COMPOSITIO MATHEMATICA

MARTIN D. BURROW

ARTHUR STEINBERG
On a result of G. Baumslag

Compositio Mathematica, tome 71, n°3 (1989), p. 241-245
<http://www.numdam.org/item?id=CM_1989__71_3 241_0>

© Foundation Compositio Mathematica, 1989, tous droits réservés.

L’acces aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique ’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=CM_1989__71_3_241_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Compositio Mathematica T1: 241-245, 1989.
© 1989 Kluwer Academic Publishers. Printed in the Netherlands. 241

On a result of G. Baumslag

I\;IARTIN D. BURROW! and ARTHUR STEINBERG?

'New York University, Courant Institute, 251 Mercer Street, New York, NY 10012, U.S.A.;
2Queens College, Flushing NY 11367, U.S.A.

Received 17 March 1988

1. Introduction

Suppose that 4 and B are residually finite groups and that AQ Z=BQ® Z,
where Z represents an infinite cyclic group and the product is direct. Then it does
not follow in general that A and B are isomorphic [3, 4, 5]. However Baumslag
[1] has pointed out that A and B must have the same finite images and he has
used this result to give simple examples of groups A and B which are not
isomorphic but do have the same finite images. These are groups which are
extensions of a finite cyclic by an infinite cyclic group. Two such groups may be
represented as

G, s=<aba"=1, b~ tab =a',(m,s) = 1)

1)
H,, ={cdc"=1,d'cd="C, (m1)=1).

We find necessary and sufficient conditions for the isomorphism of the direct
products

G,,®Z=H,,®Z. 2

Using these conditions and a simple property of p-Sylow subgroups we get the
converse: if G, ;and H,, , have the same finite images then (2) holds. An example
involving just infinite groups shows that this result is not true in general.
Moreover, it is true that A ® Z = B® Z implies that the automorphism
groups Aut (4) and Aut (B) are isomorphic if A and B are the groups in (2).

THEOREM 1. Let G, and H,,, be given by (1). Then (2) holds if and only the
system of congruences

(Sx =t ) (mod m) 3)

tV=s

has a solution x = u, y = v.
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Remark that if o(t) denote the order of t then the greatest common divisors
(o(t), u) = (o(t), v) = 1. Otherwise, since t*° = ¢, t**~! = 1 and so o(t) |uv — 1; thus
if for any prime p, p|(o(t),u) or p|(o(t),v) then p = 1. Similarly (o(s), u) =
(o(s), v) = 1. Of course (3) at once implies that o(s) = o(2).

Proof. (a) Assume that (3) holds. Generators for G,, (® Z are (a, 0), (b, 0), and
(1, 1) with group multiplication on the first components and addition of integers
on the second components. For example (b, 0)¥(a, 0)(1, 1)* = (b’d’, k) which is
a generic element of G,, ;® Z. We wish tosetupamapo:G, @ Z—-H, , Q@ Z
which will be an isomorphism. For the element (g, 0) of finite order we must have
an image of finite order: (¢, 0), where gcd (m,r) = 1. Suppose

(a,0) > (c",0),(b,0) = (d*, ), (1, 1) - (d*, g). “4)

Since the product is direct, the image (d*, g) must commute with the other images.
Thus (d%, g)~ (", 0) (d*, g) = (¢, 0). Performing the calculations we get (c"™,0) =
(¢",0). This yields ™ = r (mod m) and so t* = 1 (mod m). Hence we may put
k = o(z).

We want to ensure that ¢ given by (4) is:

(i) Injective. Suppose (b, 0)’(a, 0)* (1, 1)* = (1, 0). Then (d*, f)’(c", 0)*(d, g)* =
(1, 0). Carrying out the calculations and using the fact that t* = 1 (mod m) we get
(d™**2c™ fy + gz) = (1,0)). This gives x =0 (mod m) and the simultaneous
integral system hy + kz = 0, fy + gz = 0. To have injectivity this system must
have only the trivial solution for y and z. To ensure this we need

hg — kf # 0. Q)

(ii) Surjective. It suffices to show the existence of p’, ¢’ such that (d*, f)*
(d, g9)* = (d,0) = (d""'**, fp’ + gq'). This yields

hp' + kq' =1
, , 6)
' +9q9 =0

where without loss of generality we can have gcd(f, g) = 1. Choose h = u, the
solution for x in (3). By the remark preceding the proof, gcd(u, k) = 1 so that there
are integers p’, ¢’ to make up’ + kq' = 1. Thus the first equation of (6) is satisfied.
Taking f = —¢/, g = p’ will now satisfy the second. Since ug — kf = up’ + kq' =
1 # 0 condition (5) also holds. Thus with these choices for h and k (4) establishes
the isomorphism (2).

(b) Now assume that (2) holds under the isomorphism (b, 0)— (d’c*, f),
(a,0) > (c",0). Since (b,0)"(a,0) (b,0) = (a%,0) therefore (c™*d?, —f) (c,0)
(@c*, f)=(c",0) = (c"*d~Yc"d’c*, 0) = (", 0). It follows that rt* = rs (mod m)



Result of G. Baumslag 243

and so t’ = s (mod m). By symmetry there exists x such that s* = ¢t (mod m), hence
(3) follows and the proof is complete.

