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0. Introduction

Mathematical objects with many automorphisms have a rich structure that
makes them particularly interesting. As a nice example, we mention the case of
smooth projective algebraic surfaces with an algebraic C*-action. Their
structure has been described in [OrWa] by means of a weighted graph that
reflects the fixed point set and the exceptional orbits of the action. In [FiKp], we
have given a description of normal (not necessarily smooth) affine algebraic C*-
surfaces using a weighted graph that represents some ‘orbit space’, the fixed
point set, and the orbit data of the exceptional orbits.

In the present article, we study that class of surfaces from the viewpoint of
algebraic topology. Our interest is the impact of a C*-action on local and global
homological data: as an application of [FiKp] we calculate the homology and
cohomology groups, both with compact and with closed supports. In the
smooth case, most of the results have been obtained independently in [Ry]. A
completion of that algebraic picture can be found in [FiKp,], where the
intersection homology is computed.

Let W denote a (connected) normal affine algebraic surface over the complex
numbers and 7:C* x W — W an effective algebraic action of C*. Then W
includes either precisely one elliptic fixed point of the action 7 (i.e., an isolated
fixed point adherent to every nearby orbit), or there is a curve of parabolic fixed
points, or there is at most a finite number of hyperbolic fixed points (i.e., isolated
fixed points that are not adherent to every nearby orbit). We call these the
elliptic, the parabolic, and the hyperbolic cases, respectively. Thus actions
without fixed points are included in the hyperbolic case. We set

. W*/C* if W is elliptic,
F:= W, W*.=W\F, Y(r):= :
\ © {W//C* otherwise,
and we denote the canonical projection from W*, resp. W in the nonelliptic case,
onto Y(7) by =.
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Not all of the (co-)homology groups really depend on the particular surface W
under consideration; since affine algebraic varieties are Stein spaces, we only
have to compute the homology groups for compact supports in dimensions 1
and 2 and for closed supports in dimensions 2 and 3 (see the beginning of section
1; for general coefficients we reduce the computation in 1.3, 2.6, and 2.18 in an
explicit manner to integral coefficients). The central results about the non
vanishing integral homology and cohomology as well as the Poincaré duality
homomorphisms PAW, Z): H: (W, Z) — H?(W, Z) are described in the general
structure table below, using Betti numbers and two torsion groups. These data
then are made explicit in two additional tables.

j Hy i W,z)  PIW.Z) HYW,Z) ®
1 Zbg"’ ® Tczld —» 7b () T2 ¢
2 75" - zb c
2 sz @ T2 N Zbg"’ @ T%’d cld
3 " S 745" cld

(see 1.3 and 2.16). The Betti numbers b? of W (with b;:= b and the torsion
groups

T?:= Tors H¥W, Z) and T¢:= Tors HY4W, Z)

are determined by data of the action 7. In order to describe them we have to
distinguish the different types of C*-surfaces. If we set y:= b;(Y(z)), then the
Betti numbers are (see 3.1, 3.2, 3.7, and 3.9):

b, b, bye bgd
(el) 0 0 y y
(pa) y 0 0 y
(hy, F=0 y+1 y y y+1
(hy), F#0 Y y+I|F[—1 y+IFl—1 y

The torsion groups reflect the structure of the exceptional orbits. Let {y, ...,
y,} denote the set of critical values in Y(r) of the quotient mapping =.
Furthermore, let m; be the multiplicity of the singular (or exceptional) fiber
®;:=7n"'(y;). According to [FiKp], every isolated fixed point w in W has a
patching weight I,eN. ,; we denote by I the greatest common divisor of all
those patching weights /,,. For every prime number p we describe the p-Sylow
subgroup S,(T) of a torsion group T separately. To that end we order the p-adic
valuations y;:= v,(m;) for the purposes of this introduction in such a way that
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Uy < -+ < u, (for fixed p), and we set 4:= v,(l). Then there is a decomposition

r—2
S,(T§H =~ D Zw® R,
j=1

where the missing direct factor R, together with the group S,T? can be read off
from the following table:

s,T? R,
(el) 0 Z -y
(pa) 0 L1 @ Ly
r—1
(hy), F=0 @ z, Zpr-
j=1
(hy), F #£0 6‘) Zpu, Zppr-1 @ Zp*+wr
) P P

In the first two sections of this article we recall some general facts about the
homology of affine surfaces and list basic results about their geometry if they
admit a nontrivial C*-action [cf. FiKp]. Section 3 is devoted to a systematic
treatment of the homological results, including the computations in the
parabolic case, which is the easiest one. Before we perform in sections 5 and 6 the
explicit calculations for hyperbolic and elliptic actions, we discuss in section 4
the way back from algebraic topology to geometry:

For the investigation of the fixed points it is sufficient to calculate Betti
numbers — in fact, the Euler characteristic e is sufficient in most cases; hence, one
might restrict the attention to rational coefficients, which makes the com-
putations definitely easier. But for the structure of the exceptional orbits it is
precisely the torsion which reflects the geometry. For that reason we attach
particular importance to integral coefficients. The case of general coefficients
then is obtained by universal coefficient formulas.

For an affine C*-surface (W, t) the type of the C*-action 7 is not determined by
the underlying affine algebraic surface W: the product surfaces C* x C endowed
with the diagonal actions 7, (2.11) and the cyclic quotient surfaces of (C?, 1,,)
carry different types of actions. We shall see in 4.11 that these are the only
examples. In almost all other cases the type of 7 is even determined by the
homology H?(X, Z), ¢ = c, cld; for the few exceptions see 4.17 and 4.18. If one
adds some information about the action 7 like the Euler characteristic of the
associated curve Y(z), then that result can even be sharpened, see 4.21. We
discuss questions of that kind in form of the flow chart given in 4.20.

From the homology tables of C*-surfaces one reads off some consequences. In
particular, the number fix(W, t):= |no(W®")| (also denoted by fix(z) or fix(W) if
there is no risk of confusion) is a homotopy invariant, unless W is isomorphic te
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C* x C, see 4.7. An analogous result does not hold for the number of exceptional
orbits, as there the torsion group T$4(W) is involved. Since a direct factor
2,,=7,®Z, (for prime numbers p and g) might as well come from one
exceptional orbit of order pq as from two exceptional orbits of orders p resp. g,
one has to introduce the notion of a p-exceptional orbit. For C*-surfaces W with
fixed points, the number of closed p-exceptional orbits is determined by the
homotopy type of W.

We wish to thank Gottfried Barthel for many valuable comments on the
subject.

1. Generalities on the homology of affine surfaces

In this section we reduce the computation of the homology of a normal affine
algebraic surface W to that of two global Betti numbers, a local Betti number,
and two torsion modules.

For a principal ideal domain R of characteristic g(R) = 0 and an R-module M,
we consider the homology H?(W, M) and the cohomology HJ (W, M) for the
families ¢ = ¢ of compact supports resp. ¢ = cld of closed supports. As usual,
we set H;(W,M):= H{(W,M) and H’/(W,M):= H},,(W, M). Moreover, we
denote by w3 ;M the j-th singular local homology sheaf of W with coefficients
in M and by 5 ;(W, M) its global section space. By [AnNa, Th. 1] and Universal
Coefficient Formulas, some of the (co-)homology modules are independent of
the particular surface W and others are free:

H(W, M) = H} (W, M) = H/(W, M) = H3Z (W, M)
=#,_j(W,M)=0 forj=3,4
HZ (W, M) = HYW, M) = Ho(W, M) = HXW, M) = #,(W, M) = M;
Hy(W, R), HX(W, R), H'(W, R), H{Y(W, R),
and (W, R) are free R-modules.
As usual, M * N denotes the module Tor®(M, N). We consider the free part of the
homology modules and their torsion part separately, using the notation
T¢(R):= Tors HAW, R), T’ (R):= Tors Hi(W, R);
b?(R):=rank H?(W, R), b} (R):= rank Hj(W, R),
B(R):= rank £, (W, R).

As normal surfaces have at most isolated singularities, all global and local
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(co-)homology modules are related by the long exact Poincaré duality sequence
[Kp, Satz 1.1]

e (W) = H (W, R) =L HY(W, R) > H5(W) — Hy /(W R)—+-.
(1.1)

Moreover, local Poincaré duality yields S(R) = rank #5(W, R). We shall omit
the ring R if there is no ambiguity; again, we set b;:= b5, b’:= bjy, etc.

We intend to express all global homological data in terms of the usual
singular cohomology with closed supports. The most complicated case is that of
T¢(R), which, in a first step, can be replaced as follows: if T is a finite set in W
that includes the singular locus S(W), then relative Poincaré duality yields an
isomorphism

HYW\Z, M) - H*(W, Z; M) = H (W, M). (1.2)
As a consequence, T%Y(R) equals the torsion submodule of H*(W\Z, R)

(independently of the set X).

1.3 THEOREM. Assume that the kernel of the second Poincaré homomorphism
P4(W, R) is a torsion module. Then we obtain the following table for the Poincaré
homomorphisms:

J H, ™ /(W, M) HY(W, M) @
1 MY THR®M - M'OT*@M c
2 MY T« M - MY@T**xM c
2 MO T?QM - MVPHEQTHEQRQM cld
3 M@ T+ M & MVTHP D T M cld

Proof. As an algebraic surface, W has finitely generated homology H (W, R).
Thus there are covariant Universal Coefficient Formulas

H$(W, M) = HY(W, R)® M & HS_ (W, R)* M, (14)
Hi(W, M) =~ Hi,(W, R) @ M @ H," (W, R)x M. (1.5)
Hence, it suffices to compute H? (W, R) and H, (W, R). For {¢, p} = {c,cld}, a
contravariant Universal Coefficient Formula yields T¢ = T4*!. In combination

with 1.2, that covers the torsion part. For the Betti numbers, we use the exact
Poincaré duality sequence 1.1. As we consider only ranks, we may replace R by
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its field of quotients Q(R); hence, we may assume that R is even a field and that
the homomorphism P,(W, R) is injective. Then 1.1 breaks up into two short
exact sequences with coefficients in the field R, namely,

0— H'(W)— H{Y(W) - #3(W) >0
and 0 - HXW) - HJ4(W) > #,(W) - 0.

