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Introduction

In [C] the author showed how one can compute the algebraic K-group
K, (R, I) when R has a structure of A-ring; this relied on a presentation of
that group found by H. Maazen and J. Stienstra [Ms] and F. Keune [K].
The purpose of this paper is to show that the same technique works for a
more general group K, (R, I) in which also a formal group F is involved.
An instance of this more general group occurs in §17 of [S], which inspired
the present paper.

DErINITION 0.1. Let F be a one-dimensional formal group over Z. Let R be
a commutative ring and let 7 be a nilpotent ideal. Then K, (R, I) is the
abelian group with as generators the symbols {a, b>, for (a, b) € I X
R U R x [ and relations

{a, 1) forael

{a, by + <a, ¢)r — {a, a ' F(ab, ac)), for (a,b,c)el x R x R
UR X I x I

La, beyp + <b, ac)r — <ab, ¢)r for (a,b,c)el x R x R

URXIX RURXR x 1T

where a~' F(ab, ac) has to be interpreted in the obvious way.

If F is the multiplicative formal group defined by F(X, Y) = X +
Y — XY then K, ;(R, I) coincides with the group K, (R, I) from algebraic
K-theory. If Fis the additive formal group defined by F(X, Y) = X + Y
then K, (R, I') coincides with the group K, , (R, I) considered in [C] and
[LQ]. As explained there it is a cyclic homology group of (R, I); it is
isomorphic to Q, /1 if the natural projection R — R/I splits.
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To formulate the main theorem we introduce the notation G(R, I)"°? for
the inverse limit lim G(R/J", (I + JY)/JY) if G is a functor from pairs
(R, I) as above to abelian groups and J is an ideal describing a topology
on R.

THEOREM 0.2. Let F be a one dimensional formal group over Z which is
strongly isomorphic to a special one. Let R be a A-ring and let I and J be
ideals such that (R, J, I) is admissible. Then there is a homomorphism L.
K, (R, I)® = K, (R, I)*® such that

Li<{a, by = <a, by, + higher order terms.
The notion of special formal group and of strong isomorphism are defined
in the next section. For the definition of admissible and other notions
connected with A-rings we refer to [C].
§1. Generalities about formal groups

Let A be a commutative ring. A one-dimensional commutative formal group
Fover A is a formal power series F(X, Y) = Z f, X'Y’ withf,, € A such that
F(X,Y) = X+ Y + terms of degree > 1
F(X,Y) = F(Y, X),
F(X, F(Y, Z)) F(F(X, Y), Z).

By substitution into F one can define a structure of abelian group on
any topologically nilpotent ideal in a complete commutative A-algebra. In
particular this applies to the formal power series over 4 with vanishing
constant term. In this paper we use the words “formal group” in the
understanding that we always mean a one-dimensional commutative one.
If F and F are both formal groups then an isomorphism G from F to F
means a formal power series G(X) = X g, X" with g, € 4 such that

G(X)
GF(X, Y)

X + terms of degree > 1,
F(G(X), G(Y)).

In the case that A = Z one can find integers y, such that G is an infinite sum
of terms X", each occurring y, times; the sum being taken in the F sense.
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DEFINITION 1.1. The isomorphism G is called a strong isomorphism if »
divides v, for every n.

PROPOSITION 1.2. Let F and F be formal groups over Z, and let G: F — Fbe
a strong isomorphism. Then G induces an equivalence G: K, ; — K, p such that

G.<a, by = <a, a'G(ab))

Proof. We show that the three relations are satisfied.

1) Gu<a, Dp =<a,a'Ga)y = Ly, a,a”'@)p=Zn'y,Ld", 1)p =0

since it follows from the third relation that {a", 1>, = nla, a" ' )y.

