COMPOSITIO MATHEMATICA

PETER L1

SHING-TUNG YAU

Curvature and holomorphic mappings of
complete Kihler manifolds

Compositio Mathematica, tome 73, n°2 (1990), p. 125-144
<http://www.numdam.org/item?id=CM_1990__73_2 125_0>

© Foundation Compositio Mathematica, 1990, tous droits réservés.

L’acces aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique 1’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CM_1990__73_2_125_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Compositio Mathematica 73: 125-144, 1990.
© 1990 Kluwer Academic Publishers. Published in the Netherlands.

Curvature and holomorphic mappings of
complete Kihler manifolds’

PETER LI & SHING-TUNG YAU
Department of Mathematics, University of Arizona, Tucson AZ 85721, USA; and
Department of Mathematics, Harvard University, Cambridge MA 02138, USA

Received 24 January 1989; accepted in revised form 8 June 1989

Table of Contents

Section 0. Introduction

Section 1. Curvature and Volume Growth

Section 2. Differential Inequalities and Integrabilities

Section 3. Holomorphic Mappings and Holomorphic Functions
References

Section 0. Introduction

A theorem of A. Huber in [H] asserts that if M is a complete noncompact
two-dimensional Riemannian manifold with the negative part of its Gaussian
curvature being integrable, then M is parabolic in the sense that it does not admit
any nonconstant bounded harmonic functions. Our goal of this project is to find
an appropriate generalization or analogue of Huber’s theorem in higher
dimension. Realizing that Huber’s theorem fails completely for real manifolds in
dimension greater than 2 (see [L-T 1]), we turned our attention to the complex
category. In particular, we will prove that if a complete Kédhler manifold satisfies
some integral curvature conditions then it does not admit any nonconstant
positive pluriharmonic functions. This can be viewed as a generalization of
Huber’s theorem because in dimension 2, all real manifolds are Kéahler manifolds
and harmonic functions are pluriharmonic.

This paper is organized in the manner that Section 1 and Section 2 are
discussions on Riemannian manifolds in general. The Kéhler assumption wil not
be imposed on the manifold until Section 3. In Section 1, we consider geometric
consequences when the Ricci curvature of M is assumed to satisfy an integrability
condition. In particular, we will show that the volume growth of M can be
controlled by the growth of an L” integral of the negative part of the pointwise

! Research partially supported by the authors’ NSF grants.
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lower bound of the Ricci curvature. In the original version of this paper we
proved this fact for p>n— 1, where n is the real dimension of M. However recently
we found out that Gallot has studied a similar assumption on the Ricci curvature
in [G] with a substantial overlap with our argument. In fact, his agument is more
refined in the way that one only needs to assume that p > n/2. The proof
presented in Section 1 will incorporate his argument and ours for the purpose of
applying to our situation.

In Section 2, we study a certain class of differential inequalities which often
arises in geometry. In particular, integrability conditions of nonnegative
functions satisfying one of these differential inequalities will be derived. In the last
section, we will apply the theory developed in Section 1 and Section 2 to
holomorphic mappings from a complete Kdhler manifold to a Hermitian
manifold. We conclude by observing that all the computations, in fact, are valid
for pluriharmonic mappings which is defined in [L].

The first author would like to thank S.Y. Cheng and A. Treibergs for many
helpful discussions and their interest in this work. We would also like to express
our gratitude to L.F. Tam for proof-reading our original manuscript and
providing a simplier and slightly more general argument for Corollary 3.2 by way
of Corollary 2.2.

Section 1. Curvature and Volume Growth

A higher dimensional anologue of the integral of the negative part of the
Gaussian curvature on surfaces is the integral of some power of the negative part
of the pointwise lower bound of the Ricci curvature. The following lemma
obtained by a modification of Gallot’s Theorem in [G] enables us to control the
volume growth of the complete manifold in terms of the growth of such an
integral.

