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De Rham cohomology of affinoid spaces
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The singular cohomology groups H*(X, C) of a non-singular algebraic variety
X over C can be obtained from the algebraic de Rham complex ([8]). For
a non-singular variety Y over a finite field k this de Rham complex does not
give the “correct” groups. A construction to remedy this has been proposed
and carried out by Dwork, Monsky, Washnitzer, Berthelot and others. It can
be described as follows. The affine non-singular variety Y is lifted to an affinoid
space X over K= the field of fractions of W(k). Let A denote the ring of
holomorphic functions on X. The de Rham complex Q' of the holomorphic
differential forms on X still does not give the correct cohomology groups. One
refines the construction by introducing a subring A" = A of overconvergent
holomorphic functions. The de Rham complex Q(A') of overconvergent dif-
ferential forms has in many cases the correct cohomology.

In this paper one studies the de Rham cohomology for general affinoid spaces
X = spm(A) over a field K of characteristic o. Such a space can be seen as a lift
of an affine space Y = spec(A) over the residue field of K. In general Y has
singularities and one can no longer apply the Monsky-Washnitzer theory. In
particular an affinoid algebra A4 need not have an overconvergent presentation.

In section 1 one uses Artin-approximation in order to show that the de
Rham-cohomology groups of an affinoid space X = spm(4) where A has an
overconvergent presentation ¢, do not depend on the choice of ¢. Further it
is shown that any non-singular X (the affine space Y can have arbitrary
singularities) has at least locally for the Grothendieck topology on X an over-
convergent presentation. This enables us to define de Rham cohomology sheaves
on X.

In the special case that X is non-singular, connected and dim X = 1, one uses
an embedding of X in a non-singular projective curve over K to obtain an
overconvergent presentation. In section 2 the same embedding is used for an
explicit formula of dim H}z(X). For certain families of one-dimensional affinoid
spaces X — S the method above gives the rank of the ¢(S)-module H jx(X S). This
resembles a result of Adolphson [1] and recent work of Baldassarri [3].

For affinoid spaces X with dim X > 1 we have only some results in the case
“X is the complement of a hypersurface t = 0”. In case t = 0 defines a non-
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singular hypersurface over the residue field of K, the Monsky—Washnitzer
theory has a residue map and a Gysin exact sequence ([11]) and one knows
that dim Hpg(X) < oo. In section 3 we allow £ =0 (and also ¢t = 0) to have
singularities. A residue map is constructed and a Gysin-exact sequence. This
leads to some results on Hpg (X). For the cohomology theory of Dwork,
Monsky and Washnitzer we refer to [10, 11, 14, 15] and for affinoid spaces to
[5,6,7].

Section 1. Overconvergence

In this section K is complete with respect to a non-archimedean valuation. Let
K<{X4,...,X,) denote the free affinoid algebra over K in the explicitly given
variables X,,...,X,. An element f= Ya,X*€ K{(X,,...,X,) is called over-
convergent if for some A > 1 one has lim |a,|4'*! = 0. The subring of overcon-
vergent elements is denoted by K{X1,..., X>'.

LEMMA 1.1. Weierstrass preparation and division is valid for K{X 1, ..., XD

Proof. We follow the by now classical method (see [6] p. 55,56). Let
FeK{X;,...,X,>! have norm 1. A linear substitution X;— ¥ 4;;X; with
(4;) € Gl(n, K°) (where K° is the valuationring of K) or a substitution of the
form X; - X; + X¢(i=1,...,n—1) and X, — X, makes F regular in X, of
some degree d. The substitution leaves K{X{,..., X,>' invariant. For a suitable
integer N >1 and all 4 > l,le\/ |K*| and A close enough to 1, the element
F remains regular in X, of degree d on the polydisk {(X,,..., X,)eK"| X;| < 4
for i=1,...,n—1 and |X,| < A"}. An element Ge K{X,,..., X,>! extends
to such a polydisk and hence in the usual Weierstrass division G = QF + R,
the elements Q and R belong to K<X,..., X,>'.

Among other properties of K{X;,..., X,»" one can derive from (1.1) the
following:

COROLLARY 1.2 (Monsky and Washnitzer [10]). K{Xy,..., X' is
noetherian.

DEFINITION. Let A be an affinoid algebra over K. An overconvergent pre-
sentation ¢ of A4 is a surjective K-algebra homomorphism ¢: K{(X,..., X,> > A
such that the kernel of ¢ is generated by overconvergent elements. We define
(p, A)' as K(X,,..., XD/ (ker ) n K(X,..., XDt

LEMMA 1.3.

(1) KXy, XDt o KX 4,..., X, is faithfully flat.

(2) Let ¢ be an overconvergent presentation of the affinoid algebra A. If
(fi,-. s fm)=kero with fi,...,fmeK{X,..., X, D! then (¢, A)' =
K{X1,..., XDV (fi, ... fo). Further (o, A)' — A is faithfully flat.

