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§1. Introduction

Let G be a connected real semisimple Lie group, with real Lie algebra ¢, and
complexified Lie algebra g. In what follows we will denote a Lie group with
roman upper case letters and a Lie algebra by script lower case letters and
will use analogous notation to distinguish the real Lie algebra from its
complexification. Let K < G be a maximal compact subgroup and fix a
Cartan involution 6 so that g, = £, @ 4, is the Cartan decomposition of
20- Set

G, = {(equivalence classes of) unitary irreducible representations of G}.

An interesting problem in representation theory is the classification of G, .
Although the set

G = {(equivalence classes of ) irreducible admissible representations of G }

has been parametrized by Langlands (1973) and Vogan (1979) independently,
it is not clear yet which subsets of these sets of parameters will classify the
unitary dual.

For example, fix a K-type u € K, Vogan’s parametrization consists on
attaching to u (a) a certain parabolic subalgebra ¢, = ¢, with quasisplit
Levi subgroup L,; (b) an (L, n K)-type p,, which is fine, so that we have
the following (see §3). There is a bijection X, — X, from irreducible
(¢y, L, n K)-modules with lowest (L, n K)-type u, onto irreducible
(¢, K)-modules with lowest K-type u, such that

(a) Xis the unique irreducible quotient of the Zuckerman module %, (X,,),
(b) X, is the Harish-Chandra module of a standard principal series repre-
sentation of L,.

* Supported by NSF grant # DMS-8610730 (1).
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This classifies all irreducible Harish-Chandra modules of G in terms of the
classification of Harish-Chandra modules of a quasisplit subgroup, which in
turn are parametrized by ordinary parabolic induction.

As 1 said before, it is not clear which subset of parameters (¢, u,) will
determine the unitary representations. Part of the problem is that neither
ordinary induction nor cohomological parabolic induction preserve unitarity
unless we assume some hypothesis on the modules we are inducing from.
However, many examples suggest that looking for a (possible different)
parabolic subalgebra to attach to the lowest K-type of a unity representation
could lead to the solution of the classification problem.

Some progress has been made in this direction. For G = GL(n) Vogan
(1986) gave a complete parametrization of G, in terms of unitary almost
spherical representations of certain Levi subgroup L of a parabolic
subalgebra. These are representations ¢ € L such that there is a unitary
character j e L with the property that j~' ® o is a spherical representation.
To a fixed K-type u he assigns a parabolic ¢ containing ¢, and an (L n K)-
type pu’ such that if X is unitary with lowest K-type u, then there is a
unitary almost spherical representation Y of L with lowest (L n K)-type
pt and such that X is a subquotient of a module #Y, obtained from
Y by composition of ordinary and cohomological induction. Also,
any unitary almost spherical representation is in turn obtained by
ordinary induction from unitary characters and Stein complementary series
representations.

For complex classical groups Barbasch (1987) gives a similar parametriz-
ation in terms of representations containing a fundamental K-type. These
representations are either unipotent, complementary series or edges of
complementary series.

For real groups the answer is not clear yet. Let us simplify the problem.
Suppose X is a unitary representation of a real reductive Lie group with
integral infinitesimal character y. Barbasch-Vogan (1985) (def. 1.17, 5.23)
gave a definition of special unipotent representations with integral infinitesi-
mal character for complex groups. The same definition applies for real
groups. Vogan conjectured, following some ideas of Arthur (1984), that X
can be obtained by cohomological parabolic induction from a special uni-
potent representation of a subgroup. If we further assume that y is regular,
then necessarily the special unipotent representations involved are one
dimensional and the above conjecture becomes.

CONJECTURE 1.1. Suppose X is an irreducible unitary Harish-Chandra module
such that y is regular integral. Then there are a 6-stable parabolic subalgebra
¢ and a unitary one-dimensional character A of the Levi subgroup L of ¢
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such that

X=2,C) = A4,4).

This is an extension of Zuckerman’s conjecture which says that the
modules 4,(4) exhaust the set of unitary representations with non-vanishing
relative Lie algebra cohomology and which was proved in Vogan—-Zuckerman
(1984).

Conjecture 1.1 was proved by Enright (1979) in the case when G is
complex, by Speh (1981) when G is SL(n, R) and by Baldoni Silva-Barbasch
(1983) in the real rank one case.

In this paper we give a proof of this conjecture when G is SL(n, R),
Sp(n, R) and SU(p, gq). The proof for SL(n, R) is new and different from
Speh’s original proof and we will need it for the general case.

While this paper was being considered for publication, the author studied
the case G = SO(p, g). This case is analogous to the one of G = Sp(n, R)
and is done following the algorithm suggested by the proof of this result in
this last case. See the comment at the end of this introduction.

The result that we prove is

THEOREM 1.2. Let G = SL(n, R), SU(p, q) or Sp(n, R). Suppose X is an
irreducible Harish-Chandra module with regular integral infinitesimal character
and equipped with a non-zero Hermitian form < , . Then, either

(@) X = A,(4) for some ¢ and A as above;
or

(b) X is not unitary. More precisely, there are a lowest K-type V; and a
K-type Vs, = V5 ® 4, such that

Hom(V;, X) # 0, i=1,2
and the restriction of { , ) to the sum V; @ V;, is indefinite. O

The proof is by induction on the dimension of G. Assuming that X cannot
be realized as an A4, (4) module and with the help of Vogan’s embedding
result we find an appropriate subgroup L < G and exhibit X as a Langlands
submodule of some derived functor module induced from an (¢, L n K)-
module X, , proving non unitarity for X, and reducing the problem to L. The
reduction step is made precise in §5. The main result there is Theorem 5.7,
and §§7-9 are devoted to a case-by-case proof of this. In §5 we use Theorem
5.7 to prove Theorem 1.2 for G.
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§§2-4 are devoted to notation and the results that will be needed for the
proof. §3 deals with Vogan’s classification of Harish-Chandra modules. In
§4 we define our modules 4,(4) in question and give some properties needed
later. §6 gives some techniques to detect non-unitarity used to prove 1.2b).

The methods of this paper should extend in several directions. If
{y, a) = 1 for all simple roots a then, the same methods should be appli-
cable to give the same conclusion as in Conjecture 1.1. Likewise, if y is
integral, Vogan’s conjecture mentioned above should also be proved this
way.

Also, the proof in the case of S/(n, R) and Sp(n, R) suggest an algorithm
for all simple real groups. Namely, a reduction to a special case of a proper
subgroup of the same type in Cartan’s classification and a real form of
GL(m, C).

This paper contains most of the author’s doctoral thesis, completed at
M.LT. in 1986. She wishes to thank her advisor David Vogan for much
invaluable advice, as well as Dan Barbasch and Jeff Adams for helpful
discussions and suggestions.

§2. In this section we set up notation. For undefined terms in this section
see, for example, Vogan (1981) Chapter 0.

Let G, g9, . Kand 0 as in §1. Let U(g) = universal enveloping algebra
of 2 and Z(g) = center of U(g).

Although we will eventually study connected real simple linear Lie
groups, we will consider connected real reductive linear Lie groups. These
are Lie groups satisfying:

(a) G is connected

(b) ¢, is a real reductive Lie algebra

(c) G has a faithful finite dimensional representation.

Fix once and for all a nondegenerate, invariant symmetric bilinear form
on g,. We will denote this form and its various complexifications, restrictions
and dualizations by { , >. We may choose it so that the Cartan decomposition
of 4, is orthogonal and

ool >0

Ly D14 < 0.
.Let H be a Cartan subgroup of G. Denote by A = A(g, #) the roots of 4
mi?n' general if 5 is an abelian reductive Lie subalgebra of 4 and V is an
ad(s)-stable subspace of ¢ then A(V, o) is the set of weights of 5 in V' (with
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multiplicities). For any B < A(V, s) let o(B) = 1 Z,. 5 «. When there is no
confusion we will use A(V) for A(V, 4).
If H is a 0-stable Cartan subgroup, then

H = TA4; withT = HnK, A = Hn(exp ) = exp (4 N f)

and A(g, #) is O-stable.
Let W = W(g, #) be the Weyl group of % in ¢ and

W(G, H) = Ny(H)/H =~ Ny(H))HAK < W.

Let A* = A*(g, %) be a set of positive roots of % in g, £ = %4 + =, the
corresponding Borel subalgebra and ¢ = ¢, = ¢(»).

Let /5 < £; be a Cartan subalgebra. Define #° (resp. H¢) to be the
centralizer in ¢ (resp. G) of #;. H* is 0-stable, so we can write

H = T°4°, withT¢ = H ' nK

a Cartan subgroup of K.

H¢ is called the fundamental or maximally compact Cartan subgroup of G.

On the other extreme, if «j S 4, is a maximal abelian subalgebra and
%# = ¢ + a§is maximal abelian then % is also a Cartan subalgebra of g,.
Its centralizer H* in G is a Cartan subgroup of G, the maximally split one.

Let (z, #) be a continuous complex Hilbert space representation and #
the subset of # of K-finite vectors. #% is a (¢, K) module. We call 5 the
Harish-Chandra module of (r, 5# ) [cfr. Harish-Chandra (1953)]. Denote by
M (4, K) the category of (¢, K)-modules.