2) G <a, by + G.<a, c)p = Ka, a 'G(ab)y; + (a, a”'G(ac)); =
{a, a 'F(G(ab), G(ac)))r; = G,{a, a'G 'F(G(ab), G(ac))); =
G, <a, a ' F(ab, ac));

3) G.<a, beyp + Gy (b, acyr = <a, a 'G(abe)yr + <(b, b™'G(abc)y, =
{ab, a='b~'G(abc))r = G, <ab, ¢)p °

For any formal group over Q there is an isomorphism f from F to the
additive formal group; this is called the logarithm of the formal group. Let
p be a prime number and let F be a formal group over @ with logarithm
F(X) = Z f,X"; then the formal group with logarithm X f, X7 is called the
p-typical formal group associated to F. If F is defined over Z then its
p-typification is (for these facts see [H]).

If f = X f,X"is a logarithm for Fand f = X f, X" is one for F and if G
is an isomorphism as above then we have f = fG = Z7y,f(X"). Writing this
out yields 7, = X,._, v./i hence (T f.n) = (Zy,m)(Z f,k') in the
language of formal Dirichlet series introduced in [C]. So if F and F are
strongly isomorphic then their p-typifications are.

DEerFINITION 1.3. A formal group Fis called special if its logarithm f(X) =
X f, X" satisfies f,,, = f,.f, for every m, k.

So the p-typification of a special formal group is again special. Therefore the
p-typification of a formal group satisfying the conditions of Theorem 0.2
again satisfies those conditions.

§2. The i-operations associated to F

In [C] we introduced certain A-operations 1", 8" and 1" In this § we introduce
F-twisted versions A}, 6% and #} of these operations.
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Recall that the element a of a A-ring is called one-dimensional if A"(a) = 0
forn > 1.

PROPOSITION 2.1. Let F be a formal group over Z. There exists a unique
sequence {13} of A-operations such that Af = X2, 1" A} satisfies

) 47(a + b) = F(i{(a), 4/ (b))

2) if(a) = ta if a is one-dimensional.

Proof. Recall that the universal A-ring U can be embedded in the inverse

limit of polynomial rings Z|s,, s,, . . ., s,] so that the canonical element
u € U corresponds to £, s,. Now F(ts,, ts,, . . .) is the required element
A o

1

PROPOSITION 2.2. Let F be a formal group over Q with logarithm f. Let R be
a A-ring containing Q, and let a € R. Then

@) = 3 v,

Proof. From the definition of logarithm and the first property of AF it follows
that fA7 is additive. Moreover the statement is true on one-dimensional
elements. Therefore it is true on Q[s,, s,, . . .] and thus on U ® Q. [

Now we define the F-twisted version of the operations " in §3 of [C].

LEMMA 2.3. If R is a A-ring and a € R is not a zero-divisor then

My, =) t"a"A}: R[[t]] - taR[[]] is a bijection.
n=1

Proof. This follows easily from the first property of A" together with the fact
that

AR R[[]) = " R[[1]]. °

DEerFINITION 2.4. Let F be a formal group over Z. The A-operations #} in two
variables are defined by the condition that

o < Y " 'y(a, b)) = tab.

n=1

We write 6%(b) for n3(1, b).
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By applying f on both sides in this definition and using Proposition 2.3 we
get the following generalisation of Proposition 3.3 of [C]:

OBSERVATION 2.5. For elements a, b in a A-ring R containing Q one has
fu@™'b" =} fud" Y (i (a, b)).
min

From this it is clear that #%(a, b) is of degree n — 1 in a and of degree # in
b. Therefore we can rewrite the formula 2.4 as

AL (ne(ta, b)) = tab where ng(ta,b) = ) ni(ta, b).
n=1

PROPOSITION 2.6. If F is a formal group over Z and a, b, ¢ are elements of a
A-ring then

ne(ta, b) + np(ta, ©) = ny(ta, (ta)~' F(tab, tac)).
Proof. This follows from Lemma 2.3 since both sides have the same image
under Af by Definition 2.4 and the first property of A o

Using the formalism of formal Dirichlet series introduced in §8 of [C] we can
rewrite some of the foregoing identities as relations between such series.