Hence, b$¢ = b? + B and b$? = b* + . For the cohomological part we use an
analogous argument, since, obviously, b/ = b;. O
In the next section we shall sharpen 1.3 for C*-surfaces.

2. Generalities on C*-surfaces

For the convenience of the reader, we recall some basic definitions and facts
from [FiKp]. We let W denote an affine C*-surface, i.e., a (connected) normal
complex affine algebraic surface endowed with an effective algebraic C*-action
7. C* x W— W. Moreover, we denote by F the fixed point set of the action 7 and
by W* its complement. A fixed point xe F is called

(el) elliptic if it hé\%a neighborhood U such that every orbit that intersects U
has x as a limit)point;

(hy) hyperbolic if x is an isolated fixed point that is not elliptic;

(pa) parabolic if x is not an isolated fixed point.

2.1 DEFINITION. For a C*-surface W, we denote by el(W) resp. by hy(W) the
number of elliptic resp. of hyperbolic fixed points, and by pa(W) the number of
connected components of the set of parabolic fixed points of W.

While for an affine C*-surface W the numbers el(W) and pa(W) are at most
one, there is no restriction for hy(W):

2.2 EXAMPLE. For every natural number n > O there is an affine surface W
realizing hy(W) = n: If pe C[z] is a polynomial with precisely n different zeros,
then the algebraic variety W:= V(C3; p(z) — xy) with the action ¢+ (x, y, z) = (tx,
t~ly, z) satisfies hy(W) = n. If z is an m-fold zero of p and w = (0, 0, z) € W, then
the local homology group w#, ,,Z is isomorphic to the cyclic group Z,,.

Obviously, singular points are always fixed points. In contrast to the compact
case, the fixed points in an affine C*-surface are always of the same type, and
there are even actions without fixed points:

2.3 REMARK. Every C*-action 7 on an affine C*-surface W belongs to exactly
one of the following three classes:

(el) 7 has precisely one elliptic and no other fixed point.
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(pa) Every fixed point of t is parabolic; in particular, pa(W) = 1.
(hy) 7 is fixed point free or has finitely many hyperbolic fixed points.

We say that the action 7, or the pair (W, 1), or the affine C*-surface W is
elliptic, parabolic or hyperbolic. Note that a given surface W may admit actions
of different type:

2.4 EXAMPLE. Consider the affine quadric cone W = V(C3; xy — z?) with the
C*-actions t*(x, y, z):= (t°x, t*y, t°z) for a, b, ce Z witha + b = 2c.If ab > 0, then
0 is an elliptic fixed point; if ab < 0, then 0 is a hyperbolic fixed point; if ab = 0,
then the action is parabolic and F is isomorphic to a complex line.

An important tool for the investigation of affine C*-surfaces W is the
algebraic mapping n: W— W//C*, where W//C* is the algebraic quotient [Kr,
I1.3.1], a smooth connected affine algebraic variety of dimension at most one,
which parametrizes the closed orbits. The parabolic type is characterized by the
condition dim W//C* = 1 = dim F, the hyperbolic type by dim W//C* = 1 and
dim F = 0. In the elliptic case, we have dim W/C* =0, so we replace the
algebraic quotient by a more interesting object: for W* instead of W the
quotient W*//C* exists as well, it is a compact curve, which coincides with the
‘geometric’ quotient W*/C*. For an action 7 on an affine C*-surface W, we set

W*)C* if < is elliptic,

W/C* otherwise, 2.5)

Y:=Y(r):= {

and we let m: W* > Y resp. m: W — Y denote the natural mapping. Then =n
realizes the C*-surface W* resp. W as a semistable C*-surface over Y, see 6.1.
For an elliptic action (or a hyperbolic action without fixed points) on W, the
mapping © may be interpreted as a Seifert C*-bundle in the sense of [Ho]. Note
that r is affine and that every open affine subset U of Y satisfies U =~ =~ (U)//C*.
In order to investigate the properties of the fibers @, := 7~ '(y), it thus suffices to
consider hyperbolic and parabolic affine C*-surfaces. After possibly composing
the given action with the automorphism ¢+t~ ! of C*, we obtain the following
types of fibers:

(e) @, =0, (pa) ®, = {x}u0,,
(hy)®,=0 or ®,=0_u{x}u0,,

where O, O, and O _ are orbits of positive dimension, and {x} is the source of
the orbit O, (i.e., lim, o tw = x for every we 0.), and the sink of the orbit O _
(i.e., lim,, , tw = x for every we O_). We always shall assume that every fixed
point of the action 7 is the source of a nontrivial orbit.
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2.6 REMARK. In the elliptic and the parabolic case, the morphism 7 extends to
a morphism 7:C x W — W. The restriction of 7 to [0, 1] x W shows that F is a
deformation retract of W, and the induced mapping W— F, x— 7(0, x), identifies
F with the algebraic quotient W/C*.

An orbit O = C*w of 1 of positive dimension is of the form C*/C,, =~ C*,
where C,,:= {neC;n™ =1} = C* is the isotropy group of the point w. If its
order mis one, then C*w is called a principal orbit, otherwise an exceptional orbit,
of (exceptional) order m > 1. The exceptional orbits in an algebraic C*-surface
are always finite in number. We want to parametrize the singular fibers of the
mapping 7. The set

A:= {yeY; @, is an exceptional orbit or its closure} =:{y, ..., ys}
2.7

is the set of critical values of 7 in the nonhyperbolic case. In the hyperbolic case,
the fibers containing fixed points w; are singular as well. Then set y; = n(w;) for
s+1<j<s+hso

B:=AUn(F)=:{y1, .5 Vs Vs+1> > Vs+h} (2.8)

is the set of critical values of n. For j=1, ..., s+ h we call ®;:=®, an
exceptional fiber and y; an exceptional point; their order or multiplicity m; is the
greatest common divisor of the orders of the one or two non-trivial orbits
included in @, . Note that m; = 1 may occur forj > s + 1. For every point y;e B
we have

m; = |ker(C* —» Aut(®, ). 2.9)

For the investigation of the torsion groups T in the homology, the p-Sylow
subgroups S,(T) have to be calculated for every prime number p separately. To
that end we shall consider the p-adic valuation

W= pj(p):=v,(m) forj=1,...,s+h. (2.10)

We usually arrange the index set, depending on p, in such a way that
Uy < -+ < g, In the introduction we preferred the order y; < --- < yg44, Which
means that we had to mix up the elements of 4 and =(F).

We need some details about the local structure in the complex topology near a
nontrivial orbit O of order m > 1 in an affine C*-surface W. According to the
analytic version of Luna’s Slice Theorem ([Lu], cf. [BBSo, (0.2.1)] or [FiKp,
2.6]), the orbit O admits an open invariant neighborhood U isomorphic to a
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complex C*-manifold C* x._D (with the action induced from the first factor).
Here neC,, acts on the open unit disc D in C as w— n"w for some integer n
relatively prime to m. If we denote with 7, , the standard C*-action

T C* X C* > C%, 1+ (2, w):= (t"z, t"w) for (m, n) = 1, (2.11)
on C? and on open invariant subspaces of C2, then we have
C* x¢, D = {(z, w) =€ C*x C; |z7"W"| < 1} = (C?, 1,,0)- (2.12)

The orbit O corresponds to ®,, and the mapping m: U — U/C* writes as
(z, w)> z7"w™ Note that, in 2.12, we adopt the convention — to be kept up in the
sequel —to write the fiber as the first factor and the basis as the second. If we
disregard the C*-action, we can construct a homeomorphism

C*xD->U, (z, w)—(z, w|z"™). (2.13)

Hence, @, is a retract by deformation of U. The inclusion into U of an ord-
inary orbit ® = ®, = {(z,w)eU; z "w" =y} with y #0 yields a natural
homomorphism

HY(®,, 2) ~ HY(U, 2) 2 Z —> Z = H'®,, 2), (2.14)

since the “horizontal” projection ®, — @, (z, w)— (z, 0) is an m-fold covering.
Furthermore, we recall from [FiKp] the local structure of W near a
nonelliptic fixed point w:

2.15 REMARK. (pa) A parabolic fixed point w is singular iff it is adherent to an
exceptional orbit O. Then there is an open invariant neighborhood U of O
isomorphic to (C x D, 7, 4)/C,, —,, Where (m, i) are the orbit data of O, i.e., m is
the exceptional order and n describes the normal representation of the isotropy
group C,, of O. In particular, U is contractible, and w is a cyclic quotient
singularity with s, ,, = Z,,. For the details we refer to [FiKp, 3.2, 6.1, and 6.2].

(hy) In the hyperbolic case, w is the source of an orbit O, and the sink of an
orbit O_. If (m,,_, i, ,_) are the respective ‘orbit data’, then there is an open
invariant neighborhood U of the exceptional fiber ®@,,,=0_uU{w}u 0,
isomorphic to

Umy, ny,m_,n_;1)=U,_ ; v{wtuU,, ;,,

where the two open pieces U,,; of type 2.12 are glued together in a way that is
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controlled by the ‘patching weight’ le N ., , of the fixed point w. The open set U is
contractible, and w is a cyclic quotient singularity with local homology
Hy o = 2y, Where m = ged(m, ,m_) is the order of the fiber ®,,,. For details,
we refer to [FiKp, 4.6, 6.2]. O

For an affine C*-surface we can characterize the assumption of 1.3 and even
describe precisely what happens in case of its failure. Again let g = g(R) denote
the characteristic:

2.16 REMARK. For an affine C*-surface W the Poincaré homomorphism
P$4(W, R) is injective iff one of the following conditions holds:

(a) The characteristic q is zero;
(b) every hyperbolic fixed point w; in W with #, , 7, # 0 satisfies u;(q) # 0;
(c) hy(W)=1and pj(g =0forj=1,...,s +h.