DEerINITION 2.1. Fix a Cartan subalgebra #; < £, and x € i(£§)*.

We define a 6-stable parabolic subalgebra ¢ = ¢(x) = £(x) + «(x) as
follows.

Let

AC) = AW, ) = {oe (g £)]<o x) = 0}

Aw) = A, t9) = {ae Ay £){a, x) > 0}

{ = @ CX, + &,

aeA(l)

« = @ CX,,

a€A(w)
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Then ¢ = £ + « is O-stable and
0 = ¢, 0w = «

and 7 = ¢, with~ denoting complex conjugation, 7 N ¢ = /.
Let L be the normalizer of ¢ in G. We call L the Levi subgroup of 4.

§3. In this section we consider the classification of Harish-Chandra modules
which consists of exhibiting each irreducible (¢, K)-module as a submodule
of a derived functor module.

We will first consider a particular set of irreducible (¢, K) modules when
G is quasisplit.

Let 3 S 4, be a maximal abelian subalgebra and A° the corresponding
connected subgroup of G. Let M = K* and P* = MA°’N < G, a parabolic
subgroup.

DEFINITION 3.1. For a fixed representation (3, ¥;) of M and v € A°, set
I°0 ®v) = IndS (6 ® v),

the (normalized) induced representation of G.

Let X°(0 ® v) be the Harish-Chandra module of I°(6 ® v).

Now suppose G is any reductive real Lie group. Let X be a (¢, K) module
and u the highest weight of a lowest K-type of X, Vogan (1981) attaches to
u a set of discrete 0-stable (¢, H, d,/), where the Levi subgroup L, of ¢, is
quasisplit, H = MA’ is a maximally split Cartan subgroup of L, and
8, € M. Write AS(X) = AS(n) € i¢} for the weight attached to u and used
to construct ¢, .

DEFINITION 3.2. Let g = £ + « S gbe a 0-stable parabolic subalgebra and
L < G its Levi subgroup. Recall from Vogan (1981), (Def. 6.3.1) the
cohomological parabolic induction functors (from (¢, L n K)-modules to
(¢, K)-modules)

@K _ o @K (9. L 0 K)

R, =R pr0(¢,LnK)

= o top
¢ = 7 (LK) (o L " K) (x @ A*«)

Here is the result of the classification that we are going to use.
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ProposiTION 3.3 (Vogan (1981), 6.5.9 (g) and 6.5.12 (b)). Suppose X is an
irreducible (g, K) module and (¢,, H, 6,) a set of discrete 0-stable data
attached to X. Then there is a character v, € A° such that, for S =
dim « N £, the space

Hom, x(X, #5 (X", ® v;))
is one dimensional.

The 4-tuple (¢,, H, d,, v,) is called a set of 0-stable data.
The following is a very technical result which will be needed in the proof
of Theorem 5.7.

PROPOSITION 3.4. Let g = £ + « < g be a O-stable parabolic subalgebra and
Yan (¢, L n K) module. Write S = dim « 0 £, A = A,(Y), X = Z,(Y)
and A = A5(X). Assume (AL + 0(«), a) > 0; o € A(«). Choose A* (£) =
A (¢ A £) U Al N £).

Suppose u* is the highest weight of a lowest K-type for (for L n K) of Y
with respect to the positive system A" (¢ £, ¢¢) and that we choose A" (¢)
so that u* + 2g, ., is dominant. Let p = p* + 20(« 0 f).

(@) If u is dominant for A* (g), then A5(p) = A} + o(«).

(b) Let n be the highest weight of a K-type of X. Then

A, 25> = A%, A9).

(c) If equality holds in (b) thenn = n* + 20(« N ) for a highest weight
n* of a lowest (L N K)-type of Y and V, is a lowest K-type of X.

(d) Conversely, if n = n* + 20(« N f), then V, is a lowerst K-type of X
and equality holds.

Proof. See Vogan (1981), (a) is similar to 6.5.4 and (b)-(c) is 6.5.9.

§4. The modules A4 (1)

In this section we give a construction of these modules and some properties
that we will use later on.

Let G be a connected real reductive linear Lie group, ¢ = £ + « S ga
O-stable parabolic subalgebra and L the normalizer of 4 in G. Then
¢y, = Lie(L).
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Let A: £ — C be a one-dimensional representation. Assume that

{(a) A is the differential of a unity character of L (call it 4 also).
4.1)

(b) <4l,, a) = 0forall a € A(«, t°).
We say that 1 is an admissible representation of £.

DEerFINITION 4.2. With notation as above, we define the Harish-Chandra
module 4,(4) by

A,4) = #(C,) (Definition 3.2)
with
S = dim « n £.
Fix positive root systems
AT (¢ N £)
and
AT () = A*(¢, ¢), compatible with A* (£ n £).
Then
AT (£) = AT (L N A) U A(e N £)
and
A (p) = A'(p) = A (F) v A(»)
are positive Z-root systems for £ and ¢, respectively. Choose a fundamental

Cartan subalgebra 4° = ¢ + «° and a positive root system A* (g, 4°) so
that

A (g, A, = A (p).

Then

e =% ) a=1% % §
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ProOPOSITION 4.3 [Vogan-Zuckerman (1984)], see also Adams (1983) and
(1987), Speh-Vogan (1980) and Vogan (1981). Regard A|,. as a weight in
(¢°)*. Let
po= Al + 200« 0 p) e (£9)*.

(@) The (g, K) module A,(J) is the unique irreducible module satisfying:
(i) As a K-representation, A ,(A) contains the K-type with highest weight

U

(i) Z(y) acts on A,(A) by the character y,.,: Z(g) — C; where
Xi+o(@) = (4 + 0)({(2)) and { is the Harish-Chandra homomorphism.

(iii) Any K-type occurring in A (%) has a highest weight of the form

n = Ae+20anp)+ Y np

Ae
e

(b) Moreover, p is the unique lowest K-type of A,(A).

By 4.1 and Theorem 1.3 in Vogan (1984), we have the following
PROPOSITION 4.4. In the above setting, the modules A,(A) are unitarizable.
PROPOSITION 4.5 (Vogan). (Unpublished). Fix A* (£). Let ¢, = ¢, + «; S g;
i = 1, 2 be 0-stable parabolic subalgebras such that A(g;) = A*(£) and 4,,
admissible one-dimensional representation of ¢; (Definition 4.1). Then

A¢| (A‘l) = Ayz(j’z)‘
= AL=hadu N p = w0 p

The proof will follow from two lemmas included here for future reference.

LEMMA 4.6. Suppose G =7 + &, ¢ =¢ + « S g, are O-stable and
At — C; 1: £ > C, admissible characters such that

@ ¢2=29 thatis,/ 2 ¢ and « 2 «,
(b) 4 L A@) 4.7
©wnp=an p

Then 4;(7) = A,(J).
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Proof. By induction by stages
A(C;) = RS0 (C)
but¢nZ=/+ «nfandby (c), « " S £, so
Aéme0/(C,) = C,.
Hence
#5(C,) = #(C;) = A;(0).
This proves the lemma. Q.E.D.

By this lemma, we may assume that both ¢’s in Proposition 4.5 are
maximal with respect to conditions (a)—(c).

LEmMA 4.8. In the above setting
Alt,n £) = {aeA(p)<a, 4, + 20(«, 0 f)> = 0}.
Proof. Suppose o € A* (£, ¢¢) is a simple root so that

(a) « ¢ A, N £).
(b) <o, ;> =0, p =4 + 20(z; O f).
Let
A(Z) = Span(A(/), a) N A(y)
A@) = AMa)\A(Z)
g =+ a.

We want to contradict the maximality of ¢;.
Breaking up A(«; N ) in maximal « strings

{Vos 7o + o ...y + ral,

(ie,y —a,y + (r + Da¢ Alw; 0 £))
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and using representation theory of 4£(2) we can conclude
o, 20(ee; " f)> 2 0
and we have equality if and only if «; N £ is invariant under the three
dimensional subalgebra g* that contains the a-root vector X,.

But, by definition of 4, (&, 4,> = 0. So, (a) and (b) imply that », N /4 is
invariant under ¢* and

o, iy = 0 = <o, 20(«; 0 f)).

Now we want to prove that

«uNf = w0 p
If pe At (g, #) and B|,. = a then

Sa(ﬁl;() = -—ﬁljl'

If B is complex, then the non-compact root of — f|,. is not in A(»; N 4)
so it contradicts invariance under g*.

Hence o is an imaginary root of A* (¢, 4°). a is also simple for A* (g, #°).

In fact, since « is simple for A(4, ¢¢), and « ¢ A(£; n £) we can assume that
ify,0 e A*(g, #)and « = y + 6 then

y € A(“l M ﬁ),
say, and y — a = —9J € A(«; N 4); contradicting invariance again.
Consider a simple factor 7, < 7, not contained in #. Then /, is not
orthogonal to a. Let {§,, B,, . . . , B;} be a set of simple roots for /, contain-
ing a.

