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The Laplacian and the discrete Laplacian

Z. DITZIAN*
Department of Mathematics, University of Alberta, Edmonton, Alberta, T6G 2G1, Canada

Received 26 January 1988; accepted in revised form 27 June 1988

1. Introduction

The Laplacian A in R? given by

e (& )

is probably the most investigated partial differential operator. The “discrete”
Laplacian is given by

A f(x) = i (f(x + he) + f(x — he)) — 2df(x) (1.2)

where {e;}¢_| is an orthonormal system in R‘.
In this article, we will show for fe L, (R?) that Af exists in Sobolev
(weak) sense and Af e L_(R?) if and only if

Slip ”h_zzhf"Lw(R) < M. (1.3)

Extension to L,(R?), 1 < p < oo, will also be achieved.

It should be noted that A, is apparently dependent on the system e;.
However, the result of this paper shows that the condition |4 %A, f|| < M
does not depend on the system.

2. An estimate using the Green function and the Green formula

In this section, we will obtain an estimate of ||#~2A,f| by ||Af . For this
estimate, we use the Green function G(&, x) for the domain D, =
{(¢,..., &) —a<& <a teRfori# 1}

* Supported by NSERC grant A-4816 of Canada.
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This would imply

30(5 x)

f) = = [ 1) 22 de(@) — [, AOGE 0dVE) @)

where 0/(0n;) is a derivative with respect to the normal to 0D, in the outward
direction. We recall that the Green function G(&, x) on open domain D is
a function of & = (&,...,¢,) and x = (x, ..., x,) satisfying the
following:
(A) G(x, &) = G(¢, x).
B) AG(¢, x) = 0for x # € and x, £ € D.
(©) G, x) = (Td2)/(d — 2)2r"*R*"?) + H(&, x) where R = (24,
(¢, — x;)*)"?and H is a harmonic functionin D,i.e. AH(¢, x) = Oforé e D
and (fixed) x € D.
(D) G(&, x) = 0 for xe D and & € dD.

In fact, (A) (B), (C) and (D) determine G(¢&, x) uniquely. For the domain
D, and d > 3, we have, following Timofeev [3],

r@d2 ¢

G¢, x) = @= 227" , - Z = 2.2)
where
o= (G- x4+ Y (G - x) and @3

d
e = (& — Qa — x) — daky’ + Zz (& — x).

We may also verify that (2.2) satisfies (A), (B), (C) and (D). In particular,
we observe that for ¢, = a,r, = ¢_;,and for &, = —a,r, = 0_,_;.

We now can estimate the discrete Laplacian by the Laplacian. This part
of the paper is somewhat computational in contrast to other parts of the
proof of the equivalence relation and its extension to other spaces which use
“soft” methods.

THEOREM 2.1: For fe C*(RY) n L (R%),
” zzhf”Lw(Rd) K || Af“Lw(Rd) (24)

where Af and A, f are given in (1.1) and (1.2) respectively.
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Proof: We first observe that it is sufficient to prove our theorem for d > 3.
Ford = 2, weset f(x, y) = fi(x, y, z), and using our result for d = 3 and
f1, we have

| h=2A, f, I,y < KIAANL k)
Since

fl(x’ysz + h) +fl(x’ Y,z — h) - 2fl(x’ y,z) = 0
and

0

(E)fl(x’ Y, Z) = 0,

the above implies (2.4) for f.
We also note that it is sufficient to show

|h? R, f(0)] < KIIAS]

as Af is translation invariant.
To estimate A~?A, f, we use (2.1) to write

2% x| 0
RSO = — [, AONE, [& G(&, X)]da(éf)

— [, MOIBR,GE V() =T+ T

where A, is taken with respect to the x variables and G is given by (2.2) and
(2.3). We now estimate J by

AN

I'(d/2 @ ~
g 1| £ [ 1B 1are

+ 3 |Z,,azd|dV(é)}

k=—- @

I'(d/2 o 0
= (‘%2/)2);% | AS | <k_z J(k) + k; jg(k)>.
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To find bounds for J, (k) (or J,(k)), we will evaluate the operator h=A, on
the function r, of (x, .., x,) at the point (0, ..., 0). To simplify the
expressions in our calculations, we denote for 0 < j < d,

d
n(yY = (& = L) — 4ka) + Zz & - Oy (2.5)
where
L) = 0 for i#j and (@) = (.

