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1. Introduction

Let I' = R? be a lattice of maximal rank and L(R3/T’) the Hilbert space of
square-integrable, real-valued functions on the torus R3/T. Let g be in L3(R3/T).
For each ke R? the self-adjoint boundary value problem

(—A+ g0 =2,  Y(x+79) =4Y(x) Vyel,
has a discrete spectrum customarily denoted by
&1(k) < &5(k) < &3(k) < -
The eigenvalue ¢,(k), n > 1, defines a function of k called the nth band
function. It is continuous and periodic with respect to the lattice
I'*:={beR?*|<y,b)e2nZ for all yeT}

dual to I.
The physical Fermi surface for energy 4 is the set

Fonys i(@):= {ke R?|g,(k) = A for some n > 1}.

For example, if g(x) = const, then F ;(q) is the union of the spheres
{keR?|(ky + by)® + (ky + by)* + (k3 + bs)> = A-const}

with b = (by, b,, b3)eT*.

In section 3 we prove

THEOREM 1. Ifqisin L4R3/T) and if for a single real 1 one of the components
of Fpnys 1(q) is a sphere (not necessarily centered at a point in the dual lattice), then
q is constant.

Actually, we conjecture that the same conclusion holds if Fyp,y 4(g) contains an
algebraic component X. In section 3 we prove this with some further as-
sumptions on the algebraic surface X. These assumptions are fulfilled if X is a
sphere or an ellipsoid.

To prove Theorem 1 we complexify the Fermi surface. The (lifted) complex
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Fermi surface is defined by

F,(q):= {keC?|there is a nontrivial solution ¢ in HZ(R% of
(—A+q(x))y = Ay, satisfying Y(x+7)=e<*"y(x) for all y in T’ }

Clearly, the dual lattice I'* acts on F,(q) by k —» k + b, beI'*. Furthermore, we
have Fy(9g nR®*=F phys,i(q) the physical Fermi surface.

It is easy to show, using regularized determinants (see [KT], section 1), that
F,(q) is a complex analytic hypersurface in C3. The main purpose of this paper is
to construct a directional compactification of F(q) in the sense of [KT]. The
above statement follows from the analysis of the points added at “infinity” and a
geometric interpretation of Borg’s theorem [Bo].

To compactify F,(q) we first embed C? in a quadric Q lying in P*. For each
affine line g = {c+tb|te R} in R3, where b, ce ' * and b is primitive, we blow up
two distinguished points of P* that lie on the quadric Q, to get, by using inverse
limits, a space M. Denote by E,(g) and E,(g) the corresponding exceptional
divisors.

THEOREM 2. The directional closure of F;(q) in the space M intersects E(g)
and E,(g) along curves both of which are isomorphic to the one-dimensional Bloch
variety™™

+ o0 .
B(q,) where q,(x) = Y. 4(n-b)e<"™™, xeg

Recall that in [KT] the complex one-dimensional Bloch variety for
p(x)e LX(R/|b|-Z) is

B(p) = {(k, )€ C x C|there is a non-trivial function ¥ in H%(R) satisfying
—y" +p(x)y =M and Y(x + |b|-n) = e* Py (x) for all ne Z}.

To get Theorem 1 we apply Borg’s theorem [Bo] in the version of [KT]: Assume
p is real then B(p) contains a component that is the graph of an entire function
Mk) if and only if p is constant. In section 3 we prove that if for example Fpys 1(9)
is a sphere, its directional closure meets sufficiently many one-dimensional
Bloch-varieties B(q,), so B(g,) is algebraic and therefore g, is constant.

We conjecture, that for all ge L%(R3/T') and for each A€ C the complex Fermi
surface F,(q)/T# is irreducible. In other words, the conjecture is that for any two
irreducible components C,, C, of F,(q) thereisa be '* such that C, = b + C;.

At the end of section 1 we prove the conjecture for split potentials. That is, we
consider potentials of the form

q(x) = pi(x1) + pa(x2, X3) 1)

‘”i](b)::f q(x)e‘ia”"> dx for beI'#. Without loss of generality we assume that R3/T has
R3T

volume one.
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or

q(x) = py(xy) + pa(x;) + pa(x3) 2

and show that F,(q)/T'* for split potentials is always irreducible. The full
conjecture for the discrete periodic Schrodinger operator is proven in [Bé].

We say that the physical Fermi surface Fppy;(q) is non-degenerate, if some
piece of it is a two-dimensional real surface. For example, Fppys0(0) = {0} is
degenerate. It follows from the conjecture that for a real A, a non-degenerate
Fphys,(q) determines the complexified Fermi surface and by Theorem 1 the
isospectral classes of all averaged potentials g,.

In particular we obtain

THEOREM 3. If qe LX(R*/T) and the Fermi surface F ,, ;(q) is the same as
Fphys.2(4), where q' is a split potential of the form (1) or (2) then q also splits.

We further conjecture that, generically, the physical Fermi surface determines
the potential g up to (obvious) translations and reflections.

2. The compactification

First we construct a compactification of C* which serves as the ambient space
for the directional compactification of F,(q). This compactification of C* will be
independent of g. Its construction is motivated by considering the free Fermi
surface F,(0) which is the union of the quadrics

{ke C?|(ky+by)* + (ky + by)* + (k3 + b3)* = A}, b=(by, b,, b3)el'*.