THEOREM 1.1. Let M be a complete noncompact Riemannian manifold without
boundary of dimension n. Let us denote R(x) to be the pointwise lower bound of the
Ricci curvature,

Ric; j(x) = R(x)g; j»

and R _(x) = max{0, — R(x)} to be the negative part of R(x). If the geodesic ball of
radius r centered at y € M is denoted by B,(r), its volume is denoted by V (r), and the
area of its boundary is denoted by A(r), then for any p >n — 1 there exists
constants C,,C, > 0 depending only on n such that for any r > 0,

A< Crt + cer"-‘*V(yv-"*“/v(r)f ( J
0

By()

(n—1)/p
R2 dV) de.
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Also if n > 2 then for any n/2 < p < n — 1, there exists constants C5,C,,C5 >0
depending only on n such that

A,(r) < C3A,(ro) + Culr — ro)?P ! J H%P~1dA

9By(ro)

+ Cs(r —ro)?P ™2 ,[ '[ R? dVdr,
ro J By(r1)\By(ro)

for any r>r, >0, where H, = max{0,H} is the positive part of the mean
curvature function on 0B (r,).

Proof. In terms of normal polar coordinates centered at the point y, the
volume element of M can be written as dV = a(f,r) dr d6. The first variational
formula gives

% 6,r) = a(6,HO, ), (L)

where H(0, r) denotes the mean curvature of the geodesic sphere of radius r at the
point (0,r). The second variational formula yields

az—g 6,r) = H*(0,r)a(d,r) — Ric (_@_ , g) a(@,r) — h(6,r)a(8,r), (1.2)
or or’ or

with h;; being the second fundamental form of the geodesic sphere. However the
inequality

&z h)® _ H?
h} > =

n—1 n—1’

and the definition of R(6,r) implies that (1.2) can be estimated by

%a _n-2 n—2 da\?
— < 2q — = “'f—) —Ra. 1.3
or? n_1Ha-Ra=i7a (6r> ¢ (1.3)
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If we set
f6,r) = a'"=,r),

then by differentiating and applying (1.1) and (1.3), we have

6f_ 1

Fol Hf, (1.4)
and

o*f

62\n—1Rf (1.5)

Moreover, f satisfies the initial conditions
f(6,00)=0 and g—{(B,O) =1, (1.6)

becausea ~ "~ and H ~ (n — 1)r~ !, as r — 0. Integrating inequality (1.5) from
0 to r, and using (1.6), we obtain the inequality

) —1 (ro
a—f(e,ro)sm L RO,r)f6,r)dr + 1. (1.7)

Let us now first consider the case when p = n — 1. Integrating (1.7) from O to r,
and using (1.6), we have

f(0,r1)<—l—f j R_0,r)f(6,r)drdry + r,.
n—1], Jo

Using the definition of £, and the inequality (a + b)" ™! < 2" %(a"~! + b" 1), for
a,b > 0, we obtain

al,r,) <27 4 woT 1(_[ f R_(0, r)f(Hr)drdro) _l. (1.8)

We shall point out that this inequality is only valid for those values of r, such that
the point (,r,) is within the cut locus of y. If we denote the sets

S,(r) = {6€S;™"|(8,r) is within cut locus of y},
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we see that they satisfy the monotonicity property, S,(r,) € S,(r,), if r; <r7,.
Integrating inequality (1.8) over the set S (r,) yields

Ay(rl)

2 1 do 2n—2 J‘
<2"4riT + =T
' jsy(r.) (n—1y! Sy(r1)

x (J j roR_((),r)f(O,r)drdr(,)n_ld0
0 0

< 2"—2"';_1(0,._1 +

2n_2 s[ ( jrl J"o )
+ R Y(0,r)f" (0,r)drdr
(n _ 1)" 1 8,00) 0 o ( )f ( ) 0
ry ro n—2
b <J J drdr0> dé
o Jo

1

2n—4

=2"‘2r'{_1w,,_1 + ri

xj‘ J.JR"_"(G,r)f””‘(ﬂ,r)drdrodﬂ
Sy(r1) Jo Jo

_ 1
Szn——Z'J{ lwn—l + r%n 4

(m—1y"

xj '[ f R™Y(6,r)f"~(0,r)d0 dr dr,

0 0 Sy(r)

=22 g, i 4J f R™™1 dV dr,, (19)
(n— 1) By(ro)

where w, _ ; denotes the area of the Euclidean unit (n — 1)-sphere. This proves the
case when p=n—1with C;, =2""%2@,_, and C, = 1/(n — 1)""*.