Using the mean value theorem (in each variable), we have

d

Ry = —(2 — d)d{z r(J) Mg - )

j=2

+ (M7 =G - 4ka)2} +@2—-4d) Zl n(j)™

where since A, of r2~¢ was evaluated at (0, . . ., 0), |{,| < h. This implies,
adding (2 — d)dr,(0)~? to the first sum and subtracting it from the second
sum,

d
|8, < 12 — a’la’{'_z2 I (N)™7E, — G — n0) 28
+ (D)2 — & — 4ka) — rn(0) (¢ — 4ka)2|}

+12 — d z () — r(0)).

We denote by r,(j*) the expression for r, () in (2.5) but with {* replacing
{;. We also denote by r,(h)

r.(hy? = min {(5. — { — 4kay + i & =0y i (< hz}- (2.6)
i=2 i=1
We now have for j > 1,

()™ = n0)~ < dIGI1E — GHr(G*) ™2 < dhr(j*)

< dhr (b))~
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and

(D)™ — r(0)7 < dIG] g — §F — 4kaln(j*)72 < dhr ()~
Similarly, we can show for j > 1,

()& = 0P — n(0) 28] < d + Hhr ()~
and

I (D)™2(&, — & — 4ka) — 1, (0)*(&, — 4ka)| < (d + 4) hr (h)~ """
Combining the above, we have

|h=2A,r2~% < hddr,(h)~*". 2.7
Similarly,

|h=2A,0*¢| < hdd‘g,(h)~""

where
d d
0c(h)> = min {(51 — (2a = ;) — 4kay’ + ; & - O™ Z < hz}-

2.8)

We assume 0 < /& < a/4 and estimate first J, (0).

— 2 —d — ”
JO) = [+, o BB AV = J/0) + J/0).
To estimate J/(0), we utilize (2.7) and write
J(0) = j ST |h=2A,r34|d V(&) < 2d°h e AV©)
2n?
<2 Tk [T rdr = C

I'(d/2)
For J(0), we write
J’0) < h? JBM(O) |A,r24|dV(E) < 4dh? LWO) rr4dv (&)

2 3h
< 4 =
dl_(d/z) R (Trdr = C.
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We will be able to show later that

I'(d2)

K< (14 0)C + C‘)m

where C and C, are those of the estimates of J’(0) and J,"(0) and any fixed

positive 9.
For X4, 2 < W, (&,...,&)e D, and k # 0, we have

d 1/2
<(él — {, — 4kay + ; & - Ci)2>
d 12 d 12
> <<:l ~ akap + 3 :,-2) - (z c%)
i=2 i=1
d 12
> (<4|k| D) é?) —h
i=2

y 12
> W= Lja + (Zc) —h

i=2

| 4 d 12
2(2|k|—1)a+§§fz lkla + = (Z )

Using (2.7) and recalling 0 < & < a/4, we write

12\ —d—1
J.(k) < 2d*h jDa <|k|a + = <Z 52> > dv(&)
d 1/2\ —d—1
2d%ah de_l <|k|a + = (Z ) ) d¢, ... d¢,

N

Aah f;o (kla + 1r) ="' dr < A,ah L:" (Ikla + 1r)=>dr

h1
S Zahkzz = AZZP
Therefore,
h
Y J(k) < Zaz < 45—
k#0 k#0 a

Similarly, we have

>
IS

i Jo(k) < 4

k=—00
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and, hence combining with the estimate of J/(0) and J,"(0),

e (€ + COIATI + A2 8. 29)

Il <

We will show that I < B|| f||/a* which we combine with (2.9) and, as we
can choose a to be arbitrarily large, this will complete the proof. We recall
that if [[Af]| = 0 and || f|| < oo then fis a constant and A, f = 0.

To achieve I < B|f|l/a*>, we observe for ¢ = +a (that is,
(& ...¢&)edD,), X, 2 < W, 0 < h < a/4, and all k, that

d 20kl + 1 2
rk=((«:l—c.—4ka)2+__22(5,»—ci>2> > E a4 5 (z&)

and, similarly,

d 12 k 1 1 d 12
o = (G- o=ty —aror + £ > a5 (Sa)

We now have for (x,, ..., x,) € B,(0) and £ € 0D,

. 0 d oV o
‘h‘2Ah % G(X, é)‘ < Z (a) a_n_ G(x’ 5)
¢ ¢

i=1 i

rdpe ¢ o, oy o,
<( 2) 277" IZ kZ [( > 0n¢r + (E}xi> 5—}2913 d].