Say @ = B, and B, ,, is adjacent to a. Suppose £/, N £ # 0. Then there
is a non-compact root f = X n,f, with some n, ., > 0 and such that

o, B = Y n<a, B> < 0.

o + B = disanon-compact root,and § € A(«; N f). So the string through
d is not complete.

Hence, /, is compact and ¢,(< ¢) is not maximal satisfying (4.7).

This proves Lemma 4.8. Q.E.D.
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We are now able to prove Proposition 4.5. By Lemma 4.8
LN = 6,0 F
2« N £ = w, N £

Hence A, + 2¢(«,) = 4, + 20(«,). But {4,;, B> = 20(«;), B> = 0 for
all B e A(¢;) and {20(«;), a) > 0, {4, a> = 0, a € A(«;). So

A) = {BeAlg ¢)KA + 20(«), B> = 0}

Alw)) = {aeA(g, ¢9)I<A + 20(«;), a) > 0}.

Hence
“y N\ = wyN g
and
A = 4
This proves Proposition 4.5. Q.E.D.

§5. Reduction step for the proof of Theorem 1.2

We are now in a position to prove the main result stated in Chapter 1. We
will argue by contradiction and reduction to a proper subgroup L < G.

Suppose X € # (¢, K) is irreducible and has a Hermitian form ¢ , ). We
will assume X cannot be realized as an 4,(4) module, but will exhibit X as
a Langlands submodule of some derived functor module induced from an
(¢, L n K)-module X, , proving non unitarity for X; and making sure that
this information can be carried over to G and X.

We need to keep track of the existence of Hermitian forms at different
steps of induction as well as of their signatures on some finite sets of K-types.

Recall from Vogan (1984) (Definition 2.10) the Hermitian dual of a (¢, K)
module Y

Y = {f:¥ - Cldim UK)f < w0;f@x) = 1f(x), Le C, x e ¥}.

Y"is a (g, K) module.
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It is clear that invariant Hermitian forms on Y are given by (¢, K) maps
f: Y —> Y"such that f = f": Y* — Y. Moreover we have

PROPOSITION 5.1. Suppose X € M (g, K) is irreducible. Then X admits a
non-zero invariant Hermitian form if and only if

X ~ X",

In this case the Hermitian form is non-degenerate and any two such forms
differ by multiplication by a real constant.

PROPOSITION 5.2. Let X € M (4, K) be irreducible and (¢, H, é,, v,) a set of
0-stable data attached to X, so that

dim[Hom, (X, 25 (X" (6, ® v,))] = 1

(see Proposition 3.3). Let H = TA. Then X = X" if and only if there is an
element

we W(L, A) such that wd, = 6, and wv, = —V,.
In this case we get a Hermitian form on X from a form on
%fV(XLV(éy ® vy)).

This result is essentially due to Knapp and Zuckerman (1976). A formu-
lation close to this one is in Vogan (1984), Corollary 2.15.

COROLLARY 5.3. Let X € M(g4, K) irreducible, endowed with a non-zero
Hermitian form < , ). Write ¢, = ¢,(X). Let 4 = ¢ + « be a 0-stable
parabolic subalgebra such that{ > ¢, « < «,and(¢,, H, 6,, v,), a 0-stable
data attached to X. Write

X = f@:i,:nn//ﬁ“m‘(XLy(‘sV ® vy))

Then X} has a Hermitian form < , »*.
This is a formal consequence of Proposition 5.2.
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PROPOSITION 5.4 (Vogan). Fix ¢ = £ + « < g, a O-stable parabolic sub-

algebra. Suppose Y € M(¢, L N K) is equipped with a ( possibly degenerate)
invariant Hermitian form { , Y-.

Then there is a natural invariant Hermitian form { , »° on

[, (Y]

Proof. Recall from Vogan (1981) Chapter 6, Definition 6.1.5 the functors

ind2: M4, L " K) - M(g, L N K)

ind,Y = U(y) ®; Y.

LM, LK) > Mg K)

LY = LY = IVindy(Y ® A%«),

where IV: #(g, L N K) > M(g, K) are the Zuckerman functors (see
Vogan (1981) Ch. 6). Set ¥ = ¥ ® A“P«~. By hypothesis, we have a map

Pt Y - Y

This induces maps
¢7: indg(f’) - pro;(?")
¢ LY - A Y.

By Theorem 5.3 [Enright—-Wallach (1980)] in Vogan (1984) [see also Duflo-
Vergne (1987), Knapp-Vogan (*) and D. Wigner (1987)]

(YT = (LY

Let {, >: £5Y x (£5Y)" —» C be the natural pairing (see Vogan (1984),
Def. 2.10). Define

Cu, 03¢ = (u, $%).

This gives an invariant Hermitian form on #°(Y) [cfr. the proof of
Corollary 5.5, Vogan (1984)]. Q.E.D.
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DEFINITION 5.5. If Z € M (g, K) and 6 € K, write

Z(6) = Homg(V;, Z).
Then,

Z= @ z0)® V. (5.6)

dekK

If we fix a positive definite form on V;, Z(d) inherits a Hermitian form.
Suppose Z is equipped with a non-zero Hermitian form < , >. Write p()
(resp. q(6), z(9)), for the multiplicity of V; in the subspace of Z(d) where
{, Y is positive (resp. negative or zero).

Write the signature of <, > on Z(d) as sgn({ , >|;) = (p(5), g(9), z(9)).

Then write, formally

sgn(<, )) = 6212 (p(9), 4(9), z(9)).

We will prove in the next chapters the following result.

THEOREM 5.7. Let G = SL(n, R), SU(p, q) or SP(n, R) and X € ./ (4, K)
irreducible, endowed with a non-zero invariant Hermitian form { , ) and
regular integral infinitesimal character.

If X £ A,(), for any ¢" and ). Then there are.a 0-stable parabolic
g =¢ + w,an (¢, L n K)-module X; and (L n K)-types 6}, i = 1, 2 such
that

(@) X is the unique irreducible submodule of #,(X, ), and X occurs only once
as a composition factor of R,(X,).

(k) X} is endowed with a Hermitian form { , Y* # 0.

Write (p., q., z.) for its signature. Then

p, (65 #0  and  q,(8%) # 0.

(¢c) Choose AT (£) = AT (£ N £) U A(« 0 £). Then, if 6¢ has highest
weight pk, u; = pt + 20(« 0 ) is A* (£) dominant.

Sections 7-9 will be devoted to the proof of this result.

The main ingredient in the proof of 5.7(a) is that Proposition 3.3 gives a
group L, and a module X, for which condition (a) is satisfied. Then
theorems 6.3.10 and 8.2.15 in Vogan (1981) provide many Levi subgroups
to choose from that also satisfy (a) and might satisfy (b) and (c) as well.
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Assume this for the moment. Using this result, we want to prove non-
unitarity of X. We need to check that the Hermitian form < , »>¢ induced on
R, (X,)" by Proposition 5.4 is a multiple of { , > on X; that for the L n K
types satisfying (c) of Theorem 5.7, the corresponding K types occur in X
and that the signature of the form on these K-types is the same as that of
{, Y on the 6. Here is the result that we need.

THEOREM 5.8 (Vogan). Suppose X € M (g, K) is irreducible and has a non-
zero Hermitian form{ , ). Let g = ¢ + « be 0-stable and X; an (¢, L n K)
module such that X is the unique irreducible submodule of R;(X,), X occurs
only once as composition factor in #;(X,) and X, 7 has a non-zero Hermitian
form {, Y- If 6" € (L n K) isan (L N K)-type of X, with highest weight u*
such that u = p* + 29(« N 4) is dominant for A(« N £) then if 6 € K has
highest weight u, X(6) # 0 and

Sign[<, Ylxe] = Sign[<, Yy,

Proof. Applying the appropriate definitions and results to Kand ¢ N £ we
have maps

R Ml A LK) > ME,K)

gnL*

L Ml A LAK) > ME,K).

gnk:

If Ye #(¢, L n K) there are natural maps
proz ¥ —- prof, ¥

ind%, ¥ < inds 7.

These induce (£, K)-maps

RY > R Y

gn£k

LY LY.

7

Then, the following diagram is commutative

[ZiY] 2 @571

" r

[L5n e Y1 = B2,

7
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The isomorphisms across are Theorem 5.3 in Vogan (1984) for (G, ¢) and
(K, ¢ N £), respectively.

Arguing as in the Proof of Proposition 5.4 (for K) we have maps

¢?"*: indf, ¥ — prof,_ ¥

¢K: g‘:;n‘Y_’ ‘%;ml Yh.

and we have the following commutative diagram

2y L@t = (LYY (5.9)

i r "

LindY 2o By (V) 2 (L5, 7)
And we have a Hermitian form on % ,(Y)

xpyf = {x, ¢*p).

Since ¢X = ro¢®-/, and by Proposition 6.10 in Vogan (1984), [ is a
unitary map,

Cx, Y8 = x, Iy)°. (5.10)
Write

sign(< , ) = (P> 9k 2k)s Pks 9k Zk: K- N
(5.11)
sign(<, >9) = (Pg» 965 26);  Po» 46> 26 K = N
and again
sign(K, X)) = (P> 41, 21);  Prode>z: LK) - N
By 5.10
Pc(0) = px(d)
q5(0) = qx(6) (5.12)

25(0) = z¢(9).
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The main ingredient in the Proof of Proposition 5.8 is the following result
due to T. Enright.