DEerFINITION 2.7. Let F be a formal group over Z. Then Y. e DS(U) and
H; e DS(U,) are defined by the formulas

Ye(@) = Y nf,a'n', He(a,b) = Y ni(a, b)n'

Now Observation 2.5 can be reformulated as bYz(ab) = Y:(a) - TH:(a, b).
The formula at the end of §1 can be rewritten as Yz(1) = TT - Yp(1).
Henceforth we write Y, for Y.(1). )

Since we have taken a generalisation of Proposition 3.8 of [C] as definition
of the i, the generalisation of Definition 3.1 of [C] becomes a proposition:

PROPOSITION 2.8. If F is a formal group over Z and a, b are elements of a A-ring
then

Mea, b) = Y ni(a, a"=mmyymeim ) forn > 1.
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Here the sum extends over all m # n dividing ».

Proof. Property 2.5 determines the operations #n} uniquely: we may assume
that a, b are the canonical elements in U,, and the right hand side is of the
form n'(a, b) + terms involving n*(a, b) with k < n.

Therefore it is sufficient to show that the right hand side of the above
statement satisfies the same identity. This follows easily by rearranging sums
and using the induction hypothesis. )

COROLLARY 2.9. The operations n}y are elements of the subring V, of the ring
U, of A-operations in two variables as defined in §2 in [C].

Therefore the theory of §5 of [C] tells us the following. If (R, J, I) is
admissible then u.(a, b) = £, #¥(a, b) converges in the J-topology for

n=1

a € I or b e I. Moreover Proposition 2.6 implies that in that situation one has

ne(a, b) + np(a, ¢) = ng(a, a”'F(ab, ac)).

§3. The relation between 7, and »
In this § the operations #} are expressed in terms of the n™.

DEerFINITION 3.1. Let F be a formal group over Q with logarithm f. Then the
A-operations Cp" € U ® Q are defined by

kaakfll//k(c;‘!,m/’k(a)) — l’l nmam~l

k|m

In particular C;'(a) = nf,; and if F is special then Cp" = 0 for m > 1.

PrOPOSITION 3.2. Let F be a formal group over Q and let a, b be elements of
a A-ring containing Q. Then

ni(a, b) = 3 CH™" (@™ (n""(a, b)).

min

Proof. Again it is sufficient to show that the right hand side satisfies identity
2.5. This follows easily by rearranging the sum and applying Definition 3.1
and Proposition 2.5 for the . [ )

We now show that in fact C}”” € U if F is a formal group over Z.



K-theory, A-rings, and formal groups 229

LEmMMA 3.3

a) Suppose that " e U® Q and that the operation (a,b) —
Z, & @y (0" (b)) is element of U, then in fact & € U.

b) Suppose that ¢ € U ® Q and that the operation a — E(a)y*(a’) is in U.
Then in fact & € U. ‘

Proof

a) If the operations &” are integral for m < M then we may suppose
that they vanish in that range. Now apply the above operation to the ring
Ult,, t,]/(t"*") and take for a the canonical element u € U and b =
t, + t,or t, respectively, and take the difference of the results. Then the
mth term vanishes also for m > M, and the Mth term is

My (™ @ + 65" — M@} = M.

If this is integral then & (u) must be.

b) The universal A-ring U is the polynomial ring over Z freely generated by
the 1"(u). Therefore a product of two elements can only be a multiple of
an integer > 1 if one of the factors is. But the element of U corresponding
to the operation a — Y*(a’) is not divisible by any integer > 1 as is easily
seen by applying this operation on the ring Z[¢] and the element . @

PROPOSITION 3.4. Let F be a formal group over Z. Then the operations C;™ are
in U,.

