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Introduction

Let g be a complex classical simple Lie algebra and let U(g) be its universal
enveloping algebra. If M is a simple U(g)-module and I = Ann(M) is the
annihilator of M in U(g), then I is called a primitive ideal. In the case where g is of
type A,, the classification of primitive ideals is due to Joseph, [5, 6]. To each
element we W of the Weyl group there can be attached a primitive ideal I,, (of
fixed infinitesimal character, see below for more detail). The classification has
been reduced by Duflo [2] to the problem of determining when I,, = I, for w,
w’ e W. In this case we have W = §, . the symmetric group on n + 1 letters.
Joseph answered this question using the Robinson-Schensted algorithm and
obtained a complete invariant of I,, the Young tableau produced by the
Robinson-Schensted algorithm, which we may call T(w), i.e. I,, # I, if and only if
T(w) # T(w'). In [10], Vogan introduced the notion of the generalized 7-
invariant of a primitive ideal, and showed that in case A4, it was a complete
invariant (see also Jantzen, [4]). The aim of this paper, of which these six sections
constitute Part I, is to prove analogous results to those of [5, 6] and [10] about
the classification of primitive ideals for g of types B,, C,, and D,, and about the
generalized t-invariant of a primitive ideal.

The two main results of Part I are the following. We will prove the existence of
an algorithm A4 for Weyl groups of types B,, C,, and D,, with properties that
make it the appropriate generalization of the Robinson-Schensted algorithm
used by Joseph in [5, 6]. To an element we W, A associates a pair of standard
domino tableaux (cf. 1.1.9i) A(w) = (L(w), R(w)). We will define another algorithm
S which, given any standard domino tableau T, produces one, S(T), of special
shape (i.e. the corresponding representation of the Weyl group is special in the
sense of Lusztig, [8]).

Although this will not be discussed in Part I, these algorithms yield the same
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parameters as used by Barbasch-Vogan in [1] to classify the primitive ideals for
types B,, C,, and D,, the domino tableaux of special shape. Let [y be a Cartan
subalgebra of g. Known results imply that it suffices to classify the primitive ideals
with infinitesimal character A€ h* for A anti-dominant, regular and integral. Let
p be half the sum of the positive roots for some choice of positive system of the
roots of f in g. Let I,, be the annihilator of the irreducible highest weight module
of highest weight wi — p. Duflo [2] has shown that every primitive ideal with
infinitesimal character 4 is of the form I,, for some we W. In [1], Barbasch-Vogan
construct (L(w), R(w)) by a quite different method from that of this paper. They
embed W in the symmetric group S,,, apply the (ordinary) Robinson-Schensted
algorithm which produces two Young tableaux (T(w), T(w~!)) and then use
a shuffling procedure to produce the domino tableaux (L(w), R(w)) from these.
Now L(w) does not depend only on I,,. Barbasch-Vogan showed that for every
we W there exists a unique standard domino tableau U with special shape such
that there exists ve W with U = L(v) and I, = I,,.

Using the results of Part I of this paper, in Part II we will prove Vogan’s
conjecture [10] in cases B, and C,, that the generalized t-invariant (together with
the infinitesimal character) is a complete invariant. We will show that for
w,w'e W, I, = I, if and only if S(L(w)) = S(L(w")), thus giving a new proof of the
classification in cases B, and C,, the first part of which is essentially the same as in
[1], and the second part of which replaces their use of asymptotic support and
induction from and restriction to Weyl subgroups of smaller rank with the use of
the generalized t-invariant. It will follow from this that, given, w, ve W as above,
we have U = L(v) = S(L(w)). We show in Part I that S and A can be run in reverse,
so there is a determinate procedure, given w, to find {w' e W: 1, = I,,}. Vogan’s
conjecture is false when g is of type D,,, n > 6. In a projected Part III of this paper
we intend to give the definition of a generalization of the generalized t-invariant,
the generalized generalized t-invariant, prove a modification of Vogan’s
conjecture, and deal with the classification of primitive ideals in that case.

This paper arose out of the project of using the classification of [1] for the
problem of determining the annihilators of irreducible admissible Harish-
Chandra modules of real Lie groups of classical type, generalizing the results for
U(p, q) and GL(n, R) of [3], which used the results of Joseph [5, 6] and Vogan
[10] in the case of type A,. The properties we prove of the generalized t-invariant,
as well as the better formulation of the algorithm A, and even more, the supplying
of the algorithm S are crucial to the determination of the annihilators of
irreducible admissible Harish-Chandra modules. This has already been ac-
complished in certain cases, and we intend to discuss this in a separate paper.

Furthermore, Part I of this paper is written in such a way that it will apply, as
will be shown in Part IL, to the theory of cells in classical Weyl groups [7], [8]. Shi
[9] has generalized the Robinson-Schensted algorithm to the affine Weyl groups
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of type 4,, and one can expect that the results of Part I of this paper can be used in
the same way for work on the affine Weyl groups of types B,, C,, and D,.

In more detail, this paper (that is, Part I) is organized as follows: there are six
sections. In Section 1 we define various parameter sets which will be in constant
use. We define domino tableaux in 1.1.8. Then we introduce some preliminaries
for the definition of the domino analogue of the Robinson-Schensted algorithm
(and its inverse). In Section 2 we define this algorithm as a map A4 defined on the
parameter set (M, M) (which is isomorphic to the Weyl group when
M, =M, ={1,...,n}). We give two definitions of 4, (1.2.1) and (1.2.7). The first
definition is useful in showing the relation between L and R: L(w) = R(w™!)
(1.2.3). The second definition is defined by means of an important map « (1.2.5).
This definition will be used in all later proofs, and is most convenient for
describing A as an algorithm, as will be illustrated in Sections 3 and 4. In (1.2.8) we
prove the two definitions are equivalent. We show that A has an inverse B, and so
is a bijection between W and a set of pairs of domino tableaux. In the third section
we prove certain properties of the maps « and  which are useful for computing
A and B. In Section 4 we illustrate these properties with examples which show in
practice how to calculate 4 and B. The second definition of the algorithm A can
be thought of as building up domino tableaux from the parameter of w starting
from scratch and adjoining dominoes one by one. As in the (ordinary)
Robinson-Schensted algorithm, the adjoining of each new domino is accom-
panied by an alteration in the positions of some of the preceding dominoes. This
combined step is called a. It is repeated until standard domino tableaux of the
right order are obtained.

In Section 5 we recall (a reformulation of) Lusztig’s notion of special: we define
the notion of a domino tableau’s having special shape. We then give the algorithm
S, which transforms a domino tableau T to a domino tableau with special shape.
In order to do this, we define the concept of a cycle of a domino tableau. Then T'is
transformed into S(7) by means of operations which we call “moving T through
a cycle.” Note that this is a quite different sort than the operations which define
A (or B). The last, sixth, section illustrates S by examples.

Please note that the symbol \ denotes set-theoretic difference.

Section 1

In this section we introduce the definitions of the parameter sets we will be using,
preliminaries for the definition of the algorithm A (defined as a map on W) and its
inverse, B.

(1.1.1) NOTATION. Let W, be the Weyl group of a complex simple Lie algebra
goftype C,. Leth be a Cartan subalgebra of g, and let {e,, . . ., e,} be a basis of h*
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such that if a; = 2e;, 0, =¢; —e; — ; for 2 < i< nthenrn = {a,,...,a,} are the
simple roots for a choice of positive roots A*(g, h). With respect to this basis an
element we W, satisfies w(e;) = &;e,(; for some o€ S,,¢,€ {+1}.

Let W, = W, be defined as follows: if we W,, w(e;) = g;e,; then we W, <

[{ile; = —1}| is even. W, is the Weyl group of a complex simple Lie algebra of
type D,.
(1.1.2) DEFINITION. Let M, M, = N* be finite subsets with |[M,| = |M,|. We
define (M, M) as follows: let gy, q, be the projections of M; x M, x (1}
onto the first and second factors. Then (M, M,) is the set of all wc
M; x M, x {+1} such that q,|, and q,|, are bijections onto M, and M,,
respectively. If ne N* we write #(n, n) for #({1,...,n},{1,...,n}).

EXAMPLE. Let M, ={1,3,5},M, ={2,3,7}. Let w={(1,3,—1),(3,7,1),
(5,2, —1)}. Then we (M, M).

(1.1.3) DEFINITION. Let N = {1,...,n}. We define é: W, - &#(n, n) by d(w) =
{(k, o(k), &)} where w(e,) = eye,)- Then d is a bijection.

(1.1.4) DEFINITION. For we #(M{,M,), m=|M,|, let e=supM,, u=
sup M,. Then {(e, f,¢.)} € w and {(v,u,¢,)} € w for some fe M,,ve My, ¢, ¢,€
{+1}. We define ,w = w\{(e, f, &)} and w,, = w\{(v, u, ¢,)}. We will write, for
example, Wmm—1,m-2 for ((Wm)m—l)m—Z-

EXAMPLE. Let w be as in the example in (1.1.2). Then sw = {(1,3, —1),
(3’ 7’ 1)}’ W3 = {(1, 3, _'1)7 (55 2’ _1)}9 W32 = {(5’ 2, _1)}a and 2(W3) =2W3 =
{(1’ 3’ - 1)}'

(1.1.5) DEFINITION. For we #(My, M,), w= {(l;,r;, &)}, we define w™'e
S (M, M) by w! ={(r;,I;,¢)}. Note that ye W,,d(y ") = 8(y) "~

(1.1.6) REMARK. Let s; be the simple reflection corresponding to the simple
root o;. Let we W,, d(w) = {(i, a(i), &)} 1 <i<n- Then

(a) 6(ws,) (resp. d(s;w)) is obtained from d(w) by multiplying ¢, (resp. & where
k=0c"11) by —1.

(b) For i = 2, d(ws;) (resp. é(s;w)) is obtained from J(w) by interchanging i and
i — 1 in the first (resp. second) position of the triples.

(c) Let wo be the long element of W,. Then d(wwq) = d(wow) = {(i, 6(i), —¢&;)}.