For the values p = s(n — 1) > n — 1, we simply apply Holder inequality to the
second term on the right hand side of (1.9) and use the fact that the volume of the
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geodesic balls of radius r is an increasing function of r, and conclude that

r

1 1/s
Ay(rl) <C1r'i“ + Czr%n—ftj‘ V;s—l)/s(ro) ( J Rsin-l) dV) dro
0 By(ro)

r 1/s
SCrimt 4+ Corrt V(ys_l’/s(rl)f ( J RT™D dV) dro
0

By(ro)

We will now consider the case when n/2 < p < n — 1. Note that n must be at
least 3 for this situation to occur. Following an argument of Gallot in [G], by
setting 6 = (2p — n)/2p — 1 one can rewrite inequality (1.5) in the form

n—1

We claim that there is a constant C¢ > 0 depending only on »n such that

=29 ( of
. -0/ p fn—1
or (f 6r> S CeRES™

Y
i

This inequality is obvious if the left hand side is nonpositive. Otherwise, applying
the algebraic inequality (a + b)? = (p?/(p — 1)P " *)ab? ™! to the left hand side
of inequality (1.10), using the assumption on p and the definition of J,
and integrating this inequality from r, to r; over those values where
f73(0f/or) is nonnegative, we conclude that its nonnegative part p(0,r) =
max{0, f ~%(df/dr)(6,r)} satisfies the estimate

p2=1(0,r,) < p?*1(6,r) + Co(2p — 1) j RZ.(6,7)a(6, 7) dr.

Using the definitions of 6, £, and (1.1), we rewrite this inequality as
H%P~1(0,r,)a0,r,)

< H¥?71(0,r,)a0,r,) + Cs(2p — D(n — 1)>271 J 1 R? (0,r)a(6,r)dr,

ro

where H, = max{0, H}. Integrating over the set S,(r;) and using the mono-
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tonicity property, this implies that

J‘ Hﬁ"_IdASI H%P~1dA
0By(r1)

0By(ro)

+ C¢(2p — 1)(n — 1)?P71 J. RP dV.

By(r1)\By(ro)

Applying the Cauchy-Schwarz inequality to the left hand side yields

2p—-1
I H3r~ ! dABA;z(”_l)(rl)(f H, dA) .
By(ry) By(r1)

On the other hand, we have

0A
——y-(r1)=J HdAsj H. dA.
or By(r1) By(r1)

Therefore (1.11) implies

A~ 2p-D/2p- 1)(,.1)%(,.1)
or

1/(2p—1)
< H"'dA + C, R® dV ,
0By(ro) By(r1)\By(ro)

where C, = C¢(2p — 1)(n — 1)*?~ . Integrating with respect to r, from r, tor,,
we conclude that

A;/(Zp— 1)(r2) — A;/(Zp— 1)(,.0)

rz2 1/2p—1)
<Q@p- 1)J < j H3P"1dA + c7f R® dV) dr,.
ro 0By(ro) By(r1)\By(ro)
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Hence

Ayfr2) < CyAy(r) + Calry — 1o~ J f H~1 dA dr,

aBy(ro)

+Cs(r, — ro)z"'zf R? dVdr,,

By(r1)\By(ro)

which proves the theorem.
By integrating these estimates and using the fact that A,(r) = (OV,/or)(r), we
deduced the following:

COROLLARY 1.2. Let M be a complete Riemannian manifold without boundary.
With the notation of Theorem 1.1, if for any p > n/2 the growth of the L-norm of
R _ satisfies

J R2 dV = o(r*)
By(r)

as r — oo, then
V,(r) = o(r*?*¥)

asr — 0.
Another corollary of Theorem 1.1 is the following generalization of Huber’s
theorem in [H].

