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Lifting endomorphisms of formal 4-modules
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Abstract. Let k be a field of characteristic p and let F, be a 1-parameter formal group law over
k[£]/("+"). Assume that the reduction of F, (mod (7)) has height # < oo and that F, has height
h — 1. In this paper we compute the endomorphism ring of F,. The result can be used to
compute the endomorphism ring of an ordinary elliptic curve E over k[f]/("*') whose
reduction (mod (7)) is supersingular.

Introduction

Let F, be a formal A-module (or formal group law) of height # < oo over
a field k of characteristic p, and let F be a formal 4A-module of height 7 — 1
over R = k[[t]] whose special fiber if F,. The endomorphism ring of F,
can be quite large — if k is separably closed then End, (F,) is the maximal
order in a division algebra. The ring of R-endomorphisms of F is just
A. Intermediate between these two are the rings End R/W.)(F ), which are
A-subalgebras of End, (F;). In this paper we compute End, ... (F) using the
formal cohomology theory of Lubin-Tate [10] and Drinfeld [1]. The Serre-
Tate lifting allows us to apply these results to the endomorphism-lifting
problem for ordinary elliptic curves E over R/(#"*') with supersingular
special fiber. In another paper [6] we use these results to get information
about the Galois character y, attached to F.

The work presented here is part of the author’s 1987 Harvard Ph.D.
thesis, written under the direction of Professor Benedict Gross. His guidance
in this research was indispensable.

1. Statement of the theorem

Let K be a complete discretely valued field with finite residue field F,, and
let 4 be the ring of integers in K. Then either 4 = F [[x]] and K = F, ((x)),
or K is a finite extension of Q,. Let R be an A-algebra with structure map
y: A = R. A one-parameter formal A-module F over R is a one-parameter
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formal group law F over R, together with a homomorphism
¢: A — End(F)

such that the induced map
$,: A > Endg(Lie F) ~ R

is equal to y. If F and G are formal 4-modules over R then Hom,(F, G)
consists of those f'€ Homg(F, G) such that f intertwines the image of ¢,
with the image of ¢,. That is,

fodp(@) = ¢gla)of

for all ae A. If A = Z, then a formal 4-module is the same thing as a
formal group law.

Let © = m, be a uniformizer for 4 and recall that A/n4 = F, is the
residue field of 4. Let F be a formal A-module over the F,-algebra R, and
for a € A set

[alp(x) = ¢(@)(x) € Endg(F).

Then the power series [7]-(x) is either zero, in which case we say that F has
infinite height, or has the form

[1e(x) = s(x)

with s’(0) # 0. In the second case we say that F has (finite) height A.

Let F, be a formal A-module over the field k of characteristic p > 0, and
let R be a local A-algebra with maximal ideal .#, and residue field &* o k.
Then the structure maps y,: A — k and y;: A - R make the diagram

A5 R
wl !

k [eni'y k/
commute. A deformation of F, over R is a formal 4-module F/R such that
F = F, (mod ).

Let F/R and F’/R be deformations of Fy/k. An isomorphism ¢: F — F ' is
called a x-isomorphism if the reduction of ¢ (mod(¢)) is the identity of F;.
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Let F/R and F’/R be deformations of F,/k. An isomorphism ¢: F — F’
is called a *-isomorphism if the reduction of ¢ (mod(?)) is the identity of F;.

Let1 < h < oo and choose a formal 4-module F;, of height 4 over k. Let
R be the discretely valued ring k[[7]]. The ring R has a canonical 4-algebra
structure, given by the composite map

A% k< R
Let F be a deformation of F;, over R of height 2 — 1. We write
[]e(x) = apx"' + ...

with a, € R\{0}. Set ¢ = v,(a,), so that 0 < e < oo. Let R, = R/(t"*")
and F, = F ®; R,; then F, is the reduction of F (mod (z"*')). Our goal is to
compute

End, (F,) = Endg (F)

for every n. Let D, , be the division algebra of degree * over K with invariant
1/h, and let B be the maximal order in D, ;. By [1, Prop. 1.7] the ring

H = End,(F,)

is isomorphic to B when k is separably closed. The reduction maps R,,;, — R,
induce maps

Endg . (F) — Endg (F).

By [1, Prop. 4.1] these maps are injective, and the rings End, (F) can be
identified with A-subalgebras H, of B. In the general case, H is isomorphic
to an A4-subalgebra of B and End, (F) is identified with an A-subalgebra
H, = H. The non-commutative ring B has a discrete valuation v, such that
vg(a) = h* v (a). Choose ny € B such that vg(ng) = 1. We say that ngisa
uniformizer for B. Since the formal 4-module F, has height 4, any uni-
formizer nz; has the form

[mp)lr, () = bx' + ...

for some b € k*.
We begin by computing End, (F) in the case where e = | and k is
separably closed. The general case will be handled in Theorem 3.3. Let
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g = h — 1 and for m > 0 define

(¢ — D@ -1
(¢ —-D@—-1"

a(gm) =

so that a(0) = 0. The non-negative integers a(gm) are the upper ramification
breaks of the Galois character y, associated to F (see [4, p. 86]).