Following calculations similar to those done earlier, we have

oY o L. _ aza
(a_a‘ ) (aé

Similarly, we have

i 21 2—d
0x; ) On, Ok

2d3 —dl

< 2d3gk—d71.
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Using the estimate for r, with ¢, = +a and (x,, . . ., x,) € B,(0), we write

j i ' i rz_d
. |\ Ox; | On, k

w ((21k] + 1 1\
3 d—2
<4dSJ0 <<—4 >a+§r> ri=2dr

< B[ Wkl + Ha + N7 dr < Byk + 1)7%a?

do(¢) < 2

fi=%a

2d% " da (&)

where B, are independent of k. Combining the above estimates with similar
estimates on ¢, and summing on k, we have

1< B|flla™?

which completes the proof. |

3. The estimate of |4 ?A, f| for Af given in Sobolev sense

We recall first that Af = ¢ in the Sobolev sense if

(fobgy = <o, 8> = [, 0(e(&)de (3.1)

for any ge 2 (i.e. g€ C*(RY) and the support of g is compact). The
estimate by Af'is given in the following theorem.

THEOREM 3.1: If f € L, (R"), Af exists in the Sobolev sense and Af € L (R?),
then

Slip ”h—zghf”Lw(Rd) < K” Af”Lw(Rd)' (32)
Proof: We define F(¢) by

FE) = <S¢+ D80 (3.3)

foré e R, fe L,(RY) and g € L,(RY). Obviously, g € & implies g € L,(R%)
and F(¢) € C*(R?). Therefore, we may use Theorem 2.1 to obtain

sup Nh—2BuF |, ey < KIAF |, gay- (34)
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We now have

I<h725hf; g>| Ih_zth(O)I < K”AF“LOO(Rd) S K”Af”Lw(Rd) ”g“Ll(er)

for all g € 2 and all A.
Since 2 is dense in L,(R“), we can choose for every h and ¢ > 0 a function
g such that [ g/, z, = 1 and

[<h?A,f, g>1 = 1h77A, [ — e

As both ¢ and 4 are arbitrary, we complete the proof. [ ]

4. The inverse result

In this section, we shall prove the direction opposite to that proved in
Theorem 2.1 and 3.1 to complete the “if and only if”’ relation between Af
and h?A, f.

THEOREM 4.1: For f € L (R?) the condition |h=?A,f ., < M implies that Af
exists in the Sobolev sense and | Af|, < M.

Proof': In fact, this part is quite standard for ““Saturation” theorems. Using
weak* compactness of the unit ball in L, we choose an accumulation point
of h *A,f (as h —» 0+4) in L, which we denote by ¢. Obviously,
loll, < sup,llh~?A,fll,. For g € @, we have

(p,g> = lim B, gy = lim <f, hAg) = {f,Ag>. (41)
It is sufficient to examine only g € & as 2 is dense in L,. This implies that
¢ = Afin the Sobolev sense and thus our proof is complete. [ ]
5. The situation for other spaces

The analogue of Theorem 2.1 and 3.1 for L, spaces is given in the following
theorem.

THEOREM 5.1: Suppose that f € L,, Af exists in the Sobolev sense and is in L,,
1 < p < oo or is a finite measure on R for p = 1. Then

S]tp ”hvzzthLp(Rd) < K” Af”Lp(Rd) fO" 1 < p < ®© (51)
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and
sup |8, f e < KOS 1L (52)

where K is that of Theorem 2.1.

REMARK 5.2: The result (5.1) can be deduced from

a 2
” <5£-)f

(see for instance [2]) without referring to Theorem 2.1 but with a constant
K(p) that depends on p. However, as A(p) tends to infinity when p tends to
1 or oo, so will the corresponding K(p) and in this sense, (5.1) is superior.

< AP IAfll, for 1 <p < o (3.3)

P

Proof: We recall that Z isdensein L,, 1 < ¢ < oo and in C. We imbed L,
in A by

Jofdx = wE)

and note that ./ is the dual to C and L, (1 < p < 00) is the dual to L,
(¢" + p~' = 1). The proof may now be completed following the arguments
in the proof of Theorem 3.1 almost verbatim (see also [1]). |

We also have the L, (1 < p < o0) analogue of Theorem 4.1.

THEOREM 5.2: Suppose fe L,(RY) and ||h™*A,f|, < M for some p,
1 < p < co. Then for p > 1, Af exists in the Sobolev sense, Af € L, and
IAfll, < M,andforp = 1, Afexists in Sobolev sense, is a finite measure and
IAf 1.0 < M.

Proof: We repeat the proof of Theorem 4.1 recalling for p = 1 that ./ is
the dual of C(RY), and L, is naturally imbedded in ..
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