PrOPOSITION 5.13 [Enright (1984)]. See also Vogan (1984) 6.5-6.8. Let
¢ = ¢ + «, 0-stable parabolic.
Let 3" € (L n K) with highest weight p*. Set u = p* + 29(« O f).
@) If pis not A(«  £)-dominant, then

L., Y0 = 0.

(b) If wis A(w N £) dominant, write 5 € K for the representation of K with
highest weight u. Then

px(0)

pL(6")
ax(8) = 4q.(6")

zx(0) = z.(6%).

LEMMA 5.14. Suppose V is a module of finite length and U is irreducible.
Assume

(@) U < V occurs exactly once as a composition factor of V.

(b) Any non-zero W < V contains U.

(¢) U is equipped with a Hermitian form.
Then, up to scalars, V" has a unique Hermitian form { , », and

U = V¥rad(<, ). O

The proof of this lemma is standard. We give an outline here.

A non zero Hermitian form on V* is a non zero map ¢: V* — V where
the radical of the form is the kernel of ¢. Write R = image of ¢. We want
to prove that R = U.

By (b), U = R. Suppose R # U. If Q is any irreducible quotient of R/U,
then Q is a quotient of V*. So Q" = ¥, and by (b) again, U = Q".

But by (¢), U = U" and hence Q = U since Q is irreducible. (Note that
the Hermitian form on U is necessarily non degenerate, since U is irreducible.)

But this means that U occurs twice as a composition factor of V': once as
a submodule and once as a quotient of R/U. This contradicts (a).
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We can now prove Theorem 5.8. By Proposition 5.13 and 5.12

pe(8) = pL(6")

96(0) = q,(") (5.15)

z6(0) = z,(6").

Apply Lemma 5.14 to

Vo= (X)) and U = X

We know that (a)—(c) hold in this Lemma since they are part of our
assumptions on X. We also know that { , > # 0 by 5.15.

Hence, we have the following result:
PROPOSITION 5.16. In the setting of Theorem 5.8

O = e

X = [, (X, )/rad({, )O).
So {, Y°|y is nondegenerate and has signature

sgn((, ) = (Ps 96)-

Q.E.D.

It is now straightforward to prove Theorem 1.2. Using Theorem 5.7, proved
in sections 7-9 for our groups in question, we have that the hypotheses in
Theorem 5.8 are true and by 5.15

ps(6') > 0 and qs(6*) > 0

and the form < , > on X is indefinite too. Q.E.D.

§6. Methods to detect non-unitarity

To prove Theorem 5.7 we will need a few techniques that we will discuss
here. Fix a positive root system A* (#).
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LEMMA 6.1 (Parthasarathy’s Dirac operator inequality. See Borel-Wallach
(1980) II. 6.1.1.). Let (=, # ) be a unitary representation of G and #y its
Harish-Chandra module.

Fix a positive ¢-root system A" (g) compatible with A* (£) and a #£-type 6
occurring in #y with highest weight p € ¢<*. Write

0(A*(9) € (¢)*
Q. o(A" (£)) € (¢)*

0, = A" (A) = 0 — o.€ (£)*.

Q

Let ¢, be the eigenvalue of the Casimir operator of ¢ acting on H#y, and
w e W(£, ¢) making w(u — o,) dominant for A* (£). Then

<wp —0,) + 0wl — 0,) + 0.0 = ¢ + <o, 0. (6.2)

LEMMA 6.3. Let X € M (g, K) with a non-zero, invariant Hermitian form
{, . Suppose the Dirac inequality fails on a K-type o, for some choice of
A* (). Then

(a) There is a £-type V, occurring in V5 & s such that

< b >|V5®V,,

is indefinite.

(b) Suppose G/K is Hermitian symmetric with a one-dimensional compact
center, so that we can choose z € i#, with the property that g = £ ® s+ @ s~
is the decomposition of ¢ into the eigenspaces 0, +1, —1 of z, respectively.

Set 0 = o(A(4*). Then, if the Diract inequality fails on 6 for oF , there
is a £-type V,* occurring in V; ® 4% such that

< ’ >|(Vh@yrli)
is indefinite.

Proof. Recall from Borel-Wallach (1980), 11 §6, the definition of (y, S(V)),
the space of spinors of a finite dimensional vector space V defined over R,

with a positive definite inner product {, >. Write { , >5 for the unitary
structure on S(V) such that

Y@ x, yys = —Lx,7(®)y)s

veV, x, ye SV).
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Recall also, the definition of the Dirac operator
DH®S - H®S

for (n, H) a unitary (g, £,)-module and § = S( ).

D®s) = ) nX)v® y(X_,)s. (6.4)
aeA(f)
Since
S = mV .
A+(y)<-i3A+(l) (At (9))—o,

(where m = 214m<2l) (cfr. Borel-Wallach (1984) I1 §6) then w(u — g,) is the
highest weight of a #-representation occurringin V; ® V, < H ® S.

Let £ = v ® s be a weight vector for w(u — g,).

Write also ¢, >, for the tensor product inner product on H ® S; then the
proof of Lemma 6.1 shows that

0> D¢ DEH, = Kwlp — 0,) + 0w — ¢,) + 0>

— ¢y — <0, 22)<&, Ep-

So D¢ # 0 and
DE = Y m(X)v®yX_)s€ef V;®S<S H® S.
aeA(f)

This gives a non-zero map
V= fir V.

So Hom, (4 ® V;, H) # 0. Let E = Im 0. Since { , )gis positive definite
this means that { , > is indefinite on V; @ E.

This proves (a) of the lemma.

For (b) simply observe that u — ¢, = u + o;; 0 = e(£*)and 4" is
a representation of £. Hence if f € A(%)

<Q:9/3> = 0.



272 S. Salamanca Riba

So ¥, is one-dimensional. Since ¢ + « is not a weight of S, for
oE A(ﬁ ), ¥, is killed by y(X,) and 6.4 becomes, foréeV; ® V-

D¢ = ) nX)v ®y(X,)s
aeA(pt)
soDEe () V;® S = H® S. Similarly for o, . Q.E.D.

LEMMA 6.5 (Vogan). Let G be a connected, reductive linear Lie group. Assume
that G is equal rank. Then, any representation with real infinitesimal character
has a Hermitian form.

Proof. By Proposition 5.2 it is enough to prove the lemma for G quasisplit
and a Langlands subrepresentation of a principal series /(§ ® v) withd ® v
a character of a maximally split Cartan subgroup H* = T°4°.

Since G is equal rank there is a subset B = {«,, ..., o} of strongly
orthogonal simple real roots such that, since H’ is the maximally split
Cartan subgroup of G, then B spans ay = Lie(4°).

Henceif w = s,, . . . s, is the product of simple reflections s, , w acts by
—1 on A’ and by the identity on Tj.

Recall from (Vogan (1981) page 172) the maps ¢,: o/ (2, R) — 4. Con-
sider the exponentiated map

O, SL2, R) » M*
set
-1 0
m, = @, e M.
0 -1

Then, since G is connected, T° is generated by T3 U {m,|a real}. Let w €
M’/M = W, then there is 0 € M’ such that

wem, = om,e" = m,.,.
Butm,.,=m_, = m,.
Then

(wo)m,) = o(w-m,) = o(m,)
and

weol, = 0.
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Hence woé = 4. Since I(6 ® v) is assumed to have real infinitesimal character,
v is real.

Also since w|, = —1thenw+v = —v = —7.
This is the condition of Proposition 5.2 for the existence of a Hermitian
form. Q.E.D.

§7. Proof of Theorem 5.7 for G = SL(n, R)

To fix notation consider G = SL(2n, R); the odd case is similar. The
maximal compact subgroup K of G is

K = SO02n,R) = {geGlg'g =1I}.

If 0 is the Cartan involution defined by 6(X) = —'X, then

fo = {X€glX ="'X}.

The maximal compact Cartan subgroup of G is H* = T°A¢, where

( [ r(0)) i )

r(6,)
T = < g =

cos 0, sin 6,
0 eR;r(6,) =

—sin 6, cos 0,

\ L r@,) | )

and

r

0)

A¢ =<g= " rreR;detg =1

T~
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Then the roots of /¢ in £, 4 and ¢4 are, respectively

AU ) = {t(e + e)ll <j <k <n
A(s, ¢) = {t2e; (e, + )l <s<n1<j<k<n}
Alg, ¢) = {£2; (e +t )l <s<n1<j<k<n}

The multiplicity of + (¢, + ¢;) as a root in g in 2. K can be identified with
the set

{# =@, a,...,a)ela =2a > "2a,,2 |an|}'

Let u = (a, ay, . . ., a,) € i¢§ be the highest weight of a lowest K type
of a Harish-Chandra module X. After conjugating by an outer automorphism
of K we may assume that a, > 0.

