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1. Introduction

In [1], B. Artmann constructs for any projective plane #, and for any positive
integer n > 0, a projective Hjelmslev plane 5#, of level n having 5, as epimorphic
image. This way, one gets an infinite sequence

e Ky o> Wy o H

of epimorphic projective Hjelmslev planes and the inverse limit of such
a sequence exists and is a projective plane.

In [2], D.A. Drake constructs a finite projective Hjelmslev plane of level n (for
arbitrary n) in which all point-neighbourhood-structures (which are affine
Hjelmslev planes of level n — 1) may be chosen freely up to their order. All
line-neighbourhood-structures though are isomorphic. OQur goal is to give a
construction where one has as much freedom as possible. Moreover, our
construction will be universal and will give precise information about what can
be chosen arbitrarily and what is determined by other substructures.

The motivation for this work is twofold. First, by [3], projective Hjelmslev
planes of level n appear naturally in affine buildings of type 4,. As a consequence
of our construction, all such planes arise this way. Secondly, a beautiful theorem
by M.A. Ronan [4] yields a construction for projective Hjelmslev planes of level
n (see [3]), but in this construction, it is not completely clear how the various
choices one has, act upon the geometrical structure of the planes. Our cons-
truction will answer that question.

2. Projective Hjelmslev planes of level n

The following definition is justified by [3] and [5], 3.5.5.
Suppose 5, = (P(s£,), L(#£,), I) is a rank 2 incidence geometry with point-set
P(+#,), line-set L(s#,) and symmetric incidence relation I, which will be our
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standard notation for any incidence relation throughout this paper. We call 57,
a projective Hjelmslev plane of level n (definition by means of induction on n), or
briefly a level n PH-plane, when

(1) #, is a customary projective plane,

(2) foreveryje{0,1,...,n},thereisa given partition P(#,) of P(#,) such that
P(,)is finer then By, (,), Po(#,) = {{P} | Pe PUK,)}, P,(#,) = {P(,)}
and every partition class of P,(5#,) contains at least two elements. Dually,
there are given partitions L;(5#,) of L(#,) with similar properties. These
partitions must satisfy (N.1), (N.2) and (N.2’) below.

For every je{0,1,...,n}, we define the incidence geometry ;= (P(¥}),
L(#)),1) as follows. P(#)) = P,_;(t,), L(#;) = L,_;(#,) and if CeP(x)),
D e L(#,), then CID if there exist Pe C and Le D such that PIL in J,. This
clearly induces a canonical epimorphism n}: 5#, — ;. We now state (N.1).

(N.1) The geometry 5, as defined above is a level j PH-plane, for all
L0<j<n.

We call 5, the underlying level j PH-plane of #,. Note that for j = n, J#;
coincides with ,, justifying the notation. Now suppose P,Qe P(:#,). If
n}(P) = ©}(Q), then we write P(~j)Q. If moreover n}+1(P) # n}+1(Q), then we
denote P(~j)Q. The negation of (~ j) is (+#j). Similar definitions hold for lines.
For Pe P(#,) (resp. Le L(5#,)), we denote by a(P) (resp. (L)) the set of lines
(resp. points) incident with P (resp. L). We can now state (N.2) and (N.2)

(N.2) If L, M e L(5#,) and L(~ j)M, then there is a unique Ce P,(#,) such
that C no(L) = o(L) no(M) = o(M)n C # 0.
(N.2') Dual to (N.2).

The order g of #, (g possibly infinite) is by definition also the order of 5. If
PeP(,), then we denote S;(P)={QeP(#,)|Q(~n—j)P}eP;(s#,) and
LS;(P) = {Le L(s#,)| there exists QI L such that P(~n — j)Q}. Dually, one
defines S;(L) and PS;(L), L € L(5#,). Observe that LS;(P) is the union of all S;(L)
with LI P. In particular, S;(P) = PS;(L) if PI L. Note that, strictly speaking,
nj(P) = S,_;(P), but we use nj(P) to express that we concieve this as a point of
the geometry 5, and we use S,_;(P) to express that we concieve this as a set
of points of J,.