Proof. By substituting Definition 3.1 of [C] into Proposition 3.2 and rearrang-
ing terms we get

ne(a, b) = %5’”(0)!//"’(9'"/'”(19))
where

@ klZm CH (@ (1" (@, @) for m < n
a) =

cim form = n
So by Lemma 3.3a these operations are integral. From this it follows by

induction on » and Lemma 3.3b that the operations C;™ are integral )

COROLLARY 3.5. Let F be a formal group over Z and let a, b be elements of a
A-ring. Then again

mia, b) = Y Ci™"(aW" (""" (a, b)).

min
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REMARK 3.6. Proposition 3.4 implies that the numbers C¢"(1) € Q are
integers. We will abbreviate these to C”. They are determined by the formula
Zem [x Ci™* = nf,,, which is exactly the formula in [D] expressing that nf, is
a “lexoid function”. The meaning of these numbers for us becomes clear by
putting ¢ = 1 in Proposition 3.2; that yields the formula

0x(b) = 3 Cimmym (@ (b))

min

§4. Some identities for the numbers C;
In this § the prime p is fixed. First we prove some general relations between
the numbers CZ-”; then we use these to draw some consequences for these
numbers from the hypothesis of Theorem 0.2.
LEMMA 4.1 (see [D]). Let F be a formal group over Q. Then

Cg"pl — ng—l‘pjwtl + Cgl—l,lcg,pj

for every (i, j) with i > 0.

Proof. Let f(X) = X, f,X" be the logarithm of F. If we substitute the
identities

Cprt = pCr Tttt 4 cpT e for0 < k< j— 1

into the identity

j ) ; 1 / —1 pk+1
Z Cgvpkﬂ]*k = pf;,z—l = ng ,lf;uH + sz Cg‘ ’p+f;7’~k
k=0 =0
then we get
j—1
Cpr 4+ CE Y CpPf, L = pCET + pCETNS
k=0

Now the statement follows by comparing this with the identity pf ., =
ZI{;=0 Cﬁ"pkfl‘;j—k L
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LeMMA 4.2. Let F be a formal group over Q. Then

i—1
crr = kepr' ™ cp™ N for every (i, j).
F P LF F
k=0

Proof. Immediate from Lemma 4.1 by induction on i. °

LEMMA 4.3. Let F be a formal group over Q and let p be prime. Then for every
@i, J, k) with k < i one has

preprif i > 0
0 ifj=0

m=0

k
cpr — Y prephregT = [

Proof. We use induction on k; for £ = 0 the statement is empty. Fork > 0
we apply Lemma 4.1 for (i, j), the induction hypothesis for (i — 1, 0,
k — 1), Lemma 4.1 for (k — m, j) and the induction hypothesis for (i — 1,
j+ L k—1). o

Now we deduce from the condition on F in theorem 0.2. a relation for the
integers Cyz™. First we recall a few notations from §9 of [C].

DErFINITION 4.4. If E = X £,n' is a Dirichlet series then we write

EP — z é,,u(Pe)x, T.5 = ZPVF(n}énns-
PROPOSITION 4.5. Let F be a p-typical formal group over Z strongly isomorphic
to a special one. Then p" divides CL'"" for every h.

Proof. By Remark 3.6 one has p’ =X, Cﬁ"”“'f,'ﬂ. Therefore

pett
i—1
Yo — Y Pl (P = Yoy prCpr(phty,
j=0 h
SO

i—1
Y PPy = 1= YUY ().
j=0

h

If Fis strongly isomorphic to a special formal group with logarithm £ then
one can rewrite Y; ' as

TI,-Yi' = TI,-(1 — pf,p")
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and the right hand side is of the form
L— > PPy ) &.(p™y
k=0 m=0
where
Y &Py = (1 —php): Zo PPy
/=

has integral coéfficients. Now the statement follows from the fact that p* Vi
is divisible by p* and thus by p* if k + m = h + i. °

LEMMA 4.6. Let F be any formal group, and a element of a A-ring. Then
Ye(a) = Z ar'e! YF,P(aphq)Ph Cg'ph(PhQ)S‘

In particular Y, = Y, Ypc = Ypc* Yz, where Y. = Z p'Ce”(p'q)’.
Here the sums are over all ¢ indivisible by p and over all 4.