We want to compactify C? in such a way that the closures of the different
components of F,(0) intersect as nicely as possible. If we compactified C* in the
naive way to P? or P! x P! x P! we would have to blow-up many times before
the components of F,(0) would be in general position. Instead we embed C3 in a
complex projective 3-dimensional nonsingular quadric

Q:={(ky, ko, k3, y, 2)€ P*| yz = ki +k3 +K3}

by mapping (ky, k,, k3) to (ky, k5, k3, kT + k3 + k3, 1). The image of the embedding
is the complement in Q of

Qo= {(ky, k2, k3, y, 2)€Q|z = 0}
= {(ky, k3, k3, y, 2)e P*|z = 0, k} + k3 +k3=0}.

The closures of the components of F,(0) in Q are the intersections of Q with
the hyperplanes H, in P* given by

y+ 2Kk, b> +(b? —A)z=0, bel*
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Ifb # b', then H, N Hj is a plane in P*. It intersects Q, in the set D, ,., consisting
of two points given by the equations

2=0, K2+k2+k3=0, <(k b—b>=0, y+2¢k, b)>=0.

One checks that D, ,. and Dy ,~ are disjoint if b, ', b”, b” do not lie on a line and
that D, , = Dy, if these four points of I'* are on a line. Thus, a point of D, ;.
lies precisely on the hyperplanes H, where ce I'* is on the line through b and b'.
So let us denote this line by g and the points D, - by D(g).

The group I'* acts by translation on C3. One easily sees that this action
extends to Q and that ceI'* maps D(g) to D(c+g).

If b and b'eT’'* are different points on a line g = ¢, + Rc, (¢;,c, €#) then
QN H, and QN H,, have different tangent planes at the points of D(g).
Therefore, we can separate QnH, and QnH,., by blowing up the points of D(g).
Precisely, for each line g = ¢, + Rc, (c;, ¢, € '*)let M(g) be the space obtained
from P* by blowing up the points of D(g), Q(g) the strict transform of Q in M(g),
0.(g) the strict transform of Q, and E,(g), E,(g) the two exceptional divisors
over the two points of D(g).

So we introduce as compactification M of C* the inverse limit of all the spaces
M(G), where G is a finite set of affine lines and M(G) is obtained from P* by
blowing up the points of ( ,.¢ D(9), defined by the natural maps M(G,) — M(G,)
for G, = G,. In the following we are not going to use this inverse limit, but work
directly with the manifolds M(g). A precise version of Theorem 2 stated in the
introduction is

THEOREM 2. For each affine line g = {c+tb|teR}; b, ceT'*, b primitive,
there is a subset X(g) of C* such that for any qe L%(R3/T) the closure of
F,(@) nZ(g) in Q(g) intersects E(g) and E,(g) along curves isomorphic to the
Bloch-variety B(q,) of the one-dimensional potential

+ 3
4,(x):= Y, §nb)e™", xey.

n=—o

Proof. Using the action of '# we may assume that g passes through the origin,
i.e. that ¢ = 0. After rotating and scaling we further assume that b = b:= (1,0, 0).
Then

D(g) = {(0, %i, 1, 0, 0)e P*}

We consider the exceptional divisor E;:= E(g) lying above the point
(0,1, 1,0,0), the other plane is treated similarly. Near this point we take

ﬁ ks i y z
ks’ ky ks ks
as coordinates.
In the blown-up space M:= M(g) we consider the chart with the coordinates
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l;,1,, ¥, z such that

k, k, y 1
—=zl,, =—i=zl,, —=zy, ky=-.
ks ok, 2k 2T,

For convenience we perform the change of variables
y=—p+5E+2

In these coordinates the blow-up map M — P* is
i ) 1
ky =1, k2=12+;’ y=—pu+Ii+4 k3=;.

Therefore, Q(g) has the equation
2il, +z(B3+u—A4) =0.

In particular Q(g) intersects E, in the plane z = I, = 0. Finally, the strict
transform of the hyperplane H,, beI'*, does not meet E, if b, # 0 or b, # 0.
Further, the strict transform of H,, ¢,q, intersects E, in

(I +b)—p=0.

Remember that the strict transform of Q n H,, is the curve of a component of the
free Fermi-surface F,(0), and that the one-dimensional Bloch-variety for
potential zero is

UA{l weC x Cl(+n)* —pu=0}

neZ
This shows that for g = 0 the union of the closures of the components of F,(0)
meets E; n Q(g) along a curve isomorphic to the one-dimensional Bloch-variety
for potential zero. Observe however that the closure of F,(0) in Q(g) is bigger
than the union of the closures of its components. This indicates that it is
necessary for the general case to restrict the way one takes limits to E,. This
restriction is made precise by the introduction of the set X (g).

Recall from [KT] that (without loss of generality we assume g(0) = 0)

dc—b
dety[(— A+ g — A (=A— A1 = det2<6cb + %) =0

is an equation for F,(q) outside of the free Fermi surface F,(0), and that this
determinant can be computed by taking limits of finite principal minors.

In the coordinates (I;,l,,u,z) of M(g) the entries of the matrix for
(—=Ay+g—4)-(—Ay—2)"! considered above are

g(c—b)
—(iby+b3)+[(ly +b1)* — p+21b; + b3 + b3]

O +
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We are interested in the restriction of the determinant of this matrix to Q(g), but
for the moment we consider it on all M(g).
We block the matrix in the form
beZ-b b¢Z-b
———— ———
CGZ'E{<A(11’ 127 ”7 Z) B(lla 129 ,U,, Z)) =:F(ll, 12’ U Z)
C¢Zb{ C(ll’ 12> H, Z) D(ll’ 125 23 Z)

With this notation

4(c; —b4,0,0)
(i +b1)*—n

This is the matrix whose determinant describes the Bloch-variety of the
averaged potential g, outside B(0). Furthermore on Q(g) N E; = {z = [, = 0} the
matrix B=0and D = 1.

