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Introduction

This work is devoted to the construction of three types of L functions. In
particular we consider an algebraic group G (over a number field) whose
L-group L; has the form of a semi-direct product (SL,(C) x SL,(C) x
SL,(C) >< Wy where the Weil group Wy acts on the connected component
SL,(C) x SL,(C) x SL,(C) via permuting the factors. “G has a natural
8 degree representation ¢’ on C>* ® C?> ® C2 We then consider an automor-
phic cuspidal representation IT of G(A); Langlands has associated to IT and
o’ a L function L(I1, ¢’, 5). The purpose of this work is to give a Rankin type
integral representation of L(Il, ¢’, s) and thereby deduce the functional
equation and meromorphic continuation (with exact location of the possible
finite number of poles) of this L function.

In April, 1985 Professor Paul Garrett communicated to us that he
succeeded in constructing an integral representing the Dirichlet series of
3 holomorphic modular forms. His work was very important to us. We
started to analyze his work by determining the structure on the space
P;\GSp, under the action of (GL, x GL, x GL,)°. We found there exists
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a finite number of orbits and all the orbits except the unique open orbit are
negligible (in the sense of [P-R-(I)]). This leads to the natural generalization
where we consider the action of GL,(IK)° (I a semi-simple Abelian algebra
of degree 3 over K) on P,\GSp,. There are three types of semi-simple
Abelian algebras K over K (ie. K = K® K® K, K ® K, with K| a
quadratic extension of K, and K, a cubic extension of K).

In each of these cases we have an embedding of GL,(K)’ = {ge
GL,(K)|det g € K*} into GSp,. Under the action of GL,(K)® on P;\GSp;
there are a finite number of orbits and all the orbits except the unique open
orbit are negligible. This allows us, following the methods of [P-R-(I)], to
construct a Rankin type integral representation of the L function L(I, ¢’, s).
As a consequence we deduce that L(I1, ¢, s) has at most 4 poles. We are able
to define local y, and L, factors (associated to the local component I1,) for
all finite places v in K. This is based on a very detailed study of the analytic
properties of the Siegel type Eisenstein series on GSp, (general n). We
emphasize here that these methods are similar to those in [P-R-(I)] and
[P-R-(ID)].

It is possible to analyze L(I1, ¢, s) also by using the work of Shahidi and
Langlands. This is an instance where I1 has a standard Whittaker model.
This work is based on a study of a cuspidal Eisenstein series on a group of
type “twisted” D,.

We describe the contents of the manuscript.

In §0 we review the Langlands construction of the L function L(I1, ¢’, 5)
mentioned above. Also we consider the functional equation satisfied by
L(I1, o’, s) given in [Sh].

In §1 we determine in Lemma 1.1 the exact orbit structure of GL,(K)® in
the space P;\GSp, = the variety of maximal isotropic subspaces of k°
(relative to a skew symmetric form). We find in Corollary 1 to Lemma 1.1
the isotropy group of the various orbits. We note that the isotropy group of
the unique open GL,(IK)° orbit in P,\GSp, is an Euler subgroup in the sense
of [P]. This guarantees that there is a nice local theory associated to the local
zeta integrals of §3 (i.e. functional equation, etc.).

In §2 we prove the basic identity relating to the Rankin integral of a
Eisenstein series as GSp, and a cusp form (in IT) on GL, (K)° (integrated over
GL,(K)"\GL,(A)’) to a zeta integral of a partial Whittaker transform
®,,, (of an element in the induced representation I, = ind§™ (. . .)) and
a Whittaker function based in Il. This allows us to show that this Rankin
integral is then Eulerian.

In §3 we develop the local theory of the zeta integral constructed in §2.
Namely, we prove in Proposition 3.1 the generic uniqueness principle about
the zeta integral (3-1). As a consequence we have the functional equation of
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the zeta integral in Corollary I to Proposition 3.1. Then we begin the calcu-
lation of (3-1) when all the data are ‘“‘unramified”. We show in Theorem 3.1
that in such an instance the zeta integral equals the local factor L, (I1,, ¢’,
(s + 1)/2) times the product of two Abelian zeta functions in the numerator.
The importance of this numerator is that globally it precisely gives the
correct normalizing factor for the Eisenstein series used in the Rankin
integral. The proof of Theorem 3.1 requires two parts. We need first to
determine an explicit generating series representing the zeta integral in terms
of the characters of SL, x SL, x SL,(C) finite dimensional modules.
Secondly, we must relate this generating series to the factor L, (I1,, a’, s).
The key idea here is that L,(I1,, ¢’, 5) can be interpreted as a “Poincare
polynomial” determining the decomposition of SL, x SL, x SL,(C)
acting on the space of polynomials on the vector space C>* ® C* ® C In
this context we consider the isogeny between O(4) and SL, x SL,. Then
L,(I1,, o', s) represents the Rankin product of O(4) and SL,; in particular
the representation of O(4) x SL, in 2 is viewed as the restriction of the
oscillator representation of the dual reductive pair O(4) ompae X Sp; O its
maximal compact subgroup O(4).,mpae X U(2). From this fact we finish the
proof of Theorem 3.1. We note that such a use of an oscillator representation
plays a critical role in the calculation of more general Rankin integral
representations of the type G x GL, where G is any classical group.

In Appendix 3 of §3 we consider the question of rationality of the local
zeta integrals; here we use techniques adapted from [P-R-(III)].

In §4 we study the analytic properties of a special family of Eisenstein
series constructed from an Abelian character (g — |det g|°) on the Siegel
parabolic in GSp,. We note here that this discussion is valid for general n. This
analysis is a continuation of the work in [P-R-(I)]. Here we make'a detailed
analysis of the intertwining operators that arise in the constant term of the
given family of Eisenstein series. In particular we require a complete analysis
of the local intertwining operators. In fact we find the “good” normalizing
factor for such operators (Theorem 4.2) that cancels off the possible poles.
The main idea in this section is to decompose such local intertwining
operators into a product of two intertwining operators. The first operator
corresponds basically to the intertwining operator coming from the ““open
cell” in P\GSp, (where r < n). The second operator is an intertwining
operator arising from an induced representation of GL,, coming from a
maximal parabolic having a Levi component of the form GL,_, x GL,. The
analytic analysis of the first operator is accomplished in the Appendix to §4
using basic invariant theory of the linear action of GL, on the space Sym,,
of n x n symmetric matrices. The analytic properties of the second family of
intertwining operators is determined in a similar but somewhat easier manner.
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One critical point here is that once the correct normalizing factor is found
for each family of operators, it does not suffice to multiply the two factors
together to obtain the correct normalizing factor for the given fixed inter-
twining operator. We may introduce extraneous poles this way (this is
precisely the problem of why we cannot use the usual Harish Chandra
theory to analyze our given intertwining operators). However, by a very
subtle analysis of the irreducibility properties of the representations I,
(for general s) we can get rid of the extraneous poles. We note that this works
for general n if K is a local nonarchimedean field. In the archimedean
case we can do this only for the cases » < 3. The main difficulty is the
determination of the values of s where I, is reducible (for K archimedean).

Then in §5 we collect together the results of §2 to §4 and prove (Theorem 5.1)
that the restricted Lg(I1, o7, s) has a meromorphic continuation with possible
polesats = 0,1,2and 1. At this point we introduce a new family of sections
in Ind$® (. . .) asinput information for the construction of Eisenstein series.
This is done for each finite place v. From this we are able to define a
local factor L (I1,, o', s) (associated to Il,) which has the form 1/P(q,")
with P a polynomial in C[X] so that P(0) = 1. Moreover, we also get an
¢(I1,, a,, s) factor which has no zeroes or poles. Then as a consequence we
can define L;, (I1, ¢/, s) and show (Theorem 5.2) that L, has a finite number
of possible poles (at s = 0, 1, 2 and 1). Moreover, we have a functional
equation relating L, (I1, ¢/, s) to Lg,(I1, 6’, 1 — s) with an g, factor built
from the ¢(I1,, g, s) factors defined above.

Notation

(1) If K is a local nonarchimedean field, let @ be the ring of integers and =,
the prime element in ¢0. Let ¢ = card [0/n0)].

(2) Let K be a local nonarchimedean field and y a nontrivial additive
character in K. We say ¢ has order 0 if ¢ is trivial on (), but not on
n'0.

