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Introduction

One of the more fascinating chapters in the theory of automorphic forms,
and in representation theory of p-adic groups, is the usage of the Selberg
trace formula to study characters of representations when adequate knowl-
edge of orbital integrals is available. The purpose of this paper is to suggest
an entirely different application of the trace formula. The roles of the two
sides will be changed, and orbital integrals will be studied using the trace
formula, given (elementary) knowledge of characters.

Some of these “standard” applications involve lifting theories, such as the
metaplectic correspondence [FK1], endo-lifting [K1], [F1], simple algebra
correspondence [F2; I11], symmetric-square [F5] and base-change [AC], [F3],
[F4] liftings. Here two groups G and G are related. The trace formula (for G)
is an identity, for each test function f, of the form X, trn(f) = Z, O(y, f).
One begins by proving the existence of matching functions fon G and '’ on
G’, for which the orbital integrals ®(y, /) and ®(y’, ') are equal. This is a
difficult step, especially when spherical functions are involved; of course, a
suitable notion relating the conjugacy classes y and y” has to be supplied. For
a matching pair (f, f’) one has Z, ®(y, /) = Z,®(y’, f’), and by a double
application of the trace formula (for G and for G’), one concludes that
X tra(f) = Z, trn’(f). The techniques developed in [FKI1], [F2], etc.,
permit isolating packets of G and G’-modules in these sums, and there
results a correspondence of representations of the p-adic and adelic groups
attached to G and G, stated in terms of character relations (e.g., trn(f) =
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trn’(f) for all matching f, £/, or x,.(y) =~ x.(y") for all matching y, 7', where
1., 1s the character of 7).

The purpose of this paper is to suggest a new technique in the study of the
initial step of matching f and f’, especially in the crucial case of spherical
functions f, and f, on the p-adic groups G, and G, (in a special case
described below). There is a simple parametrization of unramified G,-
modules n, and G,-modules n,, by means of which a correspondence
n, <> 7, is defined. The spherical f,, f, are called corresponding if
trm,(f,) = trm,(f,)) for all corresponding unramified pairs (=,, 7,). By the
theory of the Satake transform the correspondence f, < f,” of spherical
functions is well defined, and the problem is to show that corresponding
spherical functions are matching.

This is a crucial question. Our initial motivation is the desire to solve this
problem in the context of the metaplectic correspondence of [FK 1], where
G’ is an mth fold covering of G = GL(n). This problem is reduced in [FK1]
(§12 for spherical functions, §13 for discrete functions) to the analogous
problem in the context of the endo-lifting from G’ = GL(r, E) to G =
GL(n, F), where E is a cyclic field extension of F of degree k = n/r. The
latter problem is solved in Kazhdan [K1]in the case r = 1, namely when G’,
which we now denote by H, is an elliptic torus in G. Consequently, as
explained in [FK 1], §§12-13, the theorems of [FK 1] are proven only for pairs
(m, n) where m is prime to each composite (non-prime) integer bounded by
n. In conclusion we have to match functions on H = GL(r, E) and G =
GL(n, F) for any divisor r of n.

The purpose of this paper is to reduce this last problem to a computation
of the twisted character of the unramified representation n, of G, which
(conjecturally) corresponds to the trivial H,- module t,. This computation
is beyond the scope of this paper and will await another publication. Our
method is as follows. Let k be a primitive character of Gal(E/F) ~ A*/
F* NgAf . There is a bijection (called lifting or correspondence) relating
Gal(E/F)-orbits {to0'(0 < i < k)} of cuspidal H-modules t with
T % tTog, with cuspidal G-modules n with 7 ~ n ® k. This follows from
the theory [AC] of base-change for GL(n), and consequently does not
provide the character relations of [K1] needed in [FK 1] as described above.

However, for a careful choice of special test functions ¢ = ®¢, on G(A)
and f = ®f, on H(A) = GL(r, Ag) we do have trn(¢p x k) = trz(f) if
7« 7; we do not know that @ (y, ¢,) = D(y, f,) (the definitions of the
twisted character trr(¢ x k) and twisted orbital integral @_(y, ¢, ) are given
in Section I below). Thus, for each place v of F the components f,, ¢, of
f=®f,, ¢ = ®¢, are chosen to be corresponding, but we do not know
that they are matching. For such a pair f, ¢, the representation theoretic sides
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of the trace formulae: X trt(f) = Z,®(y, f) on H,and X, trn(¢p X k) =
Z,®.(y, ¢) on G, are equal. Consequently X, ®(y, ) = Z,D.(y, ¢).

Now our problem is to show that for a fixed finite unramified place u of
F the corresponding spherical functions f,’, ¢, are matching. We choose f,
¢ withf, = £/ and ¢, = ¢.. Given a (regular) rational 6 in H = GL(r, E),
f“= ®,..f, and ¢* = ®, ., ¢, can be chosen to have @(y, /) = 0 and
®_(y, ¢) = 0 unless y = §. Consequently &, f) = D (3, ¢).

Had we known that ®(5, f“) = ® (5, ¢*)(#0) we could conclude that
D5, f)) = B.(3, ¢.) and be done. But we do not, and instead we apply the
same arguments with a pair f* = £* ® f“and ¢* = ¢} ® ¢* Here f *is
a pseudo-coefficient (see [K2]) of the Steinberg H,-module st, , and ¢} a
twisted pseudo-coefficient (see [F2]) of the corresponding G,-module n(st),.
Thus, £,* and ¢* correspond, and we have ®(5, f*) = @ (6, ¢*). Now our
Conjecture B, which concerns the computation of the twisted character of
n(st),, or equivalently that of the representation =, related to the trivial
module 7, (see Conjecture B, ), implies that f,* and ¢* are matching. Hence,
O, f) = ®.(0, ¢,) is obtained, and we are done.

The contents of this paper are as follows. The main Theorem 1, which
asserts that corresponding spherical functions are matching provided that
the twisted character of the lift 7, of the trivial H,-module 7, is computed,
is stated in Section II. So is Theorem 2, which recalls the required conse-
quences of the base-change theory, and also the trace formulae (for H and
G). Section III deals with the choice of the test functions, and the proof of
Theorem 1. Section I states the main Conjecture B, (or B,) and its conse-
quences to lifting and to matching orbital integrals of spherical and general
functions. In the Appendix Conjecture B, is proven in the special case of
H = GL(1, E) and G = GL(2, F). This proves all of our conjectures but
only in the easiest case of GL(2).

The same technique, of reducing (by means of the trace formula) the study
of orbital integrals to that of a computation of a specific twisted character
of an unramified representation, is used to establish in [FK2] the unstable
transfer of orbital integrals of spherical functions which is required in our
proof of the absolute form of the symmetric square lifting. This technique
can also be used to establish the unstable transfer in the context of base
change for the unitary group U(3, E/F) in three variables (see [F4]).

I. Conjectures

Let E be a cyclic extension of degree £ > 1 of a local non-archimedean field
F. Let R and R; denote the rings of integers of F and E. Choose an
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isomorphism E = F* over Fsuch that R, = R* when E/F is unramified. There
results an embedding E = M(k, F) = End;F*and EX =, GL(k, F) =
Aut.F*. For every r > 1 we obtain M(r, E) — M(n, F), where n = rk,
and so an embedding of the multiplicative group H = GL(r, E) in G =
GL(n, F), which maps the maximal compact subgroup K, = GL(r, R;) of
Hinto K = GL(n, R) = M(n, R)*. We regard H as a subgroup of G, and
note that the embedding of H in G is unique up to conjugation in G.

Denote by Ny the norm map from E to F. Fix a complex valued character
k of F* whose kernel is Ny E*. Its composition with the determinant
det: G — F* is a character of G denoted again by «. It satisfies k(h) = 1 for
every h in H < G. Our first object of study is a relation between orbital
integrals on H and x-orbital integrals on G, as follows.

Let w be a character of the center Z(G) = F* of G. Let ¢ be a locally
constant function on G which satisfies ¢(zg) = k(2)**~"w(z)"'P(g) (g in
G, z in Z(G)) whose support is compact modulo Z(G). Let dg be the Haar
measure on G which assigns K the volume one. For each torus Tin G let d;
be the Haar measure on T which assigns the maximal compact subgroup
T(R) the volume one. The quotient measure dg/d; on the homogeneous
space G/T is denoted here by d¢. An element g of G is called regular if its
centralizer Z;(g) is a torus. If x lies in H and it is regular (in G), then
Zs(x) = Zy(x) lies in H and k(Z;(x)) = 1. Hence the k-orbital integral

O ) = [, K@bExe) de

of ¢ at x is well-defined.

Analogously, let dh be the Haar measure on H which assigns K, the
volume one, and dh the quotient measure dh/d, on the homogeneous space
H/T. Let f be a locally constant function on H with f(zh) = w(z)"'f(h) (h
inH,zin Z(G) = F*)whose support is compact modulo Z(G). The orbital
integral of f at x in H which is regular in G is defined to be

O, f) = [, flhxh™)dh.