THEOREM 1.1. Let F be a deformation of F, [k of heightg = h — 1 withe = 1
and k separably closed. Let f, € End,(F,) =~ B be such that

foe (A4 + LB\ + n'B) (I > 0).

Write | = hm + b with 0 < b < h and set

b — 1
q Y
qg — 1

n = a(gm) + ¢*".

Then f, € H,_\H,.
REMARK. Some special cases of this theorem were proved independently by
Fujiwara (see [2, Prop. 3 and Prop. 4] and [11, Lemma 2]).
Using Theorem 1.1 we can calculate H, = End; (F).
THEOREM 1.2. Let F be a deformation of F, as above. Then

H = A+ nj"B

where j(n) = hm + b whenever

algm) — ¢ + 1 < n < algm) + 1 (b =10
qb—l_l qb_l
a(gm)-f—qg’”'q—_—1—+1<n<a(gm)+qg""q__1 + 1
0 < b < h).

REMARKS:

1. The presence of the upper ramification breaks a(gm) in our formulas for
End, (F) is not a coincidence. The relation between y, and the rings
End, (F) is exploited in [2] and [6].
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2. The most important special case of this theorem is 4 = Z,, h = 2,
g = 1. This occurs when F'is the formal group of a universal deformation
of a supersingular elliptic curve over k[[¢]] (see Section 4). In this case,

Jj@0) =0

Ja) =1

Jj(n) = 2 if2<n<2+p

jom =3 if2+p<n<21+p

jn) = 4 if2(0 + p) <n <21 +p) + p?

j(n) = 2k if2(1 +p+ - 4+ p)<n
<20 +p+ - +p )+ p

j) = 2k+1 20 +p+---+p ) +p-<n

<20 +p+ - +pH.
The proof of Theorem 1.1 has two steps, which we state as propositions.
PROPOSITION 1.3. Let 0 < ! < h, and assume that
foe (4 + npB)\(A4 + 7' B).

Then f, € H,_,\H, with

PROPOSITION 1.4. Choose fy€ A + ngB and let n > 1 be such that f, €
H, \H,. Then [n] of, € H,_\\H, where

, ¢ —1

= ¢° l.
n qn+q_1+

The first proposition says that the Theorem 1.1 holds if / is small enough.
The second proposition gives us a way to calculate the maximal lifting
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of nf, given the maximal lifting of f;. Since the elements of A lift to all levels,
an easy inductive argument shows that these two propositions together
imply Theorem 1.1.

2. Formal cohomology

To prove Theorem 1.1 we will use the formal cohomology theory developed
by Lubin-Tate [10] and Drinfeld [1]. Let k be a field of characteristic p > 0
which is also an 4-algebra, with structure map y: 4 — k. Let F; be a formal
A-module of height 4 < oo over k, and let M be a finite dimensional
k-vector space. A symmetric 2-cocycle of F, with coefficients in M is a collec-
tion of power series A(x, y) € M[[x, y]] and {d,(x) € M[[x]]},., satisfying

Alx, y) = A(y, x)

A(x, y) + A(Fy(x, ), 2) = A(p, 2) + Ax, Fy(, 2)

0,() + 6,(y) + Alaly,(x), [alr,(¥) = v(@) - Alx, y) + 6,(Fy(x, »))

0,(x) + 6,(x) + A(ld]r(x), [b]r,(x)) = B,.4(x)

@) - 6,(x) + 8,([b], (X)) = 6, (x).
If ¥ € M[[x]] then the coboundary of Y is the 2-cocycle

A(x, y) = Y(F(x, ) — ¥(x) — ¥(»)

o (x) = Y(lalr,(x) — (@) - Y(x).
The coboundaries form a k-vector subspace of the space of symmetric
2-cocycles. The quotient of the symmetric 2-cocycles by the coboundaries is
a k-vector space denoted H?(F,, M). By [10, Prop. 2.6], H*(F,, k) has
k-dimension A — 1.

The following lemma will simplify many of our calculations by allowing
us to work with the single power series J,(x) rather than with the whole
cocycle (A(x, y), {0,(x)}). We say that the coccyle (A, {4,}) is zero if all its

component power series are zero.

LEMMA 2.1. The cocycle (A(x, y), {0,(x)}) is zero if and only if §,(x) = 0.
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Proof. If the cocycle is zero than clearly 4,(x) = 0. Assume conversely
that 4,(x) = 0. The formula

0.(%) + 3,(») + Aldly(x), [z () = 7@ - Alx, y) + 6,(Fo(x, )

with a = = reduces to

A([mg, (%), [n]g (1)) = O,

since d,(x) = 0 and y(m) = 0. Then since [n];(x) # O, this implies
A(x, y) = 0. The formula

1@) * 0,(x) + 0,([b]r,(x)) = 04(x)

with @ = = reduces to d,,(x) = 0. The same formula with » = © and a
arbitrary gives

