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Introduction

Let M be a connected, smooth, orientable, paracompact, » dimensional

manifold. Let { , ) be a Riemannian structure and w a volume form on M.

Let U be a compact, semi-simple Lie group and let G be the group of all

smooth mappings of M into U that equal the identity outside of a compact

set with pointwise multiplication. Let B denote an Ad(U)-invariant inner
product on u, the Lie algebra of U. Then certain ‘“non-local” unitary
representations, T = T,  ,,, of G were introduced in [I] for U = SU(2)

and in [GGYV, I, II], [AKT] for general U (see §5).

Our main results on these representations are

(1) If n = 3 then T is irreducible.

(2) Let n = 2. Write = gVol, y (Vol, , a volume element of M with
respect to ( , )). Fix ) a maximal abelian subalgebra of u and let
|- - || denote the norm on h* corresponding to B. If |« > (8nle(x)])"?
for x € M and all roots a of u relative to ) then T is irreducible.

Whenever one has { , ), B, w as above then one has an inner
product (, ).z, 0n, QL (M;u), the compactly supported smooth one
forms on M with values in u (see §6).

(3) If dim M = 2 then assume that { , ), B, w satisfy the condition in (2).
If dim M > 2 then T, ,,, and T, y , , are either equivalent or
disjoint. They are equivalent ifand onlyif ( , ) s 5, = (5 )¢ 580 -

Condition (2) can be made to hold by varying ¢ and or B. (1), (3) forn > 5

and U = SU(2) and w, w, the Riemannian volume elements are due to [I]

(as are the main ‘““algebraic’ ideas in the proof of the general case). (1), (2),

(3) without any conditions are asserted for n» > 2 and M non-compact in

[GGYV, I]. But that paper is severely flawed. In [GGV, II] there is a proof of

(1), (3) for n = 4 if M is the interior of a compact manifold with boundary

although it is not clear if this condition is necessary to their proof, since finite
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volume and non-compact seem to be enough) for the Riemannian volume
elements. In [AKT], (1) is proved for n > 3 as is (2) and a slightly weaker
form of (3) for ||a||; > (32x|e(x)])"?, x € M for the same class of manifolds
as in [GGV, II] (since they refer to this paper for the details of the proof of
irreducibility). They also indicate the likelihood that the 32 can be replaced
by 8. We note that slight modifications of the original argument are necess-
ary in the case of compact M. Thus the new results in this paper involve
establishing the validity of (1), (2), (3) for general manifolds, replacing a 32
by an 8 and a stronger criterion for disjointness.

In this paper, the first four sections contain technical results on Gaussian
measures. The representation theory is in Sections 5 and 6. We suggest on
first reading that the reader start with Section 6 and refer back to the
necessary preliminaries.

As indicated above the main line of the proof of irreducibility is contained
in [I] and [GGYV, I]. The differences involve precise results on uniform
mutual singularity of measures on spaces of distributions (our results can be
found in §3 and §4). We give a complete proof of the “algebraic’ aspects of
the proof of irreducibility in §5, 6 for several reasons. One is that [GGV, I,
II] and [AKT] make use of undocumented “well known” results on direct
integrals (which are essentially proved in §5). Secondly, there is a rather
subtle argument regarding singularity of convolutions in [AKT], Lemma
3.2, for the case when n = 2 that we don’t understand (this of course, is not
meant to imply that it is wrong). We avoid this argument (which also
appears in [GGV, II], however there seems to be no problem with it if
n > 3). Thirdly, the details of our argument are necessary in order to prove
(3). Fourthly, we fix a minor error in [GGV, II]. Finally, our proof should
be accessible to novices to quantum field theory and probability theory.

1. Gaussian measures

Let V be a locally convex, separable, topological vector space over R. Let
(, ) be a continuous, positive definite, symmetric, bilinear form (inner
product for short) on V. Let H be the Hilbert space completion of V with
respect to ( , ). If Wis a topological vector space then we use the notation
W’ for the space of all continuous linear functionals on W endowed with the
weak topology.

If Wis a finite dimensional subspace of } and if Q is a Borel set in W’ then
weset Z, o = {Ae V'i Ay € Q). Z, is called a cylinder set. Let A, be the
isomorphism of W onto W’ given by 4, (v)(u) = (u,v). Let dj, x denote the
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Lebesgue measure on W corresponding to an orthonormal basis of W
relative to (, ). If dim W = n then we set (cf. [GV], IV, 3.1)

WZyq) = QQm)="? L eI 4, x.

7@

Let # = #(V’) denote the g-algebra of sets generated by the cylinder sets.
We assume that u = p , has a countably additive extension to #. In this
case u is a probability measure which is called the Gaussian measure
associated with ( , ).

The following simple lemma will be used often in this paper.

LEMMA 1.1. Let v € V be such that (v,v) = 1. Then if r > 1

p{Ae Vi@ <r)) =1 —e "~

Proof. By definition, the measure of the indicated set is

@m 2 [ e Pdx = (UT(1/2) [ x" e dx

r
-r

Il

1 — (1I(1/2) jf/z xMPerdx > 1 — 2T(1/2) [, e *dx

o0
r22

1 — (Im)Pe ™ > 1 — e "2

We now record two results. The first will be used later. The second is
standard but it gives a simple instance of the technique that we will use to
prove singularity of measures.

LEMMA 1.2. Let S, T < V'. Suppose that for each ¢ > 0 there exists X, € #
such that p(X,) 2 1 — ¢, X, + A = X, for Ae T and w(X, + 1) < ¢ for
A€ S. Then there exists Y € # such that (Y) = 1, Y + A = YforieT
and (Y + ) = 0 for A€ S.

Proof.Set Z, = X, ,.Put Y = N2, U, Z

n=k “n-*

If h e H then we define 4, € V' by 4,(v) = (v, h). If A € V' then we say
Ae Hif 2 = A, for some h € H.

LemMmA 1.3. If A € V'. A ¢ H then there exists X € & such that W(X) = 1 and
uX + 1) =0.
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Proof. Since A ¢ H there exists for each n > 1, v, € V such that A(v,) = n
and (v,,v,) = 1.Set Z, = {{e V': |é(v,)| <n/2}). ThenZ, + A< V' — Z,.
So Lemma 1.1 implies that

wz,)=1-—e""
and
WZ, + A <V —z,) < ek

Now apply the previous lemma with S = {1}, T the empty set.

2. Some observations about the first Sobelev space

We first prove a simple lemma which will be adequate to prove our results
on Gaussian measures for n > 3. If nis a 1-form on R”, n = X 7, dx; then
set

Inl?> = [(X @.)) dx.

We use the notation B(x; r) for the open r-ball with center x in R”. ||- - - ||
will denote the usual Hilbert space norm on R”.

LEMMA 2.1. Assume that n = 3. Then there exists C(n) > 0 depending only
on n such that for each 0 < ¢ < 1/2 there exists f, € C*(B(0; 1)) with

M gl =1,

(2) fi(x) = e"*'Cn) for x| < e

Proof. Let he C*(R) be such that A(x) = 1 for x < 1 and A(x) = 0
for x > 2. Set (as wusual) r(x) = ||x||. Put ¢@,(x) = h(r(x)/e). Then
@, € C*(B(0; 1)) if 0 <& < 1/2 and do, = h'(r/e)dr/fe. Let Q, denote
the volume of the n — 1 dimensional Euclidean sphere. Then

Ide, |2 = @,/&) [ ='W (rfep dr = &72Q, [ P~ () dr.
Set
Cm™? = Q[ r'weyd

and put £, = ¢ "**'C(n)ep,.