(3) Let {, be the usual local zeta function of a field K. If S is any finite set
of primes in a number field K, then {; = I1,,4{,. We use a similar notation
for any general L function with local factor L, .

(4) Let S(X) denote the Schwartz Bruhat space of functions on X. If X is
an Archimedean object, then S(X) = C*(X) the C* functions of compact
support in X.
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(5) Let G be a group and L a subgroup with y: L - K* a homomorphism.
Then we consider the quasicharacter in L given by / ~— |x(/)[5,. We consider
the map of S(G) to ind¥(/ ~— [x(/)I%) given by the map

¢~ [, pURIxC )N dt.

We say an element of ind¥ (¢ ~— |x(£)I) is an entire section (in s) if it can
be obtained by the above construction.

(6) We consider the formation of Eisenstein series in the following special
case. Namely we let G be a reductive group, P a parabolic subgroup with a
decomposition MN with M the Levi component and N the unipotent
radical. Let 6, be the usual Jacobian associated to P. Then the map
m ~~— §p(m) is a character on M and we form the family of induced
representations (ind$(|6,|°) as given above. We note that we can do this both
locally at primes v or globally relative to A. In particular a global “entire”
section f; is of the type above where the object ¢ € S(G(A)) = ® S,(G,) is
a finite linear combination of functions of the form ® ¢, with ¢, = the
characteristic function of the special maximal compact subgroup K, of G,
for almost all primes v. This implies that f; is a finite linear combination of
®, (f.), where for almost all v, (f,), is the unique K, invariant function in
Ind§(|6,°). Then the family of Eisenstein series we consider has the form

Y f09).

7€ PK\Gk

Here the series converges for Re (s) sufficiently large. Moreover we know
from the Langlands theory that the Eisenstein series above has a meromorphic
continuation to C provided that (f,), is a K, finite function for all oo
primes.

§0. L functions associated to “twisted” D,

We recall here a particular case of the construction of L functions given in
[L] and [Sh].

Let G be a connected group over a number field K isomorphic to a
“twisted” adjoint group of type D,. Then we know that the associated L
group “G has the form Sping < W (semi-direct) with Sping, the usual
Spin group, and Wj the Weil group of K. We know that Wy acts on the
Dynkin diagram of D, via the following method. Namely there exists a
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homomorphism of Wy — S, = symmetries of D,. The kernel of such a map
factors through an appropriate normal extension L of K, i.e., W, /W, =~
Gal (L/K) ~— 8,. Then the action of W}, on D, is defined through Gal (L/K),
and the appropriate “G is thus constructed. We note that the possibilities of
this image of Wy in S, are

1) 8, itself,

(ii) Z3q:‘>->o> )

(iif) zz< 0>'a\~\o) or

(iv) {1}.

We consider the relevant parabolic P of “G which is obtained from the
Dynkin diagram of D, by removing the center point of the diagram. In
such an instance “P = “M - N where “M, the Levi component has the
form (SL,(C) x SL,(C) x SL,(C) x C*) o< Wy. Here W, acts by
permuting the three SL, factors (induced from the homomorphism of
Wy — Gal (L/K) ~ S;) and fixing the C* factor. “N is the unipotent
radical of “P.

The group M in G (twisted adjoint type D,) then has the following
structure. Modulo the centre Z,,, Z,,\ M can be isogenous to one of the four
possibilities

(i) Rk, x(PGL,), K, a non Galois cubic extension of K,

(i) Ry, x(PGL,), K, a Galois cubic extension of K,
(i) Ry, x(PGL,) x PGL,, K, a quadratic extension of K and
(iv) PGL, x PGL, x PGL,.

Here Ry represents restriction of scalars. We note that it is important to
distinguish cases (i) and (ii) since the corresponding “M will be distinct.
We consider the adjoint representation ¢ of “M on the space LA(*N). In
particular this representation has the following form. It is the direct sum of
two representations. The first piece is the one dimensional representation
which is trivial on (SL, x SL, x SL, x {1}) o< Wy and maps ({1, 1, 1, r}, 1)
to . The second subspace is an eight dimensional representation given
by the following data. If g = (g,, &5, &, 4) € SL, x SL, x SL, x C,
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then ¢’(g) = (0,(g;) ® 0,(g,) ® 0,(g;))A where o, is the standard two
dimensional representation of SL,. The element (1, &) (¢ € W) maps via ¢’
to the permutation £'(v; ® v, ® v;3) = V) & Vy & vy, Where £’ is the
permutation defined through the map Wy, — Gal (L/K) ~— S;.

We now let IT be an automorphic cuspidal representation of M(A). We are
going to associate to IT and ¢’ above the Rankin triple L function L(I1, ¢’, s).

The explicit procedure of such a construction must be modified slightly in
order to accomodate the lack of suitable local factors at bad primes.

Indeed we look at the associated local groups G, (of G given above) which
are quasi split. As above, we can define the L groups and the relevant
parabolics “P, in *G,. In such an instance Z,\ M, is isogeneous to cases (ii),
(iii) or (iv) (given above). Moreover the representation o,: M, — Aut (*:W,)
has exactly the same description as in the global case.

Then consider the decomposition of I1 = ®, I, into irreducible local
factors. We consider a finite prime v where II, is a unramified spherical
principal series. Then if G, is quasisplit, we note that M, is quasisplit. It is
then possible by the Satake isomorphism Theorem to associate to I, a
certain conjugacy class in “M, of the form (g,, Fr) where Fr corresponds to
a Frobenius generator of the cyclic group Gal (L,/K,) and g, is a certain
semisimple element in “M?. In any case, we define the local factor associated
to I, and o, as

L,M,, 0,,s) = [det (ly — o,(g,, Fr)g,; )" (0-1)

Then let S be the set of primes which include the Archimedean ones and
those finite v where either G, is not quasisplit or I1, is not a spherical
principal series. We then define the restricted Lg function associated to IT
and o”:

Ly, o, s) = [] L,(1,, g, s). (0-2)

v¢S

Then the general theory of [L] implies that Lg(I1, ¢’, s) has a meromorphic
continuation in the s variable. Moreover, we also know from [Sh] that there
exists an associated functional equation of the following form:

Li(I1, o/, 5){s(2s) = e5(I1, o, 5)
(0-3)
Ls(I, 0, 1 — 5){s(1 — 2s)

where ¢ is a finite product of local factors given in terms of local intertwining
operators in [Sh].
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At this point we can describe the local factors in Lg in more detail.

For instance assume that the local factor I1, determines a spherical principal
series representation of Ry ((PGL,) (K, a cubic Galois extension of K).
Then the corresponding conjugacy class in “M, has the form

((12’ 121 A)’ Fr)

where A is some diagonal matrix and Fr acts via the permutation v, ®
7, ® v3 > v, ® v; ® v,. If I1, determines a spherical principal series
representation of Ry, «(PGL,) x PGL, (K, quadratic extension of K), then
the corresponding conjugacy class in “M, has the form

(4, L, B), Fr)

where 4 and B are diagonal matrices and Fr acts via the permutation
9,00, Qv =>v, Qv Q.

Finally if I1, determines a spherical principal series of PGL, x PGL, X
PGL,, the corresponding conjugacy class in “M, has the form

(4, B, C), Fr)

where 4, B and C are diagonal matrices and Fr acts trivially on C?* ®
Cc’® C*

§1. Orbit structure

We let K be a semisimple Abelian algebra of degree 3 over a global field K.
In such an instance we know that K is (i) a field extension of degree 3 over
K, or (ii) the direct sum (as algebras) K; @ K where K, is a field extension
of degree 2 over K, or (iii) K @ K @ K, 3 copies of the field K.

We let GL,(IK) = the general linear group of K of degree 2. In the cases
above (1) GL, = GL(K), K cubic extension of K, or (ii)) GL, = GL,(K,) X
GL,(K) or (i) GL, = GL,(K) x GL,(K) x GL,(K).

On the space K @ K we consider the skew symmetric form given by:
Al(x, ), (x', )] = xy" — x’y. Then taking the canonical trace form on K
we form a K-valued skew symmetric form trg o4 = A

We let GSp(A’) be the group of similitudes relative to A’. In particular
GSp(A’) = GSp,(K).