Proof. According to Remark 3.6 one has qf, = X{_, C}’f"””fp .- Substi-
tuting this into the formula Y.(a) = X p"queqa””"’ '(p°q)’ and writing h for
e — d gives the result. ()

PROPOSITION 4.7. Let F be a formal group over Z strongly isomorphic to a
special one. Then p" divides C&"" if q is indivisible by p.

Proof. Suppose that Fis strongly isomorphic to Fand that F'is special. Then
according to 2.7 one has Yz = TT - Y, where TT is in the image of T7. This
implies that Yz, = TT,* Y, where TT} is in the image of T7. By lemma
46 one has Yo = Yp Y =TI ' - Y- Tl Yip = T - I}, Y.
However Y; is of the form X, C¢'¢° and thus in the image of T;. Therefore
Y; - is in the image of T5. Writing this out one gets the statement. )

§5. Some p-primary congruences

Now we use Proposition 4.5 to generalise the contents of §10 of [C] to the
F-twisted case.
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DEFINITION 5.1. Let F be a formal group over Z. If i < e then we write y%*
for the A-operation defined by

@ = 0@ — Y p"CFa" "0 (@)

m=0

PROPOSITION 5.2. Let F be a p-typical formal group over Z which is strongly
isomorphic to a special one. Let a be the canonical element of U. Then

i—j

! —J
Br@ = Y Y, prCE O (T (@) modulo p'Y.
=0 m=0

m

Proof. If one expresses the 6,in terms of the 6 as in Remark 3.6 then the right
hand side of Definition 5.1 becomes

Ty (0 (@)

j=i+1
i

i—j
+Y {c'“ -3 p"’c,fr"-""c';‘“”‘"/} o @)

=0 m=0

~

i
L

PrCE TG @ T — g @ g (007 @)

0

-

I
i-

m

il

i

|
-

+

-

pm Cl’ifv"pm Cgl—/ -m p l//pl{ep"i/ (a) _ ap{,,, —pi=1—m Gpt—/vm(a)}.

0

m

-

The last sum is the right hand side of the statement. From Propositions 4.3
and 4.5 and the fact that the A-operation x — x”' ™ — y”' (x") is in p**'V
it follows that the first three terms are in p'V. °

COROLLARY 5.3. In the situation of Proposition 5.2 one has

0 if p is odd

157 (@) = : |
' CE Y CEY @) ifp = 2
j=0

Proof. It follows from Lemma 10.5 of [C] that y*” is in p'V if p is odd and
inp~'vifp = 2. °
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DEFINITION 5.4. Let F be a formal group over Z. Then the A-operations 7}
are defined by X t%(a, b)n* = Hy(l, a) - THy(a, b). In other words

ab) = ¥ R @, b).

min

From this one deduces easily that
n
Tha, b) = Op@y"(b) + Y — r(a, a" WO (b)

where the sum extends over all m < n dividing ».

DEFINITION 5.5. Let p be a prime, and let F be a formal group over Z. Then
the operation & is defined by

ef(a,b) = ) CE 7Y '(a, b))
1=0

where ¢ is defined as in Definition 10.7 of [C] i.e.

0 ifp>2o0re<1

¢ (@, b) = e—1 24020 202 (PN _
2¢7Yab)* ~*0*(a)*6*(b)* if p = 2ande = 2

PROPOSITION 5.6. Let p be a prime and let F be a p-typical formal group
strongly isomorphic to a special one. Let a, b be the canonical elements of U,;
then one has

w(a, b) = 62 (a)b” + & (a, b) modulo p*W,.