0,([M),(x)) = 0,

because d,(x) = 0and d,,(x) = 0. Again this implies that §,(x) = 0, so the
cocycle is zero. O

Let F,/k be a formal A-module of finite height 4, and let F/R be a defor-
mation of F, where R is a noetherian local 4-algebra with residue field k.
Denote the maximal ideal of R by ., and let

R, = RlM3"

F, = FQR,.

n

To apply the cohomology theory to the problem of lifting endomorphisms
we need to define a cocycle which tells us whether a given endomorphism of
F, lifts to an endomorphism of F, . For f;(x) € H = End,(F;) we define

0
ulx,y) = aFo(X, »)

1
u(0, Fy(fo(x), £o(¥)))

1
u(0, fo(x))’

aﬁ)(x’ y) =

Bfo (x) =
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Let f,_,(x) € End, _ (F) be an endomorphism which lifts f;, and let £, (x) be
a lifting of f,_,(x) to a power series in R,[[x]]. By [3, Eqn. 3.4] we get a
symmetric 2-cocyle

A(x, y) = oy(x, p)  [fu(F.(x, ») — F,(f,(x), £,(»)]
0,(x) = Buy(¥) [/, eldlg,(x) — [alg, o f,(x)] (a€ A)
with coefficients in the k-vector space M, = 3/ #%"". (The second formula
above is a slight correction of that given in [3].) It is clear from the definition

that this cocyle is zero if and only if f, € Endg (F).

PrOPOSITION 2.2. Let f,(x) € R,[[x]] be a power series which lifts f,(x) €
End,(F,). Then f, is an endomorphism of F, if and only if it commutes with

[n]F,,'
Proof. This follows easily by induction from the construction above and
Lemma 2.1. O

We now let R = k[[¢]], with canonical A4-algebra structure as in Section 1.
Let F/R be a deformation of Fj/k of height g = h — 1. Choose f,_, €
End,  (F) of the form

Jor®) = box” + - -

with b, € R,_\{0}. Then f,_,(x) € R,_,[[x*]]. We lift f,_, to f, € R,[[x"]]
and form the cocycle (A, {d,}) as before. Since

fu(x) € R[[x7]]

(7], (x) € R,[Ix*],
the leading term of J, has degree at least ¢'*¢.
LEMMA 2.3. @) If r > 0 and the degree of the leading term of d, is greater than
q'*8 then f,_, lifts to f,' € Endg (F) with leading term of degree ¢’ .
b) If r > 0 and the degree of the leading term of J, is equal to q"*% then f,_,
lifts to f,| € Endy (F) with leading term of degree q'~'.

Proof. If r > 0 it follows from the definitions that §,(x) is a power series
in x*. We write

5.(x) = d(x).
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Since ] (x) = s(x") with s an invertible power series we may set § =
dos™'.Thenf, = f, — (¥/B,) is a power series which lifts f, _,. We observe
that

, o 3 dos™' o[n]g,
R A
[
- .f;l O[n]F,, - ano
= [”]F,, ofy
= [TC]F,, ofy-

Then Proposition 2.2 implies that f,” € End, (F). If the leading term of 6,
has degree " *# then the leading term of f," has degree ¢'~'. If the leading
term of 8, has degree greater than ¢"*¢ then the degree of the leading term
of £,/ is greater than ¢"~! but no more than ¢". Since this degree must be a
power of g, it is equal to ¢". O

3. Proof of the theorem
In this section we assume k is separably closed, R = k/ft]l, g = h — 1, and
e = 1. We begin with a technical lemma which will allow us to prove

Proposition 1.4. Let f, € End,(F,) = End(F;) and let f,_, € End, _ (F) be
a lifting of f,. Then f,_, can be written

fioi(x) = byx* + ...
with b, € R,_,\{0}. Let m = v,(b,) < n.
LEMMA 3.1. Assume that m + ¢ < ¢®m + 1. Then
am+qg =n
by If m + ¢ > n then f,_, lifts to f, € Endg (F) of the form

fix) = byxT + ...

with v,(by) = m.
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O Ilfm+ ¢ =nandr > 0 then f,_, lifts to f, € Endg (F) of the form

flx) = B 4.

withv,(bg) =n=m + ¢'.
d) ifm + q = nandr = 0 then f,_, does not lift to an endomorphism of F,.

ReMARK. The liftings f,” supplied by b) and c) satisfy the hypothesis of the

lemma.
Proof. By our assumption

vl(boagr - aobgg) = 7}t(boag')
= m+ ¢q.
Since byaf — a,bf € (') we must have m + ¢ > n, which proves a).
Since f,_,(x) € End,_ ,(F) has leading term of degree ¢', f,_, is a power

series in x?. Choose a lifting f,(x) € R,[[x?]] of f,_,. Abusing our notation
slightly, we write

f[i(x) = byx" + - -
The lifting f, of f,_, gives us a cocycle (A, {d,}) as described above, with
0,(x) = By(x) - [f,olnls,(x) — [ns, o/, (x)]
= (byaf — a,bf)x""* 4 - - -
If m + ¢ > n then
byad — a,bf = 0 (mod (")),

so the leading term of , has degree greater than ¢"*¢. Part b) now follows
from Lemma 2.3a). If m + ¢ = n then the leading term of §, has degree
q"*%, so c) follows from Lemma 2.3b). Finally, d) follows from a) and the
above remark. O