Moreover let GL,(K)" = {g € GL,(K)|g € GSp;(K)}. Thus in par-
ticular we note that in case (i) GL,(K)’ = {g € GL,(K)|(det g) € K*}, in
case (i) GL,(K) = {g = (g, g,)ldet g, = det g,} and case (iii)
GL,(K)’ = {(g, &> g;)ldet g, = det g, = det g3}
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We let P be the parabolic subgroup of GSp,(K) which stabilizes a fixed
maximal isotropic subspace of 4’. Then the space P\GSp, consists of all
maximal isotropic subspaces.

The first point is to determine the GL,(K)° orbits in the space P\GSp,.
This calculation is similar to that given in [P-R-(I)] where we define the
GSp, x GSp, orbits in P\GSp,,.

LEmma 1.1

(1) Let K = K ® K @ K. Consider the decomposition of A’ as a direct sum
A @ A, @ A; where A] is the standard 2 dimensional alternating form.
Let V.= {(z1, 25, 23) e K* X K* x K|z, =z, = 0 if k # i,/ # i}.
Then define X, 4.y = {X € P\GSp;|X NV, has dimension a;}. Here
0 < a; < 1. Then the GL,(K)" orbits consist of the sets X4, X100
Xo.1.0> Xoon and Xy,

(2) Let K be a cubic extension of K. Let Z = {(1,0)lte K} and Y =
{(B,, BB e K- 1, B, € K 5o that tryx(B,) = 0}. Then Z and Y are
maximal isotropic subspaces and the GL,(KK)° orbits in P\ GSp, consist of
(Z2)GL,(K)® and (Y) * GL,(K)".

(3) Let K = K, @ K, K, a quadratic extension of K. Consider the decompo-
sition of A’ as a direct sum A} @ A; where A, (A4, resp.) is the standard
alternating form on K, (K resp). Let V; = {(z, 0)lz€ K, @ K,} and
V, = {(0, w)lw e K @ K}. Then define

X, = {XeP\GSp;|dm (X n V) = 1}
X, = {Xe P\GSp,JX n V,

is the GL,(K,)" orbit of the isotropic subspace Y’ = {(B,, B,) € K, ®
K\|f, € K- 1 and B, € K, with try x(B,) = 0}} and

X; = {Xe P\GSp;|X n V,

is the GL,(K,)" orbit of the isotropic subspace Z' = {(t,0) € K, ®
K|t € K, }}

(here GL,(K,) = {ge GL,(K))|det g € K*}).
Then X,, X, and X, are the GL,(K)" orbits in P\GSp,.
Proof. We first consider case (2).

Assume that we are given a GL,(K)® orbit X in P\GSp,. Then we can
assume that X contains a subspace W which contains the element (1, 0)
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(recall SL,(IK) operates transitively on the set K @ K — (0, 0)). Thus W
has a K-basis of the form {(1, 0), (x;, y,), (X, ¥,)} where try(»,) = 0. If
y, and y, are not K-linearly independent, then W is GL,(K) conjugate to
W’, a subspace which contains a basis of the form {(1, 0), (x’, 0), (0, »)}
(with try x(¥) = 0 and try,(x’y") = 0}) or {(1, 0), (x’, 0), (z, 0)}. In the
first case if we apply (? 5) (4 (,}-1) to W’, we obtain Y given above.

Now we can assume that y, and y, are K-linearly independent. Then we
can apply an element of the form (! ?) (x € K) to W to get a subspace W’
which has a basis of the form

{(1, 0)5 (O’ yl )7 (X, yZ)} Where trB(/K( yl) = 0

and tr (xy,) = 0.If x € K- 1, then we are finished proving our statement.

However, if x¢ K- 1 then x can be written as 4-1 + By,/y, with
A, Be K and B # 0 (we note that 1 and y,/y, span the K subspace
{&ltrg x(Ey,) = 0}. Then we can apply the element

1 0
to the subspace Y to achieve W’.
—By;' 1

We now consider case (3). Given a subspace X, € P\GSp,, we see that
dim (X n V,) and dim (X N V,) are invariants of the GL, () orbit of X.

In particular we assume that X, has the property that dim (X, n V) = 2.
This implies that X, n V, has dimension 1; thus the GL,(K) orbit of X,
intersected by V] consists of at most two GL,(K,) orbits given in (3) above
(i.e. (Y)GL,(K,)’ and (Z')GL,(K,)"). Thus it follows that the space X,
belongs to either X, or X, given in (3)!

Then we assume X satisfies dim (X, n V}) = 1.

Moreoever, we can assume (up to GL,(IK)° conjugacy) that X, contains an
element of the form ((1, 0), (1, 0)) (e(K, @ K,) ® (K @ K)). On the other
hand, X, » V] must be spanned by ((x, u), (0, 0)) with x € K and u € K|
satisfying try (1) = 0. However, we can conjugate by an element of the
form ((} 1), (5 1)) in GL,(K)" to deduce that X; n ¥; = span of ((0, ),
(0, 0)). Finally we see easily that X, has a basis of the form {((1, 0), (1, 0)),
((0’ /1), (O’ O))’ ((19 x)a (yla yz))} Wlth trK./K(x) + Yy = 0. BUt again we
conjugate this span by an element of the form ((3 ), (} 1)) to achieve a new
subspace X; with basis {((1, 0), (1, 0)), ((0, w), (0, 0)), ((1, x), (0, y,))}.
However, we note that

Span {((1, 0), (1, 0)), ((0, ), (0, 0)), ((0, x), (0, y,))}
= Span {((1, 0), (1, 0)), ((0, p), (0, 0)), (1, x), (1, y))}-
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Then the latter space is conjugate to X, via an element of the form ((§ 9),
& D).

Finally we consider case (1).

Suppose X is a given GL,(IK)° orbit with T € X having the property that
T n V, is a one dimensional subspace of V|; in particular this implies
that T n (V, @ V;) is a two dimensional space. Thus X n (V, @ V3)can be
decomposed into GL,(K @ K)" orbits (here GL,(K ® K)* = {(g,, 8,) €
GL,(K) x GL,(K)|det g, = det g,}) of a given type. In particular X has a
representative T, so that either (1)dim T, n V, = dim T, n V; = lor (2)
dim T, n ¥, = dim T, n V; = 0 (this is just the GL,(K @ K)° version of
(1) above; this is a special case of Theorems proved in [P-R-(I)] for the action
of GSp, x GSp, on P\GSp,!).

Thus we must show that Xy, is a single GL,(K)° orbit. First we observe
that T € Xy, has the property that T n (V; @ V,) is a one dimensional
subspace of Vi @ V,.Indeed if T n (V; @ V,) is two dimensional, then any
vector ze T with z¢ Tn (V@ V,) (z=(2y, 25, z) eV @V, ® V)
has the property that (z,, z,, 0) € T; hence (0, 0, z;) € T n V; and thus
TV, # {0}

Thus for T'e Xy we have thatboth T n (V; @ Vy)and T n (V, @ V3)
are one dimensional subspaces! In particular if e, = (0, 1) and ¢, = (1, 0)
belong to K @ K, then we finda 7" € Xy, which is GL,(KK)’ equivalent to
T and which contains the vectors (e,, —e¢,, 0) and (0, ¢;,, —¢,) (using the
decomposition ¥V; @ V, @ V, and identifying each V; with K @ K). Thus a
third basis element of 7~ has the form (e, ¢, ;) + (le,, pe,, 0e,) with
A, u and g scalars in K.

However, we observe that if we take the space T, spanned by {(e,, ¢, ¢,),
(e0- — €1, 0), (0, &, —ey)}, then the element ((} %), (} ), (} ) € GLy(K)°
applied to T, yields 7" above! Q.E.D.

From Lemma 1.1 we can determine each orbit as a homogeneous space.

