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1. Introduction

An important invariant of a germ of analytic function f: (C"*!,0)—(C,0) is its
Milnor fiber F. Milnor [21] proved that if f has an isolated singularity at the
origin then the homotopy type of the fiber is a bouquet of u spheres of dimension
n, where p is the Milnor number of f. For isolated line singularities (not of type
A,) Siersma [29] proved that the Milnor fiber is homotopy equivalent to a
bouquet of (# A4, +24 D, — 1)-spheres of dimension n, where # A4, and #D,
are the number of 4, and, respectively D_, points in a generic approximation of
/- More generally, if the critical set Sing V(f) of f is an 1-dimensional complete
intersection (ICIS) and the transversal singularity of f in the points of Sing
V(f)—{0} is of type A4,, then in the general (# D, > 0) case F is homotopic to
\/S™ and in the special case (# D, =0) F is homotopic to "~ ! v (\S") [31]. In the
case of line singularities, but with transversal type S = A,, A,, A3, D4, E¢, E;, Eg
de Jong [37] proved that in the general case the Milnor fiber is homotopic to
(VS"~1) v (\S™. Other important cases with 1-dimensional singular locus were
studied by Iomdin [14], Pellikaan [23] and Siersma [32].

Perhaps the most efficient method in the study of the Milnor fiber of non-
isolated singularities is the polar slice technique which materialized in two
beautiful formulae for the Euler-characteristic of the fibers: the Lé attaching
formula [16] and the Iomdin—L€ formula [14, 18]. Moreover, L& [17] used the
polar slice construction to show that the geometric monodromy of f preserves
the polar filtration and can be constructed as a carrousel.

In the present paper our main object of study is an analytic germ with
the following property: f can be written as f = P(h,g), where the pair
(h,g):(C"**,0) - (C?,0) defines an ICIS and P is a germ of two variables.

Note that if P has a (proper) isolated singularity at the origin then
dim Sing V(f) =n — 1 and if P is not reduced, then dim Sing V(f) = n. It is easy
to see that in the latter case even the connectivity of the fiber may fail. But even if
the fiber is connected we can not expect its simple-cdnnectivity because of a
theorem due to Kato and Matsumoto [15] giving, in general, the best bound for
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the connectivity of the fiber (in terms of the dimension of the singular set). But,
somewhat surprisingly, by our results we do have a “depth connectivity:
n(F)=0for2<k<n-—2.

This is perhaps the first example of a class of germs with non-separable
variables for which we have important informations on the other side of the
“Kato—Matsumoto bound”.

More precisely, we prove the following

THEOREM A.

(a) The Milnor fiber F has the homotopy type of a space obtained from the total
space of a fiber bundle (with base space the fiber of P and with fiber the general
fiber of the ICIS) by attaching (y((c), f)o cells of dimension n.

(b) If P~*(0)n D = {0} (D denotes the reduced discriminant locus of the ICIS)
then F has the homotopy type of ny, (Milnor fiber of P) copies of a bouquet of
spheres (\/S*) v (\/S"). (See 2.0.1 and 2.0.2 for the definition of ;(c)).

The number of (1-dimensional) circles and n-dimensional spheres in a
connected component is determined in terms of the Milnor number of the ICIS,
the topological invariants of P and an intersection number.

Theorem A contains as particular cases the Teissier [36] restriction formula,
the Lé attaching formula (in the case of dim Sing V(f) = 1) and the Iomdin-Lé
formula. This is not surprising, since in this case the polar curve technique is
replaced by a method based on the properties of the discriminant space of an
ICIS. During the proof, when comparing the Milnor fiber of f with its part
contained in a “good representative” of the ICIS we are using a technical lemma
of Iomdin [13] (Section (3.1)).

The most important topological invariant of isolated singularities is the Seifert
form. In fact, for n > 3 it is an absolute invariant in virtue of the classification
theorem of simple spinnable structures on $2"*!, proved independently by Kato
and Durfee. Unfortunately, in general, it is very hard to calculate it. For plane
curve singularities it was calculated by A’Campo [1] and Gusein-Zade [11, 12].
But for n > 2 even in the simpler (but very important) case of quasihomog-
eneous isolated singularities we do not know this invariant. Moreover, it
appears that even the computation of weaker invariants, such as the intersection
form and the monodromy action is still a very hard problem. Concerning the
zeta function there are some general results: A’Campo [2] determined it in terms
of invariants of the resolution, Varchenko [38] in terms of the Newton diagram,
while Milnor and Orlik [22] calculated it for quasihomogeneous isolated
singularities.

In Section (2.2) we calculate (Theorem B) the zeta function of f = P(h, g) in
terms of the zeta function of P (which is well-known), the monodromy
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representation and the singular monodromies of the ICIS (the latter may be
calculated using the vertical monodromies of the ICIS). In the case when the
monodromy representation has an abelian image this formula becomes simpler
and is related to the Alexander polynomial of the link S;N(DUP™'(0) < S}
(Theorem C).

In the class of all singularities, the isolated singularities play a distinguished
role. Similarly, in our class of germs, there is a distinguished class: those germs
having the property D n P~ '(0)={0}. Any “bad” germ f, =P,(hg) (ie.
D P, 0) # {0}) can be approximated by a series of distinguished singularities
f. = Pi(h, g). This is similar to the case of Arnold’s series, which approximate
some non-isolated singularities, and with the case of Iomdin’s series or the
topological series of plane curve singularities introduced by Schrauwen [26].

The best approximation holds for “topologically trivial series”, when the
topological type of P, and P, agree, but their mutual position with respect to D
varies. In this case we calculate the zeta function (in particular the Euler-
characteristic of the Milnor fiber) of f, in terms of the zeta function of f,, and the
vertical and horizontal monodromies of the ICIS (Theorem D). In particular for
the Iomdin’s series we recover Siersma’s result [33], which was, in fact, our
starting point in the study of series of singularities.

The polar filtration method used by Siersma is replaced here by the technique
of fibered multilinks (the decomposition of the complement space along the
separating tori, determined by splice decomposition).

In Section (2.4) we prove that the complement X of a projective hypersurface
given by a homogeneous polynomial f = P(h,g) is (n— 1)-equivalent to the
Eilenberg MacLane space K(w,(X), 1). If f is “distinguished” then we have a n-
equivalence, and using this correspondence we calculate the homology groups of
X in terms of 7;(X) which is also computed. This result may be regarded as a
generalization of a theorem of Kato and Matsumoto [15, Proposition 4.2]. In
particular this procedure can be used for a large class of singular plane curves in
order to compute the fundamental group of the complement space.

In (2.5) we consider the finite I-codimension germs in the sense of Pellikaan
[23,24], where I = (h*~ 1) (k > 2), and h is a germ with an isolated singularity at
the origin. By our Criterion the germs with finite I-codimension are of the form
f = h*g, with (h,g) ICIS and g having an isolated singularity. Our general
results may be applied to this special case. For example the Milnor fiber is a
bouquet of spheres S* v (||, S”) where u, = k(u(h, g) + u(h)) + u(h,g) + u(g).

For the theory of complete intersections we refer the reader to the book of
Looijenga [20], for singularity theory to the monograph Arnold—Gusein-Zade—
Varchenko [3], for link theory to [9], for Section 2.5 to the thesis of Pellikaan
[23] and for the proof of Theorem C to the paper by Fox [10] about the free
differential calculus.
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2. The main results
2.0. Preliminaries and notations

2.0.1. Throughout this paper we shall denote by @ the local ring of germs of
analytic functions f:(C"*!,0)—(C,0) and by s its maximal ideal. V(a) denotes
the germ of the zero-set of an ideal « = @. If « is an ideal in @ such that V(a)is a
curve and fe@ such that V(e)nV(f)={0} then we use the (algebraic)
intersection number («, f), given by dim(coker) —dim(ker) of the map @/a ES O/a
(multiplication by f). The following lemma is well-known:

LEMMA.

(@) If k > dim¢ Ofa + (f), then (o, f)o=(, f +g)o for all g »*.
(b) If a=0, Na, so that dime Ofoy +a, < 00, then (a, f)o=(0y, f)o +(22, o
(©) (o f1° f2)o = (% fi)o + (2 f2)o-

If a is an ideal and f € O, then we shall denote by «, the ideal generated by « in
the ring of fractions of ¢ with respect to the multiplicative system {f"},,. Let
77() denote the ideal a; N O in O and o ,(x) the intersection of the remaining
isolated primary components of a.

2.0.2. Let h,ge® be such that the pair (h,g):(C"**,0)—(C2,0) defines an
isolated complete intersection singularity (this will be abbreviated in the sequel
by ICIS). Recall that the Milnor fiber F, of u=(h, g) is a bouquet of u,= u(h, g)
spheres of dimension n— 1. (If n=1, then u(h, g)=(h, g)o — 1).

Let ¢ be the ideal in ¢ generated by the 2 x 2 minors in the jacobian matrix of
(h, g). Obviously, the zero-set V(c) of the ideal c is precisely the set of critical
points of the map (h, g). Let D be the reduced discriminant locus u(V(c)) and
Dy,..., Dy its irreducible components. Let I';,..., I, be the irreducible
components of u~'(D) (i=1,...,s) and d,; the topological degree of the
branched covering I';;—D; (i=1,...,s;j=1,...,t,). If zeI';;— {0} we denote by
u;;(z) (resp. F;;(z)), the Milnor number (resp. the Milnor fiber) of the ICIS
(h, g):(C"*1, z) > (C?, (h, z)(2)). Note that y;;(z) does not depend on the choice of
zon I';; — {0}.