Note also that 5 is canonically isomorphic to the underlying level j PH-plane
of #,, 0 <j < k < n. We denote the corresponding epimorphism by zn%. So we
have nl = nfonk.

Throughout, we keep the notation of this section, if not explicitly mentioned
otherwise.
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3. H-planes of level n

We define subgeometries of a given level n PH-plane J7,.

Suppose Le L(##,), then the incidence geometry &, = (P(&,), {<,),]) =
(P(#,) — PS,_ (L), L(s£,) — S,_ (L), I) is called an affine Hjelmslev plane of
level n (or briefly a level n AH-plane). The order g of /%, is also called the order of
&f,. Dually, for every point Pe P(,), the incidence geometry /¥ = (P(¥),
L(f¥), 1) = (P(#,) — S,_(P), L(#,) — LS,_,(P),I) is called a dual affine
Hjelmslev plane of level n (or briefly a level n DH-plane), with order q. If
moreover, P I L, then wecall ¥, = (P(¥,), (¥;),I) = (P(s¢£,) — PS,_ (L), L(#,) —
LS, _,(P),I) a helicopter Hjelmslev plane of level n (briefly a level n HH-plane),
also with order g. A level n H-plane is a common name for level n PH-, AH-, DH-
and HH-planes. The reader should be aware of the fact that these definitions are
not completely the same as in [2], but in the context of this paper, they are the
most plausible. In the usual sense of duality, one can see easily that the dual of
a level n PH-plane (resp. AH-plane, DH-plane, HH-plane, H-plane) is a level
n PH-plane (resp. DH-plane, AH-plane, HH-plane, H-plane).

It is also easy to see, in view of (N.2) and (N.2’), that the partitions P,(#,) and
L;(5#,), 0 < j < n, are completely determined by P(5#,), L(5,) and the incidence
relation I. Hence, we do not need to include these partitions in the notation for 5,
and we can speak about the underlying level j PH-plane of s,. One can also
define in the obvious way the underlying level j H-plane of a given level n H-plane,
O0<j<n

4. H-planes of level j < n inside H-planes of level n

If P e P(#,), then we call S;(P) a j-neighbourhood of P, or a j-point-neighbour-
hood or a point-neighbourhood or simply a neighbourhood of P. Dually for
lines. Suppose now PIL, LeL(#,). Then the sets b, = S;(P)na(L) and
b, = §,_;(L) n o(P) are non-empty. The pair (b, b;) has the property that the set
of lines incident with all elements of b, is exactly b, and the set of points incident
with all elements of b, is exactly b, (see [5], 5.1.9). We call the pair (b,,, b;) a j-short
line. If b is a j-short line, then we denote b = (b,, b;). The set of all j-short lines of
,is denoted by Bi. Similarly, the set of all j-short lines of #,,,m < n, is denoted
by B#. By [4], 5.1.10, the projection 77-1(b,) is the point-set corresponding to
a(j — 1)-short line of £, _, and n7- 1(b,) is the line-set corresponding to a j-short
line of 5#,_,, for all be B,0 < j < n. Hence (n4-1(b,), na-1(b;)) is again a short
line in 5, _, if and only if j = 0 or j = n (a short line is an i-short line for some
i,0<i<n).

