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Introduction

In this work we study rings of the form 4,(K) Qg S, where K is a commutative
field of characteristic zero, 4,(K) the Weyl algebra in one variable and S a K-
algebra satisfying the so called Auslander-Gorenstein condition. The K-algebra
A(K) is generated by two elements x and 0 such that 0x — x0 = 1. We get a
graded ring structure on R = A,(K) @S where elements of S are homog-
eneous of degree zero, while x, respectively 0 is homogeneous of degree — 1,
respectively + 1.

Then, for a finitely generated and graded left(or right) R-module M = @ M,
we are going to establish that the grade number of the R-module M is obtained
via the grade numbers of the homogeneous components each of which is a
finitely generated module over the polynomial ring in one variable over S.

Our main result occurs in Theorem 1.3 and we refer to §4 for some
applications to modules over rings of differential operators.

Concerning examples of Auslander-Gorenstein rings we mention that if S is a
commutative noetherian ring with finite injective dimension then S is
Auslander-Gorenstein. Moreover, if S is a positively filtered ring (or more
general a zariskian filtered ring) such that the associated graded ring is
Auslander-Gorenstein then S is Auslander-Gorenstein. For details we refer to

[Bj:2].

1. Announcements of the main results

Before we announce Theorem 1.3 and 1.4 below we need some preliminaries:
We consider the Weyl algebra A4,(K) in one variable over a commutative field
of characteristic zero. Recall that the K-algebra A,(K) is generated by two
elements x and 0 such that ox — x0 = 1.
Denote by ¥V, the K-subalgebra of A,(K) generated by x and x0. If k > 1 we
set

Vo, =xVy and V.=V, +dVy+ -+ 3V,
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It is easily seen that {V;}i.z is a filtration, ie. KV, < V4, OV, = {0} and
UV, = A,(K).

The associated graded ring @ V,/V,_, is denoted by gr(4,). Let X, re-
spectively 0 denote the image of x in V_/V_,, respectively 0 in V,/V,. It is
obvious that the K-algebra gr(A4,) is generated by X and 0. Moreover
0x — x0 = 1 in the ring gr(4,). It follows that the K-algebras gr(4,) and 4,(K)
are isomorphic. By definition gr(A,) is a graded ring. If k is an integer we set
gr.(A,) = Vi/Vi_ . Observe that gro(4,) = K[x0], i.e. gro(A4,) is the polynomial
ring in one variable over K.

In this paper we study tensor product rings of the form gr(4,) Qg S, where S
is a K-algebra. Set R = gr(4;) X S. The graded structure of gr(4,) induces a
graded structure of R such that

R, = gri(4y) ®K S.

We will assume that the ring S satisfies certain homological conditions and
recall first:

Auslander-Gorenstein rings

Let A4 be a left and a right noetherian ring. We say that 4 has a finite injective
dimension if there exists an integer n such that Ext%(M, 4) = O for every v > n
and any left or right A-module M. We refer to the article [Za] for facts about
noncommutative noetherian rings with finite injective dimension. Following
[Bj:2, Definition 1.2] we give

1.1. DEFINITION. A ring A is called an Auslander-Gorenstein ring if A is a
left and a right noetherian ring with finite injective dimension and moreover: for
every integer v, every finitely generated left or right A-module M and every
submodule N of Ext'(M, A) it follows that Ext'(N, A) = 0 for every i < v.

Assume A is Auslander-Gorenstein. If M is a nonzero and finitely generated
left or right 4-module, then there exists a unique smallest integer k such that
Ext%(M, A) is nonzero. We set k = j ,(M) and we call j ,(M) the grade number of
M. If M is the zero module we define j (M) = co.

1.2. REMARK. Let A be an Auslander-Gorenstein ring. It follows from the
Auslander condition that if 0> M’ - M —» M” - 0 is an exact sequence of
finitely generated A-modules then

Ja(M) = inf{j,(M"), j,(M")}.
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For a proof see [Bj:2, Proposition 1.8].