Proof. (1) For any maximal ideal m of K(X1,..., X,>! one shows with the
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aid of (1.1) that K<{X,,..., X,>'/m is a finite extension of K. (see [4] (II. 3.5)).
Hence there exists a unique maximal ideal M of K<{(X,,...,X,) with
MNnK{X,,...,X,>' = m. The completions of K{X,..., X,>' localized at m
and K{X4,..., X, localized at M are isomorphic and so K{X,,...,X,>' -
K{Xi,..., X, is faithfully flat.

(2) is an immediate consequence of (1).

PROPOSITION (1.4) (S. Bosch [4]). Let the complete field K have either cha-
racteristic 0 or satisfy [K:K?] < oo with 0 # p = char K, then K{(X,,..., X !
has the Artin approximation property.

Commentary. The statement of the Artin approximation in this case reads:
“Let fi,..., fn belong to K(X4,..., X,, Y;,...,Y,>!, let e > 0 and let j,,..., J
in K<{X,,...,X,) have norms <1 and satisfy fi(X,,...,Xa, V1,.-.,7) =0
(i=1,...,m) Then there are y,,...,y,e K{(Xq,..., X D! with |y, — y;| <e
and fi(X,..., Xs V15, ¥p)=0fori=1,...,m".

Artin’s proof in [2] can be adapted to the above case without any surprises.
In case char K = p # 0 one has to add a verification of Lemma (2.2) [2] page
283. In the local analytic case such a verification is provided in [12] Section 8.
This proof in the local case carries over to the case of overconvergent power
series.

As in [2] Theorem (1.5a) we have the following consequences.

COROLLARY 1.5. Suppose that char K = 0orchar K = p #0and [K: K?] < c0.
Let A and B denote affinoid algebra’s with overconvergent presentations ¢ and .
Let u: A —» B be a morphism and let ¢ > 0. Then there exists a morphismu’: A - B
with |lu — u’'|| < & and such that ' maps (¢, A)" into (Y, B)!. In particular if ¢, and
@, are two overconvergent presentations of A and for any ¢ > Q there exists an
automorphism u of A with |u — 1| < & and u((¢4, A)) = (@2, A)".

COROLLARY 1.6. A = K{X,...,X,/I has an overconvergent presentation
if and only if there exists an automorphism o of K<{(X,,...,X,) such that o(I)
is generated by elements of K{(X1,..., X'

Proof (1.5)follows from (1.4) along the lines of [2]. The only new thing one uses
is: if u: A — A satisfies ||u — 1| < 1 then u is an isomorphism. (1.6) The “if ” parts
as obvious. Suppose that A has an overconvergent presentation ¢. Then there
exists u': K<{X,..., X,> = Awith |[u' —u| <e<land w'(K{X4,..., XD <
(p,A)!. With the help of the Weierstrass-Theorem 1.1 one shows that
u:K(X,,..., X,>t > (@, A)' is actually surjective. The faithful flatness implies
that ker(u’) is generated by overconvergent elements. So u’ is also an overconver-
gent presentation. Further 4’ = uo for some automorphism of K<X,..., X,>.
This proves (1.6).

PROPOSITION 1.7. Every reduced one-dimensional affinoid algebra has an
overconvergent presentation.
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Proof. Let A denote the normalisation of this algebra. It suffices to show that
every connected component of A has an overconvergent presentation. According
to [13] a regular, connected, one-dimensional affinoid space can be embedded
into a complete non-singular curve. This means a presentation by polynomial
equations and hence an overconvergent presentation.

PROPOSITION 1.8. Suppose that the affinoid algebra A is smooth over K. Then
X = Sp(A) has a finite covering by rational subspaces X; = Sp(A;) such that each
A; carries an overconvergent presentation.

Proof. Let B have an overconvergent presentation ¢ then every rational
subspace U of Sp(B) carries an induced overconvergent presentation, since

(O(U) = B<T1,-"’ Tm>/(fl -fOTlr-',fm _fOTm)

where fy, ..., fu€ B can be chosen in the dense subring (¢, B)! of B. According
to Kiehl ([9] Folgerung (1.14)) a smooth X has locally the form
K{X,,...,X,,1/tD[Y]/(P) = B where te K{X4,...,X,> is an element with
norm 1 and P is a monic polynomial in Y with coefficientsin K{(X,..., X,) such
that dP/dY is invertible in B. Of course we may truncate ¢t without changing B.
Newton’s method on approximation of roots shows that a monic polynomial
QeK{X,,...,X,>[Y] which is close enough to P defines an affinoid algebra
isomorphic to B. So we are allowed to truncate the coefficients of P and we obtain
that B can be defined by polynomial equations. The proposition follows.

In the sequel of this paper we assume that K has characteristic 0. Let A/K be
a connected, non-singular, affinoid algebra of Krull-dimension n, which has
an overconvergent presentation ¢. By Q'(¢, A)' or Q!(4") we denote the module
of continuous differentials of (¢, A)!. If ¢ induces the isomorphism (¢, 4)* =
K{X 1,0, XD (f1s-- -5 fo) then Q(¢, A)! is an (¢, A)'-module generated by
dx,,...,dx, and the relations between the generators are given by

of. .
/i dx; + - +§de,,=0(i=1,...,b).
O0x, 0x,

Clearly Q'(p,A)' ® A is isomorphic to the usual module of continuous
differentials of 4/K. Further Q!(4, ¢)' is a projective module of rank n. Put
QP(p, A)' = APQY(p, A)', then we have a De Rham complex Q'(¢, A)!. This
complex depends on the choice of ¢. The cohomology groups however do not
depend on ¢ according to (1.5).