1Z6(x)

To relate these two types of orbital integrals, let F be a separable closure
of F containing E, and ¢ an automorphism of F over F whose restriction to
E generates the galois group Gal (E/F). The Lie algebra L(G) = M(n, F)
of G is the direct sum of three subspaces: the space L(H) ~ M(r, F)* of
matrices made of k blocks of size r x r along the diagonal, the space P of
upper triangular matrices with non-zero entries over L(H), and the comp-
lementary space P of lower triangular matrices. Then dim P = dim P =
Pk(k — 1)/2.
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For h in H, put & = diag(h, oh, ..., " 'h); then A is an invertible
matrix in L(H). Let Ad (k) denote the adjoint action X — hAXAh~' of A
on P. Put A(h) = det(Ad(h) — I), where I is the identity. Note that if
h(1 < I < r) denote the eigenvalues of the r x r matrix 4 in H, then
A(h) = M(a'h;/a’h, — 1), where the product ranges over all i, j, /and /” with
1 <i<j<k1<LI'<r Alsoweputd(h) = Ic'h — o’'h,), with
product ranging over all i, j,/ and /I’ as above, and we put A(h) =
M(e¢'h, — o’h,;), with product ranging over the i, j, / with 1 < i < j < k,
I1<i<gr

Let |.| denote the valuation of F which is normalized by |n] = ¢, where
n is any generator of the maximal ideal of R, and q is the cardinality of the
residue field R/(r). Then |A(h)| = |A'(h)| |det h|~*~"72, where deth is the
determinant I1,,¢'h, of h as a matrix in G; note that det;h = Nydet,h.
Now for every 4 in H, we have dA(h) = (—1)*"""A(h). We say that & is
regular if A(h) # 0 (namely 4 is regular as an element of G). Fix a regular
hy in H. Then A(h)/A(h,) lies in F, since A(h) lies in E and F is the field of
Gal (E/F)-invariant elements in E. Moreover, if k is odd then A(h)/A(h,) lies
in Ny E*, while if k is even, then (A(h)/A(hy))* is in Ny E*.

Following [K1] we put

Ah) = |Ah)|(Ah)/Adh )<,

Then A(h) is real, and moreover non-negative if k is odd or divisible by 4.
In the latter case A(h) is independent of h,, while if k is even but not divisible
by 4, then A(h) is independent of A, only up to a sign. When E/F is
unramified we choose A, which satisfies |A(h,)| = 1.

Note that A(ch) = k(— 1)**=D2A(h). Since the matrices oh and h in G
have equal sets of eigenvalues, they are conjugate in G if 4 is regular.
Namely, there is « in G with oh = aha™'; it is clear that the image of det«
in F*/NgzE> is uniquely determined. It follows from [K1] that

deta liesin (—1)y* V2N, E*.
Hence

A(eh)®,(ch, ¢) = AM)D,(h, §)
for every regular 4.

DerFINITION. The functions ¢ on G and f on H are called matching if
®(h, ) = A(W)D,.(h, ¢) for every h in H regular in G.
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In particular, we have ®(gh, ) = ®(h, f) if f matches a ¢ in G.

CONJECTURE A. For every ¢ there is a matching f; for every fwith ®(ch, ) =
O(h, f) for all regular h there exists a matching ¢.

When r = 1 this is proven in Kazhdan’s fundamental work [K1]. As shown
in [FK1], §13, Conjecture A implies that for every ¢ on G = GL(n, F) there
is a matching genuine function ¢ on the m-fold covering group G of G, and
for every ¢ there is a matching ¢. This fact plays a key role in the study
[FK1] of the metaplectic correspondence. It is shown in [FK1], §13, that the
case of r = 1 in Conjecture A, established in [K1], implies the transfer
between ¢ and ¢ when m is prime to every composite integer bounded by n.

A second theme in this work concerns representations of G and H, and
character relations. Our next aim is to state the relevant Conjecture B, which
implies Conjecture A.

We begin by fixing notations to be used below. Let = be an admissible
G-module which satisfies n(zg) = k(z)** =2 w(z)n(g) (z in Z(G), g in G),
and ¢ a function on G as above. The convolution operator n(¢) =
| 6126) ¢(g)n(g)dg has finite rank and its trace is denoted by trn(¢). Put
7 ® k for the G-module (1 ® k)(g) = n(g)k(g). Suppose that n is irreducible
and ® ® k ~ n. Then there exists a non-zero (hence invertible) intertwining
operator A on the space of © with An(g)x(g) = n(g)4 for all g in G. In
particular, 4*n(g) = n(g)A* (g in G). Since = is irreducible, A is a scalar
which we normalize to be one. This fixes 4 up to a kth root of unity.

Suppose that = has a Whittaker model, namely there exists an additive
complex valued non-trivial character ¥ of F, such that = is equivalent to the
representation of G by right translations on a space of functions W: G —» C
which transform under the unipotent radical N = {(n,j)} of Bby W((n,)g) =
Y(ZiZl n,;.1)W(g). Then n ® x has a Whittaker model, which consists of
the functions W ® k: g +— W(g)k(g). We choose A:n - 7 ® kK to be
defined by AW = W ® k. Thenn(x)4 = k(x)An(x) for all x in G, since for
all g in G we have

@(x)AW)(g) = (AW)(gx) = k(@)W(gx) = K(x)K(g)(n(x)W)(g)

= Kk(x)(An(x)W)(g).

It is easy to see that this normalization commutes with the functor of
induction. By [BZ] a tempered G-module is equivalent to one normalizedly
induced from a square-integrable module, hence it has a Whittaker model.
Note that by a tempered or square-integrable module we mean an irreducible
one. Every irreducible G-module = is a quotient of a G-module /(¢ ® w)
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induced from the product ¢ ® u of a tempered module ¢ and an unramified
character u. We take A,: n+— 7 ® k to be the one obtained from
I(4,): I(e ® p)— I(@ ® k ® ), where 4,: ¢ — ¢ ® K is the operator
A, W, = W, ® k on the Whittaker space of g.

Put n(x) = 4 and n(¢ x k) = [, . ¢(gn(g)d dg for any ¢ as
above. This is an operator of finite rank; the trace is finite and denoted by

trn(p x k).

DErFINITION. The H-module t corresponds to the G-module nif 1 ® k ~ =
andtrn(¢ x k) = trt(f) for all matching functions ¢ on G and fon H. We
denote 7 by n(r) and 7 by t(n) if T and = correspond.

The definition of correspondence can be stated in terms of character
relations. The character y, of 7 is a locally constant function on the regular
set (distinct eigenvalues) of H with y,(zh™'xh) = w(z)x.(x) (z in Z(G); x,
hin H) such that trz(f) = jH/z(G) x:(h) f(h)dh for all f on H which vanish
on the singular set of H. A well-known theorem of Harish-Chandra [H]
asserts that y, extends to a locally integrable function on H, hence, that
tre(f) = j 1. (h) f(W)dh for all f. Similarly, the twisted character y, of
n(~n ® k) is a locally constant function on the regular set of G which
extends to G as a locally integrable function which satisfies yx,(zg) =
K(2) " w(2)x,(g) (gin G,z in Z(G)) and trn(@ x k) = [, 1:(8)P(g)dg
for all ¢ (see [C1]). It is easy to check that y, (g7 'xg) = k(g)x.(x) (g in G,
x regular in G). We have the following:

LemMmA Al. If gisregular in G and y,(g) # O then g is conjugate to an element
of H.

Proof. Since g is regular, its centralizer Z;(g) in G is isomorphic to the
product I1; L of the multiplicative groups of field extensions L, of F with
X, [L;:F] = n. Let N;: L, > F be the norm maps. Since x,(g) # 0, the
restriction of k to Z;(g) is trivial. Hence, x(I1; ;) = x(I1, N;/,) = 1 for all
(4)in(L). In particular, N,L < kerx = Ny E* foralli, hence L, > E for
all i by local class field theory. Consequently IT, L is isomorphic to a torus
in H (indeed, Z, [L,: E] = r = n/[E: F]), and g is conjugate to an element
of H.

Let {T'} denote a set of representatives for the conjugacy classes of tori
T in H and [W(T, H)] the cardinality of the Weyl group W(T, H) of
T in H. The Weyl integration formula on H asserts

[z, S W) ah - = {ZT}[W(T, H [ Ag(eP0, (1) dt,

T/|Z(G)
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where

Ay(t) = |det(Ad(r) — I)lL(H)/L(T)Il/Z’

and L(X) denotes the Lie algebra of a reductive group X. Let 7 o ¢’ be the
H-module (t o 6')(h) = t(d'h). It is clear that o,_,(h) = x.(¢'h), hence we
have:

Tog!