EXAMPLE. Consider 6: W3 - (3, 3). (Let ee W, be the identity element.)
Then

de) = {(1,1,1),(2,2,1),(3,3, 1)}, d(s1) ={(1,1, —1),(2,2,1),(3,3, 1)},

5(83) = {(1, 1, 1), (29 3a 1)’ (3a 2, 1)}9 6(5283) = {(19 29 1)’ (25 3’ 1), (3’ 1, 1)}9
and

5(5251535251) = {(1’ 3a - 1), (23 29 - 1)5 (3, 17 1)}
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(1.1.7) DEFINITION. (1) Let & = {S;;}i>1,j>1, Where the S;; are symbols and
Si; = Su<>i=k and j = L Similarly let #° = {S;;}i50,j>0; note that # c F°.
The elements of & (but not of #°\ %) are called squares.

(2) Let J = #. We say J satisfies condition Y if J is a finite subset and if for
every S;;€ # such that S;;¢ J we have S; ;. ¢J and S;,, ;¢ J.

(3) If J = & satisfies condition Y let p,(J) =0 if S;; ¢ J, otherwise p;(J) =
sup{j| S;;€ J}; similarly, let k;(J) = 0if S,;¢ J, otherwise «;(J) = sup{i| S;;€ J}.

(1.1.8) DEFINITION. Let M = N* be a finite subset. We define two sets, 7 (M)
and J %(M), whose elements are called domino tableaux, as follows: let p; and p,
be the projections from N x & onto the first and second factors.
J (M) is the set of all T =« M x & satisfying:
(1) p2|r is injective and p,(T) satisfies condition Y.
(2) pilris two to one.
(3) If ke M then for some S;;€ & we have either (k, S;;)e T and (k, S; j+1)€ T or
(k,S;j)e T and (k, S;+1,;)e T.
(4) Suppose (k, Si)e T. If (ky, Sij+1)€ T (resp. (ka,Si+1,)€ T) then ky >k
(resp. k; = k).
T O(M)is the set of all T = (M U {0}) x & satisfying (1), (3), (4) as above, and
(2)(0,S,;)e T, (0,S;;) ¢ T if S;j # S11, and py|r~mx#) iS tWO to one.

EXAMPLE. See (1.4.1).

(1.1.9). NOTATION (a) For T a domino tableau let Shape(T) = p,(T).

(b) For T a domino tableau, set p,(T) = p;(Shape(T)), x;(T) = k;(Shape(T)).

(c) For T a domino tableau and Se & we say S is filled in T if S e Shape(T),
otherwise S is empty in T.

(d) For T adomino tableau define A/ (T) =« N*by #/(T) = M<TeJ (M)or
T (M).

(¢) For Te 7 (M), or Te T°(M),ke M, let D(k, T) = T n ({k} x F).

(f) For Te 7(M) or Te T M), ke M, let Pk, T) = {S;;|(k, Si;j)e T}.

(g) Let T be a domino tableau. Define Nr: #° - N u {o0} by

0 fi=0orj=0
NT(Sij) =<k if (k, Sij)e T
oo if S;je #\Shape(T).

(h) For M;,M, c N* finite subsets with |M,| =|M,| let T(M,M,) =
{(T\, T,)| T;e 7(M,) for i = 1,2 and Shape(T;) = Shape(T,)}. Similarly define
T°(My, M3,).

() A domino tableau T is called standard, of order n, if #/(T) = {1,...,n}.

() If ne N* we write J(n) for 7({1,...,n}); similarly 7 °n), 7 (n, n), and
T %n, n).
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(1.1.10) PROPOSITION. Let Te I (M) (resp. Te T °(M)), and let e = sup M.
Then T\D(e, T)e 7 (M\{e}) (resp. T \D(e, T) e 7 °(M\{e})), and Shape(T\D(e,
T)) = Shape(T)\P(e, T).

We now introduce some preliminaries for the definition of A.

(1.1.11) DEFINITION. Let J c & satisfy condition Y. Let P = {S;;, Sij+1}
(resp. {Sij, Si+1,;})- We say P is an extremal position in J if p;(J) =j + 1 and
pir1(J) <j—1(resp.kj(J) =i+ land k;4+(J) < i — 1).If Tis a domino tableau
we say P is an extremal position in T if P is an extremal position in Shape(T).

REMARK. If Te 7(M)or Te 7°M)and e = sup M then P(e, T)is an extremal
position in T. Note, however, that P an extremal position in T does not imply that
P = P(k, T) for some ke M. For example, if T is as in (1.4.1) then {S3,, S3,} is an
extremal position in T.

(1.1.12) DEFINITION. Let Te 7 (M) or Te 7°M), ee N*, and P = {S;;,
Sij+1} or P ={S;;, Si4,,;} for some (i, j). We say the pair (e, P) is adjoinable to
T whenever the following hold:

(1) e>supM

(2) Shape(T)n P = @ and Shape(T) u P satisfies condition Y.

Then P is an extremal position in Shape(T)u P.

(1.1.13) DEFINITION. Let T’ be a domino tableau and suppose (e, P) is
adjoinable to T'. Then let Adj(T’, P,e) = T' v {(e, S;;)| Sij€ P}.

(1.1.14) PROPOSITION. Let T',e,P be as in Definition (1.1.13). Then
Adj(T', P, e) is a domino tableau with Shape(T) = Shape(T’) U P.

REMARK. (1) If T = Adj(T", P, e) then T\D(e, T) = T’ and P = P(e, T).
(2) If Te 7(M) or 7°(M) with e = sup M then (e, P(e, T)) is adjoinable to
T\D(e, T) and Adj(T\D(e, T), P(e, T),e) = T.

(1.1.15) DEFINITION. LetJ < # satisfy condition Y, and let P,, P, = &#. We
say (P;, P,) is an adjoinable pair to J iffori = 1,2, P;nJ = O, P; u J satisfies
condition Y, and P; is an extremal position in P; U J.

(1.1.16) PROPOSITION. Let (P4, P,) be an adjoinable pair to J. Then either
@) PynPy=Q,

(ii) Py NP, ={S;;} wherej=p(J) + Li=xk;(J)+ 1, or

(iii) P, = P,.

(1.1.17) DEFINITION. Let (P, P,) be an adjoinable pair to J. We define
P{(J, P,, P,) and P4(J, P,, P,) according to the three cases of Proposition
(1.1.16), as follows.

In case (i), let P4(J, P,,P,) = P, P4(J, P,, P;) = P,.

In case (i) let P¢(J, Py, P3) = (Py U {Si+1,j+1)\{S;;} for k = 1,2.
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In case (iii), suppose Py = P, = {Si;, S; 41} (resp. {Si;, Si+1,;}.) Then let

PA(J, Py, Py) = P4, P, Py) = {Siv10 Siv1pv1) (065D {S, ;41 Sri1,j41))
where

r=p;+1(J) + 1 (resp.r = k41 (J) + 1).

We then define

JAWJ, Py, P,)=J UP,UPAJ, P, Py)=JUP,U P, Py, Py),

all unions being disjoint.

REMARK. Suppose (P,Q) is an adjoinable pair to J. Then (Q,P) is an
adjoinable pair to J and P{(J, Q, P) = P4(J, P, Q).

EXAMPLE. Let T, T’ be as in (1.4.2). Let r > 3. Let J = Shape(T(r)) (see 1.3.1),
let P, = P(r + 1, T'), and let P, = Shape(T(r))\Shape(T'(r)). Then (P4, P;)is an
adjoinable pair to J. We have P{4(J, Py, P,) = P(r + 1, T),

P4(J, Py, P,) = Shape(T(r + 1))\Shape(T'(r + 1)),
and

JA(J, Py, P,) = Shape(T(r + 1)).

(1.1.18) DEFINITION. LetJ < & satisfy condition Y, and let P, P, ¢ #. We
say (P, P,) is a removable pair for J if P, and P, are extremal positions in J. If
P, =P,={S1,,81,,+1}0rif Py = P, = {S,1,S,+1,,} for some r we say (P;, P,)
is a minimal removable pair for J; otherwise (P, P,)is a standard removable pair
for J.

(1.1.19) PROPOSITION. Let (P, P,) be a removable pair for J. Then either
(i) PrnP,=Q,
(i) Py P, ={S;} wherei>2,j>2, and i=;(J),j= piJ), or

(1.1.20) DEFINITION. Let (P, P,) be a standard removable pair for J. We define
P}(J, Py, P,;) and P%(J, Py, P,) according to the three cases of Proposition
(1.1.19) as follows.

In case (i), let P*({J, P,, P,) = P, PX(J, P,,P,) = P,.

In case (ii), let PR(J, Py, P3) = (P U {Si—1,j-1})\{S;;} for k=1,2.

In case (iii) suppose Py = P, = {S;;, S j+1} (resp. {Sij, Si+1,;}). Then let

Pf(J,Pl,Pz) = P§(J,P1,P2) = {Si—l,r-ls Si—l,r} (resp. {Sr—l.j-—l,sr,j})
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where
r=p;i_1(J) (resp.r=1x;_1(J)).
We then define
JR(J, Py, Py) = J\(P}(J, Py, Py) U Py) = J\(P L PX(J, Py, P,)).
Here the unions are disjoint and
PR(J, P,,Py)UP, € J, P UPS(J, Py, Py) S J.
(1.1.21) PROPOSITION. (a) Let (Q;,Q>) be an adjoinable pair to I. Let
P, =P'11(I,Q1’Q2), P2=P'24(I,Q1,Qz), J=JA(LQ1,Q2)-
Then (P4, P,) is a standard removable pair for J and
PRJ, P, Py) =0y, PX(J, P, P,y) = Q,, JRUJ,P,Py)=1.
(b) Let (Q1,Q>) be a standard removable pair for I. Let
P, =P}(1,0,,0,), P,=P51,01,Q;) J=J%1,01,0Q2)
Then (P, P,) is an adjoinable pair to J and
P4, Py, Py)=Q;, P4(I,Py,P;)=Q, JAJ, P, Py) =1
(1.1.22) PROPOSITION. Let (Q;,Q,) be an adjoinable pair to I, and let
P, =PA(I,Q;,0,), i = 1,2, and J = J4(I, Qy, Q,). Suppose further that we have
Te T(M) or TeTM), eeN* with e=supM, and Shape(T) =10 Q,

(resp. Shape(T) = 10U Q). Then (e, P3) (resp. (e, P,)) is adjoinable to T and
Shape(Adj(T, P;, e)) = J (resp. Shape(Adj(T, Py, €)) = J).

