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Introduction

The main purpose of this paper is to show that the moduli space for
plane curves of given degree D is rational, provided that either or D = 1
(mod. 9) and D = 19, or D = 1 (4). This we approach as a problem in
invariant theory, for the moduli space is the quotient variety P, /SL,, where
P, is the ((°F?)) — 1)-dimensional projective space of homogeneous
polynomials of degree D in three variables and SL, acts by contragredient
substitution on the coefficients. In particular, however, we are unable
to solve the problem when D = 4, in which case the moduli space is
(birationally equivant to) that for curves of genus three. (Recall that
for g < 6, 4, can be described birationally as an orbit space P/G, where G
is some reductive group acting linearly on a projective space P; from
this description we have shown that .#, and .#, are rational, while for .#,
and .#, this was established by the invariant theorists of the last century).
We also show that if X is the space of pencils of binary forms whose degree
K is even and at least ten, then the quotient X/PGL, is rational and, using
a result of Mukai [8], that the moduli space for polarized K3 surfaces of
degree 18 is rational.

This general question of whether P/G need be rational has been answered
negatively by Saltman [11]; in his counter-examples G is finite, and it
is still unknown whether quotients of projective spaces (or other homo-
geneous varieties) by connected, or even classical, groups are rational.
However, Bogomolov has shown [2] that for many groups, including the
simply connected classical ones, these quotients are stably rational (in other
words, their products by suitable projective spaces are rational). On the
other hand, Beauville, Colliot-Théléne, Sansuc and Swinnerton- Dyer [1]
have constructed irrational threefolds X such that X x P? is rational.

* Partially supported by an NSF grant.
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Preliminaries

NOTATION. (i) Whatever the group G, 1 will denote its trivial one-dimensional
representation.

(ii) If the reductive group G acts linearly on the quasi-projective variety
X, a point x € X is very stable if it is stable and its stabilizer is trivial. The
locus of very stable points will be denoted by X*. (If we need to emphasize
the G-linearized polarizing sheaf %, we shall write X*(%).) We shall say
that X is a good G-space (or simply good) if X # . If V is a representa-
tion of G and Z the kernel of the action of G on P(V'), then we shall say that
V is very good if V is a good G-space, P(V) is a good (G/Z)-space and V' is
not an eigenspace for any one-parameter subgroup of G (so that Z is a finite
subgroup of the centre of G).

By Mumford’s theory [8] and Luna’s étale slice theorem [8, Appendix 1],
G acts freely on X*; a geometric quotient X*/G exists and the map =:
X” - X*/G is a principal G-bundle. See [8] for the details.

(iii) We let the symbol ~ denote birational equivalence.

THEOREM 1 [8, §7.1]. Suppose that f: X — Y is a G-equivariant morphism of
quasi-projective k-varieties and that & € Pic Y, # € Pic X are G-linear
sheaves where & is ample and M is ample relative to f. Suppose that
Y* (&) # 0. Then for all n > 0,

fI(Y*(2) < X=(# @ £°).

Set Y (&) = Y,. Then there is a Cartesian diagram

Xo = X,/G

|

Y, 5 Y/G,
and there exists ¥, € Pic (Y,/G), #, € Pic (X,/G) such that

LY, = X%, MA|X, = oa*M,.

The birational triviality of certain principal bundles

If G acts on X, then the quotient map n: X* — X*/G is a G-bundle in the
étale topology. We shall be concerned in this section with the question of
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whether = is a bundle in the Zariski topology; it is well-known that this is
equivalent to 7 having a section defined generically, and to = being generi-
cally a bundle in the Zariski topology.

PROPOSITION 2. If G is a connected reductive group, then the following state-
ments are equivalent.

(i) There exists a good representation W such that the morphism W* —
W*|G is a Zariski G-bundle.

(it) Every principal G-bundle X — Y carrying an ample G-linearized
invertible sheaf is a Zariski bundle.

(iii) For any very good representation V of G, the morphism P(V)* —
P(V)*|G is a Zariski (G/Z)-bundle, where Z is the kernel of the action of G
on P(V) (Z is a subgroup of the centre of G).

Proof. (i) = (ii): By Theorem 1, there is a commutative diagram

X u > Y
IS 4
Py «

X xPWeal z X x P(Wa®1)G

P

PIW @ 1) ¢ P(W'® 1)/G

whose top and bottom squares are Cartesian. Moreover, using Theorem 1
to descend a suitable line bundle cutting out ¢(1) on fibres of a, it follows
that « is a ruling. (We have blurred the distinction between regular and
rational maps on one hand and that between S and S* for a G-variety S on
the other, in an abuse of notation that will recur throughout this paper.) By
hypothesis, g is a ruling, and so by pull-back ¢ is also a ruling. So there is a
generic section y: ¥ - X x P(W @ 1); then p, o7 is a generic section of =.

(i1) = (iii): By hypothesis, the map a: V* — V*/G is a Zariski bundle.

Recall a result of Hall [7] and Rosenlicht [10]: if a torus T =~ (C*) acts
with finite kernel on a variety X, then X ~ (X/T) x P". Let T = C*; then
there is an obvious action of T on V, commuting with that of G, and we have
P(V)* ~ V*/T, canonically. Consider the commutative diagram

Vvs x Vvs / G

P(V)” - P(V)*[G,
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where the vertical maps are quotients by T, by hypothesis, « is a ruling, and
B is also a ruling by the result just quoted. Hence y has a generic section, and
so is a Zariski bundle.

(iii) = (i): Take any good representation W (which certainly exists, since
for any semi-simple group there are, up to isomorphism and the addition of
trivial factors, only finitely many faithful representations that are not good).
It follows from the hypothesis that P(W @ 1) - P(W @ 1)/G is a Zariski
G-bundle, and so W — W/G is a Zariski bundle. Q.E.D.

Here are some examples of pairs (G, W) satisfying the hypotheses of
Proposition 2, (i):

G = SL, or Sp,and W is the space of n x n matrices on which G acts by
left multiplication. Using the description of the ring of invariants given by
Weyl [13], it is easy to see that W is ruled over W/G.

It is worth pointing out that in contrast to the case of G = SL, just
mentioned, if ¥ is a representation of PGL, containing a very stable
vector, the quotient map V — V/PGL, is never a bundle in the Zariski
topology. For by Proposition 2, it is enough to produce one such repre-
sentation V. The conjugation action of PGL, of M, gives a homomor-
phism PGL, - Aut(M,) = GL,, and GL,, =, V = C"; the left multi-
plication of GL, by PGL, extends to a linear action on V. Now let P
be the stabilizer of a point in the action of PGL, on P"~'. Consider
the map a: GL,/P - GL,/PGL,; Haboush has shown [6] that this is
generically a universal Severi-Brauer scheme. Since non-trivial Severi-
Brauer schemes over function fields exist for all dimensions, it follows that
o cannot be uniruled, or else « would be generically trivial, by Chatelet’s
Theorem. Hence the quotient map ¥V — V/PGL, cannot be ruled, as we
said above.

Plane curves
Our aim in this section is to prove the following result:

THEOREM 3. The orbit space of the family of degree D plane curves, modulo
the action of SL,, is rational, provided that D = 1(9) and D > 19.

Note. The hypotheses on D arise because the technique requires that D be
prime to 3, and that D be sufficiently large; moreover, there are computa-
tional difficulties that have only been overcome when D = 1(9).

We begin by setting up some notation. We denote by V(D) the space of
ternary forms of degree D (so that V(D) = SymmP”(C?)", where C? is the
standard representation of SL,, and set P, = P(V(D)), the family of plane
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curves of degree D. Throughout, G will denote the group SL, and G will
denote PGL,.

The idea behind proving that P, /SL, is rational is the following. Suppose
that D = 1(3). Then we shall construct a G-equivariant rational map ¢:
P, —» P, given by a linear system of quartics, and establish various things:

(i) ¢ is dominant.

(ii) The generic fibre F of ¢ is geometrically reduced and irreducible, so that
Fis a component of the complete intersection F’ of fourteen quartics.

(iii) There is a linear space L contained in the triple focus of each quartic
containing F’ such that dim L > 13. Thus if we project F’ away from
L to a complementary linear space M in P, via a map = the fibres of =
are linear.

(iv) The restriction of = to F is dominant. (We shall express this by saying
that the linear space L is non-degenerate.)

From (i)—(iv), it follows that F is rational over the function field C(P,).

Pass now to the quotients by G. Set X = P,/G, Y = P,/G, and let y:
X — Y denote the induced map. Since G acts generically freely on P,, the
generic fibre F* of y is geometrically isomorphic to F. If K = C(Y), the
invariant subfield of C(P,), then F* lies naturally in (P,) x K, and we show
that F* is rational over K by finding a non-degenerate linear space L* as in
(iii) above that is defined over K. To do this, we use the birational triviality
of the principal G-bundle P, —» Y. It now follows that F* is rational over
K;say F* ~ Y x P". To complete the proof, we use the fact that although
the rationality of Y is unknown (of course, ¥ ~ .4,), the product ¥ x P?
is rational; since N > 8, it follows that X is rational over C.