LEMMA A2. If f matches ¢, then tr(t o ¢')(f) = trt(f) for every t and i.
The Weyl integration formula for G asserts

fG/Z(G) d(g1.(g) dg = {;} [W(T, G)™ fT/Z(G) Ag(12D(t, )y, (1) dt,

where

Ag(t) = |det(Ad () — I)|L(G)/L(T)|”2-
We conclude

LEMMA A3. There exists a constant ¢ = c(hy) # 0 such that © and © corre-
spond if and only if A(h)y,(h) = ¢ Z¥Z! x.(6'h) for every h regular in G.

This gives an alternative definition of the correspondence, which implies
the following:

COROLLARY. T corresponds to m if and only if © o ¢' corresponds to n for
every i.

It is easy to deduce from linear independence of characters that at most
one 7 can correspond to 7, and at most one orbit {7 o ¢'(0 < i < k)} can
correspond to 7.

CONJECTURE B. The correspondence t — n(t) defines a bijection from the set
of orbits {1 o ¢'(0 < i < k)} of equivalence classes of tempered H-modules t
to the set of equivalence classes of tempered G-modules T withn ® k ~ =n. It
bijects orbits of length k with supercuspidal G-modules.

A stronger form of this conjecture is obtained on replacing “‘tempered”
by “unitary” and even “irreducible” in its statement.

PROPOSITION [B = A]. Conjecture B implies Conjecture A.
The proof of this Proposition consists of two lemmas.

LeEMMA B1. If conjecture B holds, then for every f there exists ¢, and for every
¢ there exists f, such that trn(p x k) = trz(f) for all corresponding n
and t.
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Proof. Given f, the form ®(n) = tr(z(n))(f) is a good form in the
terminology of [BDK] on the free abelian group F,(G) generated by the
equivalence classes of the irreducible tempered G-modules 7 with7® ® x ~ =.
By the immediate twisted analogue [F2; 1.7] of the Theorem of [BDK], the
form @ is a trace form, namely there exists ¢ with ®(n) = trn(¢p x k) for
all m. Conversely, given ¢ the form F(r) = tr(n(t))(¢ X k) is a good form,
hence a trace form by the Theorem of [BDK], namely there is an f with
F(t) = trz(f) for all 1.

LEMMA B2. If f and ¢ satisfy the relation trn(¢p x k) = trt(f) for all
corresponding . and t then ¢ and [ are matching.
Proof. Using the Weyl integration formulae, the assumption implies that

T T DI A0 [, BODG 6) = OGN0 dt = 0 (+)

for every H-module 7. Since t can be taken to be any H-module induced
from a character of the Borel subgroup B, of H, we conclude that ®(¢, 1) =
A(D)®_ (¢, ¢) for every regular ¢ in B,. By induction on the dimension of the
minimal parabolic subgroup of H which contains T, we may assume that
D¢, /) = AOD (2, ¢) for every regular ¢ which is not elliptic in H. Now, by
a well-known completeness result for characters of representations of compact
groups, and the Deligne-Kazhdan correspondence [F2; ITT] which transfers
this result from the context of the multiplicative group of a division algebra
to that of the general linear group, we have the following. The characters of
the square-integrable H-modules form an orthonormal basis for the space
of conjugacy invariant functions y on the elliptic set of H, which transform
under Z(G) according to w, with respect to the inner product

Gy = 3 W HINTIZGN Aye) [, x0T dr.

{T}e

Here {T'}, indicates the set of elliptic tori in {T'}. Since ®(¢, ) = A@)D, (¢, )
on the non-elliptic set, the lemma follows from ().

Next we describe an explicit form of Conjecture A in the special case of
spherical functions; this form implies (in a non-trivial way) Conjecture B.
A function f is called spherical if it is K,-biinvariant, and ¢ is spherical
if it is K-biinvariant. Of course, spherical functions exist only when w is
unramified, namely it is trivial on R*. The explicit form of Conjecture A will
assert that if one of ¢ or fis spherical, then the matching function can be
taken to be also spherical. In fact, the matching spherical function can be
specified explicitly, as follows.
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Let = be a generator of the maximal ideal R — R* in R, and ord the order
(additive) valuation of F normalized by ord (z"u) = m (u in R*, m in Z).
Then |x| = ¢ ™, where q is the cardinality of the residue field R/(n).
For any n-tuple z = (z;, . . ., z,) of non-zero complex numbers, define
an unramified character of the upper triangular subgroup B of G by z:
(b;) — II,z®) (here b, ; = 0if i > j). Denote by 6" the character defined
byz = (g" V2, ¢q" Y2, ..., q1="7). Let I(z) denote the G-module normal-
izedly induced from the B-module z; thus I(z) = Ind (z6'?; B, G), where
Ind (z; B, G) signifies unnormalized induction from B to G. The symmetric
group W = S, on n letters acts on C*” by permutation, and /(z), I(z’) have
equal characters (namely /(z), I(z") are equal as virtual representations) if
and only if the images of z and z’ in C*"/S, are equal. An irreducible
G-module n is called unramified if it has a non-zero K-fixed vector. The
composition series of /(z) contains a unique unramified constituent n(z), and
every unramified G-module 7 is of the form n(z) where z = z(=) is uniquely
defined by = in C*"/S,. Namely the map z +— n(z) is an isomorphism from
C*"/S, to the set of equivalence classes of unramified G-modules.

Let E be the unramified extension of F of degree k. For each z,, in C** we
introduce the normalizedly induced H-module I(z;) and its unramified
constituent 7(z,), and note that the map z, +— n(z,) defines a parametriz-
ation of the set of equivalence classes of unramified H-modules by the
manifold C**/S,.

If = is admissible and =; are its composition factors (repeated according
to their multiplicities) which satisfy n, ® k ~ =;, we write trn(¢ x k) for
I, trm(¢d x k). It is clear that if ¢ is spherical and trn(¢ x k) # 0, then
7 has a K-fixed non- zero vector. In particular, we have tr (/(z))(¢ X k) =
tr(n(z))(¢ x k) for every z and spherical ¢. Since the linear forms
trm (¢ x k),...,trm(¢ X k) in ¢ are linearly independent if r,, . . . , =,
are irreducible, inequivalent and satisfy n; ~ 7, ® k(1 < i < j), itisclear
that ¢ = 0if ¢ is spherical and trn(¢p x k) = 0 for all unramified = (which
is irreducible with 7 ~ n ® k). A simple, standard computation of the
character of an induced representation, implies the following:

LEMMA B3. Let { denote a primitive kth root of 1 in C. For any z, in C**, the
H-module 1(z%) corresponds to the G-module 1(z(zy)), where z(z,) =
(zH’ CZH, szH’ AR Ck—“lH)'

Here, zf, = (zfy) if 2, = (z,y) (1 < i< r), and az, = (0z, ) for a
in C. Note that I(z,) and I(z) are irreducible if z,,, # q{'z,, for all i, j
(1 <ij<r0<I < k)by[BZ], hence, n(z,) corresponds to 7n(z) in this
case.
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DEerINITION. The spherical functions ¢ on G and f on H are called corre-
sponding if tr (I(z))(f) = tr(I(z(z,)))(¢ x x) for all z,, in C**.

In view of the comments above, for each spherical ¢ (resp. f) there is
at most one corresponding spherical f (resp. ¢). The existence of f, and
analogously ¢ is assured by the theory of the Satake transform, which asserts
that each rational function on C**/S, is of the form z, > tr(n(z,))(f) for
a unique spherical f.

CONJECTURE C. If the spherical ¢ and f are corresponding, then they are
matching.

Namely, corresponding spherical ¢ and fhave matching orbital integrals.
Note that A(h) = |A(h)|if k is odd, and A(h) = |A(h)|(—1)°¢@® if k is even.

A special case of Conjecture C is of crucial importance. Let ¢° be the unit
element of the convolution algebra of spherical functions on G, and f° that
on H. If n is irreducible with n ® k ~ =, then trn(¢° x x) is equal to one
if 7 is unramified, and to zero otherwise. If 7 is irreducible then trz(f°) is
one if 7 is unramified, and zero otherwise. In particular, the unit elements ¢°
and f° are corresponding.

CONIECTURE C,. The unit elements ¢° and f° are matching.
Conjecture C,; is a special case of Conjecture C, but a straightforward
analogue of the proof of Theorem 19 in [FK1] implies the following

ProposITION [C, = C]. Conjecture C, implies Conjecture C.

Note that the proof of [FK 1], Theorem 19, is non-trivial; it relies on the
trace formula and the usage of regular functions.

Conjecture C, is of crucial importance in the study [FK 1] of the metaplectic
correspondence. In §12 of [FK1] it is shown that Conjecture C, implies the
analogous transfer of ¢° to the unit element @° of the Hecke algebra of
genuine functions on an m fold covering G of G, namely that ¢° and ¢° are
matching. This is used in [FK1], §19, to derive the statement analogous to
Conjecture C, that corresponding spherical ¢ and ¢ are matching. In the
case of r = 1, Conjecture Cis proven in Kazhdan’s fundamental work [K1],
and the Theorems of [FK1] are deduced for the case specified in [FK1],
Corollary 12, namely the case where m is prime to all composite integers
bounded by n.