Section 2

In this section we will give two definitions of 4 and show they are equivalent. The
first definition, (1.2.1), is useful for showing the symmetry between left and right,
(1.2.3). The second Definition, (1.2.7), is more useful for computations. We will
show in (1.2.9) that A has an inverse, B.

(1.2.1) DEFINITION. For each M;,M, c N* with [M,|=|M,| <o we
defineamap 4 = AM, M,), A: (M1, M;) > T (M, M,).Forwe ¥ (M, M)
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we write A(w) = (L(w), R(w)). If [M, | = 0 we define A(M, M) to be the unique
map between the one-element sets F(Q, Q) = {Q} and T (O, @) = {(O, O)}-
For |M{| > 1, to define A(M,, M,) we assume by induction that A(M', M%) is
defined whenever |M}| < |M,|, and that we have available Proposition (1.2.2)
when 1 < |M'j| < |M,|. Let m = |M,|, e = sup My, u = sup M,. There are two
cases.

Case 1. w, = ,w. Let ¢€ { £ 1} be such that w\w,, = {(e, u, ¢) }. Then we define
L(w) = Adj(L(,w), P,e) and R(w) = Adj(R(Wy,), P,u), where P = {S,,,S;1 ,+1}
withr = py(L(,w)) + 1 Whene = land P = {S,4, S, +1,1 } Withr = k;(R(w,)) +
1 when ¢ = —1.

Case 2. Wy, # .w. Let w = ,,_1(W,) = (wW)m—1. Note that since ,,w # w,, we
have L(w,,)€ 7 (M \{ f})forsome f < eand R(,,w)e 7 (M, \{v})forsomev < u.
Let Q; = P(e, L(w,,)), @2 = P(u, R(,,w)). Let I = Shape(L(w)) = Shape(R(w)). By
Proposition (1.2.2) applied to w,, and to ,,w,(Q, Q,)is an adjoinable pair to I. We
now define L(w) = Adj(L(,,w), P{(I, Q;, Q,), e) and R(w) = Adj(R(w,,), P4(I, Q4,
Q,), u). (By Proposition (1.1.22) this is possible, and Shape(L(w)) = Shape(R(w)) =
JAI, Q1,Q5) so (L(w), Rw))e T (M, M,))

(1.2.2) PROPOSITION. Let we (M ,M,), m=|M|=1,e=supM,, u=
sup M,. Then L(,,w) = L(w)\D(e, L(w)) and R(w,,) = R(w)\D(u, R(w)).
Proof. This is clear from the definition. O

We now prove the relation between L and R.

(1.2.3) PROPOSITION. Let we (M, M,). Then A(w™') = (R(w), L(w)).

Proof. We assume by induction that the proposition is true for ye #(M",, M3)
whenever |M'| < |M,|, the case |M,| = 0 being obvious. Let m = [M,|, e =
sup M, u =sup M,.

Note that (w,,) ! = n(Ww™ 1) and (,w) "' = (w™1),,. It follows that w™! satisfies
the hypothesis of case 1 of Definition (1.2.1) if and only if w satisfies the hypothesis
of case 1 of Definition (1.2.1).

Assume first that w,, = ,,w, that is, w and w ™! satisfy the hypothesis of case 1 of
Definition (1.2.1). Let w\w,, = {(e, 4, ¢)}. Then w™*\(w™1),, = {(4, ¢, )} and the
proposition is clearly true in this case.

Assume now that w,, # ,,w, thatis wand w ™! satisfy the hypothesis of case 2 of
Definition (1.2.1). Let

w= m—l(wm) = (mw)m—h and W_l = m—l((w_l)m) = (m(w_l))m—l-

Then w™! = (w)~!. By induction we have

(Lw™ "), Rw™ 1) = A(w™") = A((%)~ 1) = (RWW), L(W)),
(L™ D) RO D) = AW D) = AlW) ™) = (R(uw), Limw))
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and
(LGuw™ ), RGa(w™ 1) = AGu(w™ 1) = A((Wm) ™) = (RWp), L(Wp)).
Let
I = Shape(L(w)), Q1= Ple,L(wn)), Q2 =P(u,R(»w)),

and let

I'=Shape(L(w™ ")), Q1 =P, L(w™ a)), Q2= Ple,R(u(w™")).

Then I =TI, Q; = 03, Q, = Q1. By Remark (1.1.17) P{(I', 01, Q3) = P5(I, Q1, Q).
Thus

Liw™") = Adj(L(m(w™ ")), PI(I', Q1, Q2), w) = Adj(R(Wy,), P3(I, Q1,Q2), u) = R(w),
and similarly R(w ™) = L(w). O

We now introduce some preliminaries for the second definition of the
algorithm A. This definition makes use of the map «, defined in (1.2.5), mentioned
in the introduction.

(1.2.4) DEFINITION. Let M = N*, |M| < oo.
(a) Let 6(M) = {(T,v,¢)|ve M, Te T(M\{v}), ee {1} }.
(b) Let 2(M) = {(T, P)| Te 7(M) and P is an extremal position in T}.

(1.2.5) DEFINITION. Let M = N* |M| < co. We define a map a = o(M),
oM): €(M) - D(M). To define a, if |[M| > 2 we assume by induction that a(M’) is
defined for all M’ with 1 < [M’| < |M| and that we have available Proposition
(1.2.6) for this situation (for |[M| = 1 we are in case 1 of this definition, and this
case does not require induction.) Let e = sup M and suppose (T, v, ¢) € €(M).
There are two cases.

Casel. v=elIfe=1letP ={S;,,S;,+1} wherer = p(T') + 1,ife = —1let
P=1{S,1,S+1,1} where r = k,(T’) + 1. Let T = Adj(T", P, e). Then we define
(T, v, 8)) =(T, P).

Case 2. v #e. Let (T",P) = o((T'\D(e, T'), v, ¢)). Let Q; = P(e, T"), Q, = P,
I = Shape(T'\D(e, T’)). Then by Proposition (1.2.6) (Q;, Q,) is an adjoinable pair
for I, so let Py = P{(I,Q1,Q2), P, = P3(I,Q1,Q2), J = J4I,Q1,Q2). By Pro-
position (1.2.6) Shape(T"”) = Shape(T'\D(e, T")) u P' = 1 U Q,. Then by Proposi-
tion (1.1.22) (e, P,) is adjoinable to T”. Let T = Adj(T", P,,e), and let P = P,.
Then we define a((T", v, ¢)) = (T, P). (By Proposition (1.1.22) Shape(T) = J, so by
Proposition (1.1.21) P = P, is an extremal position in T, so (T, P)e 2(M).)
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(1.2.6) PROPOSITION. Let (T',v,¢)e €(M) and let (T, P) = o((T", v,¢)). Then
Shape(T’) N P = @, Shape(T) = Shape(T’) U P, and P is an extremal position in
T.

Proof. If (T, v, ¢) is in case 1 of Definition (1.2.5) this is clear.In case 2 we have
Shape(T) =J =1 U Q; U P,, these unions being disjoint. Now Shape(T’) =
I'vQ,; and P = P,, which gives the first two statements of the proposition. The
third statement follows from Proposition (1.1.21(a)). O

We now make a second definition of the algorithm, provisionally called A’
instead of A until shown to be equivalent to (1.2.1), in (1.2.8). The map « is the
basic building block. The map A’ is obtained by repeated applications of «,
analogously to the Robinson-Schensted algorithm, as mentioned in the introduc-
tion.

(1.2.7) DEFINITION. For each M, M, c N* with |M,;|=|M,| < 0 we
define a map A' = A'(M, M,), A: (M, M,) > T (M, M,). To define A" we
assume by induction that we have defined A'(M', M}) whenever |M}| < |M;|
(for [IM;| =0 A’ is the unique map from L(Q, Q) to (P, D), that is
A(Q) =(Q, D)) Let m =|M,|. For we (M, M,) let {(v,u, &)} = w\w,, (so
u=supM,), let (T}, Th) = A'(W,)e T (M;\{v}, M,\{u}), and let (T,,P)=
(T, v, €)).

Now by Proposition (1.2.6) P is an extremal position in Shape(T;) = Shape(T}) U
P, this union being disjoint. Since Shape(T%) = Shape(T), and u > sup(M,\ {u}),
(u, P) is adjoinable to T%. Let T, = Adj(T5, P, u). We define A'(w) = (T, T,).

(1.2.8) PROPOSITION. Let M;,M, = N* with |M,|=|M,|< 0. Then
A(MI’MZ) = A/(M1,M2)-

LEMMA. Letwe #(My, M,),m = |M,|,and let {(v,u, &)} = w\w,,. Let (T, P) =
(L Wp,), v, €)). Then T = L(w).

Proof. Let e =sup M,. Now e =v if and only if w, = ,w so (L(wy),v, )
satisfies the hypothesis of case 1 of Definition (1.2.5) if and only if w satisfies the
hypothesis of case 1 of Definition (1.2.1). In this case (that is e = v, case 1 of both
definitions) the lemma is clear from the definitions.

Assume then e # v. We will assume by induction that the lemma holds for any
ye £ (My, M) with |[M'|| < |M,| (when |M,| =1 any we (M, M,) satisfies
the hypothesis of case 1 of Definition (1.2.5), and we have already proved the
lemma in this case). Let w = ,,_ ;(W,,) = (wW)m-1. Recall from Definition (1.2.5)
that T is obtained as follows: let

(T", P') = a((Lwm)\D(e, L(Wm)), v,€)), Q1 = Ple, L(wn)),

0,=P, I = Shape(IL(w,,)\ D(e, L(w,,))), P, =P{(1,0:,0,),
then T = Adj(T", Py, e). On the other hand, recall from Definition (1.2.1) that we
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obtain L(w) as follows: let

Q1 = Ple, L(wn)), Q2 = P(u, R(w)),
I' = Shape(L(w)), ~ Py =P{(I', 0}, Q%)

then L(w) = Adj(L(,,w), P}, e). Then to show that L(w) = T it suffices to show that

(i) T" = L(mw),
@ Ir=r,
(iii) @, = Q4, and
(iv) Q2 = Q5.