Irreducibility and inequivalence of representations of gauge groups 7

We now prove an analogous result for n = 2. In this case one can show (as
was pointed out to us by Roger Nussbaum) the estimates are best possible.

LEMMA 2.2. Let n = 2. Given 0 < C < 1 there exists for each 0 < ¢ < 1,
Jic € CZ(B(0; 1)) such that

D ldfocll = 1,

(2) foc(x) = (C/(2m)'"?)llog &' for x| < &

Before we give the proof we recall some well known (or easily proved)
sophomore calculus results. If fis a continuous function on R? then we say
that 0f/dx = u and 0f/dy = v in L? if u and v are square integrable and
whenever g € C*(R?)

[1ex, y) Sny)dedy = — [ulx glx y) dx dy,

[ G, y) (x Ndxdy = — [o(x, yglx, y) dx dy.

Under this condition we write df = udx + vdy and we say that df exists in
L.
The following assertion is an easy calculation using Stoke’s theorem.
(1) Let & be a piecewise smooth function on R with supp # = (— 0, 4],
a < oo, such that A is constant in a neighborhood of 0. Set
f(x) = h(r(x)). Then df exists in L? and df = A’(r)dr.
If fe L'(R?) and if g € L*(R?) then we set (as usual)

frg@) = [fel —wdu = [/ — we)du.

The following result is also standard.

(2) Let f be continuous on R? with suppf < B(0; 1 — n) for some
0 < n < 1 and suppose that df exists in L. Then given ¢ > 0 there
exists 0 < 0 < n and ¢ € C*(B(0; §)) such that

Id(@* NI < IIdf 1,
SUD,c g1 1@ *f(x) — f(xX)| < e
Indeed, the first inequality is true for any non-negative ¢ with L'-norm one

without any assumption on d, and the second is an easy consequence of
uniform continuity.



8 N.R. Wallach
We now give the proof of Lemma 2.2. Foreach 0 < 6 < 1 — ¢ define 4,4
by

1 x < e

log x — log (1 — 9)
loge — log (1 — 9)

0 1 -6 < x

e<x<1-96

he,é (X) =

Set ¢, ;(z) = h,;5(r(z)) for z € R If we apply (1) above we have

2

2 1-6
= d
1990l = GorsTTog =37 &
2n
log (1 — d)|°
IlOg 8| ‘1 — ——10?8—

Set C(e, 6)* = 2m/|]l — (log (1 — 6))/log ¢|. Let 4 > 0 be given. Then (2)
above implies that there exists u € C*(B(0; 1)),0 < n < 6, withu > 0and
[ u = 1 such that

Id(u*@,)l < C(e, 6)/llog &'
and

ux@,s(x) =21 —u for |x| <e.
PUt gé:,é,u = u*(pe,é/”d(u*(ps,é)”' Then “dgs,é,y ” = 1 and

Leou®) = (1 — )Cle, 6)7' |log e for x| < e.
Now lim; , o(1 — p)C(e, 6)~' = (2n)~ "2 So we can take f,. = g,,, for &
and p sufficiently small.

The following simple covering Lemma is sufficient for our purposes.
LEMMA 2.3. Let n = 2. If 0 < ¢ < 1/4 then there exist z,, z,, ..., Zy €

B(0; 5/4) with N < (2\/n + 1)"/¢" such that B(0; 1) = UY, B(z;; ).
Note. B(z;; 1) = B(0; 5/2).
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Proof. This is standard. For each x € B(0; 1) let m, € Z be the unique
element that satisfies m; < x,\/nfe < m; + 1. Put m(x) = (m,, . .., m,).
Then |x — em(x)/\/nl < & Also |m| < Jnje + 1. Take the z; to be an
enumeration of the set {am(x)/\/ﬁ: x € B(0; 1)}. Clearly, there are at most
2(y/n/e + 3)" such points.

3. Singularity of translates of Gaussian measures

Let M be a smooth, orientable, paracompact, connected manifold of dimen-
sion n. Let W be a finite dimensional vector space over R. If M is non-
compact set V' = CZ®(M; W), the smooth compactly supported functions on
M with values in W. If M is compact then we fix once and for all a base point
Xo€ Mandset V = {fe C*°(M; W): f(x,) = 0}. If K is a compact set in
M set Cg(M; W) equal to the smooth functions from M to W that equal
0 outside of K. We endow Cg’ (M; W) with the topology of uniform conver-
gence with all derivatives. If M is non-compact then we endow V with
the ‘“union topology” (cf. [GV], p. 330). If M is compact then we use
the topology of uniform convergence with all derivatives. Then V is either
a nuclear space or a ‘“union of nuclear spaces” (cf. [GV], p. 330). Let
Q! (M; W) denote the space of all 1-forms on M with valuesin W.Let{ , )
be a Riemannian structure on M, B an inner product on W and w a
volume form on M. If a, B € Q'(M; W) then a,, B, € Homg(TM,, W).
We write («, ), for the Hilbert-Schmidt inner product of «, with f,.
That is, («, B), = Tr(B¥a,). If f, g € V then we set

(f,8) = |, df dg)o. -

Let u denote the corresponding Gaussian measure on ¥’ (§1). Then u is
countably additive ((GV], Theorem 6, p. 333).

If ve W and if xeM (x # x, if M is compact) then we set
v.(f) = v(f(x))forfe V.Thenv, € V' andv, = Oifand onlyifv = 0. We
set [[v]z = Supg,.)=1 [V(W)|. We also write = ¢ Vol , as in the introduc-
tion. If it is necessary to indicate the dependence of ( , )and pon { , ),
B, o then we write ( , ).z, and p yz,-

PropOSITION 3.1. Let v, . .. ,v;e W' — (0). Let{ , );, B;, w; be as above
SJori = 1,2. Set u; = p s 5, If n = 3 there is no additional condition. If
n = 2 we assume

||Vi||B, > /87lo,(x)| for xe M.



10 N.R. Wallach

Thenifn > 2 there exists X € 9 such that u(X) = 1and p,(X + X(v,),) =
0 for x,,...,x,e M (M — x, if M is compact) with x; # x; if i # ].

We will derive this result from a lemma which will also be used in §5.

LEmMMA 3.2. Let u,, i = 12 be as in Proposition 3.1. Assume that
ve W* — {0} andif dim M = 2 that |v]|5 > (8nlo,(x))"* for x e M. If U
is an open subset of M (not containing x, if M is compact) then there exists
YeAsuchthat ,(Y) =1, Y+ ¢, = Yforye M — U, o € W* and
WY +v,)=0forxeU.