Standard techniques (see, e.g., [K1], [FK1], and [F2]), which rely on the
trace formula and the fact that the rigidity theorem is known for our H
and G, imply the following

PrOPOSITION [C = B]. Conjecture C implies Conjecture B.
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Let 7, be the trivial H-module, and =n, the (irreducible) G-module
I(x, k%, . . ., k) normalizedly induced from the character (a; ) — IT1,x'(a;;)
of the parabolic subgroup P, of type r = (r,r,...,r) of G. Here
a,;(1 <i,j < k) are r x r matrices with entries in F, a;; are invertible
(1 <i<k)andg; = 0ifi > j. Note that k(a;,) is x(deta; ;). Both 7, and
7, are unitary, and unramified if « (hence E/F) is unramified. The arguments
which imply Proposition [C = B] establish also that Conjecture C implies
the following

CONJECTURE B,. The H-module 1, corresponds to the G-module m,.

Let st,, be the Steinberg H-module, and st the Steinberg GL(r, F)-module.
Put n(st) for the irreducible G-module I(st ® «, st ® k%, ..., st ® k*)
normalizedly induced from the P,-module (¢, ;) — ®f_, [(st ® «')(a;,)]. By
virtue of a well-known formula, expressing the character of the Steinberg
representation as an alternating sum of characters of representations
induced from one dimensional representations of the parabolic subgroups,
Conjecture B, is equivalent to the following

CONJECTURE B,. The Steinberg H-module, sty corresponds to the G-module
n(st).
This is a special case of Conjecture B.

REMARK. As explained in [FK2], it suffices to prove our conjectures only for
F of characteristic zero. They follow for F of positive characteristic on using
[K3].

1. Theorems
The aim of this paper is to prove the following

THEOREM 1. Conjecture B, implies Conjecture C.

In particular, conjectures B, and C, are equivalent; they imply all other
conjectures here. In the appendix we prove Conjecture B, in the case where

= GLQ2, F)and H = GL(1, E) is a torus of G.

The proof of Theorem 1 is global. It relies on the trace formula. We work
with a cyclic extension E/F of degree k of global fields. At a place v of F
which stays prime in E, the tensor product E, = E ®; F, is a cyclic field
extension of degree k of the completion F, of F at v, this is the case of a local
field extension considered so far. At a place v of F which splits E we have
E,=EQ®:F, =F ®...® F](r copies), where F, is a cyclic extension
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of F, of degree k’, and k = k’r’. There is a generator o of Gal(E/F)
whose restriction to the decomposition group at v maps (x;, . . ., X,) to
(6'x,, 0'x,,...,0'x,_,), where ¢’ generates the galois group Gal(F,/F,).
In particular, identifying F, with the diagonal in E,, we obtain

NE,,/F,,(xla s X)) = Negp(xx, ... X, ).

The image of E, under the norm map N . is N, F,, and the character «,
is taken to be a character of F* whose kernel is Ny F, ™.

The group H, = GL(r, E,) = GL(r, F.)" is embedded in the diagonal
subgroup of type (rk’, ..., rk’) in G, = GL(n, F,), by embedding GL(r, F,)
in GL(rk’, F,) as usual. Let N, be the unipotent radical of the upper tri-
angular parabolic subgroup P, of G, of type (rk’, . . ., rk’). For h in the
standard Levi subgroup M, of P,, put o, (k) = |det Ad (h),,|. Given a
function ¢, on G,, define a function ¢, , on M, by

Gunh) = 82 [ [, $u(k™'hnk) dn dk

where K, = GL(n, R,). The centralizer T, in G,, of a regular 4 in M, lies
in M,. Put

AN.,,(h) = Idet(Ad (h) - I)L(Nv)la

o (h ¢,) = G K, (%) @, (x ™' hx) dX,
and
o, (h ¢, n) = K, (X) P v (67" hX) di.

T,\M,

A standard integration formula asserts that for every 4 in M, regular in G,
we have

Ay (WD (h, &) = B (h, ), y)

Hence, the question of matching ¢, with f, on H, is reduced to matching ¢,, 5
on M, with £, on H,, namely to matching functions on GL(r, F)) and on
GL(rk’, F,). By induction on k we may assume in our global study of
Theorem 1 that this transfer, for k&’ < k, is available, for ordinary (Conjec-
ture A) and spherical (Conjecture C) functions.



284 Y. Z. Flicker

REMARK. Suppose, by induction on k, that Conjecture B holds for k' < k,
namely given an irreducible GL(r, F,)-module 7,, there exists a correspond-
ing GL(rk’, F,)-module n(z,). Denote by I(n(1,,) ® . .. ® n(t,)) the G,-
module normalizedly induced from the P,-module n(7, ) ® . .. ® n(t;,)
(on M, extended trivially across N,). Then a standard computation of the
character of an induced representation implies that

tr{f(n(r,,)) ® ... ® wlre N, X Kk,) = tr(7,, @ ... ® 7, )f,)

for all matching ¢, on G, and f, on H,. Consequently, the H,-module
T, ® ... 1, and the G,-module I(n(r,,) ® . . . ® n(r,,)) are corre-
sponding,. It is then clear that Conjecture A, B, C, suitably stated in the case
of a place v of F which splits in E, reduce at once to the analogous
conjectures with k’ replacing k. In particular, these conjectures hold for a
place v of F which splits completely in E, for then &’ = 1. We shall use this
fact in our global study below.

To prove Theorem 1 we shall now formulate Theorem 2, which is a global
lifting theorem, whose local analogue is Conjecture B.

Let E be a cyclic extension of degree k > 1 of a global field F. Denote
by A and A the rings of adeles of F and F. Put G = GL(n, F) and
H = GL(r, E), G, = GL(n, F)) and H, = GL(r, E,), G(A) = GL(n, A)
and H(A;) = GL(r, A;). Here F, is the completion of F at a place v, and
E, = E ®; F,isthedirectsum F, @ ... @ F, of r, cyclic extensions F, of
F, of degree k., where r k., = k. Conjectures A, B, C are stated for v which
stays prime in E/F, thus r, = 1 and E, = F, is a field; this is the crucial
case, and the other cases are reduced to it by induction. Therefore, we
treat the cases of v which split in E/F only paranthetically. In any case,
H, = GL(r, F,) will be regarded as a subgroup of G,, and H(A;) of G(A).
We also denote by Z(A) the center of G(A), and fix a unitary character w
of Z(A) = A* which is trivial on Z(F) = F*. Fix a character xk of A*/F*
whose kernel is the norm subgroup F* Ny Az . It corresponds to E by
global class field theory. The local components of w and x will be denoted
by w, and k,; they are unramified for almost all v.

If v is a non-archimedean place of F where w, and k, are unramified, we
let H(G,) be the Hecke algebra of complex-valued K, -biinvariant functions
¢, on G, with ¢,(zg) = x,(2)*"“ 2w, (2)¢,(g) (¢ in G,, z in Z,(G,)) which
are compactly supported modulo Z,. A Hecke operator is the operator of
convolution with a Hecke function. Let L(G) be the span of the set of
complex valued functions ¢ on G\G(A) with (1) Y(zg) = k()** 2wz (g)
(zin Z(A), g in G(A)); (2) there exists an open compact subgroup U, of
G(A,), where A, is the ring of finite adeles, with y(gu) = y/(g) for all y in
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U,; (3) ¥ is an eigenvector of all Hecke operators in H(G,) for infinitely
many places v. Then L(G) is the space of automorphic forms (see [Av]). G(A)
acts by right translation, and by an automorphic G-module we mean any
irreducible constituent of the G(A)-module L(G). Let L*(G) be the space of
Y in L(G) such that |y|? is integrable on Z(A)G\G(A). An automorphic
G-module which occurs as a direct summand in L*(G) is called a discrete-
series G-module. The function ¥ in L*(G) is called cuspidal if for every
proper F-parabolic subgroup P of G we have | NN Y(nx) dn = 0 for every
x in G(A), where N is the unipotent radical of P. The space L,(G) of
cusp forms splits as a direct sum with finite multiplicities (for any reductive
group G) of irreducible discrete-series G-modules, called cuspidal. In our
case of G = GL(n), these multiplicities are all equal to one.

Analogously, we introduce automorphic, discrete-series and cuspidal
H-modules 7 on replacing G, by H,, K, by K(H,) = GL(r, R;)), G(A) by
H(A;) etc., except that condition (1) in the definition of L(H) is still phrased
with Z(A), namely, it is Y(zh) = w(@Y(h) (z in Z(A), h in H(A)), rather
than with the center Z,(A;) of H(Ay).

We denote G(A)-modules by n, and H(A;)-modules by 7. If = is
irreducible, then it is the restricted tensor product ®,x, over all places v of
F of G,-modules 7, which are unramified for almost all ». If 7 is irreducible
then it is the product ®,z, over all places v of F of H,-modules t, which are
unramified for almost all ». The notion of local correspondence is defined
above for unramified 7, and 7,.