PROPOSITION 7.1 [see Vogan (1986)]. Let r be the largest integer such that
a, = 2. Then the subgroup L, (called L., in that paper) attached to u as in §3 is
isomorphic to SL(p,, C) x SL(p,, C) x - -+ x SL(p,, C) x SL2(n — r), R),
where I1, = (p,, 15, . . ., p,) is the coarsest ordered partition of r such that
w is constant on SL(p,, C). That is

>0 Jor j=p +p+ -+ p
k=1,2,...,s
{u, e — €y)
! A =0 other j < r

=1lor0 for r<j<mn

Proof. To obtain 7 ,(X) = ¢£,(X) = ¢,(w), as in Vogan (1981), we need:
2. = 2n—2,2n—4,...,2,0).
Let A* (g, #) be a f-stable positive system making u + 2¢. dominant.

The restriction of A* (g, #°) to ¢¢is A* (g, ¢¢). Write ¢ (g, ¢¢) for the set of
simple roots restricted to #¢. Then

d(g, £) = {e, — ;€ — €35 ...5€ | — € 2en}
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and
o = 2n—1,2n-3,...,3,1).

We can form an array with the coordinates of 4 + 2g, by grouping them
into maximal blocks of elements decreasing by 2. That is, suppose

Bo= (X Xy ooy Xps Xgs e e ey Xy ooy Xy oo o3 %, 0,...,0) (7.2)

- —~ AN —~ v —_— — ——
p, times p, times p, times R times
where x;, > x, > - - - x, > 0. (Note that if x, = 1, then t = 5 + 1).

Then, since the coordinates of 2g, decrease by two, the array would look
like

[mi m —2 -~ m —2p +2|my, m—2 -+ m—2p, + 2

-++2R—2, 2R—4 --- 2, 0|

Since 29, — ¢ = (—1, —1, —1, ..., —1), then (cf. 3.1) the weight used
to build 7, (u) is

ly(u) = (2‘15 e ey 2.1, 22 “ .. Az, e ey ).‘ ... l’, 0, e ey 0)
S———— — —_— ———
p, times p, times p, times R

where 4, = x; — 1 (in particular, if x, = 1, then 4, = 0). This is easily
verified by following the algorithm of Proposition 5.3.3 in Vogan (1981).
Simply observe that {u, 2¢,> < 0 only forj > r.

Moreover, the subset of simple roots orthogonal to 4, (1) spans the root
system (cf. 2.1)

(4,1 @4, )D(4, ®4, ) D4, A, 1) @ Ay

since the roots e, — e; are restrictions of complex roots and therefore occur
twice in A(g, ). Now the proposition is clear. Q.E.D.

We will now obtain some criteria to determine when a representation of K
is the lowest K-type of some (g, K) module 4,(4).

Recall from 2.1 that to construct a 6-stable parabolic subalgebra
g = ¢ + « we need a weight x € i/§. Suppose

X = (Xjp oo Xy XayooosXgyooosXeyoonos X,0,...,0)
——

— —_———
r, times r, times r, times R times
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where
X > x> > x> 0.

Write ¢ = ¢(x) = £(x) + «(x) for the parabolic defined by x as in 2.1.
Clearly

( 200 OV f) = (518 . 8,8 8,8 ...5,0...0)

——— —— —_— N—————
r r, r, R
withs, =20n —r, — -+ —r_) —r,+ 1

and

20 0 8) = Uy oo oy Uy Uy o ooy lUyy ey Uy U, 00..0)

—_—— — — —_———— —
r r r, R
withy, =2 —ry — -+ —r_) —r,— L
(7.3)

PROPOSITION 7.4. Let u be as in (7.2) and suppose it is the highest weight of
arepresentation of K. Then V, is the LKT of a (g, K)-module A ,(4) if and only
if

@) x; — Xy 2 pi + P
and

®) x, 22R + p, + 1.

Proof. Suppose V, is the LKT of an A4,(4). Thenpu = 4 + 2¢(« N 4)and
J is the weight of a one-dimensional character of L satisfying 4.1(a) and (b).
Hence A is orthogonal to the roots of #¢ in ¢ and it is positive in the #°-roots
in «. That is,

R U N N NN WA I RPN )

p, times ) pz\tﬁnes p,?i;es 0 R times
and
A=A 2420
By 7.3,



Unitary dual of Lie groups 277

Then

xx =A4+200—-p — - —p_)—p +122R+p +1
and

X=X = A=Ay —p+1+20+p, —12p+ D

proving (a) and (b).
Conversely, suppose u is a weight satisfying (a) and (b) then we can define

g9 = g and 4 = x;,— 200 —p, — - —p) +p— L
Then u will be the LKT of A,(4). Q.E.D.

We are now ready to prove Theorem 5.7 for G = SL(n, R).

Suppose X is as in Theorem 5.7 with infinitesimal character y € (#°)* and
u e (i¢5)* the highest weight of a lowest K-type of X. Write u as in 7.2.

Considering what the weights in ¥, ® /4 look like, we will study 2 cases:
1.2R+p, + 1 > x,.
2.x,Z2R + p, + 1.

By the conditions given in 7.4 if ¥, is the lowest K-type of an 4,(4), then
u is in case 2.

Therefore, the first thing we must do is verify that, in case 1, X is not
unitary:

Case 1. We will use the following result.

LEMMA 7.5. Let u be as in 7.2 and suppose x, < 2R + p, + 1. Suppose

that x; — x,., = 1. Then Dirac operator inequality fails on u for
0, =mn—1,...,1).
Proof. The hypotheses on u imply that
u=x+t-1...,x+t—-—1L,x+t—2,...,x+1t—2
~ —— —~ -~ e
p, times P, times

X, x,0...0)
~———— ———
p, times R
Note that 1 < x < 2R + p, implies that

(*) R+1—-—x<R and R+ p,—x = —R.
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Now

e, =mn-1,...,R+p,R+p,—1,..., R+ 1,RRR—1,...,1),
$O

0p— U =MmMm—-—x—t+1lL,n—x—1t...,R+p — x

R+p —x—-1,...,R+1—-—x,RRR—1,...,1).
By (%), the sequence of integers

R+p —xR+p —x—-—1,...,R+1—-x
overlaps the sequence R, R — I, R —-2,...,—R + 1, —R.

Clearly, the firstn — Rcoordinates of 9, — p decrease by steps of at most
one. So if w € Wy is such that w(u — g,) is dominant, then the coordinates
of w(u — g,) will be a sequence of integers decreasing by at most one,
ending in 0 or +1 and in the latter case, there must be repetitions in the

sequence.
Since

. = m—-1,n—-2,...,R+1,RR—-1,...,2,1,0)
it follows that

ot = ¢,) e)> < <en> 0>

Co(p — ¢,), o(p — ¢,)> < e -
Hence

o(p — @) + e, o(p — @) + e << + -0 +er> = <e e

Q.E.D.

Now to prove non-unitarity for case 1, take i, to be the minimal integer in
{1,2,...,t} such that x, — x;,, = 1 forall i > i,

Letkl=p1+p2+~--+p,.0,k2=n—k,

¢, = J(k, C), ¢, = of(2k,, R)

and/ =¢, @ ¢,.
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Then/ = ¢, and by Proposition 3.3, X is the Langlands quotient of some
module

# (X" (6, ® vy))
and if we set
X = g;,,n/(XLV(‘SV ® vy)),

then, by induction by stages (see Zuckerman (1977) or Vogan (1981),
6.3.10), X is the Langlands quotient of

R(X,) = R (XS ® vy))

and (a) of Theorem 5.7 holds.

Also, by Corollary 5.3, X} has a Hermitian form ¢, M.

Write u* = u — 20(« 0 £). Then u' is the highest weight of a lowest
L n K-type of X;.

Set u' = p*|,,i=1,2.

Clearly

2 _
o= #lSL(Zkz,IR)’

and, by Lemma 7.5, the Dirac inequality fails on u?. By Lemma 6.3(a) there
is a K-type V,, in V, ® (£, n ;) that makes the Hermitian form {, ME
indefinite.

The roots in A(Z, N 4) are

{O0...+1,0...0+10...0,(0...0,+2,0...0)}
-~ —_——— B ~— _

k, ky

It is clear that if n> = > + B is dominant for some f € A(4, N 4) then,
since @, — a;,, = 2 the K-type u + B is also dominant for A(« N £).
Hence by Theorem 5.8 X(u + B) # 0, and Theorem 5.7 follows for this
case.

For case 2, suppose (7.4)(b) holds and that there is {, < ¢ such that
(7.4)(a) does not hold forj = p, + p, + - - - + p,. Set

P =p +p+-+p R =n-—p
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and

¢, = o (p, C) ¢, = o (2R, R).

Again/ = ¢/, @ £, 2 ¢, and arguing as in the preceding case we can find
X, such that (a) in Theorem 5.7 holds.

Write X; as X;, ® X;,, where X} is an (¢;, L, n K)-module.