The construction of ¢. The existence of ¢ is equivalent to the appearance
of V(4) as a component of the representation Symm* (V' (D)) of G, a fact
which can presumably be checked by a computation of characters. However,
to prove the statements (i)—(iv) above, we must know ¢ explicitly; its mere
existence is insufficient. To achieve this, we use the symbolical method,
which we now outline; for a full and lucid description, see [4].

First, some more notation. For a multi-index { = (i, i,, i;) of non-

D
negative integers, we write | = i, + i, + i;; if #i = D, then (il, i, i3)
denotes the trinomial coefficient D!/(i;!i,!i!). Let (x,, x;, x;) be homo-
geneous co-ordinates on P2, and let x denote the monomial x;' x?x3. Then

D
for fe V(D), we can write f = Z,_,, (il i is)A,- - x‘, since char C = 0.
For us, the symbolical method provides a way in which to write down
covariants, i.e. G-equivariant morphisms from ¥ (D) to other G-spaces. It pro-
ceeds by writing f “symbolically” in several different ways as a D’th power of
alinear forma, = a,x; + a,x, + a3x;, sothatf = a? = b2 = ¢? = ..

*
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then taking a suitable formal expression in the symbols x, a, b, c, etc. (and
maybe various contragredient variables as well, although we shall not need
this generality) and finally substituting in the identities 4, = aj'a?a? =
bib2b? = . . . to rewrite the expression as a function only of the coefficients
A; and the variables x,, x,, x;. The action of G on the sets a, b, etc. of formal
coefficients is contragredient to that on the variables x,, x,, x;, so that the

linear forms a,, b, . . . and the determinants
a 4 a
by b, by,
G G G

which will be denoted by (abc), etc., are G-invariant.
Now we can write down the map ¢. Say D = 9M + 1. Then we define
¢: V(D) » V(4) by

o(f) = (abc)*™ (abd)*™ (acd)*™ (bed)™ a.b.d,c,.

Since all the terms (abc), a,, etc. are G-invariant, we see that ¢ is
G-equivariant. By abuse of notation, we also let ¢ denote the induced
rational map P, —» P,. Write ¢(f) = Z,,_, G,x*; then ¢ is defined by the
linear system of quartics generated by the G,.

We need some more notation:

I = {i=(,b,i)|ieZ, iz>0 and #i = D},
J = {ielli > 6M + 3},

H =1-/

J = (M +1,4M, 4M),

A = {a=(y,n,x)|eeZ op>0 and #a = 4}.

Forany i, j, k,leIandfor B = 1,2, 3, set p; = ig + j + ks + Is. For
any subset S < I, we let P(S) denote the linear subspace of P, defined by
the equations (4, = 0Vi ¢ S). If S = {i}, we write P, for P({i}).
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T denotes the maximal torus of SL, consisting of diagonal matrices.
Define weights w,, w, of monomials x* by w,(x*) = k, — k, and w,(x*) =
kl - k3.

Finally, let B denote the base scheme of the map ¢. The proof of (i)-(iv)
hinges upon an analysis of B.

LEMMA 4. There is a point P at which B is smooth of codimension 15.

Proof of Lemma 4. Since SL, acts covariantly on the variables x and
contravariantly on the coefficients {4,}, it follows that w (4, 4;* 4, 4;) =
P, — py and wy(4;* 4;- A+ A) = p; — p,. Also, for ae 4, w,(x*) =
o — 0, w(x*) = a; — ;. Hence if the term A4, 4,4, 4, - x* appears in the
covariant ¢ (f) with non-zero coefficient, we must have p, — p, = o, — o,
andp, — p, = &y — . Since Zy a5 = 4and Z; py = 4(OM + 1), it follows
that py = a; + 12M for B = 1, 2, 3. In particular p; < 4 + 12M, and so
every one of the quartic hypersurfaces {G, = 0} is triple along the linear
space P(J). In particular, P(J) = B; we shall analyze B by projecting away
from P(J). So consider the diagram

I~

P() ——— P(H)

where o, © are the projections with centre P(J). Notice that every fibre
a~'(P), P € P(H), is (at least set-theoretically) a linear space.

Consider the vector j = (M + 1, 4M, 4M). Note that for every a € A4,
the vector i = & + 12M - (1, 1, 1) — 3j lies in J (provided that M > 2)
and the term 4, * 4; - x* is T-invariant. We shall need the following result:

PROPOSITION 5. Provided that M > 2, then for every a € A and for i =
a + 12M (1, 1, 1) — 3j, the term A; - A} - x* occurs in the covariant ¢ (f)
with non-zero coefficient.

The proof of Proposition 5 is postponed.

Assuming Proposition 5, we see that the fibre 6~'(P,) is a reduced linear
space of codimension 15 in the linear space n~' (7). Then there is a unique
irreducible component B, of B such that ¢ induces a dominant map
B, - P(H), and moreover B, is of codimension 15 in P(I). Also, since
o~ '(B,) is reduced, it follows that B is reduced at the generic point of B,.
Then take P to be a geometric generic point of B,. This completes the proof
of Lemma 4.

Proof of Theorem 3. For any r, put P(V (r)) = P,. Let y: P, - P, be the
rational map induced by ¢. Let y: P, - P, be the blow-up along B and let
y: P, - P, be the induced morphism; § is PGL,-equivariant. We have a
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commutative diagram

‘I\/\T

where pr,, pr, are the projections.

Since B is locally a complete intersection at P, § induces an isomorphism
y~1(P) - P,. Since also Bis smooth at P, it follows that P, is smooth along
y~1(P). Let v: P% — P, be the normalization. Put v-'(y~'(P)) = Z; then v
induces an isomorphism £ — y~!(P), and so an isomorphism £ — P,.
Hence the induced morphism y*: P} — P, has a section, and so is equal to
its Stein factorization. Then by Bertini’s theorem, the geometric generic fibre
of y* is normal and connected, and so irreducible; hence the geometric
generic fibre of ¥ is reduced and irreducible.

Let ¢ denote the generic point of P,. Then the generic fibre F; = (3]
maps isomorphically to its image F; in P, ® k(&) via y. By construction, F;
is an irreducible component of the intersection E; of 14 quartics in
P, ® k(&) all of which are triple along P(J) ® k(). Let 7 denote the
projection away from P(J) ® k(). Since F; contains B, ® k(¢§), o
B, - P(H) is dominant, and B, is the only component of B on which ¢ is
dominant, it follows that 7 induces a dominant map F; — P(J) and E; is the
only component of E, on which 7 is dominant. Since every fibre of 7|5 is a
linear space, at least set-theoretically, the same is true of t|g,. Pulling back
to P, x P,, we see that projection away from P(J) ® k() induces a
dominant map F;, - P(H) ® k() whose fibres are linear.

We now pass to the quotients. The locus X = P, of very stable points is
open and non-empty. (The sheaf 0(3) is PGL,-linearized.) Put ¥ = ' (X),
Z=P,x X, M =prf0O(1) @ pr¥O(2) € Pic Z. PGL, acts on Y and Z,
and / is linearized. Set X; = X/PGL,, Y, = Y/PGL,, Z, = Z/PGL,; by
Theorem 1 these quotients exist and there is a commutative diagram

V4 z Z
Y—---)Y,yv )

VARERON
£ X

where every square is Cartesian. Moreover, .# descends to a sheaf .#, €
Pic Z, that induces ((1) on each fibre of §,. Hence Z, —» X, is a P"-
bundle in the Zariski topology. Let n be the generic point of X,. Put



Moduli spaces of plane curves 59

m = dim P(J) = #(J) — 1. Consider the algebraic k(n)-scheme W =
{m-planes L in (Z,), = P, ® k(n) such that projection away from L onto
a complementary (N — m — 1)-plane L’ induces a dominant map (Y;), - L’
with linear fibres, and L lies in the triple locus of every member of some
14-dimensional linear system of quartic hypersurfaces containing (Y,),}. W
is a locally closed subscheme of the Grassmannian of m-planes in PV, It
follows from our discussion of F; = (Y;), ® k(&) that W has a k(¢)-point.
By Proposition 2, k(£) is a rational extension of k(n), and so W has a
k(n)-point, say I1. Then projection away from IT shows that (Y,), is rational
over k(n). Since X; x P%is rational and dim Y, — dim X, > 8, it follows
that Y, is rational. Q.E.D.

It remains to prove Proposition 5.

Write D = 9M + 1. Recall that j = (M + 1, 4M, 4M), and that
for each vector a with #a = 4, we define i = « + 12M(1, 1, 1) — 3j.
Proposition 5 will follow from a stronger resuit.