DEerINITION. The irreducible G(A)-module = and H(A;)-module t corre-
spond if the G,-module 7, and the H,-module 7, correspond for almost all
places v of F. Write n(t) for n and t(r) for 7 if = and t correspond.

It follows at once from the rigidity theorem for automorphic forms on
GL(n) of [IS] that at most one automorphic non-degenerate G-module n
may correspond to a given t, and in this case n is equivalent to 1 ® k. If 7
is automorphic and corresponds to «, then t o ¢’ corresponds to = for each
i(0 < i < k), and it is not hard to deduce from Proposition 3.6 in [JS] that
at most one orbit {z o ¢'(0 < i < k)} of cuspidal H-modules may corre-
spond to a given n. If 7 is a cuspidal H-module with © ~ 7 o g, then there
exists a cuspidal GL(r, A)-module 7. whose base change lift (see [AC]) is t.
It is easy to see that t corresponds to the induced automorphic G-module
It @ T,k ® ... ® 1671,

Our proof of Theorem 1 is based on the following

THEOREM 2. The correspondence © — m(t) defines a bijection from the set of
orbits {1 o ¢’ (0 < i < k} of cuspidal H-modules t witht % 1 o o, to the set
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of cuspidal G-modules n with m ® k ~ 7. If the cuspidal m and t correspond
then m, and t, correspond at each place v where m, and t, are unramified, and
at each place v which splits in E/F.

This is proven for n = 2 by simple means in [F3a], and in [AC], I11.6, for
alln > 2, as a consequence of the theory of base-change for GL(n) (n = 2
in [F3a]). Theorem 2 concerns, and is used below in the context of, = with
no elliptic components. Its proof relies on Arthur’s computations [A] of the
contribution to the trace formula from Eisenstein series; these computations
are also used in the proof of the k-Trace Formula below. The local theory
of base-change for GL(n), and the global theory for cuspidal representations
7 with a supercuspidal component, is established in [F3b] by elementary
means. However, this special case does not seem to imply any form of
Theorem 2 which would suffice for us to prove Theorem 1 for n > 2.

To explain the way in which Theorem 2 is to be used, we recall the simple
trace formula of [FK1], §18, in the context of the group H(A,). For every
place v of F fix a Haar measure dh, on H, such that the product of the
volumes of K(H,) converges. Put dh = ®dh, for the product measures on
H(A;). The trace formula will be stated for a measure fdh, where fis a
smooth function on H(A;) which transforms under Z(A) by ™' and is
compactly supported modulo Z(A), of the form f = ®,f,, where f, are
functions on H, which are equal to the unit element £ of the Hecke algebra
H(H,) of H, for almost all (non-archimedean) places v of F. The trace
formula is usually stated for a function which transforms according to a
character of the center of H(A;) rather than Z(A), but the adjustments
required in the proof are trivial.

The simple trace formula is stated not for a general function f, but for a
well-chosen f. Let 4” be a non-archimedean place of F which splits completely
in E such that w, is unramified. Put J = GL(r, F,). Then H, = J*. Fix
supercuspidal J-modules j’(1 < i < k) whose central characters are wl/f
such that j? # j? ® « for every i’ # i and character « of F*. Let f; be a
normalized matrix-coefficient of j°. Thus tr j(f;) = 1 and trj(f;) = 0 for
every irreducible J-module j with central character w!/* which is inequivalent
to j°. Let f; be the product of f; and the characteristic function of the subset
n, J® of J, where m,. is a local uniformizer at u”, and J° is the set of elements
in J whose eigenvalues have valuations which are all equal to one. Put f” for
the function f ® ... ® f on H,, and f,. for f,«(h) = j f'(zhw,(2)dz,
where dz is the measure on Z, which assigns the volume one to Z,, n K,..
The function £, on H, transforms under Z, according to w_', and has the
property that trt,.(f,) is zero for every irreducible H,-module 7,. which
transforms by w,. on Z,, unless . is the product of j,, ® . . . ® ji, with
an unramified character of the center of H,. whose restriction to Z, is one.
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The simple trace formula will be stated for a function f whose component
at u” is the above f..

Let u” # u” be a place of F which splits completely in E such that o, is
unramified. To specify the component of fat v/, let ¢, be a regular function
on G, . Recall (e.g., [FK1]) that by that we mean that ¢, is a function with
the usual properties of a function ¢, which is supported on the set of g in
G, whose eigenvalues lie in F* and have distinct valuations, such that the
normalized orbital integral F(g, ¢.) = A,(g)P(g, ¢.) depends only on the
valuations of the eigenvalues of g. If N is the unipotent radical of the
standard parabolic subgroup of type (r, . . ., r) then the functionf,) = ¢,
is a regular function on H,, which matches ¢,,.

TRACE FORMULA. For f = & f, whose components at u” and u’ are as above
we have

> tre(fdh) = {2; |Z(y, HA)/Z(A)Z(y, H)|D(y, fdh).

On the left the sum ranges over all cuspidal H-modules t which transform under
Z(A) by w and whose component t,. at u” is a multiple of j),, ® ... ® ji.
by an unramified character (and t, is unramified). In particular © # 1 o 0.
The sum on the right is finite and ranges over a set of representatives {y} for
the conjugacy classes of regular elliptic elements in H/Z(G) which are elliptic
in H,. In the volume factor, Z(y, X) is the centralizer of y in the group X.

It is clear that the term indexed by y on the right is independent of the
choice of measure on Z(y, H(A)). Note that the choice of f,. amounts to a
choice of k(> 2) components, at k places of E, which are supercusp forms.
Then our trace formula follows, with minor modifications due to the choice
of center, from [FK1], §18.

We also need the trace formula for G, twisted by x. This formula will be
stated for a product measure dg = ®,dg, on G(A), and a test function
¢ = ®¢, on G(A) with the usual properties. Namely, each ¢, is smooth,
satisfies ¢,(zg) = x,2)*"* 2w, (2)"'¢,(g) (z in Z,, g in G,), and is com-
pactly supported modulo Z,. For almost all v this ¢, is the unit element ¢?
of the Hecke algebra H(G,). The trace formula which we need is related to
the operator

(r(pdg x W) = [0 DKW () dg

on the space L,(G) of cusp forms. Namely, it is twisted by the operator r(k):
Y(x) - k(x)y¥(x). We need this formula only for a function ¢ whose local
components ¢, match the local components f, for every v. In particular, we
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take ¢, to be a function which matches the function f, which depends on
the supercuspidal J-modules j’(1 < i < k), and ¢, is taken to be the
regular function ¢, mentioned above in the context of the trace formula
for H.

DEFINITION. Let m be a positive integer. The regular function ¢, is called
m-regular if F(g, ¢, ) is zero unless g has the following property. For every
subset 4 of {1, 2, . .., n} of cardinality a (1 < a < n/2), we have

1 1
Z Z ordu'(gi) - m Z Ordu‘(gi) > m,

ieA i¢gA
where g,, . . ., g, are the n eigenv- ues of g.

k-TRACE FORMULA. For every ¢* = @, (v # u') as above there is
m = m(¢*) such that for every ¢ = ¢* ® ¢, with m-regular ¢, we have

Yun(pdg x k) = 3 |Z@y, HA)Z(A)Z(©, H)D.(v, ¢ dg).

{7}

The sum on the left ranges over all cuspidal G-modules m withm ® k ~ =,
central character k**~Y2¢) and component at u' which is induced from
the product of an unramified character and the supercuspidal H,-module
J® ... ® j). The sum on the right is finite; it ranges over all conjugacy
classes {y} of regular elements y in G/Z(G) which have a representative in H
and are elliptic in H,.

REMARK. The integer m depends only on the support of ¢* modulo con-
jugacy in G(A¥).

Proof. The trace formula is obtained on integrating over G(A)/Z(A) the
restriction to the diagonal x = y of two different expressions for the kernel
K(x, y) of the integral operator r(¢ dg x k) on L(G). One expression is
Z, k(x)¢p(xyy~'), where y ranges over G/Z. If ¢p(xyx~') # 0, then y has
distinct eigenvalues since ¢, is regular. If y is not elliptic in G then there is
a(l < a < n/2) such that a conjugate (y’, 9”) (in the obvious notations) of
y lies in the standard (diagonal) Levi subgroup of type (a, n — a). Put

s = Y, s, wheres, = |ord,(dety’))/a — (ord,(dety"))/(n — a)|.
v#EU
Then s, = 0 for almost all v, and there is an integer m > 0, depending on
the support of ¢*, but not on a or y, such that s < m. If f,. is m-regular then
the product formula Z, ord,(x) = 0 on («x in) F* implies that f(xyx~") is
zero for every x in G(A) and y in G which is not elliptic (regular).
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A standard change of integration (over G(A)/Z(A)) and summation (over
the elliptic regular y in G/Z) leads to

% [Z(0, G(AD/Z(R)Z (5, G) D (0, ¢ dg).