We will write Hpr(p, A) or Hpgr(X) or Hpg(e, X), where X = Spm(A4), for the
cohomology of the de Rham complex Q(¢, A). We will need a stronger version
of the independence of ¢. Let ¢ denote p/?~ 1 if the residue characteristic of K
is p # 0 and 1 otherwise.
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PROPOSITION 1.9. Let A/K be as above and let ¢ and Y denote two
overconvergent presentations of A. Let u and v be automorphisms of A with
lu—1|,|lv — 1| <& such that u and v are bijections (¢, A)' — (, A). Then u
and v induce the same bijections Hpg(p, A) = Hpr(Y, A).

Proof. 1t suffices to show that an automorphism u of A with u(¢, 4)'=(p, A)'
and |ju — 1| < ¢ induces the identity on Hpg(p, 4).

One defines D =log(l + (u —1))=X(—1)"(u —1)"**/n + 1 as endomor-
phism of A. Then D is a derivation of A over K and || D|| < ¢ and u = exp(D) =
Y .>0(D"/n!). Consider the morphism of affinoid algebra F: 4 - A(T) given
by the formula

F@=Y 2 ;:(1(1) ™

Nz0

Let ag,0: (@, A)I(TDt > (¢, A)t denote the (¢, A)'-algebra homomorphism
given by 0o(T) = 0 and a,(T) = I. One easily verifies that F maps (¢, A)" into
(@, AYT>! and that «y.F = id and «,.F = u.

It suffices now to show that &, and «, induce the same maps in the de Rham
cohomology. We will show that «, and a; are homotopic. The space Q%(p, A)'<T)")
is the direct sum of (¢, 4)'(T)' ®, 41 Q4¢p, A)' and (¢, A)'(TH'AT &, 4yt
Q%" (g, A)'. The homotopy {J,} between (ao)* and (a,)* is given by: J, is zero
on the first vectorspace and &, is integration from 0 to 1 with respect to T on
the second vectorspace. This proves 1.9.

1.10. Sheaves of de Rham cohomology

Let again A/K denote a non-singular, affinoid algebra of Krull-dimension n.
Let X = Spm(A4) denote the associated affinoid space and let U = X be a
rational subset. Then there are f, fi,..., fm€ A generating the unit ideal such
that

U={xeX|foxI>1fx)| foralli}.
Moreover

Ox(U) = O(U) = ACTy,..., T /(f1 = foT1,. .. s Jm—foT).

For an overconvergent presentation ¢ of 4 one can choose fy, ..., fm€(p, A)!
and one finds an overconvergent presentation of O(U) not depending on the

choices of fo, ..., fu€(e, A)! but only depending on ¢. We write (¢, O(U)') for
the corresponding subring of @(U) and Q%(¢p, O(U))' for the corresponding
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differential forms on U. The complex of sheaves U — Q'(¢, O(U)") on X has
sheaves of cohomology U — #°(p)(U) associated with the pre-sheave U —
Hpr(e, U). We will consider the dependence on ¢.

Let ¢ be another overconvergent presentation of 4 and let U ¢ X = Spm(4)
be a rational subset. There is an ¢ > 0 (depending on U) such that for any
automorphism u of A with ||u — 1|| < ¢ the identity w(U) = U holds. Choose
u such that ||[u — 1| <& and u(p, A)' = (¥, A)!. Then u(e, O(U))! = (¢, O(U))!
and u induces a bijection I'(U): Hpgr(p, U) = Hpr(¥, U) depending only on
o, Y, U. The resulting isomorphisms of sheaves I': 5#°(p) — () depend only
on ¢ and . Further Hpg(ep, X) can be recovered from #°(¢) with the spectral
sequence {HXX, #'(¢)}.

The above enables us to define the sheaves of the de Rham conomology for any
rigid analytic space X over K which is non-singular and pure of dimension n.

Indeed by (1.8), X has an admissible covering {X;} by affinoid spaces having
overconvergent presentations {¢;} = ¢. The sheaves #°(¢;) on X; have canoni-
cal isomorphisms J#(¢;)| X; N X ;- #'(¢;)| Xin X;. So we find sheaves (#°, ¢)
on X. For another admissible covering of X and another family of overconver-
gent presentations Y one finds a canonical isomorphism (J#°, @)— (5", ¥).

The hypercohomology of the usual de Rham complex Q' on X gives rise to
a spectral sequence E,=H"(Q") with E5? = H?(X,#7). It is possible to
construct an overconvergent version (E, ¢),,r =1, of this spectral sequence
with (E, @)% = H?(X, (4, ¢)). This might lead to a definition of overconver-
gent de Rham cohomology on X as above.