We first show that Lemma 3.2 implies Proposition 3.1. So assume it. Set
M= {(x,,...,x;)exM: x; # x;if i # j(x; # X, if M is compact)}.
(1) If x € M then there exists an open neighborhood, U,, of x in M“ and

Y, € # such that y(Y,) = 1 and p, (Y, + Z(v)),) = O for y e U..
Let us show how (1) implies the proposition. Then we will use Lemma 3.2
to prove (1). Clearly, M is separable. There is therefore a countable sub-
covering {U, } of {U}, .« Set U = U, and Y, = Y, . Then

m(Y) =1 and HZ(K+Z(vj)yj) = 0 for yeU.
J

Take X = (Y.

We now derive (1). Let x = (x,, ..., x,). Let W,,i =1,...,dbean
open neighborhood of x; such that W, n W = ¥ ifi # jand x, ¢ W,if M
iscompact. Let U, = W, x ... x W,.LetY, bethe “Y” of Lemma 3.2 for
U= Wyandv = v,. Theny,(Y,) = 1.Ify = (y),...,y,) € U theny e
M — W forj > 2. Thus Y, + %;,,(v), = Y,. Thus i,(Y, + £,5,(v),) =
0 foryeU,.

We are left with the proof of Lemma 3.2. As above the following “local’
assertion implies the lemma.

(2) If x € U then there exist a neightborhood, U, of x in U and Y, € #
such that u,(Y,) =1, Y, + ¢, = Y, for p e W*, ye M — U and
w(Y, +v,) =0ifye U,

We are left with the proof of (2). Since the proof in the case of n > 3 fairly

simple and contains most of the essential ideas for the more delicate case of

n = 2, we will now give the complete proof for the case n > 3. It would be

worthwhile to read this even if there is only interest in the case n = 2 which

we will prove in the next section.

Let x € U. Let (U,, W) be a chart for U such that x € U, and
@ Y(U,\) = B(0; 3),

(i) Y(x) = 0.
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Set V, = (¥)"'(B(0; 5/2)). On R" we use the usual Riemannian structure

and Lebesgue measure for the volume element. We will write ||- - - ||; for the
pointwise norm on Hom (TM*, W) corresponding to < , »;and B;. We fix
an arbitrary inner product, B, on W* and write | || for the norm on

(R")* ® W* corresponding to the usual inner product tensored with B.
(A) There exist constants D,, D, > 0 such that if fe C*(V,; W) then

D, [0 14O/~ ¥ O dx < [ Idf 120,

< D, [, 140/ B) 7 )] dx.
Let {y,, ..., y,} be the local coordinates on U, corresponding to V. Set

gP,‘I‘i(Z) = <dyp’ dyq>,"x, A U].

Then there exist «;, f; > 0 such that if z € Closure (V) then

%Y, YY) < Y 8pai@¥, ¥, < By, ¥, yeR

Also, w,y, = u; dy,Ady,A . .. Ady,. There exist y;, 6, > 0 such that
y; < |lu(2)] < 0;, z e Closure (V).

There exist M;, m; > 0 such that
m,B(v, v) < B,(v,v) < M,B(v,v), ve W*

Take D, = min {y,o,m;}, D, = max {,8,M,}. (A) now follows.
Note. We will also use this result in our proof in the case n = 2.
Set U, = ¥~'(B(0; 1)).

(B) There exist E, F > 0 such that if 1/4 > ¢ > 0 there exists an open
covering W,,i = 1,..., N < E¢™", of U with W, = V| and there exist
fi. € C2(V}) such that
(@ ldfi.| = 1and
(b) fi,(z) = Fe~"**' for ze W,.

Indeed, let f, be as in Lemma 2.1 and z,, . . ., zy be as in Lemma 2.3. Set

W, = ¥~(B(z;; ¢)). Put g,,(y) = f,(¥(y) — z,) if y € V; and 0 otherwise.

Then |ldg, [, < (D) by (A) and g,(y) > Cln)e™"**'. Set f, =

g./lldg.. I\, F = C(n)/(D,)"* and E = (2n'? + 1). This proves (B).
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Let we W be such that B, (w, w) =1 and v(w) = |v[p. Set
o, = fi, ® w. Then |do,, || = 1. If u € W, then

Mu@,) = L@Vl = Ce*!

with C = FJvlg,.
Set Z,, = {Ae V' |Aa,) < Ce™"**!/2}. Then Lemma 1.1 implies that

W(Z) > 1 — e

If y¢ Uthen o, (y) = 0s0 Z, + ¢, = Z;, for p € W*. Also, if u e U,
then

Z, + v, = {Ae Vi Moy /lloy,ll) = Cem"2 12|, Il )
Hence Lemma 1.1 implies that
1(Z,, + v,) < exp (= C?e"?/8|da, ).

(A) implies that [, |, < (D,/D,)"?. Set & = C’D,/8D,.Take Z, = \,Z,,.
Then

lul(Zg) = 1 — EE*"CAC%—MZ/g’

_és—ni—l

luZ(Ze + vu) < €

if ueU, and Z + o, =2 if oeW* and ye M — U. Since
lim, ,oe~"e~*""""* = 0if n > 3, this implies that given ¢ > 0 there exists
Y, e #suchthat 4, (Y,) = 1, Y, + ¢, = Y. forope W*,ye M — Uand
(Y, + v,) = 0foru e U,. This combined with the argument in the proof
of Lemma 1.2 completes the proof of (2) in the case n > 3.

4. The proof of Lemma 3.2 for n = 2

In this section we assume that n = 2, otherwise the assumptions and
notation are as in §3. To simplify notation, we denote { , ), B;, o, by the
same symbols without the subscripts. We will be using some elementary
Riemannian geometry. For this we refer to [H], Chapter 1. Let d(x, y) be the
Riemannian distance on M. If m € M then we denote by ||v|,, the norm of
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ve TM,, relative to { , »,.Put Bm; x;r) = {ve TM,: |v — x|,, < r}
forxe TM,,. If xe M weset B.(r) = {y e M:d(x,y) < m}. Forme M,
let exp,, be the (geodesic) exponential map of M at m. For each me M
let s, > 0 be such that exp,: B(m; 0; s,)— B,(s,) is a surjective
diffeomorphism.

If we identify T(TM,,), for v € TM,, with TM,, in the canonical way then
d(exp,,)o = I for m e M. This implies that for each § > 0 there exists
0 < 1,,(0) < s, such that if fe C*(B,,(1,,(9)) then

[, 1470 < (1 + d)lolm)l |

B(m; 0,1 (5))

Id(f~ exp,)l7dx. (*)

Here d,x is the Lebesgue measure on TM,, corresponding to an ortho-
normal basis relative to { , »,.

Fix xe U. Choose s > 0 such that B .(3s) =« U. Put r@©) =
min {s/3, n,(6)/3}. Set U, = B,(3r(0)), V, = B.(5¢(9)/2), W, = B,(r()). We
now prove the assertion of (2), §3, for U, = W, if 6 is chosen to be
sufficiently small. Let 0 < { < 1, and let f;, , be as in lemma 2.2. Set
U, (x) = f,,_;(x/r(6)). Then |lu, || = 1 (here we are using the norms as in
§2) and

U (x) = (1 = 0 [(log &)/2n"?, |Ix]| < &r(6).