We will define Z (g) in such a way that the matrix F(l,,l,, u, 2) restricted to
2 (g) converges in Hilbert—Schmidt norm to

Aly, 1y, p, 2) = <5c1b1 + )Cnbl €eZ.

F(l,, 1,, u, 0)= (é (1)> as z— 0.

The square of the Hilbert—Schmidt norm of
F(ly, 1,, u, 2) — F(l,, 0, u, 0)
is bounded by

1
lqll3- Y B 5
bel # 12 (iby 4+ by) 4+ [(1; +b,)? — i+ 21,b, + b2 + b2]
b¢Zb |z
We define

1

(ll’ 12’ i, Z) € C4

)

bel #
b¢Z'b

2

Y(9)=

2
;(ibz +b3)+[(l; +b,)*> —pu+2l,b, + b2 +b2]

2 2
+ z 2 |11+b1, +b2 '4<|Z|1/5
e [-(ib2 +b3)+ (U +b1)* — i+ 23b; + b3 +b3]

REMARK. The second term in the definition of 2 (g) is needed not only to
control the Hilbert-Schmidt norm of F(l,,1,, u, z)— F(l,,0, 4, 0) but also that of
its derivatives 9, F, 0,,F, ,F.
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Clearly, the restriction of det, F to X(g) is continuous at z = 0:
IF(y, Ly py 2)—F(ly, 0, g1, 0)l|itbert-schmiae = 0l g 113121 %).
Therefore the intersection of m with Q(g) N E, is contained in B(q,).
We now want to prove the converse. For this we need information about the
structure of X (g) in the neighbourhood of any point of Q(g) N E;.

PROPOSITION. For every point p=(I}, I%, u*, 0) of E,(g9) and for all A >0
there is a neighbourhood U of p in M(g) and an open set Z = C having 0 as a
cluster point such that

{Uy, L, 4, 2)eU|2€Z, |1, 13| < Alzl} < Y (9).

Im(z)

.‘-/\Z
Q! ’,

LY ' /
L 4
-_\ !’, o
S 'o 49— > Re(z)

€= zliv®,

. "
o’ ALACR
ll 0

Fig. 1

Proof. We have to estimate the function S:= S, + S,, where

~ 1
Sl(ll’ lz,ll,Z)Z= z

# |Z 2_ 2
A 2 (iby+ba) + [(ly + by — i+ 2yby + b3 +b2]

. I, +b,|>+ b2
Sz(lh 12, 2 Z):z Z : ! 2

2 . 4
b¢l7ze-(r1?§,0) ;(zbz +b3)+[(l; +b,)*>—p+2l,b, +b3+b3]

near z = 0 in a neighbourhood of (I, I%, u*, 0). We first substitute Z=: —iw. Then

1

<1 (l;+by)>—p+21,b,

§1(llall’ﬂ, W)— Z
b7 b2 )(—b2+lb3)

bl # (b2 4+ b2)w—
b¢Z:(1,0,0)

2
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and

Sl lbymw= Y

bel # 2 2
b¢Z(100)(b +b )

|l +b,)* +b3
(ll +by)? —pu+2Lb,
b2 + b2

-
)(—bz +ib3)

For be I'*\Z-(1,0,0), set
1

ﬁ(ll9 H, W):_ sup
{2l < Aflwl

b,
w— Wb(ll’/“‘)+212b2 2( bz+lb3)

where

(l,+b,)*—u .
wy(ly, W) = (1 +W (=b,+ibj).

Observe that
2 b,
0, if lw—w ——
Wl S e by

1 .
Sfolly, W)= otherwise.

A by )2
— -2
(IW Wbl |W| (b§+b§)l/2

So, using the estimate |w(l,, )| = 1|b,| for all be T#\Z (1,0, 0) outside a finite
set S(I;,4) = T'* and the fact that the union

y = U S(ll B /l)

(I,,u)e Neighbourhood
Uy of (If,u*)

is finite we have:
44

. A
vweC, (I;,p)elU, with |12|<|—v7| and Iw—wb|>W

S,(y,1 <S,( =1 ! ()(__1 )
Sl( 1 ZaM’W)\ 1( l’ﬂ,w)~"4 b%‘,# (b2+b )|W Wb(lla#)|2 |W|2
b¢Z+1,0,0)
34

~ I, +b,|>+ b3 1
= +0( —5 ).
SZ(II’ Lot WIS SZ(II, W)=t beg# (b% + b%)zlw - Wb(lp ,u)|4 |W|4

b¢Z(1,0,0)
s

. . . by \?
Furthermore, for each w in a disc of radius <b2 +1 b2> centered at w,
2 3

b%+b3
bt

Syly, m, w) = =1
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Thus, these regions must be excluded since we want S to go to 0 as |w| - oo.

LEMMA 1. Let D\(,, 1) be the disc

weC by +44
(GF+ 57

Then, there exists a neighbourhood U, of (I¥, u*) such that for all (I, 0)e U, the
open set

[w— wy(ly, )l <

G=Cc vV | U Dy(ly, )

(.peU, ber#
b¢Z(1,0,0)

is not bounded.
Proof. Let Sk be the shell {we C|R<|w|<2R}. We show that G n Sy has
positive Lebesque-measure for all R big enough, even

lim [meas(G n Sg)/meas(Sg)] = 1.

R— o
Since,

byl =B +20, — Dby —(u—p¥)|
(b3 +b3)"* | b, ,

Iwy(ly, ) —ws(IT, u*)| <

there exists a neighbourhood U, of (I}, u*) such that for all (I,,u)e U,
Db(ll’ )u) < D;)(l’lk, :u*)a

where

b 44
Dttt = fweCliw — it o <2 4]

Therefore, the Lebesque-measure

meas(( ) U Dyluw)|nSe\< 3 measDyt, u¥).