In many cases, e.g. X is proper or X is an algebraic variety or dim X = 1, the
overconvergent presentations ¢ = {¢@;} can be chosen such that ¢; and ¢;
coincide on X; n X ;for all i, j. In such a case there is an overconvergent de Rham
complex (Q°, ¢) and the overconvergent de Rham cohomology is defined as the
hypercohomology of (Q’, ). (and does not depend on ¢).

(1.11) AN  EXAMPLE. Let Z =Spm(K<(X,Y)/(Y? — X(X — n)(X — 1)))
where 0 < |7| < 1. We take the obvious overconvergent presentation. The
spectral sequence implies the exactness of

0 HY(Z,(#° ¢)) > Hpr(Z) > HYZ, (", 9)) - 0.
(##°, @) is the constant sheaf with stalk K and the bad reduction of Z implies

H'(Z,K) = K. Using Section 2 one can calculate dim H}g(Z) = 2 and so
dim HYZ, (#", 9)) = 1.

Section 2. Dimension one

The field K is supposed to have characteristic 0 and to be algebraically closed.
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THEOREM 2.1. (Compare [1]). Let X be a connected, non-singular, one-dimen-
sional affinoid space. Then X can be embedded in a complete non-singular curve
X of genus g such that X = X — (B; U --- U B,) where the B; are distinct open
subspaces of X isomorphic to {ze K||z| <1}. The de Rham cohomology groups
of X are:

H)r(X) = K; Hpr(X) = K?#* ™" D, Hipp(X) =0 for i > 1.

Proof. The embedding X ¢ X is constructed in [13]. We consider first the case
n=1.Lett:{zeK||z| < 1} 5 B, be an analytic isomorphism. Choose a sequence
p1 < p2 <...in |K*| with limp, =1. Put X, = X — t{zeK||z| < p,,} and
0X, =1{zeK]||z| = pn}. Then OX)! = lim 0(X,,) and QX )t = lim QY(X,,)
are provided with the direct limit topology. The kernel of the continuous
map d: O(X)' - Q1(X)' consists of the constant functions on X, (i.e. K) and we
have only to show that coker(d) has dimension 2g.

To any feO(X,,) we associate fot defined on {zeK|p, <|z| <1} and its
expansion fot = ¥ _ a,z".

LEMMA 2.2. || f || n+= the supremum-norm of f on X,, is equal to max,<o|a,|pp.-
Proof. In the canonical reduction X,, — X,, the subset X,, — 0X,, is mapped
to one point. So for every fe O(X,,) we have that || f|,, equals the supremum
norm on 0X,, = max,.z(|a,|pn)-
This expression decreases when p,, increases. It follows that |a|pk <
max,.z|a,| pm for every k > 0. This proves (2.2).

LEMMA 2.3. The image of d: O(X)' - QY(X)' is closed.

Proof. Let E denote the image. We have to show that E A Q!(X,,) is closed
for every m. Choose a converging sequence w;€ EnQ!(X,,). Let fie O(X)*
satisfy df; = w;. The expansion of f;o7 is 3% _, a,(i)z" where we have chosen
ao(i) = 0. It is convergent on p,, < |z| <1 since w;ot = d(fio1) = Y na,(i)z" ' dz
converges on p,, < |z| < 1.

Further f;o1 is a Cauchy sequence for the supremum norm on {zeK||z| =
Pm+1}- Indeed, according to (2.2)

”fiot _fi+1 °T"|z|=pm+l
= max |an(i) — an(i + 1)| pp+1

= f:ljlg‘(lna..(i) — na,(i + Dlpn '(Inl™ o™ " Pl 1));

let the constant ¢ satisfy ¢ > |n| ' pL~"p", , for all n < O then one finds

[ fict = fiv1oTliz1=pmes < Cl O — Opi 1 || m-



230 Marius van der Put

So {f:} is according to (2.2) a Cauchy sequence in O(X,,+,). Then f, =
lim f;e O(X,.+,) satisfies d(f,) = lim w;. Hence lim w;€ E n Q(X,,).

We continue now the proof of (2.1). Let 0,(X — 7(0)) and Q1(X — (0)) denote
the meromorphic (or rational) functions and differential forms on X with only
a pole in 7(0).

The differentiation d, : 0,(X — 1(0)) —» QL(X — 7(0)) has a cokernel H of dimen-
sion 2g as one easily computes with the help of Riemann—Roch. This yields an
injective map H — H}x(X) = coker(d: O(X)' - Q(X)").

The vectorspace Hhg(X) provided with the topology induced by Q!(X)' is
a locally convex Hausdorff space. It induces on H the usual topology since
dim H < oo and the topology is Hausdorff. So H is complete as a subspace of
HLr(X). Since Q1(X — 7(0)) is dense in Q!(X)' one finds that H is dense in
Hpr(X). This implies H = H})g(X) and it proves the case n = 1.

The exact and commutative diagram

0-0X)-> 0K — B, ®OX — B,)' - 0X — B, UB,)' > H{(X,0) >0
1 I I
0-Q(X)-» QX —B,)'®QY(X — B,)' >Q(X — B,uUB,)' > H(X,Q!) >0

and H'(X, Q') ~ K; H'(X, 0) = K? implies the case n = 2 of the theorem. By
induction, with a similar proof of the induction step, one obtains the general
statement.