PROPOSITION 6. The coefficient C, of A, A} - x* in the covariant ¢ (f) is given
by C, = (—DM(uviae) = Goag oot o) = 6.(M), where each o, is a rational func-
tion that does not vanish for any integral value of M > 2.

Proof. We define r, . . ., rq to be the coefficients of certain monomials in
the symbolical expression

A = (abc)y™(abd)*™(acd)*™ (bed)*™.

r[ is the Coefﬁcient Of a(M,0,0) . b(M,4M.4M) . C(M,4M,4M) . d(M+l,4M—l,4M)’

r, is the coefficient of GOM=LLO) o pMAMAM) . (M AMAM) o J(M+14M ~14M)

r3 iS the Coeﬂicient Of a(9M-—2,2,0) . b(M,4M,4M) . c(M+l,4M—l,4M) . d(M+l,4M—1,4M),
r, is the coefficient of g®¥ =330 . pMAM—1.4M) . (M +14M—14M) . J(M+1.4M —1.4M)
rS iS the coeﬂ-‘lcient Of a(9M—2,l,]) . b(M,4M,4M) . c(M+l,4M—l,4M) . d(M+l,4M,4M—l),

r6 is the Coeﬂicient Of a(9M—3,2,1) . b(M+l,4M—l,4M) . C(M+l,4M—l,4M) . d(M+l,4M,4M—1)'

Then each C, is an integral linear combination of r,, . . . , rs; we have the
relations
a = (4,0,0):C, = 4r,. )
a = (3,1,0):C, = 4(r, + 3r,). )
a = (2,2,0):C, = 12(r; + r3). 3)

a = (1,3,0):C, = 43, + 1,). )
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« = (0,4,0): C, = 4r,. (5)
@ = (2, 1,1):C, = 24(r, + r5). (6)
@ = (1,2, 1):C, = 12(r; + 2r5 + 1¢). @)
a = (0,3,1):C, = 4(ry + 3rg). 8)
a« = (0,2,2): C, = 24r,. ©9)

The other C, are given by symmetry.

The key to computing the quantities r,, . . ., 7, is an identity involving
Laguerre polynomials which was pointed out to me by Noam Elkies. Recall
that the Laguerre polynomial L}(x) of degree » and index « is

X
i

L = Y (-G
The identity in question is

] n Lu+ik k ok
R r e )

([5], p. 1089). Differentiating this with respect to y and using the fact that
(LY = —Lit}, we get

n—1s

Ly(x) - L*(y) = Ly (x + )

(n + a)!z[ xk yk

n! T LEKk + )
xkyk—l . Jo+2 -
—Eo TG B e+ y)]. .

Differentiating once more with respect to y gives

. t2 n + a)! xkyk=2 2
H0 ER0) = ;[(k TN R A
Xkyk—l a+2k+1 xkyk at2k +
B T e T R Y)]-

(***)
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We deduce various combinatorial identities from those above by setting
x + y = 0 and comparing coefficients of powers of x, remembering that
L;(0) = ("*). Then from (*) we get

(n+az)(n P4y (n+cx)! ( l)k (n+a+k ‘
L= Tt Y T Tl 2T Rkt s

multiplying through by r! and comparing the coefficients of x" gives

i 0 if r is odd,

‘Z (D' OCIDGTE) = S+ o) (= DR - k)

e nl Kk + ) it r = 2.
(A)

From (**), we derive

(=Df(n+ o) QR G 1Y)

XD CHGE) Gt then) = kT Gk + ) (B)
by comparing coefficients of x%*, and
(=D CEGIa
QCk — D'(n + a) ("retk . 2% ,
= (=1 nl N R DG 5oy e (B)
From (***), we derive
Z (=1 COCEN Gz,
_ @R+ GRS ("
= nl [k!(k+oc)! T E- Dk +aT 1)!] ©

by considering the coefficients of x*; comparing the coefficients of x%* !
yields

XD CEY Goadin

2@k + o) nikse) ,
B n! k= DIk + o) ©)
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We shall use these identities, for various values of n, k, «, to compute
Fiy ooyl

Fix some more notation: for any monomial N in the symbols q,, a,, a;,
..., d;, let C(N) denote the coefficient of N in A. Here need not be a
number, if the degree of N is small. Also, let (bc) denote

b, b
det ( : ) .
G G
So for example, C(@™) = (bc)*(bd)*™(cd)*(bed)*™.  Hence

C@Mp¥cta¥) = (— )M (uun) (bc)*™(bd)*™(cd)*™. Expansion of this last
expression shows that

o= (=D" G X (=D (1%
using (A) with r = n = 4M, a = 0, we see that

rn = (- nv- (MSAI;IM) : (2M,%,2M .

(Identity (A) in this case is well-known and due to Dixon.)

Rather than expand determinants to evaluate the other r,, we shall use the
fact that A is annihilated by the Lie algebra sZ; (although some expansion,
similar to that above, will be required). Put

0 -1 0
x =10 0 0 |esk.
0 00
Recalling that a,, . . . d; are contragredient variables, we have x(a,) = a,,

x(a,) = 0, x(a;) = 0. Since the only monomials Z such that
aM ' a, bY M bM M M M dM diM diM appears in x(Z) are aM - bV .. .. ..
M, M- g, M1 piM -1 piM M d*™ and the two monomials obtained
from the latter by permuting the b, ¢ and d, it follows that 9M - r, +
3(M + 1):r, =0, and so

M

r, = —m'rl.
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We next compute r,. For this, we consider the action of ‘x. The only
monomials Z such that a” ~'a, b} ' B3M ~1HM M+ M MM MM = W,
say, appears in ‘x(Z) are

IM -2 « hM+1 4M —1 34M +1 4M —1 AM , JM J4M JaM __

aM2a - bY I BN I e M M - dM M A = W,

OM—1,  pM+1paM—1p4M , M 4M AM , JM J4M J4M _
a"lay  BYHIRMTIOM - Y MM - AV M A = W,

a?M 1 ,b;blb4Mb‘31M M+lch 1 4M de4Md4M — u/;
and
a?M l 'b{”“b;M_]bgM' C':M+IC§M_IC§M’ dlM—ld24M+1d;M = [,Vs

We have C(W,) = ry,, C(W,) = C(W,) = r,, and
2.C(W,) + 4M - C(W,) + 4M - C(W,) + (4M + 1)- C(W;) = 0.
The only monomials differentiating under ¢, to
aM . pYHIPM I GIM M AM M o gM M M are W,
ML BUBIMBIM « M Moy - MM AM A = W,
M pUAIpIM 1M o ML ML M L gM @M @M — W, and
a - BTN - M MM - YT M M = W

Note that C(W,) = r, and C(W;) = C(W,). Expansion of the determinants
show that

CW) = (=DM 'Guaiid-1m) Z( (OGS M.
Now

Z( 1): (4M)(4 )(4M+l)

Z( D' DY + X EDEED D EN

= Y (=Y =X CDEEHE + 2 D EERY DN,
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and

iAM -1y (4MY2 _ (4M —1)! L(6MY _ 1 6M
NG = G e G0 = Husiha),

applying identity (B"), with &k =2M, n=2%k, a=0. Also
T(=DEEDEEDEN = =2 (=D'MMHEN ) = 0, by identity (A)
withn = 4M, a = 0,7 = 4M — 1. Hence C(W;) = (= )™~ (4% 1) "
1(omh om)- Also, the action of ‘x shows that

C(W,) + 4M - C(W,) + &M + 1) C(W,) + (4M + 1)- C(W;) = 0.
So

c(ws)

AM - (=DM i) (2M,g%,2M)

— @AM + D) (=DM Gy 2ie) Gusaton)

4M + 1)
= (=DMGiia) Gusiom [(—M_.;-l— B 4M],

and so since 2r; + 8M - r, + 4M + 1)- C(W;) = 0, we get

ry = (= I)M(M?AI;I,M) ° (2M,%,2M) *

5 [ M @M + 1).(4M(M+ 1) — MM + 1)]_

M+ 1 M+ 1
So
-3M 24M* + 3M
oM) =1, o(M) = T o3(M) = Ve

We next consider r,. Let W; denote the given monomial whose coefficient
is r,; then ‘x(W;) contains

a?M—Zag o b{tl+lb;M—lbgM. C{tl+lch—lc§M . dllbl+ld;M—ld;M.