COROLLARY 1.3. Let M be a complete open surface whose negative part of its
Gaussian curvature defined by K _(x) = max{0, —K(x)} satisfies

j K_dA<a;logr+1)
By(r)

Jor some constant a; > 0 and for all r > 0. Then M is parabolic.
Proof. By Theorem 1.1 and the curvature assumption, the length of the
boundary of the geodesic ball of radius r centered at y satisfies

L) <Cr+Cya, '[ log(t + 1) dt

0
S Cir+ Cya {(r+ logr +1) —r — 2}
< 2C,04(r + 1)log(r + 1),
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for r sufficiently large. Now we invoke the criterion (see [L-T 1]) for the
parabolicity of M by checking the condition

|
dr = .
‘[1 L,(r)

Section 2. Differential inequalities and integrabilities
In this section we will focus our attention to positive functions defined on
a complete manifold which satisfy a certain class of differential inequalities.

THEOREM 2.1. Let M be a complete noncompact Riemannian manifold without
boundary. Assume u is a nonnegative function on M satisfying the differential
inequality

Au —

|Vul?
u

= kutt! + gu,

for some constant q = 0, and for some functions k = 0 and g on M. Let us assume
that the negative part of g define by g_ = max{0, —g} is integrable, and also that
there exists a positive constant p and a point ye M, such that for all r sufficiently
large, the function u satisfies

f u? dV = o(r?).
By(r)

Then

OZJ ku"dV+J gdv,
M M+

where M* = {xe M |u(x) > 0}.
Proof. Without loss of generality we may assume that ng dV < oo. Other-
wise, we can replace g by the function

_ min{g(x),r}, if xe B,(r)
9=V g ), if xéByr)

and let r —» oo after the theorem is proved for g,. In fact, a consequence of the
theorem is that the integral of g will be finite if ue L(M).
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Let & > O be an arbitrary constant and ¢(x) to be the cut-off function depending

only on the distance from x to the point y which is defined by

_ on B(r)
ox) = {0 on M\B,(2r)

with the properties that ¢ > 0 and |F¢|*> < 3r~2. Multiplying the differential
inequality on both sides by the factor ¢?u?~!/(u? + ¢) and integrating over

M yields

o2uP " Au o2u? |\ Vu|? S 2 kur*a d*gu?
M W HtE u WP+ T )y uwP+e MW +e

Integrating the first term on the left hand side by parts gives

¢2up-1Au J‘ ¢“p 1<V¢ Vu> I)J* ¢2 p— zlvulz

u W +e C w+e C wte

¢2u2p—2|Vu|2

tp v @ +e)?

_ _2J ¢u"'l<V¢,Vu>+ ¢*u | Vu®
M

u? +¢ M uU? +¢)

d2uP~2|Vu|?
v W +e?

1 2,,p—-1 \% 2
<— |V¢|2u" + M__Lﬂ
& Im M Uuu? +¢€)

Substituting this into inequality (2.1) yields

o | ores [ STt [ e
P Jm

u U +e mW+e

@.1)
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Using the estimate on |V¢ |? and the assumption on u, the left hand side can be
estimated by

3

2 u?,
EPT™ ) By(2r)

1
—-J IVé|*u? <
& M

which tends to 0 as r - co. Hence we arrive at the inequality

kuPta up
0> + g__
MU +e m U+ e

Now letting ¢ — 0 and observing that the second integral converges by Lebesgue
convergence theorem and the first integral converges by the monotone con-
vergence theorem to the desired inequality.

We would like to point out that if k = 0 and u > 0, then the theorem implies
that ng dV <O0. This is a slight generalization of a theorem of the second author
in [ Y], where he assumed in addition that g is bounded from below. On the other
hand ifk > 0 and _fM+ g dV > 0, then we can conclude that u must be identically 0.

COROLLARY 2.2 Let M,u,g, and k satisfy the assumption of Theorem 2.1 In
addition, let us also assume that M admits a positive Green’s function. Then u must
be identically 0.

