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1. Introduction

Let a be a n-dimensional Euclidean space with inner product (., .) and R a
rank n root system, not necessarily reduced, contained in a*. We use the
notation P for the weight lattice of R and H for the complex torus with
character lattice P and Lie algebrah) = C @z a = a @ ia = a @ t. So we
can write H = exp bh. H can be decomposed in a split part and a compact
part: H = A- T with A = exp a and T = exp t. Choose an orthonormal
basis {X,, ..., X,} for a and let {x,, ..., x,} be the coordinates on a
relative to this basis. A multiplicity function g: R - R (or C) is by definition
a Weyl group invariant function. For a fixed multiplicity function g we
consider three closely related quantum mechanical one particle systems on
a, described by the following Schrédinger operators: (we take A = 1)

1 0V 7
X)) = -y (Z SN . :
S4(X) 22 (axj> + ZR 4 sinb (a(X))2) (L.1)
12 oV 2
X) = — = —_ —_ 1.2
$7(X) 22 (ax,) + ZR 4 sl (@(X))2) (1.2)
12 0 V 2
SxX) = —=Y(Z) + x 1.3
X 2 2 (ax,-> % GOF (1.3)
To comprehend the relation between S, Sy and S, we start with the operator
St = —rSoexyp4 Yy o (1.4)
250N & =y '

on H. Now we can interpret S, and — Sy as the restrictions of S to 4 and
T respectively, and S, as the “lowest homogeneous part” of S (see [Op],
Section 4).
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The main object of this paper is to prove that the commutant of S is a
polynomial algebra of differential operators on H with »n generators. Physi-
cally this means that we find a complete set of preserved quantities for the
systems described by S,, Sy and S,. If we descend to the level of classical
mechanics this implies that the Hamiltonian systems given by

_ 1y 2
P 0 = 32 TR GO0 a9
_ 1y 7
W20 = 3 10T & ) (10
1 n
H(p, X) = 5; P+ ZR af(l;() (1.7)

respectively are completely integrable.

In case R = A, the complete integrability of the system (1.7) was proved
already in 1866 by Jacobi ([J]). Marchioro (in 1970!) rediscovered this
fact and treated both the classical and the quantum mechanical scattering
problem (see [Mar]). The results of Marchioro on the scattering behaviour
were generalized in the quantum case to an aribtrary number of particles
(i.e., R = A, where n + 1 is the number of particles) by Calogero ([C)).
Moser proved integrability for the Hamiltonians (1.5), (1.6) and (1.7) (with
R = A,) by giving a Lax representation for the equations of motion (see
[Mo]). By extending the methods of Moser, partial results on the inte-
grability of these systems for the classical root systems were achieved by
Olshanetsky and Perelemov ([OP]). As for the quantum mechanical case we
mention Harish Chandra’s result on the structure of the space of invariant
differential operators on a (non compact) Riemannian symmetric space
X = G/K (see [HC]), which can be interpreted physically as a proof of the
integrability for the systems (1.1), (1.2) and (1.3) if we take R equal to the
restricted root system of X and ¢, = (1/2)(a, ®)4, * (£, + 245, — 1) where
2£, is equal to the multiplicity of the root a in G (see Section 4). In [K]
Koornwinder shows that the integrability of these systems for R = A4, or
BC, is not perturbed if one takes for the multiplicity ¢ an arbitrary, complex
valued Weyl group invariant function. Sekiguchi and later independently
Macdonald (see [se], [Mac]) proved this remarkable fact for R = 4,.
Macdonald’s proof consists of a direct calculation, but uses in an essential
way the special features of the root system 4,.

In contrast with the above mentioned proof of Macdonald for the root
system A, the general proof presented in this paper is very indirect. It is
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based on Heckman’s construction of hypergeometric functions (see [H]),
which in turn is based on Deligne’s solution of the Riemann monodromy
problem. The construction in [H] is carried through only for “generic
parameters” (see [H], Definition 7.1 and Theorem 7.5). However, in Section
2 we show that the hypergeometric function can be continued analytically
to the full parameter space (thereby filling in the last remaining gap in the
definition of hypergeometric functions). This continuation theorem implies
some combinatorical information which is used in Section 3 to prove a
conjecture (see [HO], Conj. 2.10) on the structure of the space of hyper-
geometric differential operators. In fact we prove a stronger result that
includes the existence of so called shift operators of hypergeometric differ-
ential operators (see [Op], Cor 3.12). In Section 4 we translate the results
of Section 3 in physical terms and we prove the theorems on complete
integrability of the systems discussed here.