By Proposition (1.2.2), L(w,,)\D(e, L(w,,)) = L(;n— 1(W,,)) = L(W), which gives
(i1). By induction we can apply the lemma to L(,,w), to obtain

(L(wm)\Dle, L(Wn)), v, &) = o(L(W), v, &) = (L(mw), P"),

where P” = Shape(L(,,w))\Shape(L(w)).This gives (i) and also P”" = P’ = Q,.
Now (iii) is by definition, so there remains only (iv), that is, we have to show that
P’ = P(u, R(,w)). Now P’ = P” = Shape(L(,,w))\Shape(L(w)) = Shape(R(,,w))\
Shape(R(w)) = P(u, R(,,w)), the last equality since R(w) = R(,,w)\ D(u, R(,,w)) by
Proposition (1.2.2). This completes the proof of the lemma.

Proof of Proposition (1.2.8). We will assume by induction that A(M;, M%) =
A'(My, M3) whenever |M}| <|M,| (when |[M{| =0 both A(M,,M,) and
A'(M, M) are the unique map from £ (Q, Q) to I (D, @)). Forwe (M, M,)
let (T;, T,) = A'(w). We have to show T; = L(w) and T, = R(w).

Let (T, T3) = A(w,,) and let {(v,u,€)} = w\w,. By induction (T}, T5) =
(L(Wp), R(Wy,)). Then by Lemma (1.2.8) T; = a((T;, v, €)) = a((L(W), v, €)) = L(w).
Now T, = Adj(T%, P,u) and R(w) = Adj(R(w,,), P, u), for some P, P". Thus to
show T, = R(w) it suffices to show P = P’. We have

P = Shape(T,)\ Shape(T%)
= Shape(T,;)\Shape(T})

= Shape(L(w))\Shape(L(w))
= Shape(R(w))\Shape(R(w,)) = P,

proving the proposition.

REMARK. In light of Proposition (1.2.8) we will use the notationA(M,, M,)
indifferently for A(M,, M,) or A'(M, M,).

We now begin to define an inverse to 4. We first introduce B, the inverse to
o (1.2.5).
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(1.2.9) DEFINITION. Let M < N* |M| < co. We define a map = (M),
B(M): D(M) - €(M). To define B, if | M| > 2 we assume by induction that f(M’) is
defined for all M’ with 1 < |M’| < |M| and that we have available Proposition
(1.2.10) for this situation (for |[M| = 1 we are in case 1 of this definition, and this
case does not require induction.) Let e = sup M. Suppose (T, P)e Z(M).LetQ, =
P(e, T), Q, = P and let I = Shape(T). Then (Q,, Q,) is a removable pair for I.
There are two cases.

Case 1. If (Qy, Q,) is a minimal removable pair for I and Q; = Q, = {S; ,,
Sy p+1} (resp. {Sp.1,Sp+1,1}) for some p we define B((T, P)) = (T\D(e, T), e, 1)
(resp. B((T, P)) = (T\D(e, T), e, —1)).

Case 2. If (Q,, Q,) is a standard removable pair for I let P, = PX(I,Q,, Q,),
P, = P3(1,Q1,Q,),J = JX(I,Qy, Q;). Then Shape(T\D(e, T)) = I\Q; = J U P,
so by Proposition (1.1.21(b)) (T \D(e, T), P,)€ (M \{e}). Let (T", v, &) = B((T\Dle,
T), P,)). Then by Proposition (1.2.10)

Shape(T”) = Shape(T\D(e, T))\P, = (J\Q;)\P, = L.

Thus (e, P,) is adjoinable to T". Let T' = Adj(T", Py, e). We define B((T, P)) =
(T, v, ¢).

(1.2.10) PROPOSITION. Let (T, P)e 2(M) and let (T',v,¢) = B((T, P)). Then
Shape(T)\ P = Shape(T").

Proof. If(T, P)satisfies case 1 of Definition (1.2.9) this is clear; if it satisfies case
2 we have, in the notation of case 2, Shape(T) = I, P = Q, and Shape(T’) =
Shape(T")u P, = Ju P; = I\Q,, which proves the proposition. d

We now define what will be shown to be an inverse to 4.

(1.2.11) DEFINITION. For each M, M, c N* with |M| =|M,| < o0 we
define a map B = B(M, M,), B(M,,M,): T (M, M,;) - ¥(M,, M,). To define
B we assume by induction that we have defined B(M',, M%) whenever |M| <
|M;| (for |M;| =0, B is the unique map from J(Q, Q) to L(Q, Q)). Let
u = sup M,. For (T, T,)e T (M, M,) let P = P(u, T>), let (T}, v, &) = B((Ty, P)),
and let T% = T,\D(u, T,). Then we define B(T;, T,)) = B((T%, T%)) U {(v, u, ¢)}.

The following proposition is the main point needed to show that B is an
inverse to A.

(1.2.12) PROPOSITION. Let M = N*,|M| < co. Then a(M) is a bijection from
B(M) to D(M) with inverse p(M).

Proof. Weshow first that o a is the identity on €(M). Suppose (T", v, £) € €(M)
and let (T, P) = a((T", v, €)). Assume first (T", v, ¢) satisfies the hypothesis of case
1 of Definition (1.2.5). Then it is clear that (T, P)satisfies case 1 of Definition (1.2.9)
and that (T, P)) = (T, v, ¢).
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So assume (T", v, ¢) satisfies the hypothesis of case 2 of Definition (1.2.5). Then
(T, P) is obtained as follows: let e =sup M, (T", P') = a((T'\D(e, T"), v, €)),
Q1 =P T),Q, =P, I=Shape(T'\D(e,T)), P,=P{(I,0:,02),P,=
P4(1,04,05),J = JAI,Q1,Q,), then T= Adj(T”, P;,e) and P = P,. Proposition
(1.2.21(a)) says that (T, P) satisfies case 2 of Definition (1.2.9), so B((T, P)) is
obtained as follows: we have P, = P(e, T), P, = P, and J = Shape(T), so let
Ql = PII{(J’PI’PZ)9 QZ = PIZ((J’PDPZ)’ I~= JR(J’PI’PZ)' Let (T”’i}’g) =
B((T\D(e, T),J,)) and let T" = Adj(T", §;, ¢). Then (T, P)) = (T", 5, &).

We need to show (T, 3, &) = (T, v, &). We will assume by induction that the
B(M")oa(M’) is the identity on €(M’) whenever |M’'| < |M| (when |[M| = 1, any
element of ¥ (M) satisfies the hypothesis of case 1 of Definition (1.2.5), and we have
already proved that foa is the identity on ¥(M) in this case.) By Proposition
(1.1.21@@)) 0, = 01,0, = Q, and T = I. We have by induction

(T",5,8) = B(T\D(e, T), @2)) = B(T", @2)) = BUT", P))
= B((T"\D(e, T'), v,))) = (T"\D(e, T'), v, &).
So b =0, =¢ and T” = T'\D(e, T').
It remains to show that " = T. We have
T' = Adi(T", 01, ¢) = Ad(T'\D(e, T"), 01, ) = Ad{(T'\D(e, T"), P(e, T), &) = T".

This completes the proof that foa is the identity on €(M).

We show next that oo § is the identity on 2(M). Suppose (T, P) € 2(M). Assume
first (7, P) satisfies the hypothesis of case 1 of Definition (1.2.9). Then it is clear
that B((T, P)) satisfies case 1 of Definition (1.2.5) and that «(B((T, P))) = (T, P).

So assume (T, P) satisfies the hypothesis of case 2 of Definition (1.2.9). Then
B((T, P)) is obtained as follows: let

e =sup M, Q,=PeT), Q,=P,
I = Shape(T), Py = Pllz(l, Ql’ Q2)> P, = Pg(I’ Ql’ QZ),
J=JX1,01,02),  (T",v,6) = B(T\D(e, T), P,)),

and

T' = Adj(T", Py, o).

Then B((T, P)) = (T’,v,¢). We next compute a((T’, v, ¢)). Since v # e, (T, v,¢)
satisfies case 2 of Definition (1.2.5), so a((T", v, €)) is obtained as follows. Note that
T" = T'\D(e, T'), P, = P(e, T'), and J = Shape(T").
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Let

(T, P)=a((T",v,e)), P,=P,
0, =P{(J,P,,P,),  Q,=P4(J,P,,P,),
I=J4J,P,,P,), T=Adi(T”,0,,¢) and P=0,.

Then «((T', v, ¢)) = (T, P).

We need to show (T, P) = (T, P). We will assume by induction that a(M") o (M)
is the identity on Z(M’) whenever |M’'| < |M|(when |M| = 1 any element of 2(M)
satisfies case 1 of Definition (1.2.9), and we have already proved that ao f is the
identity on 2(M) in this case.) We have by induction

(T, P’y = o(T", v, €)) = o B(T\D(e, T), P2))) = (T\D(e, T), P»),

that is T” = T\D(e, T) and P, = P’ = P,. Then by Proposition (1.1.21(b))
0:1=0:,0=0,,1=1 So

ﬁ = QZ = QZ =P and T = Adj(T”’s Ql’e) = Ad_](T\D(e’ T)’ Qla e)
= Adj(T\D(e, T), P(e, T),e) = T.

This completes the proof that a0 f is the identity on 2(M). O

(1.2.13) THEOREM. Let M,M, = N* with |M,|=|M,| < . Then
A(My, M,)is a bijection from (M, M,)to I (M, M,)withinverse B(M 1, M ;).

Proof. The proof is by induction, that is we assume the theorem holds for
A(M, M,) whenever |M'{| < |M|.(When |M,| =0, A(M,, M,)and B(M, M)
are the unique maps between the one-element sets in question.) In light of
Proposition (1.2.8) we will use Definition (1.2.7) for A(M, M,). Letm = |M, | and
let u = sup M,.

We show first that Bo A is the identity on (M, M,). Given we (M, M)
we compute B(A(w)). Let

{(09 u, 8)} = W\wm, A(Wm) = (T’l’ ’2),
(Ty, P) = ((T},v,¢)), and T, = Adj(T%, P, u).