COROLLARY 1 TO LEMMA 1.1
(1) (@) X0 = R00)\GL,(K)’ with

= {3 2G5 Deser]
N R I

(b) X(l,O.O) = R(I,O,O)\GLz(K)O with
t
R0 = {((g ﬁ)’ g, g)lge GL,(K), te K, aff = det g}. We

have similar structure for X, and X ).
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(© Xy = R(l,l,l)\GLZ(K)O with

{5 G 55 £)perream

up = up, = “3[33}-
(2) (@) (Y)GL,(K)" = R\GL,(K)° with

= (3 §Jerer) |y mein o]

(b) (Z2)GL,(K)® = S\GL,(I)" with

S = {(0 ﬂ>|a B e K*, teKw1thaﬁeK"}
(3) (a) X, = R\GL,(K)° with

= {((z 9 (z S)nex)
AG DG Do}

(b) X, = S\GL,(K)" with

DG s =)
S (NG ENEE

©) X, = T\GL,(K)’ with

r= {<<g ;) (o(; é'))'“ﬂ =af, Tek, andteK},

REMARK 1.1. We note that the subgroups R, in (1) and R in (2) and (3)
above are Euler subgroups of GL,(IK)° in the sense of [P]. This comment is
expanded upon in §3. Moreover, we note that the isotropy groups # R,
or R have the property that each contains as a normal subgroup the
unipotent radical of some parabolic subgroup of GL,(IK)°. This is the
defining condition of being “negligible” given in [P-R-(II)]. We use this
property in an essential way in §2.

(=1

M

§2. Basic identity

We let GSp,(A), P(A) and GL,(IK)(A) be the adelized groups given in §1.
We start with a cusp form F on GL,(IK)(A). That is F belongs to
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Moreover, we assume that F transforms according to a fixed central charac-
ter @ of Z(A) (where Z = the center of GL,(K)).

If F e I1 an irreducible cuspidal representation of GL,(IK) (A), we let wy
be the central character of IT restricted to Z(A). If K = K ® K ® K then
O =wp =m0 ®w, ®w, with I1 =II, ® I, ® I1; and w; = central
character of II, (a representation of GL,(A)), and if K = K; @ K then
® = wp = 0w, ® w,withI1 = I1; ® I1, and w, = central character of I1,
(representation of GL,(A,)) and w, = central character of I, (representa-
tion of GL,(A)).

Then we note P is the semidirect product

GLy(K) - K* - Symy(K)

given by

[A| 0 ] [1|z}
(A"LZ)W_’ .
0l i-ta] Lolr

Then we consider the character on the group GL,(A) - A*: Sym,;(A)
given by

Low’,s

(A, Ay Z) ~~mmnnns ao(det A)o'(2)|det AF+2|2) 02+,
Then we form the induced representation

Ind;d ™ (lows) = lows:
At this point we require a certain compatibility between w, @’, and @.
Namely, we want to insure that the characters @ and 4, when restricted

to the Center Z’ of GSp, are equal. We note here that Z” has finite index in

Center (GL,(K)°). In concrete terms this means that in (i) (i cubic extension

of K) @ '(1) = w(A*)w’(A*) where & is a character on GL,(A) = A, in

(i) (K = K, @ K, K, quadratic extension of K) @ '(1) = w;'w;'(4) =

w(2*)w’'(A?) where w, and w, are characters on A} and A} (with & =

0 ® w),andin(ii)(K=K®K®K)d'(A) = o' 0;' - w;7'(A) =

w(2*)w’'(A%) where w, are characters on A% (with @ = 0, ® 0, ® ;).
Then we let @, €1, ..

We form the associated Eisenstein series

E@,., 8) = Y 0,09 2D

P(K)\GSp3(K)>y
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The series converges for s such that Re (s) is large. Moreover, E(®,, ) has
a meromorphic continuation in s to all of C provided the data in the
formation of @, is K-finite for the co primes (see (6) in the Notation
Section).

Then we form the Rankin integral of F and E(®,,, ),

E@®, .., x)F(x) dx. 2-2)

jz'(A)GLz(K)O(K)\GLz(K)O(A) o'
We note that since Z’ is of finite index in Center (GL,(IK)°) we see that
Z'(A)\Center (GL,(K)°)(A) is compact. Hence the above integral (2-2) is
absolutely convergent (since E(®,,, ) is slowly increasing and F( ) is rapidly
decreasing on Z'(A) * GL,(K)"(K)\GL,(K)°(A)).
The basic identity involves computing (2-2) in another fashion using
Lemma 1.1. Namely we decompose

E((Dw,a)',s9 g) = Z =

P3\GSp3 P3\GSp3/G Ly (K)O(K)

In particular this means that (2-2) equals a finite sum

2 [ or o orupin Poars (8F(E) dg (2-3)

7

where 7, runs over a set of representatives of GL,(IK) orbits in P\ GSp, and
L, = {geGL,(K)lg"'yg e P}.

In Corollary 1 to Lemma 1.1 we determine each L, explicitly. Then we
decompose the integral in (2-3) as

JZ%A)L;.,(A)\GLZ(K)O(A) Doy (7:8) <jL7,(K)\Ly,(A) Ftg) df) dg. (2-4)

However, we can determine the inner integral. If L, is negligible in the
sense of Remark 1.1, then there is a normal subgroup N of L, where N, is
the unipotent radical of a parabolic in GL,(K)". Thus we can write

JL;,(K)\L,,(A) Reg)ds = L, (K)N,(A)\L,, (A) <L~/,(K)\N,(A> Fintg) dn) dz.

But by the above hypothesis (Fis cusp form) we see that the inner integral
vanishes identically for all £g!

Thus the remaining isotropy subgroup L, is a Euler subgroup (see
Remark 1.1).
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We recall here that if IT is an irreducible automorphic cuspidal representa-
tion of GL,(A,) (L = some global field which is a finite extension of K),
then IT admits a nondegenerate Whittaker model. That is, given a non-zero
additive character  on A K and f € I1, then there exists W} e Ind3z” (¢)
so that

f= % W09
yeN\P’
where N = {(; 1)}, P = {(§ 1)} and y is the character (; }) — Y(tr x(x)) =
Mg (TL,0 ¥, (L1, ik, (X))

We choose certain subgroups now in GL,(K)°. In case (i) (I cubic exten-
sion), let W = {(} ")z e K}. In case (i) (K = K, @ K, K, quadratic
extension), W = {(} * l") (b I)lze K}. And in case (iii) (K = K @
K® K)let W= {((5 ) (5 1) (5 )z € K}. Ineach case we consider the
additive character on W given by z ~~— /(z). Then we let

O (@) = [, Pz * QW(G2) dz.

Here z € W is embedded into GL,(IK)° by the above prescription.

In case (i) (K cubic extension), let N = {(§ 7)|lx € K}. In case (ii) (K =
K, ® K, K, quadratic extension), let N = {((5 1), (5 }))x € K, y € K}.
And in case (iii)) (K=K®K®K), let N={( )G 1), i)
|x, y, z € K}.

Thus we can compute (2-2) explicitly.

THEOREM 2.1
(1) Let K be a cubic extension of K; let I1 be an irreducible automorphic
cuspidal representation of GLy,(Ay). Then (2-2) equals

@), . @W() dg (2-5)

J‘Z’(A) - MA\GL, (K)°(A)

with F e I1.
(2) Let K = K, @ K with K, a quadratic extension of K. Let I1, and I1, be

irreducible automorphic cuspidal representations of GL,(Ag) and
GL,(Ay). Then (2-2) equals

@WE@WE(g) dg (2-6)

jZ'(A)N(A)\GLz(k)O(A) @'

with F = F, ® F,eIl, ® I,.
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(3) Let K = K® K ® K. Let I, I, and I1; be irreducible automorphic
cuspidal representations of GL,(Ay). Then (2-2) equals

o, (OWh(WE (WY (2) dg @-7)

JZ’(/‘&)N(A)\GLz(K)‘)(A)
withF = F,® F, @ F,eIl, ® I, ® I,.

REMARK. Before we start the proof of Theorem 2.1 we note that all of the
integrals (2-5), (2-6) and (2-7) are Eulerian integrals. Indeed we note that we
can choose ®,,,,, = ®, P, .., and W} = ®, W§. In such a case (2-5)
equals

J Yy -
I:[ (jz;ucv)-lvu\cLz(Kv)" Pl €IV (80) dg”>' -

A similar formula holds for (2-6) and (2-7). See the beginning of §3 for the
definition of WF“’

Proof of Theorem 2.1. We calculate (2-4) by substituting F(g) = Z,_,. W}

((& 9)g). Then we integrate F over the space M(K)\M(A) where M =
{() $Itryk(&) = 0}. Hence we get

1 ¢

(o )z (1))

Here we use the fact that K = K- 1, & M.
Then we have that (2-4) equals

0
[ ®,n0) ¥ WY ((0 )g) g (9

zW{(§ §) ek} MANGL K1 A) aekx 1
But we note that (§ ) = (¢ 9)( ?) with 4 = B and o’ = o/f. Hence
(2-9) equals

D, ()WE(g) dg. (2-10)

JZ’(A)M(A)\GLz(K)"(A)
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But then combining M @ W = N we deduce that (2-10) equals

v[z’(A)N(A)\GLz(lK)O(A)

This completes the proof of case (1).
We note that proofs of (2-6) and (2-7) are similar and hence omitted.
Q.E.D.