2. Analytic continuation of the hypergeometric function in the parameter
space

For notions and notations which are used in this paper without proper
introduction we refer the reader to the papers [HO], [H] and [Op].

Fix a rank n root system R. As in ([HOJ, Section 2) we consider, for a fixed
complex valued multiplicity function £ on R, the partial differential operator

L = Y AP — Y A+ B - ),

axeRy

on the complex torus H. This operator has an asymptotic expansion on 4 _:

L) = Y XY —20X) — 2 ¥ £, Y hax,).

xeR j=1
Substitution of a formal series on 4_ of the form

Yy A a) = Y A4 Hateorr

KeQ 4

in the eigenfunction equation

L& = (4 — o), 2 + oW (Aebh®)



194 E.M. Opdam

for L(£) leads to the following recurrence relations for the coefficients A, (see
also [HO], Section 3):

QL+ KM A =2 T A Y O+ o) + K — jo, DA,_,0 4)
aeR, j=1
@.1)

These relations determine the coefficients A, uniquely as elements of
C(h*) ® C[K](C(h*) is the quotient field of C[h*] and K is the vector space
of all multiplicity functions of R) once A, € C(h*) ® C[K] is chosen. In
comparison with ([HO], Section 3): take 4 € h* such that (4, k¥) + 1 # 0,
Vk € Q. \{0} then

Y, £ a) = A4 P4 + o(£), £; a)
or equivalently:
AR(/L 7{) = A0(/1’ '€)rx+}.+¢)(»¢')(’1 + Q(’{)’ é)
The following lemma is a mild extension of ([Hel], Ch IV, Lemma 5.3).
LEMMA 2.1. Let U = h* x K be open, connected and bounded. Choose A, in
such a way that A, is analytic on U, Vk € Q, . Let a = exp X € A_. Then
there exists a constant d = d,; , such that:
A (4, A < d.a* VkeQ,,(A £ eU. 2.2)
Proof. Introduce the following function on Q. : m(t) = m(Z!_, t,a;) =
37_, t,. This height function extends to a norm on a* = RR. By equivalence
of norms on a* we have:
atl < m(1r) < bl
for certain constants a, b € R_,. here|t| = (7, 7)"*. Select ¢, € R. , such that
A +e+ o) <l +mr)VA el teQ,,aeR,.
Furthermore we can choose a constant Ny, € N, and ¢, € R_, such that
24 + Kk, )| = c;(m(k)y? Viebh*: I e K: (A, ) e U

Vke Q,:m(x) = N.
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Soifx € Q,, m(x) = N, then (see formula (2.1))

A4 A < e(m()™" Y 1Al Y 1A DLV, £) e U (23)

xeR j=1

with ¢ = 2¢,/c,.
Choose N, € N such that

¢ Y I4lY d* < N\VEeK:Jieb* (A, £ el

aeRy =1

and let N = max(N,, N,). Select d = d,,, such that
A4, &) < d.a ™, Y4, £) e U, Vk e Q,: m(x) < N.

Then we prove (2.2) with induction on m(x). Let k € Q@ with m(x) > N and
suppose (2.2) is true for all T € Q_, m(t) < m(k). In combination with (2.3)
we obtain:

) .N
A4, DI < emk)™ Y. £, > d.a”*.a* < il'——a‘" <d.a".

%eR, i>1 m(k)

O

COROLLARY 2.2. Let U and A, be as in Lemma 2.1. Let V be open, bounded
with V.c A_. Then § = X, A.a"**" converges uniformly on U x V.
Consequently, \ is analytic on U x A_. O

COROLLARY 2.3. The function ¢: h* x K x A_ - C

(4, £, a) > ¢(A + o), £; a)
as introduced in ([HO), formula (3.11)) is meromorphic with simple poles
along hyperplanes of the form H, x K x A_, ke Q,\{0}. Here H, =
{A e b*(4, k¥) + 1 = 0}. Moreover, for i, € h* with i, € H, for precisely
one k = Kk, € Q,\{0} we have:

[2(4, Ky) + (K9, K))P(A + 0(£), £; a);_,
= [(2(4, ko) + (Ko, KD 1100 (4 + 0(£), £)];_;,