Then A(w) = (T, T;). To compute B((Ty, T,)), note that P = P(u, T,) and
T, = T,\D(u, T,). Let (T, ,&) = B((T:, P)). Then B(Ty, T»)) = B(T", T3)) U
{(6u5). )

We need to show that w = B((T, T3)) u {(D, u, §)}. We will show that

(i) B((T", T?%)) = wy, and

(i) {(@ u &)} = {(v,u, &)} which is w\w,,.
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Proposition (1.2.12) says that (T%,#,8) = B((Ty, P)) = B(((T", v, €))) =
(T4, v, €). So we have (i) and also T', = T',. By induction we have B((T";, T)) =
B(T, T%)) = B(A(w,,)) = w,,. This completes the proof that B- A4 is the identity
on (M, M,).

We show next that AoB is the identity on (M, M,). Given (Ty, T,)e
I (M, M,) we compute A(B((Ty, T,))). Let P = P(u, T,), (T, v, &) = B((Ty, P))
and T; = T,\D(w, T5). Then B(T;, T3)) = B(T}, T3)) U {(v,u,)}. Let w =
B((Ty, T,)). To compute A(w), note that since u = sup M,, w\w,, = {(v, 4, &)}
Then w,, = B((T, T%)) so by induction A(w,,) = A(B((T, T%))) = (T, T5). Let
(T1, P) = (T, v,€)) and T, = Adj(T%, P, u). Then A(w) = (T, T>).

We need to show (Ty, T,) = (Ty, T,). We have (T, P) = (T}, v,¢) =
(T, P))) = (T, P) (the last equality by Proposition (1.2.12)), so T; = T, and
P = P. Finally T, = Adj(T%, P, u) = Adj(T%, P, u) = Adj(T,\D(u, T,), P(u, T,),
u) = T,. This completes the proof of the theorem. O

(1.2.14) REMARK. All the definitions in this section can be made for tableaux in
T (M) as well. That is, we can define 4° = A%(M, M,) where A°(M, M,):
F My, M,)— T M, M,). This definition is identical to Definition (1.2.1),
except that for [M,| =0 we have A%(®) = ({(0,S11)},{(0,S,,)})e T, Q).
Similarly we define €°(M), 2°(M), a°(M), (A°)(M 1, M ,), B°(M), and B (M, M,).
The analogues of Propositions (1.2.2), (1.2.3), (1.2.6), (1.2.8), (1.2.10), and (1.2.12),
and of Theorem (1.2.13) hold in this situation as well.

Section 3

In this section we prove some propositions about the maps A and B which are
useful for applications. We will, in Section 4, illustrate how they are used in
computations. We accomplish this by giving useful characterizations of « and f.

(1.3.1) DEFINITION. Let Te 7 (M) or J°M). Let M = {e,,...,e,} with
e; < ey < - <e, Define

T() = T\( U b T)).

k=j+1

(1.3.2) DEFINITION. Let J, P = % be such that J satisfies condition Y and
P ={S;,Si+1} (resp.{Si, Si+1,;}) for some (i,j). We define P*(J, P) in any
one of the following situations:
(i) If j = piJ) + 1 (resp.i = k;(J) + 1) we define P4(J, P) = P.
(i) f P J = S;;and p;+1(J) =j — 1 (tesp. kj+1(J) = i — 1) define PA(J, P) =
(P\{Sij})U {Si+1,j+1}-
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(111) If_] + 1 = p,(J) (I‘eSp.i + 1 = KJ(J)) we deﬁne PA(J, P) = {Si+l,r’ Si+ 1‘,.+1}
(resp. {S, j+1,Sr+1,j+1}) Where r = p;y1(J) + 1 (resp.r = k;41(J) + 1).

EXAMPLE. See (1.4.2). Each of the five tableaux with a domino above it yields
an example: that is, J is the shape of the tableau, P is the position occupied by the
domino above it, the shaded area in the domino is P n J, (which is empty in case
(i) of the definition) and P4(J, P)is the position in the next tableau occupied by the
domino with the same number.

(1.3.3) PROPOSITION. Suppose (Q,,Q,) is an adjoinable pair to I. Then
PAI L Q,, Q1) (resp. PAI U Q1, Q,)) is defined and P11 L Q2, Q1) = P{(I,Q1, Q)
(resp. PA(I U Q1. Q2) = P3(1, 01, Q1))

The following proposition is designed to give a better grasp of «.

(1.3.4) PROPOSITION. Let M = N*, [M| < o0. Let m = |M| and let M =
{e1,...,en} with e, <--- <e,. Suppose (T',v,e)e €M), and let (T,P)=
(T, v, €)). Let 1 < k < mbe such that v = e,. Then the following statements hold
and characterize T uniquely.

(1) For j < k we have T(j) = T'(j), that is P(e;, T') = P(e;, T).

(2) If e=1 then P(ey, T)={Sy,,S1,+1} where r=p(Ttk — 1))+ 1; if

¢ = —1 then P(e;, T) = {S,1,S;+1,1} where r = k,(T(k — 1)) + 1.

(3) For j > k we have P(e;, T) = PAT(j — 1), P(ej, T)).

Proof. It is clear that statements (1)+3) determine P(e;, T) forall 1 <j < m,
and thus determine T. To see that they hold, suppose first that k = m, that is, that
(T, v, ¢) satisfies the hypothesis of case 1 of Definition (1.2.5). In this case it is clear
that statements (1) and (2) are true and that (3) does not apply.

Suppose then that k # m, that is (T", v, ¢) satisfies the hypothesis of case 2 of
Definition (1.2.5). We assume by induction that the proposition is true for
elements of any ¥(M’) with 1 <|M'| < |M| (when |[M|=1 we must have
k =m =1, and this case is proved already.) Let T" e (M \{e,}) be such that
(T", P) = ((T'\D(ey, T"), v, €)). Then by Definition (1.2.5) T" = T(m — 1), so
T'(j)=T(j) for 1 <j<m— 1. Since also P(ej, T'\D(e,, T')) = Ple;, T") for
1 <j < m— 1, we have by induction that statements (1) and (2) hold, and (3) holds
for k <j <m— 1. For j = m, statement (3) follows from the definition of « and
from Proposition (1.3.3).

REMARK. The proposition (we conserve all its notation) says that we can form
T by the following procedure: first write down the tableau formed with the
numbers e;,..., e, in the same position as they appear in T". (This is the
tableau called T(k — 1).) Then add v = ¢, to this tableau as a horizontal domino
at the end of the first row if ¢ = 1 or as a vertical domino at the end of the first
column if ¢ = — 1. (We now have T(k).) Finally, add successively the e;, j > k, in
increasing order as follows: to add e; to the tableau that we have obtained from
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the e;, i < j, (this tableau is called T(j — 1)) we look at the intersection of this
tableau with the position occupied by e; in T’ (that is, T(j — 1) n P(ej, T").) We
then add e; to the tableau in the position described in Definition (1.3.2), which
depends on the position of e; in T" and the intersection of this position with
T(j — 1) (that is, we add e; to T(j — 1) in the position P4T(j — 1), P(e;, T')) of
Definition (1.3.2): the result is T(j)). This procedure is illustrated in Example
(14.2).

Note that P = Shape(T)\Shape(T") and is thus determined once T is known.

Now we begin to develop a better characterization of g.

(1.3.5) DEFINITION. Let I < # satisfy condition Y, and let Q,, Q, = & with
Q, and Q, N I extremal positions in I. If (Q,, Q, N I)is a standard removable pair
for I, we define P{(I,Q;,Q,) = PY(I,Q1, Q2N 1).

(1.3.6) PROPOSITION. Let M < N*, |[M| < oo, let m = |M| and let M =
{e1,...,en} Withe, < --- < e,,. Suppose (T, P)e (M), and let (T’, v, &) = B((T, P)).
Let

D(T.P)=Pu | ) Ple,T)

I=j+1

Let 1 <k <m be such that v=e,. Then the following statements hold and
characterize (T, v, &) uniquely. (In particular they determine k.)
(1) Fork <j < m P}(Shape(T(j)), P(ej, T), Di((T, P))) is defined and is equal to
P(e;, T').
(2) Let1 <j<m.Then(a) j=kand e = 1if and only if P(e;, T)n D;(T, P)) =
{S1,»S1r+1} for some r, and (b) j=k and e= —1 if and only if
P(e;, T)nDi((T, P)) = {S,1,S,+1,1} for some r.

(3) For 1 <j <k we have P(e;, T") = P(e;, T).

Proof. To see that if true statements (1)-(3) determine (T”, v, €) we need to show
that for each 1 <j < m statements (1)3) first determine whether j = k, and if
j = k that they determine ¢, and if j # k that they determine P(e;, T"). It is clear
that for j = m statements (1) and (2) do this. Now let 1 < j < m. By induction we
can assume that for j + 1 < < m statements (1)-(3) have determined whether
I =k, and if | # k that they have determined P(e;, T'). Then if j+ 1 <Il<m
statement (3) determines P(e;, T"), and if not by induction P(e;, T') is determined
forj + 1 <1< m,thus sois D;((T, P)). Then it is clear that statements (1) and (2)
determine whether j = k, and if so that they determine ¢ and if not they determine
Pe;, T').

To see that statements (1)(3) hold, note first that if kK = m (case 1 of Definition
(1.2.9)) then statement (1) is irrelevant and statements (2) and (3) follow directly
from Definition (1.2.9). So assume k # m. We assume by induction that the
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proposition is true for f(M’) when 1 < |M’| < |M| (the case |M| = 1 also satisfies
k =|M| =1, which is treated above). We note that D,((T, P)) = P, thus
statements (1) and (2) hold when j = m (and statement (3) cannot apply when
j = m) by the definition of §. Let Q; = P(e,,, T), Q> = P, I = Shape(T), P, =
PY(I,Q41,Q,) = P(m, T'), P, = P¥(I,Q1,Q,), and let (T",v,¢) = B((T\D(en, T),
P3)).

It remains to show that statements (1)}+3) hold for 1 < j < m — 1. By induction
we can assume that they hold true for ((T\D(e,,, T), P,)). Using this and the facts
that for 1 <j<m—1 we have P(e;, T) = Ple;, T\D(e,, T)) (that is T(j) =
(T\D(em, T)) (j)) and by the definition of B, P(e;, T') = Ple;, T") for j #k,
1 <j < m— 1, statements (1)+3) follow from the following claim:

Claim. For k<j<m—1 we have D;(T, P))nT(j)=D;((T\D(em, T),
P,)) nT(j).

Proof of the claim.