Thus the problem becomes one of evaluating the local integrals

(I)f):,m{,,s(gv)Wﬁ:(gv) dg’u = J

Zy+ Mp\GLy(K, )

d’v
[ ®,, 0. )W ) de..

§3. Local theory

In this section we develop the local theory of the zetal integral defined at the
end of §2. In particular we prove the generic uniqueness principle (Proposi-
tion 3.1) of this zeta integral; this fact coupled with rationality of the zeta
integral allows us to establish a functional equation for the zeta integral
(Corollary 1 to Proposition 3.1). Then we compute the local zeta integral
when all the data are unramified (Theorem 3.1). Next we establish in Proposi-
tion 3.2 that the general zeta integral is absolutely convergent for Re (s)
large. Then in Proposition 3.3 we show that the data can be chosen in such
a way that the zeta integral becomes independent of s. In Appendix 1 to §3
we discuss the validity of the above Propositions in the Archimedean case.
In Appendix 2 of §3 we compute the local zeta integral in the unramified case
using the representation theory of a certain oscillator representation. In
Appendix 3 to §3 we consider the question of rationality of the zeta integral
inthecase K = K® K ® K.

We let K be a local field. We let y be a character of order zero on K.

We let ind;"(4,,,,) = L, be defined as in §2.

Weletd, . el,,.,.

We assume in case (i) (K, a cubic extension of K) that IT is an arbitrary,
admissible, irreducible, generic representation of GL,(IK), in case (ii)
(K = K, @ K, K| a quadratic extension of K) that IT1 = I, ® I, is an
arbitrary, irreducible, admissible, generic representation of GL,(K,) x
GL,(K),and in case (iii) (K = K® K® K) that1 =II, ® I, ® I, is
an admissible, irreducible, generic representation of GL,(K) x GL,(K) X
GL,(K).

COMP 2532-17
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Then in any case when we write WY for F e I1 we mean: WY in case (i),
W¢ = WY ® WY in case (i), and WY = W}, ® WY ® Wi, in case (iii).
Then we consider the local zeta integral

Z(®,, F) =

,w’,s

v -
Ly - crsn s @WE (@) de. (3-1)
We assume at this point that the local integral above converges for s such
that Re (s) large (proved below in Proposition 3.2).
Moreover, for such s (3-1) defines a GL,(IK)° invariant bilinear form on

L., ® IL

Or in other words, (3-1) defines an element in Bil;, 0(Z,..,» [1). We then
prove the following uniqueness statement (similar to that in [J-P-S] and
[P-R-(IID)]). If v = + o0, we require in Bil . . . (, ) separate continuity in
each component (relative to C* topology).

PROPOSITION 3.1. The space Bil;, yo(L,.s» I1) is at most a one dimensional
space except for a finite number (countable and discrete set) of values of s if
v < oo (ifv = + o).

Proof. The proof depends on the enumeration of the GL,(IK)° orbits in
P\GSp, given in Lemma 1.1.

We assume that v < 0.

We begin with case (iii). The strategy of the proof is to analyze each
GL,(K)° orbit separately and determine

HomGLZ(K)O (lndgl,‘(zl((')()o (}'w,a}’,s (V.))’ I_Il ® H2 ® H})

where 4, () is the restriction of 4,,, to L, (K). However, by use of
Frobenius reciprocity the dimension of the latter space is majorized by the
dimension of

', s

HomL}.,(K)(Hl ® I, ® II;, j’w,w',x(yi)_l ® 1)

with ; a certain character on L, .

At this point we need to enumerate the L, in Lemma 1.1. Indeed start-
ing with the X; orbit, then Hom, ,(IT; ® I1, ® I3, 4., (3s) "' ® x5) =
HomL(/(s)((Hl)N ® (II,)y ® (IT;)y, /lw,m',s()’s)_l ® xs). Here L)/’s = {((3 g),
(& 5@ )l =o'f =o’B"}. Moreover, Z,,,, )G §), (G 3) G §)] =
(o'oY oer' o[+ 2|~ G259y’ (@B). But we know that (I1,)y is at most a
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two dimensional space and a module of {(§ })lo, f € K*} of finite type. This
implies that Hom,, (..., ) = 0 for all but a finite number of s.

Then we consider in a similar way the orbig X,. In parvticular for
Hom, , (..., ) # 0werequire that I1,is dual to I1; and that (I1, )y carries
the character (r)|r'*> on the subgroup {(j " )lre K*} with ¥ a fixed
character. Hence again we deduce that Hom, (..., ) = 0 forall buta
finite number of 5. The same arguments work for the orbits X; and X,.

Finally we are left with the orbit X,. Here L, is an Euler subgroup
of GL,(IK)°. We recall the construction of the Kirillov model K(IT) of an
irreducible admissible representation of IT of GL,(K). Then we note that
Hom, (..., ) # 0is equivalent to having a nonzero form on the space
K(I1,) ® K(I1,) ® K(I1,) which transforms according to the character
Aows(m)on L, . But L, <= M (defined in §2) and 4,,, ,(y,) is trivial on M.
Thus we first look for M invariant forms on K(I1,) ® K(IT,) ® K(I1,).

We note that each K(IT;) has a finite composition series relative to the
group {(§ })la, B € K*, x € K}. The series has two terms. The unique sub-
module consists of the space S(K*); the quotient K(I1;)/S(K*) transforms
according to at most a two-dimensional representation of {(§ })la, f € K*,
x € K} given by (i) a direct sum of two characters (if two-dimensional) or
a character (if one-dimensional) or (ii) a two-dimensional indecomposable
representation. Thus {(§ 7)|x € K} acts trivially in such two-dimensional
spaces.

Then the space K(I1,) ® K(I1,) ® K(I1;) admits a composition series
of the following form: S(K*) ® S(K*) ® S(K*) < K(II,) ® S(K*) ®
S(K*) = K(II,) ® K(I1,) ® S(K*) = K(I1}) ® K(II,) ® K(II;). Hence
each successive quotient (except the first submodule) is, at most, a
two-dimensional module of {[g' ;'] x [¢* 3] % [¢* zllo, Bi € K*, x; € K}.
(Moreover, it is trivial on two of these factors and a two-dimensional
module for the third).

Then any M invariant distribution on S(K*) ® S(K*) ® S(K*) is sup-
ported on the set {(x, x, x)| x € K*}. A simple argument shows that there
is at most one distribution that is supported on this set and transforms
relative to L, /M = {((§ 3), (§ 3), G 3)lo, B € K*} according to the
character |o/B|¢*22%, ()%, (B) with ¥,, ¥, fixed characters ( for all but a finite
number of values of s).

On the other hand M acts trivially on the other composition factors
above. And again it is easy to see that for all but a finite number of values
of s, there are no functionals on these composition factors which transform
according to the character on L, /M given in the preceding paragraph. The
point here is that each such composition factor transforms according to a
finite number of fixed characters on L, /M.
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Again we emphasize here that L, is an Euler subgroup of GL,(K)". This
makes the proof of the uniqueness proceed in a more direct fashion.

We note that the proof in cases (i) and (ii) is similar to case (iii) and is
omitted!

We note also that the proof of the Archimedean cases works in a similar
fashion. We remark here that the uniqueness statement for the Archimedean
case is valid in the differentiable category of representations. Q.E.D.

Thus from Proposition 3.1 we can deduce a local functional equation for the
zeta integrals (3-1).

Indeed we asume that the integrals (3-1) are rational functions in q~° if
v < o0 (meromorphic functionsins € Cifv = o0). In the casev = + o0 we
must assume in addition that the integrals (3-1) define separately continuous
maps in the space Bilg, (L, I1) (relative to the C* topology on the
spaces I, , and IT). We call this hypothesis (*). We note that in Appendix
1 (see Remark 2) and Appendix 3 to §3, we prove the validity of (x).