Proof. If W is not hyperbolic, then F =~ W//C* is a retract by deformation of
W, by 2.6, so H%W, R) = 0. Hence, we may assume that W is hyperbolic. Then W
has only cyclic quotient singularities [FiKp, 6.1] and hence is a rational
homology manifold [KiBaKp, 5.E.1], so we have #;(W,Z) =0 and in part-
icular #5(W, R) =~ #,(W, Z)* R. Hence, if #,(W,Z) has no g-torsion, then
A, (W, R) vanishes, so P$4(W, R) is injective, by 1.1. For g # 0 we may assume
that R = Z,.

Then the exact sequence

HA(W,2,) > H(W,Z) > #,(W, Z,) ~ 0

reads as

HW, 2)® Z,» BY(W, 2) ® Z,~ #,(W,Z) ® Z, 0

since H3(W,Z) = H{4W, Z) = #,(W, Z) = 0. Counting dimensions and using
the results of 3.9, we obtain that Ker P$4(W, Z,) is a vector space of dimension

Ka) = hy(W)—1if Mg) >0and pj(q)=0,1<j<s+h
~ l{w;€eF; Hyo, Ly # 0, (q) = 0}| otherwise O

2.17 COROLLARY. If the action on W is hyperbolic and q(R) # 0, then
b3*(R) = b*(R) + B(R) — k(g) and b5 R) = b'(R) + B(R) — k(g). O

We finally reduce the computation to the case R = Z:

2.18 REMARKS. (a) If g(R) = 0, then

bI(R) = bi(2), B(R) = B(Z), T*(R) = THZ) ® R, TS(R) = T3(Z) @ R;
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(b) If g(R) # 0 and M is an R-module with corank cork(M), then

b'(R) = b'(Z) + cork S,(TX(Z)),  b*R) = b*(2),
B(R) = B(Z) + cork S (#5(W, Z)),
TAR)= T$(R)=0,  HYW, M) = H}(W, R) @ M,
Hi(W, M) = H}(W, R) @z M.

(c) The module T3(R) is in a natural way a submodule of T%(R).

Proof. The inclusion T? = T%“ in c) is obvious in the situation of b), and it
follows from the injectivity of P$4(W, R) otherwise. For the last line in b), we
consider M as a vector space over the prime field Z, = R. Since there is no
torsion in vector spaces, the covariant Universal Coefficient Formula yields that
Hi(W, M) =~ H)W,Z)® z,M, which, by a change of rings, is isomorphic to
Hi(W,R)®x M. As a consequence of 1.5, we have T%(R) = 0 for q # 0. The
other statements follow in a similar manner. O

Hence, we are left with the following

PROBLEM. For integral coefficients, compute b', b2, B, T2, and T¢".

3. Statement of the global results

In this section we describe the missing invariants for the integral (co-)homology
of an affine C*-surface W. In the elliptic and the parabolic case, that can be done
in terms of the homology of the algebraic curve Y introduced in 2.5, and of the
local homology, which is known in many cases (e.g., [Ha], [KiBaKp], [OrWa],
[Ra],...). For hyperbolic C*-surfaces, that is not sufficient; one has to know the
structure of the exceptional orbits, too. Hence, we discuss in general the relation
between that structure and the local homology.

3.1 PROPOSITION. If the action t is elliptic, then

b' =b>=0, T*> =0, and T5* = Tors #,(W).
Proof. By 2.6, we know that W is contractible. Hence, the reduced coho-
mology H/(W) vanishes. Moreover, 1.1 yields T$4(W) = Tors 5, (W). O

In the nonelliptic case, the affine algebraic curve Y = Y(r) has a (unique)
smooth compactification Y; it is obtained from Y by adding a finite num-
ber, (Y), of points. Let g(Y):= g(Y) denote the ‘genus’. Then the integral
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(co-)homology of Y is free of rank

bi(Y)=9y:=9Y):=29(Y)+ Y)— 1, and b,(Y)=0.
In the parabolic case, the curve Y may be identified with the fixed point set F (cf.
2.6).

3.2 PROPOSITION. If the action 7 is parabolic, then
b=y, b*=p=0, T*=0, and T = #,(W).

Proof. As singular parabolic (or hyperbolic) fixed points are always cyclic
quotient singularities ([KiBaKp, 5.E.1] or [FiKp, 6.1]), the surface W is a
rational homology manifold. In particular, the global section space (W, Z) of
the second local homology is a torsion group, and #;(W,Z) vanishes.
Moreover, by 2.6, the curve Y =~ F may be considered as a retract by
deformation of the variety W. Thus we have

Z’, forj=1,

HI(W) = Hi(Y) = {0 for j > 2

For the computation of T2 we apply the exact Poincaré duality sequence 1.1
0= HW) - HY(W) - #,(W) - H¥W) = 0. O

We now intend to express f and T5 essentially in terms of the curve Y and
the exceptional orders m;. First let us assume that 7 is elliptic. The surface
W*/C,, (that is the quotient with respect to the induced action of C,, for
m:= lem(m,, ..., my)) is a principal C*-bundle over the compact curve Y(z). As
in [FiKp, 5.1], we introduce a ‘patching weight’ (the name has been chosen in
analogy to the hyperbolic case) [, by

lo:=1o(W):= —c,(W*/C,)[Y)).

For a fixed prime number p we set 1:= A(p):= v,(lo).

3.3 THEOREM. If the action 7 is elliptic, then we have

HY'W) = 4,(W) = HY(Y)® @D S,#,(W),

p prime

so B =b,(Y)=2g(Y). For fixed p and pu, < --- < y, (cf. 2.10), the p-torsion
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subgroup S,(T%%) = S, H#,(W) is
s—2
Spe%(W) ; Zp“'u,_l ("B @1 me.
j=

Proof. The variety W/C,, is obtained from the line bundle associated to
W*/C,, by blowing down the zero-section. According to the theorem of Grauert-
Mumford [Lau, 4.9], the Chern class of the bundle and thus the Chern number
c;(W*/C,)LY] is negative. Hence, according to 1.2, we may apply 6.2 with
S = W* and { =1 (see also 6.5). O

Let us digress to an immediate application: Let W be a compactification (in
the class of normal algebraic C*-surfaces) of an elliptic C*-surface (W, 1). After
finitely many quadratic transformations and normalizations, we may assume
that W\W includes a parabolic fixed curve. Among those ‘parabolic’ com-
pactifications, there exists a unique minimal element. It satisfies W\W = Y(z).
An arbitrary parabolic compactification then is obtained by successively
blowing up fixed points (outside of W) of the minimal one.

3.4 COROLLARY. Let (W, 1) be an elliptic C*-surface.

(a) If B =0, then the minimal parabolic compactification is obtained from W by
adding a projective line P,.

(b) If H#,(W) is torsion-free, then lo(W) = 1 and the exceptional orders m; are
pairwise coprime.

Proof. In case (a), we have H}(Y) =0 by 3.3, so Y =~ P,. In case (b), the
number A(p) vanishes for every prime number p, so ¢,(W*/C,) = —1 since ¢, is
negative. O

For hypersurfaces in C* with an elliptic C*-action the results of [KiBaKp, p.
285/6] provide explicit numerical conditions for the vanishing of f and
Tors #,(W). Every such hypersurface is defined by a weighted homogeneous
polynomial with positive weights. In order to give a flavor of that theory, we
interpret it in one particular case:

3.5 EXAMPLE. Let W denote a normal weighted homogeneous surface in C3
that, up to multiplication of the monomials with nonzero complex numbers, is
defined by a polynomial of the form

21" + 29 + 2,25 + monomials of different multi-degree,
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for natural numbers a; with a, > 2. Set u:= ged(a, — 1, a3) and d:= a;/u. Then

_ . ng(ala ala3) = ng(ala aZ) if u= 17
W) = 0 ift {gcd(al, day) = 1 ifu>1,
Tors ot o = 0 iff ged(a,, a,) = 1 and a, divides d. O

Now we come to the parabolic case, where the computation of T%? follows
from 2.15:

3.6 THEOREM. If the action 1 is parabolic with exceptional orbits of orders m,,
..., Mg, then

T = H# W)= D Z,, O
j=1

Eventually we study the hyperbolic case. For a systematic treatment it is
convenient to use the following notation:

5e 0, F#0,
|1, F=0.

Let us begin with an action without fixed points (i.e., d = 1)

3.7 THEOREM. If the action t has no fixed point, then

b'=y+1, b =y, =0, and T*=T%> P S, Ty

pprime

with the p-Sylow group S,T%* = @31 Z . for fixed p and the order u; < --- <
(cf. 2.10).