Proof. We use induction in e; the case e = 0 is trivial so assume e > 0. We
claim that

W% (a,b) = 5 @b" + Y [CF"'ef (@, @ ") — xf " (@]p " 0F " (b).
k=0
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To prove the claim we apply the induction hypothesis and get

(0, b) = 0@V (B) + T p e @ WO D)

e—1
= 07 (a” (b) + 3, p*'[0F (@)a” " + €f(a,a” " ~') modulo p'WIY” 07 ' (b)
i=0

e—1
= ) p0R@a” TYror ' (b) + ), pieR(a, a” T Y08 (B).

i=0

ia-

The first sum can be rewritten as

e—1

Pi0R(@a” T CE Y0 ()

1=0

e
2
i=0

|
M °

k
[ Y pOr T (@ar Cf?’k‘”'] PRy 0r (b)
1=0

k

I

0

S 5@ — 5 @l e )

and by Lemma 2.2 of [C] the terms involving 0% (a) add up to 6 (a)b”.
In the second sum the value of ¥ 67 '(b) only matters modulo pW since
its cofactor is in p*~'W. So we may replace it by CZ "'y 6" '(b). This
establishes the claim.
Now consider the bracket expression in the claim, modulo p* W. For
p > 2it vanishes according to Corollary 5.3 and the definition of ¢, and the
proof is finished. So let p = 2. For k > 1 the y, term yields

_Cge—k‘I [:Cg,2kllp2kI(azuk+14402(a)2)

k=2
+ Z 2/:7/—1Cg"*/.Z/wz/(azvﬂ7402(0)2 + azv-/—sez(a)z:):l
j=0

and the ¢, term yields

k=2
G Y G (@ dY)
j=0

k-2
— C‘%“*".l Z C’%"*/,zllllzl(zk—j—l(azl’*")z"—492(0)202(02"44)2)'
j=0
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Again the value of 8*(a*™*~')?* only matters modulo 2/ so we may replace
it by @ “"*~86?(a)?. The expression thus becomes

k—1
__CI%"”‘,I Z Cﬁk'"”z’Zk_f"11/2’(512"7’*402(41)2)
=0

]

For k = 1 one gets the same result; for k = 0 one gets zero. Finally we may
replace C2 "' C¥”¥ by C¥ ¥ since it is the same modulo 2/*' . We thus find
the cofactor of Y (a*” ~*0*(a)*) in % (a, b) to be

e—1
_ze-/—lCE_"*/.ZI Z l/12"02"—*(1))

k=j+1
and according to Lemma 10.6 of [C] this may be rewritten as
e -1 C]’.;“*/.Z’ (bz"“'l —402(b)2)

which is exactly the cofactor of y*' (a* ' ~*60*(a)*) in €% (a, b). ()
§6. Proof of the theorem

LEMMA 6.1. Let p be a prime. Let F be a p-typical formal group over Z strongly
isomorphic to a special one. If a, b are the canonical elements in U, then

0% (ab) = 0% (a)b™ + a* 0% (b) modulo p* W,
Proof. In view of Proposition 4.5 and the fact that 65 = X¢_, CZ "7y 07"
we only have to show that

Y (07 (ab)) = Y7 (07 (@)Db” + a” " (0" (b)) modulo p*~' W,
But this follows from the fact that

07'(ab) = 6'(a)b"' + a” 07 (b) — p’ 0" (a)0” (b)

for all j. ®
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PROPOSITION 6.2. Let p be a prime. Let F be a p-typical formal group over Z
strongly isomorphic to a special one. Then for each natural number d there
exist B € DS(W,) such that

d d
TBi(a,, ...,a;) = Y Hg(l,a) THy <ai, I1 a,.> — HF< L] a,-)
i=1 i=1

J#i
ifay, ..., a,are elements of a A-ring R.

Proof. Ford = 2 we have to prove that there exists a sequence of operations
B of two variables such that p*p% (a, b) = % (a, b) + % (b, a) — 0% (ab).
But Proposition 5.6 and 6.1 accomplish just that.

The statement for d > 2 follows from the one for d = 2 as was proven in
Proposition 9.1 of [C]. )

To prove a similar result in the general case we need a generalisation of
Lemma 9.2 of [C].

LEMMA 6.3. Let F be a formal group over Z. If R is a A-ring and a, b € R then

THy(1,a) = Ypi+Y THp,p(1, ap'CE" ('Y,

~1
THp(a, b) = [Z TH, (a, a”~"p'Ce” (p"q)‘]

x [Z THg p(a, aphq_lbphq)l’h Cg‘Ph(Ph‘I)s:l

Here the sum is over all g prime to p and over all A.