Let z,, ...,zy (N < (1 + 2/2)%¢™2 = E¢™?) be as in Lemma 2.3 for
¢ > 0. Put Z,(6) = exp,(B(x; r(0)z; r(d)e)). Define &, 5, € C(V;) by
Cieoc(¥) = 0 if y ¢V, and & 5.(exp. (¥) = 4, (y — r(0)z) for ye
B(x; r(0)z;; r(0)e). Put f . 5. = &;.5./I1d;. 5. 1l. Then () implies that

fresr(@ = (1 = Dl(log &)/2n(1 + d)e(x)|'"* for z € Z,(6). (*%)
Let w € W be such that v(w) = |v||; and B(w, w) = 1. Put
Uivst = fiese @ w.
Then (do;, ;.| = 1 and if u € Z,(6) then
Vo (@iese) = Plafies (@)
= [Ivl(1 = Ol(log &)/2n(1 + d)e(x)|".

Our assumption on v implies that ||v||; > (87|e(x)|)"2. Thus we can choose
{ and ¢ so small that

vls(1 = Ollog e)2n(l + d)e(x)I"* = (1 + )2 + y)llog &'
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for some y > 0. Fix these values of  and {. Seta;, = «;,;,and U, = W,.
Set Z;, = {Ae V' :|Aw,)l < (2 + y)llog &"*}. Then lemma 1.1 implies
that

WZ,) =1 — exp (2 + y) log €)/2).
> 1 — &%,

Ifue M — Uand ¢ € Wtheno,(v,) = 0s0Z, + ¢, = Z,,. Alsoifu e
Zthen Z,, + (v), = {A e V' Ao, /llde;, [l,) = y(2 + y)llog &"?/[ oy, II,}.
Thus, if we set & = ((2 + y)/llda;,[l,)’/2 then Lemma 1.1 implies that

Z +v)< e—é,IIOgﬁl — 86’.
#2 ‘j € u

Now §3 (A) implies that there exists a constant D > 0 independent of j, ¢
such that [do,, || < D.Thusif weseté = y/2D*thené; > & Henceifu € Z,
then

HZ(Zf,C + vu) < 85

Put Z, = ( Z,.. Then

Lie
WZ,) = 1 — Ee?e,

Z. .+ o, =Z foroe W¥, ue M — U and
m(Z, +v,) <é& and uel,.

Thus given ¢ > 0 there exists Y, e # such that wu(Y,) > 1 — ¢,
Y + ¢, =Y foryeM — U ¢e W*and ,(Y, + v,) < eforue U,.
The result now follows from the argument in the proof of Lemma 1.2.

5. Some representation theory

As in §3, let M be a smooth, paracompact, connected, orientable manifold.
Let (W, (, )) be a finite dimensional real inner product space. Fix a
Riemannian structure, { , > and a volume element, w, on M. If M is
compact then fix a base point, x,, set ¥V = C*(M; W) if M is non-compact
and V = {fe C*(M; W): f(x,) = 0} if M is compact. We set O(f, g) =
(df, dg) as in §3. Let u be the Gaussian measure on ¥’ corresponding
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to Q. We define a unitary representation, S, of ¥V on L*(V’, u) by
S@)f(A) = e*f (D).

Let v,, v,, . . . be a fixed sequence of non-zero (not necessarily distinct)
elements of W’. If dim M = 2 then we assume that ||v,| > (8rje(x)|)"* for
xeMandalli IfI = (i, ..., i) define forx = (x,, ..., x;) € M’ (see

§3), ¥, (x)(f) = Zv,(f(x)), for f € V. Then ¥, defines a continuous map-
ping of M? into V'’ (with the weak topology). It is easily seen that
Y(M9) e #.1f E is a Hilbert vector bundle over M“**ford > 0,k > 0and
if w, is a volume form on M then we set L*(E, w,) equal to the space of
square integrable cross sections of E (here we use the product measure w{**
on M%) If fe L*(E, w,),ve Vand I = (i, .. ., i;) then we set

Ge@f(x) = M),

Let { , ), B,, o, be respectively a Riemannian structure on M, an inner
product on W and a volume form on M. Let Q, be the inner product defined
as above on V' using { , »,, B, and w, in place of { , ), B, w. Let yu, be
the corresponding Gaussian measure on V.

LeEMMA 5.1. Let d > 0. If C is a bounded linear operator from L*(V’, u) to
LA(V', ) ® LX(E, ) such that CS() = S®) ® 6,;()C for allve V
then C = 0.

Proof. We write ¥,(x) = ¥,(x;, ..., x,;). SetQ(1) = 1 forall A e V’'. We
note that Closure(span(S(v)Q)) = L*(V’, u). Indeed, span {¢"'®: v e V} is
dense in L*(V’, p) (cf. [Gu, §7.2]). This implies that C = 0 if and only if
CQ = 0. Let f = CQ. We assume that f # 0 and derive a contradiction.
Then we can look upon £ as a function on ¥’ with values in L?(E). Thus we
can write f(4, x) € E,. Let

D = Closure(span{(S(v) ® 0,:(v))f: v e V}).

Then C is a continuous linear map of L?>(V’, p) onto D. On V' x M“** we
put the product measure, u x wit*. Let T(4, x) = 1 + ¥,(x) e V’ for
Ae V', xe M* Then T is continous. We define a measure, y, on V'’ as
follows:

W) = [ 1SG 0lide B
Thus
WX = [ VG = ¥,00, )R G — ¥ e, )
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Then the representation of ¥ on D given by the restriction of S ® o,
to D is equivalent with the representation, B, of V on L*(V’, y) with
B@)p(4) = €*® p(A). Thus C induces a continuous linear map, C,, of
L*(V’, p) into L*(V’, y) such that C,S(v) = B(¥)C,, ve Vand C,Q = Q,
(Q, is the constant function 1 on ¥’ looked upon as an element of L*(V”, y)).
Now

(CS@Q, Q) = B, Q) = [, dy(d).
On the other hand

(C,S@Q, Q) = (SQ, CFQ,)).
Set C¥Q, = h. Then

(€S@Q. Q) = [, " h(D) du().

Since both y and A(Z) du(/) are cylinder set measures (finite valued g-additive
measures on ), we see that this implies that dy = h(1) du(4).

Proposition 3.1 implies that there exists X € # such that u(X) =1
and g, (X + W¥,(x)) = 0 for all x e M*** Thus y(X) = [_h(2) du(d) =
{, h(2) du(A) = (Q,,9,) = | f]> On the other hand y(X) = 0 by (). This
is a contradiction, so the lemma follows.

We now assume that v,, ..., v, are distinct and satisfy the hypothesis
above. Let E,, E,, ..., E, be Hermitian vector bundles over M. We
define an action of V on each E, by 0,(v)y, = ¢"* L Let
E=E @ E ®...® E, with action ® g, = 0. Let ®“E be the d-fold
tensor product bundle over M with the corresponding tensor product
action of ¥, ®%a. Let S, the symmetric group on d letters, act on M“ by
permuting the coordinates. We also let s € S, act on ®“Eby e, ® . .. Re,
over (x;,...,x;) goes to s(e,®...QRe) =¢,® ... Re, over
(X4, - - ., X,y). Then ®?6(v) commutes with the action of S,.