(,peU, bel'# bel' #
b¢Z(1,0,0) b¢Z+(1,0,0)
R<|wy|<2R

Let R be big enough, such that & N Sg = &. Since |wy(l}, u*)| <2R and b¢ &,
we have |(I*+b,)*> — u|= O(R), i.e. b? < Const R. So

, (Const R)'/2 44472
Y, meas(Dylf, =0 (R ¥ [ B3+ b2
ber' # (bybs) ( 2+ 3)
b¢Z-(1,00) 1<|—ib,+bs<2R
R<|wy|<2R
1
=0 [R¥*?> Y | = O(R¥/2-R?/5) = O(R'/10)
(b2,b3)#(0,0) (b2 +b3)

b, +ibs| <2R
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On the other hand meas(Sg) = O(R?). This implies Lemma 1.

Now assume that for all R big enough and for all we G with |w| > R,
(;,WeU,nU, =U

Sy(ly, u, W) + Sy(ly, p, w) = |W|—1/5 *)
If we can show that this claim leads to a contradiction the proposition is proved.

So let us assume (*). Then

r

1
Sy, s W)+ Sy(l4, p, W)ldw A dw| >f ——=|dwAdw|
G

JORN SgkNG IWII/S

Since limg_, ,, (meas(G N Sg)/meas(Sg)) = 1 (see proof of Lemma 1) we have

~

|w|11/5 |dw A dw|=Const R?~!/5=Const R°/ )
JSrNG

for R big enough.
We now calculate the left-hand side of the above inequality. For simplicity we
do it for I; =u=0 (¥ = ). We have

b} + b3 [dw A dw|
$,(0,0, w)ldw A dw| < 7z bt A
LmG ’ ,,5# (b3 +b37 ), 16, Tw—wy(0, 0)F

b¢Z+(1,0,0)
If jw,| < 3R then

J dwadi] JSR rdr_ (b3+b3)*3
1

<pwis2r W= w,(0,0)FF ~ 7 | M Sam ST Ty
weG (b§+b§)2’5
1
If |w,| = 3R then we can bound this integral by n.(lTR)_Z' Therefore,
W —
5 b} + b3
J 50,0, w)dw A div| <7y por# (44 +b)*(B3 +b3)°°
SrNG b¢Z+(1,0,0)
[wl <3R
b} + b3
+ 2(h2 2\2
b2y (il — RV + b3)
b¢Z-(1,0,0)
|wy|=3R

The first sum is bounded by (since |w,| < 3R and therefore b? < 3R)
1 b?
2 (b3 +b3)°° 2 (44 +1b,)?

(by,by) #0 b}<3R
]—bz +ib3| <3R
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= O(1-RY2 4 R®5-1) = O(R®").
- D L~ R R = 0

|—b, +iby] <3R

For the second sum we first sum over b,. The coefficient in the sum is
monotonically decreasing in |b,| (if |b,| #0), so comparable with

¥ 2(b3 +b3)
|—b,+ibs|>3R (b% +b§)2(| —b2 +ib3| ‘_R)z

1 x2+b2
+ PRSI X2y
- b2+%31>3R (b3 +b3)? L>l by+iby) (IWs|—R)?

(b3 + )12

Iwe| 23R
2
For the integral put y?:= |w,,|—R=x—,+|—b2+ib3|—R, then this
| —b,+ib;|
expression is bounded by
2(b2 2)3/2 1

Z b2 b 2)\2 + b2+b )2

|- b2+zb3|>3R( + )(3) |- b2+'b3|>3R(
| —by+ibs|(y* + R)+ b3 .
xjyz>lbz+,~b3|_R s > (1=b, +ibs|"/* dy)
y*2R

This is equal to
1 1 1 R
o=+ 0( ( N )
<R> |*b2+%3|23R (b3+b3)°*\R'? ~ R

+ Z b2 1 >
\—b, £y 38 (D3 +D3)7* (| —b, +ibs| —R)*?

_0(1>+0<R 1/2+ 5 1 1 1
R RYVZ T sk (03D (B3 423 (2/3)°7

-1 1 — -1
=0(R +§> =OR™")

So we get

"
S,(0, 0, w)ldw A dw| = O(R®/5).
JSrNG

With the same methods one calculates

»

5,(0, 0, w)|dw A diw| = O(R3?).

RN

LY
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Comparing both expressions with (1) leads to a contradiction of (*). This proves
the proposition.

REMARK. The method of proof does not give much information about the
form of X (g), i.e. of Z.

However, by estimating the function S(I,, [,, u, z), which defines X (g), explicit-
ly, the following can be shown: Let

= {t-b|teR} with b=(1,0,0)
and consider a direction y = (b,, b;), where y is a primitive vector of
{b=(by, by, b3)eT'* |b, = 0}
Exclude all points in
D= () Dyt p¥
bel' #
b¢Z:(1,0,0)

on the line

1*¥2 — *
R-<1+ ! 2“ )y.
Iyl

Then on the segment L,:= {t'y|[|y]]—1 <t <[|y|]} there are points which do
not lie on D and for these points we L,\D one has

1
S(ll, 12, ﬂ, W) < (th}l)lls < |w|1/5

for (I;,1,, 1) in a neighbourhood of (I¥, u*), |l,] < A/|w|.

(y-41-%

Fig. 2
We therefore can reach w = co on Z(g) by hopping from a segment L, to
another segment L,. with [y’| > |y].
We now prove Theorem 2'. We already observed that

(Fi(g) nY.(9) N (Q9) N Ey) = B(g,).