REMARK. Let K be a commutative field and let S be an Auslander-Gorenstein
K-algebra. Then every skew polynomial ring over S is Auslander-Gorenstein.
For the proof we refer to [Ek; Theorem 4.2]. In particular, this gives that if S is
an Auslander-Gorenstein ring, then so is R = A4;(K) QxS since R may be
regarded as a skew polynomial ring in two variables over S. Moreover, R, is a
polynomial ring in one variable over S and hence an Auslander-Gorenstein ring.

Let us now consider an Auslander-Gorenstein K-algebra S and set
R =gr(4,) ®kS. Let M = @ M, be a graded and finitely generated R-module.
It follows easily that every homogeneous component M, is a finitely generated
Ry-module. So the grade numbers jg (M,) are defined for every ve Z. Now we
have:

1.3. THEOREM. Let S be an Auslander-Gorenstein K-algebra and set
R =gr(A,)XkS. Let M = ® M, be a graded and finitely generated R-module.
Then

Jr(M) = in; {Jro(M,)}

Before Theorem 1.4 below is announced we recall that if A is an Auslander-
Gorenstein ring then a finitely generated A-module M is pure if and only if
j4(N) = j (M) for every nonzero submodule N of M.

1.4. THEOREM. Let S be an Auslander-Gorenstein K-algebra and M a finitely
generated and graded R-module. Then the R-module M is pure if and only if each
nonzero M, is a pure Ry-module such that

Jro(M,) = jr(M).

1.5. An application of Theorem 1.3

We are going to use Theorem 1.3 in order to compute projective dimensions of
graded R-modules in the case R = gr(4,) Xy Z,, where 2, is the K-algebra
given by the skew field extension of 4,(K).

First we recall some general facts from [Na-Oy]. In general,let R = @ ,.z R,
be a Z-graded ring. Assume that R is left and right noetherian with a finite global
homological dimension. Denote by G (R) the family of graded and finitely
generated left R-modules.

1.6. DEFINITION. The graded left global homological dimension of R is the
smallest integer w such that proj.dim.x(M) < w for every M in G(R), where
proj.dim., denotes the usual projective dimension in the category of R-modules.
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1.7. REMARK. Denote the graded left global homological dimension by
l.gr.gl.(R). Replacing left by right we also obtain the graded right global
homological dimension given by the smallest integer w’ such that
proj.dim.x(N) < w’ for every finitely generated and graded right R-module N.
By the results in chapter 1 of [Na-Oy] we have the equality

Lgr.gl(R) = r.gr.gl(R) (1.8)

Let us only remark that (1.8) is a consequence of the fact that both I.gr.gl(R) and
r.gr.gl(R) are equal to the so-called weak graded global dimension, which is the
smallest integer w” such that Tor®(N, M) = 0 when v > w”, N is a graded right
and M is a graded left R-module.

Using (1.8) we simply put Lgr.gl(R) = gr.gl(R) and refer to gr.gl(R) as the
graded global homological dimension. By Theorem 11.8.2 in [Na-Oy] we have

gr.gl(R) < gldim(R) < grgl(R) + 1 (1.9)

Now we are going to prove

1.10. THEOREM. Let S be the skew field extension of A;(K). Then, with
R = gr(A4,) QxS we have

gldim(R) =2 and gr.gl(R)=1.

So Theorem 1.10 gives an example when the strict inequality gr.gl(R)
< gl.dim.(R) holds.

Proof of Theorem 1.10. The equality gl.dim.(R) = 2 is proved by Hart in [H].
By (1.9) we get 1 < gr.gl(R) < 2. So there remains to prove that gr.gl(R) < 1, i.e.
we must show that proj.dim.(M) < 1 for every finitely generated and graded R-
module. To prove this we argue by a contradiction, i.e. assume that there exists a
finitely generated and graded R-module M such that proj.dim.(M) > 1. Notice
that we then obtain proj.dim.(M) = 2 since gl.dim.(R) = 2. Then, standard
homological algebra implies that Ext3(M, R) is non-zero. Set N = Ext3(M, R)
and notice that N is a graded right R-module. Auslander’s condition implies that
Jjr(N) = 2 and since gl.dim(R) = 2 we must have jz(N) =2. Now N= ®N,
and Theorem 1.3 gives

(l) 2 = inf {jRo(Nv)}

veZ

At this stage we get the contradiction since R, is the polynomial ring in one
variable over the skew field 2. Thus, gl.dim.(R,) =1 so jg(N,) <1 when
N, # 0 and (i) cannot hold.
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2. Preliminary results

In this section we collect various results about Auslander-Gorenstein rings.

