theorem 2.2.3). Then P is in situation 1(b)(i) and c(m)=c(m) U {e} is the
open cycle in T which has no corresponding open cycle in T'.

(4 P is in situation 1(b)ii), P={S,, S,,+.} (respectively {S,,,S,.1.})
and there are cycles ¢,, ¢, OC(T) such that S (€1)=S8,c'(m), Sy(cy)=
S,:+1 (respectively, S,,;,), SHC;)=S,.+,, (respectively S,,.,), and
S,(¢;)=S,(c'(m)). By Proposition 2.2.6 either mec, or mec, Then
c(m)=¢c, uc, U {e} is the open cycle in T with no corresponding open
cycle in T (P =P but now P is in situation 1(b)(i)). (This is the exceptional
subcase of case J of Theorem 2.2.3.)

This completes the proof of the proposition in the case where ¢'(m) is open. (Note
that part 1 of the proposition is a consequence of Proposition 2.2.6 and is
implicit in what we have said above.)

Suppose finally ¢'(m) is closed (i.e. e¢c'(m)) and c¢(m) is open. Then by
induction P is in situation 1(b)(i) and S,(¢(m)) € P. Thus we are in one of the cases
F, H, or J of the proof of Theorem 2.2.3. If we are in case J then P = P, ¢(m) =¢(m)
and S(c(m)) = S,(c(m)). In cases F and H we have c(m)=c(m) U {e} is closed. This
gives part 2 of the proposition and part 1 by induction. O

2.29. THEOREM. Let (T}, v,8)e¥x(M) (K=B,C, or D). Let U’ be a set of
cycles in T, such that for every ce U’ either c is open or there exists an me ¢ such
that m < v. Set T, =E(T; U’). Let (T;, P)= (T}, v, &)) for i=1,2. Let U be the set
of all cycles in T, which correspond to cycles in U'. Then T,=E(Ty; U).

Proof. By induction on |U’| it suffices to prove the theorem when |U’| =1 (since
a cycle in T, corresponds to at most one cycle in T;, so that, writing
U'= U v U, with |U}| +|U%| =|U’|, the sets U, and U, of corresponding cycles
in T, are disjoint). So assume |U’|=1; write U’ = {cy}. Let e=sup M and assume
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first v=e. By symmetry (via transpose) we may assume here ¢=1. Then
P(e,T,)={S,,,S1,+1} where r=p,(T))+1. Assume first c,e OC(T}) and
Sy(co)=S;,-1. Then p(T3)=r—2s0 P(e,T,)={S;,_;, S;,}. On the other hand
it is clear that, setting ¢, = cy U {e}, we have ¢, € OC(T,) is the cycle correspond-
ing to ¢y, and that T, =E(T,, o). This also handles the case when S (cp)=S;,
(by interchanging T; and T, in the previous case). In all other cases
p1(T))=p,(T%), so P(e, T,)=P(e, T,), and the theorem is clear.

Henceforth assume v # e. The rest of the proof uses induction on |M| (when
|[M|=1 we have, necessarily, v=e, and thus have already proved the theorem).
Let Tj=Tj—e for j=1,2, and set (T}, P)=a((T}, v, ¢)). Henceforth the proof
follows the cases of the proof of Theorem 2.2.3. Note that if P, is in case A and
co,=c then P, is in case K, and similarly case B corresponds to case L, case C to
case M, case D to case N, case E to case O, case Q to case T, and case R to
case S.

We treat cases A and B; the rest are handled along the same lines. In general
we use induction to show that every domino except the one containing e is in the
correct position in T, and then inspection to show that the domino containing e
is in the correct position in T,. ‘Correct position’ means that if a number k is in
one of the cycles corresponding to c; then, in T,, it occupies the position
P'(k, T,); otherwise it occupies the position P(k, T,).

Case A. Here P, =P(e, T;)={S,;,S;;+,} and P, is in situation 1(a). (We use
the notation of case A, but with T; in place of T’, etc.) Suppose first
co=c'=c(e, T}). Then ¢’ =c'\{e} e OC(T}) and ¢ e OC(T,) corresponds to ¢'. By
induction T, =E(T,, ¢).

Now P(e, T)={Si+1. Si+1,+1} Where r=p;,(T})+1. We distinguish two
cases:

(1) Sy(c’) # Si+1,- Then p;y (Ty)=p;,((T}) and Ple, T;)=P(e, Ty); setting
c¢=c we have ce OC(T),) is the cycle corresponding to ¢’, and hence, finally,
T,=E(T,,¢).