Let D, = {(c, d)e C*:|c|* + |d|* < n*} and 0D, = S2, € S} — D. For 7 suffi-
ciently small one defines the monodromy representation

p: 7TI(Dr] - D’ *)—’A“t(Hn._ I(Fu’ C))
Since S;—D is a deformation retract in D,—D, p can be identified with

n,(S} — D, x)—> Aut(H"(F,, C)) (still denoted by p).
The discriminant locus defines a link in S} with link components



The Milnor fiber and zeta function of the singularities of type f = P(h,g) 67

KP=D;nS}. Set K;;=(u|T';))""(KP)=T;; for each i and j and consider T;; a
small closed tubular neighbourhood of K;;(in # = C"*?, where (h, g): & »D, is
an “excellent representative” of the ICIS [20]). Let N(KP) be a closed tubular
neighbourhood of K; in S? such that for all (¢, d) e N(KP) the fiber u~!(c, d) meets
transversely the boundary 0T;;. We shall denote by M; and L; an oriented
“topologically standard” meridian and longitude of the link component K? on
ON(KP), which are determined up to isotropy by the homology and linking
relations

M, ~0 L~ KP in H,(N(K?), Z)
/M, KP) =1 /(L;, KP)=0 (4(,) = linking number)

If (c,d)e KP, then the singular fiber u™!(c,d)=F;"¢ has T%_, d;; singular
points. The disjoint union of the corresponding Milnor fibers is
UiUa, Fiy=U%j<1u " c,d)nT;;. Therefore we have an action of
7, (ON(KP)) = Z x Z (generated by the class of M; and L;) on ()=, (s, F;
which preserves the subspaces Ud,.j Fij=u"Y(c,d)n T for each j. In particular
M; resp. L; defines the meridian resp. the longitudinal monodromy

1

hpgoo b H' Y%= 1 Uay, Fij» ©) ©  with decomposition
hy, = 8, @ -+ @ hyf), hy, = ) © - @ hff)

and after a suitable choice of base of P ., H" ™ '(F;, C)

» 0 [0 Ly
ij 1
= M =] 1
0 M 0 1 0 |

M, Ly H" " YF;,C) o (i=1,...,5j=1,...,t).

Obviously, we have by the commutativity of 7,(ON(K;)): M;;L;;=L;M i

Note that this construction can be regarded as a particular case of the
monodromy of local systems [6]. M ; is in fact the horizontal monodromy of a
transversal section, L;; is the vertical monodromy of the transversal local system.
(See also [33].)

By Thom’s first isotopy lemma ([41]), over K? u is a topologically locally
trivial map with fiber F{"® (which is also a bouquet of (n— 1)-spheres), thus
defining a singular monodromy hi"s: H" (F§"¢ C) o (i=1,...,s). We take
AF%(J) =det(1 — ARSe)~ V" (If H"~(F§ine, C)=0 then AS")(1)=1).
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By a Mayer—Vietoris argument for all a;e Z we have

. det(1 — Ap(L; + ;M) J— "
$lng — i i
A4 [ det(1— Zhy, ° hy)

(in particular the right-hand term is independent of a; € Z).

2.0.3. Let P:(C?0)—(C,0) be an analytic germ in two variables, and let
P=P7 ... P™ be the prime decomposition of P. Then the Milnor fiber Qp of P
has pyo=gcd. (m,,...,m,) connected components and each of them has the
homotopy type of a bouquet of up circles.

If D is the reduced discriminant locus of the ICIS (h, g) (see (2.0.2)) there exists
P?:(C2,0)—(C,0) such that V(P?) = D. Let P,..., P, be the common compo-
nents of P and P?, ie, P=P}! ... PP™+t ... P, PP=pP, ...P,P?... PP

2.04. Let us define f €@ by f = P(h, g), where (h, g) is an ICIS and P is as in
(2.0.3). We use the notations I'; = V(y,(c)), Z, = V(g ;(c)). Recall, that in this case
O/c is a 1-dimensional Cohen—Macaulay ring, and in particular ¥(c) has no
embedded components at the origin. I ;(resp. Z ;) consists of the components of
V(c) that are not (resp. that are) contained in V(f). In particular, if D and V(P)
have no common irreducible components, then X, = (¥.

205. If a, e Aut(H*(X, C)), we define the zeta function of a, by {(a,)A)=
M,det(1 — Aa,) """ If fe®, then the zeta function of f is ( ()=
lhy o XA), where hy  :H*(F,C)¢o is induced by the geometric monodromy
hfi F,) .

The following lemma will be very useful:

LEMMA [33]. Let

[0 M,
M,
M = M, where M, e Mat,, (C)
K M, 0 |
Then det(I — AM)=det(I—A*M, M, --- M,).

Some notations:

B, = {zeC"*':|z| <&}, B, its closure, 8B, its boundary;

D, = {(c,d)eC*:||(c,d)| < n}, D, its closure, 0D, its boundary;
D} = {weC:|w| < 8}, Dj its closure, 6D} its boundary;

oy 02y = 21 olo?; vt vPeC L.
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2.1. The homotopy type of the Milnor fiber

With the above notations we have the following

THEOREM A.

(a) The Milnor fiber F of f = P(h, g) has the homotopy type of a space obtained
from the total space of a fiber bundle with fiber F, and base space Qp by attaching
(y,(c), f)o cells of dimension n.

In particular the natural map F — | ), K(n,(F), 1) is an (n— 1)-equivalence (the
latter space is a disjoint union of u, copies of the Eilenberg—MacLane space), and
the Euler-characteristic of F is:

X(F) = x(Qp) x(F,) + (= 1)*(y,(c), o
= (1 — up)uo + (= 1)"[(p — Ditupto + (74(c), ol

(b) If , = &, F has the homotopy type of u, copies of a bouquet of spheres
V., SY v (\,..S™, where

ity = pp, My = (tp — D, + (¢, f)o/to

Moreover, the protection | ), (\,,, S* V \,..8" = oV, S* can be identified to
the map u: F - Qp.

The proof of Theorem A will be given in (3.2).

2.1.1. COROLLARY. Let

_ 0 if2f=g
E(f)_{l f2,#0

and suppose that p, = 1.

If n =2 + &(f), then ny(u): n,(F) - n,(Qp) is an isomorphism.
Theorem A contains various well known formulae as particular cases.

EXAMPLES

2.1.2. Let (h,g) be as in Theorem A, with he ©® an IS (isolated singularity).
Assume that P(c, d) = c; in particular f = h. Since his an IS, X, = (J. Therefore
our formula in this case becomes:

uf) + uf, 9) = (e, o

(the Milnor-number formula of the ICIS, see for example [20] p. 77).
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If, moreover, g~!(0) is a generic hyperplane, then we get Teissier’s ([36,
p. 317]) formula

1O + 1) = (e o

2.1.3. Let he O be such that dim Sing V(h) = 1, and assume that (h, g) is an ICIS
(the latter condition is automatically fulfilled if g is a generic linear form).
Assume again that P(c, d) = c. Then the Milnor fiber F, of h is (n — 2)-connected
and we have the following relation between the Betti numbers:

bu(Fy) — by 1(Fy) + u(h, g) = (74(c), h)o

If V(g) is a generic hyperplane, we get the “Lé attaching formula” [16] (for
germs with dim Sing WUh)=1).
2.1.4. Let (h, g) be an ICIS and take P(c,d)=c+d* (k= 1),ie. f = h + g*. Again
Fyyge=F,0{(y;, h + g") cells of dim n}. Since the curves V(c + d*) (k > 1) have
no irreducible components in common, there exists k, such that if k > k,, D and
V(c + d*) have no irreducible components in common, in particular £, = ¥ and
¢ =7v,(c). In this case h+ g* is an IS. By Lemma (2.0.1) and Theorem A:

h + g + uh, g) = (4(c)s o + k(a4(c), g)o if k> 0.
Obviously dim Sing V(h) < 1, hence by (2.1.3) we get:
ph + g*) = b,(h) — by, 4(h) + k(ox(c), g)o if k > 0.

If g is generic linear form, then this is exactly the Iomdin—Lé& formula [14, 18].

2.1.5. Let (h, g) be an ICIS such that h and g are IS. Then for P, ,(c, d) = c*d"
(k=1,1> 1), T, = . The numerical invariants of the bouquet are: y, = g.c.d.
(k,1), uy = pp =1 and (using (2.1.1))

Hn = (u(h, g) + p(h))- k/uo + (u(h, g) + 1(g)) - 1/ 1o-

2.1.6. Let h(z) =z, and g(z) = @(z4, - - . , z,), Where ¢:(C",0)—(C, 0) defines an
IS. Then by a theorem of Sakamoto [25] the Milnor fiber F of f = h*g may be
regarded as the total space of a fiber bundle over S* with fiber the Milnor fiber of
¢ (and monodromy m¥). Thus if n > 2, m, _ ,(F) = Z*®. Hence our assumption in
Theorem A(b) is necessary.

2.1.7. Let (f, &) be an ICIS such that f + (J is an IS. Assume that the order of
o is greater than dim¢ O/y(c) + (f). Then

uf + @) = (=1f) — D + (a,(c), D)o
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This corollary gives an (partial) answer to a question raised by Wall, as
reformulated by Siersma [23, p. 115].

2.2. The zeta function of the monodromy

In this section we determine the zeta function of the monodromy of the germ
f = P(h,g). If P=(P)*° and f' = P'(h, g), then we have the following relations
between the corresponding Milnor fibers and zeta functions:

Fy=Fp x Z,; {;(A) = {(3*) (by 20.5).