DT, P)=Pu ) P, T)

i=j+1
m—1
=PUPe,T)0 | Pl T)
i=j+1
and
m—1
D,(T\Dlew, T), P2)) = P,u | ) Ple. T")

i=j+1

=P,u O P(e;, T").

i=j+1

So it suffices to show that (Pu P(e,, T")) N T(j) = P, n T(j). But by the
definition of P} and P, P U P(e,,, T') = P, U P(e,, T), so this is clear.

Section 4

In this section we illustrate the preceding with some examples, showing how
o, B, A, and B operate as algorithms. Thus we use the descriptions of x and g given
in Section 3. The similarity to the Robinson-Schensted algorithm will be visible.

(1.4.1) REMARK. We think of the S;; as squares in an array. If T is a domino
tableau an element of T corresponds to the assignment of a number to a square.
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We picture the number as occupying the square. For example, the tableau
T= {(1, S11),(L,812),(2,821),(2,831), (3, 522),(3, S32), (4, S13), (4, S14)} looks like

1]1]4]4
2 | 3
2 3

Usually, however, we display T as a tableau made of dominos, as

(1.4.2) EXAMPLE. Let T’ be the domino tableau displayed as:

Let (T, P) = of(T", 3, 1)). We show how to find T. We use Proposition (1.3.4) and
its notation,; see especially the remark after this proposition. (Since M = {1,2,...,8}
we have e; = jV1 <j < 8.) Then k = 3 so T(2) = T'(2). We start with this and
display successively T(2), T(3),..., T(8) = T. Above each tableau T(j — 1), j > 4,
we display D(j, T"). The set T(j — 1) n P(j, T') is indicated by the shaded area.
This is used, by Proposition (1.3.4), statement (3), to find P(j, T).

T T 1 'J1 ll/;

4
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12 213 123 122’
4 4
T T 1 ||1|
) i
g
3 3 3
1236 1256 1256
4 417 i 17
g

(1.4.3) EXAMPLE. Let T be the domino tableau displayed as

andlet P = {S,3, S24}. Let(T", v, £) = B((T, P)). We show how to find (T", v, £). We
use Proposition (1.3.6), and its notation. We display, on the top row, T(5), T(4),.. .,
T(k — 1). (It develops that k = 3.) The shaded area for each T(j) is D(j). On the
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next row we display the information obtained about (7", v, &) at each stage, using
statements (1)}+3) of Proposition (1.3.6).

1 3 7 1 3 1 ﬂ” 1//
1% 4 7,

2 2 2 2

|| [ | - [

statement (1) statement (1) statement (2) statement (3)

gives P(5, T") gives P(4, T') givesv=3,¢=1 gives the
remaining
information
about T'.

Thus (T, v, ¢) = 3,1

(144 EXAMPLE. Letwe #({1,2,3,4,5},{1,2,3,4,5}),w = {(4,1,1),(5,2, — 1),
(1,3,1),(3,4, —1),(2, 5, — 1)}. We show the steps in finding A(w), using Definition
(1.2.7).

..... k+ 1),
..... k+ 1)’

...............

..........
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y L(y) R(y)
Ws.4,3,2
4 | 1
Ws.4,3 5 0)
1 1
Ws.4 4
5 2|3
1 1
Ws 314 213
5 4
1 1
g s
w 213 213
5 4

(1.4.5) EXAMPLE. Let (T}, T,)e 7({1,2,3,4,5},{1,2,3,4,5}),

(Tla TZ) =

.....

(v, k, €).
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(We are using here Theorem (1.2.13) to identify (T, T,) with (L(w), R(w)) and to
identify the various subtableaux which occur in computing B((Ty, T,)).) We
display each step. For each k the area shaded in the tableau on the same row is
P(k, T,). Thus if T is a tableau in the second column and P the area shaded in it
and (T", v, ) = B((T, P)) then v and ¢ are the first and third entries, respectively, in
the triple in the same row as T, and T" is the tableau directly below T.

2
5 173 / {@s

4 | |13 % (a4, -1

5
3 34 {3,3, -1}
1/

{@,2, 1}

1 % {5, 1, = 1)}

Sow={(2,51),(1,4, —1,(3,3 —1),421),(5,1, -1}

Section 5

In this section we introduce the second algorithm mentioned in the introduction,
S, which given any domino tableau (in the applications, L(w)) produces a domino
tableau with special shape.
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We first introduce the notion of special shape, (1.5.6), and its preliminaries. The
notion of special representation of a Weyl group was introduced by Lusztigin [8]
(in case A4, every representation is special). Then the symbol of such a representa-
tion is also called special, and was explicitly characterized by Lusztig in [8]. In
[1], Barbasch-Vogan use shapes of domino tableaux to parametrize representa-
tions of the Weyl groups of types B,, C, and D,. One can easily show that the
following definitions leading up to Definition (1.5.6) characterize the shapes of
domino tableaux which parametrize the special representations (and so we call
such shapes, special shapes).

(1.5.1) DEFINITION. A grid is a map ¢ from & into a four-element set denoted
{X, Y, Z, W}, satisfying
(i) ¢(Sij) = X =¢(S;j+1) = Yand ¢(Si+1,;)=2Z
(i) ¢Si)) =Y=¢(S;j+1) =X and ¢(Si41,) =W
(i) &(Sij) = Z=(S;j+1) = W and ¢(S;+1,)) = X
iv) &Si)) = W= (S j+1) =Z and ¢(S;41,)) =Y
In particular we note that ¢ is determined by ¢(S;;).

(1.5.2) DEFINITION. We define the grids ¢, ¢¢, ¢p, and ¢p by ¢p(S11) =
W, ¢c(S11) = X, ¢p(S11) = Y, ¢b(S11) = Z.

REMARK. We think of a grid as placing & (or any subset thereof) in an array of
2 x 2 boxes (see (1.5.7)). The squares within any 2 x 2 box arelabelled X, Y, Z, or
W as follows:

X|Y
zZ\|\w

Thus each square of % (or a subset thereof) is labelled by an element of the set
{X,Y,Z,W}. For example, the grid ¢p places # in an array of 2 x 2 boxes as
pictured below:

|
I
I
1
|
|
.
1
!

|
| ' '
l r
L S11(812|S13{S14| )
-1
b [S21[S22S2 |
| 831|832 : I
[ i S —|
| Sa1 : |
| 1 | |
U D O P

Thus, for example, @p(S4s) = Y.
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(1.5.3) DEFINITION. (1) A tableau with grid is a pair (7, ¢) where ¢ is a grid
and T is contained in either 7 (M) or J °(M) for some M.

(2) We are interested in three types of tableaux with grid, corresponding to
g of type B,, C,, and D,. Let T3(M) = {(T, ¢p)| Te T M)}, let Tc(M) =
{(T, ¢c)| Te T (M)}, and let Tp(M) = {(T, ¢pp)| Te T (M)}. For ne N* we write
Ts(n) for Ty({1,...,n}); similarly T¢(n), Tp(n).

EXAMPLE. See (1.6.2)(i), (1.6.3)(i), and (1.6.4)(i).

(1.5.4) DEFINITION. Let ¢ be a grid. A square S;;e & is called ¢-fixed if
#(S;) € {Y, Z}, otherwise it is called ¢-variable. (If ¢ is understood, S;; is called
simply fixed or variable.)

(1.5.5) DEFINITION. Let F c & satisfy condition Y, and let ¢ be a grid.

(1) Asquare S;;€ Z is called a corner of F with respect to ¢ (or a ¢-corner of F,
or a corner of F, if ¢ is understood) if ¢(S;;) = X, (S j-1,8i-1,;} € Fu
(F°\F), and {Sij+1,Si+1,;) 0 F = Q.

(2) A square S;;e # is called a hole of F with respect to ¢ if ¢(S;;)) = W,
{Sij-1,8i=1,;} € FU(F\F), and {S; j+1,Si+1,;} " F = Q.

Note that a corner or hole of F need not be contained in F. If (T, ¢) is a tableau

with grid we say S;;e # is a corner or hole of (T, ¢) if it is a corner or hole of
Shape(T) with respect to ¢.

EXAMPLES. If Tis asin (1.6.2) then Sy, is an (empty) corner of T and S53 and
S5, are (filled) holes of T. If T is as in (1.6.3) then S35 is a (filled) corner of T, S5, is
an (empty) corner of T and S,, is an (empty) hole of T.

We now give the definition of the notion of a domino tableau’s having special
shape.

(1.5.6) DEFINITION. Let F = & satisfy condition Y, and let ¢ be a grid. F is
called special with respect to ¢ (or ¢-special) if F has no filled ¢-corners or empty
¢-holes. A tableau T is called special with respect to ¢ if Shape(T) is special with
respect to ¢. A tableau with grid (T, ¢) is called special if T is special with respect
to ¢.

We now introduce some preliminaries for the definition of the algorithm S,
which will be given in (1.5.34).

(1.5.7) DEFINITION. Let ¢ be a grid. A set B = #° is called a box for ¢ (or
a ¢-box) if B = {S;;,S; j+1,Si+1,j»Si+1,j+1} for some S;; with ¢(S;;) = X. (We
extend ¢ to #° in the obvious way.) Let P = %. P is called boxed (with respect to
¢) if P is contained in some ¢-box B, otherwise P is unboxed.

REMARK. Itiseasy to see that aset F — Fsatisfying condition Y is special with
respect to a grid ¢ if and only if for every ¢-box B, the set (F U (#F°\%))n B
consists of 0, 2, or 4 elements.
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One of the main ingredients for the definition of S is the following.

(1.5.8) DEFINITION. Let T = (T, $) be a tableau with grid, M = 4(T). Let
ke M. We define P'(k, T) as follows: if P(k, T) = {S; j-1, S;;} or {Sij, Si+1,;} with
S;;afixed square,setr = Np(S;—1,j+1) Ifr > klet P'(k, T) = {S;-1,;, S;;};ifr <k
let P'(k, T) = {Sij, Si,j+1}. If instead P(k, T) = {S;j, Sij+1} or {Si—1,,S;;} with
S;;afixed square,letr = Np(S;4 1 j—1). Ifr > klet P'(k, T) = {S; ;- 1, S;;};ifr < k
let P'(k, T) = {Sij, Sis1.;}-

EXAMPLE. Let T be as in (1.62). Then P(1,T)={S,,S;},PQT) =
{S129 S13}1 PI(37 T) = {S229S23}3 P/(4a T) = {S315S41}7 and PI(57 T) = {S32’S42}~

(1.5.9) REMARK. Let T = (T, ¢) be a tableau with grid, M = A(T). Let ke M.
Then P(k, T) contains one ¢-fixed and one ¢-variable square, as does P'(k, T), and
P(k, T) " P'(k, T) = {S;;} where S;; is the ¢-fixed square in P(k, T). Furthermore,
P'(k, T) is boxed <> P(k, T) is unboxed.