EXAMPLE 24. Let X be the affinoid subspace of P! of the form X =
{zeK]||z| €1} — B, U B,... B,, where the B;’s are disjoint open discs of radii
|m;| and with centers a;.

Every element f of O(X) has a unique expression

f= % a0z"+ ¥ ¥ anld) ( - )
m>0 i=1 m>0 Z—=a
in which each ¥ ,.50a,()T™(i=0,...,n) is a power series with lim a,(i) = 0.
The element f is overconvergent if and only if each Y a,,(i)T™ is overconver-
gent. An easy calculation shows that the images of the differential forms
(m;/z — a;)dz(i — 1, ...,n) form a basis of H}x(X).

EXAMPLE 2.5. Let % be a compact subset of P! not containing oo and let
X denote the open subspace P! — & of P'. The kernel of d: O(X) —» Q*(X) is of
course K. The cokernel of d can be identified with the finite additive K-valued
measures p on % with total measure u(.#) = 0. Equivalently one can describe the
cokernel of d as the K-vectorspace of K-valued currents on the tree of the
reduction of X. Let weQ!(X). The measure u corresponding to w can be
described as follows. Let U = % be a compact open subset. There exists
a connected affinoid Y < X containing oo, such that P! — Y= B, U --- U B,, the
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B,,..., B, are open discs and the corresponding closed discs are still disjoint.
Further it can be arranged such that (B, u---UB)Nn.% = U.
Then

WU)i= 3. resin (o).
i=1

The Example 2.4 shows that u = 0 is equivalent to w is exact. On the other
hand, a construction analogous to [6] 1.8.9. shows that every such measure u
is the image of a differential form w.

REMARK 2.6. The condition “K algebraically closed” in Theorem 2.1 is
superfluous. In general for a finite extension L of the field K one sees that
Hpr(X)®x L =~ Hpr(X ®k L). If X is absolutely non-singular and connected of
dimension 1 then there exists a finite extension L of K such that X ®; L can be
embedded in a complete, non-singular curve Y over L such that Y — X @, L
is the disjoint union of n subspaces isomorphic to {ze L||z| < 1}. The proof of
(2.1) yields Hhp(X ®g L) = L**®~1 and this determines H hg(X).

COROLLARY 2.7. Let X,X,B,,...,B, be as in (2.1). Choose a;eB; for
i =1,...,n. Then the natural maps of the algebraic De Rham cohomology groups

br(X —{ay,...,a,}) into the analytic De Rham cohomology groups Hpr(X)
are isomorphisms.

Proof. For i =0, this is obvious. For i =1, both spaces have dimension
2g + (n — 1) and one has to show that the map is injective. Let w be an algebraic
differential form on X — {ay,...,a,} and suppose that w =df for some
feO(X)?. There are open discs B; & B;(i = 1, ... n) such that f is holomorphic on
X' =X — (B, u---uB,)and w = df holds on X'. Using isomorphisms 7;: B; =
{zeK||z| < 1} such that t(a;) = 0 and 74(B;) = {z€K||z| < p;} for some p; < 1
we find that w|g, has the form ¥, _ ,a,,;77d;. The terms a_, ; are zero since

o=df holds on pi<|t| <1 and f= constant +
Yns—1(ani/n + 1)t}*! extends to a meromorphic function on B; with possibly
a pole at a;. So f is a rational function on X with poles < {ay,...,a,}. This

shows that the map between the H}g-groups is injective.

2.8. A generalization of theorem 2.1.

For certain families p: X - S of one-dimensional affinoid spaces we will
generalize (2.1). Here X and S are connected affinoid spaces, p is smooth, the
fibres of p have dimension one and p has an overconvergent presentation. The
last statement means that O(X) can be written in the form O(SXT,,..., T,>/
(fis- .-, fm) where each f; is overconvergent w.r.t. Ty,..., T,. The problem is to
determine ker(d) and coker(d) = Hhgr(X/S) for

d: O(X)' - QY .
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We suppose that X/S is obtained from a curve X/S by deleting open, disjoint
discs B, ..., B,. This means the following:

X/S is a connected and smooth curve of genus g. The open disc B; is the image
of an open immersion u;: S x {teK||t| <1} - X such that pouy; is the projec-
tion onto S. Further X = X — B; U --- U B,. The embedding X < X induces an
obvious overconvergent presentation for X — S. One easily verifies that the
proof of (2.1) extends to the new situation. One finds as result: ker(d) = O(S)
and coker(d) is a projective O(S)-module of rank 2g + (n — 1).

EXAMPLES 29.
(1) S = Spm(K{4, (1/4(1 — A))) and

X = Spm(O(SKX, Y/(Y? — X(X — I)(X — A)).

Then H)x(X/S) is a free O(S)-module of rank 2
(2) S as above and X the affinoid space with algebra:

OS)XX,(1/X(X —1)(X — 4)), YO/(Y¥ — X4X — 1)](X — A)°), where
(N,A,B,C)=1and 0 < 4,B,C< N.