(2) SAc)=Si41,- Then p;y (Ty)=r and P(e,T;)={S;s1,+1,Si+1,+2}- Set
c¢=c v {e}, then ce OC(T,) is the cycle corresponding to c’, and again we
see that T, =E(T,, c).

Suppose instead c, # c(e, T;). Let ¢,e OC(T}) with ¢o=cp; let ¢, be the
corresponding cycle in T; then either both &, and c;, are closed or S,(c,) = Sy(c,)
and S (o) =S {cp). As before by induction, T, =E(T, ¢,). Then the two cases are
again as above.

Case B. Suppose P, is as in case B of the proof of Theorem 2.2.3. If cj, # ¢’
(notation as in that case, but with T in place of T’ etc.) then the theorem is
clearly true by induction so assume co=c’. Then P(e, T5)={S;;_1, Si+1,j-1}
and, by induction applied to T; and U’'={¢’}, we have T,=E(T,,c). Thus
P,={S;;_1,8;} 50 P(e,T3)={Si+11, Si+1,}- On the other hand, U={c,,c,},
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so by induction (since ¢,=c) and the above computation of P(e, T,) (since
c,={e}) we have T, =E(T}; U). O

Section 3

We now proceed to define T,; on tableaux for {a, B} ={a,,a,}. To do this we
must define extended cycles.

2.3.1. DEFINITION. (1) Let (T, T;)e 7x(M,, M,) (for K=B,C,or D). We
define an equivalence relation ~,. on M, (depending on T, and T,) as the
relation generated by the following two types of relations:

() k ~, k' if Keck, T,),
(i) k ~, k' if there exists a cycle ¢, e OC(T,) such that S,(c,)e P(k, T,) and
Sdc,)e P'(K,T)).

The equivalence class containing ke M, is written ec(k, T,; T,) and is called the
extended cycle of k in T, relative to T,. (Clearly it depends only on T, and the
cycle structure of T,.) Similarly we define an equivalence relation on M, and,
for ke M ,, write ec(k, T,; T,) for the equivalence class containing k. Obviously
an extended cycle is a union of cycles of T, and, in fact, consists either of one
closed cycle of T, or of one or more open cycles of T;. If c=ec(k, T,; T,) consists
of one or more open cycles of T, we can write c=c}u---uc! so that, if
¢} € OC(T,) is such that Sy(c?)=S,(c}) then S (c¢?)=S/(c}) and for 1 <i<r—1,
SHc})=Sclsy). Then clearly ¢ U --- U ¢ is an extended cycle in T, relative to
T, which we define to be the extended cycle corresponding to ec(k, T,; T,).

(2) If c is an extended cycle in T, relative to T, we define E((T,, T,), ¢, L) to be
equal to

(E(Tl, C), TZ)
if ¢ consists of one closed cycle in T, but to be equal to
(E(Ty, ci,...,ch), E(T,, c3,...,c2)

if ¢ is a union of open cycles and the ¢! are as above.

Similarly we define E((T,, T,); U, L) if U is a union of extended cycles in T,
relative to T,. We define similarly E((T,, T,), ¢, R) when c is an extended cycle in
T, relative to Ty, and E(T,, T,); U, R) when U is a union of extended cycles in
T, relative to T;.

REMARK. The point of the definition of extended cycle is that, if
(T, T,)eT (M, M;) and ¢ =ec(k,T,;T,) for some keM,, and, setting
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(T;, T,)=E(T,, T,),c, L), we have Shape(T,)=Shape(T,). More precisely, if
(T, T,)e T (M, M,) and if u=inf M, then E(T,, T,), ¢, L)e T «(M,, M,) if and
only if ué¢c. If uec then E((T,, T,), ¢, L)e T (M, M,). Similarly if C and B are
interchanged. If (T,,T,)eJ (M, M,) then E(T,,T,),c, L)eT n(M,, M,).
Similarly for R.

EXAMPLE. Suppose (T, T,) is:

-
1
-

M)
()
|
A
w
|
-

3[4 |
-4 - 4
| | | 1 I |

L1 _ 1 _ Lol 1 _J

Then ¢(2,T,)={2,3,4} but ec(2,T,;T,)={2,3,4,6} (and the corresponding
extended cycle in T,, relative to T,, is {3,4,5,6}). Thus E(T,T,)
ec(2, T,; T,), L)=(T,, T,) where (T, T,) is:

a
()

.
4

t [ s [ ] NN
2tatet + - s : + -4
ol 4 - 4+ - st -4 -
Lo L1 Lo 1

2.3.2. PROPOSITION. Let (T, T,)e 7 (M, M). Suppose ve N*\M, e N*\ M,
ee{l, —1}, and e > sup M. Let (T, P,)=a((T},v,¢)) and let T, =Adj(T}, P}, e)
(i.e., in the notation of 1.1.13, T, =T} U {(e, S)| Se P,}).