The following proposition will be used later, after the definition of S, in order to
show that S(T) is a domino tableau, provided T is.

(1.5.10) PROPOSITION. Let T = (T, ¢) be a tableau with grid, M = A (T), ke M,
and let S;;e P'(k,T) be ¢-variable. Then k> Np(S;-1,), k= N¢(S;j-1). k <
Nz(Sij+1) k < Np(Sis1,5)

Proof. We have to check separately the four cases in the definition of P'(k, T),
but in each case each of the four statements of the proposition follow from either
the definition of P'(k, T) or of domino tableaux.

The following definition is needed in order to define the process of moving
a tableau, T, through a cycle, ¢, which will be denoted E(T, ¢) and defined in
(1.5.26) (and “cycle” will be defined in (1.5.18)).

(1.5.11) DEFINITION. Let ¢ be a grid. Define ¢*: # — {X, Y, Z, W} by

P*(Sij) = X <= 9(S;)) = W, O*(Sij) = Y<=¢(S;;) = Z,
O*(Sij) = Z<=P(Sy) = Y, ¢*(Sij) = W<¢(S;) = X.

Then ¢* is a grid, in particular ¢ = ¢c, $& = ds, 5 = bp, and ($)* = ¢

(1.5.12) PROPOSITION. Let T be a domino tableau and let M = A'(T). Let ¢ be
a grid. Let ke M.

(1) P(k, T) is boxed with respect to ¢ <> P(k, T) is unboxed with respect to ¢*.

(2) P'(k,(T, ¢)) = P'(k, (T, ¢*)).

(3) Let Se #. S is a corner of T for ¢p<>8S is a hole of T for ¢*.

Proof. (1)and (3) are clear. (2) follows from Definition (1.5.8) and the fact that if
Se % then S is ¢-fixed < S is ¢p*-fixed.
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We will define the algorithm S with the following underlying notations and
assumptions.

For the remainder of section 1.5 T = (T, ¢) will be a tableau with grid
contained in either 73(M), 7 (M), or 7 5(M), for some M # (D). Variable, boxed,
etc., will be with respect to ¢, except where specified otherwise. Propositions
(1.5.13), (1.5.15), and (1.5.17) are the basis of what follows. The proofs of
Propositions (1.5.13), (1.5.15), and (1.5.17) are similar; we prove (1.5.17)«1) as
a sample thereof.

(1.5.13) PROPOSITION. Let ke M and let S be the variable square in P'(k, T).
Then exactly one of the following situations hold.
(i) There is a k'e M with Se P(k', T). P(k', T) is boxed <> P(k, T) is boxed.
(ii) P(k, T) is unboxed and S is an empty hole of T.
(iii) P(k, T) is boxed and S is an empty corner of T.
(iv) Te T5(M), P(k, T) is boxed and S = S,;.

(1.5.14) DEFINITION. Let ke M. Define N, (k,T) according to the four
situations of Proposition (1.5.13): if k satisfies (i) let N ;(k, T) = k'; if k satisfies (ii)
or (iii) let N ,(k, T) = oo; if k satisfies (iv) let N ;(k, T) = 0.

EXAMPLE. With T asin (1.6.2) we have N (1, T) = 0, N,(2,T) = 3, N,(3,T) =
2, N;(4,T) =1, and N,(5,T) = .

(1.5.15) PROPOSITION. Let ke M and let S be the variable square in P(k, T).
Then exactly one of the following situations hold:
(i) There is a unique k'e M with Se P'(k',T). P(k’, T) is boxed <> P(k, T) is
boxed.
(i) P(k, T) is unboxed and S is a filled corner of T.
(iii) P(k, T) is boxed and S is a filled hole of T.
(iv) Te T¢(M), P(k, T) is boxed, and S = S;.

(1.5.16) DEFINITION. Let ke M. Define Nk, T) according to the four
situations of Proposition (1.5.15): if k satisfies (i) let N,(k, T) = k’; if k satisfies (ii)
or (iii) let N (k, T) = oo; if k satisfies (iv) let N,(k, T) = 0.

(1.5.16a) REMARK. Let ke M be such that Ny(k, T)¢ {0, co} (resp. N;(k,T)¢
{0,0}.) Then N ((N,(k, T), T) = k (resp. Ny(N ;(k, T), T) = k)

(1.5.17) PROPOSITION. (1) Let S be an empty hole in T. Then there is a unique
ke M such that Se P'(k, T). P(k, T) is unboxed.

(2) Let S be an empty corner in T, or let Te T5(M) and S = S1,. Then there is
a unique ke M such that Se P'(k,T). P(k, T) is boxed.

Proof of (1.5.17)1). Let S;; = & be an empty hole in T. Let k = N1(S;_1,;)
and let k" = Nr(S; ;- 1) Since neither S; ;,; nor S;;, ;are contained in Shape(T),
if S;;€ P'(k”, T) then either k” = k or k” = k'. Suppose first S;_; ;—; € P(k, T). We
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note first that the variable square in P'(k, T)is either S;_, jor S;_, j+, and not S;;.
Furthermore, we have k' > k so P'(k',T) = {S; ;-1, S;}. Since S;_, ;—, ¢ P(k, T),
P(k, T)is unboxed. A similar argument holds if S;_; ;_, € P(k’, T). Suppose then
that either k=0 or k' =0 or S;,_; ;—;¢ Pk, T)U P(k', T). Then we have
S;j€ P'(k, T)<>k > k' and S;;€ P'(k, T) <>k’ > k. In either case the relevant subset
of & is unboxed.

We now define the concept of a cycle of a domino tableau.

(1.5.18) DEFINITION. We define an equivalence relation (call it ~) on M,
relative to T, by setting ~ to be the equivalence relation generated by
k ~ N;(k,T) when N(k, T)¢ {0, ) and k ~ N,(k, T) when Ny(k, T)¢ {0, co}.
The equivalence classes of ~ are called cycles in T. For ke M the equivalence
class containing k is denoted c(k, T).

EXAMPLES. See (1.6.2)(iii), (1.6.3)iii), and (1.6.4)(iii).

(1.5.19) DEFINITION. Let ¢ be a cycle in T. We say c is closed if Vrec,
N,(r, T)¢ {0, o) and N ;(r, T) ¢ {0, 0o}, otherwise c is called open. We write OC(T)
for the set of open cycles in T.

(1.5.20) PROPOSITION. (1) If cisaclosed cycleinT thenc = {ry,...,r,} where
N, T)=risq for 1 <i<n—1and Ng(r,,T) =r,.

(2) If cis an open cycle in T then ¢ = {ry,...,r,} where N;(r;,T)=r;, for
1<i<n—1, Ny, T)€{0, oo} and Ny(ry, T)€ {0, 0}.

Proof. This follows from Propositions (1.5.13) and (1.5.15).

(1.5.21) DEFINITION. LetcbeanopencycleinT. Letr,, r, be asin Proposition
(1.5.20)2). We define S(c) = S,(c, T) to be the variable square in P'(r,, T) and
Sp(c) = Sp(c, T) to be the variable square in P(ry, T).

EXAMPLE. Let T be as in (1.6.3). If ¢ = {2, 4, 5} then S,(c) =S4, and
Sb(c) = S33. Ifc= {1, 3} then Sf(C) = SSI and Sb(C) = Sll‘

(1.5.21a) PROPOSITION. Let Se #. If S is either an empty hole or an empty
corner in T then there exists a unique ce OC(T) with S {c) = S.
Proof. This follows from Proposition (1.5.17).

NOTATION. Let S be as in Proposition (1.5.21a). We write ¢(S, T), the cycle
through S in T, for the ¢ of that proposition.

(1.5.22) PROPOSITION. Let c be acycleinT; let k, k' € c. Then P(k, T) is boxed
< P(k', T) is boxed.
Proof. This follows from Propositions (1.5.13) and (1.5.20).

(1.5.23) DEFINITION. Let c beacyclein T. If Vkec, P(k, T)is boxed we say c is
boxed; otherwise c¢ is unboxed.
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The following proposition describes the different types of open cycles. In the
process of making T have special shape, however, only case (i) ever occurs.

(1.5.24) PROPOSITION. Let c be an open cycle in T. Then one of the following
four situations obtains:
(i) c is unboxed, Sy(c) is a filled corner in T, and S;(c) is an empty hole of T.
(ii) c is boxed, Sy(c) is a filled hole in T, and S ;(c) is an empty corner of T.
(ili) Te Tp(M), c is boxed, Sy(c) is a filled hole in T, and Sy(c) = S11.
(iv) Te Ic(M), c is boxed, Sy(c) = S11, and S,(c) is an empty corner in T.
Proof. This follows from Propositions (1.5.13), (1.5.15), and (1.5.20).

(1.5.25) DEFINITION. Let ke M. Let D'(k, T) = {(k, S;;)| S;;€ P'(k, T)}. -

The following defines the process of moving through a cycle. Note that the grid
of the tableau will change if cases (2) or (3) hold and we move it through the cycle
c. Case (1) of (1.5.26) corresponds to either (i), (ii) of (1.5.24) or ¢’s being closed: case
(3), to case (ii) of (1.5.24): and case (2), to case (iv) of (1.5.24). For the definition of S,
only case (1) is needed. However, we will need cases (2) and (3) for the applications
to Harish-Chandra modules. (The grid changes because we will need to work on
both sides of the character-multiplicity duality of Vogan, [11].) In fact, for the
definition of S, the subcase of case (1) which is ¢’s being closed, never arises either
(as remarked previously to (1.5.24)). However, this possibility must be taken into
account in Part II of this paper, in order to describe the effect of T,4 (see Vogan,
[10], 3.4) on tableaux.