Then H)x(X/S) is a free O(S)-module of rank 2N + 1.

In the examples above the Gauss—Manin connection can be defined on H (X /S).
This differential equation is a direct sum of hypergeometric equations.

3. The complement of a hypersurface

In this section we do some calculations on the de Rham cohomology of the
affinoid space X = Sp(4) in which A has the form 4 = K{X,,...,X,,t™ !> and
teK{(X4,...,X,) is an element with norm 1. The algebra 4 depends only on
the zero-set of the residue class e K[X4,..., X,] of t. So we may suppose that
t and f are polynomials of degree d and that 7 has no multiple factors. Further
X =Sp(A) is an affinoid subset of {X e K"|t(X) # 0} = the complement of
the hypersurface.

In the special case where ¢ = 0 is a non-singular variety in K" one can apply
the Gysin exact sequence of [11] IT p. 231.

~ Hpr*(B) - Hpr(4') - Hpr(4) = Hpg'(B) - -

with A’ = K(X1,..., Xo); A =K(X1,..., X t 10 B = K(X1,..., X.D)(2).



De Rham cohomology of affinoid spaces 233

Indeed, A’ and A'/(f) are non-singular complete intersections. This gives
a reduction in the dimenson for the calculation of the Hig. In the special case
n = 2 one finds the following:

Let (f = 0) = K? have s components Y;,..., Y,. Let g; denote the genus of
Y; and n; = #(Y; — Y,). Then:

1 fori=0

. fori=1
dim Hog(K(X 1, X5,t715) = { ° ort

i 2gi +(m;—1)) fori=2
i=1

This follows from the Gysin sequence and Theorem (2.1).

In this section we try to give calculations for the dimensions if “f = 0” and
even “t = 0” have singularities. In order to do this we give a detailed description
of the residue map.

A general linear transformation of the coordinates (for convenience we
suppose that K is infinite) brings f in the form:  is a monic polynomial in X, of
degree d and the gcd. of £ and 0t/0X, is 1. Lifting ¢ to ¢t we may suppose
that ¢ is a polynomial of total degree d; ¢t is monic in X, of degree d and the
discriminant AeK[X,,...,X,-{] of twrt.X, has norm 1 as an element of
K{Xyyo oy Xuo 1D

We want to define a residue map Res:A'— B', where B denotes
K{(X4,...,X,,A"1>/(t), which generalizes the usual residues of meromorphic
differential forms in one variable. First we make a formal computation.

LEMMA 3.1. Let to,...,t;— 1 denote indeterminates; let te Z[t,...,t;-11[X]
denote the polynomial X + t,_ X% ' + --- + to; let A denote the discriminant
of t and let [n] denote the least common multiple of 1,2,...,n.

Then every rational expression (L;<ma@:X')t™™ with a;e Z[to,...,ts—1] can
uniquely be written as

d-1 . d .
b X't~ + ——(( ciX‘>t_’”“>.
<i§0 ) dx .'<(y§1)d

The coefficients satisfy A*™b; and [m — 1]A*™c; belong to Z[t, ..., t;-1].

Proof. Introduce indeterminates 4,,...,Agsuchthatt = (X — 4;)...(X — 4,)
and Z[to,...,ts-] is seen as a subring of Z[4,,...,4;]. The given expression
can uniquely be written in the form

c(i, _cG,n)
53

i=1 n=1
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where A%™c(i,n) belong to Z[A,,...,4s]. Indeed A belongs to the ideal
/(X = Ay),...,t/(X — Ag) of Z[A4,...,A4] and so

Adm t t dmC t m t m
€ X—ll,“.’X—ld }= X—ll yeeey X—/ld .

This implies that t~™ has the required form and the same holds for Pt™™
where P is a polynomial of degree <md. There is a unique decomposition as

d C(l, 1) d m cli, n)
2 x (,Z 2, T=nX — )

=1 n=

Rewriting this in the form

(A

one finds that A*™b; and [m — 1]JA%™c; belong to Z[4,, ..., 44]. Those elements
are invariant under the permutations of {1,,..., 4,} and so A™b;, A™[m — 1]c;e
Z[to, LR td—l]'

DEFINITION OF RES 3.2.
Res: K[X,...,X,,t ']->K[X,,...,X,,A"1]/(t) is given by using (3.1) with
Z[to,...,ts—] replaced by K[X,,...,X,-1] and X by X, and

d—1
Res(( ) ain.>t'"'> = Y b;X: modulo(z).
i<md i=0

In order to extend this to: K{(X,..., X,,t >t = A" > K{(X,,..., X,, A" 1Y/
(t) = B', we introduce some norms.
Forany A>1,| |;on K[X4,...,X,,t"1]is the supremumnorm on the set

{15 s X)) €K |31 S Ay |xpl S A JE7 1 < A

(For notational convenience we assume K algebraically closed). For any p > 1
wedefine | ||, on K[X4,...,X,,A”']/(¢) as the norm induced by the supremum-
norm on K[X,,...,X,, A~ '] with respect to the set