(@) Let ¢’ =ec(m, T); T,) for some m < v. If ¢’ consists of the cycles c}, ..., c;
and c¢q,...,c, are the cycles in T, corresponding to c\,...,c; (without
repetition) then | ), <i<,c;=ec(m T;T,) (which we define to be the
extended cycle corresponding to ¢').

(b) Let U’ be a set of extended cycles in T, relative to T each of whose elements
satisfies the hypothesis of (a) and let (T,, Ty)=E(T,,T,); U, L). Let
(T,, Py)=a((Th, v, ¢)) and let T,=Adj(T,, P, e). Let U be the set of
extended cycles in T relative to T, corresponding to the cycles in U'. Then
(T, Tz) =E(T,, Tx); U, L)
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Proof. To prove (a) we note first that Proposition 2.2.8 proves the case when
k=1 and c] is closed. So assume ¢} is open. By Proposition 2.2.6 it suffices to
prove that ( J;<;<,¢; is an extended cycle in T, relative to T,. Then (a) of the
proposition is a consequence of Theorem 2.2.3 and Proposition 2.2.4. The only
difficult case is when P, is in situation 2(b) of Theorem 2.2.3 and the cycle {u} of
that situation is one of the ¢;. By hypothesis then k > 2 and r=k—1. Then
P(e, T,) is in situation 2(b)(ii) of Proposition 2.2.4 and the two distinguished
cycles of that situation are contained in the extended cycle in T/, relative to T
which corresponds to ¢’. The desired conclusion is now clear.

To prove (b) let (T, 'i‘3) =E(T,,T,); U, L). Then Theorem 2.2.9 says that T, =
T,. It remains to show that T;=T,. We may assume that U’ consists of one
extended cycle, ¢’. Suppose first ¢’ is a closed cycle in T,. Then T, =T),. If the
cycle ¢ in T, corresponding to ¢’ is also closed then Shape(T,)= Shape(Tl) sO
T,=T,. On the other hand, since U = {c} and c is closed, we have T; =T}, so we
are done in this case. If ¢ is open, and, say, P, ={S,;, S; j+}, then by Proposition
2.2.8 and Theorem 2.2.9 we have P,={S;;, S;., ;}, that is, {e} is the extended
cyclein T, relative to T, corresponding to U = {c} and T, = E(T,, {e}), as was to
be shown.

The other cases are similar. For example, consider the case treated in the
proof of (a). Again, assume P, ={S;;, S; ;.,}. Let U’ be the extended cycle in T
relative to T, which corresponds to U’ and let U be the extended cycle in T,
relative to T, which corresponds to U. Then there are cycles ¢ | and ¢, contained
in U with &, # &, Sy¢1)=S:_1,+1, and S;&3)=S;;. Then & U, U {e} is an
open cycle in T, and U consists of it and the remaining cycles of U’. As a
consequence of Theorem 2.2.9 we have P, ={S;_; ;. 1, S, +1},and thus T,=T,,
as desired. O

2.3.3. PROPOSITION. Let (T, T)) e 7 (M, M). Suppose ve N¥*\M, ee N*\ M,
ee{l, —1}, and e > sup M. Let (T, P,)=o((T", v, ¢)) and let T, =Adj(T}, Py, e).

(a) {e} is an extended cycle in T, relative to T, if and only if P, is in situation
1(b)(i) of Theorem 2.2.3.

(b) Extended cycles in T, relative to T} are of the form c N (M\{e}) where c is
an extended cycle in T, relative to 1,.

(c) Let U be a set of extended cycles in T, relative to T, such that no element of
U is equal to {e}. Let (T,, T,)=E(T,,T,);U,L). Let T,=T,—e and let
(T, 02, =B(T,, Pe, T,)). Let U={cn(M\{e})|ceU}. Then v,=no,
&2=¢, and (T5, Ty) =E((T}, T ); U', L).

Proof. (a) is obvious. (b) is a direct consequence of Theorem 2.2.3 and
Proposition 2.2.4.