By our definition of M“ the action of S, is free. We therefore have a
manifold N* = §,\ M“. Let n be the canonical projection of M“ onto N¢. We
note that w? “pushes down” to a measure on N°. We write L>(®“E) for
[*(®E, o). Let H? be the space of all fe L*(®‘E) such that
sfCey, ooy xy) = fxy, ..., x,). We define a representation, 1, of ¥ on

by 1(0) f(x) = ®%0(v), f(x).
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The following result is undoubtedly a very special case of a well known result
that is true for totally discontinuous actions of discrete groups. We include
a proof since it is short.

LEMMA 5.2. There exists an open subset, F*, of M“ such that = is injective on
F? and N — nF* has measure 0.

Proof. Whitney has shown [W] that we may assume that M is a closed analytic
submanifold of RY for some large N. Choose a non-constant real analytic
function, f, on M. Set F* = {(x;, . .., x):f(x;) > f(x) > ... > f(x,)}.
Then clearly sF? n F? is empty if s # 1. Set f,(x,, ..., x,) = f(x;) —
f(x;) for i # j. Then f; is real analytic and non-constant on M“ for i # j.
Now, the complement to (J,.s, sF? is |, ,;{x € M*: f,(x) = 0}. Since the
zero set of a non-constant real analytic function has measure 0 relative to
any volume form, the result follows.

We will “abuse notation” and think of = as projecting onto F%. Also H*
is, under these identifications, just L*(®°E|,,) with the same action of V. Set
®“E|,, = E“ Then E“splits into a direct sum @ E; over I = (iy, . . ., iy),
1 < i <rand

®d0'(‘U) I(Ed) — ei‘l’l(x)(v)l.
1 X

Let 7,, be the representation of ¥ on L*(Ej) given by 1,,(v)f(x) =
7(v) f (x).

LEMMA 5.3. Let U = N“ be open. Let C be a continous linear operator on
LX(V', w) @ L*(E}) such that C(S(v) ® 1,:(v)) = (S(v) ® 7,(v))C for all
ve V. Then C(L*(V', p) ® L*(Efy)) < L*(V', w) ® LY ERy).

Proof. Let Z = NY — U. Then
LV, w) ® LYE) = LX(V', w) ® LX(Ejy) @ L*(V', p) ® LX(Ef,)

a direct sum of invariant subspaces under S ® 7;,. Thus we must show
that if C is a continuous linear operator from L*(V’, u) ® L*(Ef,) to
LV, p ® L*(E},) such that C(S(v) ® 1,:(v)) = (S(@) ® 7,:(v))C for
all v € Vthen C = 0. We first reduce this result to a special case. Let x € U
and let y € F¥ be such that n( y) = x. Then there exist open neighborhoods
W,...,Wyof y,...,y,such that W,n W, = F if i # jand W, =
W, x W, x ... x W, < F\. Now |J,nW, = U. A countable number of
the nW, cover. Let P, be the projection of L*(Ej|,) onto L*(Ej,, ) given by
multiplication by the characteristic function of nW,. If CI ® P.) = 0 for all
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xen 'Uthen C = 0. We may thus assume that U = W, x W, x ... x W,
as above.
For this special case we need the following simple observation:

(1) N* = U = n((U; x (M — W)) N\M?).

Set Z, = n((x ‘(M — W,)) NM?). Let Q, be the projection of L*(E|,) onto
L*(Ej,) given by multiplication by the characteristic function of Z;. Then
it is enough to prove that C, = I ® Q,)C =0 foralli=1,...,d. So
assume that C; # 0. We now follow precisely the same line of argument as
in Lemma 5.1. Let f € L*(Ej},) be such that g = C,f # 0. As above define

a(X) = [, 1fG = ¥, 0l2du()e’
and
(X)) = [, lgG = ¥,00, Vlidu()e’. (x%)

Let g, be the representation of ¥V on L*(V’, a;) given by (0;(v)u)(1) =
€“® u(4). Then C induces a continuous linear map, L, of L*(V’, a,) to
L*(V’, 6,) such that if Q, is the function identically equal to 1 on V'’ as an
element of L*(V’, ¢,) then LQ, = Q, and Lg,(v) = g,(v)L for v e V. As
above, this implies that there exists # € L*(V’, g,) such that do, = hdo,.

Lemma 3.2 implies that there exists X € # such that u(X + ¥,(x)) = 0
for x € U and u(X + ¥,(x)) = 1 for x € Z, (take X to be the X in Lemma
3.2 corresponding to W;and v,). Thus ¢, (X) = 0and o,(X) = |g|* On the
other hand, () implies that ¢,(X) = 0. We have derived our desired con-
tradiction. The lemma now follows.

If H is a Hilbert space then we denote by End H the space of all bounded
linear operators of H to H with the strong topology (the topology defined
by the semi-norms || 72|, v € H). If S = End H then we set Comm (S) =
{4 € End H: AT = TAforall T € S}. The Von Neumann density Theorem
asserts that if S is a subalgebra of End H, containing /, such that if T e S
then T* € S then Comm(Comm(S)) = Closure(S) (cf. [D], p. 42).

LEMMA 5.4. Let the notation be as in the previous lemma. If v e V then
S(v) ® I = Closure(Span{S(@) ® 7,(v): v € V)).

Proof. If X is a Borel set in N“let y, denote the characteristic function of X.
If fe L*(N?) let M, be the operator of multiplication by f on L*(E). Then

Closure(span{M, : U open in N*}) o {M;: fe L*(N)}.
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Now the previous Lemma implies that

Comm(Comm(span{S(v) ® 1,.(v): v € V})) > {M,,: U open in N}.
Thus the density theorem implies that

Closure(span{S(v) ® 7,;(@):ve V}) = 4

contains the operators I ® M;, fe L*(N?). Since I ® t,,(v) is such an
operator, we see that 4 contains the operators

I ® 1:(—0))(S@) ® 7,:(v)) = Sv) ®I for vel.

For the next lemma we assume in addition that if v, # v; and if (v;, v;) > 0
then v, — v, e {v;, ..., v,}. We note that this implies that if v, — v, # 0
then ||v, — v;| = min {|lv|: K = 1, ..., r}. Indeed, if (v;, v;) < 0 then
vi — vII> = WlI> + [IvI% If (v;, v;) > Oand v, # v, then v, — v; = v, for
some k.

LEMMA 5.5. Let d, d’ = 0 and suppose that there exists a continuous non-zero

linear map of L*(V’, p) ® L*(EY) into L*(V', p) ® L*(EY) such that

C(S(@) ® 1,:(v) = (S@) @ 1,5()C for all ve V. Then d = d’ and
=J.

Proof. Suppose that d # d’. Then by replacing C by C*, if necessary, we
may assume that d > d’. If we argue as above it is enough to prove that C
is 0 on

L2V, 1) ® LXEfw, < xw)

for W, x -+ x W, = Fland W, W, = ®ifi # j. We thus replace C by
its restriction to this space. If Q, is the usual projection of L*(E{) onto
L*(Ef | o aq—mynrpe) then Lemma 3.2 combined with the argument in
Lemma 5.3 implies that (/ ® Q,)C = 0.