Suppose now CePy(s#,). We define the incidence geometry #;(C)=
(P(C), L(C),I) as follows: P(C)= C,L(C)={b|beBi and b, < C} and for
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PeP(C),be L(C), P1bif Peb,. Thenitis well-known (see e.g. [2]), that 5(C) is
a level j AH-plane. If 0 < k < j, then 77—« defines a bijection from P(#,) to
P;_,(#,_,). Suppose C' = nz-«(C), then we can consider similarly as above
#,;_,(C’). This is canonically isomorphic to the underlying level j — k AH-plane
of #,(C). We can identify these two structures and denote it by #_,(C). Dually,
one can define for every De L;(#,) and every k <j a unique level (j — k)
DH-plane ;_,(D), where #;(D)=({b|beB; ™’ and b, < D}, D, I). Suppose
nowbeBi,0 <j < k < n. Then b, is a subset of some C € P(5£,). Let (nk)~ L) =
C’ € Pn-k+j(#,). So b is a line in 5#,(C’) and hence, if k < m < n, then b can be
viewed as an (m — k)-line neighbourhood in 5, _, . ;(C’). Similarly as above, this
defines a level m — k HH-plane 5, _,(b) in #,,_, . ,(C’). So the points of #,, _,(b)
are all j-short lines of #,,_, , ;(C’) which line-set is a subset of the (m — k)-line
neighbourhood b and the lines of J#, _,(b) are all elements of the latter
line-neighbourhood. Hence, the points of #,,_,(b) are all j-short lines b’ of 5#,,
such that nf'(bi) = b;, and since lines in J#,, _, , ;,(C’) are (m — k + j)-short lines of
X#,,, the lines of ,,_,(b) are all (m — k + j)-short lines b” of s, such that
nk(bp) = b,. With this notation, b’ I b” if and only if b, = by if and only if bf < bi.
We can also obtain 5, _,(b)in a dual way, starting from b;; then 5#,, _,(b) arises as
a point-neighbourhood in a DH-plane which is a line-neighbourhood in .
Both ways are equivalent and the above description of the points and lines in
H,,_i(b) is self-dual.

We can give similar definitions in level n AH-planes (resp. DH-planes,
HH-planes). This way, point-neighbourhoods are structured to AH-planes (resp.
HH-planes, HH-planes), line-neighbourhoods are structured to HH-planes
(resp. DH-planes, HH-planes) and the H-planes related to short lines are all
HH-planes.

5. The local data of a level n H-plane

By definition, the local data of s#, are given by the 7-tuple (P(5,), L(5%,),
Hy_r, {H#0o1(PYP € POFY), {#o(LY L' € LO#Y)}, {(P, - 1(P)| P e P(F,)},
{(L,my_,(L)|Le L(#,)}). Now, what information about , can not be
obtained a priori by the local data? Well, one knows the line structure of all
(n — 1)-point-neighbourhoods, but it is not known which lines of J#, intersect
a given (n — 1)-point-neighbourhood in a given line of that neighbourhood. At
least, this is not explicitly mentioned in the local data. The following example
shows that this information cannot be obtained by the local data. For a suitable
notation of points and lines, the local data of the classical level 2 PH-planes over
the rings Z(mod 4) and Z(mod 2)[t]/t? (the dual numbers over Z(mod2) =
GF(2)) are identical and yet, the corresponding PH-planes are not isomorphic.
But for n > 2, it will follow from our universal construction that the local data
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determine s#, completely and that is why we have to treat the case n =2
separately. Similary, one defines the local data for any H-plane.
We are now ready to give the universal construction, first for the case n = 2.

6. A universal construction for level 2 PH-planes

In every dual affine plane, the relation “being non-collinear with” is an
equivalence relation in the set of points. We call the corresponding equivalence
classes “non-collinearity classes”. We denote by U the disjoint union.

THEOREM 1. Suppose #, = (P(#,), L(5#,), I) is any projective plane of order
g, q possibly infinite. We assign to every point P € P(#,) an arbitrary affine plane
&/ (P) of order q and to every line L€ L(3#,) an arbitrary dual affine plane o/ *(L) of
order q. Then there exists a level 2 PH-plane #, with local data (P(#,) = U{{Q | Q
is a point of (P)}|PeP(#,)}, L(#,)=V{{M|M is a line of Z*(L)}|Le
L(#,)}, #,,{(P)| PeP(#,)}, {*(L)| LeL(#,)}, {(Q.P)|Q is a point of
(P),Pe P(#,)}, {(M,L)| M is a line of o/*(L),Le L(#,)}).