Proof. Since W has no fixed points at all, it is necessarily a manifold. In
particular, T$¢ is isomorphic to T2, which will be calculated together with the
Betti numbers in 5.4 and 5.15 as the particular situation £ = 0 and 6 = 1 of the
general hyperbolic case. O

In the absence of fixed points, the homology of W does not reveal the
complete structure of exceptional orbits:

3.8 COROLLARY. Let W be without fixed points. Then S,T? has a direct factor
Z,, iff the following condition holds: there exist two different orbits of the action t
such that the isotropy group of one orbit has Z, as its p-Sylow group and the
isotropy group of the other orbit includes Z,. O

The situation is different in the presence of fixed points: For w; € F, the order a;
of i, ,, is of the form a; = I;m;, see 2.15(hy). For a fixed prime number p, we
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introduce the notation

A= ﬂ,(p) = Up(ng(ls+ 100 ls+h))7 and M= max W;

1<i<s+h

with a suitably chosen index k = k(p). Then we obtain
3.9 THEOREM. If the action t has at least one hyperbolic fixed point, then

b=y, b =y+h—-1 p=0,
s s+h
T’ 7,, and T{= @ S,T3 withS,T¥ =Zpn® @ Zp.
i=1 p prime k#i=1

Proof. Since hyperbolic fixed points are regular points or cyclic quotient
singularities [KiBaKp, 5.E.1], the number B vanishes. For the rest of the proof
we refer to 5.4, 5.15, and 5.21. O

In [Ry] some of the homology groups above have been calculated independ-
ently by a different method: a detailed analysis of smooth affine C*-surfaces as
invariant Zariski open parts of nonsingular projective C*-surfaces leads to the
description of HY(W, R) in the smooth case; if the surfaces are without fixed point,
then there is the additional hypothesis that R = Q.

4. From the cohomology to the type and the exceptional orbits

So far we have described the cohomology of an affine C*-surface (W, 1) in terms
of the action 1. Our next step is to use the cohomology in the study of the
following problem: Which types of actions does an affine surface W admit at all,
and how far does the cohomology of W determine the number and the structure
of the fixed points and of the exceptional orbits? To begin with, we collect the
information on the type that can be read off immediately from the (global and
local) Betti numbers and from the torsion group T? (cf. 3.2, 3.3, 3.7, and 3.9):

4.1 REMARK. Let (W, 1) be an affine C*-surface.

(el) If B> 0, then the action 7 is elliptic.
(pa) If b; > b, + 1 (or equivalently, (W) < 0), then the action 7 is parabolic.
(hy) If b, > 0 or T? # 0, then the action t is hyperbolic. O

We shall obtain more information about the remaining cases later. We now
discuss some results on the number fix(W) of fixed point components. In that
discussion, the topological Euler characteristic

e(W) =1—b,(W) + by(W)
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is particularly useful, as Hanspeter Kraft pointed out to us. We use the following
formula:

4.2 PROPOSITION. The values of the Euler characteristic of a (not necessarily
affine) algebraic C*-surface X and of its fixed point set F = X C* coincide:

e(X) = e(F).

Proof. For a normal affine C*-surface, that follows immediately from the
results stated in the introduction. In the general case, we may use Mayer-
Vietoris arguments, but it is more enlightening and natural to apply the
‘additivity’ and ‘multiplicativity’ properties of the Euler characteristic: The
additivity yields e(X) = e(X* U F) = e(X*) + e(F) (with X*:= X\F). For any
C*-surface W without fixed points, there is a decomposition W= V u | ) O; into
a trivial C*-bundle V= C* x U and finitely many nontrivial orbits O;. That
yields

(W) =e(C*xU) + Y. e0)) =0,

as e(C* x U) = e(C*)-e(U) = 0, thus proving our claim. O

We explicitly note an immediate consequence of 2.6:
4.3 COROLLARY. For a parabolic affine C*-surface (W, t), we have
e(W)y=e(Y(r)) =1 —1. O

In the next statements we carefully distinguish between properties of the
action 7 and those of the underlying variety W. Our first result on fix(z) is an
immediate consequence of the identity in 4.2 and of our previous results stated in
section 3:

4.4 PROPOSITION. For an affine C*-surface (W, 1), the following holds:

(a) If e(W) <0, then t is parabolic, so we have fix(t) = pa(W) = 1.

(b) If e(W) = 0, then either the action is fixed point free, or it is parabolic with
Y(r) = C*.

(c) If e(W) =1, then either 1 is elliptic, or hyperbolic with one fixed point, or
parabolic with Y(t) = C.

(d) If e(W) > 1, then t is hyperbolic, so we have fix(t) = hy(W) = e(W).
In particular, the number fix(z) is determined by the homotopy type of the
surface W in the following cases:

(e) If fix(z) # O, in particular if e(W) # 0, then fix(r) = max{1, e(W)}.

(f) If the action is not parabolic, then fix(r) = e(W). O
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4.5 REMARK. The quadratic cone (2.4) is an example of an affine surface with
e = 1 on which all three types of actions can occur. Of course, that holds more
generally for any cyclic quotient surface W = (C?, 1, ,)/C; ,. On the affine surface
C* x C, with e = 0, both cases of (b) may occur: the action 7, o on C* x C has no
fixed point, while the action 7, ; is parabolic with F = C* x 0.

Nevertheless, there is the following result:

4.6 PROPOSITION. The number fix(t) is determined by H?(W, Z), ¢ = ¢ and
cld in the class of all affine C*-surfaces (W, t) which are not isomorphic to (C* x C,
To,1)- Moreover, in the class of affine C*-surfaces with fixed points, the number
fix(7) is determined by the homotopy type of W.

Proof. Again by 4.4(e), we may restrict ourselves to the case of vanishing Euler
characteristic. Let us assume that (¥, o) and (W, 1) are two C*-surfaces with
isomorphic homology, but with fix(¢) # fix(r). By 4.4(b), we may assume that o is
parabolic and that 7 has no fixed point. The flow chart 4.20 implies that
b, =0= T? = T$% and b, = 1. Then 4.16 yields that (V, ¢) = (C* xC, 1, ,), i.e.
fix(o) = 1. Since the last case has been excluded by assumption, the number of
fixed points is uniquely determined by the homology of the surface. O

4.7 PROPOSITION. The number fix(z) is a homotopy invariant in the class of all
affine C*-surfaces (W, t) where the underlying variety W is not isomorphic to
C*x C.

Proof. We may follow the argument of 4.6 with the exception of the claim that
T$4W) vanishes. Nevertheless, y(¢) = 1, by 3.2, so F(o) = Y(o) = C*, and
(W)= n,(V) = n,(Y(0)) is a free cyclic group. By 4.12, the surface W is
isomorphic to C* x C, which is excluded by hypothesis. O

We now discuss how to detect exceptional orbits (or fibers) from the
homological data. If it were only for the investigation of fixed points, then we
could have restricted the coefficients to the easier case of rational numbers. For
the exceptional orbits, however, the torsion, and thus integer coefficients, are
indispensable. Since, for coprime numbers p and g, a factor Z,, = 7, ® Z, might
correspond to one as well as to two exceptional orbits, we introduce the
following notion:

4.8 DEFINITION. Let p be a prime number. An exceptional orbit O; or an
exceptional fiber @; in a C*-surface is called p-exceptional if u;:= v,(m;) > 0.

For fixed p, we denote with s(p) the number of those exceptional irreducible
fibers @, ..., @, that are p-exceptional. Moreover, we let h(p) denote the number
of reducible fibers @, _,...,®,  thatare p-exceptional. For the p-corank of the
torsion group T9 (i.e., the minimal number of generators of S,T5%), we use the
abbreviation

cr(p):= min{neN; 37" - S,T$%}.
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The enumeration of the (p-)exceptional orbits and fibers and the determination
of their (p-) order is a simple but somewhat technical consequence of the results
stated in section 3:

4.9 PROPOSITION. The number and the (p-)orders of p-exceptional fibers in a
C*-surface W can be estimated as follows:

(el) s(p) < cr(p) + 1; equality holds unless cr(p) = 0, or cr(p) = 1 and A(p) # 0.
For j < s(p) — 2 the numbers p;(p) are determined by S,T5°; if moreover A(p)
is known, then also u,_(p) is determined.

(pa) s(p) = cr(p), and the numbers p;(p) are determined by S, T%%.

(hy) s(p) = cr(p) — h(p) + 8, unless cr(p) < 1, whence s(p) + h(p) < 1.

The numbers py(p), ..., ps—s(p) are determined by S,T?, while pu,.,(p), ...,
lis+n(p) are determined by S,T4* possibly with the exception of a largest

among them. O

There is even a precise condition in terms of s(p) for the failure of the above
equalities: for an elliptic action that happens precisely in one of the following
cases:

s(p) = 0 and A(p) = 0, (then cr(p) = 0);
s(p) = 0 and A(p) > 0, (then cr(p) = 1);
s(p) = 1 and A(p) > 0, (then cr(p) = 1);

for a hyperbolic action that happens iff s(p) =0, 6 = 1 (then cr(p) = 0), or if
s(p) = h(p) = 6 = 0 < A(p) (then cr(p) = 1).

Using [FiKp, 1.16] it is not difficult to provide examples for the different cases
of the above proposition. The number s(p) is certainly not a homotopy invariant
for an elliptic action, since, then the underlying surface is homotopically trivial,
independent of the number of p-exceptional orbits. In the class of C*-surfaces
with hyperbolic fixed points, the number s(p) is a homotopy invariant, by 3.9. In
general, for a given type of the action, the number s(p) is determined by e(W) and
HY4W, Z), with the exceptions indicated in 4.9. More details can be derived with
the aid of 4.20.

We now want to discuss the structure of those affine C*-surfaces that are not
covered in 4.1 or 4.6. In particular, we shall study the surfaces which admit
different types of C*-actions. First let us recall the following results from sections
3 and 4 in [FiKp], where we denote with C, for r > 1 the cyclic group of

matrices
¢ 0 ol
C {( 0 Cs)eGL(Z, C) ("= 1}.