Since d > d’ it is easily seen that J?_, x “(M — W,) = x“?M. This proves
the result for d # d’. So assume that d = d’. In this case we may argue as
in the proof of Lemmas 5.2 and 5.3 to see that if ¢ € L*(N) then
CI ® M,) = (I ® M,)C. This implies that if we define a new action, y, on
L*(EY) given by

'y('v)f(x) — el(‘*‘l(x)—‘l’_l(x))(v)f(x)
then C(S(v) ® I) = (S(v) ® y(@))C.
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Our new hypothesis implies that if v, — v, # 0 and if dim M = 2 then
v, — v, I > (8rle(x))"”* for x € M. So if I # J then Lemma 5.1 implies
that C = 0.

6. Unitary representations of groups of smooth mappings

Let U be a compact Lie group. We write 1 for the identity element of U. Let
M be as in §3. Let { , ) be a Riemannian structure on M and let w be a
volume element for M. Let G = {g e C*(M; U): g(m) = 1 outside of a
compact set}. If K is a compact subset of M then we set Gy = {g e G:
gim) = 1 if m¢ K}. We endow Gy with the topology of uniform conver-
gence with all derivatives and look upon G as | J,Gy. Then G is a topological
group under pointwise multiplication.

Let u be the Lie algebra of U which we identify with TU, (the tangent
space at 1) as usual. Fix B, an Ad(U)-invariant inner product on u. If x,
y € U then set R(y)x = xy~'. If W is a finite dimensional vector space
over R then let Q'(M, W) denote the space of all smooth 1-forms on
M with values in W. If K is a compact subset of M then we set QL(M; W)
equal to the space of all n € Q' (M; W) such that n, = 0 for x ¢ K. We
endow Q) (M; W) with the topology of uniform convergence with all deriva-
tives. We set Q! (M; W) = Uz Qk(M; W) with the corresponding union
topology.

Before we introduce the main results of this paper let us record a result
which we feel is necessary in the course of their proof. The argument below
is based on a suggestion of A. Borel.

LEMMA 6.1. d(C*(M; W)) is closed in Q. (M; W).

Proof. 1t is enough to prove this result for W = R. Let N be a connected,
paracompact, orientable, smooth n-dimensional manifold. Set Z*(N) =
{ne Q*(N): dn =0} and put B¥*(N) = dQ!"'(N). Then HY(N) =
Z¥(N)/B*(N) is called the k-th (de Rham) cohomology of M with compact
support. If n € Q¥(N) and if v € Q"*(N) then set

(nlv) = [, nAv.
Then (dyv) = (—1)*"'(y|dv) for n € Q"' (N), ve Q" %(N) and if we set

ZK(N) = {ne Q(N):dn = 0}, B“(N) = dQ*~'(N), HY(N) = Z*(N)/B*(N)
then ([deR; §22, §23]) ( | ) induces a nondegenerate pairing of H*(N) with
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H"%(N) (i.e. (n|H"*(N)) = Oimpliesy = 0). Thus if dim H""'(N) < oo
then dim H!(N) < oo.

(1) If dim H* '(N) < oo then dC*(N) is closed in Q! (N).

Indeed, Z!(N) is clearly closed in Q!(N). Let Z be a finite dimensional
subspace of Z!(N) such that Z!(N) = dC*(N) @ Z. If N is compact, then
choose x,e Nand let ¥V = {fe C*(N): f(x,) = 0}. If N is non-compact
then set V' = C*(N). We set A(v,z) = dv + zforve V,ze Z. Then

AV x Z - Z!(N)

is continuous and bijective. Since ¥ x Z is an LF space this implies that 4!
is continuous. Thus A(V x {0}) = dC?(N) is closed.

We now return to M. Let {U,} be a covering of M such that all non-empty
finite intersections of the U, are contractible (e.g., take a covering by convex
neighborhoods relative to <, »). For m=1,2,..., define
N, = Ui<nU:. Thendim H""'(N,,) < oo for all m. If K is a compact subset
of M then K = N, for some m. Thus (1) implies that dCZ (M) is closed. This
completes the proof.

We now return to the situation at the beginning of this section. Let S:
G — Q!(M; u) be defined by

B(g). = dR(g (x))g(x) dg..

(i.e., B(g) = (dg)g™"). We set V = Q!(M; u) and define a representation =

of G on V by (a(g)n), = Ad(g(x))(n.(v)), g€ G, xe M, ve TM,. Then

B(xy) = P(x) + a(x)B(y). We will sometimes write Ad(g)y for a(g)y.
Forn,ve V, let

(’1’ v) = J-M (r’xa VX)XCU,

Here we use the inner product on TM¥ ® u correspondingto< , »and B.
It will sometimes be necessary to write

(, ) = (, )<,>,B,w'

Let H denote the Hilbert space completion of V" with respect to ( , ). Let
u be the Gaussian measure corresponding to this inner product (§1). Then
u is countably additive (cf. [GV], Theorem 6, p. 332). We note thatif g € G
then o(g) extends to a unitary operator on H and (¢, H) is a unitary
representation of G.



22 N.R. Wallach

If fe L*(V’, p) and if g € G then we set T(g) f(A) = e*P® f(4 - a(g)).
Then (T, L*(V’, w)) is a (strongly continuous) unitary representation of G.
We will also write ' = T, , 5,,.

Let b be a maximal abelian subalgebra of u. Let A be the root system of
ue with respect to b (here sub C indicates complexification). If « € A then
afy = i& with & € b’. Let |l«||, be the norm of & relative to Bl,. The main
theorem is

THEOREM 6.2. Assume that U is semi-simple. If dim M = 2 then we assume
that ||a|| 5 > (87lo(x))"?, for x € M (w = @Vol ,)anda € A. Ifdim M > 2
then T, , 5, is irreducible. Let { , », B,, w, be an arbitrary triple as above
and let p, be the corresponding Gaussian measure on V'. If C is a non-zero
bounded operator from L*(V', p) to L*(V', ) such that CT, ,,(g) =
T, 5.0,8)C for g € G then

(., )<,>,19,m = (’ )(,>|,B|,ml'

The proof of this result will involve more notation and concepts. For the
moment we assume that V' is a locally convex, separable, topological vector
space over R. Let ( , ) be an inner product on ¥ and let u be the corre-
sponding Gaussian measure on V’. We assume that V|, V, are closed
subspaces of V' such that V' = V; @ V, and that (V, V;) = 0. Let g, be the
corresponding Gaussian measure on V" for i = 1, 2. We assume that p, is
countably additive for i = 1, 2. We identify ¥, with {1 e V': A(V;) = 0}.
Then V' = V;/ @ Vy . Itiseasilyseen that u = p, x u, (product measure).
Thus Fubini’s theorem implies that the map S from L*(V/, ;) ® L*(Vy, it,)
to L*(V, u) given by S(f ® g)(4 + v) = f(A)g(v) is a unitary isomorphism.
Here ® denotes completed tensor product.

We will also make use of the Fock space. Let #(H) = @,,MS"(H )c-
Here S"(H) is the completed n-fold symmetric power of H (the inner
product is defined by (v, v") = |v|*"). The subscript C will always indicate
complexification with the Hermitian extension if there is an inner product.
If h € H then set

EXPh = Y w/Jn.
n=0
Here ' = 0and " = h® h ® ... ® h, n-times. Then (EXP h,, EXP h,) =
e®* The next results that we will be describing can be found in [Gu],
§2.1, §7.2. Span{EXP v: ve V} is dense in #(H). We set for v e V,
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e, (1) = exp (iA(v) + (v, v)/2). Then span{e,: v € V'} is dense in L*(V"’, ).
Furthermore {EXP (v): v € V'} and {e,: v € V} are linearly independent
sets in their respective spaces. Since (e,, €,) = ¢“* for v, w e V we can
define a natural isometry F,: L*(V’, u) » % (H) by F,(e,) = EXP .