The sum ranges over the conjugacy classes {0} of the elliptic regular é in
G/Z. The proof of Lemma Al implies that if ® (5, ¢ dg) # 0 then a con-
jugate y of 6 lies in H. Then Z(8, G) = Z(y, H). Consequently, we obtain
the right side of the k-trace formula.

The second expression for the kernel involves an orthonormal basis
of the space L(G). Although the left side of the x-trace formula is very
simple - involving only cuspidal G-modules - and suggests that the
operator r(¢pdg x k) on L(G) factorizes through the projection to
Ly(G), we do not know (at present) to prove this a-priori. Instead
we use the explicit computations of the integral over G(A)/Z(A) of
the restriction to the diagonal of the second expression for the kernel
given in Arthur [A]. Our argument above, concerning the regular com-
ponent ¢,, implies that the truncation applied in [A] is trivial for our
¢. The computations of [A] are carried out with x replaced by 1, but
since the operator r(k): Y(x) - x(x){(x) fixes all parabolic subgroups,
these computations apply with trivial modifications in our twisted case
as well. The result of these computations is given (for k = 1) in [A],
theorem 8.2. It is too complicated to recall here fully. All that we need
is the partial description, with a general x, which is given in [F1], §12,
p. 170 (our k is denoted there by ¢, and we need the case of ¢ = 1 in
[F1]). Our argument here is similar to that of [F1], §12, where analogous
(but different) vanishing result is proven.

In the discussion of [A], (8.2) (=[Fl], §12), we use the following
remark. Denote by j any supercuspidal H,-module which is obtained
as the product of the fixed supercuspidal j° = j° ® ... ® j¢ chosen
above, and an unramified character. Denote by I(j) the G,-module
normalizedly induced from the representation j ® 1 of the upper tri-
angular parabolic subgroup H,.N of G,. The choice of the j°, with
the property that j° # j® ® « for all i’ # i and characters a« of J,
guarantees by Theorem 4.2 of [BZ] that I(j) is irreducible for every j.
It is clear that the function ¢, with ¢, , = f, can be chosen so that
the operator n,.(¢,dg,.) factorizes through the projection on the connected
component of the I(j) in the Grothendieck group R(G, ) of G, (see [BD]).
We record this fact as the following:
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LEMMA. For every irreducible G,-module m,
n,. (P, -dg,) is zero unless m,. is of the form I(j).

We now return to the computation of the representation theoretic side
of the k-trace formula, and the computations of [A], (8.2) (or [F1], §12).
The terms which appear depend on various parameters. First, we have
a standard Levi subgroup M of G (containing the diagonal subgroup M,),
and an element s of the Weyl group of M in G. Then we have a unitary
discrete series representation ¢ of M(A) such that so ~ ¢ ® k. If M is of
type (n,, . . ., n,), and correspondingly ¢ = 9, ® . .. ® g,, the s acts by
permuting the indices. Since x is of order k, the set {o; ® x/(0 < j < k)}
is contained in the set {g;(1 < j < a)} for every i(1 < i < a). The terms
themselves involve an integral and a sum, and the integrand itself is the trace
of some intertwining operator ., (P, A)M (P, s) (in the notations of [A],
p. 1324, 1.-2), acting on the convolution operator I(¢ ® ¢*; ¢dg x k) (in
our notations, where ¢ is some unramified character on M (A)/M (F)). The
component at u” of this convolution operator is of the form I(g, ® ¢;
¢,-dg,); note that k. is 1 since u” splits completely from F to E. The Lemma
implies that this component is zero unless g, is of the form j. In this case we
have that #n; is a multiple of r for every i(1 < i < a), hence a < k. Since
J # j? ® a for all i’ # i and «, considering the component at «” (where
k, = 1) of the global relation¢,;, ® ... ® 0,,, = O,k ® ... ® g,k, we
see that s = 1. Hence the discrete-series GL(rb;, A)-module g, satisfies
0; ~ 0; ® k, and k divides n, = rb,. Moreover, it is clear from the condition
on the j° that the g, are cuspidal and the automorphic I(¢ ® ¢*) are irreducible
and non-degenerate.

To prove that the representation theoretlc side of the k-trace formula is
as asserted, we need to prove that ¢ = 1, namely that 1 = I(g) = ¢ = g,
is cuspidal. Indeed, if this is the case then M = G and the integral of [A],
Theorem 8.2, reduces to a point. The corresponding contribution to the
trace formula is of the form trn(¢ dg x k), as required.

If a # 1 then b, < k, hence by induction on k, since the cuspidal
GL(rb;, A)-module g, satisfies g, ® k ~ g,;, there exists a unique orbit
7,0 67(0 < j < k) of cuspidal GL(rb,;/k, A)-modules which correspond to
0;. In particular, the H(A;)-module I, = I(r; ® ... ® t,) corresponds to
the G(A)-module I = I(g;, ® ... ® g,). At u”, the component 1, of T; 18
of the form ®;7,,,;(1 <j < k) hence the component I, = I(¢,,, ® ... ®
0..) of I'is of the form I(®, ;7,, ;), and the g, . are of the form ®,],.° for
some set of indices i. Now each of the 7 . ;is a GL(rb,/k, F,)-module, while
the supercuspidal j? are GL(r, F,,) = J-modules. Since rb,/k < r for all i we
obtain a contradiction, implying that ¢ = 1, and the proof of the k-trace
formula is complete.

the convolution operator
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REMARK. A special case of the k-trace formula for a test function with »
elliptic components at places of F which stay prime in E would suffice for
our proof of Theorem 1. For the precise statement see the “Alternative
proof” at the end of Section III, below.

I11. Proofs

Our proof of Theorem 1 depends on a comparison of the two trace formulae.
It is a new application of the trace formula, which is different than the
standard way in which it is used. The standard approach, on which the proof
of Proposition [C, = B] is based, compares the group theoretic sides of
the trace formulae, which involve orbital integrals, and extract lifting
consequences from the resulting identity of the representation theoretic sides
of the formulae. Our approach reverses this order. For a suitable choice of
test functions f and ¢ we compare the representation theoretic sides of the
formulae; careful choice of the components of fand ¢ compensates for the
fact that the local correspondence is not available. We then conclude the
required matching properties of the orbital integrals in question from the
resulting identity of the group theoretic sides of the trace formulae.

We indicate two approaches for the construction of the test functions f
and ¢, and the completion of the proof of Theorem 1. In both of these
approaches we regard the unramified cyclic extension E,/F, of local non-
archimedean fields under construction as the completion at a place u of a
cyclic extension (of the same degree) of global fields E/F. There is no
difficulty in choosing the components £, and ¢, of fand ¢ at a place v of F
which does not ramify in E. The first approach is based on using regular
functions at the ramified places; it relies on the results of Kazhdan [K1] in
the case of r = 1. Conjecture B, will not be used before the final lines of the
proof. The second approach is based on applying Conjecture B, at each
place v of F where there is ramification. Moreover, as alluded to in the
Remark following the proof of the k-trace formula, assuming Conjecture B,
at sufficiently many (n or 2, depending on which form of the trace formula
is used) places of F which stay prime in E, we can give a different proof
for a special case of the k-trace formula which suffices for our proof of
Theorem 1.

In the first approach we use two special cases, of Conjectures B, and A,
when r = 1, due to Kazhdan [K1], which we now state. Suppose that E/F
is a cyclic extension of degree k of local non-archimedean fields. Then
we have:
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PROPOSITION 1. The trivial character of GL(1, E) = E* corresponds to the
normalizedly induced irreducible GL(k, F)-module I, = I(1, k, &, . . ., k¥*7").

COROLLARY 2. For every character p of F*, the GL(1, E)-module n =
o Ny corresponds to the GL(k, F)-module I (1) = p ® 1.

COROLLARY 3. For every r-tuple u,, . . . , u, of characters of F*, the induced
H-module I(n) = I(n,, . . ., n,), where n, = p, o N, corresponds to the
induced G-module I.(p) = I(L.(1,), . . ., L.(1,)).

Proposition 1 is due to [K1], Corollary 2 is an immediate consequence,
and Corollary 3 follows from a standard computation of the character of an
induced representation. In particular, by definition we have

COROLLARY 4. For all matching f and ¢ we have tr (I(n))(f) = tr(I(w)(¢ x k).
Of course, we also have the following easy

LEMMA 5. For every ¢ on G such that ®.(g, ¢) is supported on the set of g
in G which are regular (and have a conjugate in H), there exists a matching
fon H. Conversely, for every f on H such that ®(h, f) is supported on the set
of h in H which are regular in G, and satisfies ®(ah, f) = ®(h, f) for all h,
there exists a matching ¢ on G.

Indeed, on the regular set both ®(4, 1) and A(h)®, (h, ¢) are locally constant.

Let ui, . .., 4/ be (unitary) characters on F*, put n/ = p/ o Ny, and
suppose that #;/n; is ramified for all i # jand I1,n; = w on F*. Let f,. be
a function on H with (A,®)(h, f,) equal to X, I1,%/(h, )" if h has eigen-
values #,(1 < i < r) in E* with ordh; = i, and zero otherwise. The sum
ranges over w in the symmetric group S, on r letters. We have

PROPOSITION 6. If T is an irreducible H-module with trt(f,) # 0 then
v = I(n), where n = (n,, . .., n,), n; are characters of E* and n,/n; are
unramified.