Proof. Assume that there is a point ze M such that u(z) > 0. Let G,(x) be the
positive Green’s function on M with a pole at z. Pick a sequence G;(x) of
nonnegative smooth superharmonic functions on m which has the properties that
G, = G, weekly in L?. This can be achieved by simply capping-off G, near the
pole. Now consider the function w = ue®, where v = —aG; for some constant
o > 0. Observe that

j wP = J uPer’ < J u? = o(r?),
By(r) By(r) By(r)

by the assumption on u.
On the other hand, w satisfies the differential inequality

Aw

V 2
- [Vl > kuPw + gw + wAv = w(g + Av).
w
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Applying Theorem 2.1 to the function w and using the fact that Av > 0, we have

—j QBJ Av
M w>0

> J PAv,
u>0

for all compactly supported function ¢ such that ¢(z) = 1 and ¢ < 1. Integrating
by parts and letting i - oo, we conclude that

j dAv = —j aG,A¢

- — f oG, A¢p
u>0
= a¢(2)

=a,

which gives a contradiction since a is arbitrary.
The next theorem allows us to deduce integrability conditions on nonnegative
functions which satisfy a similar class of differential inequalities.

THEOREM 2.3. Let M be a complete noncompact Riemannian manifold without
boundary. Assume that u is a nonnegative function on M satisfying the differential
inequality

2
Au— [Vul

> kou'*! + gu,

for some constants q,k, > 0, and for some function g on M. Then for any constant
p > 1 and any fixed point y € M, there exist constants Cg, Cg > 0 depending only
on kg such that the function u must satisfy

J yrta-1 < Csr—2<p+q—1)/qu(2r) + CQJ g(g‘rq-l)/q
By(r)

By,(2r)

for any r > 0. In particular, if

J g(£+q—1)/q =o(r2)
By(r)
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and
Vy(r) = 0(r2(p +2¢- 1)/q)

as r — oo, then

J uP = o(r?)
By(r)

asr— oo.

Proof. Let ¢ be the cut-off function defined in the proof of Theorem 2.1.
Multiplying both sides of the differential inequality by ¢2u?~? and integrate by
parts yields

o e [ o
M M
SJ ¢2up—2Au_j ¢2u"_3|Vu|2
M M
= —ZJ $ur "2V, Vuy — (p — 1) XI ¢*ur ™3| Vul?
M M

SLJ‘ Vg |2ur~1. (2.2)
p—1])u

However the right hand side can be estimated by

(r—1)/(p+q-1)
|V¢|2u"_1 < ¢2up+q—l
M M

q/(ptq-1)
X (JM ¢‘2(P"1)/‘I|V¢IZ(P‘HI_U/‘I) . (23)

It is also clear that we can choose ¢ to satisfy the inequality

d)‘l(p— 1)/q|V¢|2(P+q‘ 1)/q < Clor-l(rﬂl— 1)/‘1,
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hence (2.3) becomes

al(p+q—1)
J |V¢’|2“p—1 < <C10"—2(p+q_1)/q Vy@"))
M

(r-1)/(p+q—1)
X ( j ¢2u”+"'1> . (2.4
M

The second term on the left hand side of inequality (2.2) can be estimated by

5 (r—1)/(p+q—1) 5 ta1 ta-1
d)zg_u”“l < ¢ ypta-1 ¢ g(f q-1)/q |a/(p+q—1)
M M M
(P-D/(p+q—-1) a/(p+q—1)
< ¢2up+q—l g(£+q—1)/q X
M By(2r)

The theorem follows by combining this and inequalities (2.2) and (2.4).

Section 3. Holomorphic Mappings and Holomorphic Functions

We are now ready to study holomorphic mappings from a Kéihler manifold
whose Ricci tensor satisfies certain integrability conditions.