If V=V, ®V, as above then F(H) = F(H,) ® #(H,) and
F,(L*(V/, m)1y;) = Closure(span{EXP v: v € V;}). At this point we will
explain and fix an error in [GGYV, II]. In that paper they look at a situation
such as this and consider the space Q = {fe L*(V', w): f(- + 1) = f(*)
for 2 € Vy}. We assert that if V, # H, then Q is not defined. Indeed, let
A€ Vy — H,. Then there exists X € # such that u(X') = 1, (X — 1) =0
(Lemma 1.2). Let y, be the characteristic function of X. If f € L*(V", u) then
xxf = f. But xy(* + A) = yy_, = 0 as an element of L*(V’, p). Thus if
“fe Q then yxy,,f = fsof = 0in L*. We replace this nonsense with the
following result.

LEMMA 6.3. Let V =V, @ V, = V; @ V, be two decompositions of V as
above with closures in H, H;, i = 1, 2, 3, 4. Suppose that H, n Hy; = (0).
Then L*(V{, w1y, o L2(Vy, uy)l,, = C1,.. Here the p, are the Gaussian
measures corresponding to (, )|, respectively and we assume that the proper-
ties above of (V, V,) are satisfied by (V3, V).

Proof. By the above we must show that (@ $"(H,)) n (®S"(H,)) = Cl. So
suppose that a = X a,e (®@S"(H,)) n (®S"(H,)). Then comparing
homogeneity, we see that a, € S"(H,) n $"(H,) for all n. Thus we need only
show that $"(H,) n S"(H,) = (0) forn > 0. If n = 1 this just says that
H, n Hy = (0) as assumed. So assume, inductively, the desired result
for n (=1). If a € H then define d,: $"*'(H) - S"(H) by d,x"*' =
(n + 1)(x, a)x". Then 0, defines a bounded operator. Furthermore, if
xe S"*'(H,)and d,x = 0 for all a € H, then x = 0. Now d,(S"*'(H)))
S"(H)) fori = 1, 2 and a € H,. Thus the inductive hypothesis implies that
0,(S"'(H,) n §"*'(H;)) = (0) hence §"*'(H,) n §"*'(H;) = (0).

We now begin the proof of Theorem 6.2. Let h be a maximal abelian
subalgebra of u. Let h* = {X € u: B(h, X) = 0}. Put V, = Q!(M; ), and
V, = QM(M; b*). Then V = V, @ V, as above. We fix a base point x, (as
usual) if M is compact, and set 4 = {fe C*(M; b): f(x,) = 0} if M is
compact and 4 = C”(M; b)) otherwise. Endow A with the topology given
asin §3, 4. We look upon A4 as an abelian topological group. Define W(a) =
T(exp a) for ae A. Then W defines a (strongly continuous) unitary
representation of 4 of L*(V’, p).
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Asabove L*(V',w) = L*(V{,w,) ® L*(Vy, u,). Under this identification
the action W is given as follows

W) f(A, &) = €"9f(A, E-a(expa)), AeV/, eV, aeA.

Thus if we define W,(a) f(4) = €*4f(4) for fe L*(V/, w,) and W,(a) f(&) =
f(& - o(exp a)) for fe L*(Vy, pu,) then under the above identification
W = W, ® W,. We now analyze each of the representations W,,i = 1, 2.

Let H, denote the Hilbert space completion of V,i = 1,2. Let F; = F,:
L*(V/, u;) - & (H,) (defined as above). We note that W,(a)e, = €,iexpay fOT
h e V,. Thus

E-Wy@) = (®,5,5"(0)(expa))- F,, aecA.

Here S™(o) is the representation on $”(H,) corresponding to o(a)| Hy-

We have (h*)e = @,.a(1c),, an orthogonal direct sum relative to the
Hermitian extension of B to u. (here, as usual, (u¢),, is the a-root space).
Let a;, . .., o be an enumeration of A. Thus the complexification of the
vector bundle Hom(7'M, bh*) splits into a direct sum E, ® E, ® ... @ E,
where E; is the complexification of TM* and A4 acts on E; via
B (v)u = ¥y for u € (E),. Let B denote the action §; @ ... ®p, on
E, ®... ®E = E.Then H, = L*(E). Here we are using the notation in
§5. Thus ®?H, = L*(®‘E) where ®E is a vector bundle over M. The
action ®“c goes over to ®“p as in §5. Under this identification the action
of S,on ®?H, givenby s(v, ® ... ®v,) = v,® . .. ®v,, corresponds to

'O, .y xy) = 57T f(x,, . .. x,). Let Fbe as in Lemma 5.2. Thus,
as in §5, SY(H,) = L*(®‘E|..). We write (as in §5) ®’E|,. = E* Then
E‘Y = @E] an orthogonal direct sum over I = (i,, ..., %), | <i <'r

(here we have replaced the v, with &;). The conditions on the roots in
Theorem 6.2 imply that the & satisfy all of the conditions on the v;. Indeed,
it is standard that if «, 7 are roots and if « # t,and B(&,7) > Othena — 1
is a root. We therefore see that # (H,) ~ C1 @ @®,., ®,L*(E/) where the
action on each L*(E}) is given by 1, as in §5.

We now analyze W,. Lemma 6.1 implies that d4 is closed in V;. Let Z =
{he H,: (d4, h) = 0}. Then H, = Closure(d4) @ Z. Define Q(a, b) =
(da, db), a, b € A. Then Q defines a continuous inner product on 4. Let u,
be the corresponding Gaussian measure on 4’. We define a representation
of 4 on L*(4’, u,), S, by S(a) f(A) = ¢*“f(). We note that as a represen-
tation of A, L*(V/, p,) ~ L*((d4), 1') ® F(Z) with y’, the Gaussian
measure on (d4) induced by ( , ) restricted to d4 and the action of 4 on
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L*((dAY, ') is given by &(a)f(A) = €*99f(A). Since d: 4 — dA4 is con-
tinuous, linear and bijective the closed graph theorem implies that it is a
topological isomorphism. The pullback of u” is y,. Thus as a representation
of A, (W,, L*(V{, w)) is equivalent with (S ® 1, L*(4’, uy) ® F(Z)). Let
us recapitulate our analysis in the following result.

Lemma 6.4. (W, L*(V’, p)) is unitarily equivalent with the direct sum of
(S ® 19 LZ(A/9 lu'Q) ® ‘g;(z)) and

@uso DS ® I ® 1,5, (A, ny) ® F(Z) ® L*(E)).

Furthermore, the unitary equivalence, F, can be chosen so that
LV, u)ly) = L4, uy) ® F(2).

We use this decomposition to prove the theorem.

(1) Closure(span{T(g)l,.: g€ G}) = L*(V’, w).