The other monomials whose images under ¢, contain this are W, and the two
other monomials obtained from W, by permuting the vectors b, ¢ and d.
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Then 3:-r, = 3:-4M - C(W,), and r, = —4M .r,; hence

(—4M).(24M* + 3M)
r, = (—I)M'(M,}ly.M)‘(ZM‘g%.ZM : (A(l+ 1) '

Now consider r,. Let

00 0
y = 0 0 0]esk,
~10 0

and let W, denote the given monomial whose coefficient is r;. Then the
monomials Z for which ai™~'a, - bYbIMb3M « M +1 M1 4M  gM+1 gaM gim -1
appears in y(Z) are W,, W,,

OM—1, . pM—14MpaM+1 . M+1 4M—1 4M , JM+1 JaM JaM —1 _

a a, by ~'b" by (4 ' d Tt dyMd, = W,
and

OM—1, . hMJEAM M . M AM—1 4M+1 , JM+1 JaM JaM—1 __

a; a, - by' b b3 + i’ c; C; ay't'dyMdy =W,

We must find C(W,,) and C(W,,).
The monomials Z for which

a?M. b|M——lbgMb;M+l . c{vl+ICgM—lc§M . d‘M+Id24Md;M—1

appears in ‘x(Z) are W,,,

a?M, bfrl-—ZbgM+lbgM+l ,C{W+Ich—lc§M.dlM+ld;Md:M—l = VV]Z,
a?M, b{bl—lb;MbgM+l . c)ll!c;Mc‘;M, dlMd24M+ld;M—l — VVIJ'

and
a'i’M' bl]u—lblthbgM+l . cfvl+lch—lc§M . dlMd;M+ld;M—l = W,.

Expansion of the determinants shows that

CW2) = (=DM (oo™ imen <‘Z (=M 2)

M- 4M + 1) (daM - 2)!
@M) M — 1) 2M)!

= (“I)M'(M—z,ngiln,uu)'(— (% s
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using identity (B) with

o=1 n=2k+2, k=2M -1,

= —( I)M(M ) (2M2M2M [M(M — 1)(4M ki 1)]

2(M + 1@M — 1)

Similarly,

C(Wy)

(—I)M(M_lf%M+1)'[—Z( D' (*MH O R ]

= (=¥ (4- IMM+1) Z(—l)i(4Mi")2("?’)
= (_I)M(M lMM+1) Z( 1)(4M 1)2(4

M

= (= D"Gia) * Gusiion) 6M + 1)

Using (B") with k = 2M, n = 2k — 1, « = 0. Also,

C(W)

(=DM Gt m [—Z(—1)‘("”;“')("?’)(““,*1)]
= (=D"(uoiddsrum [E(—1)"(‘”“,~")(“f~")2

+ 2 (= D(*MH )("M)]

The first sum is 1 (,,, 53 ,,,) as above, while the second is —2 « (*4;') * (4n1,
by identity (C') with n = 2k, k = 2M, a« = 0. So

MQM + 1)
2M + D@M — 1)

CWi) = (=D" i) * Gu3mon) *
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Since
C(Wp) + @M + 1)-C(W,) +4M - C(W;3) + M + 1) C(W,,) = 0,

we get

o M@M? — 78M? — 38M — 6)
C(W,) = (=1 (M MK (ZMZMZM I: 6(M + 1°@M — 1) .

The monomials Z for which ‘x(Z) contains

a?M, biwb;Mbgu, cjlwch—lch+l . dlM+1d;Md;M—l = W, are
M be4Mb4M (,‘M lc4M AM+1 , dlM+ld;Md3M—l — I'Vls’
M be4Mb4M CM M —1 4M+l dlMd;M+ld;M—l = W, and
9M.b{u—1bgu+1b§M, c{uc;M—lchH ,dlM+ld;Md;M—l = W,.

Again expanding we see that

C(W:s)

(_I)M_l(M,M LM +1 I:Z(_l) (4 )(4M)(4M+1)]
= (_I)M(MM lM+1) [Z( 1)'(4M l)(4M)(t+l

+Y (=1 1)(,+.)2]

The first sum is zero. Denote the second sum by Y; then

Y+ 2 DERDEY = TEDED = = Gudiaw):
Also
= 2D ) = DD E?
So Y = —1(mhan), and so

C(Wis) = (—I)M(M ) (2M2M2M) I:W—_j_‘:_ﬁ:l
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Similarly,
CWe) = (=D¥Gia) = 2 (D GNP
Applying identity (C) withn = 2k + 1, « = —1, k = 2M, we see that

2
C(Ws) = (—I)M(M M) (2M2M2M) [ M@EM + 1):|

@M+ 17
Since
CW,) + 4M - C(W;5) + (AM + 1) - C(W)
+ (4M + 1)- C(W,;;) = 0,

we have

—M(Q4M? + 38 5
cwy) = ("‘l)M(M M) (2M2M2M I: ( + 8M + ):l

2M + D@M + 1)

Now we can compute r; = C(W,), using the fact (coming from the y-
invariance of A) that

CWy) +4M-CW,) + (4M + 1) C(W}) + 4M + 1) C(W;) = 0.

So

= (—I)M(M M)* (2M2M2M)

MQ56M* + 1258M° + 776M? — 79M — 9)
M + 1P@M = 1)

Finally, we consider r;. Let W,; denote the given monomial whose coef-
ficient is rs. Then the monomials Z such that y(Z) contains

a?M—Zag . bll|l+lbgM—lb§M . cllll+lc;M—lc;M, dlM+1d;Md;M—l are VV]S’
a?M—ZaZ . b{t{b;M—lbgM+l . c11l1+lc«2tM-—lch, dlM+ld24Md34M—l — u/ig’
M 2a2 bM+Ib4M lb4M CM AM —1 4M+l dlM+ld;Md34M—l — u/ZO
and

OM—2 2 . pM+1p4M—118M . M+1 AM—1 4M , JM J4M JaM _
a7y BB e M M M A M At = W,
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Note that C(W,,) = C(W,,) = r;. Next, notice that the monomials Z for
which

a?M l ,bflbgM—lb§M+l,cf4+lc;M—lc§M,dlM+ld;Md;M—l
appears in ‘x(Z) are Wy, W,,,

a?M—la2 . bllubgM—lb;M+l . C{”C‘Z‘MC‘;M’ dlM+ld;M—ld;M+l — VV22
and

OM—1, . pMpSMpAM | M+1 4M—1 4M . JM J4M+1 J4M —1 _
aMlay  BYBMBM - o SM T M - aM M = Wy.

Note that C(W,,) = C(W},).
The monomials Z such that ‘x(Z) contains

a?M . bflb;M_lb;M+l o cl]\l+lch—lc§M . d{”dgM-Hd:M_l are %3’ VVM,
a?M,b{ngM—lbéM+l CM M de4M+ld4M 1 14/24
and
oM . pM paM 1 piM +1 . M+ M1 M dlM—ld;M+2d§tM—l = W,
Note that C(W,,) = C(W,), while expanding the determinant shows that

C(I'st) = (- 1)M+I(MM+1M 1) Z( 1)'(4M)(4M+|)(4 )

(=DM G ¥ [Z( (D M

+ X (D EH O ]

The second sum vanishes, while the first is

@M (3,
CM — )M + 1)’
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by applying identity (B’) with n = 2k —1, k = 2M, « = 1, and so

_ aM?
M+ )M + )(@M + 1)’

CWy) = (- l)M * (M3A¥M) : (ZM,gﬁll,ZM

Now
C(Wy) + 4M - C(W,,) + 4M - C(Wy,) + (4M + 2)- C(W)s) = 0,

and so

—(110M* + 92M* + 10M?
C(Wy) = (—D"Glwn) s Gusman) [ ( )]

(M + 1)(4M + 1)
Next, we compute C(W,,) from the equation

2.C(Wy) + 4M - C(W,y) + 4M - C(Wy,) + (4M + 1) C(W,,) = 0;
we get

CWy) = (— l)M(M?Iy,M) : (2M,gﬁ1{,2u)

[ MP(1448M* + 3150M° + 1470M — 204M — 52)
6(M + 1)’(4M — 1)(@M + 1)

Then from the equation

C(Wi) + (@M + 1) C(W) + (AM + 1) C(Wy) + 4M - C(Wy,) = 0,
we deduce that

re+ B8M + 1)'r; + 4M + 1) C(W,) = 0,
and so

re = (- I)M(M?A};I,M) * (ZM,g%,ZM)

o[ —(1448M° + 7758M° + 6078M* + 420M° — 286M* — 18M)
6(M + 1°(@M — 1) :
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Bearing in mind the relations between the coefficients C,and r,, . . . , rs, we
have proved that indeed every C, = (— D™ (, %) * Guitron) = 0.(M),
where each g, is a rational function which it remains to determine.