By Theorem 6.1 in Enright (1979), and especially its proof (pp. 518-523),
if X;, is not an 4, (4") then Dirac inequality fails precisely on the lowest

K-type. Write u* = p — 2¢(« n £) and

po= l‘L|L,-

By Lemma 6.3 (a) again, there is an (L, n K)-type V,, withn' = p' + B
for Be A(Z, N 4). If for all i # i,

<,u’ € — ei+l> = p + Piv1 > 2. (76)

Then u + B is dominant.
Otherwise take k” = X, ; p; with

B = {ie{l,...,t}|(7.6) holds}.

Then apply Enright’s result to the rest. Q.E.D.

§8. Proof of Theorem 5.7 for G = SU(p, q)

Letn = p + g. Write I, for the identity matrix in GL(m, C) and 4* for the
conjugate transpose of the matrix 4, then

G SL(n, C b 0 * b0 }
st Je[2 5]

Then the maximal contact subgroup K of G is

A4 0
K = {geGlg=[0 B];AeU(p),Be U(q)}~
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If 6 is the Cartan involution defined by §(X) = — X*, and

fo = {X€gl0(X) = —X}

then

0 B
Jeo {X = I: B 0 ]lB arbitrary p X q matrix}.

The compact Cartan subgroup of G is
H = T¢ = {g = dlag (eio‘, P ,em")l Z 0]’ = O}
j=1

K can be identified with the space

{u = @,....qla4,...,a)eRa =2 - > a,
a4, =" 2a,Xa=0a— a¢elZ}
If we denote by e, € R*,j = 1, . . ., n, the elements of the dual basis in R",

then the roots of # in 4 correspond to the set

Alp) = Mg 1) = {e,—eli#ji1<ij<n
Also

A(f) = A%, ¢) = {e.—ell <i,j<pluie —e,lp <k m<n}
the compact imaginary roots of ¢ in g, and

A(p) = A(p, ¢) = {£(e— e )l <i<pl <j<g

the noncompact imaginary roots of ¢ in 4.
Let u = (ay, @, . . ., a|by, by, .. ., b,) be the highest weight of a lowest
K-type of X. Fix the positive system A* (£) so that

012"'20'

s b]??b

q

Having in mind the construction of the quasisplit subgroup L,, wriie

u + 2Qc = (xl9x2’ s ’xplyla BATI ’yq)'
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We can form an array of two rows with the coordinates of 4 + 2g, so that
they are aligned in decreasing order from left to right as follows: the x; are
in the first rows; the y; are in the second; and terms decrease from left to right
in the array. For example, if we have

Xi > Vi 2 Xig1 2 Vig1 2 Xig2 > Xigz - o0 > X = Vigo > Xy = Vigz -

the array would look like:

Ce X Xii Xiyg —> Xy« - - X Xigl » - -
N/ N\ ||
e Y Vit Yi+2 Yitz o - -

This array gives a choice of positive roots A* = A*(g, ¢), compatible
with A* (£). That is, the simple roots are given by the arrows. In the preceding
example, they would be

- € T €5 €ptj — Cir1s €ix1 T €pyjis
€rijr1 — €iyas €2 — €43,
<€ T €pijias €pijr2 — Cky1s €1l T €pijiss

Because the terms in each row decrease by at least 2, the entire array is a
union of blocks of the following five types.

1. r r—2 r— 2k
r r—2 r — 2k
2 r r—2 r — 2k
r—1 r—3... r— 2k — 1
3 r r—2 r— 2k
r—1 r—3...r—2k+1
4, r r—2 ... r— 2k

r+ 1 r—1 ..o r—2k+1
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5. r r—2 ... r — 2k
r+1 r—1 ..r—2k+ 1 r—2k—1

From now on we will drop the arrows in the pictures, since the ordering
of the roots is clear from the arrangement of the coordinates of u + 2g,,
provided we agree on choosing the order prescribed in block 1.

Using the picture of 4 + 2¢,, we can split the coordinates of u as follows

u=10(.---8---& --&lAH--fi- S f) 8.1
N——— — N N————
r, times r, times s, times s, times

where r, is the number of p-coordinates and s; the number of g-coordinates
making up the i-th block of the array of 1 + 2., and

¥

PROPOSITION 8.2. Let u be as in 8.1 and X a (¢, K)-module with lowest K-type
u. Then

PG o NN IV N N N SN B I N
—  —— N—
r r, r 5
PO T B B (8.3)
A ~— 7 A J
8 8,

y(X) = o(a(r), ) @ - @ «(r, )
(see §3).
COROLLARY 8.4. Let ¢ = £ + « be 0-stable with

¢ = a(«(p, @) @ «(p, 32) @+ ® «(py; 4,))
and

A:¢ — C an admissible unitary character
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Then ¢,(A,(A)) < £. More precisely,

1

2y(4,(4)

9 [li[ [(«(1)" @ «(r;, s) ® (w(l))""]}
c [

;= min(p;, ¢;) + &

-~

(«(pis qi)):|

1

where

r

s; = min(p;, ¢;) + 9;
1 pi=¢q + 1 (mod2) and p;, > g,
oo {O otherwise,
1 p,=¢q,+ 1 (mod2) and g¢q;, > p,
{0 otherwise.
Proof. This is immediate from Proposition 8.2 and Proposition 3.4(a).

We simply need to note that if say p; > g; then the picture for u* + 29, .,
(cfr. 3.4) in the «(p;, ¢;) factor looks like

4, 9+ ¢ 4,
/‘-A—_N — — ~~ — — ——
X—r x—r —2 ... X —r X —r —
y y—2 ...
- —— 4
ql
etc. Q.E.D.

We want to obtain now, necessary and sufficient conditions for a representa-
tion of K to be the lowest K-type of a (g, K) module 4,(4).

Let u € i(¢{)* be the highest weight of a representation of K.

Write

gn £ = (¢gnA)(p, asin 2.1 forx = p,

Wo= p+ 2« n£),

g = ¢(w) and ¢ = gu).
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By Proposition 4.4 and Lemmas 4.6, 4.8 we may assume that y determines
¢’ N £and u’ determines ¢’ (note that (i) # #(u”) but their compact parts
coincide).

Write

¢ = L) = o(aky, ) @ - @ «lk, 1)), 8.5)

where I1, = (k, k,, ..., k) and n, = (/;, L, ..., [) are the coarsest
partition of p and g, respectively, such that

z; = Wl|,4, Isconstant.
Then, an easy argument shows that

PROPOSITION 8.6. In the above setting, letn, = k, + [,i = 1,2,...,t. Then
W is the lowest K-type of an A ,(A) iff z; — z;,y 2 n; + nyyy.

The proof is straightforward if we use the conditions on 4 and u given in 4.1
and 4.3.

We proceed now to the proof of Theorem 5.7. Suppose X € (g, K) is
as in Theorem 5.7 with infinitesimal character y € (4°)*, and let u € i(¢5)* be
the highest weight of a lowest K-type of X.

Let us consider a slightly different splitting of the coordinates of u than
that of 8.1. Write

o= (X, o X, Xas oo s Xy e ey Xy oo o X, | Vis e e oy Vs
—_— —— —_— N—e—
pl Pz p( ql
8.7
Voo Voo Voo ¥)
— —
92 qs
so that
X > X, > > X,

V>V > >0

but here p;, g, > 0, that is, this splitting is not necessarily compatible with
the blocks given by u + 2p,.
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It is convenient to draw a picture of the coordinates of u with the same
blocks obtained from u + 2¢,. We are going to study what happens around

the first p, coordinates of u.
We may assume that either

xx+p—1>y+qg-1
or

xx+p—1=yp+q-1

otherwise we can interchange p and gq.

and p, > q,,

If p, < p we can have the following configurations for u

P
.
r Y
1 X X . X . X Xy
Y- N Yo oo N
S —
9
P
—N—
or X ... X Xy ...
Yi-- N
p—r
— B -~ Y a “~~
2 Xy X X1 X X
e Yia Vi Vi V4
——— ~. ——— — ————
d s
where y,_, > y, = z.
p—-r
—A—— ——
3 X ... Xp ..o X X, .
e Yil Yi-. Vi z
——— —— ———
d s

withy, | > y, = z.




X > X =2z

X > Xx; =z

xl..

V-
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x]

- N

X ...

J

yl"

- N

Xj

'

z

V2

z

Y2
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The blocks in these pictures are some of the simple factors of 7, (X).

Because of Corollary 8.4, if 4 is the lowest K-type of an 4, (1) module we
must be in case one. Therefore, for this case we need to find a reductive
subgroup L = G so that X is a Langlands quotient of a Zuckerman module
coming from a representation of L and

(a) in the case when we have an 4 (4) for L, the derived functor preserves

the signature of the form,
(b) otherwise, (a)-(c) of Theorem 5.7 hold.

On the other hand, for cases 2-5 we need to prove non-unitarity. In each
case a group L will be found as in 1, making sure that (a)—(c) of Theorem

5.7 hold.

All this will reduce the problem to the case p, = p.
In this case we have two configurations

Xy X
Y- N
X
Y1 b4

SXp e

xluq-xl

Vi« - - Vi

X ...
Vs - - Vs

Case 6 can be included in either 2 or 3 and case 7 will be dealt with in a

similar fashion.