X §(dy + Ky + 0(£), £; a) (2.4)
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Proof. From the recurrence relations (2.1) we see that poles of the coef-
ficients A, can occur only along hyperplanes of the form H, x K with
k€ Q,,k < t,and that the hyperplane H, does not occur if we start with
Ay(A, £) = 2(4, Ky) + (K, ko). The set of hyperplanes {H,, k€ Q. } is
locally finite, so we can take a neighbourhood U of (4, #) in h* x K such
that U does not intersect the set {H, x K, k€ Q. , k # k,}. As a direct
consequence of Corollary 2.2 we find that Y(4, £4; @) = 24, k,) +
(%o, Ko))P(A + 0(£), £; a) is analytic on U x A_. Formula (2.4) is a con-
sequence of the observation that, with A,(4, £) = 2(4, k) + (x,, Ky)»
A (4, £) = 0 if ¥ 2 K, and the fact that  converges uniformly in a
neighbourhood of (4,, #£). O

In ([HO], formula (6.4)) the c-function c: h* x K — C is defined as

cy(4, £)
A £) = s
C( ) [iEI;!A C,;(—Q(f), f)
with
(A, £) = 2=, B*))

T(=3(4 BY) + 35 + £)T (=34, BY) + 34, + 3)
The following proposition is clear from this definition:

PROPOSITION 2.4. ¢ is meromorphic on h* x K with poles along sets of
hyperplanes S, and S, with:

S, = {4 DA, BY)eZ, forsome fe R, , }

S, = {(4, As(e(#), B*) + 14, + £, € Z_ for some f € R, ,, or
3(0(£), BY) + 34, + L€ Z_ for some e R, _ }.

The poles along S, are simple. |

REMARK 2.5. The set S, of hyperplanes in K along which the ¢-function has
poles is always strictly contained in the set given in Proposition 2.4, but is
not so easy to describe explicitly in general. However, if we take a root
system R with only one root length (so R = 4, D, or E,) then it is not hard
to show that S, coincides (with multiplicity) with the set of poles of the
function IT/_, IT™", I'(# + j/(m; + 1)) (where m;, (i = 1, ..., n) are the
exponents of R).
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For rank(R) < 2 we obtain the following list: S, coincides (with multi-
plicity) with the set of poles of:

BC,:T(£, + £, + 1)2) (£, = £,, £, = £,)
AT + 1T + )T + 2/3)
BC,: T(£, + 1/2)T(£, + £, + 12T(4, + £, + £ + 1)2)
£y = Ay £y = Aoy £y = £p)

Gy T4, + 1T(4, + 1DT(#, + £ + 13T, + 4 + 2/3). O

Heckman showed ([H], Theorem 7.5) that if £ is admissible (} + £, +
£,, ¢ Z) and A € b* satisfies the condition (A + 7, 4 + 1) # (4 + 15,
A+ 1) ift, # 1,,7,€ Pand 1, — 1, € Q then span{p(wi + o, £; h)},cw
is a system of Nilsson class functions on W\H™® of monodromy type
M2, £). In addition, if (4, £) ¢ S, then F(4, £; a) = Z,., c(WA, £)p(WA +
0(#£), £, a) (a € A_) has an analytic continuation to a W-invariant tubular
neighbourhond ™ [ 4 <= H which is W-invariant. A first result on mero-
morphi ce of F on the parameters (4, £) will be achieved by means
of the fol, lemma.

LEMMA 2.6. Let X be a connected complex manifold and B — X an open
subset. Let Q = C" be a domain and f a holomorphic function on Q x B.
Suppose that for almost all w € Q the function f(w, .) can be extended to an
analytic function on X. Then f can be continued analytically to Q x X.
Proof. 1t is enough to show the lemma for the special case where
X={x|l<r,i=1...,n}, B={x|<r<r,i=1,...,n} and
Q = {lo)] < r,i=1,...,m} In this situation we may assume m = 1.
Furthermore we assume that f'is bounded on Q x B by replacing r and r’
by r — ¢ and ' — ¢ respectively (¢ > 0 arbitrary small). Now Lemma
2.2.11 of [HO] or, more accurately, the proof of this lemma gives the desired
result. O

COROLLARY 2.7. Let V be a W-invariant tubular neighbourhood of A < H.
The function F: h* x K x V - C

(4, £, h) > F(4, £ h)
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can be extended to a meromorphic function with simple poles along the
following hyperplanes:

(@ {(4, £, h)|(4, «) = 0 for some o € R}

(b) H. x K x V, ke 0\{0}

Furthermore it has poles (not simple in general) along:

(o S,.