In general, let S be a ring and T one element of S such that T is neither a left
nor a right zero-divisor. Moreover, we assume that ST= TS and the twosided
ideal generated by T is denoted by (T).

If M is a left S-module such that TM = 0, then we get a left S/(T)-module
structure on M. Conversely, if N is a left S/(T)-module we see that N has a left S-
module structure such that TN = 0. Let u be the functor from the category of
finitely generated left S/(T)-modules to the category of finitely generated left S-
modules. Similarly we have a functor from the category of finitely generated
right S/(T)-modules to the category of finitely generated right S-modules.

2.1. PROPOSITION. Let M be a finitely generated S/(T)-module. Then
Extg* Y(u(M), S) = WExts, (M, S/(T))) for every v = 0.

Proof. For the case T is a central element of S, this is Theorem 9.37 of [Rot].
When T is not central the same methods can still be applied to prove the
proposition.

REMARK. Concerning the inequality
inj.dimg,r,(S/(T)) < inj.dimg(S) — 1

we mention that equality holds if S is commutative. But in the noncommutative
case we can have a strict inequality. For example consider the Weyl algebra
A,(K) where K is a commutative field of characteristic zero. Using the positive
Bernstein filtration we construct the associated Rees ring denoted by S. If T is the
central element in S which corresponds to the identity in A,(K) put in degree one
of the graded ring S, then S/(1 — T) is isomorphic with 4,(K). Moreover, 4,(K)
is a ring with a finite global homological dimension which is equal to its injective
dimension. Hence we have that

n = inj.dimg,; _ (S/(1 — T))

On the other hand since gr(4,(K)) has global homological dimension 2n, it
follows that

inj.dimg(S) = 1 + inj.dimg,7(S/(T)) =1 + 2n
Finally, the inequality

inj.dimg(S) < 1+
+ sup{inj.dimg,(S/(T), inj.dimg;; - 1(S/(1 — T)}
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is proved in [Ek] and hence we get inj.dimg(S) = 2n + 1. So we get the strict
inequality  n = inj.dimg,,; _(S/(1 — T)) < inj.dimg(S) =2n+ 1 for every
positive integer n.

2.2. PROPOSITION. Let M be a finitely generated S/(T)-module. Then

Js(M)) = js;r(M) + 1.
Proof. This follows immediately from Proposition 2.1.

2.3. THEOREM. Let S be an Auslander-Gorenstein ring containing an element T
as above. Then S/(T) is an Auslander-Gorenstein ring.

Proof. First we observe that the ring S/(T) is left and right noetherian since S
is.

Next it follows from Proposition 2.1 that

inj.dimgr,(SAT)) < inj.dimg(S) — 1.

Now, let M be a finitely generated S/(T)-module and N a submodule of
Ext§r,(M, S/(T)) for some v > 0. Then by Proposition 2.1 y(N) is an S-
submodule of Ext§* }(u(M), S) so the Auslander condition of the ring S gives that
js(N)) = v+ 1. Finally Proposition 2.2 gives that js,(N)=js(u(N))
—1>v+1—1=vand the theorem is proved.

Let us consider a ring 4 and let p: A - A be a ring automorphism.

2.4. DEFINITION. Let M be a left A-module and ve Z. Then n* (M) is the left A-
module whose additive group is M and if ae A and me n"(M) then a * m is equal to
pY(a)m in the left A-module n°(M).

It is obvious that M+ #n(M) is an exact functor on the category of left A-
modules and we leave out the detailed verification of the following:

2.5. LEMMA. Let M be a finitely generated A-module. Then j (M) = j ,(n(M)).

Next, the automorphism p enables us to construct the skew polynomial ring
B = A[x, p]

where xa = p(a)x for every a in A.