Note that as soon as we have shown that (a) of Theorem 5.7 holds, then
by Lemma 6.5 the representation of L in question, as well as its Hermitian

dual, have a Hermitian form.
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For 1, let £ = a(«(py, q,) ® «(p — pi, 9 — q,)), here g, is either ¢, or 0.
For 2, choose

{ = o(w(py—r,d)® «(r,r) ® «(p — p, 5)).

For 3, let
/ = d(“(p] - r = 13 d) @ “(r + 19 r) @ ”(p _pbs))'

Incases 1 and 2,/ = /,. Hence, by induction by stages, arguing as in §7,
there is some (¢, L n K)-module X, such that X is the Langlands quotient
of

R,(X,), where ¢ = ( + w, « S «y.

Incase 3,/ 2 ¢,. However, Proposition 8.2.15 of Vogan (1981) gives the
same result, even if ¢ 2 ¢,.

Cases 4 and 5 are solved the same way as 2 and 3, so we not discuss them
in detail.

Now for case 1, assume that X; = 4, (4). Define g, by «, = « + «, and

¢ = gt wu = £+« +
Then
#;(4, () = 4;,(C;)

(by induction by stages again).

To see that #7,(C;) is a module 4,(C;) amounts to checking that
{4, ) = 0 for all « € A(«,). This can be done using 3.4(a).

Set u* = p — 20(« N 4). By Proposition 3.4 u* is the highest weight of
a lowest L n K-type of the module X] .

Since p, < p then L # G and dim L < dim G. Assume u’ is not the
lowest K-type of a module 4,(4). Hence, by induction, there exists an
L~ K-type V., in V,, ® (/ N z) such that, on V,, @ V,, the Hermitian
form is indefinite.

A highest weight of an L n K-type in V,, ® (£ N 4) is then of the form
pt + B for some B e A(Z N ).

It is straightforward to check that if u* + B is a highest weight, then
u + P is #-dominant and hence, Theorem 5.8 gives (c) of Theorem 5.7.

For cases 2 and 3 we need the following
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LEMMA 8.8. Let

w=1(@@+lLa+1...,a+1laa,...,a
| - —_—— g | P —
P q

be a weight in £*.
If p = qor p = g + 1 then Dirac operator inequality fails on p for

o = (1.9 4|lzp —p =P
n 2’2""92 292)"',2

(see 6.1).
Proof. Write p as u, + p, with p, € (center ¢)* and y, € [¢, ¢]. We need
to prove that (6.2) does not hold. Note that 6.2 is equal to

Hes ey + Wl — @) + e Wiy — @) + 2>
If X is a (¢, K)-module with infinitesimal character y, then
01> 2 Lles 1) + <05 00
Hence it is enough to show that
wly, — ) + e, wln, — @) + 2> < <e, )
This can be computed explicitly. Q.E.D.
We can prove now 5.7(c) for cases 2 and 3. Recall that for 2,
£ = o(w(py—1,d)® «(r,r) @ «(p — py, )
and for 3,
¢ = o(a(pp—r—1,d)® «lr + 1,1 ® «(p — py, 5)).
An easy calculation shows that in both cases
loen = @+ La+1,...,a+ 1lla,a,...,a)
or

I‘L|U(r+1,r) =@+ la+1,...,a+1laa,...,a.
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Hence, by Lemma 8.8 and (b) of Lemma 6.3 thereis f € A(«(r, r) N 47)
or A(«(r+ 1,r)n 4~) such that the Hermitian form {, )* on
V.. ® V., is indefinite. Now if u* + f is dominant, necessarily

B = (0...0—1]1,0,...0).

Alsop + B =((x,x,...,x,x — Lixy, ooy + Ly, .o.))
is £-dominant and Theorem 5.8 gives again 5.7(c).

4 and 5 are solved in exactly the same way as 2 and 3, using ¢, and z*.

So I have reduced the problem to the case

P = D

6 can be included in either 2 or 3.
For 7 writey = (@aa...alb,...b,b,...b,...b,...b,) the picture
for pu is

i r 9.+ & Ty
—N— ——— ——
a .a a a a. a a a
b,...b,
———
q.
with g; = 0, 1

t+1 t

p = ;rﬁ;qﬁ%-

!

qg =Y gq.

Note that if ¢, = 0 for all i > 1 this is case 1. So assume ¢ > 2.

As before, I want to find a group L to which I can apply some reduction
argument.

Suppose r,., > rysets =r, + q, + & + ry.

Then let L = U(s, q,) x U(p — s, ¢ — ¢q,). Note that

L, = U()" x Ulg, + &,q,) x U1)* x - x Ug, + &, g,) x UD)"".

So L 2 L,, and arguing as in the preceding cases we can verify (a) of

Theorem 5.7.
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By Proposition 3.4, if y = (4, v) is the infinitesimal character of Z,(X,),

then Y- = (1, — o(«), v) is the infinitesimal character of X, . In fact, by
definition of A(«,),

Chyyad > 0 forall e A(w)  Alay).

Write L, = U(s, q,).

We want to contradict Theorem 6.1. For some values of r,, r, it could be
possible to prove the failure of Dirac inequality as we have done before; that
is, by simply using the minimal value of the restriction of v to the split part
of the Cartan of L, that makes y*|,, regular integral.

However, this is not possible for all values of r,, r,. Therefore, we need to
involve all of v instead. This is done by a lengthy and explicit but straight-
forward calculation. The idea is that it is enough to prove the failure of
Dirac operator inequality on

— —qi|s s
ptl,, and o, (£) = ( 2q1, - 2q1 5 ,§>.

-~ N\ \/‘*‘J
s a9

That is, if y' = y — ¢(«)|,, and w € W makes wy' dominant, it is enough
to prove

<wyy, wy > — Pl — e (1) + 0nes B, — €7 (4)) + 044> > 0.

(*)

Now if r, > r,,,, we choose

L = U(rt + q + & + Tiv1s ql') X U(p - (rl + q, + & + r,+1),q - qt)

and repeat the same argument for this case.

We next observe that (x) will also hold if , = r,,, and some ¢, > 0 or
somer;, > 0;1 < j, i<t

So this reduces to the case

r 9 + & '3 r
— — A —A— | —
a...a a...a a...a a...a q:, 9, > 0.
b ...b b,...b
—_— —
q, ')
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But by symmetry, using the case r, > r,,,, we can conclude that ¢, = 0.
But then we have

With which we have dealt before. This is solved in the same way as case

1 for p, < p.
This proves Theorem 5.7 for G = SU(p, q). Q.E.D.

§9. Proof of Theorem 5.7 for G = SP(n, R)

Let I, be the identity matrix in GL(m, C). We define

0 I 0 I
G = SPn,R) = ig € SL(2n, R)|’g[ ]g = [ ]}
-1, 0 -1, 0

The maximal compact subgroup K of G is
K = SP(n, R) n U(2n) =~ U(n).
K can be identified with the space

{p=1C(...a)la=2a > " >a,;ac¢l}

The roots of ¢ in g are

A(p) Ag, ¢°)
= {t(g £t &) t2eljki=12,...,nj<k}

also

Al#) = AW, ¢9) = {£(g—e)ll <j <k <n},
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the compact imaginary roots of #¢ in g.
A(f) = A(p, ¢) = {£(g+ &) 2l <j<k<ml<i<ny

the non-compact imaginary roots of #¢ in 4.
As for the preceding cases, fix a positive root system A* (£) so that if

p = (a,a,...,a,) a =z a =2 2 a,
then p is A* (£)-dominant and
2Qc=(”“1,"“3,--~,—n+3,—n+1).

Let u + 29, = (x, X35 « - -, X,).

Choosing a positive Weyl Chamber for A(g, #°), given by u + 2g, corre-
sponds to forming an array of two rows with the absolute value of the
coordinates of u + 29, so that they are aligned in decreasing order as
follows:

Ifx,2x,2-""2x>20>x,, > "> x,thenx,,...,x arein
the first row —x,, —x,_,, . . . , —X,,, in the ‘second and they all decrease
from left to right in the array.

For example, if we have

...xi>—xj>x,-+l>xi+2>"'>xk=—-x'1>xk+l
= —xj72>.'.> — X1 = X1 > X = 0

the array would look like

. /xi+,—>x[+2——>... T{/’T{H...x,_[ /0
—X%; —Xi_1 T X — X, 41

As for the case of SU(p, q), the choice of arrows gives a positive root
system A* = A* (g, ¢°), compatible with A* (£).

Again, the entire array is a union of blocks of the following types.

1-5 all blocks of the five types discussed for SU(p, g) not containing
1 or0.

6. m m—2 2 0
m m—2 2
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7. m m—2 1
m m—2 1
8. m+3\/m m—2 2 0
.. o m+ 2 m m— 2 2
or m+ 2 m 2 0
’"+3_/\ m 2
9. m+ 3 m 1
m+ 2 m 1
or m+ 2 m 1

0. ...m ... 3 1/, or ... m ... 4 2
m— 1 2/ m—1...3 1
(10 is a particular case of 9).
Again, using the picture, split the coordinates of u by the blocks that

U + 2¢, determines as follows.
If u + 29, gives

p, entries p, entries
— —T
q, entries q, entries B

with B a block of some type 6-10, set

U= (...a0...a,...acec,...culb,... b, ... b ...b)

——— —_— ——— —— ——
p, times p, times m entries q, times q, times

where m is the total number of coordinates composing the block B.
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Write 4, = A,(u) and £, = £, (4,(n)) as in §3.