Proof. Define V. = V n A_ - T. From Corollary 2.3 and Proposition 2.4
we conclude that the restriction of Fto h* x K x V_ is meromorphic with
poles along the hyperplanes (a), (b) and (c), where those along (a) and (b)
are simple. Now ([H], Theorem 7.5) states that for almost all (4, £) the
function F(A, #; .) has an analytic continuation to V. So if we apply Lemma
2.6 we obtain Corollary 2.7. O

Formula (2.4) enables us to calculate the residues of F along the hyperplanes
H, x K x V, k€ Q\{0}. Suppose that i, e a* + t* with 4, e H  but
Ao ¢ H if k # K, for a fixed k, € Q\{0}. Suppose £ € K such that (4,, £) ¢
S,. There are two cases we have to deal with:

First case. Assume that k, # n-aVn e Z,, a € R, (the indivisible roots of
R). Then c¢(w4, £) is holomorphic in a neighbourhood of (4,, £) (Yw € W).
We obtain in this case (take £ € K and a € 4 _ fixed):

[(2(4, o) + (%9, ko)) - F(4, £; a)]l;,=;.0

= ZW c(Wio, A4, 1) + (K, Ko)T (WA, D]l
wiy >0

- PW(hy + xy) + 0(£), £; a).
Second case. Now let k, = n-aforsomen e Z, ,a € R,. Then c(wi, £) will

have a simple pole in a neighbourhood of (4,, £) for those w € W for which
wk, < 0, along the hyperplane H,, x K (see Proposition 2.4). Thus:

(¢4, ko) + (o, K9)) = F(4, £; a)ll; -,

= Z {[2(4, x5) + (rq» K))e(r,u WA, ’g)]|1=/10 + c(wiy, HI2(4, ko)

weW
wiko >0

+ (0, KD WA, i }dW (Ao + 1) + 0(£), £ a).
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So in both cases we obtain the formula:
[2(4, ko) + (19, o)) * F(4, £; )]l

= 2 dWw, K Ay, £) . Wy + K)) + 0(£), £; a)
we W
wip >0

where (1) d(w, Ky; 4y, £) = c(Why, A2, Ky) + (K4, KT,

WKQ

(wh, 4]

ifky#n-aVneZ,,aeR,
(i) d(w, K3 49, £) = [(2(4, ko) + (Ko, Ko))(c(r WA, £)
+ C(WA‘O’ £)Fu (WA" ’€)]l

K() i= }.()

ifk, = n-aforsomeneZ, ,acR,.

In both cases d(w, k,; 4, £) is holomorphic in a neighbourhood of (4,, #) on
the hyperplane H,, x K.

THEOREM 2.8. The poles of F along the hyperplanes

(@) {(4, £, h)|(4, &) = for some o € R}

(b) H, x K x V for some k € Q\{0}

are all removable. In other words: F: h* x K x V — C is a meromorphic
function with poles only along the set of hyperplanes S, (see Proposition 2.4
and Remark 2.5).

Proof. Because F'is W invariant as function of the parameter A € h* it is
obvious that F cannot have simple poles along the set of hyperplanes (a). So
let us restrict our attention to (b). Take 4, k, as we did in formula (2.5). The
expression

res(do, £, @) = Y, d(w, ko3 Ao, £). d(W(Ao + K9) + 0(4), £; a),
we W
wko >0

being the residue of F along H,, x K x V at (4, £, a), has analytic con-
tinuation on (4,, £) x V. In particular: res(4,, £, .) has trivial monodromy
with respect to the curves 5; (j = 1, . . ., n) (see [HO], Section 5). Observe
that the functions ¢p(w(4, + k,) + o(#), £; .) have analytic continuations
as multivalued functions on H™® (apply Lemma 2.6). Put, for convenience,
d(w, Ky; Ay, £) = 0 if wi, > 0. If we choose 4, outside some subset of
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codimension >1 in H, then, for every j e {1, ..., n}, the subsums

Ew,j (a) = d(W, Ko /10’ {), ¢(W(’10 + Ko) + Q()g), }é, a)