The ring B is graded with B, = Ax" for every v > 0 while B, =0 if v < 0.

From now on we assume that A4 is Auslander-Gorenstein. By [Ek, Theorem
4.2] B is also an Auslander-Gorenstein ring.

Let us now consider a finitely generated and positively graded B-module
M= @v?OM v

We note that every M, is a finitely generated 4-module.
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2.6. LEMMA. There exists an integer w such that x: M, » M, , is bijective for
every v = w.

Proof. Set K = {me M:xm = 0} and N = M/xM. We note that both K and
N are graded and finitely generated B-modules such that xK = xN = 0. So we
find an integer v > w such that v > w yields K, = N, =0 and Lemma 2.6
follows.

2.7. COROLLARY. Let M be a graded and finitely generated B-module. Then
there exists an integer w such that v = w yields j ,(M,) =j,(M,,).

Proof. Lemma 2.6 and the construction of the skew polynomial ring B show
that if v > w then the A-modules M, and (M, ) are isomorphic. Then Lemma
2.5 gives Corollary 2.7.

Using Corollary 2.7 we get

2.8. DEFINITION. Let M = @ M, be a graded and finitely generated B-
module. Then lim,_, ,,j ,(M,) exists and is denoted by j (M).

2.9. PROPOSITION. Let M be a finitely generated and graded B-module. Then
Jjs(M) = infvel{joo(M), 1 +jA(Mv;)}'

Proof. Choose w so that x:M,— M,,, is bijective for all v>w. Set
N = @ ,>wM,. It follows that the graded B-submodule N of M is isomorphic
with the graded B-module B Q) , M,,.

Moreover j (M) = j(M).

We have the exact sequence 0 > N > M —» M/N -0 and the Auslander
condition gives:

ja(M) = inf{jg(N), jg(M/N)}
The equality jg(N) = j,(M,,) follows by standard homological algebra.

Finally, M/N is a graded B-module such that x* "% M/N) = 0 for some integer
k. Then standard homological algebra gives:

Jjs(M/N) =1+ j (M/N).

The A-module M/N is isomorphic with P,., M, and hence j,(M/N)=
inf, ., {j4(M,)}. Now we get Proposition 2.9.

3. Proof of the main results

In this section we set R = gr(4,) @ xS. Here S is an Auslander-Gorenstein K-
algebra. Let M = ® M, be a finitely generated and graded R-module.
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3.1. LEMMA. Every homogeneous component M, is a finitely generated R,-
module.
Proof. We notice that if k > 1 then R, = R,d* and R_, = R,x*. Now Lemma
3.1 follows since M is a graded quotient of a free R-module of finite rank.
Next, Ry = gro(4;) ®xS and gryo(A4,) is the polynomial ring KV] with
V = xd. Hence R, = S[V], i.e. the polynomial ring in one variable over S.
The next result is a crucial step towards the proof of Theorem 1.3.

3.2. LEMMA. For every veZ and n = 1 we have
Jspv(M,) = inf{ jspoy(M, ), jsrv1(M, +0)}-
Proof. Let veZ and n > 1. Set
K,,={meM,:0'm=0} and T,,={meM, x"m=0}.

We notice that K, , and T, , both are S[V]-submodules of M,. Now we have:

SUBLEMMA. K, ,nT,,=0.

Proof of Sublemma. Assume the contrary and take 0 # me K, ,n T, ,. Since
gr(A,)is a K-subalgebra of R we get the cyclic gr(4,)-module generated by m. By
assumption Xx"m =_0"m = 0 and this gives dimg(gr(4,;)m) < co. This gives a
contradiction since gr(A4,) is isomorphic to 4,(K) and by the result from [G-R]
there does not exist any non-zero A,(K)-module whose underlying K-space is
finite dimensional.