IR

r,s
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4.10 REMARK. The structure of parabolic or hyperbolic C*-surfaces with
algebraic quotient Y(r) = C is uniquely determined by their exceptional fibers:

(pa) For at most one exceptional orbit, there is only the standard parabolic
C*-surface Vj,; = (C?,74,0)/Cm,-n of [FiKp, 3.1], its orbit data are (m, #1), and the
local homology in the corresponding singularity 0 is #,5 = Z,,. The general
case of s exceptional orbits V, = Vs(m,, fy; ...; m,, fi), where A < C para-
metrizes the exceptional orbits O; with data (m;, 1), is obtained by a gluing
procedure as described in [FiKp, 3.5].

(hy) The surfaces with a fixed point free action are obtained as follows: For
s>0, a subset A = {yy,..., s} < Y, natural numbers my, ..., m,eN, , units
;e 2%, m:=lem(my, ..., m) for s > 1 and m:=1 otherwise, let Z - C be a
connected m-sheeted cyclic Galois covering with ramification points of order m;
over y;. Then C, = C* acts as group of deck transformations on Z, and
C* x(, Z (with the C*-action induced from the first factor) is a C*-surface
without fixed points and with s closed exceptional orbits O; of order m;. For a
suitable choice of Z even the prescribed orbit data (m;, n;) can be realized (cf.
[FiKp, 2.9]). The hyperbolic surface with one fixed point W = W(m,,n,, m_,
fi_; 1) of [FiKp, 4.2] has two distinguished orbits O, with orbit data
(m,,n,) and (m_,7_), the local homology in the only possible singularity 0is
Hyg =12, (with r:=1I- ged(m,,m_)), and (Wr) is a cyclic quotient
(C2,7,4)/C.4 (cf. [FiKp, 6.1]). The general case, where A4  C parametrizes the
closed exceptional orbits and B\ A4 the fixed points, is again obtained by a gluing
procedure, as described in [FiKp, 4.8].

4.11 PROPOSITION. The only affine surfaces C*-surfaces (W, t) where the type
of 7 is not determined by the affine surface W are the following:

e(W) =0: the product surfaces (C* xC, 1,,);
e(W) # 0: the cyclic quotient surfaces (C?, t,,)/Cy.,-

Proof. Let us first assume that the affine surface W admits an elliptic action z
and an additional nonelliptic action ¢. Then we have b; = 0 = b,, and W has at
most one singular point; moreover, Y(o) is a complex line. Hence, 4.10 applies: If
o is parabolic, then there is at most one exceptional g-orbit, so (W, o) is
isomorphic to some (C?, 74 ;)/C,,, -, If o is hyperbolic, then there exists exactly
one hyperbolic fixed point (by 4.4, as (W) = 1) and no closed exceptional
g-orbit, as T? =0. Hence, (W,0) is of the form W(m,,n,, m_, n_; l)
~(C?, 1,,)/C,, for suitable invariants a, b, k, and r.

If W is smooth, then (W,1) is of the form (C? t,,) for some ab > 0, by
[FiKp, 6.1]; otherwise F(t) = F(c) = Sing(W). In each case m,(W*)=C,, is
cyclic, and we may apply 4.12 to (W, 7).
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Now let us assume that W admits both a parabolic action t and a hyperbolic
action ¢. Then b, vanishes by 3.2, and that implies y(¢) = 0 (i.e., Y(o) = C) by 3.7
and 3.9, and h(o) = ¢(W) < 1. If the hyperbolic action ¢ has a fixed point (i.e.,
h(c) = 1), then W has at most one singular point, no closed exceptional g-orbit,
and b, (W) = 0. Hence, for the parabolic action 7, we get Y(7) = C, and as there is
at most one exceptional t-fiber, we again obtain (W, 1) = V,,; = (C% 70,1)/Cp, - -
As above, we conclude from 4.10 that (W, o) is a cyclic quotient surface. If ¢ is
fixed point free (h = 0), then the surface W is smooth with b, = 1. Hence, for the
parabolic action 7, we have Y(tr) =~ C*. As there are no exceptional fibers, we see
that (W, 1) is analytically and even algebraically a globally trivial line bundle
over the open rational curve C* (cf. [FiKp, 3.2 and 1.13]). Hence, we obtain
(W, 1) = (C* x C, 14,4). Since n;(W) = Z and ¢ has no fixed point, Lemma 4.12
yields that (W, o) = (C* x C, 1,,). O

4.12 LEMMA. Let (W, 1) denote an affine C*-surface such that n(W*)is a cyclic
group. Then

(el) If t is elliptic, then (W, 1) is of the form (C?, t,,)/Cy.;
(hy) If t has no fixed point, then (W, 1) is of the form (C* x C, 1, ,).

Proof. (hy) According to [FiKp, 2.9] we fix a representation W =
C* x¢,, Z with a branched Galois covering Z — Y with Galois group C,,. By the
very definition of the C,-action, the covering C* x Z — C* x ., Z is unbranched.
As a consequence, the group 7,(C* x Z), as a subgroup of (W), is cyclic, which
implies that 7,(Z) = 0. Thus Z is the complex plane. Finite subgroups of the
automorphism group of C are rotation groups; hence, Y is the complex plane as
well and the covering mapping Z — Y has exactly one branching point, i.e.,
s = 1. According to 4.10, (W, t) then is isomorphic to some (C* x C, 1, ,) = V5.

(el) For an application of [FiKp, 6.1] it suffices to show that the number s of
exceptional orbits is at most 2 and that Y= Y(7) is rational. For an indirect
proof let us assume that s > 3 or that Y is not rational. By 4.13 there exists a
principal C*-bundle § — ¥ and a finite subgroup I' = Aut(S) of C*-equivariant
automorphisms that acts freely on S such that the C*-surfaces W* and S/I" are
analytically isomorphic Since subgroups and quotients of the cyclic group
n,(W*) are cyclic, 7,(S) < n,(W*), T = n,(W*)/n,(S) and also nl(Y) are cyclic.
In particular, the curve Y is rational and the branched covering ¥ — Y has at
most two ramification points. Thus Y itself is rational and s < 2, which is a
contradiction. O

4.13 PROPOSITION. Let n: S — Y be a semistable C*-surface with a C*-action
without fixed points over a connected smooth compact curve Y. Assume that one of
the following conditions is true

(a) Y is not rational,
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(b) the number s of exceptional orbits is at least 3;
(¢) s=2and m; = m,.

Then there exists a principal C*-bundle #:85—>Y and a finite group T' of C*-
equivariant automorphisms of S such that

(1) T acts freely on S;
(2) T induces an effective action on Y,
(3) there is an analytic isomorphism of C*-surfaces S =~ S/T’.

Proof. We may assume thats > 1. Let A = {y,, ..., y,} be the set of points in
Y such that the fibers 7~ !(y;) are singular. Under the conditions (a)—(c) there
exists a branched Galois covering p: ¥ — Y that is unramified over Yy:=Y\4
and such that every point in a fiber p~!(y;,) has ramification order m;, the
exceptional order of y;. The existence of p is obvious for Y =~ Py, s =2 and
m; = m,; in the remaining cases it follows from Fenchel’s conjecture (see [BuNi]
and [Fo]). Since the fibration p is analytically trivial above Y, ([FiKp, 2.8]), we
look for a description of S of the following type

S= ((C* xY)u U V,—>/~ (4.14)

ji=1,.., s

with appropriate neighborhoods V; of ™ '(y;). In an analogous manner we shall
construct

s”;((«:*xYo)g U) 17,.>/~ (4.15)

for ¥,:= p~!(Y,). The construction of the I7j’s is local in nature. Hence, we may
omit the index j in the notations. For y € 4 choose a sufficiently small disk D in Y
centered at y. Then we fix a point yep~'(y). Let I' denote the group of deck
transformations of p: ¥ - Y and G the isotropy group I';. According to Luna’s
slice theorem, for the connected component D of p~ (D) containing y there is a
natural free action of G on C* x D extending the given action of G c TonD c ¥
such that

V:=n"Y(D) = (C* x D)/G.

Since the fibration = is trivial over D*:= D\{y}, there is a section
o:D* > {(D¥)cV

such that, in formula 4.14, for ze D*

C*x Yy o C*x D*3 (4, y) ~ Aa(y)eV.
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For the construction of § we have to extend the G-variety C* x D to
V:=T x4(C*xD)

with the natural action of I on the first component. The morphism o ° p can be
lifted so that this diagram commutes:

p*—-  c*xD

Ip l
p* 25 v = (C* x D)/G,

where ¢ is G-equivariant and has as second component the identity. Now every
point (4, w)e C* x p~(D*) is of the form (4, y(2)) for yeI" and % e D*. Then

C* x Yo o C* x p~{(D*)3(4, w) = (4, y(2)) ~ (3, 26(Z) e V

prescribes how to glue V = 171 into C x Y, in formula 4.15. It is not hard to
check that S and I satisfy the required conditions. O

In [Pi] the case of an elliptic action on an affine surface W has been treated:
for S = W* the corresponding principal C*-bundle S - Y and the group I have
been constructed in such a way that W* is isomorphic to S/T as a complex
surface. The reason not to discuss the involved C*-actions may have been that,
for Y rational, s =2 with m; # m, or s =1 the induced action on S/T is
definitely not that of W*. In that situation we may apply the fact that W thenis a
cyclic quotient of some (C?, 7, ,), see [FiKp, 6.1].

For the flow chart in 4.20, we still have to discuss surfaces W which share
certain homological properties:

4.16 LEMMA. Up to an algebraic isomorphism, every affine C*-surface (W, 1)
with b, = 1, b, = 0, and T$* = 0 is of one of the following types:

(pa) C* x C with the parabolic action 1, (and Y(t) = C*), or
(hy) C* xc,, Z with the fixed point free C*-action induced from the first factor and
with pairwise coprime exceptional orders my, ..., mg (and Y(7) = C).