(X1, X)eK 1 X | < py. . |1 Xal < p |AT < o}

Similar for K[X,,...,X,, A"t '].
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We apply 3.1 to Xit™™(0 < i < d and m > 1). One calculates then that there
exists a constant ¢ such that A™b; and [m — 1]JA™c; are polynomials in
Z[t,,...,t4] of total degree < m.c. It follows that ||b;||, < p™ and

‘ ( Z cixi>t-—m+l
i<(m—1)d

for some constants ¢, ¢” > O since |[m —1]| ™! <m. Let L: K[ X, ..., X, t " !]—>
K[X{,..., X, t"},A"'] be the K[X,,..., X,_]-linear map given by the
formula:

< mp™
p

-1 a-1
a= ( Y biX f,)t“ + 5%—(L(a)) and Res(a) = Y b;Ximod().

i=0 i=0

If p > 1 is chosen small enough with respect to 4 > 1 then one calculates from
the estimates above that |Res(a)||, < C|al; and || L(a)||, < C|a]|, for some
constant C > 0. So Res and L can be extended by continuity to maps on the
completions with respect to | ||, and | |;. Taking the direct limit over all 4 > 1
and p = p(4) > 1 one finds (continuous) maps

RCS:K<X19~--’th_1>T"’(K<X1"-~aXmA_l>/(t»*
L:K{Xy, oy Xyt DV KX, X t 7L AT

The domain of definition of Res and L can also be extended to K{(X,,...,
X,.,A™%,t7 > We note that for any ae K(X,,...,X,,A™1,t"!>! one has
again

d—1 d—1
a= ( Y biXitt+ a—;—(L(a)) where Res(a) = Y. b, X% mod(r). (%)
i=0 n i=0

PROPOSITION (3.3). The following sequences are exact.

0 K<X . Xy Ot o K(X .., X, 005t 20K,
K{X1,..., Xnt = B KeX L X7 DY0),

0o K<X s Xy s A 5 KXy, Xyt~ A1t 20X,
K{(Xy,.., Xt~ L, A~ RS, Rex oL X, A1 /(6) 0.

Proof. The exactness of the second sequence follows easily from (), with the
exception of the calculation of kernel 9/0X,. Write be K{X,..., X,,t"}, A~}
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in the form

d-1

b=bo+ Y Y blimXit™™

i=0 m>1

with boe K{X4,..., X,,A" 1) and all b(i,m)e K{(X,,..., Xp-1,A" D! Put
Xi(0/0X,)t = A;t + B; with A;, B; polynomials of degree <dwrt.X,. Then
(0/0X,)(b) has the form

a%(bo) + 3 :-'"(d_1 bi, m)(iX\~! — mA;) + df (1 — mb(i, m — 1)B,~>.
n =1

m>1 i= i=0

We note that A,(i # 0) has the form dXi~! + lower degree and that B, =
dX¢~! +lower degree terms.

If (0/0X,)(b) = 0 then (3/0X,)(bo) = 0 and every coefficient of t™™ is zero.
Hence boe K{(X;,..., Xp_1,A" D . Form = 1 one finds b(i, 1) = Ofori =1,...,
d —1. For m =2 one finds b(;,2) =0fori=1,...,d — 1 and b0, 1) = 0 etc. So
all b(i,m) = 0 and b = b, has the required form. A similar argument yields: if
(0/0X,)(b)liesin K(X,..., X,,t " and by = O then be K{(X1,..., X,,t~ .

This shows that in the first exact sequence one has ker(Res) = im(d/0X,).
The remaining verifications are easy.

NOTATIONS AND DEFINITIONS 34. A = K{(X,..., Xnt DY
B=K{X,,...,X,, A"Vt C=K(Xy,...,X,_>' and A’ = ACA~H;
C'=C{(A"'». For every p>=0 one defines a residue map
Res,: QP(4’) > B Q0P (C) by the formule

Res,(Zaa dX,, A - A dX,,p) = y Res(a,)dX,, A --- AdX,, _,.

ay<---<ap=n

Put M = Res(A), this is a C-submodule of B and for each p one has
Res(Q?(4)) = M @ QP ~(C).

We note that BQQ?~(C)equals B Q- QP ~!(C’). Define V: B— B ® Q(C’)
such that Vo Res, = Res, od'. One easily verifies that V exists and is unique, and
that V is a connection. Using V one defines maps V4. B® Q4(C’) - B® Q*1(C")
by

vq(z bedXy A o A dX,q) =Y V(b) A dX,, A - A dX,,.

A straight-forward verification shows that: V4~ !oRes, = Res,; od? for all
q 2 1. In particular it follows that V is an integrable connection and that
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{B ® Q(C’), V?} is the de Rham-complex associated to V. Also { M ® Q4(C), V}
is the De Rham-complex associated to V: M - M ® Q!(C).

COROLLARIES. 35.

(i) The canonical — morphisms  Q'(C) — ker(Q'(4) SHMIQ(C) and
Q'(C’) - ker(Q(A") 5B Q(C)) are quasi-isomorphisms.
(i) HHr(A) = HY(M @ Q(C)).
(iii) dim H}gr(4) < d.
(iv) The complex {B® Q'(C'), V'} is quasi-isomorphic to {Q’(B),d"}.
(v) For n = 2 the dimensions of Hyx(A) are finite.