Proof continued. We have the exact sequence:

0_)Kv.n_’Mv_’Mv/Ku,n -0

Next, consider the injective map 0" M,/K,,— M, ,. In the ring R we have
0"V = (V + n)0". Let p be the automorphism on the ring S[V] defined by p(s) = s
for every seS and p(V) =V + 1. Using the notation from 2.4 we have
that #n "(M,/K,,) is isomorphic to a S[V]-submodule of M,,,. Since
Jstvi(n~"(M,/K, ) = jsvi(M,/K,,) it follows from remark 1.2 that

JstviM/K, ) = jspvi(M, 4 ).

Next the sublemma implies that K, , is isomorphic with an S[V]-submodule
of M,/T,,. By similar methods as above we have

JstviM/T,0) 2 jspv (M, - ).
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Now we get

inf { jspvy (K. Jspv) (Mo /K, )}
=inf { s (M, ), jspvi (M40}

and then Remark 1.2 gives Lemma 3.2.

3.3. The t-filtration on R

If v > 0 we set 7,(R) = @<, Ri. We see that {7,(R)},50 is a positive filtration
on the ring R. Let gr,(R) = ® 7,(R)/7,_ 1(R) be the associated graded ring. The
image of X in 7,(R)/1o(R) is denoted by X. Similarly, Y is the image of J in
7, (R)/7o(R).

In order to describe the ring gr(R) we also notice that if we set
1(v) = 1,(R)/t,—1(R) then 7(0) = 14(R) = R, and hence the R,-element V is
identified with an element in 7(0), i.e. V is homogeneous of degree zero in the

graded ring gr.(R). Moreover, since X X0 — X*0-x = —Xx holds in R, it follows
that
VX —XV=-X 34

holds in gr(R). Similarly, we obtain
VY—YV=Y (3.5)

Let us now consider the ring S[V]. Denote by p, the automorphism on S[V]
defined by p,(s) = s for every se S and p,(V) =V + 1, then Xa = p,(a)X holds
in gr(R) for every aeS[V] = ©(0). Similarly, if p, is the S[V]-automorphism
defined by p,(s) = s and p,(V) =V — 1, then Ya = p,(a)Y holds in gr,(R) for
every a€e S[V]. Now we notice that the automorphisms p, and p, commute and
hence we can construct the skew polynomial ring S[V][z,, z,; p4, p,]. Denote by
(z,z,) the two-sided ideal generated by z,z,. With these notations we have:

3.6. LEMMA. The ring gr(R) is isomorphic with

S[VI[z1, 225 P15 P21/(212,).

Proof. We notice that (3.4) and (3.5) yield a surjective K-algebra morphism:
@: S[V1[z1, 225 p1, P2] = gr(R) which is the identity on S[V] while z, is mapped
into X and z, into Y. Next, in the ring R we have X0 in R, and then XY belongs
to 7o(R) so the image of XY in 7,(R)/t,(R) is zero. Thus XY= 0 in gr(R).
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Similarly YX =0 in gr (R). So the map ¢ induces a surjective K-algebra
morphism y from the quotient ring S[V][z,, z,; p1» p21/(2,2,) into gr(R). There
remains only to see that ¥ is injective. To prove the injectivity, we notice that if
v = 1 then we have a direct sum decomposition

(v)=R,®R_,.

Moreover, R, = 0*R, and R_, = X"R,, for v > 0. Then it easily follows that y is
injective.

3.7. COROLLARY. The ring gr(R) is Auslander-Gorenstein.

Proof. By the remark after Remark 1.2 the skew polynomial ring S[V][z,, z,;
P1, p»] is Auslander-Gorenstein. With T= z,z, we apply Theorem 2.3 and then
Lemma 3.6 gives Corollary 3.7.

Let us now consider a finitely generated and graded R-module M= @ M,,.
Set

Fv= (—B Mk

[kl <

We notice that 7;(R)[", c I';,, and hence {I',} is a filtration on M when R is
equipped with the positive t-filtration. Set I'(v) = I',/I",_; and then we notice
that

T)y=M,®M_,, v3>1while '(0) = M, (3.9)

3.10. LEMMA. @®TI,/T',_, is a finitely generated gr,(R)-module.

Proof. From Lemma 3.1 it follows that I'(v) is a finitely generated Ry-module
for every v. Moreover, since M is a graded and finitely generated R-module it
follows that there exists a non-negative integer w such that v > w yields
M,,,=0M,and M_,_, = XM _,. Then Lemma 3.10 follows easily.