+ d(",wa Ko; Ags ka)-d’("/w(/{o + 1K) + e(£), £, a)

of res(4,, £, a) can be separated with the monodromy action of the loops ¢,
(see [HO], Section 5) that satisfy ¢,5, = s;¢,. A rigorous proof of this is given
in lemma 2.9. Hence: Ywe W, Vje {1,...,n} the sum X, ; has trivial
monodrony with respect to s;. If we apply rank one reduction (with respect
to the simple root a;) to X, we obtain an asymptotic expansion for the
ordmary hypergeometrlc functlon associated with R, . Take the coordinate
z =1 — L(h*" + h¥?)asin [HO], Section 4. The ordinary hypergeometric
function we have obtained has exponents: 0 and 3 — £, , — £, atz = 0,0
and } — £, atz = 1,34, , + £, + (W(4, + KO), o) atz = co. Suppose
that one of the coefficients d(w, ky; 4y, £) or d(r;w, K,; 4y, £) is equal to
zero, for instance d(w, Ky; 4y, £) = 0. If d(r;w, x,; 49, £) # 0 one of the
following relations between the exponents at 1 and oo has to hold:

(1) Yyp + £, — W + ko) &) = O(mod Z) or

@) A+ A, — Wl + K0) o)) + G — £,)

7

Hap — WAy + Ko), ") + 3 = 0 (mod Z).

However, for almost all # € K and A, € H, these relations are violated.
Consequently: for general £ € K and 4, € H, both d(w, x,; 4, #) and
d(r,w, k,; A, £) have to be zero if one of them is. Thus d(w, xy; 4y, £) = 0
Vw € W. We have shown now that, except for S,, the set of singularities
of F has codimension >2 and thus that F has analytic continuation to
0 x K x V)\S,. 0

To complete the proof of Theorem 2.8 we will prove:

LEMMA 2.9. Let p; denote the orthogonal projection on the hyperplane o;" (%, € R
a simple root). Let w, w' € W with wk, w'k > 0. Suppose that the map
H - o

A = p((w — w)A) is constant. Then w = w’ or w = r,w'.
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Proof. /. — p,((w — w’)A) is constant on H, if and only if (w — w')(k') <=
Ca, or equivalently (w(w’)™" — 1)(w'k*) < Ca,. Let us study the set o/ =
{xe W|(x — )(wk") < Cu,}. Observe that r,o/ = /. Furthermore: if
x € o/ then x or r;x has to be a reflection. To see this we assume that x itself
is not a reflection and that x # 1. Then stab(x) has codimension 2 and so
x = r,ryfor some a, f € R. Also: Im(x — 1) = Ca + CB > Ca, and thus
r;x is a reflection. We are left with two cases to treat:

(@) Kk # noVne Z,n € R. Then x € o and x a reflection imply that x = r;
and so & = {I, r;}

(b) k = na for some a € R, ne Z,_. Suppose x € o/ a reflection. Then
x =r orry. Sowehave & = {1, r,r,,, rir,,}. But w = r_w" is in
contradiction with wa, wa > 0 and w = rr,w = wo = r(—wao) >
O=wo=0=>w=w.

We resume the combinatorical implications of theorem 2.8:

COROLLARY 2.10. Let the rational functions A (4, £) on h* x K be defined
by the recurrence relations (2.1) and Ay(A, £) = 1. Then the only poles
that can occur in A, (A, £) are simple poles along the hyperplanes H, x K
(={(4, HI2(4, 1) + (1, ) = 0}) where 1 satisfies:

)<k

(2) © = na for someae R, ,ne”Z,

Furthermore, if k = no for some o€ R, ,n € Z, then we have: c(A + k, £) +
c(4, £). A (4, £) has a removable pole along H, x K. O

3. Existence of hypergeometric differential operators and their shift
operators

Let ¥ = (C(h*))?* (where C(h*) is the field of rational functions on h*) be
the C(h*)-vectorspace of functions from Q. to C(h*). If we choose £ € K
fixed we can identify ¥~ with the space of formal series on 4_ of the
form r = Z, o, r (RO 1, (1) € C(h*) by means of r — (r(4),co, -
A formal differential operator on A_ with asymptotic expansion
D = h"Z, o, ho(p,(A) with ¢ € K, p,(4) € C[h*] can be viewed in this
way as an element M (£; D) of gl(¥"), with matrix:

(M(#; D)), ,(A) = po_y(2 + e(#) + V).
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ProPOSITION 3.1. (see [HO], Lemma 2.7 and [Op], Proposition 3.2). Let
q. € C(b*) with q. = 0 if k ¢ Q,. Let N € gl(¥") be defined by N, (1) =
Ge_y(A + o(£) + v). Then

M@#+ LA+ )+ (0 + £), 0£ + )N
= NoM(# L(#) + (e(4), e(%))) (3.1
if and only if the g, satisfy the following recurrence relations:

QA = @) + K, 1), (D) = 2. Y {4, + L)@ 4 + o)

aeRy
Jj=1

+ K — ja)qk—ja(l) - ’ga(a’ A)qx—ja()' + .]a)} (32)
Proof. This is an easy computation in gl(¥") and left to the reader. [

COROLLARY 3.2. For a given q, € C(h*) there exists precisely one N € gl(¥")
of the form described in Proposition 3.1 that satisfies (3.1).

PROPOSITION 3.3. The equation M (£, L(£)).r = p.r(p € C(H*),r € ¥") has
a non trivial solution space if and only if p(A) = (A + 0(£), A — 9(£)). The
(A + o(£), A — o(£))-eigenspace is one dimensional and spanned by the vector
d(£) € V" with §(£) = (A(£))ico, where Ay(£) = 1 and A, (£) defined by the
recurrence relations (2.1).

Proof. See [HO], formulas (3.11)-(3.14).

In [HO] we formulated a conjecture on the structure of D(£) = (Z ®
UGH)* L@ ([HO], Conjecture 2.10): let y(£): D(£) — C[h*] be the map defined
by Y(£)(Eycq, H(p.(1)) = {4 > py(A + 0(£))}. Then »(£) is an iso-
morphism (V£ € K). In [Op] we extended this to shift operators (and
changed it in an inessential way: the ring # was replaced by the ring &).
Recall the following notations from [Op] (Corollary 3.11): R = 7., C;is
the decomposition of R in conjugacy classes of roots, B = {£,}7_, is a basis
for K consisting of the vectors 4, = ¢;if 2C; n R = J (where ¢, € K is the
function defined by (¢;), = 0 if a ¢ C, and (¢;), = 1 if x € C;) and 4, =
(2e; — ¢;) if 2C; = C;. The next lemma is crucial for the proof of ([HO],
Conjecture 2.10) and for the proof of the existence of the shift operators
G(¢) (¢ € Z. B) (see [Op], Corollary 3.12).
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LEmMMA 3.4. let N € gl(?") be as in Proposition 3.1 and suppose that
(a) £ € Z_.B, and q, is a polynomial such that

qo(A + 0(£)) . c(4, £)
O, £+ 7)

Then q, € C[b*], Vk € Q, .

Proof. With induction on the ordering < on Q,. Take pe Q, and
suppose that g, € C[h*] YVt € Q,, 7 < u. From (3.2) we see that the only
possible pole that can occur in g,(4) is along the hyperplane H, + o(#).
However, from (3.1) and Proposition 3.3 it is clear that

e C[h*)".

(b)

N.o(£) = qo(A + o(£).¢(£ + 7)
This is equivalent to:

Y a0+ o) + 0.8 4 = q(d + (). A £ + 0)
KieQ)

or
q,(4 + o(4) = (g + 0(£).A,(4, £ + ¢)
— (4 + o(4) + w).A,(4, £))

- Y g+ o) + 1).A4 £).

K+Tt=p
k,7€ 04 \{0}

The only term in the right hand side where a pole along H, can occur is,
according to Corollary 2.10, the term

94 + 0(£). A4, £ + £) — (A + o) + W. A4, 4)

This expression can, according to the same Corollary 2.10, only have a pole
along H, if u = na for some ne Z,, « € R, . In this case (take 4, € H, a
generic point):

lim [2(4, ) + (. wlg0(2 + (DA, (4, £ + 7)

— @ + o) + WA, A = lim (4, 1) + W]

A £+ 7 A £
| -t + oy A0 ot

c(hgs £ + £) T4+ o) (4o, £)



204 E.M. Opdam

A Jo,
= lim 20, 1) + G, u)][— ("0( + o) ff>>

(o, £ + £)