Proof. One has THy(l,a) = Y;'-aYs(a) and TH,,(l,a"") =
Yipe a”Y; p(a”') according to Remark 2.7. The substitution of these iden-
tities into Lemma 4.6 yields the first statement. According to 2.7 one has also

THy(1,ab) = Y;'-abY(ab) = [Y;'-aYp(a)]-[Yp(@)' - bYp(ab)]
= THy(1, a) - TH(a, b).
Similarly one has
TH, (1, a”b"%) = TH; (1, a)* THy p(1, a”*~'b""").

The combination of these identities with the first statement yields the second
one. °
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PROPOSITION 6.4. Let F be a formal group over Z strongly isomorphic to a
special one. Then there exist B € DS(W,) such that

d d
TBi(ay, ...,a;) = Y, Hg(l, a) TH; (a,., IT aj> — H; <1, IT a,->
i=1 j=1

J#i
ifa,, ..., a,are elements of a A-ring R.

Proof. (Essentially Proposition 9.3 of [C]). Let a, b be the canonical elements
in U,. Let p be a prime. By Lemma 6.3 one has

THy(1, a)* T*Hp(a, b) — Y;¢ * THep(1, a)

x Y p*qCe" T*Hyp(a, a7 b7'9) (p'qy

= YFT(! : l:z [THp(1, aphq) - pthHF,P(l: a)
X TZHF,P(a, aphql)]PhCz’ph(PhQ)s:l
-1
x I:Z TzHF,P(a’ aphqvl)PthCg’ph(PhQ)s]

. [Z T?Hg p(a, aphqlbphq)Pthcg’”h(Phq){l'

Here all four factors are in the image of T3; for this one needs Proposition
4.7 for the first two factors and the d = p*q case of Proposition 6.2 for the
second factor. So the whole difference is in the image of 7. Therefore
modulo T}?DS(W,) one has

TH.(1, a)* T*Hp(a, b) + THy(1, b) - T*Hy(b, a) — TH,(1, ab)

YFTC! : Z [pthHF,P(l’ a- TZHF,P(a’ aphq—lbphq) + PthHF,P(la b)
X T2Hpp(b, a”1b"1~") — THy (1, a”b")| p" CE" (pq)’

and by using Proposition 6.2 for d = 2p"q one sees that this is in 77 DS(W,).
Thus the coéfficient of »* in this Dirichlet series is in p*”® W,. Since that is
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the case for every prime p the Chinese Remainder Theorem says that the
coéfficient is in n* W,. In other words the Dirichlet series is in 7> DS(W,).
This finishes the proof for d = 2; the cases d > 2 follow from the case
d = 2 as in Proposition 9.1 of [C]. [ )

DEFINITION 6.5. Let F be a formal group over Z. Then the operations vy and
the Dirichlet series N are defined by

Y vi(a, bn' = Ng(a, b)) = Hy(l, a)- 6H(a, b).
In other words

V(a,b) = ), 07 (a)d"(9nx(a, b)).

mk=n
Here the ¢™ are the operations on differential forms introduced in §4 of [C].

PROPOSITION 6.6. Let F be a formal group over Z which is strongly isomorphic
to a special one, and let a,, . . . , a, be elements of a A-ring R. Then

d
21 N <a,-, I1 a,-> = 6By(a,,...,a,)

J#i

Proof. This is an easy consequence of Proposition 6.4. For the details of the
proof see Proposition 8.6 of [C]. [ )

Now we prove the main theorem. Consider the expression v.(a, b) =
XX, Vi(a, b). Using exactly the same arguments as in §6 of [C] one finds
that it converges if (a, b)) € I x R U R x I and that Corollary 2.9 and
Proposition 6.6 imply that it maps the relations in Definition 0.1 to the zero
element of (Qg,/61)"°". By the same reasoning as in §7 of [C] one can lift the
resulting map to K, (R, I)°P.
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