At this stage we are going to use some results concerned with filtered rings.
First, the t-filtration on the Auslander-Gorenstein ring R is positive, i.e. 7, = 0if
v < 0. Then the material in [Bj:2] yields

JrR(M) = jgr ) (&rr(M)) (.11

where gr.(M) = @ I',/T,_, is the finitely generated and graded gr(R)-module
from Lemma 3.10.
Hence Theorem 1.3 will follow if we have proved:
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3.12. PROPOSITION. We have that

Jerary (810 (M) = ini {Jro(M,)}-

Proof. By (3.9) we have

grr(M) = @ I'(v)

v=0

where ') =M,®M _,ifv>1and I'(0) = M,,.

Put N, = @,>; M,. We have that the gr,(R)-clements X and Y from (3.4)
and (3.5) which are images of X respectively 0. Since XM, = M,,_, hold for every
v > 1, it follows that XN, = 0. Also, since M, = M, ,, we obtain YN, < N,
and conclude that N, is a graded gr.(R)-submodule of gr.(M) annihilated by X.

Next, put B = S[V]l[z,, z,; p1, p,] and recall from Lemma 3.6 that
gr.(R) = B/(z4,z,). So we can consider N, as a left B-module and since
XN, =0 weobtain z, N, =0.

Now Proposition 2.2 gives

(@) Jjp(Ny)=1++jgy(N4)

Next, B/(z,) is isomorphic with S[V][z,; p,] which implies that N, also is a
graded S[V][z,; p,]-module. Now Proposition 2.9 gives

(b) jB/(zl)(N—F) = inf {joo(N+)’ 1 +]S[V]Mu)}

v>1

where .]oo(N+) = limv—’ + 0 jS[V](Mv)'
Let us also consider the element z,z, in the ring B. Another application of
Proposition 2.9 gives

©) JB(N+) =JBjzyz)(N 1) + 1 =g r(N,) + 1
Finally, (a), (b) and (c) yield

(@) Jgr (N +) = inf {j,(N), 1+ jsrvy(M,)}

v=1

Let us now consider the quotient module gr(M)/N, and denote it by N _.
We notice that N _ is a graded gr(R)-module with N_ = @ ,>¢ N _(v) where the
S[V]-module N _(v) is equal to M _, for every v > 0. Since M _, = M _, ., for
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every v = 0 we easily get YN _ = 0. Repeating the steps (a), (b) and (c) reversing
the roles between X and T we obtain.

€) JgwN-)= il‘l(f) {oN2), 1+ jspv(M_,}
2

where Joo(N—) = ]imv—' + oojS[V](M—v)'
At this stage we are going to use Lemma 3.2 to finish the proof of Proposition
3.12. Namely, Lemma 3.2 yields

() inf{jo(N4), jo(N-)} = ini {istvi(M.,)}
Then (d), (e) and (f) yield

(g inf{jg )N ), jerm(N-)} = ini {Jstvi(M )}

Finally, Remark 1.2 and the exact sequence
0->N,»>grr(M)>N_-0
yield

Jerr)(&r(M)) = inf { jgr (g)(N 1), jgrr)(N =)}

So the equality in (g) gives Proposition 3.12.

We have now finished the proof of Theorem 1.3. Let us now consider a finitely
generated left R,-module N. We obtain a graded left R-module 4~ = R &Q)g, N,
where we remark that if k is some integer then the homogeneous component R,
in the ring R is an R-module and thus R, & g, N is a left R,-module which is
equal to the k-th homogeneous component of the graded R-module 4. Now
Theorem 1.3 gives

JrR(A) = in; {Jro(AN )} (3.13)

Concerning the right hand side in (3.13) we have the following:

3.14. LEMMA. inf .7 {jr,(/")} = jro(N).

Proof. Recall that R, = S[V] and let p be the ring-automorphism on S[V]
defined by p(s) =s for every seS and p(V) =V + 1. Next, if v >1 then
R, = 0°R, and using the n-functor from Definition 2.4 we find that the R-
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module N, is isomorphic to #~“(N) and hence jg (N,) = jg,(N). Next, we have
R_, = X"R, and find that the Ry-modules N _, and #°N) are isomorphic. So
again jg (N _,) = jg,(N) and Lemma 3.14 follows.