CORROLARY | TO PROPOSITION 3.1. Assume (%) is valid. Let M, be the
canonically GSp, intertwining operator defined in §4 mapping the space I,
10 1,1 piury-1.—y-

Then there exists T'(Il, w, ', 5) a meromorphic function in s so that

ZM

Wy

((I)a}.(z)',s)’ F) = F(H’ CO, CU,, S)Z((I)w,w’,ss F)
where Fe Il (if v < oo, then I'(I1, w, w’, s) is a rational function in q~*).

Proof. The proof follows directly from the uniqueness principle of Propo-
sition (3-1) and the meromorphic properties of the continuation of (3-1).
Q.E.D.

At this point we must compute the local zeta integral (3-1) in a more explicit
way. The first case of interest is when I1 is an unramified principal series.

In particular we assume that in (3-1) Fis a spherical vector of I, i.e., the
unique fixed vector under the maximal compact. We assume in the ensuing
calculation that the residual characteristic of K # 3.

However, first we note that the explicit determination of the term ®,, ,
restricted to the Borel subgroup of GL,(K)’ is of interest by itself (see
[P-R-(ID)]).

We first consider the case when K = K @ K @ K.

From Lemma 1.1, the GL,(IK)° principal orbit in P\ GSp, has a represen-
tative of the form Z = Kle,, €y, ¢,) @ {(oe,, fe,, ye)la + p + y = 0}.
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Let T be an element in GSp, such that {K(e,, 0, 0) ® K(0, ¢;, 0) ®
K(0, 0, e,)}T = Z. Then we consider the elements of GSp, given by

2 (P |
A - ok = =]

We decompose such elements via the Iwasawa decomposition in GSp,

Sl

with K € GSp,(0,).
Then we note that |u| = |, f,| = |,,] = |oyf;], and

det A| = |u* max {|B, B, Bsx], o B}~

We note that x varies in K and o, € K* and f; € K* so that o, §;, = o, 8, =
o ;. \

Next we consider the case when K is a cubic extension of K. In such a case
there are two possibilities for K. Namely either K is the unique unramified
extension of K or K is an extension of K where n° = my.

We note that the GL,(K)° principal orbit in P\GSp, has a representative
of the form Z = K(1, 0) @ {(0, &)|trg k(&) = 0}. Let T be the element in
GSp, such that {(0, z)|z € K}T = Z. Then we consider the element of GSp,
given by

o el Beseet

When we decompose such an element in GSp, via the Iwasawa decom-
position (as above) we have (K unramified extension of K)

lul = lapl
and

et 4| = |u® max {|af?, |xB*|}~"
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when we assume a and 8 belong to K* and x € K (recall that K* = K*- W
where W is a compact subgroup of IK* in the case where K is an unramified
extension of K).

Finally we consider the case where K = K, @ K with K| a quadratic
extension of K.

We note that the GL,(IK)° principal orbit in P\GSp, has a representative

of the form Z = K{((1, 0), (1, 0))} @ {((0, T), (0, )|trg, x(T) + t = 0}.
Let T be an element in GSp, such that

{0, w), (0, x))lwe K,, xe K}T = Z.

Then we consider the element in GSp, given by

8 (O (PR A M SRS

and consider its Iwasawa decomposition (as above). Again we deduce (if K
is an unramified extension of K)

= loyBil = ol
and
|det A] = |u/’ max {|ﬂ%ﬁ2’|’ oty By Bl Loy B3, loty B, Bs 1, |a2ﬁ%|}-

Here we assume ¢ € K and «,, f§,, o, and S, belong to K*.
Then we consider the space X = ZM\GL,(K)" and observe that we can
choose a coordinate system on X such that

(1) IfK = K® K® K, then

Al e G e
G DG 2T S eerer]

- {a compact subgroup of GL,(K)},

(11) if K = a cubic extension which is unramified over K, then

e e

- {a compact subgroup of GL,(K)°},
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(iii) if K = K, ® K where K, is unramified over K, then

e
) 2o

- {a compact subgroup of GL,(K)"}.

At this point we recall the formula for the special values of Whittaker
functions.

Indeed let o, ) = ind5.3 (% 5) — |ol[BIZ15]1%) (here L is some local
field). Let F; ,,, be the spherical vector of the representation and W , the
corresponding Whittaker vector. We know that

In; o
VV(XMZ)I: OL I :| =0 ifm>/¢
L

and

m o a0
msl,sz) l: m:l = q(l',n_/)/z tr |:Q(/,m) ([ -5
0 IIf 0 g¢g;

where g, is the finite dimensional irreducible representation of GL,(C)
with highest weight parameterized by the pair (£, m) with £ > m.
Then if K = K @ K @ K we have that (3-1) equals

A0 Ao 0 B0
Jmf)w/s s ’
<o M A
W A0 W Aa 0 W A0 13
(51.52) 0 1 (s1.5) 0 o) B9l g B! (3-3)

{12171 7218172 }d* (4) d*(2) d*(B).

In order to insure the compatibility conditions on centers (see §2) we
assume that w(x) = |x* and w'(x) = |x|* where p = — (s, + 5, + 57 +
s, + 57+ s5). Then we use the fact W, (4 %) = 4 0™ YW 00 (5 )
where @, ,, is the central character of ¢, ,,, and w, , (1) = |1 ) Also
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in the integral above we make the change of variablesa’ = A¢’and p’ = AB?
to deduce that (3-3) equals

o O UL
S: ) a, 51,52 51,82
L,)fw G | [T |

B0 o
mﬁ',.ﬁ)(o 1 |/1|A(Sl+SZ)/2'(X/I_(SI+S2)/2 (3_4)

BT A & @) d(B) () + |

a

Here . . . represents the same integrand as in the first integral above. More-
over, (I) = {(«, B, A)|o, f and 1 have even order} and (II) = {(a, B, Do, B
and 4 have odd order}.

In addition

Jy(s, 2oy B) = 12 BIPO [y (x)
max {|x, 812, 122", 1282, '], 1B, 1A}~ +#2 d. (3-5)

However, to evaluate (3-5) we use the easily established identity (with

A = 0)
<1 _ q—).> ) <1 _ (qq~).)A+l>
(g9~ )" 1 — (q97%)
Then using the values of Whittaker functions given above we can express
(3-4) as a series of the form

[ W) max {|x|, g~*}~* dx

tr (Q(f.O)(A)) tr (Q(m,()) (B)) (3-6)

t=m=t=0

{(t’,m,t)eZ+ xZy xZy f=m=1= lm0d2

tr (Q(z,O)(C))(det A)_l/z(det B)—m/Z(det C)_'/z ((1 - q—(2+u)X)>

(q—(l +;4)X)A({,m,t)

<1 _ (q—(l+u)X)A(/,m,z)+l
X

—(1+u)X (£ +m+1)/2
1 — (q7(1+u)X) ) (g )
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=1 0 q—Si 0 q—s’[’ 0
a7 B - | oc-=
0 q—.\‘z O q—Az 0 q—.xz

X = g and A(¢, m, ) = min {/, m, t}.

We note at this point that the function 4 ~~— tr (g, (4))(det 4)~ >
depends only on the SL, part of 4; thatis,if 4 = 4, - (§ ?) with ¢ e C*and
A, € SL,, then the above function is independent of &.

We niow consider in the case of [K, a unramified cubic extension of K, the
evaluation of (3-1) for spherical data. In such an instance (3-1) equals

A0 A0
i s  [Hom|, | JH ED (3-8)

(we note here the integration is over K*). Again we choose w(x) = |x*

and w'(x) = |x|7* where g = —3(s; + s,) (see §2). Then we see that (3-8)
equals
[ Sy D, * e ew (3-9)
S, S1,82 K . -
e G | o VK
with

Suls, 2) = [P+ fK ¥(x) max (x|, [A)"¢*+#*? dx.