Proof. Suppose P e P(s#,). Choose an arbitrary bijection f, from the set of
lines of 5, incident with P to the set of parallel classes of lines in «Z(P). Suppose
Le L(+#,). Choose an arbitrary bijection §; from the set of points of #, incident
with L to the set of non-collinearity classes of points in .« *(L). Suppose PI L in
#,.Choose an arbitrary bijection fp ;, from the set B(L) of parallel lines of o/(P)
to the set f,(P) of non-collinear points of «#*(L). Denote f. p) = Bpr)- We now
define incidence in J,. Let Q € P(5£,) and M € L(+#,). Suppose Q is a point of
/(P), Pe P(s#,) and M is a line of &/*(L), Le L(5#,). Then Q I M if and only if
P11 Lin 4, and the unique line L* of o/(P) of the parallel class (L) incident with
Qis the image under f;, p) of the unique point P* of &/ *(L) of the non-collinearity
class B,(P) incident with M, ie. B p(P*) = L*. We show that &, is a level
2 PH-plane.

(1) Suppose M,, M, e L(5#,) and M ,(~0)M,. We show that there is a unique
point Q € L(#,) incident with both M, and M ,. Throughout, leti = 1,2. Suppose
M, is a line of &/*(L;), L;€ L(##,), then L, # L,. Let P = o(L,) na(L,) in H#,.
Clearly 6(M,)no(M,) must be a subset of the set of points of «/(P). Let
C; = Bp(L;), then C, # C,. Let D; = B, (P) and P, be the unique point of o/ *(L;)
in D;,incident with M. Finally, let K; = f; p)(P;). Clearly, every point Q, incident
with M, and lying in 2/(p) is incident with K in </(P). Hence o(M,) n 6(M,) =
oK) no(K,)in &(P). Since K;e C; and C, # C,,d(K,;) n a(K}) is a singleton,
which proves the assertion.

(2) Dually, one can show that, if Q,,Q,€P(#,) and Q,(~0)Q,, there is
a unique line M € L(5#,) incident with both Q,and Q,.

(3) Suppose now M, M, e L(#,) and M,(~1)M,. Suppose again that M, is
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alinein o/ *(L;),i = 1,2,then L, = L, =: L. So M, and M, are two distinct lines
in ./ *(L) and hence they have a unique point P* of &/ *(L) in common. Denote by
D the unique non-collinearity class of points of «/*(L) containing P* and let
P = B; (D), L* = B p(P*). Note that L* is a line of o/(P) and L* € 8(L). By
definition, all points of </(P) incident with L* are incident with both M; and M,
in #, and no other points of 2/(P) are incident with either M, or M,.If Q € P(#,)
is incident with both M, and M, in J#,, with Q not a point of .«/(P), then by the
second part (2) of this proof, M, = M,, a contradiction. This shows (N.2)
completely.

(4) Dually, one shows (N.2’). The other axioms are trivial to verify. Q.E.D.

Clearly, every level 2 PH-plane must be constructed as in the above proof. Hence,
this yields a universal construction for all level 2 PH-planes.

REMARK 1. This universal construction of level 2 PH-planes implies also
a universal construction of level 2 H-planes by deleting the suitable subsets of
points and lines.

We now turn to the general case.

7. The general case

DEFINITION. Suppose ., is a level n AH-plane (with underlying level
1 AH-plane </, ) and let L', M'e L, _,(</,) = L(#/,) (notation of section 2). The
level n — 1 HH-planes 5, _,(L!) and 5#,_,(M") are called parallel if L' and M!
are parallel in the affine plane /.

EXAMPLE. With the notation of the previous sections, let J#, be a level
n PH-plane with underlying level j PH-plane 3, 0 <j<n and canonical
epimorphisms n’. Suppose P! e P(#,) and L, € L(5#,) and P' 1 L! in 5#,. Then
L! defines in the level n — 1 AH-plane #,_,(P') a class of mutually parallel level
n — 2 HH-planes as follows. Take any L? € L(5#, ) such that n}(L?) = L'. We now
view P! as an element of P, (#,). So 6(L?) n P! (in 5, ) defines a line b in #, (P*).
Hence #,_,(b) is a level n — 2 HH-plane inside #, _,(P'). If M? € L(#,) is such
that n2(M?) = L!, then 6(M?) ~ P* defines a line b’ in ¢, (P') parallel to b. This
shows our assertion. Note that this set is a maximal set of mutually parallel
n — 2 HH-planes in #,_,(P*).