So we have to prove the opposite inclusion. Let us fix a smooth point
p = (I%,0, u*,0) of Q(g) N E,; N B(q,). For simplicity we assume that p does not lie
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on the free Bloch-variety B(0) in Q(g) n E,. By the proposition there is a
neighbourhood U of p in M(g) and an open subset Z of C having 0 as a cluster

point, such that
T:={(y, L, u, 2)eU|z€Z, |l,] < A-|z|}

is contained in X (g).

LEMMA 2. The restriction of the function
f(ll9 125 H, Z):= detZ F(ll9 12a 'ua Z)

to T has the following properties

@) fp)=0.

(ii) There is a constant C, such that

If(llr 12’ H, Z) - f(lla 129 U O)I < C.IZII/S

forall ze Z, (l,,1,,u,z)eU.
(iiiy For any zeZ the mapping f(-, z) is differentiable and

(s 12y 1y 2) > (V1,04 s 1, 2) Bs continuous on T

(iv) gi(p) and Z—f (p) are not both equal to zero.
u

ly
Lemma 2 implies the theorem as follows: Since Q(g) intersects E, transvers-
ally, we can choose (I, u,z) as local coordinates on Q(g)~ U =:V near p
(observe that there exists an 4 > 0 such that |I,| < 4|z for all points near p on

)
0(g9)). Assume %(p) # 0 (the other case is treated similarly, using
1
aly(p, 2)
ou

®:VcR*xZ->R*
defined by
(D(lla H, Z):: (f(ll9 12(”’ Z)a i, Z)7 n— H*)

This mapping fulfills the assumptions of the modification of the implicit function
theorem described in Appendix 1. Therefore p lies in the closure of the zero-set
of f in (Q(9)— Q4 (9)) N T, hence in the closure of F,(q) N Z(g). One knows that
the equation defining the one-dimensional Bloch-variety B(q,) is reduced. So the
smooth points are dense in the zero-set of f(l;,0,u,0) and the proof of the
theorem is complete.

(p) =0) and consider the continuous mapping

We now prove Lemma 2: Statement (i) is obvious, (iv) follows from the fact
that p is a smooth point of B(g,). (ii) Is a consequence of the definition of Z(g)
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and the fact that det, is continuous in the Hilbert—Schmidt norm. Similarly we
have

"allF(ll’ 125 H, Z) - ahF(ll’ 12» H, 0)”12-15 + ”ale(ll, 12» X, Z)
_612F(ll’ 12’ H, O)HI%IS + ”auF(ll’ IZa i, Z) - auF(ll, lZa KU, O)HI%IS
4-|l; +b,|? +4b3+1

<lql3- ¥ ;

|+
1;;;; ;(ibz +b3)+[(l; +b,)?—p+2l,b, + b3+ b2]

so (iii) again follows from the definition of X (g).

COROLLARY. Assume that q is a real potential and that F,(q) contains an
algebraic component X. If the closure X of X in Q contains one of the curves

{(k, y, 00€Q, <k, > +y =0}

with ceT# then q is constant.

Proof. For beI'# —{0} let g, be the line {c +tb|te R}. Then X contains all the
sets D(g,), beI'*. By the proposition above for each beI'* the closure of
X n Z(g,) in Q(g,) meets E,(g;) and E,(g,) along a (non-empty) algebraic curve,
namely the intersection of the strict transform of X with E,(g,) resp. E,(gy).
Hence by Theorem 2’ the Bloch varieties of all the averaged potentials g, each
contains an algebraic component. As each ¢, is real, Borg’s theorem [Bo]
implies that g, is constant. Therefore g is constant.

The assumption of the corollary is fulfilled if F,(q) contains a sphere around a
point of I'*.

In the introduction we conjectured that F,(g)/T'* is always irreducible.
Assuming this conjecture one could finish the proof of Theorem 1 stated in the
introduction immediately: If X were any algebraic component of F,(q) (e.g. the
complexification of a sphere) then by Theorem 2’ there would be an affine line g
in each direction, such that X n X(g) intersects E;(g) (i = 1, 2) along a curve. Then
one would deduce the fact that g is constant as above. In the next section we will
see that, under further assumptions on X, one does not need the irreducibility of
F,(q)/T* to complete the proof of Theorem 1.

We can prove the conjecture for split potentials.
PROPOSITION. Let " c R? be a lattice generated by the vectors a,, a,, a; € R>
with {a,, a;) =0 (i =2,3). Then for all potentials

q(xy1, X3, X3) = p1(x1) + palx2, X3)

with p, € L*(R/a,-Z) and p, € LA(R?*/a,Z + a5 Z) the Fermi surface F,(p, +p,)/T*
is irreducible.
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Proof. Let B(p,) = C? resp. B(p,) = C* be the one-, resp. two-dimensional
Bloch variety for the potential p, resp. p,. Suppose that (k,, ;)€ B(p,) with
corresponding eigenfunction ¥,(x,) and (k,, k5, 1) B(p,) with eigenfunction
Wa(x,, x3), then Y(x):= ¥ ,(x,) ¥,(x,, x3) is an eigenfunction for

(ky, ko, k3, Ay +45)€ F;, +,12(CI)-
Therefore the image of the map
J: B(py) X B(p2) = C*> x C ((ky, A1), (kz, k3, A2) > (ky, ko, k3, A1 +42)

is contained in the three dimensional Bloch variety. Since the operator defining
B(p, +p,) has a compact resolvent it follows from the method of separation of
variables that each (k,, k,, k3, )€ B(p, + p,) corresponds to an eigenfunction of
the form (x,)- y¥(x,, x3), so j is surjective.