Therefore, we may assume (with no loss of generality) that F , is connected, i.e.,
gecd. (my,...,m) = 1.

22.1. LEMMA. If n is sufficiently small, then

P
or =15 (51 = P70, S;n D — PH(0)~$*

P:(P~Y(0D;)n D,, P~ 0D;)nD,nD)— D} (0 < 6« n)

are locally trivial fibrations of pairs of spaces. Moreover, the fibrations are fiber
isomorphic.

Proof. This is a consequence of the fact that for 5 small, the fibers ¢ 1(€2") in
S}—P~40) (resp. P~'(w), wedD}) meet transversely the link components
Sy N D (resp. D) (to see this use the Curve Selection lemma [20]). In order to
prove the isomorphism we construct a vector field similarly as in the non-
relative case [21, pp. 52-53].

2.2.2. REMARK. A fiber of ¢, can be identified with a minimal Seifert surface
of the multilink corresponding to the link:

L=(P;'0)nS3,....,P . (0)n S, (PD) 0 nS,....(P2-) 1 0)n SY)

with multiplicities (m,,...,m,, 0,...,0) ([9], p. 34).
In fact (2.2.1) also follows from the fact that L(m,0) is a fibered multilink.
Let * be a point of F,—D(F,=¢; '(1)), then by (2.2.1) we have the exact
sequence of groups:

(223) 1> n,(F,— D, ¥ n,(S: — P }0)uD, ¥ HZ -1
By the inclusion S; —P~'(0)uD o S;—D, A=H""!(F,,C) becomes a

G = m,(S; — P~ *(0)u D, *)-module (induced by p), and by i, a H=n,(F,—D, *)-
module.
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Let g€ G such that ¢,(g9) = 1. Then the maps p,=p(g): A— 4 and ¢,: H—H,
h—>g~'-h-g induce an automorphism of the exact sequence (of C-vector

spaces):
(2.2.4)
0— H°H,A) > A 5 Der(H, A) > H'\(H, A)—0

198 1o 19per lat
0— HH, A)—» A % Der(H,A) - H\(H,A) - 0

(where d(a)h) = p,-a — a).
Let us define
(Lp o)™V = det(1 — Agg)/det(1 — AgT)
= A (A)/Ape(4)
where
A (4) = det(1 — Ap,) and Ap.(2) = det(1 — Agp.,)-

By [27, p. 116] the automorphisms g§ and g¥ do not depend on the choice of
g. Hence (p ; is well defined by the representation p and the exact sequence
(2.2.3).

2.2.5. REMARK. When X = ¢ then g can be chosen such that the image of g
in 7,(S7 — D, %) is trivial, hence p, =1,.

The zeta function of P is {p(1) = Ap(A)/(1 — A), where Ap(4) is the characteristic
polynomial of the monodromy of P (on H(Qp, C)). With this notation we have
the following

THEOREM B. Let f = P(h, g) be as in Theorem A. Then (a)
s—t
(D) =Cp(MeLppA) [] AS8(A%) (e=0ifn=1ande=1ifn>2)
j=1
where k;=(P, P})o(= #(Qp D))) (and the product is taken over the components of
D which are not contained in P~1(0)).

(b) Suppose X; = (& and n > 2. Then

1-2 if g=0

det(1—Ah, ) = { Ap(4) if q=1
s—t

Ape(A)- A A~ - [T (AT=8(A*) "Dt if g=n
j=1

(the product is taken over the all components of D).
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The proof will be given in (3.3).

2.2.6. REMARK. Since H is a free group with pp+ X{Z{ k; = u(P, D) generators,
say by,...,bup.py, Der(H,A) can be identified with A*"? by 6—(8(by),...,
8(byp.py)- The corresponding matrix [gp.]: A**? - 4**-P) may be regarded as
the “Jacobian matrix of (G, H) at p” [10]. More precisely:

Let us consider the following homomorphisms of rings:

7*:Z[H] — Z[G] induced by i,

p:Z[G] > Z[Aut A] induced by p
s:Z[Aut A] - EndcA given by s(Z; ¢;[al 1) = [Zi cialy] e

and the derivations

0 ob;
FIaE Z[H] — Z[H] determined by a—b' = 0;; (for each i and j)

J J
(where Z[G] denotes the group ring of a group G).

We denote the words c,(b;) by w;. Then using the derivation rule we obtain
that [gp..] is in fact the matrix constructed by block-matrices

oo (G,

Therefore, when we know explicitly the action c,: H— H (i.e. the extension
(2.2.3)), and the representation p, the {p ;, follows explicitly from the above
identification.

2.2.7. The above considerations can be made more precise if imp is an abelian
group, because in this case the Jacobian matrix of (G, H) at p may be factorized
by the Alexander matrix of (G, H).

Suppose that we have the following commutative diagram:

n,(S3 — D, ¥)—F— Aut 4

X ) Pab

nl('sg —D, %)y

where y is the abelianizer. Obviously, in this case we also have the following
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commutative diagram:

G—— Aut 4
A
X /' Pab
II
Gab

We can choose the base elements e;=(0,...,1,...,0) of G,,=Z" """ by taking
topological standard meridians in tubular neighbourhoods of the link compo-
nents of L (see (2.2.2)). For each i=1,...,r+s—t we have an automorphism
E;=p,le)eAutA (E,,,=---=E,=1), and multiplicities m;(m,,,=---=
m,,s_,=0). The ring group Z[G,] is Z[A, A7 L. .., Ass—p A h—,] wWhere 4;
correspond to e;.

Let A(y,...,4,+5_,) (resp. A(4)) be the Alexander polynomial of the link L if

r+s—t>=2(resp. r+s—t=1) in Z[G,].

THEOREM C. If imp is an abelian group, then

det AA™E,,... , A"+s~E ., ifr+s—t=2
CppA)T =4 det A(A™E,)

et ALEY) ' =1
det(l — i E,) s

We recall that A is well-defined only up to multiplication by monomials
+ A% ... Arpszs,, therefore the above equality is to be taken modulo these monomials.

The proof is given in (3.4).

2.2.8. REMARK. A particular case when imp is abelian occurs when
,(S3 — D, #) itself is abelian. This happens exactly when either D is smooth or D

is singular of type 4,.

2.2.9. REMARK. Consider the case when D is smooth, V(c) is irreducible and
the Milnor number p(z) of the ICIS (h, g): (C"*1, z) - (C?,(h, g)(z)) is constant for
ze V(c) (in a neighbourhood of the origin). Then F§"¢ is homeomorphic to the
central singular fiber, hence it is contractible, thus A}"#(1) = 1. Therefore

Cf(}‘) = CP(}') det A*(A""El’ AR} A'm'+s_‘Er+svt)(_ b
ie.

det(1 — Ah,,) = det A,W™E,,..., A"+~E,, _,)
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where

), ARy s Arrs—) fr+s—t>=2
Al s drismd = A(A)/(1 — Ay) ifr+s—t=1

22.10. EXAMPLE. Take h=z,,, and g(z)=§(zy,...,2,), where §:(C",0)—
(C,0) defines an IS. Then D ={d=0}. Let P=P7"--- P} such that X, = ¥. Then

A; () = det(l — Ahy,) = det AGA™I,..., A™ I, hy)

where h;: H""'(F;,C) © is the algebraic monodromy of §. For example if
f = Z:+l +g(zla ce Zn), then

Asa(3) = det(l — *hE)/det(1 — 2hy) if f = 25,1 + 2,47,

then A, ,(4)=det(1—A*hE ™).
We note that A, can be immediately calculated using the EN-diagram [9].

2.3. Series of singularities

2.3.1. Let(h, g): (C"**,0)—(C?,0) be an ICIS with reduced discriminant locus D,
P.:(C?0)—>(C,0) a germ with two variables and f,=P_(h,g). Then by
Theorem A

W) = 6P ) X(F) + (= 1) (7, (c) fo)o-

Let {P,}x>«, be a series of plane curve singularities, such that

(i) P;'(0) and D have no common components
(ii) lim,_ , multy(P, — P,) = co (where mult,(P) denotes the multiplicity
of P).

By Theorem A we get for f, = Pi(h,g)
x(f) = x(P) - x(F.) + (—1)"(c, fi)o and by (2.0.1)

(2.32) xf) — 1fo) = IdPY) — tP)Ix(F) + (1)o7, (c), fido
2.3.3. EXAMPLE. Consider the following series of singularities

Wie  Py=(d>-c with y(P) = —2
Wi Pagoy =@ — ¢ +c**9d with y(Py,_,) = —13 — 2¢
Wi, Py, == +c39d  with (P,) = —14 —2g
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Then

Af2g-1)— 2(fo)= —(11+2q)x(F)+(—1)"[(4+q)oy,. K)o + (a7, 9)o]
12 — 1) = —(124+2q)x(F.) + (= 1)'[3+ g)ay,, h)o + (a7, 9lo]-

2.3.4. Series of singularities appear naturally in the classification of germs. The
Arnold’s series.of isolated singularities are related to non-isolated singularities,
by “approximating” them. This is the main motivation for Schrauwen’s [26]
definition of topological series of isolated plane curve singularities: the topolog-
ical series belonging to P consists of all topological types of isolated
singularities whose links arise as the splice of the link of P with some other
links.

Similarly, in our case, when P_!(0) and D do have common irreducible
components, we want to approximate the germ f, by germs f, = Py (h, g) such
that f; is a “nice germ” in our class, i.e. £, = . The best approximation of f,
with f; holds when x(P,) = x(P,,) (see formula (2.3.2)), i.e. when the topological
type of P, and P, agree, and only the mutual position of P_!(0) and P, 1(0) with
respect to D varies.