« = (4,0,0):0,(M) = 4 (1)

oM
a = (3,1,0): 0,(M) = 4(1 T 1), )

_12Q4M* + 4M + 1) )
N M+ 1

a = (2,2,0) g,(M)

(24M* + 3M)(3 — 4M)

= co,(M) = 4-
a = (1,3,0): 0,(M) T

@

—16M(24M? + 3M)

a = (0,4,0) 0,(M) = M

()

24(256M° + 1258M* + 764M° — 88M* + 12M)

a=(2,1,1)0,(M)= M+ 1)’)@M - 1)

(©6)
a« = (1,2, ): 0,(M)
(= 1448M° — 4686M° — 9594M" + 10236M° — 752M° — 108M) ;
a 6(M + 1 (4M — 1) )
a = (L, 2, 1): 0,(M)
| —4(4344M° + 10062M° + 20248M° — 1620M° — 930M° — 54M)
B 6(M + 12(4M — 1)
®)
a« = (0,2, 2): 0,(M)
_ —4(1448M° + T758M° + 6078M* — 420M° — 286M° — 18M)
- (M + 1)(4M — 1)
€)

It is clear that none of these functions vanishes for any integral value of
M = 2. This completes the proof of Proposition 6.
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REMARK. For hypersurfaces of degree D in P”, we reduce the question of
whether the quotient is rational to a problem of showing that certain
coefficients do not vanish, provided that (D, n + 1) = 1 and D is sufficiently
large. However, the coefficients seem to be much harder to compute; for
example, for surfaces of degree 16 M + 1 in P?, the most accessible coef-
ficient required is that of

(byb3 by * cyc5¢,* dydyd, + e,e5e,)°M in (bed )™M (bee)*™ (bde)™™ (cde)*™, where

b2 b3 b4
(de) = det (&) CJ C | etc.
4 d, d,

On the other hand, if D is not prime to n + 1, then the argument breaks
down, even for binary forms of even degree (this latter problem has been
solved by Katsylo and Bogomolov [3], using a different idea) since whatever
covariant V(D) - W we construct, the map P(W) —» P(W)/SL is not
ruled. Using other techniques, however, we can also prove the following
result.

THEOREM 7. The quotient P(V,)/SL, is rational if d = 1(4).
The proof will be based upon the following key result.

PROPOSITION 8. Suppose that W is an odd-dimensional representation of the
reductive group G, and that there is a finite subgroup Z of the centre of G so
that G = G/Z acts generically freely on P(W). Suppose that V is a G-subspace
of A*W such that G acts on P(V), dim V > dim W and such that given
any we W, there is an element v of V such that v(w) = 0 and v has
maximal rank. Assume that there is a line bundle & on P(V) x P(W) that
is G-linearized and that cuts out O(1) on the fibres of the projection onto P(W).
Then P(V)/G ~ P(W)/G x P', where r = dim V — dim W.

Proof. Since dim W is odd, there is a G-equivariant rational map 7:
P(A2WY) - P(W) given by associating to each 2-form its kernel. The
locus of indeterminancy of =« is the set of forms whose rank is not maximal,
and the fibre n~'(w) can be identified with P(A 2(W/{w))" ). After blowing
up, m is a G-equivariant projective bundle. By hypothesis, = induces a
rational dominant mapping o: P(V) — P(W) that is generically a projective
bundle. By restricting the bundle % to the graph of o, descending the result
to P(¥)/G and using Theorem 1 as before, we see that P(V)/G is generically
a projective bundle over P(W)/G, as required.
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COROLLARY 9. Suppose that G is a symmetric group S,, and that V =~ C*~!
is the representation of G as the Weyl group W(A,,_,). Then the quotient
P(A%V)/G is rational.

Before proceding with the proof of Theorem 7, we shall recall how to give
a symbolical description of other representation of SL,, and how to use this
description to given explicit decompositions of various tensor spaces.

The irreducible representations of SL, will be denoted by V' (p, g), corre-
sponding to the diagram 7e—? where p, ¢ are non-negative integers. Here,
V(p, 0) = V,, the space of ternary forms of degree p, and V'(0, p) = V,”.
We can describe V' (p, q) as a subspace of V' (p, 0) ® V (0, ¢) in symbolical
terms, as follows:

Vip,q) = {@ ® wla,-a™' @ uy™' = 0},

where x,, x,, x, are cogredient variables, u;, u,, u, are contragredient
variables and u, = 4,4, + A4,u, + A,u,. In non-symbolical terms, we can
write an element f of V(p, q) as

f = z (i,,g,:’;) * (j.,jqz,h) ° ai,jxi ® u,

where a;; = &'+ 4/, and the coefficients o, ; satisfy the linear relations implied
by the condition that a,*a*~' ® u%4~' = 0. We can interpret V(p, q) as
the space of sections of a line bundle Op(p, q) over the flag variety
F={(x1)|xeP% ¢ e (P and x €/}, as predicted by the Borel-Weil
theorem, as follows:

F is a divisor of bidegree (1, 1) on P? x (P?)". Let pr,, pr, be the
projections of P> x (P?)" onto its factors, and put O(p, q) = prf0(p) ®
pr¥0(q). Then from the exact sequence 0 —» O(—1, —1) > 0 - O » 0,
wegetO)—> O(p—1,9—1)-> O(p, 9 - O(p, q) > 0; then the sym-
bolical description above gives an explicit splitting of the map V' (p, 0) ®
V (0, g = H°(O(p, q9)) » H*(O(p, q9)) = V(p, q). From this description,
we see that dim V(p,q) = L(p + D@ + D(p + q + 2).

Proof of Theorem 7. Set W = V (1, 2n), so thatdim W = (2n + 1) X
(2n + 3) = N, say. Thereis an embeddingof V' = V(4n + 1, 0), the space
of ternary (4n + 1)-ics, into A2W", given symbolically by the formula
a" (b, ® u¥, ¢, ® u¥') = (abc)ayaZ. To prove the theorem, it will
be enough to check that the hypotheses of Proposition 8 hold for this
embedding.

There is a G-equivariant embedding F =, P"~! = P(V'(1, 2n)"), so
that 0.(1) = 0O(1, 2n). Letting pr,, p, denote the projections of F onto P?
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and (P?)V, we see that under pr, F is embedded as a scroll over (P?)"; i.e.
the fibres of pr, are embedded as lines. Let Gr denote the Grassmannian of
lines in PV~ and let X < Gr be the subvariety corresponding to the fibres
of pr,. Clearly X =~ P2 and we wish to determine its degree via the Pliicker
embedding X = Gr = P! where p = (}).
Put & = prf0(1), #4 = prfO(1), so that O(1) = O(&L + 2nM).
Note that #* = #* = 0,and L*- M = L - M* = 1.
Put 4 = {l € Gr|/ lies in a given hyperplane},
B = {l € Gr|l meets a given linear space of codimension 3},
C = {l e Gr|l meets a given linear space of codimension 2},
Then C is a hyperplane section of Gr in its Pliicker embedding, and C* =
A + B.Notethatdeg X = X-C*= X4 + X*B.

LEMMA 10. X B = 12n% + 6n.
Proof. X - B = deg F, and

deg F = (¥ + 2n M) = 3% 2nM + 3L-4n*M* = 12n* + 6n.

LEMMA 11. X+ 4 = 4n®> 4+ 2n + 1.

Proof. Let Se |F n H| be a smooth hyperplane section of F. Then
X+ A is the number of fibres of pr, that lie in H, which is the number
of exceptional curves contracted by the birational morphism pr,: S — P2
This number in turn is 9 — K%. By the adjunction formula, O(Ky) =
Os(—% + (2n —2)M#), and so Ki=(—% + (2n — M) - (L +
2n#) = —4n* — 2n + 8. The lemma follows.

It follows from these two lemmas that

degX = 122 + 6n+4n* + 2n + 1 = (4n + 12

Since the embedding X — Gr — PP~! is G-equivariant, X must be
embedded by a complete linear system, and so is embedded by
H°(Op:(4n + 1)). In other words, the linear span of X in P?~' must be
P(V,,.1)- We shall use this description and the connection with the pro-
jective geometry of F to prove that the hypotheses of Proposition 8 do
apply to the embedding ¥V — A2W". For this, we shall need two
lemmas.

LEMMA 12. Say N = 2k + 1, where as above N = (2n + 1)(2n + 3). Sup-
pose that p,, . . ., p, are generic points on X, corresponding respectively to
lines L,, ..., L,in P"" and to 2-forms x,, . . ., x;. Then the linear span
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Ly, ...,L,> is a hyperplane P"~? in P¥~'  or equivalently for generic
scalars A, . . ., A, the 2-form A, x, + - - - + A,x, is of maximal rank.

Proof. Suppose in fact that there is a positive integer r < k — 1 such that
given generic p,, ..., p,,, as above, the linear span {(L,,..., L) is
(2r — 1)-dimensional, but <L,, ..., L, ) is at most 2r-dimensional. If
dim<L,,...,L ;> <2r — 1, then given L, ..., L,, every line L, _,
liesin {L,, . . ., L,», which contradicts the irreducibility of the G-action on
PY-!. So we can suppose that dim {L,, ..., L,,,)» = 2r; ie., that L
meets {L,, ..., L,.,> in a point.