THEOREM 3.1. Let M be a complete noncompact Kdhler manifold without
boundary of complex dimension m. Let R(x) denote the pointwise lower bound of the
Ricci curvature of M and R _(x) its negative part as defined in Theorem 1.1. Assume
that R _(x) satisfies

j R_dV<oo,
M

and

j RP. 4V = o(rf?P~ 1)
By(’)

for some p > m, and some B < 2/(m — 1). Let Y be a nonconstant holomorphic
mapping from M into a complex Hermitian manifold N which has holomorphic
bisectional curvature bounded from above by K(z) for all ze N. Suppose that the
curvature of the image of M under y satisfies K(y(x)) < — B for all xe M and for
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some constant B > 0. If we denote the trace of the pulled-back metric tensor of N on
M by

u = try*(ds?).

Then it must satisfy the inequality
— J RdV = — J K@ (x)u(x)dV.
M M
In particular, if either
J RdV =0,
M

or M admits a positive Green’s function, then  has to be identically constant.
Proof. A direct computation (see [Lu], [C-C-L], and [L]) verifies that
u satisfies the Bochner type differential inequality

V 2
Au — l—:'— > —2Ku? + 2Ru.

Holomorphicity of { and the assumption that u is nonconstant implies that the
zero set of u must be of measure zero on M. We claim that there is a constant
p’ > m such that

J R dV = o(r?).
By(r)

Indeed, the Cauchy-Schwarz inequality implies that

, (p—p)(p—1) ' -D/(p—1)
j Rgdvs(f R_dv) (j Rp_dv)
By(r) By(r) By(r)

= o(r”"’" 1))_
The assumption on § allows us to choose p' = (2/f) + 1 > m.

Applying Corollary 1.2 and Theorem 2.3 by setting p=p’ and g = 1, we
conclude that

J‘ u? dV = o(r?).
By(r)
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The theorem now follows from Theorem 2.1 and Corollary 2.2.

We would like to point out that the assumption that M possesses a positive
Green’s function is necessary even in dimension 2. In fact, let us consider
a complete surface M with constant — 1 curvature which has finite volume. By
Huber’s theorem, M is conformally equivalent, hence holomorphically equi-
valent to a compact surface with finite punctures. One can conformally change
the metric to a complete metric which is flat in a neighborhood of each puncture.
This new metric satisfies the hypothesis of Theorem 3.1 except the existence of
a positive Green’s function. However, it is holomorphically equivalent to
a surface with constant — 1 curvature, which gives a counter-example.

In the case if a Kdhler manifold admits a nonconstant bounded holomorphic
function, by scaling the holomorphic function, one can interpret it as a holo-
morphic mapping to the unit ball in C. On the other hand, the unit ball is
biholomorphic to the Poincaré disk with the complete metric with — 1 curvature.
By taking the composition map, we obtain a holomorphic mapping from the
Kéhler manifold into the hyperbolic space form. Hence applying Theorem 3.1 to
this setting we have the following:

COROLLARY 3.2. Let M be a complete noncompact Kdhler manifold without
boundary of complex dimension m. Let R(x) denote the pointwise lower bound of the
Ricci curvature of M and R _(x) its negative part as defined in T heorem 1.1. Assume
that R _(x) satisfies

J R_dV< oo,
M
and

j RP. AV = o(rP?~Y)
By(r)

for some p > m, and some f < 2/(m 1). Then M does not admit any nonconstant
bounded holomorphic functions.

The argument in the proof of Theorem 3.1 relies on the Bochner differential
inequality for the energy of holomorphic mappings. In fact, a larger class of
mappings from a Kéhler manifold also enjoy this differential inequality which
was defined as pluriharmonic mappings in [L]. We will refer the reader to [L] for
the computation and the proof of the following theorem.

THEOREM 3.3. Let M be a complete noncompact Kdihler manifold without
boundary of complex dimension m. Let R(x) denote the pointwise lower bound of the
Ricci curvature of M and R _(x) its negative part as defined in Theorem 1.1. Assume
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that R_(x) satisfies

J R_dV < oo,
M

and

J R? 4V = o(r#?~ D)
By(r)

for some p > m, and some f§ < 2/(m — 1). Let Y be a nonconstant pluriharmonic
mapping from M into a Riemannian manifold N which has Hermitian bisectional
curvature bounded from above by K(z) for all ze N. Suppose that the curvature of
the image of M under s satisfies K(y(x)) < — B for all xe M and for some constant
B > 0. If we denote the trace of the pulled-back metric tensor of N on M by

u = try*(ds?).