Recall the notations: P =P7' .- Pj*-P+t... P/ and D is given by
P°=p,..-PP?...PP_,.

The link KP=S; nP;7'(0) (i=1,...,1) is given by the expansion

P:y= x"i‘/""(cl 4 e(egy + Csxqi/p'impi) )

We represent it by the EN-diagram:

a 1 i {
9o o - _ p——> K?
IIE Ps-1 ps
i=1,..., t
I o

where @} are given from the Newton pairs (p, ¢}); by the formula a} = ¢},
a;‘+ 1= Q;'+ 1 +P}P}+ 10; if j =2
Consider the following developments for i=1,...,t:

P(g'): y'= x9Pi(c, + -+ (co_y + xI/PPoe, + x4 Py L)

with EN-diagram

a1

14

where a' = ¢' + plal.
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Thus, the link component K2(i=1,...,¢) is replaced by K], a cable on K?,
which will follow K? around 1-times in the longitudinal direction and a'-times in
the meridian direction.

2.3.5. DEFINITION. For all {a'},_, ., with &' >pia, we define
‘‘‘‘‘ ay=Py=P(g"y™ --- P(¢")™P"+t --- P™ and we say that P, is a “topolog-
ical trivial series” belonging to P,.

If the schematic EN-diagram of the multilink
(8%, m P (0)NS3 U~ UmPH0)N S3)

is the following:

rr,): r
[ [ 1 |
(my)m5;) (m)m, . ) (m,)
K? K% K? K4y K,

then the schematic EN-diagram of (S, m;K; u---umK,uU --- Um,\K,) is:

['{(P,): r
D 1 a' D 1 | a
Kioe—o K o—e
1 i} 1 j
(m,) (m) (mq+,) (m,)
K Ki Ky K,

Thus K2, ..., K? remains as “virtual components” of ['(P,), P, and D have no

common components and y(P,)=x(P)-
I'(P,) is obtained from I'(P) by splicing with ¢ (trivial) torus links:

Rim) — o1 m)K;
1

KP

13



78  Andras Némethi

By splice condition m; = Zl <i<ri#;M{(K;, K;) (hence it is an invariant of I'(P,,)
and by an easy computation it may be calculated from the EN-diagram, see
p. 84 [9]). Obviously, the algebraicity condition is fulfilled if a' is sufficiently
large (a’ > pial).

With this notation we have the following

THEOREM D. If a > 0 then for f, = P,(h, g).
. t S
Cuh = L, () TT (@et(t — am+meygy py )= ot
i=1

ti ) . i .
I 1 det(1 — a4ms mapie'p )= tre:
Il

t
i=1

={ fm('l)'<
In particular
20— A = (Z 1P S o+ ma) Y, dy

The proof is given in (3.5).
2.3.6. EXAMPLE (Iomdin’s series)

— (1) . JII—.(I)
1
P.(c,d)=c Pfc,d)y=c+ d?

t=1,m =1,m, =0,a' =qg)

Let (h, g) be an ICIS such that dim Singh™*(0)= 1. Thus {¢ =0} = D. The
series f,=h+g" approximate the “bad” singularity f,=h.

If g is a general linear form, then we obtain Sierma’s result [33].

2.4. The complement of a projective hypersurface

24.1. Let h,g be homogeneous polynomials in C"*! (n > 2) of degree d, > 1
and d, > 1, such that (h,g) is an ICIS. Let d, =d,/g.cd.(d,,d,), d, =d,/g.cd.
(dy, d,). Let P be a weighted homogeneous polynomial in two variables with
weights d, and d, and degree d. Then f = P(h, g) is a homogeneous polynomial
with degree d; = d-(d,, d,).

Since we want to study the complement space

P'—[V(f)]=
P"— [V(Pred(h’ g))]’
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we may assume in this section, that P=P,4=P, --- P,.

It is easy to see that the Milnor fiber F = f ~!(1) is the total space of a Z,-
covering over the complement X = P"—[V(f)]. Therefore, by Theorem A we
have:

2.4.2. The natural map X — K(n,(X, %), 1) is an (n—¢(f))-equivalence. (See 2.1.1
for the definition of &(f).)

2.4.3. The aim of this section is to determine the group 7 (X, *).
The fiber bundle E=C"*'—V(f) L P"—[V(f)] with fiber C* has the
homotopy exact sequence

1 - 1, (C*) 5 1y (E) - my(X) - 1

The exact sequence of the fiber bundles EZ C* with fiber F and
Ep,=C*—V(P) £ C* with fiber Qp are related by the diagram:

1 - 7y (F) » ny(E) - my(C*)—> 1
L L [
1 - 7,(Qp) = y(Ep) = 1,(C*) > 1

Since u, is an isomorphism for n > 2 + ¢(f) (by (2.1.1)) we obtain that u2 is an
isomorphism. Consequently 7,(X, *)=n,(E,, *)/N,, where N, is the normal
subgroup generated by the class of the loop ti—(h(e2™"-x), g(e*™ %)=
(eZnid;.th(*)’ eZnidgtg(*))’ te [0, 1]

2.4.4. The complement space {(c,d): |c|* +|d|> =1} — V(P) can be identified with
E(P)=X(d,,d,)—|JS;, where Z(d,,d;) is the Seifert manifold with Seifert
invariants d, and d, [9], and singular orbits S, and S, (corresponding to c=0
and d=0), and U S; is a disjoint union of S!-orbits such that

(i) S; = (JSi<>c is a component of P
(i) S, = () S;<>d is a component of P
(iii) ( J S; contains r’ general orbits <>P has r’ irreducible factors different from
¢ and d.

Let m,(E(P), *) with a base point * on a general S'-orbitS,, and let N,
be the normal subgroup generated by the class of the loop which follows the S*-
orbit S, in (d,,d,)-times. Then =,(E(P), ,)/N,=n(E,, ,)/N, by the above
identification.

Our results can be summarized in the following

2.4.5. PROPOSITION. If n>2+ ¢&(f), then there exists a (n—e(f))-
equivalence X —K(n,(E(P), ,)/N,,1). In particular n,(X) depends only on the
numbers (dy, d,) and r', and on the fact that c resp. d is or is not a component of P.
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This result can be regarded as a generalization of Proposition 4.2 of Kato and
Matsumoto [15].

2.4.6. EXAMPLES
(@ P=c, m(X)=1Z/dy
P=c+d%, mn(X)=1Z/dy)=1Z/d,)
P=cd,  mX)=2Z%/d,, d,)Z

These cases may be compared to a general result due to Lé and Saito [19]
which says that n,(X) is abelian (hence 7,(X)= H (X, Z)) provided f has normal
crossing in codimension 1.

(b) P=c*+d% m(E,,*)=<x, y:xyxy x" 'y 1

nl(X) = <X, y: xyxy‘lely—1>/<(xyxyxy)(d;.,dg)> and by substitution a=xyx,
b=xy n,(X)=<a,b: a*=b3, b3ndd =1},

In particular if we take (h, g)=(x?+ y?, x> +z%) then we obtain the Zariski
example f = (x2+y?)3 + (x> +23)? with n, = Z, x Z, [40].

2.4.7. Suppose that £, = (&, hence &(f) = 0. The homotopy groups and the
Euler characteristic of X can be determined by the Z, -covering, and the
homology groups H,(X,Z)0 < g < n — 1 by the n-equivalence (2.4.5). Since X is
a n-dimensional Stein space, the only non-trivial remaining group, H,(X, Z), is
free and may be determined by an Euler-characteristic argument.

2.5. Germs with finite (h)*~ '-codimension

2.5.1. Recall that 0 is the local ring of germs of analytic functions of (n+ 1)-
variables and » is its maximal ideal. For an analytic germ we denote by J its
Jacobian ideal,ie. J,=(0, f,...,0,+, f)0. If I is an ideal in O, then its primitive
ideal (I is defined as {f € O|(f) + J, = I} [23]. Let 2 be the group of germs of
local analytic isomorphisms h:(C"**,0)— (C"*!,0) and consider the subgroup
2,={he 2 |h*(I)=1}. Since 2, acts on (I, for germs f € [I we can define the
tangent space 7,(f) = {&(f)| £ € TD,} (where TD; = {{ € » Derc: &(I) = I}) of the
orbit of f under 2,. Similarly, the sub pseudo group 2, , of the pseudo group
2, of local analytic isomorphisms h:(C"*1,0)-»C"*! determines the extended
tangent space 7, .(f)={&(f)|£€TD, .} (where TD, ={¢eDerc0|&I)<1})
of f.

The I-codimension, resp. the extended I-codimension of f is defined by

{1
tl.e(f)

I
¢;(f) = dimg T,I( b Cre(f) = dimc

By [23, p. 32] ¢,(f) < o if and only if ¢, ,(f) < .
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2.5.2. Consider hex» with an isolated critical point at the origin and let
I=(hy*~*(k >2). Then by an easy computation we obtain that | I=(h)", thus if
fe[Ithen f = h*-g.Itis easy to see, that if g has only isolated singularities then
the critical locus of f is V(h).

The purpose of this section is to determine the topological type of the Milnor
fiber of germs f = h*-g with finite I-codimension.

2.5.3. If g ¢ ., then the Milnor fiber of f is diffeomorphic to k (disjoint) copies of
the Milnor fiber of h. Note that even in this simple case, in general ¢; (f) # 0. By
[23, p.37] 11 (W) =T (), ie. ¢; (h*)=pu(h)—1(h) (¢(h)=Tjurina number of
h), hence ¢, .(h*) = 0 if and only if h is weighted homogeneous.