To prove (c), we may assume U consists of one extended cycle; say U = {c}. Let
c'=cn(M\{e}), so U'={c'} and by (b), ¢’ is an extended cycle in T} relative
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to T,. Set (T4 T3) =E(T,T).c,L), let (Ts,P;)=oa(Ts0,¢) and let
T, =Adj(T5, P3,e). Since a and f are inverses, it suffices to prove that
(T, T3) = (T, T,). Since ¢ =cn(M\{e}) we have T;=T,—e. Since
Shape(T)) = Shape(T ) for j=2, 3 and since T3 =T} U D(e, T;), it now suffices to
prove that T, =T,. If ¢ consists of one or more open cycles in T, then let ¢ be the
corresponding extended cycle in T,, otherwise set ¢ = ¥, and define similarly &
in relation to ¢’. Note that ¢ is the union of the cycles in T, which correspond (in
the sense of Definition 2.2.5) to the cycles in T, contained in &; this follows from
Definitions 2.2.5 and 2.3.1, and our hypothesis that ¢ # {e}. Then the fact that
T,=T, is just Theorem 2.2.9. O

REMARK. We have also the obvious analogues of Propositions 2.3.2 and 2.3.3,
in which left and right are interchanged.

We now restrict our attention to types B and C, and define T,; on tableaux
when {a, B} = {«y, «,}. Unlike the situation when a and f have the same length,
here we have to define T,; on pairs of tableaux.

2.3.4. DEFINITION. (1) We treat first type C. Let

F2: {(1: Sl,l)’ (19 S1,2)’ (2’ S2,1)a (2’ SZ,Z)},
F~2={(1’ Sl,l)a (19 S1,2)3 (2’ SZ.I)’ (2a S3.1)}s

let F,='F,, and let F,='F, Suppose {1,2} <M, and suppose

(T, T,)eDIY(T (M, M,)) with {a, [3} {ay,a,}. Suppose first f=«,. Then

clearly either F, =T, or F, = T,. If F, < Tl, then let (T,, T,)=E(T,, T,),c)

where c=ec(2, Tl,TZ) (so F,cT,), let T,=(T,\F,)UF,, and define
TL (T, T)={(T,,T,)}. If instead F,<T, let T,=(T,\F,)UF, If

leec(2, Ty; T,), define Tk, (Ty, T,))={(T}, T,)}. If 1¢ec(2, Ty; T,) then let
(TD TZ) = E((T,b TZ)s EC(Z, Tlla TZ), L)’

and define

al azz((Tla TZ)) - {(T T2)’ (Tl’ TZ)}

Suppose next f=o,. We define TS, ((T,, T2)) as in the definition of
Tk (T4, T,)) but 1nterchang1ng F, (respectively F,) and F , (respectively F,).
We define similarly T,§ for {a, B} ={ay, a,} and {1,2} = M,.
(2) T,,., and T, ,, are defined similarly for type B, putting

F2 = {(1’ S1,2)s (1’ Sl.3)’ (2a SZ,I)’ (2, S3‘l)}
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and

Fy={(1, 81, (1, S;3), (2 521, (2, S2.5)}

The rest of the definition is the same.

EXAMPLE. Let (T, T})=

112 > _-: ! _-:
3 4

- -

3|4 1 | 5|6 | |

-4+ -4 -+ -

| | | 1 | i I I

L L _ 1 _ L - L _ 1L _

Then 1 eec(2, Ty; T), so

'1;12‘,41((’["1’ ,2)) = {(Tl’ TZ)’ (Tl’ TZ)}’

where (T,, T,) and (T,, T,) are as in Example 2.3.1.

REMARK. Let(T,,T,)eJ (M, M,) where K =B or C and suppose F, = T,.
Let ’Tl =(T\F;)UF,. Then le€ec(2,T,;T,) if and only if 1¢ec(2, ’i‘l; T,).

The proof of this remark is as follows. One can check this directly if |[M,| =2.
Then the general statement follows by induction on |M,| and Proposition
2.3.3(b); i.e. let e=sup M, let T, =T, —e, let (T5, v,¢)=P((T,, P(e, T,))), and let
T, =(T,\F,) UF,. Then 1€ec(2, T;;T,) if and only if 1eec(2, T; T;) which is
equivalent to 1¢ec(2, T/; T,) which in turn is equivalent to 1¢ec(2, T,; T,).