Then when we evaluate f, (as above) we obtain that (3-8) equals the series

Z tr (Q(m‘o,(A))(det A)_'"/2 <(1 - q—(2+u)X)> <l — (q—(1+;4)X)m+l>

(g Xy T= (g x)
x (q~W X )2 (3-10)
where
q—3s1 0
A = [ ] and X = ¢~°.
0 q~3.s'2

Next we consider the case when K = K@ K with K, quadratic unramified
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over K. Then when we evaluate (3-1) we get

A0 Ax 0 A0 A 0
j (Df),a)',s > msl ,52) I/I/(Ti 253)
0 1 0 ot 0 1 0 o'

x Al ledi? d*(2) & (). (3-11)

Again we choose w(x) = |x}* and w'(x) = |x|7* where u =
—(@2(sy + 5) + (51 + 7)) (see §2).

Then following the above examples we make the changes of variable
o’ = Ao? and deduce that (3-11) equals

’ /1 O (Z/ 0 —(s1+52) | 71— (5] +53)/2
Jfoos oWy | [ W | WA

{7207} &' () ) + |, (3-12)

m

where (I) = {(4, )| and « have even order} and (II) = {(4, «)|4A and « have
odd order}. In addition

Sils Ay ) = O 02040 1 [y (e) max {Jd, 12, 1022, [od} =64+ di.
Then when we evaluate £, we deduce that (3-12) equals the series

tr(Q(m,O) (4)) tr (Q((’,O) (B))

{¢meZ, xZ |t =m=0or/=m= lmod2}

(- q‘”*"’z"))

x (et 4)~""? (det B)~/" <W

(1 _ (q-(1+u)X)A(m,/)+l

1 — (g x) >(qA(l+”)X)m+m (3-13)

with

—2s) -]
q 0 q 0

A = , B = | and X = g¢~°.
O q—2s2 0 q—sz

Also A(Z, m) = min (¢, m).
Thus we are at the point of explicitly evaluating (3-1) for spherical data.
We assume in Theorem 3.1 that residual characteristic of K # 3.
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THEOREM 3.1. Let @), € I, be the unique vector which is GSp;(0,) fixed
and normalized so that @), (e) = 1. Moreover assume that w(x) = |x|*

and o'(x) = |x|™* where () p = — (s, + 8 + 57 + 55 + 51 + 5) (K =
K®K®DK), ()= —Q6 +5,)+ s +5) (K =K, @ K, K| quad-
ratic unramified), and (iii) u = —3(s, + s,) (I, cubic unramified). Then
(1) forK = K® K@ Kand F = F, ® F, ® F, with F, a spherical vector
mll, < o, we have
172
1
Z((Dg)‘a)’,s, F)

Sl + p+ 2lCs + 2u +2)
x [det (I, — a(4) ® a(B) ® o(C)g~“*'+72)]~!

with

0 o g 0
4 = 1 , B = 1 |, and C = -
O q—sz 0 q—sz 0 q—xz

(2) For K = K, ® K (K,, an unramified quadratic extension) and
F = F, ® F, with F, a spherical vector in I1; < o, ,, we have
172

1
2@, F) =
@ows ) = 5 0+ D0 + 20 + )
x [det (fy — 8(d, B, 1)g ¢+ +3)]~!
with

s q—2s1 0 5 - q—si 0
O q—2s2 ’ 0 q—s’z ’

and O(A, B, t) is the operator (I, ® c(A) ® o(B))ot" where
v, ®v,®7v;) =79, Q v ® ;.

(3) For K, a cubic unramified extension and F a spherical vector in
Il < g, we have

1

0 =
AQuwsn ) = @ i 20005 + 20 4 2)

x [det (Iy — 8(4, Hg~“* )7
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with

—3s51 0
A = I: \ :|, and 0(A, t) is the operator (I, ® I, ® a(A))-t
0 ¢

where (v, @ v, @ v;) = v, ® v; ® v,.

Proof. We start with (3-6) and compare that calculation to Lemma i in
Appendix 2. In particular we write 4 = A4’(§ ) with 4" € SL,; we do the
same for B and C. Thus we have that tr (g, (4))(det 4)~"* = tr (g,0)(4").
And we consider (3-6) with 4’, B" and C’ replacing 4, B and C. Then we can
apply Lemma i in Appendix 2. In particular we deduce that the coefficient
of the term (¢,, 0) ® (£,, 0) ® (j, 0) (in the SL, x SL, x SL, decom-
position of S*(C* ® C* ® C?)) is given by

( 1 ><1 - (Yﬂ“’“’””) a2 )
1 — Y? 1 — Y?

where A(Z,, ¢,, j) = min (¢, £,, j).
Thus if we replace ¢t X = Y? in (3-6), we then deduce that (3-6)
equals

(1 — YH(1 — g7'Y?) det[[, — o(4) ® ¢(B) ® o(C)HY]".

But we know that if A[% 2] = A,thena(4) = a(4)+ ¢,. Theno(4) ®
6(B) ® o(C) = 6(4") ® 6(B)) ® a(C’)* (&, &g+ E). But it is possible to
choose &,, &y, and &, up to sign so that &,-¢&,-¢. = g, Hence
det (I; — 0(4") ® o(B') ® a(C)Y) = det (I — 6(4) ® o(B) ®
O.(C)q—uAl/ZXl/Z)'

Thus we have that (3-6) equals

(I — g ®MXH(1 — ¢7*7+X)
[det (f; — 6(4) ® 6(B) @ o(C)g "' X')]".

Next we consider the series (3-10). Again we let 4 = A[% 21 and
B = B[? 21 with A" and B belonging to SL,. Thus (3-10) has the form
(with Y? = ¢g=0+0))

(1 —4q7'Y?

{im¢)eZ, xZ,im=¢=0o0rm=¢=1mod2}
1 _ (YZ)A(m,/)+l

1 — v? yam=2Aem (@m0 (4)) tr (Q((,O) (B)).
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But we compare this series to (ii) in Appendix 2. Thus we have that (3-10)
equals

(1 — YY1 — ¢~' Y?)[det (I, — (4, B, 1)Y)]"".

Again we note that 6(4) ® a(B) = £,£,0(A4") ® o(B’). Then it is poss-
ible to choose ¢, and &, up to sign so that ¢,&, = ¢**2. Hence

det (I, — 6(4’, B, t)Y) = det (I — 6(4, B, t')g "~ '2X'?).
Thus (3-10) equals

(1= g X (1 = g0 x)

[det (Il — 6(A, B, t)g~+ "2 X"))7!.

Finally we consider the series (3-13). Again we let 4 = A[% ] with
A’ € SL,. Then such a series has the form (with Y? = ¢~ (*¥X)

m=o0 l _ (Y2)m+l

(=) T~ Y7t ()

But then a direct calculation with 4" = (§ g‘f.)shows the above series equals
(see Appendix 2).
(I -q'Y)1 - Y9
(I —eY)(1 — o' V)1 — oY) — ¢7'Y?)

But we note that the above denominator equals
det [I; — 6(A4’, 0)Y]

where 6(A4’, 6) is the operator given by the composition o(l,) ®
o(l,) ® a(A)ot with t(v; ® v, @ v;) = v, ® v3 ® ;.

Then we note that 6(4, ¢) = £,6(4’, t). But again we can choose
&, up to sign so that ¢, = ¢***. Thus det (I; — 6(4’, 1)Y) = det (I; —
(A4, g2 xR,

Thus (3-13) equals

(1= g & WX)(1 — g2+X)

[det (I, — (A, £)g~"" 2 X)), Q.E.D.
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At this point we must determine when the integrals Z(®,,, ,, F) defined by
(3-1) are absolutely convergent (with no assumption on residual characteristic).

We note first that if we vary @, €1, (for a fixed sy), then any
element of 1, has the form @, + ®_  (where ®_ = @), is the
unique GSp;(0,) invariant vector in /,,,_, normalized so that ®}__ (e) = 1).
We know that ®,,  is a bounded function on Z'M\ GL,(K)° (since
Z'M\GL,(K)" embeds into a compact space P\GSp; and @, is a smooth

section in I, ). Thus an arbitrary function in [ is majorized by

w,w’,5y w,w’,s
,(I)w,w’,sol : I(D.stol S I(Ds—sol ° K (Wlth K = Sup |(Dm,(n’,.y0 (*)I) Thus Z(q)(u,(u’,s’ F)
is majorized by an integral of the form
0 v -
oy arcrasen 1P @IWE@) dg. (3-14)

Then we use the coordinates on Z'’M\ GL,(IK)° given above. In particular
from the above calculations we deduce that (3-14) is majorized by integrals
of the form (in thecase K = K@® K@® Kand v < )

J ¢, (D), ()5 ()0, (A)S, ()85 (B Ao’ B Reb 0012
{J max {|x|, [o/B]'2, [Aa’|"2, [AB|'2, o], |, M|}—{Re(5ﬂ0)+2} dx}

d*(A)d*(a)d* ().