Therefore the 2,-classification is very complicated in general, for example it
may happen that we have no 2;-simple germs. (See also [71)

2.5.4. For germs g€ » we have the following

FINITE I-CODIMENSION CRITERION. Let f = h*ge (I such that f €m.
Then c;(f) < oo if and only if the following two conditions hold:

(1) g defines an IS
(i) (h, g) defines an ICIS.

Proof. Suppose that c;(f) is finite. Since &(h)/he @, for € TD,, we can
consider the ideal B={kg&(h)/h+&g)|EeTD,;}. From the isomorphism
[1/t(f)~ O/p we obtain that B has finite C-codimension. Obviously
B =(g)+ J, hence g is an IS. Let c be as in (2.0.2). Then the zero set of the ideal
c¢+(g)+(h) is contained in the zero set of the ideal 8, hence (h, g) is an ICIS.

Conversely, if the pair (h, g) is an ICIS and g is an IS then if we denote by J the
ideal generated by <kgd;h + hd;g,i=1,...,n+1) in O, then J + ¢ has finite C-
codimension. (To see this suppose that V(J +c)#{0} and use the Curve
selection lemma). Considering the derivations {; = hd; and ;;=0;h-0; — k- 0;
we obtain that B,={kg&(h)/h+&(g)| € TD, .} = c + J, hence ¢, (f) is finite.

2.5.5. COROLLARY. If f = h*g has finite (h)*~'-codimension, g € »., then the
Milnor fiber of f is a bouquet of spheres S* v (|, S™), where

U= k(u(h, g)+ p(h)) + p(h, g) + u(g).

Proof. Use (2.5.4) and (2.1.5).
2.5.6. If we consider (h, g) as in (2.1.6), then the pair (z, . ; , ¢) defines an ICIS, but
ci(f) = .

2.5.7. EXAMPLE. Let h(z)=z,,, and g(z2)=¢(zy,...,2p) + 2, + Y(2). If @&,
then f 2 2%, ;if g €m — m? then f 2 2%, | z, (in the latter case the Milnor fiber
is homotopic to S'). In both cases ¢; (f) = 0.
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If @ € #2, then ¢,(f) < oo if and only if ¢: (C",0) = (C,0) and g € O have only IS
and in this case

crelf) = celf) —n=ule)+ ug >0  ([39]) (2.5.8)

2.5.9. EXAMPLE. Let h be a weighted homogeneous germ of degree d, and
weights wy, .., w,4;. Then TD,, is generated by the Euler derivation &, =
X;w;iz;,0; and the “trivial derivations” ¢;=0h-0;—0d;h-0; [5]. If g is also
weighted homogeneous with the same weights wy, ..., w,,, and degree d,, then
B. = c +(g), therefore by [20, p. 77] we get again:

cre(f) = ulh, g) + u(g).
Obviously, when he »?, then &,, &;;€ » Derc, hence ¢; (f) = ¢;(f).

2.5.10. Let n=1, k=2 and h(z,, z,)=z,. Then our results agree with Siersma’s
results [29] (for n=1), ie.

i+ 1=3ue)+mg)+1=0+21—1
because

o= #A; =c/(f) — 1, c; f) = mlo) + ug)
= %D, =(g, z)0 = o) + 1.

2.5.11. Consider now the case n=2 and k=1, ie. f=gh. Then Z,=V(g)nV(h)
is a 1-dimensional ICIS, hence we can compare our result with [30,31].
Obviously, the Hessian number §(f) vanishes, # D, = 0. By the main theorem
of [31], case B, F ~S' v (\,,S?), where the number of 2-spheres in the
bouquet is u(h,g)+ # A, (¥ A4,=j(f)=dimc(h,g)/J ). By our result #A4,=
u(h) + p(g) + u(h, g).

2.5.12. The following (general) statement was formulated as an (erroneous)
conjecture in the first version of this paper. Thanks are due to the referee for
correcting it and hinting at a way of how to prove it.

If f = h*- g has finite (h)*~ *-codimension, then

cre(f)=pulh, g)+ u(g)+ ph) —(h).

The proof can be given with a method as in a paper of Greuel and Looijenga:
The dimension of smoothing components, Duke Math. J. 52 (1985), 263-272.
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3. Proofs

3.1. A TECHNICAL LEMMA. Let f, h, ge &, all defined in the ball EEO. Let
{0} eV = V(f) be a germ of a real analytic set, also defined in B,, such that

VA V(g)nV = {0}

(in (3.1) we will use the notation V(h) for {ze B, | h(z) = 0}).
We have the following basic lemma, due essentially to Iomdin [13].

3.1.1. LEMMA. There exists an ¢, > ¢ > 0 and a neighbourhood G (in B, ) of
V — {0} such that for ze B,nG — V(f) if By(h-0h + g-8g) + B,z = Af - 0f with
Bi,B2€R, B2+ B2#0, AeC then B, B, <O.

Proof. The lemma is a consequence of Lemma 1.6. in op. cit. (In the statement
of 1.6, V is a complex algebraic set, but this difference is not essential in the
proof. See also Lemma 1.5 op. cit. for the real analytic version of the resuilt).

Let M ={ze B,|there exist B,, f,eR,, B, + B, #0, and 1eC such that

Bi(h-h+g:dg) + Bz =A-0f }.
3.1.2. LEMMA. If ¢ is sufficiently small then

M = V(f)nV(f) e Vig)nV(h)

(the closure is considered in B,).

Proof. Suppose the contrary. Then there exists an irreducible component W
of M — V(f) n V(f) such that W & V(g)n V(h) and d = dim W n V(g) n V(h)
< dim W — 1 (all spaces are considered in B, with ¢ sufficiently small). If L is a
generic linear space of codimension d which contains the origin, then the real
analytic set V = Ln W < V(f) has the property V n V(h)n V(g) = {0} and
dim V > 1. But the existence of V is in contradiction with Iomdin’s lemma.

3.1.3. REMARK. One of the consequences of (3.1.2) is that the Milnor fibers
f~Ym)nB,and f ()N B,,(0 <& <e0<n«e0<n «¢&)are diffeomorphic.
For other consequences see [13].

3.2. Proof of Theorem A

3.2.1. It is easy to see that it is enough to prove the theorem for py=1.

We choose &, >0 and ¢, »n, >0 sufficiently small such that u=
(h,9): (h,g)~*(D,,)" B,, > D,, is a “good representative” for the ICIS (h, g) ([20])
and in D,,, P~'(0) and D have cone structure. Let V(c) = B, nu~*(D,) be the
reduced critical locus of u and D = u(V(c)) the corresponding (reduced) discrimi-
nant locus.
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Let L be a generic line at the origin: L: {(c,d)€ D,,:ac+pd=0} such that
LA D={0}, LnP~'(0)={0}. In particular L(h, g)=ah+ Bg e O defines an IS.
Let 0 < & < ¢, be so small that

(3.2.2). (i) B, is a Milnor-ball for the functions f and L(h, g).

(i) B, = u™\(D,).
(iii) Lemma (3.1.2) is valid for ¢ for both sets of maps (f, h, g) and (L(h, g), h, g).
Finally we chose 0 < n < n, small enough such that
(32.3). (i) u:u"'(D,)nB,— D, is a “good representative” for u.
(ii) D, is a Milnor-ball for P:(CZ2,0)—(C,0).
(iti) The restriction of p: C2 >R, p((c,d)) =|c|*>+]|d|*> to D has no critical
value in (0, #%].
(iv) For all (c,d)e D — P~(0), P~ }(P(c, d)) meets transversely the curve D.
(v) Lemma (2.2.1) is valid for #.

If 6 > 0 is sufficiently small relative to ¢, n, and #, then

(i) F; = f~'(8)n B, is the (open) Milnor fiber of f in B,.

(ii) Q; = P~Y(8)n D,,, Qs = P~'(8) n D, are the (open) Milnor fibers of P in
D, resp. D,.

Obviously u~Y(Q})n B, = F;.

3.2.4. As a first step we prove that for sufficiently small 6, u~}(Q;) N B, is a
deformation retract of F,. Moreover, u” (P~ %@D})nD,)n B, is a de-
formation retract of f ~'(0D})n B, by a deformation retract which preserve the

fibers of f.
Proof. The difference of P~'(0D5)nD,, — P~ '(@D})nD, has r connected
components, corresponding to the irreducible components of

P:C5 = {(c, deD,,, Pi(c, d)edD}, n < p((c,d) <m},i=1,...,r.

For zeu™ !(Cj) n B, and 6 small, the projection p, of z and the projection p,, of
h-3h+g-dg on the tangent space T,(f ~!(f(z))) are nonzero by (3.2.2(iii),
moreover by this lemma p,¢R _ - p,. Therefore we can construct a vector field
on u~Y(C%) n B, (first locally then by a partition of unity, globally) such that

(a) v'(z)is tangent to f~1(f(2)).

(b) Re{vi(z), h-Oh(z) + g- dg(z)> < O.

(©) Rev(2), z2) <O.

For each zeu™ }(Ci)n B,, there exists a unique smooth path

p:: [0, 7(z)] > u~'(Cy)n B,
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such that

@p)/d) =v'(p(r),  PAO)=2z,  poulpir(2)) =

(because p o u(pi(¢)) and ||pi(t)|| are increasing functions) and f(pi(z)) = f(z). Then
we can define the deformation retract

H:[0,1]x(f ~'(@D;)n B,) — f ~'(9D;) N B,

by
H.(2) = pis-1(z)) ifzeu Y(Cy)nB, i=1,...,r
S otherwise.