Proof. (i) Let weQ?(A) have a(w) = Res(w) = 0 and d(w) = 0. Then w has
the form

A dX,, + Z a,,pr‘ Ao A prp

Bp<n

ap—1

d
- X
% 64X A - A

with all b,e A (follows from (3.3))
With n = (- 1)’X b, dX,, A --- A dX,, _, one has

o—dn=Y c,dX, A ANdX

ap<n

ap*

Each dc,/0x, = 0 and according to (3.3) each c,e K{(X4,..., X,— )"

So w =dn™* an element of QP(C). The same argument proves the second
statement.

(ii) is obvious from (i).

(iii) Hhr(4) = H'(M @ Q(C)) = ker V < ker(V: B— B ® Q'(C’)). The last V
is a differential equation of order d over C’ and the vectorspace of solutions
has dimension <d.

(iv) From (i) it follows that D =Q(4)/Q(K{(Xy,..., X, AT HYH) >
B ® Q'(C’) is a quasi-isomorphism. The well known morphism Q'(B) —» D given
by w—@ A dt/t where @ e Q’(A4’) is a lift of w, is also a quasi-isomorphism. This
follows of course from [11] II. But in this case it follows easily from (3.3).
Indeed weQP(A) can be written as

dim) + Y a,dX, A AdX, + Y bﬂdX,,‘/\---/\dX,,p_,/\d—tE

ap<n Bp-1<n

inwhichb;e K(X,..., X,-;, A" )'[X,] has degree < din X,.Ifd(w) = 0 then
all (a,)/0X, = 0 and the a, lie in K{X,,...,X,-1,A” )" This shows that the
map HP~'(Q'(B)) —» HP(D) is surjective. The injectivity follows also from (3.3).

(v) Using (i) and (iv) one finds the Gysin-exact sequence for the cohomologies
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of the rings K(X;,A” D", K{(X, X5, A7, ™), K(X,X,,A"D/(t). The
first and the last ring have dimension 1 and hence their DR-cohomology is finite
dimensional. So the DR-cohomology of K<{(X,;,X,,A™' ¢t ') is finite
dimensional. The next step is to construct a Gysin sequence for the rings
K{X1, X5, t DL K(X 1, X5, 7L AT DY and K(X, X,,¢t7)1/(A). From this
(v) follows.

Of course we can replace A by an element 6 of the form (X, — 4,)...(X; — 4,)
where 1,,..., ;e K are distinct. Applying the method of (3.1), (3.2) and (3.3) to
6 and X, (the discriminant is 1 in this case) one obtains the required exact
sequence.

3.6. In a rather special case we can calculate M = the image of Res. It is the
case where t has the form X¢ — a with |d| =1 and ae K{(X4,..., X,—>' with
norm 1. The discriminant A equals d.a. An easy calculation shows that
Res; (X471t~ ™dX,) =0 for m > 1 and that

Res, (Xit~™dX,) = (— )"~}

form>1and i<d— 2. It follows that

d—2
M=Y K{Xi,.., Xpo1,a” DTXE + KXy, ., Xoo DT X Y mod(2).

i=0

We continue this example for the case n = 2; write X, Y for the two variables
and t = Y? — a. After identifying M and MdX, the operator V: M — M has the
form

Vimo,...,ma—y) = (mg,...,mg_1) +

l-dd 2-da —1a
+ —mMmy, —Myy.ee,—5 —md_2,0
a a a

d d d

where my,...,my_,e K{(X,a D' and m,_, e K{XD'.

For this operator V we have to calculate ker and coker. We note that a and
be K{(X)' will give the same answer if @ = b. This means that a can be supposed
to have the form A(X — 4,)"...(X — A)™ with [A| =1,|A4] <land |4 — 45| =1
fori#j.

LEMMA 3.6.1. Let a be as above. The differential operator L on K(X,a™'>!
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given by L(m) = m’' — (i/d)(a’/a)m and 0 < i < d satisfies:

(i) dim(ker L) =1 if d divides all in,,...,in,. Otherwise ker L= 0
(ii) dim(ker L) — dim(coker L) = —s + 1.

Proof (i) is rather obvious.

(i) If ker L # 0 then m—b~!L(bm), where b # 0 satisfies L(b) =0, is the
ordinary differentiation on K{X,a~')! and we have already shown (ii) in that
case. If ker L = 0 then one can show that the image of L is closed in K{X,a™!)*.
The cokernel of L: K[X,a™ '] - K[X,a" '] has dimension s — 1 and is repre-
sented by a basis 1/X — 4;,...,1/X — A,_,. The cokernel of L on K{X,a™*>!
has the same dimension.

COROLLARY (3.6.2.). The de Rham cohomology groups of K{(X,Y,t™')!
witht = Y — A(X — A" ...(X — Ay)™ have the following dimensions:

dim HYx =1, dim H)g = ged(d, ny, ..., n,) and dim H3 equals
1+(d—1)s—1)—gedd,ny,....ns).
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