Now suppose that L,, ..., L, ,,, M are lines corresponding to generic
pointsof X. PutIl = <L,,..., L), 1" =<L,,...,L,_,,L,, ;>;bothIl
and IT" are (2r — 1)-dimensional. We know that M meets both IT and IT’,
and so either M is containedin<{L,, . .., L,,,) or M meets I1 n IT". Hence
either every line corresponding to a point of X lies in a fixed P%, or every line
meets a fixed P”~2; both of these, however, contradict the irreducibility of
the G-action, and the Lemma follows.

LemMMA 13. Given a generic w € W, there are points p,, . . ., p, € X corre-
sponding respectively to 2-forms x,, . . ., x, such that for generic scalars
Als oo o5 Ais the 2-form Ay x; + - -+ + Ay, has maximal rank and x,(w) = 0
for all i.

Proof. By the previous Lemma, there is a rational map ¢: X* = X x

- x X - P(W) given by o(p,, ..., p) = ker(x)) n...n ker(x),
where x; corresponds to p,. We need to show that ¢ is dominant.

Suppose that ¢ is not dominant. Then given generic p,, . .., p; in X,
there is a one-parameter deformation {(p,,, . . ., P }er OF (P15 - - -, &)
such that for all te T, o(p,,, ..., Px) = 0(Py,-..,p) le if L, L,
are the lines corresponding to p;, p;,, then the linear spans {L,, . . ., L, ),
{Ly, ..., L, are all equal. Denote this common linear space by H,
a hyperplane. Then F n H contains a one-dimensional family of lines,
parametrized by a cover of I'. Denote the total space of this family by
A. Then Oy(A) = pr¥Op:(d), some d. Also, Op(1) = pr¥0O(1) ® pr¥ O(2n),
and so d < 2n. So we have k generic points p,, . . . , p, on P? and a curve
of degree d < 2n through them. However, kK = 2n’ + 4n + 1, while
K (0p(2n)) = 2n* + 3n + 1; so this is impossible, and the Lemma is
proved.

Completion of proof of Theorem 7. Let Y < P(A*W ") be the subvariety
swept out by the linear spans {(L,, ..., L, >, as L, ..., L, run over the
lines corresponding to points p,, . . . , p; of X. Since P(V) is the linear span
of X, we see that Y < P(V'), while by the previous two Lemmas the generic
point of Y corresponds to a 2-form of maximal rank, and the rational map
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P(A2WY) - P(W) is dominant when restricted to Y, and so a fortiori
when restricted to P(V).

Next, we need a sheaf .#. For this, let a: P(V) x P(W) - P(V), B:
P(V) x P(W) - P(W) be the projections. Then a*0(1) ® B*0O(2) is
PGL;-linearized and cuts out ¢(1) on the fibres of . It is known that PGL,
acts generically freely on P(W), and so by Proposition 8 we have P(V)/G ~
P(W)/G x P, where r = dim V' — dim W = 2n(2n + 1). To complete
the proof, we must consider two cases separately.

(1) 4n + 1 = 0(3). Then V(4n + 1, 0) and V' (1, 2n) are representations
of PGL,. Let g denote the adjoint representation of PGL,; then PGL, acts
generically freely on P(g @ g) and the quotient P(g ® g)/PGL, is rational,
and so (P(W)/PGL,) x P(g @ g) is rational. Since dim P(g @ g) = 15
and 2n(2n + 1) > 20, it follows that P(V)/G is rational.

(ii)) 4n + 1 # 0(3). Let F again denote the flag variety with projections
pr,, pr;: F— P Put & = pr*@(1). Consider G = PGL, acting on
F x P(W);leta: Fx P(W) - Fand : F x P(W) - P(W) denote the
projections. Then a*.¥ ® B*0(i), where i = 1 or 2 according to whether
4n + 1 = 1or 2(3), is G-linearized and descends to a line bundle that cuts
out O(1) on the fibres of (F x P(W))/G —» (P> x P(W))/G, the map
induced from pr,: F — P2 Hence (F x P(W))/G ~ (P> x P(W))/G x P!,
and similarly (P> x P(W))/G ~ P(W)/G x P? sothat (F x P(W))/G ~
P(W)/G x P3. On the other hand, (F x P(W))/G ~ P(W)/B, where B is
a Borel subgroup of G, and this is rational by a theorem of Vinberg [12].
Hence P(W)/G x P? is rational, and so P(V)/G is rational Q.E.D.

Pencils of binary forms of even degree

It is frequently natural to study quotient spaces X/G, where X in some
homogeneous variety more general than projective space. In this section we
consider the case where X is the space of pencils of binary forms whose
degree is given, and G = PGL,.

We fix the following notation: V(D) = H°(0p (D)), P, = P(V(D)) and
Gr = Grassmannian of lines in P,. We assume that D = 2K is even.

THEOREM 14. If D > 10, then Gr/G is rational.

Proof. We have the Pliicker embedding Gr = P(A2V(D)) = PV, say.
We shall write down a linear covariant ¢: A2V (D) — V (6), again using the
symbolic method. (The existence of ¢ follows from examining the weights
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of the representation A2V (D), but to prove various non-degeneracy state-
ments we shall need to know ¢ explicitly.) Let f € A2(V(D)); symbolically,
we can write f = a? ® b?, an alternating tensor (so that interchanging a,
and b, transforms f into —f). We write

D D
@ = Y N4xP7x, by = ) (D)Bx'x.
izo i=0

Then the Plicker coordinates {4} are given by 4, = 4,B, — 4, B;. Hence
=2, x5 AxP7x}). Define the covariant ¢ by
&(f) = (@b)’’a;- by, where

b d <al az)
= t .
(ab) e 5,

1

Write ¢(f) = Z%_, g, ({4;})x}7*x5, where each g, is a linear func-
tion of {4,}. Let T = SL, be the maximal torus consisting of diagonal
matrices, and let w be its weight defined by w(x,, x,) = (1, —1). Then
w(4;) = —(D — 2i) = 2i — D, and so w(4;) = 2(i + j — D), w(g,) =
2a — 6. ¢ induces a rational map : Gr — Pg; let B be the base scheme
of .

LEMMA 15. There is a point Q € B at which B is smooth and has codimension
7 in Gr.

Proof. Set I = {(i,j)|i,jeZ and 0 < i < j < D}. For any subset
S < I, define P(S) < P" by the equations 4; = 0V(;,j) eI — S. Put
H = {0,1),...,(0,D)},J =1-— H, and project B away from P(J) to
P(H) via the rational map . Consider the fibre 7' (Pyx,,) = BN P(J U
{(0, K + 2)}) as a subscheme of P(J U {(0, K + 2)}). This has homog-
eneous co-ordinates A g 25 412, - - - 5 Aip; + - - 5 Ap_yp; the other 4; vanish.
Amongst the Pliicker equations defining Gr, we have Ajx,,°
Aij — Aoit Agiay + Aoy Akya; = 0if i, jare both distinct from 0, K + 2. So
(t7'(Pyk+2) — P(J))™ (the bar denoting closure) is contained in the locus
defined by the equations 4; = 0 whenever i, j are both distinct from 0,
K + 2, so the remaining coordinates are

)’O,K+2’ ll,K+2? st 1K+1,K+23 AK+2,K+3’ M A‘K+2,D‘

Now I claim that for each « = 0, . . ., 6, the variable A¢_s,, ., Occurs
in g, with non-zero coefficient; this will be verified later. Then from the
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equations g, = - - - = g = 0, we deduce Ax_sx,, = " = Agp1x42 = 0.
Hence (t7'(Pyx,,) — P(J))~ = P?~% Take any point Q € 17" (Pyx,,) —
P(J), and the Lemma is proved.

Proof of Theorem 14. Let n: Gr — Gr be the blow-up along B and {:
Gr — P, the induced morphism. As in the proof of Theorem 3, ¥ is sur-
jective and its generic fibre is geometrically reduced and irreducible. Set
X=P', Y=y'X), Z=XxGr, W=XxP" X, = X/G, Y, =
Y/G, Z, = Z|/G, W, = W/G. We have a commutative diagram with
Cartesian squares:

4 W,

N\ 2"y
\r—<I17/

———’Xl

Let n, £ be the generic points of X, X, respectively. Then by descending
a suitable line bundle as before, we have (W), = P ® k(n), while (Z,), is
a form of the Grassmannian G(2, D + 1) ® k(1) and (Y)), N (Z)), is
defined as the intersection of (Z,), with a linear space of codimension 6.
Denote G(2, D + 1) by I'.

LemMma 16. (Z)), = T ® k().

Proof. Let E — Gr be the universal rank 2 vector subbundle of the trivial
rank (D + 1) vector bundle F over Gr and let E, F be their pull-backs to Z.
Then E and F are PGL,-linearized, and so E and F are also. Hence E
descends to a subbundle £, of the trivial rank (D + 1) vector bundle F,
over Z,,~and so there is a k(17)-morphism =: (Z,), - I' ® k() such that
n*U =~ E,, where U is the universal bundle over I' ® k(n). After the base
change k(n) — k(&), n ® k() is anisomorphism, and so n is an isomorphism.