Then it must satisfy the inequality

—f RdV > —J K@W(x))u(x)dV.
M M

In particular, if either
J RdV >0,
M

or M admits a positive Green’s function, then y has to be identically constant.
By using the fact that the upper half plane is biholomorphic to the hyperbolic
space form, we conclude the following:

COROLLARY 3.4. Let M satisfies the same assumption as in Theorem 3.3. Then
M does not admit any nonconstant positive pluriharmonic functions.

THEOREM 3.5. Let M be a complete noncompact Kdhler manifold without
boundary of complex dimension m. Let S(x) denote the scalar curvature on M and
S_(x) its negative part defined by S_(x) = max{0, —S(x)}. Assume that S_(x)
satisfies

J S_dV < oo,
M
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and that there exists a constant p > 1 and a point ye M such that

J SP.dV = o(r?).
By(")

Suppose that the volume of geodesic balls of radius r centered at y satisfies

V() = or??*?),
as r — o0. Let  be a nonconstant holomorphic mapping from M into a complex
Hermitian manifold N which has the same dimension and with Ricci curvature
bounded from above by R (z) for all z€ N. Suppose that the curvature of the image of

M under  satisfies Ry({(x)) < — Bfor all xe M and for some constant B > 0. Ifwe
denote the fourth power of the Jacobian of the map y by

(v
dvy )’

and the trace of the pulled-back metric tensor of N on M by
u = try*(ds?).

Then either Y is totally degenerate, i.e. v is identically 0, or u must satisfy

—J Sdv = —f Ry (x)u(x)dV

?BJ udV.
M

In particular, if either

J §dV >0,
M

or M admits a positive Green’s function, then  has to be totally degenerate.
Proof. 1t was derived in [C] that the function v satisfies the differential
inequality

Av

2
_ Vel = —2Ryuv + 28v.
v
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Arithmetic-geometric means implies that

m
u> Ev”“"‘.
Letting w = v'/*™ we can rewrite the differential inequality as
|Vw|? 1 1
Aw — —— > — —Ryw? + —Sw.
w ~ 2N 2m

Now we can apply Theorem 2.3 to conclude that

J vPmdy = J wP dV
By(r) By(r)

= o(r?).

The theorem now follows from Theorem 2.1.

COROLLARY 3.5. Let M be a complete noncompact Kdhler manifold without
boundary of complex dimension m. Let S(x) and R(x) denote the scalar curvature and
the pointwise lower bound of the Ricci curvature on M, and S _(x) and R _(x) their
negative parts respectively. Assume that S_(x) satisfies

J S_dV <o,
M

and that there exists a constant p > m such that

J R? dV = o(r?).
By(r)

Let  be a nonconstant holomorphic mapping from M into a complex Hermitian
manifold N which has the same dimension and with Ricci curvature bounded from
above by Ry(z) for all ze N. Suppose that the curvature of the image of M under
Y satisfies Ry(Y(x)) < — B for all x e M and for some constant B > 0. If we denote
the fourth power of the Jacobian of the map by

S (w*(dv,v))‘
av,,

’
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and the trace of the pulled-back metric tensor of N on M by

u = try*(ds3).

Then either Y is totally degenerate, i.e. v is identically 0, or u must satisfy

_ j Sdv > —J Ry(W()u(x)dV
M M

>BJ udVv.
M

In particular, if either

J §dv =0,
M

or M admits a positive Green’s function, then  has to be totally degenerate.

Proof. The assumption on R_ and Corollary 1.2 implies the desired volume
growth condition to apply Theorem 3.5. Now we observe that S(x) = m R(x), and
the corollary follows.
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