REMARK 2. Suppose </, is a level n AH-plane (with underlying level 1 AH-plane
&,). Suppose {#,_,(Lj), jeJ} is a maximal set of mutually parallel level n — 1
HH-planes. We can view {L},jeJ} as a class of parallel lines in &/, . For every
Pe P(s4,), there is a unique j€ J and a unique 1-short line b of ./, such that Peb,



Projective Hjelmslev planes 291

and b is a point of #,_(L}). Also, in that case, L} is the unique line of </, for
which n§(P)I L} in o/ (n} is a canonical epimorphism).

LEMMA 1. Suppose <, is a level n AH-plane with underlying level n — 1 AH-
plane of,_, and corresponding canonical epimorphism n,_,, n > 2. Suppose
{s#,_,(L}),jeJ} is amaximal set of mutually parallel leveln — 1 HH-planes of </,
and let P"e P(s,). Let b be the unique 1-short line of s/, such that P"eb, and b is
a point of #,_ (L} for some (unique) je J. Then {3, _,(L}),jeJ} is a maximal set
of mutually parallel level n — 2 HH-planes in <, _,, and if b’ is the unique 1-short
line of of,_, such that ns_,(P")eb), and b’ is a point of #,_,(L}), ieJ, then
by = my_ 1(b,) and consequently i = j.

Proof. Clearly {s#,_,(L}),jeJ} is a maximal set of mutually parallel level
n — 2 HH-planes in &/,_,. We now show, under the given assumptions,
b; = m, - 1(b;). Note that =, _ | (b,) is indeed a set of lines corresponding to a 1-short
line in &/,_,. Since this set of lines completely determines the 1-short line, it
suffices to show 7, _,(b;) < b;. So suppose M"eb,, then P"I M" and M" is a line
of #,_,(L}) (by (N.2)). But #i_;(M") is a line of #,_,(L}) and is moreover
incident with =} (P), hence =};_ ,(M")€ b;. Q.E.D.

LEMMA 2. Suppose #, is a level n PH-plane (n > 2) and be B} (cp. section 4). If

c is a point of #,_,(b) (c is a 2-short line of #,) and d is a line of #,_,(b) (d is an
(n — 2)-short line) incident with c in #,_ ,(b) (for n = 2, thismeans ¢ = d = b), then
every point P"ec, is incident with every line L"ed, in ¥,.

Proof. Let {P'} = n}(b,), then c is a 1-short line in #,,_,(P") and d is a line
in J,_,(P'). Since #,_,(b) is an HH-plane inside #,_,(P'), c, = d, (by
definition of incidence in 3#,_,(b)) and hence P"ed,. Consequently P"IL"
in J,. Q.E.D.

THEOREM 2. Suppose #,_, is a level n — 1 PH-plane of order q,q possibly
infinite. There exists a level n PH-plane 5, with underying level n — 1 PH-plane
H,_, such that (UC.1) through (UC.n) holds.

(UC.1)for every be Bi_;,0 <j < n— 1, #,(b) is any desired level 1 H-plane
(AH-plane (j = 0), DH-plane (j = n — 1) or HH-plane (all other cases)) of order
q.

Suppose beBj, 0 <j < k<n— 1. We denote P(b) = U{{Q|Q is a point of
H#,(c)}|cisapoint of 5, _, _,(b)}, L(b) = U{{M | M is aline of #,(d)} | dis a line
of #,_,—1(b)}. ‘

(UC.k) forevery beBj_,,0<j<n—k<n—1,k+#n, #,b) is any desired
level k H-plane (AH-plane (j = 0), DH-plane (j = n — k) or HH-plane (all other
cases)) with local data (P(b), L(b), #; _,(b), {#,_.(C)|C is a point of #,(b)},
{#,_(D)| Dis aline of #,(b)}, {(P,Q)| Qe BY_, = P(#,_,) and P is a point of
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#,(Q), PeP(b)},{(L,M)|MeB,-{ = L(#,_,) and L is a line of (M),
LeL(b)}).