(Ot m Al O\ (@l oW+ g4
(g, ) A+ i+

A+t +0\] _
(T -

94 + e(£))c(4, £) . o :
because G £+ 7) is a Winvariant polynomial and (4 + ) — r, 4,

if A - 4. O

LEMMA 3.5. Let £ € K be a generic point andlet D = h* X, _, h*d(p,) with
p.€Cb*] and £ € Z_.B be a formal differential operator on A_ with
the property that (formally) Do(L(£) + (0(£, 0(%£)) = (L(£ + ¢) +
(@£ + £),0(£ + £)))o D. Then the sum converges and D is in fact the lifting
of an element of A, (the algebra of polynomial differential operators on C")

under the map H - W\H =~ C", h - (z,, . . ., z,). So in particular (see
[OP], Proposition 2.5), D € (¥ @ U(h))”.
Proof. The functions z; = Z, _yuy £ "7 = 1, ..., n) form a system

of coordinates on 4A_. So on A_ we have

o) = 3 onE) 5 (WX (3

1

Choose a basis {X, . . ., X,} for a and write X* = X}, ..., X Recall
the notation

0 i 0 ky 0 kn ] n
(%) = (&) (&) rr - -Eraer

(see [HO], Proposition 2.3). From (3.3) we obtain:

oxry = AZP a, <—aa—z> with g, a series on 4_ of the form
finite s;m

a;(h) = h™*. Y c¢h* (c. e C). So we can rewrite D as follows:

KeQy
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7 /
D = > f (;;—) with f, formal series on 4_ of the form
/€ Z
ﬁmle’l\;m
fi = K070 Y dh*(d, € C). Because we assume £ to be generic
KEQ

and £/ € Z_.B (so ¢9(/) € P_) we know that D maps Jacobi polynomials
with parameter # into Jacobi polynomials with parameter £ + ¢ (for Jacobi
polynomials: see [HO], Definition 3.13 or [H], section 8). It follows that

D(Z) = ) ez

HEP_
u=ri+o(l)

So we conclude that the formal series f; are in fact W-invariant Fourier
polynomials and that D € A,,. O

Recall the notations of [Op]: for 4, /€ K we define S(¢, £) = {De
A,IDo(L(£) + (e(£), o(£))) = (L(£ + ¢) + (e(# + £), o(£ + £)))°D}
and the map n = n(¢, £): S, £) - C[b*]

Y BA(p) - {4 - p(d + e(#)}

keQ

THEOREM 3.6. (Structure theorem for the spaces S(£, £))

(a) For all £ € K, y(£) = n(0, £): S(0, £) = (¥ @ UGH))VLO — C[h*)¥ is
an isomorphism of algebras.

(b) If £ ¢ Z.B then S(£,¢) = {0}. If £ € Z.B then S(¢, £) = G(, £).
S(0, #). The generator G(¢, £) € A, has degree ZMR& max(|Z,|, |£,, +

c(A, £+ ¢)
c(4, £)

(¢) The dependence on £ € K is of a polynomial nature: let p € C[h* x K]
such that p(., £) € Im(n(¢, £)), V£ e K. Then (n(, #)~'(p(., £) e
CIK] ® A,, and its degree in £ is equal to deg,({(4, £) - p(A —
o(4), 4))).

Proof. (a) is immediate from Lemma 3.4 and Lemma 3.5. From ([Op],
Proposition 3.4 and Corollary 3.12) it follows that we only need to prove (b)
for £ = —¢, (i =1,...,m) and in that case we can apply again the
Lemmas 3.4 and 3.5. (c) is a consequence of the recurrence relations (3.2).

-0

(). If ¢ € Z_ . B we can take n(¢, £)(G(, #))(A) =
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REMARK 3.7. For more detailed information about shift operators we refer
the reader to [Op], Sections 3 and 4.

4. The generalized Calogero-Moser system
As was explained in ([HO], Section 2) there is a close relation between the

differential operator L(£) associated with some root system R and the
differential operator

| «
S(y) = —5/; a(A;,)Z-f-ag;‘Jr(h_a/zyw (yEK)

on the torus H. This relation is a consequence of the automorphism of

% ® U(b) given by P — 520 Pod~ 12 with 6 = 6(£) = ., (b~ —
h?)* (viewed as Nilsson class function on W\H™®):

—28(p) = 0" (L(#) + (2(£), o(£))) 0~ "*
if we take
2. = 3, 0f,(£, + 24, — 1).