Proof. By 4.4(b), the action is either parabolic, or it is fixed point free (in which
case W is non-singular). In the parabolic case, there are at most cyclic quotient
singularities which can be detected by their local homology and thus, according
to 3.6, by T¢4. As that torsion group vanishes, W is a manifold in the parabolic
case, too. Hence, 3.6 yields that 7 has no exceptional orbits, so we are in the same
situation as in the proof of 4.11. In the hyperbolic case, b, = 0 already implies
Y(7) = C, so we can apply the results recalled above (4.10, case (hy)). O
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Next we discuss the different cases where b,(W) = b,(W) = 0.

4.17 LEMMA. Up to an algebraic isomorphism, every affine C*-surface (W, 1)
with b, = b, = 0 = b4, T? = 0, and T%? not cyclic (nonzero in particular), is of
one of the following types:

(el) The action t is elliptic with Y(t) = Py, and there exist at least three
exceptional orbits such that gcd(m;, m;, my) # 1.

(pa) W is a parabolic C*-surface V, (with Y(z) = C) with at least two exceptional
orbits such that ged(m;, m;) # 1.

Proof. We divide the proof into two parts (a) and (b), where (a) will be useful
also for the next lemmata:

(@) If b; = b, = b$? = 0 and T? = 0, then 4.10 and the results of section 3
yield:

(el) B =0, hence, H(Y(z)) = 0, i.e., Y(r) = Py;

(pa) y = 0, i.e,, Y(tr) = C, and thus (W, 7) is isomorphic to some V;

(hy) y =0, i.e., Y(z) = C, moreover h = 1, and there are no closed exceptional
orbits, so (W, t) is isomorphic to some surface W(m ., i, m_, n_; I). In
particular, T$4W) is then a cyclic group (by 3.9).

(b) The fact that T4 is not a cyclic group is equivalent to the existence of at
least one prime number p such that cr(p) > 2. Certainly, by (hy) above, (W, 1) is
not hyperbolic. The case (pa) of 4.9 implies that s(p) = cr(p) = 2; in particular,
|4| = 2, and p divides at least two exceptional orders. Finally let 7 be elliptic.
Again by 4.9, s(p) = cr(p) + 1 = 3; hence, there exist three exceptional orders
that are multiples of the number p. O

The two following results can essentially be proved along the same lines:

4.18 LEMMA. Up to an algebraic isomorphism, every affine C*-surface (W, 1)
with by =b, = 0= 0% T? =0, and T$* # 0 cyclic, is of one of the following
types:

(el) an elliptic C*-surface with Y(t) = P, where every three exceptional orbits
satisfy ged(m;, m;, m) = 1; moreover, l(W) > 1, or there are at least two
exceptional orbits satisfying gcd(m;, m;) > 1.

(pa) a parabolic C*-surface V, (hence Y(t) = C) with pairwise coprime exceptional
orders, where at least one order m; # 1.

(hy) a hyperbolic C*-surface W(m,, n,, m_, n_; l) (hence Y(1r) = C) which
satisfies the condition I-gcd(m,, m_) # 1.

The following remark extends [Ry, 2.10]. In terms of intersection homology it
admits a more natural interpretation [FiKp,].

4.19 PROPOSITION. Up to an algebraic isomorphism, every affine C*-surface
(W, 7) with b, = b, =0 = b$¢ and T$? = 0 is of the following type:
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(1) the action 7 is elliptic with at least three exceptional orbits, pairwise coprime
exceptional orders my, ..., mg, patching weight l,(W) = 1, and Y(t) =~ Py; the
surface W then is a homology manifold with =,(W*) nonabelian, or

(2) (W, 7) is isomorphic to (C?, t,,) for suitable a and b (and thus elliptic for
ab > 0, parabolic for ab = 0, and hyperbolic for ab < 0).

For the proof we add the following: If the action is elliptic and there are at
least three exceptional orbits, then the fundamental group 7,(W*) is not cyclic,
according to 4.12. Thus it is not abelian, since H,(W*) vanishes. For (2) one may
apply [FiKp 6.1]. g

We now bring together all the results obtained about the type of a C*-action ©
on an affine surface W, the verification of the flow chart below is easy with the
homology descriptions given in section 3:

420 THEOREM. Let e denote the Euler number of an affine C*-surface (W, 7).
Then, for e = 0, 1, the flow chart below applies;

e <0, the action 7 is parabolic.

e > 1, the action t is hyperbolic with precisely e fixed points.

fixed point free
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The surfaces C?/C,, carry C*-actions of every type. Hence, those actions
cannot be distinguished by homological data. But that is not the general
situation:

421 COROLLARY. In the class of affine C*-surfaces (W, t) that are not
isomorphic to a cyclic quotient of (C?, 1,,) with ab < 0, the type of the action t is
uniquely determined by H (W, Z), H} (W, Z) and e(Y (1)).

Proof. By 44 and the flow chart, the homology of W distinguishes the
different types of the action 7, except for the situations described in 4.16—4.19. In
those cases the number ¢(Y) lies between 0 and 2, so the curve Y(z) is isomorphic
to C, C*, or P,. For ¢(Y) = 2 the action certainly is elliptic. For ¢(Y) = 0 and W
in one of the classes 4.16—4.19, the action is parabolic. Only in the situation of
4.18 there appear two C*-surfaces with the same orbit space C but with actions
of different type. But one of them is isomorphic to some W(m ., n,,m_,n_; 1),
which is a cyclic quotient of a surface (C?, t,,) for ab < 0, see 4.10. Od

We end this section with a more subtle question, which cannot be answered
using singular (co)homology, so we come back to it in [FiKp,]:

PROBLEM. Let (W, 1) be a hyperbolic C*-surface with h > 1 fixed points. For
every fixed point and every prime number p, determine the p-adic valuation of
the corresponding order a of the local homology, the associated patching weight
I, and the order m = ged(m*, m™) of the reducible fiber from global homological
data of W.

5. The computation in the hyperbolic case

In the elliptic and the hyperbolic case, we still have to compute some Betti
numbers and torsion groups. We begin with the hyperbolic case, since the
techniques and results will be applied to the elliptic case, too. For the calculation
of b} (W), we use the Leray spectral sequence associated to the algebraic quotient
mapping n: W- Y, since it is homologically proper (see [KrPeRa, 2.2]). As we
want to localize the influence of the exceptional orbits and the fixed points on
the homology, we also have to consider the restriction of = (again denoted by )
to an open subset U:= n~!(X), where X c Y is open and connected. We set

1 f FRU =0,

0 otherwise, (5-1)

0:= 6(U):=rank HY(X, n,Z) = {
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(where 7;Z denotes the j-th direct image sheaf on X of the constant sheaf Z on
U, so nyZ = Z). The Leray spectral sequence induces an exact sequence

0 - H\(X, n,Z) » H\(U, Z) » HYX, n,Z) » H¥X, mZ) = 0, (5.2)
consequently, we have
H\(U) = H\(X) ® Z°V, (5.3)

As a particular case, we obtain the formula for the first Betti number of a
hyperbolic C*-surface that appears in 3.7 and 3.9:

54 REMARK. For an affine hyperbolic C*-surface W with algebraic quotient
Y, we have

by(W):=by(Y) + §(W). a

For the missing data b,, T? and T%“, we have to determine H*(W) and
H*(W*) >~ H}YW), see 1.2. For nonempty F the induced mapping from
W* = W\F to Y is no longer homologically proper. So we have to apply a
different technique for the computation. We calculate the groups under
consideration together with the natural restriction homomorphism

p: HY(W) > HA(W™). (5.5)

The idea is to use the relative homology with respect to a generic fiber (that
approach is also basic for the computation of the intersection homology in
[FiKp,]). The homological properties of a generic fiber @, (ie., ye Y\B), are
independent of y, so we just write ®@. Let V denote U or U* (which in particular
includes Wand W*). The exact sequence

Z ~HY®) — HX(V, ®) » H¥V) » H¥®) = 0 (5.6)

yields H¥(V) = H*(V, ®)/0H'(®). Hence, we first describe H*(V, ®). In the
notations of 2.8 and 2.13, we let the D; = X denote pairwise disjoint open disks,
centered at the points y;€ Bn X. Moreover, we set

Dy:= X\B, Ui:=n"YD), U¥:=U\F. (5.7
If X =Y, then we also write W; instead of U etc. For the remaining part of this

section we fix an analytic trivialization W, =~ C* x D,, which exists, since
HY(0,, 2*) = 0 for the (analytic) structure sheaf ¢ of Y.
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5.8 LEMMA. There exists a natural commutative diagram

H'(W, @) 2 H'(V) @ @ HW, ®) o & H(W, 0)
= i=1 i=0
l lid@@p,» l@l’i

s+h s+h

HX(W*, @) 2 H\(Y)® @ H* (W}, ®) o @ H (WF, D),
= i=1 i=0

where the composed horizontal mappings are induced by inclusions.
Proof. Step 1. Let & be the canonical generator of HY(®). Then, for xe D,,
there is an injective homomorphism

0: H'(X, x) &» H'(Dg, ) ~2 H¥® x (Do, X)) = H(U,, ®) (5.9)

of free abelian groups. Thus we may consider H'(X) = H'(X, x) as a subgroup of
H*(U,, ®), and for X = Y we obtain existence and injectivity of the horizontal
arrows on the right side, since U, = U§.

Step 2. For a unified treatment, we let V; denote U; or U¥, and we let
r < s + h be the number of exceptional points of Y that lie in X. The statement
of Lemma 5.8 then follows essentially from the special case X =Y, V=W
respectively W* of the following

CLAIM. There exists a natural isomorphism
e H¥(V, ®) > H'(X, x) ® D H*V;, D) (5.10)
ji=1

satisfying (0 ® D=1 idp2,.0)° @ = (0, - - -, 1,), Where 1;: H¥(V, ®) > HX(V}, ®)
denotes the homomorphism induced by the inclusion V; < V.