PROPOSITION 9.2. If n € i(£§)* gives figure 9.1 then

) = Gyoo Ay dgeidyes Ay A0, .. 0

e —_—
p, times p, times p, times m
S S E R R
—— ~———
q q

/V = a(pl, ql) ® D “(pu ‘L) @ O/Q(m, R)
with
Ay >4 > > >0.

Now suppose p is the highest weight of a representation of K. We want an
analogue of Proposition 8.6.

By Proposition 4.5 we may use y to determine a compact parabolic subalgebra
gNE=CL0E+ an ik

Set 29(« N £) = 20(A(« N £)). Suppose that

u+20xnt) =(@...aq...a4,...4l0...0]

——— ——— N —
r r, m
—a, —aq, —a,...—a)
N— ————
S Sy

PROPOSITION 9.3. In the above setting, set n; = r; + s; then pu is the lowest
K-type of some A,(A)

=>4 — Gy >N+ nyy,
and
a=n+2m+ 1.

This also follows from 4.1 and 4.3.
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We proceed to the proof of Theorem 5.7 for this case. Let X as in Theorem
5.7, with infinitesimal character y € (4°)*, u € i(¢°)*, the highest weight
of a lowest K-type of X. Suppose X is not a module A,(4). Let

ty = 0y(X) = («(p1, 1) @ «(p2; ) @ - - - @ «(pss q,)) ® 9p(m, R)
(cfr.9.2)and p = Z p;,, g = X g,. Set

/1 = “(P, Q), {2 = d/‘("n, R)
then
{ = [1 @ {2 =2 {V'

Define « € «y by )y = « + («p 0 ¢).

Then ¢ o ¢, and by Induction by Stages, (a) of Theorem 5.7 holds.

Now let X, be an (¢, L n K)-module such that X occurs only once as
composition factor of #,(X,). We can see X, as the exterior tensor product
X, = X, ® X;, with X} an (/;, L, n K)-module.

That X} has a Hermitian form ¢ , Y* follows from Lemma 6.5. Set
= — 200w 0 p), ' = pty,.

LEMMA 9.4. X, = A ,(A), for some ¢° < Ly; A°: ¢, - C.

Proof. By Theorem 5.7(b) and (c) (proved for SU(p, q)) and Theorem 5.8
if X;, & A,(4) then there is f € A(Z, N £) such that { , * is indefinite on
the sum

I/l‘l ® Vﬂl_Hq-
Ifp = (.00 X0 %00 - - o s Xpuml Xppmers - - - 5 X,) then, since
Al,np) = {le+ eIl <i<pp+m<j<n}

it is clear that if u' + B is dominant for A(Z, N £), then u + B is dominant
for A*(£), unless x, = x,,, OT X, ,, = X,,pmy1-
Suppose then that x, = x,, .
Note that p™| 1, = u* and hence p’ is fine and X, is a principal series.
Sowe{©0...0;(1...1,0...05(@,...,0, -1, —=1... =D}
If 4 is trivial it is easy to see (looking at the pictures 6-7 given by
p + 20.) that x, — x,,, > 0,aswell as x,,,, — X, 41 > 0.
Note that, by Frobenius reciprocity, both

a4, 1,...,1,0,...,0) and (0,...,0, =1, —1,..., —1)

—_— Y~ —~— —
a m—a m—a a
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should occur in the same principal series. So if u? is a non-trivial fine K-type
call n? the corresponding other non-trivial fine K-type. Then n = u' +
n* + 20(« N 4) is a lowest K-type of X. This implies that

if xp = xp+] _—4 xp+m > xp+m+l
and xp+m = xp+m+l % xp > xp+l'
So, since

'7+ﬂ|L, = /»‘+B|L,

for any g € A(Z, N ), then either u + p or y + B is #-dominant proving
5.7(c). Q.E.D.

LEMMA 9.5. In the above setting, assume that X; = A ,(1°) for some 4° < ¢,

and 2°: ¢° > C,,.
Then, Theorem 5.7 is true if we assume that

X, — X, =2
{ v 9.6)
and Xprm = Xpime1 = 2.

Proof. Suppose first that

2= (,1,...,1,0...0).

an easy calculation shows

= 0 + Cras B — 0F + 000> < <05 0)-
By (b) in Lemma 6.3, there is a

Be{0...0—-10...0—1),(0,0...0—2)}
—_— — -

a m —a m

making V,, @ V., into a space on which (, »E is indefinite.
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Moreover u + f is A" (£)-dominant, by (9.6). Similarly if

w=0...0-1,—-1,..., =1
W\ —
m — a a

then

Be{1,0...001...0)5(20..).
—— ——

Now, if u> = (0 . .. 0) then the Dirac operator inequality fails for any
choice of g, = ¢(A* (£, N 4)), unless y|,, = g,, in particular, if

. m+1 m+ 1]
Qn - 2 ) 2 9

and, obviously, u + f is also dominant for f € A(£~ N £,).

Now if y|,, = ¢,,, then, the Langlands subquotient of X, is the trivial
representation. (In fact, the representation X;, = (5, ® v;?) is a principal
series and d;* = trivial; y|,, = v,|,, = v;*.)

Hence the Langlands submodule of

‘@y(XLl ® XLZ) = g¢(XL,) ® '%¢(XL2)
is
X = R,(4,(1°)) ® A, (trivial representation).

By induction by stages, X is an 4, (4), contradicting our assumptions on X.
This proves the lemma. Q.E.D.

To finish the proof of Theorem 5.7, suppose now that x, — x,,, < 1.

LEMMA 9.7. Under the hypothesis of Lemma 9.5 if x, — x,,, = 1 and
Xpim = Xpymp1 = 2, then Theorem 5.7 is true.
Proof. The assumptions on the coordinates of x imply that the picture of

U + 29, around the coordinates involved is either

m+ 3 m

m+ 4 x
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m+ 3 m

m+ 3 X

where x — m = 1 or 2, or

m+ 3 m m— 2

m+ 4 m m— 2

Observe that ™ = u — 20(«, N #) is fine and that the fine K-type that
gives the picture

isp?=(1,1,...,1,0...0); and the fine K-type that gives

m m— 2

m m— 2

ispr=(0...0).
Arguing as in the proof of Lemma 9.5 we can find, in both cases

Be{0...0-1,0...0—1);(0...0 —2)}
as we want. Q.E.D.

LEMMA 9.8. Under the hypothesis of Lemma 9.5, assume now that

0<x —x <1
{ pooTed 9.9)
0 < Xptm — Xpirm+l < L

Then the infinitesimal character y of X is not regular integral.

Proof. We want to contradict the assumption that the infinitesimal
character y is regular and integral. Since we have an 4 (4)-module for
L, = U(p, q), we have some control on y.
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Recall that L = U(p, q) x SP(m, R) and

i=1

L2L, = [r'[ W(p, qi»] x SP(m, R).

We may assume p, > ¢,. By Corollary 8.4, either

Ilvmay = Go S d+s—1... 4 +124...4
~— e e —
s q, + 1

=1 A —slA ... A
—_—
s 4

or

o = ot 8o i ¥ 34 A A =4 A= slA ... A)

~ e e — — N———
s ql s ql
and
Vg = O 0v ooy, 0. 0=y ... —v).

Inside SP(n, R) this gives
A+ h oo he A —s|—4 ... —=4)

O...0v...v0...0]v...v).

'

If y is regular integral

M+v, >A+s8554—5>0> -4 +v>2 -4 +gq +v, — 1

LG
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Claim. If u satisfies (9.9) then 4, — s < 1.
Proof. The picture for u + 29, around these coordinates can be of the
following types.

1. m+ 2 m m— 2
m+ 2 m—1

2. R () m—1
m+ 3 m m—2
3. m+ 4 m+ 2 m—1
m+ 4 m+ 2 m m— 2
4. m+ 4 m+2 m-—1 m—3
m+ 4 m+2 m—1 m-—3

or ... m+ 3| |m

m+ 3| |m

5. m+ 3 m m— 2
... m+ 4 m+ 2 m— 1

So we either have (considering that 5 and 2, and 3 and 1 are symmetric)

u+2 =C(.m+k+2,m+kl..|-m—-—k..)
and

o = (. m+k+2m+kl..|l-m—k+1..)
or

u+2, =(C(..m+2...|]-m—-=3..)),
with

0o = (.m+1...|-m—=2..)
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In both cases we get (see Vogan (1981) Proposition 5.3.3)
Ay = (..1110...0[—1 —=1..)).

This proves the claim.
This reduces to the case when g, = 0. But then, u + 2g, gives, at worst,

m+ 2 m—1
m+ 4 m

Because if ¢, = 0, p, = 1, since U(p,, q;) is quasisplit. So, we have
Xptm = Xpim+1 = 2!

This concludes the proof of Theorem 5.7. Q.E.D.
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