3.15. Proof of Theorem 1.4. Let M = @ M, be a finitely generated and graded
R-module. Assume first that every non-zero m, is a pure R,-module with
Jro(M,) = jr(M). Then we show that the R-module M is pure. To prove this we
apply the theory in [Ek:§3] which implies that M is a pure R-module if
Jjr(N) = jr(M) for every non-zero and graded submodule N of M. If N = @ N, is
a graded R-submodule then the hypothesis yields jg (N,) = jr(M) when N, # 0.
Now we see that Theorem 1.3 gives jg(N) = jr(M).

Conversely, assume that M is a pure R-module. Then, if some non-zero
homogeneous component M, fails to be a pure R,-module with jg (M,) = jr(M),
it follows that there exists an integer v and a non-zero Ry-submodule N of M,
such that jg (N) > jr(M). Using N, we construct the graded left R-module

‘/V‘=R®R0N

where A/, = R,_, Qg, N, for every k. Lemma 3.14 gives jg(A4") = jg(N). Next,
we notice that there exists an R-linear map ¢: A& — M such that ¢(A") is the
graded R-submodule of M generated by N. The purity of M gives
Jr(@(A)) = jr(M). On the other hand we have jg(¢@(A")) = jr(N) > jr(M) which
is a contradiction.

4. Applications

Let R = gr(A,) ® xS where S is an Auslander-Gorenstein K-algebra and let
M = @ M, be a finitely generated and graded R-module. In Proposition 3.1 we
noticed that every homogeneous component M, is a finitely generated gro(R)-
module where gry(R) is the polynomial ring S[V].

In the special case when every M, is a finitely generated S-module we say that
the graded R-module M is strongly finitely generated.

We shall give examples of strongly finitely generated R-modules in 4.5. But
first we establish the following:

4.1. THEOREM. Let M = @ M, be a graded and strongly finitely generated R-
module. Then jp(M) =1 + inf, .7 {js(M,)}.

Proof. In general, if N is an S[V]-module such that its underlying S-module is
finitely generated then

Js(N) = jsryp(N) — 1

by Proposition 2.2. Now we see that Theorem 1.3 gives Theorem 4.1.
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4.2. V-iltrations on rings of differential operators

Following example 1.5.5 in Chapter II of [Sch] we consider a non-singular
complex analytic hypersurface Y of a complex manifold X. Let 7 be the ideal
of Oy whose sections vanish on Y, that is, the defining ideal of Yin X. If ke Z we
set

Fi2x ={PePy: PTy < Ty *for all v}

Then {F, 9y} is a filtration on 9y, called the V-filtration of 2Dy along Y. If

dim(X)=n+1 and (x...,x,t) are local coordinates such that
Y= {(x, t): t = 0} then F,Zy is the subring of 9, generated by the zero-order
differential operators and D,,, ..., D,, and tD,. If k > 1 we have

F_ Dy = 'F 9
and
Fk@X = D:‘FO‘@X + Df_lFlgx + -+ DtFk—lgx

Moreover, let g2y = ® F,9x/F,_19x be the associated graded sheaf of
rings. Then

Gy = gr(4,(0)) ®Ci_19}'

where i Y— X is the closed embedding and gr(4,(C)) is the graded one-
dimensional Weyl algebra where deg(t) = —1 and deg(D,) = 1. If (x,, 0) is a
point in Y then the stalk @y(x,) is the ring 2, of differential operators with
coefficients in the local ring 0,. We see that the stalk

GDx(xo, 0) = gr(4,(C)) ®C‘@n

and recall that 2, is an Auslander-Gorenstein K-algebra whose global hom-
ological dimension is equal to n. So with S = 9, we can apply the main results to
stalks of coherent and graded G2 -modules.