(UC.n) #,haslocaldata (U{{Q | Qisa point of 5#,(P"~ ')} | P"~ '€ P(#,_,)},
O{{M|M is a line of s#,(L" )} |L" *eL(#,_,)}, #,_1,{#—1(c)| ce BY},
{#,_,(d)|deBl}, {(P,0)| Qe B, and P is a point of #,(Q)}, {(L, M)| Me
Bi~1 and L is a line of s#,(M)}).

Proof. First note that e.g. in (UC.k), expressions as 5, _,(b) live in £, _, and
hence the local data of #,(b) only depend on 5#,_, and the choices we made in
(UC.1) up to (UC.k — 1). Hence, the condition (UC.k) is equivalent to Theorem
2 applied for k = n and for #, a general HH-plane. So it is obvious that we will
proceed by induction on n > 0. The theorem is trivial for n = 1, and for n = 2, it
is equivalent to Theorem 1. So suppose n > 2. So we assume that the theorem
holds for n — 1. But clearly, the theorem then also holds for level n — 1
HH-planes, AH-planes and DH-planes (cp. Remark 1). Hence, as remarked
above, the conditions (UC.1) up to (UC.n — 1) will follow from the induction
hypothesis. So, it suffices to show that the local data in (UC.n) determine 5,
completely.

(1) Note that the local data determine completely all partitions and hence
also the canonical epimorphisms. So we can use the notation n% for these
epimorphisms (as in Section 2), 0 <j < k < n.

(2) Lemma 2 shows that, if 5, exists, incidence in £, is determined by the local
data. Indeed, let P"e P(s#,), L"e L(#,) and denote P/ = n}(P"), L/ = n"}(L"),
0 <j< n If P2IL? in 5,, then we must define P"I1L". Suppose now P?1L? in
#,.Then L? and P* define a unique element b € Bj such that b, = o(L?) n S, (P?)
(in #,) and b, = o(P?) n S,(L?). By the example preceding remark 2, L' defines
a class of parallel lines in 3,(P') (one of these lines is b) and this defines
a maximal set of parallel level n — 2 HH-planes in #,_,(P') (amongst them
#,_,(b)). Denote by c the unique 1-short line in #,_,(P*) such that P"ec,and
c is a point of #, _,(b) (cp. Remark 2). Dually, we have an (n — 2)-short line d in
H,_,(L")such that L"e d, and d is a line of #, _ ,(b). By Lemma 2, we must define
P"1L"if and only if cId in 5,_,(b).

We now show in four steps that #, = (P(5#,), L(5£,), I), I as defines above, is
a level n PH-plane.

(3) We determine the set T of points of #,_,(P') (for given P! as above)
incident with L" (L" also as above). Let also d be as above, then T is the union of all
sets of points corresponding to all 1-short lines ¢’ of #,_,(P') incident with d in
H#,_,(b). Since d is a line of 5#,_,(P'), T is the set of points incident with d in
H#,_,(P'). Hence T =d,. Now, a j-short line b’ in 3#,_,(b) corresponds to
a (j + 1)-short line b* in #,_ (P') by u{c¥|c*eb,} = b} and this is the point
set of a (j + 1)-short line b” in #,,0<j<n— 1.

(4)(a) Let, with the notation of (2), P"I L" in 5#,. Then cI1d in #,_,(b). By
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projecting ¢ and d into 5, _;(b) (for n = 3, this means: map c and d down onto b),
we see, by Lemma 1 and Lemma 2, that P""*TL""%.

(b) Suppose now P" 'IL""! in s, , with P""'eP(#,_,) and L' ‘e
L(#,_,) and choose an arbitrary L" e L(#,) such that nj_, (L") = L"~'. Denote
P! = n7~}(P"~1). The set of points of #, incident with L"in 5#,_ ,(P')is the set of
points incident with a line d of 5, _,(P'), by (3). But by (4)(a), the projection d’ of
d onto #,_,(P*) is incident in #,_,(P') with all points of 5#,_, incident with
L"!andlyingin S,_,(P""'). Hence P"~*1d’ in #,_,(P'). By a general “lifting
property” for H-planes, there exists a point P" incident with d in #,_,(P*) with
nt_1(P") = P"~! and hence P"I L" in 5#,. This shows the axiom (N.1).