THEOREM 2. Let G,, ; and H,, , be given by (1). If these groups have the same
finite images then (2) follows.

Proof. Choose e such that s° = 1 (mod m). Then
Gns—>G=<(ab:a"=b°=1,b""ab=0a'), and o(G) = me.

By assumption H,,, must have a finite factor H and there is an isomorphism
o: G — H. Let p* be the highest power of a prime factor p of m, m = p*h, (h, p) = 1.
Now a” is an element of order p* in G. Let S be a p-Sylow subgroup in G which
contains a*. § must have an isomorphic image T in H which is a p-Sylow
subgroup of H. Then a" corresponds under ¢ to an element w of order p* in T.
Since c* of order p* is contained in a p-Sylow subgroup of T, and since all p-Sylow
subgroups are conjugate, there is an inner automorphism t,: w — ¢/, (f, m) = 1.

Let t,: ¢/ > c*, d - d. Suppose o: b — d’c*. Define 6, = 01,7, (acting on the
right). Then (b) 6, = d’c. Since any automorphism takes c into a power and since
an inner automorphism preserves the first factor @”, this is the same y as in the
image of b under o, and so remains the same for all p. We now have o,: a" - ¢",
b — d&c*. Since b~ 'ab = a°, b~ 'a"b = a". Under o, this gives (@’c®) ™ 'chd’ ¢*) =
c* = ", Then t* = s (mod m/h = p*). Since this is true with the same y for all
maximal prime power factors of m, we have #’ = s (mod m). By symmetry there is
a solution s* =t (mod m). By Theorem 1 the proof is complete.

REMARK 1. In the proof of Theorem 2 the full hypothesis was not used. The
isomorphism of only a single pair of finite images, G and H in the proof, will
ensure that G, ; and H,, , have the same finite images.

REMARK 2. G, ®ZQ® - ®Z=H,,®ZQ® - ®Z also imply that con-
ditions (3) hold so that the consequences of this statement are entirely equivalent
to those of (2).

3. More generally let A and B be arbitrary groups and let C be an infinite cyclic
group. Suppose AQC=B® C.

If U = A ® C then the right hand side of the isomorphism can be viewed as
another decomposition U = B’ ® C'where B = B’ and C = C'. In this way we get
the equality

AQC=BQ®C. )

Denote by =n,, m,, respectively zn}, n, the projections corresponding to these
decompositions. Let =, (B’) = A4,, n5(C) = C,. Now in each case the kernel of
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these restrictive maps is B'n C. Thus

B/
gnc=da<4
@

If B nC # 1 then C/B' n C is a finite cyclic group and by the second equation
Cy,=1sothat BNnC=C, C<B. Since C is a direct factor: B = B"® C.
Then A® C =B" ® C® C' and thismodulo Cgives A =B"Q C' =B"® C =
B’ = B. Thus Aut(A4) = Aut(B). If B n C = 1 then the first equation of (8) shows
that B’ = A’. Then Aut(B) = Aut(B’) = Aut(A4’). Hence in order to have Aut(4) =
Aut(B) we must have Aut(4) = Aut(A’), where 4’ is a proper normal subgroup of
A. For the groups in (2) this is the case.

THEOREM 3. Let G,, ,
Aut(G,, ) = Aut(H,, ,).

Proof. By Theorem 1 there exists x = u, y = v satisfying (3). Then the map
o:H, ,— G, ,defined by c — a, d — b* satisfies the relation d~'cd = ¢* and is an
isomorphism, so that we have

H,, . be given by (1). Then the relation (2) implies that

H, =A4={ab") <G, )]
An arbitrary automorphism 7 € Aut(G,, ;) is given by
a-da,mr)=1b-a"b,0<x<me=(+/-)L (10)

If 7 is restricted to A" we get an automorphism of A’ which we denote by 7'. The
map t— 7 is injective: suppose t— 1 = 1. Then it follows that a" = a,
b* = (a*b°)* = (b*)a*L. This implies that r = 1, e = 1 and xL = 0 (mod m). Here
L=(14+s+s2+ - +sY)=@6"-1Ds—1)=(—1)/(s — 1) (mod m). Now
the relations (3) imply that (L, m) = 1, so that x = 0 (mod m) and so 7 = 1. We
have now Aut(G,,,) < Aut(4’) = Aut(H,,,). Then the result follows from sym-
metry.

Recall that a group is called just infinite if it is infinite but all its proper quotient
groups are finite. Let A4 in (7) be just infinite. Since 7,(B') = C, < C, where C, is
an infinite cyclic group or 1, the definition yields C, = 1 so that B’ < 4 and B'is
just infinite. Symmetrically A < B'. Thus 4 = B' = B. Now there exists non-
isomorphic just infinite groups with the same finite images [2]. For two such
groups A and B we cannot have AQ C = B® C.
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