We now use this lemma to prove Proposition 1.4. We write f, = a + f;
with a € 4 and f;’ € nyB. Since endomorphisms in A4 lift to all levels, it
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suffices to prove Proposition 1.4 with f, € ny B. We are given that £ lifts to
Joor(X) = bpx" + - -+ (b€ R,_\N0})
in End, | (F). Since f,_, doesn’t lift to an endomorphism of F,, by Lemma
2.3 we see that r = 0. Since f, € nzB we have m = v,(b,) > 0. Therefore
the hypothesis of Lemma 3.1 is satisfied. The lemma implies that

v,(by) = n— 1.

Now lift f,_,(x) arbitrarily to f(x) e R[[x]]. Since f is well-defined
(mod (")), [n]zof is well-defined (mod (##7*')). In fact the power series

bun = (@rof) ®r R,

is an element of End R (F)- To show this it suffices by Proposition 2.2 to
prove that

[7lpo((mlpof) = (m)pof)eo[n] (mod (17*')).
We have
(tlpof = folnlr + &

with ¢ = 0 (mod (¢")). Therefore

(o ([7lpof) [7lpe (felnlr + &)

[Alpo (foln)) (mod (¢ *'))

It

I

([mlpof)elnlr (mod (##"*1)).

We wish to determine the maximal lifting of ¢ #n € Endg (F). We have

Gpn(¥) = [mlpef(x) (mod (##7*1))

abf x* + - -+ (mod (¢"*'))
with

v,(abf) = 1 + ¢f(n — 1).
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When applied to ¢, the hypothesis of Lemma 3.1 translates to

4tn
[14+¢n—1D]+ ¢ < ¢l +¢@nm— 1]+ 1.
The hypothesis is satisfied because n > 1.
We now apply Lemma 3.1 repeatedly to find the largest n” such that D gen
lifts to Endg__,(F). By b) and c) of the lemma we lift @ gen tO
Gy € EndR,,z,.(F)
with
bu1(x) = box + - -
and

n =1 = v,(bp)

= l+¢Fr-D+g¢+¢"+ - +9q)

_ ¢ — 1
= q“n+q_l.
Therefore
¢ -1
= g 1.
n qn+q_1+

By d) of Lemma 3.1, ¢,._, does not lift to End,_ (F). This completes the
proof of Proposition 1.4. O

To prove Proposition 1.3 we need another lemma.

LEMMA 3.2. Let f,_, € End, _ (F) as before and assume that m + ¢ >
g*m + 1 = n. Then f,_, lifts to f, € Endg (F) of the form

L) = kx4

withv(by) = ¢¢m + 1 = n.
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Proof. Just as in the proof of Lemma 3.1 we lift f,_,(x) to f,(x) € R,[[x"]]
with

fo(@) = bpx¥ + - .
As before f, gives us a cocycle (A, {d,}) with coefficients in M, in which
0,(x) = Boyy(¥) * [foo[nls,(x) — [ng, o/, (X)]
= (bod] — aphf)x""* + - - -
The valuation of the leading term of J, is given by

v, (byaf — abf’) = v,(a,bf)

¢Fm + 1
= n.

Therefore the first nonzero term of §, has degree ¢"*¢; by Lemma 2.3 b),
fo—1 lifts to f,” € Endg (F) with leading term of degree ¢"~". O

Using this lemma we prove Proposition 1.3 in the cases where & y L If] > 0
then

(4 + BN + 15 B) € A + (i, B 75" B),
so it suffices to consider only those f, with
fo € Ty B\ B.
In that case f; has the form
fi(x) = bx¥ + - -
with b, € k*. By Lemma 3.2, f, lifts to f,"(x) € Endg, (F) of the form
FG = ™

with v,(by) = 1. The endomorphism f,” satisfies the hypothesis of Lemma
3.1; parts b) and c) of the lemma imply that f; lifts to

fSl(x) = bgx + - --€Endy_ (F)
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with
n—1 = v,(b)

=l+ql—l+q1—2+..‘+q

By d) of the same lemma we know that f, | does not lift to an endomorphism
of F,, which proves Proposition 1.3 for 0 < [/ < A.
If / = 0 then

f, € B\(4 + m,B)

and f; has the form

fx) = byx + -
with b, € F,\F,. We need to show that no lifting
A = box + -

of f, to R[[x]] is an R,-endomorphism of F. From f; we get a cocycle
(A, {4,}) with coefficients in M, such that

0.(x) = (boay — apbf)x" + - - -.
Since b, € F,\F, we have v,(b, — b§’) = 0; hence bya, — a,bf is nonzero
in R,, and d,(x) # 0. Thus f, ¢ Endg (F), which proves the proposition

when [/ = 0.
If / = h then

foe (4 + nsB)\(4 + "' B)

and we write f; = a + ng, for some a € 4 and
8(x) € B\nyzB
g(x) = byx + ...,

with b, € F,\F,. We can assume @ = 0 and f; = 7g,. As in the proof of
Proposition 1.4 we lift g, arbitrarily to g € R[[x]]. Since

[nlreg = gelnlr (mod (1))
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we have

[7lro([m)eog) = ([mlreg)eln]r (mod (#+")).