(5) Suppose L", M"e L(#,) with L*(~0)M". Let L' = n’}(L"), M! = n}(M").
Then M! # L' and hence, in 5, , they have a unique intersection point P*. So the
points of intersection of L" and M" are to be found in J#,_,(P'). Denote by
d (resp. e) the line of 5, _,(P') such that a(d) < a(L") (resp. o(e) < o(M™) (cp. (3)).
Since L' and M define non-parallel lines in 5#,(P'), d(~0)e in #,_,(P') and
hence d and e meet in a unique point P". Hence P" is the unique point of J#,
incident with both L" and M". This shows (N.2)for j = 0. Dually, one shows (N.2')
forj=0.

(6) Suppose L', M"eL(#,) with L*(~j)M",n>j>0. Again let L!'=
n}(L") = n}(M"). Then L*(~j — 1)M" in 5#,_,(L"'). Hence L" and M" meet in
a(j — 1)-shortline cin 5, _ ,(L') by (N.2) applied in #, _,(L'). Now, c, is a subset
of the point set of #, _ ,(b), for some b e B} (b is a point of 5#, (L") and exists since
j—1<n—1).Soc,is the set of points corresponding to (j — 1)-short line ¢’ of
H,_,(b). Let c” be the j-short line in J#, corresponding to ¢’ as in (3), then
cp S o(L")na(M") in S,. Since L" and M" determine the same (n — 2)-line
neighbourhood in 5, _ (S, (P")), for every P"e a(L") n o(M™), P" belongs to the
set of points corresponding to a 1-short line c* for which ¢} = (L") n o(M™"), and
hence ¢, = (L") n a(M™). This shows (N.2) completely, remarking that the case
Jj = nis trivial in view of (N.2’) for j = 0. Dually, (N.2’) also holds in J%,.

This completes the proof of the theorem. Q.ED.

Clearly, every level n PH-plane is constructed as in the above proof. So Theorem
2 yields a universal construction for all level n PH-planes. It also shows that the
local data of a level n H-plane, n > 2, determine the incidence relation completely.
Since the third component of the local data of ##, was arbitrary in Theorem 2, this
also implies that for any given level n — 1 PH-plane 5, _,, there exists a level
n PH-plane 5, with underlying level n — 1 PH-plane 5, _,. Hence the following
corollaries.

COROLLARY 1. Every level n PH-plane #, occurs in an infinite sequence
o = H g o H, > - > H, of PH-planes (where H#, is of level k and where i,
is isomorphic to the underlying level j PH-plane of 3, j < k) with as inverse limit
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a projective plane # . Hence every level n PH-plane 3£, is the epimorphic image of
a projective plane 3 and of a level k PH-plane 5#,, for every k > n.

The next corollary generalizes a result of Drake [2].

COROLLARY 2. Suppose 5, is a level n PH-plane with point-set P(#,) and order
q. Suppose, for every point P e P(#,), we choose arbitrarily a level m AH-plane
o, (P) of order q. Then there exists a level n + m PH-plane #, . ,, with underlying
level n PH-plane #, and such that 3#,(P) is isomorphic to <, (P).

Note that Theorem 2 also generalizes the existence theorem of level
n PH-planes in [3].

We now give a brief comment on the application of Theorem 2 on the theory of
triangle buildings, without running into details.

By constructing 5, when 5%, _, is given, as in Theorem 2, the only choices one
can make are the level 1 H-planes of (UC.1) and the bijections in (UC.2) (cp. proof
of Theorem 1). Hence, the geometries at distance 2 of all vertices determine the
triangle building completely, but we can choose all residues (as in Ronan [4]) and
to a certain extend, also all geometries at distance 2 from the vertices.

As a consequence of Corollary 1 and the construction of triangle buildings in
[5], we have

COROLLARY 3. Every level n PH-plane, n > 1, is isomorphic to the geometry at
distance n from a certain vertex of some triangle building.

This is the converse of [3], main theorem, which states that the geometry at
distance n from every vertex of every triangle building is a level n PH-plane.
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