Next consider the map =:B(p;)xB(p,) > C defined by =((k,,4,),
(ky, k3, 45)) = A; + 4,. The restriction of j to =~ !(4) is a surjective map from
n~1(4) to F;. In order to show that F,/T"# is irreducible it thus suffices to show
that n~!(A)/T'# is irreducible. By [KT], Theorem 1 of section 3, the varieties

B(p,)/{yeT*|y, =y, =0} and B(p,)/{yel'*|y, =0}

are irreducible. We can view n~ (1) as the fibered product of B(p,) and B(p,)
with respect to the maps

ny: B(py) = C, (ky, A1) = Ay
and
m,: B(py) = C, (kzs k3, A2) > A — 4,.

This construction is compatible with the action of I'*, and therefore =~ '(1)/I"*
is a fiber product of two irreducible varieties with dim B(p,) > 1, hence
irreducible.

The proposition above also applies to potentials of the form

P1(x1) + Pa(x;) + ps(x3)

as a special case. As described in the introduction one deduces Theorem 3 from
this proposition.

3. Algebraic components of the Fermi surface

If q is a real potential and the physical Fermi surface contains an ellipsoid then
the complexification of this ellipsoid is an algebraic component of F,(g). In this
case one verifies that the closure of this component is transversal to Q in
almost all points of the intersection. So, Theorem 1 stated in the introduction is
a special case of
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THEOREM 1. Let q be a real potential. Assume that F ;(q) contains an algebraic
component X whose closure X is transversal to Q. at almost every point of
X N Q. Then q is constant.

For the proof it suffices to show that
XnQ,c U {ky, 00€Q, <k by +y =0} (*)

bel' #
In this case X n Q,, contains one of the curves

{(k, y,00€Q,|<k by +y=0}, bel”,

and one can apply the corollary of the previous section. A first step towards
proving the inclusion (*) is to show that points of X nQ_ are all well
approximable by the curves {(k, y,0)e Q. | <k, b)> + y = 0}. More precisely, set

D:= {(xl, K,, K3, 1,0)€ @, |there are M, 7 > 0 such that for be T#* — {0} one

M M
has [{x,b)| > Tk and [<{x,b) +1| ;W}

PROPOSITION. Let g€ L? be any potential, and let p = (x, 1, 0) be a point of D.
Then there is no algebraic component of F,(q) whose closure passes through p and
is transversal to Q. at this point.

Its proof is similar to that of the Proposition and Lemma 2 of the previous
chapter: one blows up the point pe D in P* and shows that det, F, whose zero set
is the Fermi surface, is different from zero near the exceptional divisor. The
diophantine conditions we imposed on p are used to get an upper bound for the
Hilbert Schmidt norm of F—1. The complete proof is given in Appendix 2.

Now let C be a component of X nQ_, and assume that C is not contained in
Uper# {(k, ,00€ Q| <k, by + y = 0}. Then, C meets {(k,y,0)€Q,|y =0} in
only finitely many points, i.e.

C':={k 1,0eQ,|(k 1,0eC}

is an affine curve. By the proposition above C’ n D consists of only finitely many
points. We want to show that this leads to a contradiction.

Let D, be the set of all points [y]=[y,, y,, y3] in P,(R) for which one — and
then all — representative y fulfills a diaphantine estimate

K

bl~”
with some K,7 > 0. Clearly a point (k,1,0)e Q. with k # 0 lies in D if its
imaginary part Imk represents a point of D,. So let y: C'—{(0; 1,0)} — P,(R) be
the projection (k, 1,0) —» [Imk]. From what we said above it follows that the

Ky, b)| = Vbel'* — {0}
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image of n, intersects D, in only finitely many points. On the other hand one
easily verifies that P,(R)— D, has measure zero. Hence by Sard’s theorem =,
does not have maximal rank anywhere. A first step towards reaching the
contradiction is

LEMMA. C' is contained in a plane.

Proof. Let p = (x; 1,0) = (xy, k,, k3, 1,0) be a smooth point of C’' where the
torque of C’ is non-zero. Since 7, has rank <1 at p any tangent vector
v =(vy,0,,0;) to C" at p fulfills

det(Imk, Rev, Imv) = 0.
Therefore, we can find a linear change of variables
k' = Ak

where A is a real, invertible 3 x 3 — matrix such that k}; = v| = 0 at p. Without
loss of generality we may assume that Im k’, and Im k7 are different from zero. In
these new variables C’' has the parametrization

ky =B + 0>
ky = ky(p) + va(p)t + O(¢?)
ky = ky(p) + v3(p)t + O(t?).
Since the torque of C’ at p is non-zero we have f # 0.

The image ny(C’) has the parametrization (in the coordinate y' = Ay)

Vi = ——Im(Be2) + 0

Im k5

Im K, 1 1
- 1 Im@,t) (1 — ——Tm o, ¢ ) + O
Y2 Imk'3< tmK, m(”2)>< Im i, ™ 3 t>+ )
V3 =1

where the components of k’ on the right-hand side are evaluated at p. For this
map to have rank < 1 for all points t = ¢, + it, in a neighbourhood of 0 in
C = R + iR one must have
v, Uy
Imky(p) Imkj(p)
In other words v’ is proportional to Im k’, and hence v is proportional to k. This
shows that n, has rank zero at every point of C’' where the torque does not

vanish.
If the torque of C' is zero everywhere then C' is contained in a plane, and the

lemma is proven. Otherwise, 7,(C’) is a point [ y,] and the tangent vector of C’ at
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each of its smooth points is proportional to y,. But then C’is a line, and again
the lemma is proven.