Proof by induction on r: For r =0, we have V= U, =~ X xC*, so 0 is
bijective, and ¢ := 6~ ! has the required properties. For the step r — 1 = r’ with
r =1, we set

X':=X\{x,}, D,:=D\{x,}, V:i=n"'X), V,:=V'nV,xC*xD,.

There is a commutative diagram of Mayer-Vietoris sequences (for x € D, and
=0,

H'(V,®) > H'(V', ®) @ H'(V,, ®) > H'(V,, ®) > ---
) T 1= (5.11)
0 - HY(X, x) &% H\(X', x) ® H'(D,, x) 5 H'(D,, x) - 0
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which implies that ¢ is surjective. We now consider the following diagram, in
which the top row is exact and continues the upper one of the above diagram,
and the short exact middle row is induced from the lower one of 5.11 with
B = o @ id. We want to show that a mapping ¢ with the properties of the claim
exists:
(@) o HA(V, 9@ H(Y, ) i, HY(V;, ©) 0
lo looid Tex
5 - 1 x-0
@ @ HX(V;, D) 4 <H'(X')@ @ H*V;, CD))(-B H*(V,, ®) —— HY(D,, x) =0
j=1 j=1
lowia looid lex
@ HAV, ® @ HA(V, s 2y §) -0
j=0 j=0

There we denote the inclusion mappings by
V'SVY, V.SV, V.SV, §:V,SVforj=0,r,

and we use the same symbols for the induced homomorphisms on the
cohomology level. We want to show that @:= (¢’ @ id)° (7, 1,) is injective and
that Im ¢ = Ker(y — 0). If we can prove that the homomorphism 1,, is the zero-
mapping, then the lower right corner of the diagram, and consequently the
whole diagram (except possibly for the upper left corner) commutes. By
induction hypothesis, the homomorphism ¢’ @ id is an isomorphism, and (', 1,)
is injective since o in diagram 5.11 is surjective, so @ is injective. Moreover, the
homomorphism ¢ x ---: HY(D}, x) - H*(V,, ®) is an isomorphism. From the
commutativity of the dlagram and the exactness of the upper and the middle
row it then follows that ¢ maps bijectively onto Ker(y —0)=Imp, so
@:= B~ 1o @ is well defined and has the properties of the claim. Thus the next
step completes the proof of the claim and of 5.8:

Step 3. For r>1 the homomorphism i,: H*(V,,®) — H*(V,, ®) is the
zero-mapping. For the proof let us note that the target group
H*(V,,®) =~ HS' x $!, 8! x 1) is a free abelian group. We now start with the
case that ¥, = U,; the case V, = U} then will be an easy consequence. Let us first
assume that U, contains no fixed point, i.e. that < s. Then U, = U} =~ D, x C*,
by 2.13, so H*U,) vanishes. Moreover, the homomorphism ¢ in the exact
sequence

0-H'(U,, ®) > H(U,) > H'(®) > H*(U,, ®) - H(U,) =0

is multiplication by the order m of the isotropy group of the exceptional orbit, by
2.14; hence,

HY U, ® =0 and H*U,, ®)=Z, forr <s, (5.12)



Fixed points, exceptional orbits, and homology of affine C*-surfaces 107

and thus 7, has to be the zero-mapping. Now let us assume that U, includes a
fixed point w. The exact cohomology sequence of the triple (U,, U,, ®) provides:

H'(U,, ®) - H(U,, ®) » HX(U,, U;) > H(U,, ®) —= HY(U,, ®)
I I| I l
0 z z? z. (5.13)

The determination of those cohomology groups is immediate from the fact that
U, is contractible and thus H*(U,) =0, and that (U, ®) ~ (® x S}, D). As a
consequence, the homomorphism i, is the zero-mapping.

Finally we consider the case that V, = U}, we have to show that the
homomorphism H%(U#*, ®) - H*(U,, ®) is the zero-mapping. In the commu-
tative diagram

H*(U,, ®) - H*(U,, ®)

l I
H*(U¥, @) - H*(U,, ®)

the vertical mapping has cokernel H*(U,, U¥) =~ #, ,,, which is a cyclic torsion
group ([FiKp, 6.2]). Its image in the free abelian group H*(U,, ®) necessarily
vanishes. 0O

Using the results just established we proceed to investigate the restriction
homomorphism p: H3(W) — H%(W*). To that end we combine the exact coho-
mology ‘ladder’ for (W*, ®) < (W, ®) and the isomorphism ¢ of 5.10 (for W and
W#*) in the commutative diagram

76— H@)D HW,9) = H(X)® @ HIW, 0) » HW)
l= ) ! Ip

s+h
HY(®) 5 H¥(W*, ®) = H'(X) ® @ H*(W}, @) » H¥(W*).
i=1

Thus it suffices to study the relative groups and the homomorphisms
0;: H\(®) —» HX(W;, ®) and p;: H(W,, ®) > H(W}, @)

for 0 <i < s+ h. Let us start with the J;s.
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5.14 LEMMA. The groups H*(W;, ®) and the coboundary homomorphisms 0; are
as follows:

i=0: H(W,, ®) =~ H'(Dy) = Z"****, and 0,=0;
I1<i<s H*W, ®=7Z1,>7,, and 03, =r1;
S+1<iiHY W, ®)=Z1,=27Z, and ;&) =r;.

Proof. For i = 0 the homomorphism H(W,) = H*(C* x D,) - H'(®) is sur-
jective; hence, 0, is the zero mapping. For 1 <i < s the fiber ®; is a closed
exceptional orbit of order m;. By 2.13 and 2.14, we know that W, ~ C* x D; and
the inclusion ®; = W, yields an exact sequence

m 0;

HY(W) > H(W,, ®) > H*(W) = 0.

— H'(®)

Accordingly, d; maps ¢ onto a generator t; of H¥(W;, ®) ~ Z,,. Fori > s + 1 the
exceptional point y; lies in n(F). From 2.15 (hy) we know that W, then is
contractible. Hence,

0, j<2

Hi-YW¥* ~ H(W,, W¥) x~
( l) ( 11 l) {Zai, j=3

where a; = I;- m;, by 2.15 (hy). Thus the last commutative diagram applied to
W= W, etc., simplifies to

i

0-2-¢% HYW, ®) > 0
” l Pi
0—Z-¢—» HYWY, ) > Z,,—0,
so 0; is an isomorphism for i > s + 1. O
The information thus obtained is sufficient to determine H%(W):
5.15 REMARK. The second Betti number of an affine surface W with a
hyperbolic C*-action is

b2 =y + hy(W) — 1 + §(W).

Moreover, for a fixed prime number p and p; < -+ < y, according to 2.10, we
have

s—0d
ST = @ Zp.
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Proof. From 5.8, 5.12, and 5.13 we obtain
HY W) = (H‘(Y)(D D Z..® Z")/Z'(f?oé, cees Ogrn).
i=1
By 5.14, that yields the description

HYW) = H\(Y) @ (éa Z,,® Z") / Z-(pye o) (5.16)
i=1
O

Eventually we now come to the computation of H?(W*)— which in particular
determines T9¢ =~ Tors H3(W*)—and of the restriction homomorphism p. As a
preparation we first describe HA(W¥*,®) for i > s + 1:

5.17 LEMMA. If y; = n(w;) for some w;e F and m,; is the order of n~'(y;), then
H¥ U, ®) =7 ®Z,,.

Proof. For the sake of simplicity we abstain from writing the index i in the
following proof. By 2.15(hy), the order m is a divisor of the order a of 5, ,,. Let
O_ and O, be the non-trivial orbits in @, with orders m_ resp. m.; then
m=gcedm_,m,).SetU,,_:=U*\O_,, and Uy:= U, nU_ = U\®,,. First of
all we consider the exact Mayer-Vietoris sequence

HY(U,, ® ® H (U _, ®) > H\(U,, ®) > H(U*, )
5 HYU ., ®) @ H(U _, ®) » H(U,, D)

Since (Uy, @) is homeomorphic to (C* xD*, C* xpoint), it satisfies
Hi(U,, ®) = Z for j = 1 and 2; so, with 5.12, we obtain a short exact sequence:

0-27 3 HYU*, ®) 57, ®Z, —0. (5.18)

Hence, H*(U*, @) is of the form Z @ T, where T is a torsion group. Next we use
the exact sequence

0=H'(U,, ® - HYU* U,)-> H}U* ® > H*U.,, ®) = Z,_,

associated to the triple (U*, U ., ®). By excision, there is an isomorphism H?(U*,
U,)= HXU_, U,). Since the pair (U_,U,) is hcmeomorphic to (C* x D,
C* x D*) ~ (S* x D, S* x §*), the group H*U*, U ) is free cyclic, and so is its
image in H*(U*, ®). Consequently, o maps T injectively into Z,, ,so T is a cyclic
group. In the same way T is a subgroup of Z, and thus of Z,, since
m = ged(m,, m_). It follows from the exact sequence 5.18 that the cokernel of
the mapping Z =~ H'(U,, ®) > H¥(U* ®) =~ Z @ T is the direct sum T@® T’ of
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two finite cyclic groups and is isomorphic to Z,,, @ Z,,_. As T is a subgroup of
Zgedom, m_)> the only possibility is T= Zgcqim, m_) and T' = Ziempm, m_)- O

Before we can put together the local information about the surface W*, we
need an appropriate algebraic representation for the homomorphism
Z®7Z, = H¥U* ®) > H}(U* = Z,:

5.19 LEMMA. Let M be an abelian group of rank 1 such that Tors M is cyclic of
order m. If \: M — Z, is injective when restricted to Tors M, then, for d:= a/m,
there exists a commutative diagram

ze7, —> 1z,

e bx
M SELEN Z,

with @(o, B)=o —dBmoda, and isomorphisms 6 and yx; in particular,
Ker(y8) = Z-(d,1). O

So far, 5.8, 5.14, and 5.17 yield:

s st+h
HXW*, @) ~ HY(Y) ® @1 z,. @ (@ez,)
i= i=s+

If we use the transformations of 5.19, we obtain the desired description for the
factor group HA(W*) =~ HX(W*, ®)/H'(®): we set

s times

[ A— s s+h
A= Z(I’ ] 1,(Is+1’ 1)’ RS (ls+h’ 1)) < (-Bl Zmi® @ (ZC—BZM.)
i= i=s+1

for I, = a;/m;, a; = |# 5 ), {wi} ;== Fn®;for s + 1 <i <s + h; then

H*(W*) =~ H(Y)® ((—j}l Z,,® :é—éll Zz® Zm'_))/A. (5.20)

Finally we can calculate the p-Sylow groups S,T%% = T$* ® Z,,, where Z,,,
denotes the localization (Z\(p)) ! Z. Then

s+h
S,T$4 = Tors <<1=(-Bl Zy ® Z:‘,,,)/A).