Q.E.D.

Completion of the proof of Theorem 14. We now know that (Y;), is the
intersection of I' ® k(n) with a linear space of codimension 6. We shall
show that (1)), is rational over k(1).

Regard I" ® k(1) as the set of lines in P? ® k(n). Let H =« P ® k(n) be
any hyperplane defined over k(n). Then there is a rational map y: I' ®
k(n) - H defined by y(/) = I n H whose fibres are linear spaces. The
base locus of y is a copy of the Grassmannian A of lines in H; it has
codimension 2 in I' ® k(n). We wish to choose H so that y induces a
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dominant map (Y;), — H. This is certainly possible unless the subvariety Q
of P” ® k(n) swept out by the lines corresponding to points of (Y,), is not
the whole of P? ® k(). We proceed to show that this is impossible.

We have a diagram

E

N\

Gr® k()  P°® k(n)

where E is the incidence relation and p, q are the projections onto the factors.
The subvariety Q is just p~'((Y;),), and so has codimension six in E; since
g is a P'-bundle, it follows that the restriction of ¢ to Q is surjective, which
is what we need.

So we can find a k(n)-hyperplane H so that the map (Y;), » H is domi-
nant; the fibres are linear spaces, and so (1}), is rational over k(n) . But
k(n) is rational over C, by the classically derived invariant theory for binary
sextics, and so to prove the theorem we have only to check the non-vanishing
of certain coefficients.

We have f = a? ® bP, ¢(f) = (ab)’~3a’ - b3. The Pliicker coordinates
Ajare givenby A, = af ~'aybY b, — al a,b? ~'b}, and so expansion of the
expression for ¢(f) shows that the various coefficients are as follows:

(i) x§+ A, p_,_5: coefficient is 2 - (—1)'(°[?);
(i) X7, * A p_,_: coefficient is 6 - (=1)[(°7°) — (?2)));
(iii) x{x3 + A, p_,_,: coefficient is

6-(—1)-(D—3

!
0D —1 PF L=+ 0= DD -2}

Soif t = K — 3, the coefficient is

6-(—1)X3QK — 3)!
(K — 3K + 2)

(—K? — K + 32),

which is never zero for integral X;
(iv) x}x3 * A, _,: coefficient is

2-(=1D)"(D — 3)
t'(D — )

(D — 20)-(D* — D10t + 3) + 102 + 2).
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Soif t = K — 2, the coefficient is

2+ (=)@K = 3)!
K- DK+ 2 K- K+,

which is never zero for integral K. By symmetry, the coefficients of
XIX3* Ag_1 k-2 X1X5 * Agx_3 and x5 * Ag,, x_, are also non-zero. This com-
pletes the proof of Theorem 14.

A special example

In this final section, our aim is to solve a problem in the invariant theory for
another group of rank two, namely the exceptional group G,.

Mukai has shown [8] that the moduli space J¢; of polarized K3 surfaces
of degree 18 (equivalently, of genus 10) is birational to the orbit space
Gr(3, g)/G, where G is the exceptional Lie group G, and g = Lie(G). Our
aim here is to show that this quotient is a rational variety. Notice that at the
moment, the only other space ;, known to be rational is ",,, while for
d # 5,9 the problem is open, and in fact for d > 10, the question of
unirationality is unresolved.

We shall show that [, is rational in various stages as follows:

(i) We construct a covariant ¥: Gr(3, g) — P(C,), where C, is the irreduc-
ible 7-dimensional representation of G, which is dominant; then if
x € P(C,) is generic, we have Gr(3, g)/G ~ ¢ ~'(x)/Stab (x), since the
orbit of x is dense in P(C,).

(ii) Put S = Stab(x). Then the connected component S° is isomorphic to
SL;, and S = S°>a (0), 6> = 1. As S°-modules, we have g = s @
V @ V¥,wheres = Lie S®and V =~ C®is the standard representation;
sand V @ V'V are S-modules.

(iii) We construct a dominant S-covariant A: Gr(3,g) - P(V @ V"),
so that if we P(V @ V") is generic, then ¢y~ '(x)/S ~ (W~ '(x) n
A~'(w))/K, where K = Stab(w) N S.

(iv) There is a K-stable hyperplane H in g and a K-equivariant birational
equivalence Y ~!(x) n A~'(w) — Gr(2, H).

(v) Gr(2, H)/K is rational.

We begin by recalling some basic facts about the group G. Let C denote
the algebra of Cayley numbers; then G = Aut C. We shall refer to the basis
{c15 ..., cg} of C and the multiplication table for this basis given by
Humphreys [14, p. 105]. Define elements x,, . . . , x of Cby x, = ¢, — ¢,,
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x; = ¢;fori > 3;then {x,, . . ., x;} is the basis of the space C, of elements
of C whose trace vanishes. The group G preserves C,.

Let n: C — C, be the G-equivariant projection and &: C, — C the inclu-
sion. Then the composite C, ® C, 22 C ® C 2 C = C,, where m is
the multiplication in C, gives a G-equivariant algebra structure on C,, which
we denote by n. A glance at the multiplication table for C shows that #z is
skew-symmetric, so that there is a G-linear map p: A2C, - C, given by
p(u Av) = n(u, v). There is a non-degenerate symmetric bilinear form on C
given by the norm; it restricts to give another such form ¢ on C,. Let H
denote the group SO(C,, q),and h = Lie H;then h = A*C,as H-modules.
Specifically, define an action of A2C, on Cy by (aAb)(z) = q(a,z)* b —
q(b, z) * a, which is just the adjoint representation of k. Via the isomorphism
h =~ A2C,, we can identify the subalgebra g of A with ker p.

Referring to the basis {x,, . . ., x5} of C, given above, {x; A X;, X3 A X;,
Xy A Xgy Xy AXgy XsAXgy, XsAXg, X3 AXg — Xs AXg, X3 AXg— X4 AXq,
Xy A Xy — X7 AXg, Xy AXg — Xg AXgy Xg AXg — Xg AXgy X AXg — Xs A Xy,
X, AX; — X3 AXs, Xy AXg — X4 A Xy} is a basis of g, and the bilinear form
q is given by the matrix

-1 0 0
0 0 -—1,
0 -1, 0

Recall that g contains a copy s of the Lie algebra s/, so that as si;-modules,
~ sl, ® V@ VY, where V = C’is the standard representation of s/, and
V™ is its dual. Explicitly, if

1 0 0
el = Py ez = > e3 == O
0 0 1

is the standard basis of V and {f,, f;, f3} is the dual basis of V', then we
can make the following identifications:

szx3—x7/\x8=el, .szX4_x8/\x6=ez
X, AXs — Xg AXy = €, X3AXg — XsAXy = fi,

XyAX; — X3 AXs = [, XpAXg — XA X3 = fi,
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010 0 01
x3Ax; =10 0 0, x3Ax = |0 0 0],
000 00O
0 0O 00O
X,Axg = |1 0 0}, x,Aaxg =10 0 11},
000 00O
000 00O
xsAxe =10 0 O}, xsAx;, =10 0 0],
1 00 1 0
1 00
X3AXg — XgAX; = 10 —1 0],
0 00
1 0 0
X;AXe — XsAXg = |0 0 0
00 -1

LEMMA 17. Consider x, as a point in P(C,). Let S denote stab(x,). Then
S = SL, >a {0), where 0 is the involution given by 0(g) = ‘g™, and the orbit
O(x,) is dense in P(C,).

Proof. By considering the action of A2C, on C, and the basis of g
described above, it is clear that Lie (§°) = s, and so S° =~ SL,. By counting
dimensions, it follows that O(x,) is dense in P(C,). Then there can be at
most one G-invariant hypersurface in P(C,), and indeed there is one,
namely Q@ = {x € P(C,)|q(x, x) = 0}. Hence n,(O(x,)) = Z/2Z, andso S
has at most two components. It is clear however, that the element 0 of G
defined by 0(x,, x;, x4, X5, Xg, X7, X3) = (X3, Xg> X7, Xg> X3, X4, Xs5) liesin S
but not S°, and that g6 = ‘g~! for all g € S°. This proves Lemma 17.
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Define a: A3(A2C)) = ACC, by a((@ab) A (cAd) A (cnd) A
(enf)) =anrb A cnd A enf. Note that a induces a rational map
B: P(A3(AZG,)) —» P(ASC,) = P(C,), where the last isomorphism is
G-equivariant.

PROPOSITION 18. There is a dominant G-equivariant rational map y: Gr(3, g) —
P(C,), obtained as the composite Gr(3, g) - P(A%g) > P(A*(A2C,)) L
P(C,), where 1 is the Pliicker embedding.