3.2.5. Let us denote the Milnor fiber of L(h,g) by L; = L(h, g)~ }(6')n B,. Then
similarly as in (3.2.4) we obtain that for &' sufficiently small L, nu~'(D,) is a
deformation retract of L.

3.2.6. Let us denote u~}(Q;) N B, by %,. Then by construction u: #;—Q, is a
smooth fiber bundle over Q; — D with fiber the Milnor fiber F, of the pair (h, g).
A singular fiber u~!((c, d))(c, d) € Q n D) is also a bouquet of (n— 1)-spheres and
can be obtained from F, by attaching rank H,_,(F,)—rank H,_,(u!(c, d)) cells
of dimension n.

The cardinal number of the intersection DN Qs = {0y,...,0y,} is N,=

sZt (PP, P)0 (see (2.0.3) for the notations). It is easy to see that there exists a

subspace 0s= {bouquet of circles with base point *} in Q, such that §; is a
deformation retract of 0; and DnQ;= . Let D,, i=1,. ., N, be small closed
C~-embedded disks in Q; — O with center at the points 0,- with radius so small
that they are mutually disjoint and for all i let ; be a C*-embedded interval in Q;
from the base point *e(; to a point O; on 0D; such that I = ();]; can be
contracted within itself to *, ;U I can be contracted within itself to 0, and Q;
can be contracted to Q05U luU (J:D;. Then (by usual arguments, see [28, §7],
[31]) we obtain that &, (hence the Milnor fiber F;, too) has the homotopy type
of a space obtained from u~(J;) N B, by attaching cells of dimension n. But
u~'(Q,) N B, may be regarded as the total space of a fiber bundle with fiber F,
and base space homotopic to Qp.

In the following we shall count the number of cells.

3.2.7. Recall that V(PP)i=1,...,s—t are the irreducible components of u(I")
and ( J%_, I';; is the irreducible decomposition of u~(V(PP)). If (c, d)e V(PP),
then u~'(c, d) N B, is obtained from F, by attaching X y;;(z) cells of dimension n
(the sum is taken over zeu‘ Yc,d)nT;) [20, pp. 75-76]. Thus each V(PP)
contributes with (PP, P)o Z%_, u;;d;; cells. Therefore the total number of cells is
N=ZXi{Z1(P?, P)y Z}-, I‘ijdu
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On the other hand

s—t

(01(c) f)o = Z Z F fo = ; Z NG Drea> o

i=1j=1

s—t

= Z, Z n(y')(P?, P)od ij

(see [36, p. 318]), where n(y¥) is the length of Oy (N =ideal of nilpotent elements
in O/y}).
In order to prove the equality p;; = n(y?), consider the ICIS

(h’ g)z: (C"+ 1, Z)_’(C27 (h’ g)(Z)), ZE Iql'j - {0}

Then the reduced critical locus I'jj$ is smooth and (h, g), | I'j;3 is an immersion.
Consequently, the rank of d,(h, g) is not zero, hence at least one component of
(h, g) is smooth at z and meets I';; transversely at z, hence by [20, 5.11(a)] and
using the above formula, we get u;;=n(y?).

Consequently, the Milnor fiber F; has the homotopy type of u~ 1(0,)n B, with
(ys(c), f)o n-cells attached, which proves (A(a)).

3.2.8. For the definition of the natural map F— | J,, K(n,(F), 1) see [34, p.427].
3.29. Let n=1. Then (A(b)) follows from an Euler-characteristic argument.

3.210. Letn > 2and X, = (J. Fix 6’ as defined in (3.2.5) and take 6 > 0 so small
that

(a) (3.2.4) is valid.
(b) {(c,d)eD,:ac+ pd=08}nD < {(c, d)eD,,: |P(c, d)| = 6}.
(c) P:P~'(@D})n D, — oD} is a smooth fiber bundle.

Let Q=P ~%(0D})nD, and Q5= P (C—D})nD,.

By an argument similar to that of [21, pp. 52—53] using moreover (3.2.3) we
obtain that the pair (Qj5, Q)5 D) is a deformation retract of (955, @50 D).
Lifting this deformation retract we obtain that Es=u"'(Qs)NB, is a de-
formation retract of E 5 =u"'(Q55) N B, (see also the argument of [20, 2.D]).

Let *' be a point on Q5 {(c, d): ac + pd =&'}.

As in (3.2.6) we consider the intersection points {ac + fd =06} N D, small closed
C~-embedded, mutually disjoint disks D} in {oc+ fd=0'} with center at these
points and embedded intervals I/ from *' to points on dD; such that

(i) {J: I can be contracted within itself to #'.
(i) L' ={J;l;u|; D; is a deformation retract in D, {ac+pd=0'}.

(i) L' < @4
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Since u is locally trivial over D,n{ac+pd=05}—D, u (L) B, has the
homotopy type of Ly nu~*(D,) which is a deformation retract in Ly by (3.2.5).

Since L is (n— 1)-connected (because L(h, g) is IS, see (3.2.1)), the composed
morphism, induced by inclusions:

My 1™ (¥) N B) > 7,y (u™ (L) N B) >, y(E 5 5)

is trivial. Obviously, since Q; — D is connected, for all *e Q; — D the inclusion
u l(*)>E >0 induces a trivial morphism at =, _,.

But this is true also for the inclusion u~1(x) » E,5| because Elél is a deformation
retract in E 5.

From the homotopy exact sequence of the Milnor fibration
f~4@D})n B, % oD} with fiber F;, we obtain that

Ty — 1(F¢§) =T, - l(fvl(al_);) N Es)

is injective (recall that n>2). By (3.2.4) E|5| is a deformation retract in
S Y@0D})nB, by a deformation preserving the fibers of f, hence
My-(F5)—>m,_1(Es) is also injective. Looking at the composition
u~!'(x)>F ;- E; we obtain that n,_(u™ () > n,_ (% ,) is also trivial.

3.2.11. Let us summarize our partial results:

— % 5 has the homotopy type of a space obtained from the total space of the
fiber bundle (T, F,)=(u" YQy)NB,,F « —(0;, *) by attaching N cells of dimen-
sion n such that the morphism (induced by the inclusion) n, _ ;(F,) = 7, (¥ ) is
trivial.

—F, is a bouquet of y, spheres of dimension n— 1 (with natural base point b).
—Q; is a bouquet of u, circles (with base point *).

Let h;: F,—F, be the geometric monodromies of the fiber bundle corre-
sponding to i=1,..., u,. Then the total space T can be regarded as a factor set
of a disjoint union e, {i} x F, x[0,1]/~ where (i, x,0)~(j, x,0),
(i, x, 1) ~(i, h;(x), 0). We may suppose that h;(b,)=b,. Let V‘i‘g 1 S! be the image of
(Ji{i} x {bo} x[0,1] in T. Then T is obtained from (\/S') v F, by attaching
up - u, cells of dim.n.

Therefore & ; has the homotopy type of a space obtained from (\#2, S*) v F,
by attaching N + pup- p, cells of dimension n, such that F, — %, induces the
trivial morphism at m,,_ ;. If n > 3, then it is immediate that we may assume that
the images of the characteristic maps of all n-cells are in F,, thus

'9’:5 ~ (Vﬂrsl) v (V#n S'l)
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Obviously, the projection (Y, ') v (|, S") -V}, S* can be identified with the
map & ;- Q.
In order to prove the theorem for n = 2, we give the following

3.2.12. DEFINITION. A continuous map p: E — B between topological Haus-
dorff spaces is called a m-quasifibration (0<m< o) if for all points be B and
eep”!(b) the induced maps p,: n(E, p~'(b),e) > m (B, b) are isomorphisms for
0 < g <m — 1 and epimorphisms for g =m. (For m = co we obtain the usual

definition of quasifibration [8]).
A careful inspection of the proof of Satz 2.2 in [8] shows that the following

holds true:
3.2.13. CRITERION. Let % =(U,),cs be an open covering of B such that
(a) For eachied, p:p~Y(U)- U, is a m-quasifibration.
(b) Each non-void intersection U; n U, can be written as an union of elements
in %.
Then p is a m-quasifibration.

3.2.14. Consider the map % ;— Q; and an open covering with small disks of the
space Q;: Then n,(u~ !(b)) = m,(u” *(D)) is an epimorphism for small disks D, and
be D hence m(u”'(D), u”'(b),e) =0 for g =0, 1. Therefore by (3.2.13) u is a 2-
quasifibration, in particular u,:n,(%;, F,)>n{(Q;) is an isomorphism. But
from the following diagram

1 (F )2, 7 (F ) > 1 F i F,) 1

UUs
n 1(Q_.s)

we obtain that n,(# ;) - n,(Q,) is an isomorphism.
Consequently, we may assume that the images of the characteristic maps of all

2-cells are in F, thus finishing the proof.
3.3. Proof of Theorem B

3.3.1. We keep the notations of (3.2). (For simplicity suppose n = 2).

By (2.2.1) we can identify the pairs (@5, Q;—D) and (F,, F,—D) and the
representations n,(Q;— D, *)—Aut A and n,(F,— D, ¥)— Aut 4 (both induced by
p)-

By (3.2.4) E;; is a deformation retract in f~(0D}) B, and (since P~*(0) and
D have a-cone structure in D, )E5nV(c)= f~*(dD})nB,nV(c). We have the
following commutative diagram.
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(332) (B By o V) 505 (f'@D) 0 By, f (@D} B, " V()

AN

Q5> Q5" D)

l" |

oD}

Consequently the monodromy of f (over 0D}) can be identified to the
monodromy of f | Ep).