By Proposition 2.2 we conclude that

Je(X) = [m]pog(x) (mod (#*1))

abfx* + - -+ (mod (#*1))

is an element of End, o (F)-
As usual, we lift f, o S 41 € Ry, [[x*]] with

S () CoX® + - - -

Co a b (mod (¢*+")).

We get a cocycle (A, {6,}) with coefficients in M, , such that
5.(x) = (coaf — agcf)x™ + - - -

The first coefficient of J, satisfies
caf — aycf = af ' (b — b§*) (mod (#+2)).

Since b, € F,\F, we have bf' # by in F - Therefore

af *' (b§ — b§")

is non-zero in M, _,.

Lemma 2.3b) f « lifts to

Jei1 € End (F, )

with leading term of degree g*~!

225

Hence 6, has leading term of degree ¢* = ¢’*¢, so by

The lifting £, ., satisfies the hypothesis of Lemma 3.1. We apply parts b)
and c) of that lemma to show that Jg liftstof,_, € Endg _ (F) of the form

Jooi(®¥) = cgx + - -
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with
n—1 = v/(c)
= ¢+1+¢'+ - +¢d+9q

g — 1
g—1"

By Lemma 3.1d), f,_, does not lift to End (F). This completes the proof of
Proposition 1.3. 0O

We now prove a more general version of Theorem 1.1 which makes no
assumptions about e or k.

THEOREM 3.3. Let F/R be a deformation of height g = h — 1 of the formal
A-module F,|k of height h. We write

[Mlp(x) = apx® + - -~
and set e = v,(a;) > 0. Choose f, € End,(F,) < B which satisfies
foe (4 + nB)\(A4 + n5'B)

for some | > 0. Write | = hm + b with 0 < b < h. Then f; lifts to
Endg (F) but not to Endg (F), where

n = e'[a(gm)+qg”‘-2b—_—ll+ l].

Proof. Assume for the present that k is separably closed. By [1, Prop. 4.2]
there exists an A-subalgebra R" = k[[u]] of R and a formal A-module F’
defined over R’ which satisfies
a) [n]7(x) = ux®® + - - -, and
b) there exists a *-isomorphism ¢: F - F’ ® R defined over R.

Let R, = R’/(u*'). Theorem 1.1 says that f, = ¢o fop™' lifts to
fi-1€ Endy._ (F’) but that £, | doesn’t lift to Endg, (F’), where

Il = hm+ b

+ L

n = am) + g T
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Let

fne—l = ¢_l°fnl—1°¢
€ Endg  (F).

Then f,,_, is a lifting of f, which doesn’t lift to End, (F). For if f, lifts
St then f) = ¢of,,op~"' is an endomorphism of the reduction of
F’(mod (tu")) which lifts f;". The endomorphism £, lifts uniquely to a power
series f," over R, = R’/(u"*'). We have

(mg o i — S o [mlg, € R[[x]]
[n]p,; of — f o[n]r;, =0 (mod (tu").

Therefore
[n]F,; of, = S [z]s; = 0 (mod @")).

Proposition 2.2 implies that f,’ € Endg (F’), which is a contradiction.
Therefore f,,_, does not lift to End,_(F).

We now consider the case where k is not separably closed. Let F§ =
Fy, ® k;and F* = F ®, R°, with R° = k[[t]]. We have proved the theorem
for F'/R°. We need to show that if f; € End, (F7) is invariant under G =
Gal (k,/k) then any lifting f, € Endg (F°) of f; is also invariant under G. If
¢ € G the endomorphism f, — af, of F; induces the zero endomorphism on
F;. By [1, Prop. 4.1] this implies that f, — af, = 0. O

We can now compute End, (F) without assuming e = 1 or k = k,.
THEOREM 3.4. Let F be a deformation of F, as above. Then
End; (F) = End,(F)) n (4 + n{”B)

where j(n) = hm + b whenever
a(gm) — ¢ + 1 <g<a(gm)+l b = 0)

qb—l_l qb_l

a(gm) + ¢ - I +l<f<a(gm)+qg”" +1
- e qg—1

O < b < h.
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4. Application to elliptic curves

The main motivation for the study of one-parameter formal Lie groups is
their relation to elliptic curves. We would like to derive an analogue of
Theorem 3.3 for elliptic curves E over R = k[[¢]] whose reduction (mod (z))
is supersingular. Associated to an elliptic curve E/R is a formal Lie group
F/R whose special fiber F; is the formal group of the special fiber E, of E.
If E is an ordinary elliptic curve with supersingular reduction then Fis a
formal group of the type considered in Sections 1 and 3, with 4 = Z,,
h = 2, and g = 1. Theorem 3.3 can be applied to F to determine when
Jo € End, (Fp) lifts to End, (F). To apply this data to elliptic curves we need
a special case of the Serre-Tate lifting [8, pp. 5-6].