Proof. The only thing to check is that  is dominant. To see this, note
that a((Xx3 AXg — X4 AX;) A (XgAXg) A (X5 A X)) = X3 AX4 A X5 AXg A
X; A Xg, which corresponds to x,. Since O(x,) is dense, the proposition
follows.

Let y: Gr - Gr(3, g) be the blow-up along the base scheme B of ¥ and :
Gr - P(C,) the induced morphism. Put F = §y~!(x,) and F = y(F); F
consists of components of the intersection of Gr (3, g) with a linear subspace
of codimension 6.

COROLLARY 19. Gr(3, g)/G is birationally equivalent to F/S.

Next, we can define a linear map 6: A D VA VY) > s® AV @
s ® A2VY of S-modules by 6(x A y Az) = pri(x) ® pry(¥) A pry(2) +
pri(x) ® prs(y) A pri(z2) — pri(y) @ pry(x) A pri(z2) — pri(y) ®
pri(x) A pry(z) + pri(2) @ pry(x) A pr(y) + pri(2) @ pry(x) A prs(y),
where pr, is the projection of s @ V' @ V" onto its i’th factor. Identifying
A2V with V¥ and A2VY with V, and making the natural contractions
s@ VY > VVands ® V — V,yields a linear S-map : Ag = A3(s @
Ve VY)- V& VY, andsoan S-equivariant rational map 1: Gr(3, g) —
PV® V). Let u: Gr* - Gr(3,g) be the blow-up along the base
scheme D of 4, A*: Gr* - P(V @ V") the induced morphism, X* =
¥~ (e, + f;) and X = u(X*). Put F, = Fn X, and K = Stab(C(e, +
) n S. Put

+1|0
0 A

then K = K, >a{0). In particular, the orbit O(e, + f;) is dense in
P(V @ V). For the moment, we make no claim that the rational map
F - P(V @ V") is dominant.
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-2 00
In g, the line C. 010
0 01

is K-stable, where in conformity with the notation above,
-2 00
01 0 = x,AXx; — 2x;AX% + X5 AXg,

0 01

and the subspace H generated by

0 0 0
0 1 0
00 -1

and the first twelve elements of the given basis of g is a complement.
There is a K-equivariant rational map a: Gr(3, g) — Gr(2, H) given
by L - L n H, which exhibits Gr(3, g) (birationally) as a scroll over
Gr(2, H); i.e., if m: Gr - Gr(3, g) is the blow-up along the base scheme
E of 6, 6: Gr > Gr(2, H) is the induced morphism, W e Gr(2, H), ¥ =
67" (W) and Y = o(¥), then Y is a copy of P", embedded linearly in
P(A3g).

The next Lemma is the key non-degeneracy statement that we shall
need.

LEMMA 20. There is an element W € Gr(2, H) for which there is a unique
3-plane L € Gr(3, g) satisfying the following conditions: (i) L n H = W; (ii)
L e Fu B;(iii) L € X u D. (Recall that condition (ii ) means that if {x, y, z}
is a bais of L, then a(x Ay Az) € C* X3 A X4 A X5 A Xg A Xy A Xy, While con-
dition (iii) means that 6(x A y A z) € C(e, + f,).) Moreover, L¢ B,L ¢ H
and L ¢ D.
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Proof. Take W to be the 2-plane spanned by the elements

=
I
(==
[} ot
_—0

+e +e + fi + f;and

<
It
—
o
o

+ e + f;-

Suppose thatz € g,z ¢ Wand x A y A zsatisfies (i)-(iii) above. We can write
z=p+q+r where p=(p;)es, q=qe + q,e, + gze;€ V and
r=rfi+nrnf+nrfieV. Thend(xAyanz) = (p, — (rn + r))e +
Pney + (P + 1 —n)es + (P — @ — )i + (P + 62 — @) fa +
(ps; + 2q5)f;,and so having x A y A z € X U D is equivalent to the follow-
ing equations being satisfied: p,, — (r, + ;) = p5; — (@, + ¢3), pr = O,
Potr— =0 py+q—q =0 ps+ 2 =0 Alo, having
xAyAze FuU B is the same as having a(x Ay Az)eC+ (x;Ax, A
. A X3), and calculation shows that

axAyAz) = (=qs — 2Py — Py + pu — 2pp — 13 — 3r))
Xy AXZAXGAXs AXGA Xy + (Bpy — 2pis + @ — 1+ Py)
Xy AX3AXGAXs AXgAXg + (—3q, + pyy — 2r) — pi3
+ P2t — @) XpAXAXGAXs AXy AXg + (=39, — 2py — pyy
=3 =N = Pu) Xy AX3 AXGAXgAX AXg + (=G — 2py + pis
+ 1= 3q) X AX3AXsAXGAX AXy + (=3q, — Py — 29, + Py
=3 — Py — D)X AXGAXsAXg AXy AXg + (=29, — py — 2pyy

- q3 - 2"3 _plz - r2)x3/\x4/\xS/\x6/\X7Ax8.
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Finally, replacing z by z + ax + by for suitable a, b € C, we may assume
that p, + py+ P+ @+ g+ +r=0 and pys + py, + py +
q, + r, = 0. It is now a matter of checking the non-vanishing of various
determinants to see that (up to scalars) there is a unique non-zero vector z
satisfying the conditions (i)—(iii), and that then x Ay Az ¢ B,xAy Az ¢ D
and xAyAz & H.

Put FuU B = F', X u D = X'. Since the base locus E of ¢ is a copy of
Gr(3, H), identified with the intersection Gr(3, g) n P(A*H), it follows
from Lemma 20 that X’ n F’ n g(6~'(W)) consists of a single element, say
L, and that L ¢ E.

COROLLARY 21. F/S is birationally equivalent to F,/K.

Proof. Since L ¢ D, the map A is defined at L, and A(L) = (e, + f}) €
P(V @ VV).Also, F, = u(A*~'(e, + f,)), and since the orbit O(e, + f,) is
dense, the Corollary follows.

COROLLARY 22. F,/K is birationally equivalent to Gr(2, H)/K.

Proof. Let F, denote the strict transformation of F, in Gr. By construction,
F, meets g(6~'(W)) in only the point L, at which the rational map o is
defined. Also, since the equations defining F, are linear and o(6~'(W)) is
linear, this intersection is transverse. Since F,/K is irreducible, every com-
ponent of F; is 22-dimensional, and there is a unique component that maps
dominantly under ¢ to Gr(2, H). But also since F,/K is irreducible, the
components of F, are permuted transitively by K, and the Corollary follows.

Notice that we can decompose H into a direct sum of K-spaces as follows:
H=sL,®W® W Y,wheresl, = Lie(K°), W = U @ U where Uis
the standard representation of SL,and ¥ = C- {e,, f;}. Since H =~ H" as
K-spaces, we can identify Gr(2, H) with Gr(11, H). There is a K-equivariant
rational map t: Gr(11, H) —» Gr(4, W’ @ Y), where we have fixed a copy
W of Win H, givenbyt(M) = Mn (W @ Y).PutH = W @ Y.

LeEMMA 23. Gr(2, H)/K is birationally equivalent to Gr(4, H')|K x P™.

Proof. Let v: Gr' —» Gr(11, H) be the blow-up of the base scheme of
7,and t": G’ - Gr (4, H’) the induced morphism. Let £ be the line bundle
defining the Pliicker embedding of Gr(11, H); then 7’ is a P bundle,
and v*.¢ is a K-linearized line bundle cutting out ¢ (1) on each fibre of 7’.
Since K acts generically freely on Gr(4, H), Mumford’s descent theorem
(Theorem 1 above) proves the Lemma.

LEMMA 24. Gr(4, H’)/K x P’ is rational.
Proof. Put P = P(H’). Then a descent argument as in the proof of
Lemma 23 shows that (Gr(4, H’) x P)/K is birationally a P°>-bundle over
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Gr(4, H')/K; we want to show that (Gr(4, H') x P)/K is generically a
Gr(4, H’)-bundle over P/K. So let X < P be the open subvariety of the set
of stable points on which G acts with trivial stabilizers (and so freely, by the
étale Slice Theorem). Put Gr(4, H’) x X = Y. Then we can identify Y with
the Grassmannian of rank 4 sub-bundles of H' ® 0, = &, say; let & be
the universal sub-bundle of H” ® 0,. Then we have a Cartesian diagram

Y — Y/K =Y,

| |

X— XK = X,,

and since &, & are K-linearized, they descend to vector bundles &, and
&, over Y, and X, respectively. It follows that Y] is a Grassmannian over
X,, as required. Finally, we want to show that P/K is rational; this,
however, follows immediately from Castelnuovo’s criterion (or by elemen-
tary calculation).

THEOREM 25. A, is rational.
Proof. This follows from Corollaries 19, 21, and 22, and Lemmas 23
and 24.
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