23.5. PROPOSITION. Let xeDi(7 (M, M,) for K=B or C and

{o, By ={a, 02} If Tpx)={y,z} with y#z then Ti(y)=Tg()={x}. If

Ts(x)={y} then Tp(y)={x, z} with z # x and T3(z)={y}. Similarly for T’s.
Proof. This follows from Remark 2.3.4. O

2.3.6. PROPOSITION. If (T,,T,)eDif(7 (M, M3)) for K=B or C with
{0, By ={ar, 0} then YTy, T,)eDg(T (M, M3) and 'Ty(T;, Ty) =
T((Ty, T5)). (Similarly with R in place of L.)

Proof. The statement about Df,, is contained in Remark 2.1.12(1). For the
second statement, note first that for any grid, ¢, S;; is ¢-fixed if and only if S is
¢-fixed. (In fact the ¢-fixedness of S;; depends only on the parity of i + j.) It
follows from this and Definition 1.5.8 that P'(k,'T)="P'(k, T) for any T=(T, ¢).
As a consequence cycles in T are cycles in ‘T and vice versa, and furthermore for
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any such cycle ¢ we have E('T, ¢)="E(T, c). The rest follows easily.

We now prove the analogue of Theorem 2.1.19 for {«, } ={, «,}. In place of
Proposition 2.1.14 we will use the following lemma. We state it for type C; it has
an obvious analogue for type B, with an analogous proof.

23.7. LEMMA. Let T,€eJM), and suppose 1eM, 2¢M, and
P(1,Ty)={S:1,512}. Let Tp=Re(l,2;T)). LeT,, P,)=o(Ty,2,—1)) and
(T27 P2)=d((T'2, la 1))

(1) If S, ¢ Shape(T}) then T,=E(T, c) where c={2}.
(2) If'S,.1 € Shape(T}) then T, =E(T,, c) where c=c(2, T,) is closed (and in fact
le|=2).

We have also the obvious transposed version of the lemma.

Proof. (1) is obvious. For (2), let e=sup M and assume first S, ; € P(e, T}), so
either P(e, T})={S,.1,S3.1} or P(e,T,)={S,,,S,,}. In either case the pro-
position is obvious by inspection.

If S, ; ¢ Pe, T}) let T; =T;—e (for i=1, 2), then by induction the proposition is
true for (T,, P,)=a((T}, 2, —1)). (To start the induction, note that if |[M|=2 then
S,.,€P(e, T)).) But then Shape(T,)= Shape(T,) (where (T, P,)=a((T5, 1, 1))) so
P(e, T,)= P(e, T,). Since by induction ¢(2, T,) is closed we have (2, T;)=c(2, T,).
Hence ¢(2, T,) is closed and T,=E(T,, c¢(2, T,)). O

2.3.8. THEOREM. (a) Suppose {1,2} =M,, {a, B}={0y,a,}. Suppose
ye DE(F(M,, My). Then A(T)=T5(AR).

(b) Suppose {1,2} = M,, {a, B}={ay,a,}, and yeDHS (M, M,)). Then
A(TA() = THAG).

Proof. As in the proof of Theorem 2.1.19, it suffices to prove (a). Let k < [ be
such that {(1, k, &), (2, ks, €,)} < y and {k, I} ={k,, k,}. If «=a, then either

@ {(Lk1 QL -y,

() {2, k, 1), (1,1, 1)} =y, or

© {2k —1), (1,1 1)} =9
We see then, using Proposition 2.3.5, the corresponding statement for T,;’s on
S (M, M,), Remark 2.1.6(2), and Proposition 2.3.6, that it suffices to prove the
following: suppose ye ¥ (M,, M,) and suppose {(1,k, 1), (2,1, —1)} =y with
k<l Let y=y\{(1,k,1),2, 1, -1)}, let y=50 {2,k 1), (1,], —1)}, and let
F=70{2 k1, (LLD} (o Tum=TsH={r}). Set (T, T)=A0)
(T}, T,)=A(y') and (T, T,)= A(F). Then

F,cT,, F,cT, and F,cT,, (2.3.9)
T, =(M\F)UF, and T,=T (2.3.10)



336 D. Garfinkle

and

(T,, T,) = (T, T,), ec(2, T}, T,), L). (2.3.11)

Now (2.3.9) and (2.3.10) follow easily from the definition of the map A4 (i.e.

Definition 1.2.7). For (2.3.11), it is clear that if /=sup M, this follows from
Lemma 2.3.7; if | # sup M, then (using induction on [M,]) this is a consequence

of Proposition 2.3.2(b). O
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