It is easy to see that u is a Thom map over dD}. Therefore by the Thom’s
second isotopy lemma ([41]) u is locally trivial over dD}. Hence the geometric
monodromy of f | E|5, can be regarded as a lifting of the geometric monodromy
of P.

3.3.3. Let T be a small closed tubular neighbourhood of Qlél N D in Q-|(5|. Let
u (T)nB,=7, u'(0T)nB,=07, and 7 =u "(Q5—int T)nB,. Then
Ey=%7 v and €7 nJ =07 . If we introduce the new strata 0. resp. T,
then again by the isotopy lemma we may assume that the geometric mono-
dromy of f | Ek;' is a lifting of the geometric monodromy of P which preserves the
subspaces T, 07, Q_|,5, —int . Consequently

{r=LgCerod (3.34)

where {7, {44 and {,4 are the corresponding zeta functions of the monodromy
restricted to the spaces 7 N F;, 6T NF;and 0T N F,.

3.3.5. €9 n Z,is the total space of a fiber bundle over the base space Q;—int T
(which is diffeomorphic to Q; — D) and with fiber F,. By [34, p. 498] there is a
convergent E, cohomology spectral sequence of bigraded algebras with
E$'=H%Q;—D, H'(F,,C)) and E_ the bigraded algebra associated to some
filtration of H*($J n%;C), but Q;—D is a K(H,1)-space, hence
H%Q;—D, H(F,, C)) = H%H, H(F,, C)) which is trivial if t#0, n—1 or s>2.
(We recall that H¥(free group, M) = 0 whenever s > 2 [35, p.220].) The other
groups are:

HYH, H°(F,, C)) = H(H, C) = H(Q, — D,C) and
HYH, H""\(F,,C)) = HY(H,4) q=0,1.
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Therefore E5' = E% and {44 = {p_p - {p p, because the monodromy action on
HY(H, A) q=0,1 can be identified to the action described in diagram (2.2.4). (Here
{p_p is the zeta function of the monodromy of P induced on Q; — D.)

3.3.6. Removing the points 9, N D in Q; — D, by the Mayer—Vietoris theorem
we obtain that {p=_{p_p" (g1 ({g,no1)*. Since Q5N OT is a disjoint union of
circles, {g,~or = 1; and {g,~7 = {g,~p- But Q0D = | J5Z4 {(P, PP)o =k; points}
and the monodromy can be identified with the cyclic permutation of the points
of these sets, therefore by (2.0.5).

s—t
{o,op = [T (1=~
j=1

Thus
s—t
C%J = CP'CP,D' 1_[1 (1 - j~kj)
=
3.3.7. u~ Q5 n D) is a deformation retract in ;" I, u~(Q; N D) = [ J3Z}

disjoint copies of F§"8} and the geometric monodromy is a cyclic map:

F?i"g hj s F?i"g .2 = hjx, -1 F?i"g

such that hj, o---oh;, induces on H"™'(F}"¢ C) the singular monodromy
operator h3"¢. Thus by (2.0.5)

s—t s—t
=[] (@ = A%)~* [] det(1 — Akspsingy— 0"
i=1 ji=1
s—t
= [T (1 — %)~ 1 ASine(iks),
j=1

3.38. 0, nOT = 521 {S{ v - U S} where S/ are smooth circles around the
points of D N Q;. The geometric monodromy on % ;N 0J can be regarded as a
cyclic map:

’

-1/Qj h;.s e
u (S)—— - u" (S{)

Jokj
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Therefore {55 (4) =1I152} C;,}_ho....,h}v‘(l"f), but all these zeta functions are trivial
due to the following

3.3.9. LEMMA. Let E 5 S! x S! be a fiber bundle. If we consider the application
priop: E—S! (pr, = first projection) then the zeta function of the monodromy of
pry °p is trivial, i.e. {,; .(4) = 1.

Proof. The monodromy induces the following automorphism of the Wang
exact sequence of the fibration E,—222— §! with fiber F:

hf, s —1

- = H(Eo) » H(F) == HY(F) > H** {(E) »---
hprlOpl h;: x 11 h;; x ll hprlﬂpl

B gi—1

11+ HY(Eo) — HY(F) =5 HA(F) » H**}(Eg) -~

where Eo=(pr, °p)” (1), F =p~(1,1).
Thus

ChprIOp = Chs'.,,/Chg,” =1
3.3.10. Finally if we summarize:
s—t )
Cf = Cp' CP,D' l_ll A‘?mg(lkj)-
j=
33.11. If £, = ¢, then HYF,C) can be identified to HYQ;,C) ¢ =0,1 by
Theorem A(b) hence (b) is trivial.

3.4. Proof of Theorem C

34.1. Letb,,...,b, (v=u(P, D)) be a system of generators for the group H, and
let ge G such that ¢,(g) = 1.

If we consider the element g as a “distinguished generator” [10], then we have
a presentation of the pair (G, {g)):

(G, <g>) = <b1’---’bv; g: g_lbi_lgcy(bi) l= 1,...,V>

The Jacobian matrix of (G, {(g)) is the following (see op. cit.).

ow ow ow
—g-pt 17 -1 1 —“1pn-1 1 -1p-1 1
g by +g by 9%, g by g—ab2 9 b9y
M = 1y-1. 0w, 1y C1p-1, 0wy C1p-1, W2
b1 o a—1p—1 1-1 1p~1
9 b g g byt +g by 9%, 9 b 95"
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If we apply the abelianizer y, then we obtain the “Jacobian matrix at y” which

is the Alexander matrix of the pair (G, {(g)):

ow 0
1. g~ ‘)+x< = ) x(;{,f—)

M* . 0 [0
x(b; ( a‘,f) —)"c(g“)+x<5:—22>

bad

x

ow,
ob,

ow,
ab,

)
)

If x(b)=ZX51"a;e;, then j(b)=1II;A%/. Similarly, if x(g)=Z;ase;, then

ji=1

#(g)=TI, 4% (3: ZLG]~Z[G,] is induced by y). By [10, 6.3 and 6.4]:

det M* = A*(’lh LR }“r+s—t)(l - i(g)) (mOd + l_[l;")
J

Since ¥(b; Yi=1,...,v) and %(g9) are invertible elements in Z[G,,], th

determinant of the following matrix

= 1(o5),

is also equal to A,(4,,..., 44— N1 —}(g)) (mod + IT; A%).

3.4.2. Let us consider the evaluation map:
e:Z[G,] > EndcA ®7Z[4, 27 1]

given by
) =1®1,  &k)=pule)® A" = E, @ A™
This map extends to

Z[Gy] @z M, (Z)— 85 EndcA ®,Z[4, 111 ® M, (Z)

I l
M, (Z[G,]) EndcA ® M, . (Z[4, A™'])

3.4.3. Let us compute

det(e ® 1(M*)) = det[ 5, + £x< ‘;‘; )]

(]
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If $,: Z[G]—Z[Z] =Z[A, A '] is induced by ¢, thene° ¥ =5°p® §,, hence

o awi ~ 5Wi ~ awi
e\9gp )= 5°P g(?Tbj ® Oy ga_b,- .
J

Since
ow; ow; ow;
hadd o —) = & H) = 2949 = ),
b, €Z[H]®, <6bj) 1, hence ¢, (g % )

Therefore det(e ® 1(M*))=det(— 1+ A[gper]) = +Aped4)-

3.4.4. Since edet MX=A (A"E,,...,A"+s-E, ., )1—p(g) ® A*¥) we obtain
that det(cdet M*)=det A, - A (A).

Hence

—ier _ Dpedd) _ det(e ® 1(M%)
Crpl@) =" = A %) ~ det(edet M?)

‘(tdetA,)

Therefore, Theorem C follows from the following

34.5. LEMMA. det(t ® 1(M)=detcdet M if Me M, , (Z[G,,])
Proof. See [4], §12, p. 140, Lemma 2.

3.5. Proof of Theorem D

3.5.1. The fiber of P, can be identified to a minimal Seifert surface Q  of the
multilink (S3,m;K?0U ---mKPum,, ,K,,;u--umK,). Let N; be a tubular
neighbourhood of the link component K? with topological standard meridian
M, and longitude L; (i=1,...,t). The minimal Seifert su:face Q,, meets the torus
0N, in d; parallel copies of K;(p;, q;) where K;(p;, q;) denotes the unique (up to
isotopy) oriented simple closed curve in JON; homologous to p;L;+q;M;,
di=gcd. (m;, m), d;p; = m;, dig;= —m; [9, p. 30].
Let us consider the Seifert links

Rm) —“ o1 L (m)K,
&, ‘]

KP

Let N, be a tubular neighbourhood of K; with topological standard meridian
M, and longitude L, on N . Let 0, be a minimal Seifert surface of the Seifert link
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;. After splicing, M, identifies to L;, L; to M;, 0, dN, to Q. n N, and the
fiber Q, of P, to the space

t
(QOO -U intN,-)u U (@:—intNy
i=1 gindN;
izt

(by the identification of @, — ()i~ int N; to Q,— [ Ji-, int N)).

3.5.2. The Seifert link #; has a realization in the Seifert manifold {(z,, z,) € C*
|z41* + |2,1* = 1} = Z(d’, 1)

where

K; = {z, = 0}, K;={z,=0} and K? is a general S!-orbit, where the S'-action
is given by

t (21, 22) = (tz4, t2,), |t| = 1, te C  [op. cit. Ch. 2].

The bord N, of N, is given by |z,| = ¢ (for ¢ small), hence the d; parallel copies
of d;K(p;, q;) can be given by the equations:

, ‘ k
%arg 2 +';'—' arg zzzzdi (mod 27Z) k=0,1,....d— 1.