THEOREM 4.1. Let S be an Artin local ring with residue field k. Consider the
category €, of elliptic curves E[S with supersingular reduction E,[k, and let
F;/S be the formal group of such a curve. Let €, be the category of pairs
(&, G), with &k a supersingular elliptic curve and G/S a lifting of the formal
group of &. Then the functor

€ — ¢
E— (E), Fy)

is an equivalence of categories.
To apply this result we let E, = E ®; R, so that F,/R, is the formal
group of E,. Theorem 4.1 implies that

Endg (E) = End(E,) n End; (F).

To compute End, (F) we need to know the valuation e of the leading term
of [ p]r(x). This can be found for instance in [5, Th. 12.4.3], which says that

e = v —Jj) (p#0,1728)
= 390 —Jo) (o =1728,p > 3)
= 3v0-j) Go=0,p>3)
= svU—J) Uo=0,p=3)
= %0 —J) UGo=0,p=2).

Here j, € k denotes the reduction of j (mod (¢)).
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Using Theorem 3.3 and Theorem 4.1 we can now determine the maximal
lifting of ¢ € End,(E,). The result can be conveniently formulated in terms
of the characteristic polynomial of ¢. Recall that End, (F;) is a Z ,-subalgebra
of the maximal order B in the quaternionic division algebra over Q,. For
¢ € End, (E,) we let ¢ € End, (F,) be the induced map on the formal group
of E,. We wish to find / such that

$ €(Z, + 1,B)\(Z, + ;' B).
Therefore we want to calculate

I = sup vg(¢ — a)

ael,

sup v5(¢ — a).

aeZ

Ifae Zthend — a e End,(F,)isinduced by ¢ — a € End, (E,). Hence we
have

vp(d — a) = v,(deg(d — a)).

Therefore we want to find

I = sup v,(deg(¢ — a)),

ael

which can be computed in terms of the discriminant (Tr ¢)* — 4 deg ¢ of ¢.
Recall that we have defined the nonnegative integers

(¢ — D@ -1
(¢ —D@-1

a(gm) = (m = 0).

In the elliptic curve case we have g = 1,4 = 2,and ¢ = p, so the formula
above reduces to

_(p+ DO -1
a(m) = > — 1 .
THEOREM 4.2. Assume p > 2 and let ¢ € End, (E,)\Z. Then

sup v,(deg (¢ — a)) = v,((Tr )’ — 4 deg ¢).

acl
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Therefore ¢ lifts to Endg, | (E) but does not lift to Endg (E), where

n = (a(m) + e if v,(Tr ¢)* — 4 deg §) = 2m, and

n = (am) + p" + De ifu,(Tr ¢ — 4deg ¢) = 2m + 1.

Proof. Let u = v,((Tr ¢)* — 4 deg ¢). In view of Theorem 3.3 and the
arguments above, it suffices to verify that

sup v,(deg(¢p — a)) = u.

acl

We have

deg (¢ — a)

@ — (Tr ¢p)a + deg ¢

= (a — 3 Tr ¢)’ — i[(Tr ¢)* — 4 deg ¢],

and since p > 2 it follows that

sup v, (deg (¢ — a)) > u,

ael

with equality if » is odd. If u is even we observe that since ¢ ¢ Z, the
characteristic polynomial of ¢ is irreducible over Q,. Therefore

(Tr ¢)* — 4degp = p'«
with a € Z not a square (mod p). It follows that
v,(deg (¢ — a)) < u

sup v,(deg(¢ — @) = u,

ael
which completes the proof. d
The case p = 2 is a bit more complicated.

THEOREM 4.3. Assume p = 2 and let ¢ € End, (E)NZ. Then ¢ lifts to
End, _ (E) but does not lift to End, (E), where

n = (a(m) + e if (Tr ¢)> — 4 deg ¢ = 2°"a
with « = —3 (mod 8);



Lifting endomorphisms of formal A-modules 231
n o= (am—1)+2""+ e if(Tr ¢)> — 4 deg ¢ = 2"a
with o = — 1, 3 (mod 8);

n = (a@m-—1)+2"" + e ifv,((Tr ¢)* — 4 deg ¢) = 2m + 1.