Indeed, let C: L*(V’, u) —» L*(V’, u) be such that C - W(a) = W(a) - C for
ae A. Set C;, = FCF~'. Let P be the orthogonal projection of

LA, pp) ® F(Z) @ (@450D,L (A, 1y) ® F(Z) ® L*(EY))
onto L*(4’, py) ® #(Z) and let P,, be the orthogonal projection onto
LA, pp) ® F(Z) @ L*(E}).

Then Lemma 5.5 implies that PC,P,; = P,,C,P = Oand P,,C, P, ; = 0if
d# d orifd=d and I # J. Thus Lemma 5.4 implies that

Closure(span{FW(a)F':ae A}) > {®S(a) ® I: ae A}.
Now,
Closure(span{W(a): a € A}) = F~' Closure(span{FW(a)F~': a € A})F.
Thus, if we set v(7) f(1) = e*?f(A) for fe L*(V’, u) and n € V then
FY{®Sa) ® I:ae A}F = {v(da): a € A4}.
If x € u then x is contained in a maximal abelian subalgebra of u. Thus
Closure(span{7(g): g € G}) > {v(df): fe CX(M; u)}.

Now T(g)V(X)T(g)~' = v(Ad(g)X) forge G, X e V.
We assert that L = span{A4d(g)df: g € G,f € C°(M;u)}isdensein H. In
fact, the map X — Ad(exp X)df is real analytic from C*(M; u) to H. We
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may thus differentiate to find that
[X, dY] € Closure(span{4d(g)df: g € G, f € C*(M; n)})

for X, Y e C*(M;u).If x,y e uand if £, g € C*(M) then consider X = fx,
Y = gy.Then[X,dY] = fdg ® [x, y]. Since u is assumed to be semi-simple
[u, u] = u. Thusif X, ..., X, is an orthonormal basis of u then

Closure(span{4d(g)df: g € G, f e C*(M; u)})

> {2 1 ® X;:n; € span{fdg: f, g € C*(M)}}.

This latter set is obviously dense in H. We conclude that Closure(span{7(g):
g € G}) contains {v(X): X € L} with L = V a dense subspace of H. The
above described isomorphism of L*(V’, u) with the Fock space on H now
implies that span{v(X)1,.: X € L} is dense in L*(V’, w). This proves (1).

(2) If C is a continuous linear operator on L?*(V’, u) such that

C-T(g) = T(g): Cforall ge G then Cl,. € Cl,..

Let us show how (2) now implies the first assertion of the Theorem. Let C
be an operator as above that commutes with the action of 7(g) for g € G.
Then C1,. = cl,.. This implies that C acts by ¢/ on span{7T(g)l,.: g € G}.
(1) implies that this space is dense so C acts by ¢/. Hence T is irreducible.

We now prove (2). The argument in the proof of (1) implies that
CF ' (LA, py) ® F(Z)) = F (L (A', uy) ® F(Z)) since in particular
CW(a) = W(a)Cfora € A.But then C(L*(V, u)1,;) = L*(V], u)1,,. To
complete the proof of (2), we need the following structural property of u
(this is where the semi-simplicity of U is used).

(3) There exists a maximal abelian subalgebra b, of u such that

h b = (0).

We note that there exists X € u such that if # € ) and if [4, X] = O then
h = 0. Indeed, choose X € h* such that its projection onto every root space
is non-zero. Set u; = {Y e u: [¥Y, X] = 0}. Choose b, to be a maximal
abelian subalgebra of u,. If ¥ € u and if [Y, ;] = (0) then, in particular,
[Y, X] = 0. Thus Y € b,. So b, is maximal abelian in u. Sinceu; n h = (0),
b, n b = (0). This proves (3).

Let V; = Q'(M;h,)and V, = Q' (M;b;). Let p,, u, be the corresponding
Gaussian measures on ¥y and V. Then the above argument applied to b,
instead of y implies that C(L*(Vy, p3)1,;) = L*(Vy, u3)1,,. Now Lemma 6.3
implies that L*(V/, u)1,;, u3)1,; = C1,.. This proves (2) and hence com-
pletes the proof of the first (irreducibility) part of Theorem 6.2.

We now prove the second assertion. Let C be as in the second part
of Theorem 6.2. We use the notation in Lemma 5.1. We also write V| for
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Q!(M; b) and V. for Q! (M; bh*). We write py (resp. u, ) for the Gaussian
measures on Vy corresponding to the inner product (, ) sz, = (, )

(respectively, (., )¢50 = (5 )-

Since 1, is a cyclic vector for T,y 5, = T, Cl,. # 0. If we argue as in
the proof of (2) above using Lemma 5.1 we find that C(L*(Vy, )1y, ) <
L*(V,, t15) 1y, for all maximal abelian subalgebras b of u. Thus we apply
Lemma 6.3 and (3) we find that C1,. = C1,.. Set Q (respectively, Q,) equal
to 1, as an element of L*(V", u) (respectively, L*(V’, u,)). Then we assume
that CQ = Q,.

Since T is irreducible, C*C is a multiple of the identity. So we may assume
that C*Q, = Q. This implies that

<T(g)Q, Q>L2(V’,y) = <T<, 21,81, (g)Ql ’ Ql >L2(V’,y|)

for all g € G. The obvious calculation of the left and right side of this
equation implies that

eb@ s — PPN for gl g€ G.

Now, if X e C*(M; u) then B(exp tX) = tdX + O(##). We therefore
conclude that

(dX,dX) = (dX,dX), for Xe C*(M,u). (*)
We first show that (x) implies that B, = ¢B for some ¢t > 0. Indeed,
let X;,..., X, be an orthonormal basis of u relative to B such that

B, (X, X)) = A,0,;. Set X = XLf, ® X; with f,e C*(M). Then () implies
that

L[S dde = YA, <& .

Since this is true for all such f;, it is clear that all the 4, are equal to (say) ¢.
If we change w, to tw, we may thus assume that B = B,.
The second part of Theorem 6.2 now follows from

LEMMA 6.5. If
[ <df df>o = [, <df, df)o,

forall fe CX(M) then { , Yo, =<, ), 0,forallxeM.



28 N.R. Wallach

Proof. Let x € M. By taking local coordinates, we may assume that M = R"
and x = 0. We fix the usual inner product, ( , ), on(R")*. Then {(v,v),6 =
(G(y)v,v)and v, v),, = (G,(y)v,v). We may assume that G(0) = I. Also
o = udy and w, = u;dy. We must prove that u(0) = u,(0)G,(0). Let ¢ €
C”(R") be arbitrary. For ¢ > 0, let ¢,(y) = @(y/e). Then do,(y) =
¢ 'de(y/e). A direct calculation yields

[, (G(»)do,(y), do,(»)u(y)dy

= &2 [ (Gley)do(»), do()u(ey)dy.

If we divide this by ¢'~? and take the limit as ¢ — 0 we find that

[ (GO)do(y), dp(»)u@)dy = [(G,(0)de(y), do( ), (0)dy

forall ¢ € C(R"). We may choose an orthonormal basis of (R”)* such that
G,(0) is diagonal with entries &,, . . ., &,. Set v, = u,(0)¢,/u(0). Set

0* 0*
D=ZW and DV:Zviﬁ'

Then one has

f eDpdx = j oD, pdx

for all ¢ € C*(R"). This implies that D = D,. Hence v, = 1 for all i. This
is the content of the lemma.
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