Returning to the proof of Theorem 1, if C = {(k,y,0)eQ, |y = 0}, we are
finished. Otherwise there is y e C3 such that

Cc{k y,0€Q,I<k y> +y=0}.
From the fact that n, has rank < 1 one concludes that y is either purely real or
purely imaginary. We discuss the case that y is real, the other case being similar.
Thus, we may now assume that

C ={k 1,0)€Q,I<k )+ 1 =0}

We want to show that yeI'*. So, assume that y ¢ I'#. By the proposition above
it suffices to show that C’' n D consists of infinitely many points.
First we show that almost all points of C’ fulfill the first diophantine condition
in the definition of D. For this purpose we introduce the following notation: If
k = (ky, ky, k3)eC® — {0} with k2 + k3 +k3=0

(ie. |Re k| = |Im k| and {Re k, Im k) =0) let v(k) be the unit vector in R? such
that Re k, Im k, v(k) form an oriented orthogonal basis. Also put

b
D, = {veR3 [lv] =1, v # bl for all beI'* — {0} and there are only finitely
b|_ L}
bl] 1bI*f

A standard argument (as in [SM] §25, p. 191) shows that the complement of D,
on the unit sphere S? has Lebesque measure zero.

many beI'# such that [v —

LEMMA. ForanykeC® — {0} with k} +k3+k3=0and v(k)e D, thereis K' > 0
such that for all beT# — {0}
KV
= —.
I<k, b)| e

Proof. Let E be the plane in R® passing through by 0, Re k, Im k. For any
beT#, K > 0 the set

K
{éeElKé, bl < W}

is a strip centered at {¢€ E| (¢, b) = 0} of width at most

1
b
Ib|

47K -

(k) — l‘lbl3.
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4k
For all beI'* — {0} outside a finite set S this width is at most o If K is

chosen sufficiently small then none of these strips contains both Re k and Im k

X
- {3eE/lc3b>] € ‘g,;i

Fig. 3

K
Since ¢b, k) # 0 for all beI'* — {0} we can shrink K such that [<k,b)| > W
also for all beS.

One sees that the map C’ — S2, (k; 1,0) - v(k) has maximal rank almost
everywhere. Therefore, for all points (k, 1, 0) outside a set of Lebesque measure

K
zero in C’ there is K > 0 such that [<k,b)| > e for all beT'#* — {0}.
Now let E’ be the plane in R®
E':={xeR}x,y) + 1 =0}.

One easily checks that the map C' — E’, (k,1,0) > Rek is surjective and
submersive. Thus, the Theorem 1’ will be proven once we have shown

LEMMA. The set of points x in E' for which there is K,t > 0 such that

1
x, b+ 1| =>—
[Ge b + 112

has positive (in fact infinite) Lebesque measure.
Proof. For each beI'* — {0} the set

K
{xeE'|[Kx,b) + 1] < |b|t}

is a strip around the line
{xeE'|{x,b)+1=0}
of width at most

4nK

|t+l

Ilbl Ivl’ b
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Fig. 4

The distance of this line {xe E'|{x,b> + 1 = 0} from the point % on E'is at

Iy

most

1

2yl

IbI Ivll
Therefore, for R > 0,

K
area {er’ X+ |V| <Rand {x,b) +1| < b for some beI'* — {0}}
< Z 4nK
bel"#—{O ‘ |:+l
bR Bl |
R? 1 )

< Y 16Kt BT 16yK- Y BT ‘R2,

bel' # — {0} bel #

If ¢ > 2 and K is sufficiently small this area is smaller than 2zR?, the area of the
whole disc of radius R around I—gli
4. Appendix 1

Let Z be an open subset of R™, that has zero as a cluster point, and let V be a
neighbourhood of zero in R". Consider a continuous mapping

F:VxZcR'XR™"™ > R"

with the following properties:
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(i) F©0,0)=0.
(ii) For ze Z the mapping F(-, z): V — R" is differentiable and (x, z) - F(x, z) is
continuous on V x Z.
(iii) |F(x, z) — F(x,0)| < |z|* for all xe V, ze Z (where « is a real number > 0).
(iv) F,(0,0) is invertible.

Then there exists a sequence (x,, z,)wn in V x Z with z, # 0 converging to (0, 0)
such that F(x,, z,) = 0.

Proof. Using properties (ii) and (iv) we can apply, for each fixed ze Z near 0,
the inverse mapping theorem to F(-, z). So there exists an open neighbourhood
W, x W, = V x R™ of 0 such that for each ze W, n Z the mapping

F(,2: Wy > F(,,z)(W)) = R”
is bijective, F~! continuous and F(-, z)(W;) contains an open ball. Then the
mapping

GWy, xW,nV xZ->GW, x WV x Z)
defined by

G(x, z):= (F(x, z), 2)

is bijective and G~ is continuous.
We have to show: (0,z)e G(W, x W, nV x Z) for z sufficiently close to 0.