Proof: Ifu = v,((Tr ¢)*> — 4 deg ¢) is odd then Tr ¢ isevenand u > 3.
We again have

deg (¢ — a) = (a — § Tr ¢’ — L[(Tr ¢)> — 4 deg ¢]
and we conclude that

supdeg (¢ — a) = u — 2.

ael

This formula combined with Theorem 3.3 proves the theorem for u odd.
If u is even then

(Tr ¢)* — 4degp = 2“a
with
o= —1, +3 (mod 8),

because the characteristic polynomial of ¢ is irreducible over Q,. If u = 0
this implies that both Tr ¢ and deg ¢ are odd and hence that

(Tr ¢)*> — 4 deg ¢

—3 (mod 8)

sup v,(@*> — (Tr ¢p)a + deg ¢) = 0.

ael

If u > 0 then Tr ¢ is even and we write

deg (¢ —a) = (a— 3 Tr ¢) — ;[(Tr ¢)* — 4 deg ¢]

= (@ — 1 Tr ¢y — 2*?a.
If « = —3 (mod 8) then

sup v,(deg (¢ — @) = u.

ael
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If« = —1,3 (mod 8) then

sup v,(deg(¢p — a)) = u — 1.

ael

These formulas combined with Theorem 3.3 give us our result. O

As an example we let R = F[[¢]] and consider the elliptic curve E/R which
has Weierstrass equation

¥ o= X+ e+ x

The reduction of this curve (mod (¢)) is a supersingular elliptic curve E;/F,.
Let i € F, be a square root of — 1. The curve E; has an automorphism i of
order 4 given by

i(x,y) = (=x,1y)
and an automorphism w of order 3 given by
lx, y) = (x+1iy).

Let J be the subalgebra of End(E,) generated by i and w. By computing the
discriminant of J we find that J is a maximal order in J ®; Q. Therefore
J = End(E,), and we may write an arbitrary endomorphism ¢ of E; in the
form

¢ = a+ bi+ co + diw (a,b,c,de Z).

We wish to calculate the largest # such that ¢ lifts to an endomorphism
of E(mod (¢")). Since

t6
I =T

= -5+ -1+
and p = 3 we have
Jbo =0
e = 3v,(j — )
= 1.
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In order to apply Theorem 4.2 we calculate

Tr ¢ 2a — ¢

@+ b+ +d—ac — bd

deg ¢

(Tr ¢)* — 4 deg ¢ —4b* — 3 — 4d® + 4bd

— @b —d)Y -3+ d).
Since v3(? + d*) = min {2v;(c), 2v,(d)} we find that
0,((Tr ¢ — 4 deg ) = min {20,2b — d), 20,(c) + 1, 20,(d) + 1}.

Denote this integer by /. The theorem implies that ¢ lifts to End;  (E) but
not to End, (E), where n is given by

n = 2:3%—-1 (leven)
n o= 30+D2 _ | (/odd).

For example, a + i does not lift (mod (£?)), while a + 3ilifts (mod (¢*)) but
not (mod (#%)). Also, 3w lifts (mod (#8)) but not (mod (#°)).

5. Endomorphisms of quasi-canonical liftings

In this section we state an analogue of Theorem 1.1 for quasi-canonical
liftings [3]. The proof is omitted. Using this result and the Serre-Tate lifting
one can calculate the endomorphism rings of certain elliptic curves defined
over Artin local rings.

Let K be a complete discretely valued field with finite residue field F, and
let A be the ring of integers in K, with uniformizer 1 = n,. Let O be the ring
of integers in a separable quadratic extension L of K, let M be the com-
pletion of the maximal unramified extension of L, and let W be the ring of
integers in M. Let k be the residue field of @ and let Fy/k be a formal
A-module of height 2. By [1, Prop. 1.7], B = End,(F,) is isomorphic to the
maximal order in the division algebra D of degree 4 over K. Therefore the
ring O embeds in B = End (F,;). We choose an embedding

a: O - End, (F)
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such that the induced map

O — End,(Lie Fy) =~ k
is the reduction map. This makes F; into a formal ¢-module. By [9, Th. 1]
there is a formal @O-module F/W which lifts F,. By [1, Prop. 4.2], the
0-module lifting F of F, is unique up to *-isomorphism. We call F the
canonical lifting of F, associated to the pair (0, ).

The ¢-module F can also be viewed as an 4-module. Let W be the ring

of integers in an algebraic closure M of M and let .# be the maximal ideal
of W. Choose a formal 4-module F’/W which is isogenous to F by the map

¢: F > F.
Let M’ = M be the finite extension of M generated by
ker ¢ = F(M),

with 7’ a uniformizing element of M’. Both F” and ¢ can be defined over the
ring of integers W’ of M’. The endomorphism ring of F’ is an A-order in

End, (F) = O
which we write as

0, = A+ 0.

5

We say that F’ is a quasi-canonical lifting of F; of level s. In [3, Prop. 5.3]
it is shown that quasi-canonical liftings of all levels s > 1 exist, that M’'/M
is a totally ramified Galois extension of degree

¢ + ¢' (0/A unramified)
q (0/ A ramified),

and that the coefficient of x? in [rn]. (x) has n’-valuation 1.
In [3, Prop. 3.3] Gross calculated the endomorphism ring of F over
W, = Wi@y'):

Endy g1, (F) = O + 7B,
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We wish to make the corresponding calculation for the quasi-canonical
lifting F’. That is, we want to determine the rings End, (F"), where
W, = W’[(m’y"*'. In order to do this we define e to be the ramification
degree of M’ over K. Using the formulas for the ramification degree of M’
over M we see that

e = ¢ + ¢ ' (0/A4 unramified)
e = 2¢ (0] A ramified).
Also recall that for g = 1 we have

(" — D@+ 1)
g —1 '

a(m) =

THEOREM 5.1. Let F/k be a formal A-module, let F'|W’ be a quasi-canonical
lifting of F,, of level s = 1, and choose f, € End,(F,) =~ B with

fo€ (O, + MB)N(U, + 75" B)

for some | > 0. Then f, lifts to Endy,  (F’) but not to End,, (F’), where

n = a(é)+l (! < 2s,1 even)
[-1 (-Dj2
no=al— + q + 1 (I < 2s, 1 0dd)
1
n = a(s—1)+qs"+(l+T—s>e+l (/ = 2s).