Proof. Apply the Weyl integration formula to tr =( f,/). Since £, is regular,
the Theorem of [C] (see [FK 1], §14) applies; it implies that the 4-module of
N-coinvariants (or N-homology) t, of t (4 is the diagonal in H, N the
unipotent upper triangular subgroup of H) contains a copy of a character
n of A as asserted in the proposition. By Frobenius reciprocity 7 is a
constituent of the induced H-module I(y). But I(y) is irreducible by
Theorem 4.2 of [BZ], since the #;/n; are chosen to be ramified, as required.

Let f* be a pseudo-coefficient of the Steinberg H-module st (see [K2]).
Thus, by definition trt(f*) = 0 for every tempered irreducible H-module
t inequivalent to st,, and trst,(f*) = 1. By [Z], Theorem 9.7(b), we
conclude that trz(f *) = 0 for every non-degenerate unitary t inequivalent
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to st,. In addition to proving the existence of such f*, it is shown in [K2]
that ®(h, f *) is zero at each regular non-elliptic # in H, and

Oh, fNZ(h, H)ZH) = (x(stp)) () = (1)

at each elliptic regular 4 in H, where y(sty) is the character of st,. Implicit
is a choice of a Haar measure dh on H. It is chosen to satisfy | Z(H)/Z(G)| = k
(note that E*/F* is compact).

Similarly, let ¢* be a pseudo-coefficient of the irreducible G-module
n(st) = I(st ® k, st ® k%, ..., st ® k*) of Conjecture B,. This n(st) is an
isolated point in the variety of k-invariant tempered G-modules, and ¢* is
defined to be a function with tr n(¢* x k) = 0 for every tempered irreduc-
ible k-invariant G-module n inequivalent to n(st), and tr (n(st))(¢* x ) = 1.
Further, we have trn(¢* x k) = 0 for every unitary non-degenerate
k-invariant G-module 7 inequivalent to n(st). The methods of [K2] apply in
this twisted case to show that a pseudo-coefficient ¢* exists, and has the
property that @, _(h, ¢*)is zero if 4 in H is regular in G but not elliptic, while
if A is elliptic regular in H then

O (h, %) Z(h, G)/Z(G) = (x(n(st))(h).
In particular f* and ¢* are matching, and in summary we have:

PROPOSITION 7. There exist matching functions f* on H and ¢* on G,
such that (1) ®(h, f*) is zero if h is regular non-elliptic, and non-zero if
h is regular elliptic; (2) trt(f*) is zero for every unitary non-degenerate
irreducible T inequivalent to sty, and trsty(f*) = 1; (3) trn(¢* x k) is
zero for every unitary non-degenerate irreducible m inequivalent to n(st), and
tr (n(st)) (¢* x k) = 1.

We shall now begin the proof of Theorem 1. We are given a cyclic
unramified extension E,/F, of local non-archimedean fields, and corre-
sponding spherical functions ¢, and f,”. We have to show that ¢” and f,” are
matching. By a standard integration formula (F(h, f,”) = FM(h, f,}) if his
regular and lies in the Levi M of a parabolic P = MN with unipotent radical
N; see, e.g., [FK1], §7), it suffices to prove that ®(h, f,") = A(h)D(h, ¢?) only
for h in H,, regular in G,, which are elliptic in H,, hence also in G,.

For the proof we take a cyclic extension E/F of global fields with
[E:F] = [E,: F,] = k, such that at some place u of F the completions of E
and F are the given local E, and F,, and such that each archimedean place
of F splits in E. Such E/F is easily constructed, but it is not clear to me if
it can be chosen to be everywhere unramified. We fix a global unitary
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character w whose component w, at u is the one which appears in the
definition of ¢, and f,’. We fix a non-archimedean place u” of F which
splits completely in E such that w,. is unramified. Fix matching functions f,/
and ¢, related to the supercuspidal H,-module j, ® ... ® jl,., as
in the statements of the Trace Formula and the k-Trace Formula. Let
u;(1 < i < I)denote the places of F which ramify in E. Fix regular match-
ing functions f,” and ¢;, as in Proposition 6 for each i(1 < i < I).
Let y” be a regular elliptic element of H,. Our aim is to show that

(", L) = AR, 6y).

Since both sides of this equation are locally constant as functions in y’, and
H = GL(r, E) is dense in H H,II,H,, we may assume that y” is regular
elliptic rational element of H, with the property that ®(y’, f,’) is non-zero for
v = ¥” and v;,(1 < i < I). The centralizer of y" in H is isomorphic to the
multiplicative group D> of a field extension D of F of degree r. Fix a
non-archimedean place «'(# u, u”) of F which splits completely in D, such
that w, is unramified and the eigenvalues of y” are all units at . Fix a place
w(#u, ', u”, u;) of F which splits completely in E; it is taken to be
archimedean if F is a number field. At each non-archimedean place v of F
other than u, u’, u”, u;, w,letf,” and ¢, be corresponding spherical functions
with ®(y’, 1)) # 0 and ®_(y’, ¢,) # 0. For almost all v these are taken to
be the unit elements £ and ¢°.

Denote by u/(1 < i < n) the places of D over the place ¥’ of F. For
every positive integer m there exists an element 6 = J,, in D* such that
(1) ord,(6) = 0 for every finite v # u/; (2) Z}_, ord,(6) = 0; (3)

! Y ord, () — n_i— Y. ord,(8)| > m

ied i¢gA

for every non-empty proper subset 4 of {1, . . ., n} of cardinality a. If Fis
a function field this is a consequence of the Riemann-Roch theorem. What-
ever char F is, given a finite set S of finite places of D not including the u;,
and denoting the residual characteristic of D at v in S by d,, on replacing
d by 6%, where d = Il,_s (d, — 1)d™ and m, are sufficiently large, we may
assume that ¢ is as close to the identity as desired at the places v of S. If F
is a number field, then applying the Dirichlet unit theorem we may replace
0 by its product with a unit in D* so that the following holds. There exists
acompact subset C,, (D) of (D ®, R)*, which depends only on D, such that
¢ lies in C (D). Hence, we have the property (2) above.
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Denote by oo, the archimedean places of F. We conclude that there exist
matching f; = ®, f, and ¢, = ®, ¢/, which depend on y’ but not on m
(and matching £, and ¢/,, independent of m, if Fis a function field), with the
following property. Let ¢ be a function on G,, and f,” on H,. So far, they
are not related in any particular way. Let ¢/, be an m-regular functionon G,
where m is an integer, depending on ¢, for all v # u’, as asserted in the
k-Trace Formula. Then there exists 6 = J,, as above such that y = 76
satisfies

Q. (v, ¢;) # 0 and By, f)) # 0 forall v # u, €))
and
@, f) = @®¢LL) and @ (0, ¢) = D0 b)) @

At this stage we note that there are only finitely many conjugacy classes
of hin H/Z(G) with ®(h, f') # 0 or @ (h, ¢') # 0, where /' = ®f,” and
¢ = ®¢,. Moreover, we note that for every v # u, the choice of f
(as a spherical function or one which matches some ¢,) guarantees that
®(oh, f,)) = O(h, 1)) for every regular h. We work below with f, and ¢,
which also have this property. We conclude that £,/ and ¢/, can be replaced
by matching f,” and ¢, with ®(y, f,)) = ®(y, f,), such that ®(h, f,") is
supported on a small neighborhood of y which is contained in the support
of ®(h, f,), and ®(h, f”) = 0 and @ (h, ¢”) = 0 for every h in H/Z(G)
which is not conjugate to y in G. Here f” is f* with f,/ replaced by f,”, and
¢” is ¢” with ¢, replaced by ¢, . To simplify the notations we now write f,
for f,” and ¢/, for ¢7.

From now on we work with two pairs of global functions, (f”, ¢”) and
(f*, ¢*). The components at v # u of f” and f* are equal to f,. The
components at v # u of ¢” and ¢* are equal to ¢,”. The component at u of

” is the spherical f,”, and ¢” has as a component at u the corresponding
spherical ¢,. The component at u of f* is the pseudo-coefficient f* of
Proposition 7, and ¢* has the matching function ¢* as a component at u.
Note that the component £, at u’ is chosen to be m-regular where m depends
on (the f,/(v # u, ¥’) and on) both f,” and f,*. The construction of these
functions guarantees the following.

PrOPOSITION 8. (1) Suppose that t and n(t) are corresponding cusp forms.
Thentrt(f") = tr (n(1))(¢p” x k) andtri(f*) = tr(n(z))(p* X k). (2) Ifh
lies in H/Z(G) but is not conjugate in G/Z(G) to y then

Ok, f7) = Oh, f*) = Dh, ¢") = O(h, ¢*) = 0.
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() @@, f*) # 0 and D.(y, *) # 0, and D(c'y, f*) = D(y, f*) for all
i(0 < i< k). (4 The Trace Formula holds for f” and f*. The k-Trace
Formula holds for ¢” and ¢*.