Let (z2,z9) e @, 1(1) with |29 =¢, where
?;: Z(ai9 1) - {Kz,a IZI} - Sl

defined by o(z,, z,) = 2Tz /|2Tiz| is the fibration map of the Seifert manifold.
Then the S'-orbit (6229, €2™4"29),0.1 is given by the equations:

arg z; = arg z{ + 2nt  (mod 2nZ)

arg z, = arg z5 + 2na't (mod 2nZ)

Therefore the S'-orbit of (29, z9) meets d,K;(p;, q;) in m+a'm; points. The
monodromy action h;:(z,, z,)—»>€>™/™*4 M «(z,, z,) is a cyclic permutation of

these points. Thus, we can denote the points by Tj,..., Ty 4m such that
h(T) = T5 55 =1,...,m + a'm; (and Ty o1 = TY).

3.5.3. The virtual link KP is a general S'-orbit t—tx(z},z}) where
(z1,z3) €@ (1), |zi] = &(1 + 1o), teC, |t| =1 and r, > O is sufficiently small.



The Milnor fiber and zeta function of the singularities of type f = P(h,g) 95
KP meets the fiber ; (1) in m;+a'm; points given by the equations:

zy =1z}, 2, = 1923, teC, Jt| = 1

(m; + ma')arg t =0 (mod 2nZ)

These points T%,..., Thyma are also circularly permuted by h; (ie.
h(T}) = Tj4y). 4

Let o}: [0, 1]-¢; '(1),i = 1,...,t be an embedded segment between T and
T' in ¢; '(1) such that a!(0) = T}, a}(1)= T%,

(! (0))1] € (&, (1 + 1)) if T€(0, 1)
Then
o =(hyoal:[0,1] > @ (1), i=1,...,t;j=1,...,m; + a'm,

is an embedded segment between T’ and T

Finally, let D;; be small closed embedded disks with sufficiently small radius
and centers in T% such that R,=dN;n¢; Y(1)u|);imeUD;; is a deformation
retract in ¢; ‘(1)—int N,, moreover, the deformation retract may be chosen
compatible with the monodromy action.

3.54. Since u is locally trivial over ()=, N; and Q,—()i-,intN; is a
deformation retract in Q,, we obtain that the space u™}(Q,, — U§= (intN)isa
deformation retract in u~ }(Q,)=F.

Since (Q,, —(Ji=,int N)uU( J; R; is a deformation retract in Q,, and over the
difference space u is locally trivial, we obtain that u~(Q,) can be replaced by
u QL )uJiu (| imef U D) glued over u~*(( J; T;). Obviously the mono-
dromy preserves this decomposition, hence

b=t T Gt
where

{i = zeta function of the monodromy induced on ( J;u™'(D;)
¢y = zeta function of the monodromy induced on ( J;u™*(T%)

By Lemma 2.0.5

{i(4) = (zeta function induced by the S'-orbit K on u~(T%))A™*m)
- A?ing( llm:~+a"m,») /( 1— llm;-+a“m,»).
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{(A)=(zeta function induced by the S!-orbit on
u” (TOIA™F ™) = det(1 — ™+ ip(Ly+ a,M)) D71 — A+

Hence
= -T1[det(1 — Amtampa b, )]~ """ (using 2.0.2)

and by (2.0.5) we get formula of Theorem D.

Acknowledgements

I wish to thank A. Zaharia for many helpful conversations related to the present
paper. Special thanks are due to Professor D. Eisenbud, who provided me with a
copy of his joint book with W. Neumann [9], from which I learned some useful
techniques.

References

[1] A’Campo, N., Le groupe de monodromie du deploiement des singularités isolées de courbes
planes I, Math. Ann. (1975) 213, 1-32.
[2] A’Campo, N., La fonction zeta d’une monodromie. Commentarii Mathematici Helvetici (1975)
50, 233-248.
[3] Arnold, V.1, Gausein-Zade, S.M. and Varchenko, A.N., Singularities of differentiable maps,
Vols I and II, Birkhduser, 1988.
[4] Bourbaki, N., Eléments de mathematiques, Livre II, Algébre, Chap. 8.
[5] Bruce, J.W. and Roberts, R.M,, Critical points of functions on analytic varieties, Topology Vol.
27 No. 1, 57-90 (1988).
[6] Deligne, P., Le formalisme des cycles évanescents, SGA VII2, Exp. X111, Lecture Notes in Math.
340, 82115 (1973).
[7] Dimca, A., Function gems defined on isolated hypersurface singularities, Compositio Math. 53
(1984), 245-258.
[8] Dold, A. and Thom, R., Quasifaserungen und unendliche symmetrische producte, Ann. Math.
67 (1958).
[9] Eisenbud, D. and Neumann, W., Three-dimensional link theory and invariants of plane curve
singularities. Ann. of Math. Studies, Princeton Univ. Press, 110 (1985).
[10] Fox, R., Free differential calculus II, Math. Ann. 59(2), March (1954).
[11] Gusein-Zade, S.M., Intersection matrices for certain singularities of functions of two variables,
Funk. Anal. Pril. 8(1) (1974) 11-15.
[12] Gusein-Zade, S.M., Dynkin diagrams of singularities of functions of two variables. Funk. Anal.
Pril. 8(4) (1974) 23-30.
[13] Iomdin, LN., Local topological properties of complex algebraic sets, Sibirsk. Mat. Z. 15(4)
(1974), 784-805.
[14] Iomdin, LN., Complex surfaces with a one dimensional set of singularities, Sibirsk. Mat. Z,
15(5) (1974), 1061-1082.



The Milnor fiber and zeta function of the singularities of type f = P(h,g) 97

[15] Kato, M. and Matsumoto, Y., On the connectivity of the Milnor fibre of a holomorphic
function at a critical point, Proc. 1973 Tokyo Manifold Confer., 131-136.

[16] Lé Diing Trang, Calcul du nombre de cycles évanouissants d’'une hypersurface complexe, Ann.
Inst. Fourier (Grenoble) 23 (1973) 261-270.

[17] Lé Diing Trang, Le monodromie n’a pas de points fixes, J. Fac. Sci. Univ. Tokyo Sec. IA.
Math, 22 (1975), 409-427.

[18] Lé Diing Trang, Ensembles analytiques complexes avec lieu singulier de dimension un (d’apres
LN. IJomdin). Séminaire sur les singularités, Publ. Math. Univ. Paris VII, p. 87-95 (1980).

[19] Lé Diing Trang and Saito, K., The local n; of the complement of a hypersurface with normal
crossings in codimension 1 is abelian. Arkiv for Mathematik 22(1) (1984) 1-24.

[20] Looijenga, E.J.N., Isolated singular points on complete intersections, London Math. Soc. Lect.
Note Series 77, Cambridge University Press, 1984.

[21] Milnor, J., Singular points of complex hypersurfaces, Annals of Math. Studies of Math. Studies,
61, Princeton Univ. Press, 1968.

[22] Milnor, J. and Orlik, P., Isolated singularities defined by weighted homogeneous polynomials,
Topology, Vol. 9. pp. 385-393.

[23] Pellikaan, R., Hypersurface singularities and resolutions of Jacobi modules. Thesis Rijksuniv-
ersiteit Utrecht, 1985.

[24] Pellikaan, R., Finite determinacy of functions with non-isolated singularities, Proc. London
Math. Soc. (3), 57 (1988), 357-382.

[25] Sakamoto, K., Milnor fiberings and their characteristic maps, Proc. Intern. Conf. on Manifolds
and Related Topics in Topology, Tokyo, 1973, 145-150.

[26] Schrauwen, R.: Topological series of isolated plane curve singularities, Preprint Rijksuniver-
siteit Utrecht, 1988.

[27] Serre, Jean Pierre, Local fields, Graduate texts in math. 67 (1979).

[28] Siersma, D., Classification and deformation of singularities, Acad. Service, Vinkeveen, 1974.

[29] Siersma, D., Isolated line singularities, Proc. of Symp. in Pure Math., Vol. 40 (1983), Part 2, 485-
496.

[30] Siersma, D., Hypersurface with singular locus a plane curve and transversal type A ;. Preprint
406, Rijksuniversiteit Utrecht (1986).

[31] Siersma, D., Singularities with critical locus a 1-dimensional complete intersection and
transversal type A,, Topology and its applications 27 (1987), 51-73.

[32] Siersma, D., Quasihomogeneous singularities with transversal type A;, Preprint 452,
Rijksunversiteit Utrecht (1987).

[33] Siersma, D., The monodromy of a series of hypersurface singularities, Preprint University
Utrecht (1988).

[34] Spanier, E.H., Algebraic Topology, McGraw-Hill, New York, 1966.

[35] Suzuki, M., Group theory 1, Grundlehren der mathematischen Wissenschaften 247.

[36] Teissier, B., Cycles evanescents, sections planes et conditions de Whitney, Astérisque 7 et 8,
1973, 285-362. ;

[37] de Jong, T., Non-isolated hypersurface singularities, Thesis, Nijmegen, 1988.

[38] Varchenko, A.N., Zeta function of monodromy and Newton’s diagram. Invent. Math. (1976),
37, 253-262.

[39] Zaharia, A., Sur une classe de singularités non-isolées. To appear in Rev. Roum. Math. Pure
Appl.

[40] Zariski, O., On the problem of existence of algebraic functions of two variables possessing a
given branch curve. Amer. J. Math. 51 (1929).

[41] Yung-Chen Lu, Singularity theory and an introduction to catastrophe theory, Universitext,
Springer Verlag (1976).