To get specific examples we first consider a coherent left Zy-module ..
Working locally if necessary we assume that .# has a good V-filtration which by
definition consists of an increasing sequence { F;.#} such that there exists locally
a finite set of generators my, ..., m, of the Zy-module .# and integers k, - - - k,
with

Fk./ﬂ = Fk—kl(gx)ml + -+ Fk—ks(gx)ms
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for every integer k. Then G.# = ® F .M /F,_, # is a coherent and graded G2 x-
module. So for every (x, 0) in Y we get the grade number

769 xo0(GAM (X, 0)
Theorem 1.3 shows that this grade number equals

inf { jgr (62 ,0x00) (F oA (X0, O)/F,_ 1 M(xo, 0)}
velZ

Next, following Definition 1.6.1 in Chapter III of [Sch] we say that the
coherent Zy-module ./ is elliptic along Y if the following holds: the 2 y-module
M is generated by a coherent (x-submodule .#, such that locally there exists
polynomials b = V" + a,(x, V"' +--- + a,,(x, t) where V =tD, and a,(x,
t)eOx and by = F_(Dx)M .

Following [Sch, p. 134] we have the result below:

4.3. PROPOSITION. Let # be a coherent 2 x-module which is elliptic along the
hypersurface Y. Then for every good V-filtration {F,.#} and (x,, 0)€Y, it follows
that ® F,M(xy, 0)/F\_ M (xo,0) is a strongly finitely generated GDx(x,, 0)-
module.

Now Theorem 4.1 can be applied and identifying the stalk 2(x,) with the
ring 2, we obtain

44. COROLLARY. Let .# be a coherent Dy-module which is elliptic
along Y and {F,.#} a good V-filtration. Then  jGg (x,0(GAH(xo, 0)) = inf

kez
{j@Y(xo)(Fk'/ﬂ(XOs 0)/F -y M(xo, 0))}
for every (xq, 0)e Y.

4.5. REMARK. In the special case when .# is a coherent and pure 24-module,
ie. when every stalk .#(x,) is a pure Zy(xy)-module where x, belongs to
Supp 4, it follows by the general result in [Bj: 2, Theorem 3.8] that there locally
exists a good V-iltration {F,.#} such that if G# = @ F M /F,_,# and
(x0, 0)eSupp G.# then G (x,, 0) is a pure GZx(x,, 0)-module with

J624(xo, 0)(GAM (X0, 0)) = jg, (x) (M (x0)).
So in the special case when ./ is pure along Y we can use such a special good

V-filtration and applying Theorem 1.4 it follows first that if (x,, 0)e Supp G4,
then

JeroGDyxo,0)(Fiell (X0, 0)/ Fy_ 1 M(x,, 0))



246 Eva Kristina Ekstrém

is equal to jg, (x)(#(x,) for every k such that (x,,0) belongs to
Supp(F M [Fy - M).

Finally, if .# is both pure and elliptic then we first notice that Theorem 1.4
and the actual proof of Theorem V.1 implies that if (x4, 0) € Supp(F A /F _ M),
then the 2 (x,)-module F .#(x,,0)/F,_.4#(xy,0) is pure with grade number

j@,(xo)(er/”(xo, 0)/Fy_ (M(xo, 0)) =j9X(x0)('/”) -1 (4.6)

Let us remark that if ./ is a holonomic 9 y-module then ./ is elliptic along every
non-singular hypersurface Y. For a detailed proof of this fact we refer to the
article [L-S].

Also, any holonomic Zx-module is pure and the equality in (4.6) yields

j@,(xo)(Fk'//l(xO’ 0)/Fy_ 1 M(xo, 0) =j@x(x0)(./il(xo)) —1=dimY

where (x,, 0)eSupp(F,.#/F,_,#). This means that F,.#/F,_,.# is a
holonomic 2y-module for every integer k. We remark that this conclusion is
already contained in the work [L-S] while our main results yield new facts
concerned with non-holonomic Zy-modules and their associated G, -modules
obtained by good V-filtrations.
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