The asymptotic expansion of S(g) on A_ is given by

0

Z X + ) g, ) Jh". 4.1)

«eR, j=1

1
S(g) = —

ol

In order to study the quantum integrals of the generalized Calogero-
Moser system it is useful to write down the recurrence relations that arise
from the equation [S(g), P] = 0 for a formal differential operator P =

ZKEQ+ hxa(pk)

PROPOSITION 4.1. [S(g), P] = 0 if and only if the polynomials p, satisfy the
recurrence relations

@+ k0D = = T 20 T il + ) = Py a(D). (4

a€R, J

d
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From Theorem 3.6 we know that, V¢ € K, the recurrence relations (4.2) lead
to an element P € (¥ ® U(H))* with [S(y), P] = 0 if we take p, € C[H*]".
The p, are polynomials in 1 and 4 and we can use (4.2) to make an estimate
on the degree of p,.(4, ¢) in the following sense: define

P, = {pe Clh* x Klp = Y c,,,mX"y'",c,,,,,,eC}. 4.3)

Inl +2lm| <k

Then we have:

PROPOSITION 4.2. Take p, € C[h*)¥ homogeneous of degree k and p, (A, g)
defined by (4.2). Then p, € #,,Vk € Q, .
Proof. Use induction on x with respect to the partial ordering < on Q.

O

DEFINITION 4.3. For 4 € K we define the map
Y = v () (¢ ® UDH)*Y - CH*]” by

Y. K a(p) - po-

KeEQ

PROPOSITION 4.4. Let 9 be the algebra C[K] ® & ® U(h) of differential
operators on H™® with coefficients in C[K] @ %. Put

9, = {Pe@lP = ¥ f,,,m.,"a(xm),f"‘mey}.

2n|+m| <k

ThenS = 9y < 9, < 9D, < .. .isafiltrationof D,i.e. Dy, . Dy, < Dy, 11,
O

THEOREM 4.5. The map y'(¢) is an isomorphism of algebras for all 4 € K.
Moreover, if p, € C[h*]" is homogeneous of degree k then D(py)) = {g —
G @) (Po)} € D O

COROLLARY 4.6. The quantum mechanical systems on a described by the
Schradinger operators S,, Sy or S, (see Section 1, formulas (1.1), (1.2) and
(1.3)) are completely integrable for every root system R and multiplicity
function ¢. The integrals are of an algebraic nature. For every homogeneous
p € C[b*)Y there exists an integral of the form d(p) + lower order terms.
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To obtain results on the complete integrability of the classical systems
described by the Hamiltonians H,, H;, and H, on a x a* (see Section 1,
formulas (1.5), (1.6) and (1.7)) we study the associated graded ring & of
with respect to the filtration given above (Proposition 4.4). Denote by o the
symbolmap, thus for D € &, we have 6, (D) = D(mod 9,_,) € 9,/9,_, =
6, < &.ltisobvious that [, , %] = D, 14,-1 50 & is commutative and we
can define the so-called Poisson bracket on &. First take two homogeneous
elements f; € &, and put {f,, f,} = 0, .4, ([F\, F,]) where F, € &, such
that g, (F;) = f,. Extend {., .} bilinearly to &.

ProOPOSITION 4.7. & =~ C[K] ® & ® C[b*] and the Poisson bracket can be
calculated explicitly:

[ of, 0
(i 13} z[ oX)f; — a(X,)./.a—XJ

(where we interpret X; as coordinates on a*)

Proof. Easy and left to the reader. O
THEOREM 4.8. The system described by the Hamiltonians H,, Hy and H, are
completely integrable with algebraic integrals. Let {p,, . .., p,} be a set of
homogeneous generators for C[b*]". Then there exists a complete set of
integrals of the form p, + terms of lower degree in {X,,..., X,} (i =

, ).

Proof. Clear from Theorem 4.5 by taking symbols with respect to the

filtration 2, =« 9, = ... of 2. O

REMARK 4.9. There is an equivalent, but maybe physically more natural way
to describe the passage from the quantum level to the classical level. If we
take A, Planck’s constant, as an extra variable we have to take

W oo ya
S@) = —F LAXP+ 3 G ey
Define a filtration by taking deg(h) = —1, deg(d(X))) = | and define

p; = symbol of —ha(—1)"* d(X;). Now take symbols with respect to this
filtration (so in some sense we take the limit # | 0).
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