REMARK. If O/A is ramified then e = 24’ is even. If O/A is unramified and
[ > 2s is even then

0, + 1B = 0

s

+ it B.

Therefore n as defined above is a positive integer.
Theorem 5.1 allows us to compute End,, (F’).
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THEOREM 5.2. Let F’ be a quasi-canonical lifting of level s = 1 as above. Then
End, (F') = 0, + n;”B
where j(n) is given by
a) j(n) = 2kifk < sand
ak — 1) +¢ "'+ 1<n<ak)+ 1.
b) j(n) =2k + 1ifk < sand
ak) + 1 <n < ak) + ¢ + 1.

¢) j(n) = kifk = 2s and

a(s—1)+qs“'+<§—s>e+1<n<a(s—l)+¢"

k+1
+ T—s e + 1.

The proof of Theorem 5.1 uses induction. The first step is given by the
following proposition.

PROPOSITION 5.3. Let | < 2s + 1 and
fo€e (0, + nyB)\(O, + 7' B).

Then f, lifts to Endy,  (F’) but not to End, (F"), where

/
n = a<§> + 1 ({ even, | < 2s)

[ —1
= a( 2 )+q“"’/2+1 (lodd, I < 2s)

= a(s—1)+qs_'+(¥—s>e+l (=252 + 1)
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If I < 2s this proposition follows easily from Theorem 1.1. If / = 2s + 1
the situation is quite delicate, especially when (/4 is ramified. For a proof
of this proposition, see [7, pp. 34-39].

The inductive step in the proof of Theorem 5.1 is given by the following
proposition, whose proof can be found in [7, pp. 32-34].

PROPOSITION 5.4. Let f, € End, (F;) be such that f, lifts to End,_ (F") but not
to Endy, (F’) for some n > (e — 1)/(q — 1). Then nf, € End,(F,) lifts to
Endy,  (F’) but not to Endy, (F’), wheren’ = n + e.

This proposition is a generalization of [3, Prop. 3.3], and is proved in a
similar manner. Theorem 5.1 now follows by induction.

We give an example where F” is the formal group of an elliptic curve. Let
W be the ring of integers in the completion of the maximal unramified
extension of Q,, and consider the elliptic curve E/W with Weierstrass
equation

Yty = x.

Since E/W has good supersingular reduction E,/F, the formal group F of E
is a deformation of the formal group F, of E,. Let w € W be a primitive cube
root of unity. Then E has complex multiplication by the full ring of integers
Z[w] of Q(w), via the map

a: Z[w] — End(E,)
given by
a(x, y) = (wx,y).

It follows that the formal group Fis a canonical lifting of F,. Hence by [3,
Prop. 3.3],

Endy, (F) = 0 + 2"B,
where
B = End (F)

0 =~ Z,[w].
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To get a quasi-canonical lifting of F;, we need to construct an elliptic curve
which is isogenous to E. Let n' € Q, be a cube root of 2, and set
W’ = Wln’]. Over W’ we define another elliptic curve E, with Weierstrass
equation

Y2’ +3nXY +Y = X°.

This curve has good reduction E,, so the formal group F’ of E’ is a
deformation of F;. In addition, there is an isogeny ¢: E — E’ given by

X —7nx
X = T
v - X+ (@)yx —3y — D(y+1)

(I + ()xy

The isogeny ¢ has degree 2, with kernel {0, (—n’, —1)}. The isogeny ¢:
F — F’induced by ¢ also has degree 2. We find that End (E') =~ Z[2w]; the
Serre-Tate lifting implies then that End (F’) = Z,[2w]. Therefore F’ is a
quasi-canonical lifting of F; of level s = 1.

We now apply Theorem 5.2 and the remark after Theorem 5.1 to show
that

End,, (F') = B

End,, (F') = O, + nyB

End, (F') 2 0, + 3B 1 <n<5

End,, (F) = 0, + n4B 5<n <9

End, (F') = 0, + nfB 4k — 3 <n < 4k + 1,

where W, = W’/(n’)"*'and O, = Z, + 2wZ,. For instance, the frobenius
endomorphism Fr of F; satisfies

Fre O, + ngB

Fr ¢ 0, + n3B.
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Therefore Fr lifts to End,, (F”) but not to End,, (F’). The endomorphism
of F; induced by a(w) is not an element of O, + nyB, so it doesn’t lift to
End,,, (F").
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