R“V)

Fig. S

Observe that by (i), G(W; x {0}) is an open neighbourhood of zero in R" x {0}.
Using (iii) we see that for |z| small enough an open ball in G(W; x {z}) of R" x {z}
contains {0} x {z}. This proves the modification of the implicit function
theorem.
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5. Appendix 2: Proof of the proposition of Chapter 3

We blow up p in P*. In the blown up space there are coordinates [, I,, 5, z such
that
K; . 1
2-ki=—+1,i=1,2,3 and y=-.
V4 V4
The exceptional plane E lying over p is {z = 0}. Suppose that X is an algebraic
component of F,(g) whose closure X passes transversally to @, through p. Then
the strict transform X' of X would pass transversally through a point
(;,1,,1;,0) of E. Then for all points (I,,l,,15,2) in X near to this point the
matrix

g(c—b)
S by + )+ (L by + b2 =D,

Oy +

whose determinant describes the Fermi surface, is non-invertible, since the zero
set of this determinant contains X. In particular, at these points the Hilbert—
Schmidt norm of

gc—b)
%(<x, by + 1)+ <L by + b7 — 4]

is at least one. The square of this Hilbert—Schmidt norm is bounded above by

1

||‘1||§' Z 2
1 b*+<KLb)—1
ber # 212,27 T NP7 7
I'” Kk, by + 1] >t by + 1

N

As X' is transversal to E at (/,0) there is a constant 4 > 0 such that for all
sufficiently small ze C there exists le C* with || — ] < A-|z] and (/,z)eX. In
particular the sum above is bigger than one. This contradicts the

M
LEMMA. Assume that for all be T'# one has |{x,b)+1| > o Lete, A > 0and

['be a point in C3. Then there is a subset Z of C— {0} that has 0 as cluster point
such that for all zeZ and all 1€ C? with [I—1[] < A+

7 1

ber # é((x, by + 1)+ (KL by +b*— )

2
2<8.

Proof. We consider the special case [k| = 1,[ = 0, A = 0, the general case is just
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1
somewhat more notationally awkward. Put w:= —— and define for beI'#
z

1
w_b2+<l, b>
e, bY+1|°

Sow):=sup
M<amwl [Kx, bY+ 1%

N

We are going to show that there are arbitrary large weC for which
Ser# fo(w) < €2 This clearly implies the lemma. Observe that
(

oo, if (w b? |<i i
’ <K, by +1] " w] <k, by +1
fow)= ¢ {
otherwise
b? A b 2’ )
K, bD+ 12 (W — ———— —*—L>
\ <k, by+1) W Kk, by +1]

There is a finite set S = T'* such that for all beI'* —§ and all we C with
b? | S 44
(e, by +1| 7 Kk, by +1]

wl > A4, |w

one has

4

fow) < = 5

I<x, by +1)? b5+l

w —

i A
Put A:= max(44,2-¢”') and denote by D(b) the disc of radius [<x, by +1]

2
{k,by+1
1) f,(w) < &2 for all we C with |w| > A4, w¢ D(b),

around the point . Then for all beI'# —S

I<x, b>+1|

= In(2R)+1ne+1n >

_ 87
@ |a<picr W)dw A dw] < e YSIE

weD(b)

The second inequality follows, because one has to integrate a function smaller
than
4

2 2

2y 0
I<x, b5 + 11 |w G b1

over a region, where this latter expression is smaller than &2. Therefore, one
increases this integral, if one integrates this latter function over a ball of radius
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2

2R around m Thus,
2R
4-2n rdr
wldwAadw| < —————- il
Jeggr o o< |5
267 kb)Y +1| 7

We now decompose I'# into sets of the form
T#(a, fr={beT*|[bl* < |1 + <x, b)| < |bJ*}.

By the diophantine estimate for x the set I'*(a, ) has finite complement in I'*
whenever f < —7, 0 > 1.
For r > 0, denote by B, the ball of radius r in R®. Then
ort*?), ifaz0;
#T#(, p)nB, = {OF"*"), ifa <0and 1 #0;
oQ1), if t =0.

The first O-estimate is the growth of the volume in the region
{xeR3| |1 + Cx, x| < IxI7).

(Observe that {xe R*| 1+ (k,x) = 0} is a line in R3, since x} + k3 +k3=0.) The
second estimate follows from the fact that for b,, b, e [ #(a, f) with |b,| < |b,|

Mb,—by| 7" < KK, by—b )| < |1 + <k, by )| + |1 + <k, by)|
< |by|* + [bo]* < 20by|"
CLAIM. For any a > S with B #3/2and a — f # 1/2
(i) area ((weC|A < |w| < R, we D(b) for some be '*(a, B)})

B {O(R(HZ(a—ﬂ))/(Z—a)), if o0 > 0;
O(R((r+a)/r—2ﬂ)/(2-a))’ if ¢« <0.

(i ( ) f,,(w>) jdw A dib]
A<|w|<R “bel' #(a,b)—S
we( JD(b)
bel # (a,8)

ORI *2@=M2-anR)  ifa >
= {O(R«wa)/c—zm/(z—“) InR), ifa<

0;
0

In fact, for beIT'#(a, B)
| A4 |]P_2nd?

area(D(b)) = 2n|<K, B+ 1| < T

The center of D(b) is , which has distance at least |b|> ~* from the origin.

2
{x,by+1



Complex Fermi surface 229

So if R is big enough D(b) does not meet the shell 4 < |w| < R unless
|b|>~* < 2R. Therefore

2nA?
Yy areaDb)n{weClA <|w|<Rp)< Y T
bel' # (a,8) bel #(w,) |b|
Ib| <(2R)VC =

This, together with the growth estimates for I'#(a, f), gives part (i) of the claim.
Part (ii) is proven using the argument at the end of the proof of the
proposition in section 2.

We now return to the proof of the lemma. It follows from the claim that one
can find p > 0 and finitely many pairs (;, £;), . . . , (%y, By) such that the union of

the open intervals (f,, ,) covers [ —1, 1] and such thatforn=1,...,N
[w] < R and Y fow) = %}) = O(R%7%).

area ({ weC
bel' #(a, B)\S

Since the complement of | J -, *(a,, B,) in I'* is finite, this implies that

area <{weC| lw|<Rand Y f(w)=> s}) = O(R%>7").

bel' #
As we remarked above this implies the lemma, and so the proof of the
proposition is completed.
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