By choosing an appropriate basis for the free module Z{,, we may assume that
the generator 6¢ of A is of the form (1, ..., 1, 0, ..., 0, pY with
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A = ming, ; <j<s+nV,p(l;); on the other hand, since Z(1, ..., 1) is a direct factor of
@314 7., we may change the direct sum decomposition in such a way that
(mixing up the elements of A and n(F)) py,, = max;¢;<sypp;and 06 =(0,...,0,
1,0,...,0, pY. Thus

s+h—1

5,T% = (Zpsrr ® Z,)/(1, pY) @ 1@1 2

The kernel of the surjective homomorphism Z,) — (Zp @ Z,)/1, %),
1+ (1, 1) is isomorphic to p“"“"Z(p), so finally we obtain the description of the
torsion group T%Y, the last piece of data missing in 3.7 and 3.9:

s+h—1

SPTEM = Zpaw,“. ® F(—Bl me. (521)

6. The computation in the elliptic case

For an elliptic C*-surface (W, 1) it remains to compute HY¢(W), see 1.3 and 3.1.
The C*-invariant mapping n: W* — Y(z) may be considered as a particular case
of the following notion (see [FiKp, 1.4]):

6.1 DEFINITION. A semistable C*-surface over a smooth curve X is a
(connected) normal algebraic C*-surface S together with an affine C*-invariant
mapping 7m: S — X such that for every affine open subset U — X the inverse
image n~1(U) is a C*-surface with U =~ n~Y(U)//C*.

Let us assume that S is without fixed points (then S — X is a Seifert C*-bundle
in the sense of [Ho]) and that X is compact. If m,, ..., m, are the orders of the
exceptional orbits and m:= lcm(m,, ..., mJ), then the quotient S/C,, has the
structure of a principal C*-bundle over X. For the Chern number
¢y :=¢1(S/C,)([X]) and a prime number p we set

0, Cl = 0,
A= Ap):=v,(c;)eNU{—00}, and (:= {1, otherwise.
If W is an elliptic C*-surface, then the patching weight of its fixed point w is
lo = —c(W*/C,)[X], so 4 =v,(ly).
6.2 THEOREM. The integral cohomology of a semistable C*-surface S without
fixed points over a smooth compact curve Y is given by

Z, j=0,3
H/S)x{ H(Y)® 7' %, ji=1
HY)®Z'*@ TXS), j=2,
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s—2
where, for fixed p and p, <+ < p,, we have S,T*(S) = Zp+us-1 @ @ Zp.
i=1

Proof. The homology groups can be calculated by means of the techniques
used in the previous sections (see [Fi, V1.6.2]). But it is shorter to write down a
proof using classical results of Seifert about the fundamental group of Seifert
fibrations ([Se], see also [Or]).

First of all S is homotopy equivalent to the Seifert S'-bundle S/R. , over X,
which is an orientable compact real three-manifold. Hence, H3(S) is a free cyclic
group. By Poincaré duality, we obtain

H'(S) = H'(S/Rs o) = Hy(S/Rs ) = Hy(S)

and thus b,(S) = b,(S). Moreover, for b, := b,(S) and T(S):= Tors H,(S), the
Universal Coefficient Formulas show that

HY(S)~ 27" and HXS)= 7" @ T,(S).

For every exceptional orbit ®; = =~ !(y,) with orbit data (m;, i), there is a unique
natural number s; such that

sm;=1modm; and O0<s;<m

(see also [FiKp, 5.3]). Denote by E the line bundle over Y obtained from the
principal C*-bundle S/C,, by adding a zero section. Choose small closed
pairwise disjoint disks D; centered at y;; moreover, let o;e I'(D;\{y:},S) be
holomorphic sections which induce meromorphic sections og;/C,, e I'(D;, #(E))
with a pole in y; of order s;v; where v;:= m/m,.

For Y,:= Y\{D; we define 6eI'(0Y,,S) by 6lsp, = 0ilop,- There is an
obstruction number in H%(Y,, 8Y,; Z) = Z against the extension of ¢ to a section
in I'(Y,, S); let b denote the negative of that integer. The orientation conventions
of [Or] differ from ours, which originate from complex geometry; that explains
the negative sign in our situation. The number b can be computed in the
following way:

6.3 REMARK. Let E - Y be a line bundle over Y and E’' — Y be the associated
C*-bundle, which is obtained from E by removing the zero section N. Let
@ e€™(Y,, E) be a smooth section with isolated zeros y; of order ¢; (defined as
the intersection number of ¢(Y,) and N at y;) and without zeros on 0Y,. Then the
obstruction to extending |y, € #*(0Y,, E') to a section in €*(Y,, E') is the
integer Y ;¢;€ Z =~ H*(Y,, 0Y,).

We use that remark in order to compare Seifert’s invariant b with the Chern
class ¢,(S/C,,). The obstruction to extending the section ¢/C,, e €*(0Y,, S/C,,)
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induced by ¢ to a section in ¥*(Y,, S/C,,) is the integer —mb. We replace

(61/Cps -+ 6,/Cp) €T (U D;, M(E))

by a section (6,, ..., 0,)e (| Ji-, D;, E) with zeros of order —s;; in the points
y; and nonzero elsewhere such that 0sp = (d;/Cp)lsp, Admitting an addi-
tional zero y, in the interior of Y, with an appropriate order v, there exists a
smooth extension § onto Y with zeros only in {y,, ..., y,}. Then the Chern
number c,(E) is vy + Y 5-; (—s¥). Moreover, since —mb is the obstruction
against the extension of 4/C,, we obtain by the above remark —mb =
vo = ¢y(E) + Y35_, s,v; and thus

lo=—cy(S/C,) =mb+ ) sy,
=)

The homology group H,(S) =~ H,(S/Rs,) is the fundamental group =,(S)
abelianized. Hence, by [Or, 5.3], H(S) is of the form H,(Y)@® L where the
subgroup L is generated by the curves q;:=0,(0D;) for i=1, ..., s and
h:t— e*™ x, for some x, € S\( Ji-, ®;. The relations between the generators of L
are

mq; +ssh=0 fori=1,...,5 and ) g¢;=bh (6.4)
i=1
With t;:= 1€ Z,, we consider the image G of the homomorphism
r''‘'*>® 74072 h->P 2,®2Z,
i=1 i=1

q;—(t;, 5;v) fori=1,...,s and h—(0, —m).

It is easy to see that G may be identified with the residue class group of
@3-,Z-q; ® Z- h with respect to the first s relations of 6.4. Thus

L~ G/Z (—i q; — bh) ~ G/Z <’L’1, ey T .Zl sv; + mb) >~ G/ZL(zy, - .-, Ts, bp).

Now we determine the p-subgroups of L, resp., L ® Z,,, for a fixed prime number
p. As usual we order the u;’s so that u, <--- < p,. Since we work over the
localization Z ,), we may assume that u; > 0, so every s; is a unit in Z,,. We set

CO:= (Oa sy 09 Ts; ssvs)

. —1 . i —
6i'=(09"" :L;L s —S,-S,-+1V,-/v,~+1’r,~+1, 0,...,0,0), l—l,...,S—l.
ith pos.



114  Karl-Heinz Fieseler and Ludger Kaup

Fori=1,...,s — 1 the element ¢; is of order p*, and
s—1
CRZp =Ly ® G_')l ZpS;-

Since s,v, is a unit in Z,, the element
=g, vvs Tgy lo) — lo(ssvs)—léo

is of order p*-1, and
s—2
C®Zp=Zy) Eo®Lyp ED le Zp) G-

As in the hyperbolic case, that description yields the claim of the theorem.
For further reference we add the following

6.5 REMARK. The C*-surface S without fixed points can be extended to a
parabolic C*-surface § = S U F(S) by adding a fixed point w, to every fiber ®,,
which satisfies w, = lim,_, o tw for an arbitrary point we ®, (see [FiKp, 3.4]).
Then §/C,, = E/C_,,, is the line bundle associated to the principal bundle S/C,,
over X.

Now let W be an elliptic C*-surface and w,, its fixed point. If we set S:= W*,
then the inclusion S = W extends to a proper morphism S — W that maps the
fixed point set F(S) = S\S to the point w,. There exists a commutative diagram

F o § > W

I 1 !
F/C, < S/C,, » W/C,,.

Hence, W/C,, is obtained from the line bundle S/C,, by collapsing the zero-
section F/C,,, and similarly, W is obtained from the ‘Seifert line bundle’ S by
contracting F.
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