(1.5.26) DEFINITION. Let ¢ be a cycle in T = (T, ¢).
(1) If either c is closed or both ¢ is open and Sy(c) # S11, Sy(c) # S11, let

E(T, ¢) = ((T\U D(k, T)) vlJpk T, ¢>.

kec kec

(2) If Sp(c) = Sy let

E(T,c) = ((T\U Dik, T)) vtk u {05}, ¢B>.

kec kec

() If S,(c) = Sy, let

E(Ta o= <<T\(U D(k’ T) Y {(09 Sll)}>) Y U Dl(k, T)’ ¢c)

kec kec

EXAMPLES. See (1.6.2)(v) and (vi), (1.6.3)(v) and (vi), and (1.6.4)(iv) and (v) for
examples of the first case of the definition; see (1.6.3)(iv) for an example of the
second case; see (1.6.2)(iv) for an example of the third case.
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We now have to check that this procedure results in a domino tableau.

(1.5.27) PROPOSITION. Let ¢ be a cycle in T.
(1) Suppose either c is closed or both c is open and Sy(c) # S11,Ss(c) # S11. If
Te J where I is either Tg(M), Tc(M), or I p(M), then E(T, c)e 7.
(2) Suppose Sy(c) = S11 (so Te Tc(M)). Then E(T, c)e T5(M).
(3) Suppose S;(c) = S11 (so Te Tp(M)). Then E(T, c)e I (M).
Proof. This follows from the definitions and from Propositions (1.5.10) and
(1.5.20).

We now need to show that in moving through several cycles consecutively, the
order of these operations is irrelevant.

(1.5.28) PROPOSITION. Let ¢ be a cycle in T = (T, ¢), and let ke M.
(1) If k¢c then P'(k,E(T,c)) = P'(k, T).
(2) If kec then P'(k,E(T, c)) = P(k, T).

Proof. Let E(T, ¢) = (T, ¢'). Then either ¢’ = ¢ or ¢’ = ¢*. By Proposition
(1.5.12-2) it suffices to prove the proposition with (T”, ¢) in place of E(T, c). Part
(1) of the proposition then follows from the fact that if S € Z is a fixed square or if
Se F°\Zthen N1(S) = N1.(S) (see Remark (1.5.9)). For (2), suppose for example
P(k, T) = {Si}, S j+1} with S;; fixed. Then P(k, T') = P'(k, T)is either {S; ;_1, Si;}
or {Si,Si+1,j}- Thus to find P'(k,(T", ¢)) we need to compare k with r =
N7(Si—1,j+1)- Since S;_; j+ is also fixed orin FO\F, wehaver = N1(S;-1,j+1),
so k > r and P'(k,(T’, ¢)) = P(k, T). The other three cases are similar.

(1.5.29) COROLLARY. Let ¢ be a cycle in T. Let ¢ =M. Then ¢’ is a cycle in
T<>( is a cycle in E(T, c).

(1.5.30) DEFINITION. Let cy,...,¢; be cycles in T. For k > 2, define in-
ductively,

E(T,cy,...,c0) = E(E(T, cyq,...,C—1), Ck)

This definition makes sense by Corollary (1.5.29).

(1.5.31) PROPOSITION. E(T,cy,...,c) = ET, ¢c,1), - - - » Cay) fOr any o € S;.
Proof. 1t suffices to show that, for c¢c¢’ cycles in T, E(T,c,c)=T and
E(T, ¢, c') = E(T, ¢, ¢). These follow from Proposition (1.5.28).

NOTATION. Letc,,..., ¢ bedistinct cyclesin T. We write E(T, {c, ..., ¢ }) for
E(T, cy,...,c); this is well-defined by the proposition.

(1.5.32) REMARK. (1) Let ¢ be a cycle in T satisfying the hypotheses of case 1 of
Definition (1.5.26). Then c is boxed in E(T, ¢) <> c is unboxed in T. If ¢’ is a cycle in
T, ¢’ # ¢, then ¢’ is boxed in E(T, ¢)<> ¢ is boxed in T.

(2) Suppose cisacyclein T where c and T satisfy the hypotheses either of case
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(2) or of case (3) of Definition (1.5.26). Then c is boxed in both T and E(T, ¢). If ¢’ is
acyclein T, ¢’ # c then ¢ is boxed in E(T, ¢)<>¢’ is unboxed in T. (These follow
from Remark (1.5.9) and Proposition (1.5.12), recalling that ¢p = @&, ¢c = ¢%.)

The procedure E, of moving a tableau through a cycle, affects the shape as
follows:

(1.5.33) PROPOSITION. Let ¢ be a cycle in T and write E(T, c¢) = (T, ¢').
(1) If cis a closed cycle then Shape(T’) = Shape(T).
(2) If cisopen and S;(c) # S11, Sp(c) # S11 then Shape(T’) = (Shape(T)\S;(c)) v
Ss(c).
(3) If cis open and Sy(c) = S;1 then Shape(T’) = Shape(T)\S;(c).
(4) If cis open and Sy(c) = Sy then Shape(T’) = Shape(T) L S;(c).
Proof. These are clear from the definitions and from Proposition (1.5.20).

We now define the algorithm §, which changes a domino tableau into one of
special shape.

(1.5.34) DEFINITION. Let S,,...,S;e & be the (distinct) filled corners of T.
Let ¢; = ¢(S;, T) for 1 < i < k. Define S(T) = E(T, ¢y, ..., c). S(T) is called the
special tableau with grid associated to T.

EXAMPLES: See (1.6.2)(vii), (1.6.3)(v), and (1.6.4)(iv).

(1.5.35) THEOREM. S(T) is special.

Proof. 1t is clear that if ¢’ is an open cycle in T then the choice of r4,...,r,
satisfying Proposition (1.5.20)—(2) is unique. It follows from Proposition
(1.5.28)—(1) that if ¢ is any cycle in T and ¢’ # c is an open cycle in T then the
ri,...,r, satisfying Proposition (1.5.20)—(2) for ¢’ in T also satisfy it for ¢’ in
E(c, T). In particular, Sy(c’, E(T, ¢)) = Sy(c’, T) and S,(c’, E(T, ¢)) = S;(c’, T).

Let ¢;, 1 < i<k be as in Definition (1.5.34). The ¢;’s are in situation (i) of
Proposition (1.5.24) for T, and thus by the above, each ¢;, 2 < i < k, is in situation
(i) of Proposition (1.5.24) for E(T, cy, ..., c;—). Then by Proposition (1.5.33)—(2)
S(T) has no filled corners. But Proposition (1.5.21a) and Proposition (1.5.24) show
that a tableau with grid has the same number of empty holes and of filled corners.
Thus $(T) is special.

(1.5.36) REMARK. Ifc;is asin Definition (1.5.34) then as in the proof of Theorem
(1.5.35), each c;is in situation (i) of Proposition (1.5.24) for E(T, ¢4, ..., ¢;— ). Then
if Te (M) (resp. Tc(M), Tp(M)) we have S(T)eTz(M) (resp. Tc(M),
T p(M)).

(1.5.37) NOTATION. (a) Define S(T) by S(T) = (S(T), 4).
(b) Let 75(M) = {Te T5(M)|S(T) = T}; similarly 7 (M), T H(M).

(1.5.38) PROPOSITION. Let Te 7 %(M) where R = B,C, or D. Let Hy,...,
H, be the filled holes of T.If R=C or D let U = {c(H;,T)|1 <i<k};if R=
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B let U= {c(H;,T)|1<i<k}\{c(S11,T)}. Then {T'e Tr(M)|S(T") =T} =
{E(T, V)|V < U}

Proof. This follows from the fact that E(T,c,c) =T (see the proof of
Proposition (1.5.31)), Proposition (1.5.24) and Proposition (1.5.33)-(2).

Section 6

In this section we illustrate the preceding section with some examples, showing
how the result of the process of moving a tableau through a cycle, and the result of
S, may be computed.

(1.6.1) Weillustrate a tableau with grid (T, ¢) by superimposing the tableau on an
array of 2 x 2 boxes, in such a way that each square S which lies in the
upper-left-hand corner of a box satisfies ¢(S) = X, etc. Note that this agrees with
the definition of boxed (1.5.7), that is, a set P = & is boxed if and only if P is
contained in one of the 2 x 2 boxes.

(1.6.2) (i) Let Te 75 ({1,2, 3,4, 5}) be as displayed below:

l_——'——-f——':__—

|

123t -1 -
I

R .

1|4 '

L |

|

|

|

(ii) Then P(k, T) is boxed if and only if ke {1, 4, 5}.
(iii) The cycles in T are {1, 4}, {2, 3}, and {5}; the first and third are open. We
have

(iv) E(T, {1,4}) = (v) KT, {2,3}) =
-T—- A
11213 !

Sl rfof 2] 1

4 5| | : 1 3 |

] I l 5 |
b d—- | _ L

Lo ' |4 L
N R U N
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(vi) E(T, {5}) =

| |
| | |
S EUPPE R
|
! , I'
o I i el
HElm
L AL __
| | |
| | |

(vii) and S(T) =T.

(1.6.3) (i) Let Te 7¢({1,2,3,4,5}) be as displayed below:

AT
1 4 :
415{-+—-
3 |
|
L
!

I
___+..._

|

|

(ii) Then P(k, T) is boxed if and only if ke {1, 3}.
(iii) The cycles in T are {1, 3} and {2, 4, 5}; both are open. We have:

(iv) E(T, {1’ 3}) = (v) S(T) = E(T, {Zs 4, 5}) =
roT 1(2 S—T__

{_ 0| 2 | __i__

L |11]4]5 34
SRR R

! 3 | | ! \

[

|



(1

[
|
|
I_.
|
!

T

On the classification of primitive ideals 169

6.4) (i) Let Te 7p({1, 2,3,4,5}) be as displayed below:

1

|

1
1243 ——L__

(ii) Then P(k, T) is boxed if and only if ke {4, 5}.
(iii) The cycles in T are {1,2,3} and {4, 5}; both are open. We have

(iv) S(T) (v) E(T, {4,5}) =

-
(1|3 |42
e
|
|

= E(T,{1,2,3) =

I
|
b
I
|
I
5
w
1
—_—1
I

| |

| |

| |
!— —— —— = —- I_"_‘|— —————
| | |
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