Denote by (f, ¢) either of (f”, ¢”) or (f*, ¢*). By (2) we have

vol() O.(7, ¢) = %Vol(h)‘bx(h, ®).

We write vol(h) for the volume factor which appears in the x-Trace
Formula. By the x-Trace Formula this is equal to

= Ytrn(d x k) = %Zt”(f)-

The last equality follows from Theorem 2, which asserts that precisely k
cuspidal 7 (namely the inequivalent 7 o ¢'(0 < i < k)) correspond to the
which occur in the k-Trace Formula. By the Trace Formula we obtain

1
= Eg}:vol(h)‘b(h,f) = vol(y) ®(y, f).

Here the sum ranges over the conjugacy classes in H/Z(G) (which are
regular and elliptic). The only summands which are not necessarily zero
are the k terms indexed by the ¢'(y)(0 < i < k), by (2). By (3), we have
®(c'y, ) = ®(y, f) for all i, whence the last equality. We deduce the

COROLLARY 9. We have ®_(y, ¢”) = D(y, f”) and O.(y, ¢*) = Oy, [ *).
By (3) of Proposition 8, we have that @ (y, ¢*) = ®(y, f*) # 0. Hence,

D, $)/0, (0, 8F) = D(v, §)/V(y, &%) = OO, f)/Dy, [ )
= O, £)/O0, £.5).

Proposition 7 asserts that A(y)®, (y, ¢;F) = @(y, f,*). Since this is non-zero,
we get

AN, (¢, b)) = PG, L)

This is the assertion of Conjecture C: the corresponding spherical £,” and ¢,
are matching. In the proof of Proposition 7 we used Conjecture B,. Hence,
Conjecture B, implies Conjecture C, and Theorem 1 follows.
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Alternative proof. In the above proof of Theorem 1 we used the new,
powerful technique of regular functions, in various instances. The first
application of regular functions is in annihilating the orbital integrals in the
trace formula which are associated with singular orbits. Our usage of the
very (i.e., m-) regular functions at the place »’ permitted us to annihilate
the orbital integrals of all non-elliptic-regular orbits in the proof of the
k-Trace Formula. In the proof of Theorem 1 regular functions were also
used at the places », which ramify in E/F to reduce the comparison of orbital
integrals and characters to the special, easier case of split elements in H, and
H-modules induced from a character of the Borel subgroup. These cases
were treated by Kazhdan [K1]. Conjecture B,, in the form of Proposition 7,
was used only at the last lines of the proof.

An alternative proof, which relies more on Proposition 7 and less on
regular functions, can also be given, as we shall now briefly indicate. Again,
we put a regular function at »’ to annihilate the orbital integrals in the
k-Trace Formula (and also in the Trace Formula) associated with non-
regular orbits. However, to prove the k-Trace Formula we choose 7 places
of F which stay prime in E and use their pairs (f,, ¢,) of functions as in
Proposition 7. Since the orbital integrals (®(4, f,) and) ®,_ (k, ¢,) vanish on
the regular non-elliptic elements 4 of H,, the multiplicative properties of the
weighted orbital integrals J, (¢) and weighted traces J,(¢) of [A] imply the
vanishing of all terms in the trace formula of [A] except those mentioned in
our k-Trace Formula. Moreover, using the invariant form of the trace
formula, as developed by Arthur, it is clear that it suffices to use such pairs
(f,, ¢,) only at two - rather than n — places v of F which stay prime
in E. Of course, these places can be taken to be unramified in E.

The advantage of this proof is that it eliminates the need to use the theory
of base-change for GL(n) in the proof of the k-Trace Formula given above.
Its disadvantage is in using the complicated computations of the weighted
orbital integrals J,(¢) in the k-trace formula. Of course, one can combine
the two approaches and use m-regular functions to annihilate the non-
elliptic-regular orbital integrals, and » pairs (f,, ¢,) to annihilate the J,(¢)
of [A] which are not associated with cuspidal G-modules 7.

The other place where Proposition 7 can be used instead of regular
functions is at the ramified places u;. The advantage of this approach is that
it eliminates the need to use the results (Proposition 1 and its Corollaries of
[K1], who treated the case of r = 1, to deduce our results for a general r.
Instead this approach can be used to deduce also the results of [K 1] as the
special case of r = 1. However, this approach assumes Conjecture B, also
at the ramified places. The approach based on regular functions given above
can be used if Conjecture B, is proven only for the places v of F which are
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unramified in E. This completes our discussion of an alternative proof of
Theorem 1.

IV. Appendix

Proof of Conjecture By for r = 1, k = 2. Here E is a quadratic extension of
a local field F, and x is the (quadratic) character of F* whose kernel
is the norm subgroup Ny E*. Let k, be a character of F* with k] = «.
Denote by |.| the normalized (by |n| = ¢!) absolute value on F. Put
ix) = |x|'"?x,(x) and pp(p) = pla/b) if p = (; ;) lies in the upper
triangular subgroup P of G = GL(2, F). By definition, the space of the
G-module I(x,, k"), unitarily induced from the character p +— x,(a/b) of P,
consists of the functions y: G — C such that for some open compact
subgroup U, of G we have Y(pgu) = up(p¥(g) (p in P, uin U,, g in G).
G acts by right translation. Consider the space J(k,, k') of locally constant
functions ¢: F? — C with ¢p(Av) = p(A)2¢(v) (A in F*, v = (x, y) in F?)
and G-action (1(g)¢)v) = u(detg)p(vg). Put v, = (0, 1).

LEMMA 1A. The G-modules I(x,, k') and J(k,, k") are isomorphic.

Proof. The isomorphism is given by Y(g) = u(detg)p(v,g).

Let PV be the projective space of lines {iv; A in F*}, v # 0, through
0 =(0,0) in ¥ = F%. Put ||(x, y)|| = max{|x|,|y|} and V, = {v in V;
[v] = 1}. Denote by R* the group of units in the ring R of integers in F.
Let PV, be the space of lines {iv; v in ¥,, A in R*} in V;. Then PV is
isomorphic to PV. Denote by dv the Haar measure on P} which assigns the
compact space PV} the volume one, and also the corresponding measure on
PV.If v = (a,b), w = (c, d), put v, w) for det(® %) = vw'w, where
w= () 7). Put

FH) = [,, oW u(y, wy) 2 dw.

Then (F¢)(Av) = u(A)~*(F¢)(v). Moreover writing u(g) for u(det g), k(g) for
k(detg), and a(g) for w'g~'w~', we have

FE(@P)) = [ u(e) dwe) u(<v, wp)~> dw
u(g) [ dw) p(<v, wg™' )2 d(wg™")
(u(@)lg)) [ $w) u(<va(e), wp)* dw

k(@ueg NEFP)(ve") = x(@)((g)([FP))(v),
since t(a(g)) = 1(g) (r is a PGL(2, F)-module). We conclude the following

II

i
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LEMMA 2A. The non-scalar operator F intertwines the G-modules J (i, ;")
and J (k' K)).

In particular the operator 7(g)F is an integral operator with kernel
K(v, w) = p(g)u({vg, wy)~* on P¥,, namely

@WQFHM) = [, S u(e) u(<vg, wp) > dw.

The character y(g) of the operator 7(g)F is given by the integral over the
diagonal.

LEMMA 3A. We have y(g) = u(g) LPVo u(vg, vy)~2dv.

It is clear that y(h~'gh) = k(h)x(g). Lemma Al then implies that x(g) is
zero unless g lies in a torus of G isomorphic to E*. Suppose that E = F(6'?),
where 0 lies in F — F?. We may assume that |§| = 1 if E/F is unramified,
and that |0| = ¢~ ' otherwise. Up to conjugation in G, we have g = (¢ ).
If v = (x, y), then (vg, v> = det(*¥) = b()* — x*0). Hence,

1(8) = la* — 01"k, (a® — b*O)(b)|b| ™" fl,woly2 —X0]7'k(y* — x*6) do.

Fix g, = (3 §). Then

1/2

2
40b x(b).

S

as defined prior to Conjecture A. Of course, k(3* — x*0) = 1, and
|y* — x%0| = 1 if |6] = 1. Note that the G-module n, which occurs in
Conjecture B, is the G-module k7' ® J(k,, k;''). If x, denotes the character
of n,, then y,(g) = k,(g) 'x(g). We conclude the following

LEMMA 4A. If E/F is unramified then A(g)y,(g) = 1.

The same conclusion, up to a scalar, holds in the ramified case.

It follows that the trivial character of H = GL(1, E) = E* corresponds
to the G-module I(1, k) ~ I(x, 1). This is Conjecture B, for r = 1 and
k = 2, hence, also Conjecture B, for this case, since the Steinberg GL(1, E)-
module is the trivial character of E*.
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