Here we have used the fact that any W e W(I1, ) has the form W(§ ¢) = a
linear combination ¢(a)X(a) with ¢ € S(K) and X some character on K*.
Moreover, we assume in the above integral that the ¢, > 0 and that the
characters 6, > 0.

First we note that the inner integral above is bounded by (provided Re (s)
is large enough)

.[K max {IX', I(x’l’ Iﬁxl’ |i|}f{Re(s<\~0)+2} dx.

But by explicitly determining this integral we deduce that it is bounded by
a rational function in ¢~* times

’ ’ —{Re(s— s 1
max {|o'], |§, |4}~ RC0+,
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Thus the above integral is bounded by

J 612)62(@)6h5 ()0, (13, o5 (B i B 1*0 )2
x max {12, ], 1B} %00 &) dr @) & (B).

Thus an easy exercise shows that the above integral is absolutely conver-
gent for Re (s) large!

We note a similar argument works for proving the absolute convergence
of (3-1) in the cases K cubic, and K = K, @ K with K, quadratic.

PROPOSITION 3.2. If K has one of the following forms (K cubic, K = K, ® K

and K = K ® K @ K), then the family of zeta integrals (3-1) is absolutely
convergent for Re (s) large.

Indeed we first consider the GSp, homogeneous quotient space P”\GSp,
where

Al Z
P = € Pldet 4 = 1;.
0 tA—l

Then there exists a linear map of S(P"\GSp,) onto 1,,,, given by

-1 -

¢~ [¢ - g | o (@Ol+?

A
L At

(@)~ (DA d(8) d*(4).

We know that GL,(K)" has a unique open orbit in P”\GSp,. This open
orbit determines the following induced representation of GL,(K)°, i.e.

S(M - 2\GL,( )"
where 2 = {((5 p), (5 5), (G Pllodx = 1Bl =1} if K=KS KD K,

{9 G P, e K*, ol = [Bl = 1}if K = K; @ K with K; quadratic,
and {(§ Pla, p € K*, |alx = |Blx = 1} with K a cubic extension.
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Then the image of S(MZ2\GL,(K)°) under the above intertwining map
becomes the following compactly induced representation of GL,(K)’, i.e.

H,,, = ¢ —ind [M:R\GL,(K)", z*r ~~— 4, ,()(1)]
where ze M and r € R.

We recall here that if K = K @ K @ K, 4,,,(G §). ¢ 9. G ) =
loe/ B2+ wr(o? B)w’(f) with similar formulae in the remaining cases.

Our problem here is to study the zeta integral (3-1) when the input
information @ e H

,w,s 0,05 "

PROPOSITION 3.3. Let v < 0. Then there exist a function h,, . in H, , . and
F eIl so that Z(h,, ,, F) = 1.

If v = o0 and sy € C, then there exist a function h,,, ; (which is dependent
on s, and finite under the maximal compact subgroup of GL,(K)°) and F € Tl
so that Z(h F) is analytic at s = s, and is nonvanishing at s,!

(OXOUKE]

Proof. We assume first that K = K @ K @ K.

We note that GL,(K)" = P°- K® where P° = {((; 1), (5 1), (5 )
IX’ Y, Z€ K} : {((g 2’)’ (g ?3)5 (2) g’))i“a/ = ﬁﬂ/ = yy/} and KO = SLZ((Oy) X
SL,(0,) x SL,(0,) if v < oo or K* = 02, R) x 02, R) x 0(2, R) or
U2) x UQ2) x UQR)ifv = oo (depending on whether oo is real or complex).
Then we define an element in H, , , as follows. Indeed we let ¢, belong
to indfz(z r ~— Aww s(11)(r)) and satisfy the condition of transforming
on the right according to a fixed character on K° n P° which is trivial on the
subgroup {((§ 1), (5 1), (5 I)Ix, ¥, z € K}. Let ¢ be a function on K° which
transforms on the left by K® n P° by the same character. Then let

hw,w’,s(g) = hw,w’,:(p ° k) = ¢w,w’,s(p)$(k)‘

Such a function is clearly well defined and determines an element in H,, ;.

We now determine that actually such ¢, , exist. At this point we
note that P° equals the direct product of MR and {((; {), I, I)lxe K} -
(G2 (2 Be K} Then we let ¢, 0m-r-((3 1. GG %),
B 20D = Ay 0O (0, @0, (B) (f v < @) where 7, is the
characteristic function of ¢, and wp, and of, represent the charac-
ters wp, and wy, supported on ¢*. On the other hand if v = + 0,
then B, (c . ) = Ao ()Oh b @Ay () where by e C2(R), hy,
hy € C2(RY).

It is straightforward to verify that if ¥ < oo then ¢, (5 1), (5 ,2)),
6 2NG NG 6 INAG o) (G s (5 2)) = o (@) op,(e) x
O (0)01, (€3, () 1. (6 200, (B ,20). (Here g € 0*and z, w, £ € O),
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Then we consider the zeta integral (3-1) for such 4, . Here we use as
coordinates on Z - M\GL,(K) the group {((s 1)(5 ). (¥ 21, (€ ;)
x € K, 4, a, B € K*}. Then (3-1) is equal to

[ xe G) of, @of, B DIk, ks, k) (3-15)

(o 5)x) (5 2w ()
x WY ky | W k | W k,
0 1 0 o 0 g

X P(x) dx d*(4) d*(«) d*(B).

We observe that the inner integral

[, %6 (3‘-) ) dx = |ilze(d).

Then we asume that § = ¢, ® ¢, ® @, where @, is defined by

(w* @'Yy (x) on e o < SLMxe O, a e O*
$.k) = B 0 1/\o a ’ ’

0 otherwise.

We similarly define (i = 2, 3)

I x\[fa O
oy () on {( )( )-SL&’”’lxe(O,oce(O"}
d(k) = ' 0 1/\0 o

0 otherwise.

Here SLY” = {y € SL,(0),ly = I mod n™} (m chosen so that (v’ * ')’ oy, ,
op,, and wy, are trivial on the subgroup {a € ¢*la = 1 mod n"}.
Then we consider an integral of the form

’ A0
JSLZ((Q,,) WFI 0 1 kl $1(k1)dkl.
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We also choose m so that W, is invariant by SLY”. Then the above integral
is a nonzero multiple of

A O0\/1 x\/6 O
Jeve W 0o 1/\o 1)\o & (@’ @'Y @y, (6) dx d*(9)
28 0
= (J YA dx)(fm W (( . 1)) (@) (6) d*(a)).

But since y,(4) appears in the integral above then the first term is nonzero
and independent of 4 € 0.
We repeat the same calculation for WY i.e.

A 0 1 x\/6 O
Jee W (( )( )( )) 0 (6) dx &*(9)
X 0 «o 0 1/\0 ¢
Aad 0
(Lo 5 v

Again, a € 0* and A € O; thus the first integral is nonvanishing and
independent of « and A. Finally by change of variables § — «J in the second
integral we obtain

80
g, (@) ( [, w¢ (( . 1)) d‘(é)).

Thus the integral (3-15) equals

[ 2 et (jagis-2

A8 0
o WH 0 1 (@)} (9) d*(6) (3-16)
=3 80
Tl ] ao.
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Finally we note that W, (§ ?) represents any ¢; € S(K*) (by suitable choice
of F,). We let support (¢;) = ¢*. Then we deduce that (3-16) equals

L @0 (2) { [, 608 @) () & (5)}

<] au e@l [, susr e@f eo.

Finally we let ¢, = (0*®)7!, & = & = 1. Thus the above integral is
nonvanishing. Hence (3-15) is nonvanishing and independent of s!

We let v = + 0. We know that ¢ = ¢, ® ¢, ® @, can be chosen so
that

(lj ,[ W%(giki)‘bi(ki) dk,~> = ll:—[l pr,(g,)

(the WY are finite functions relative to the maximal compact subgroup of
SL,(K,) and the ¢, can be chosen to be suitable matrix coefficients of such
a subgroup.)

Thus we have that (3-15) equals

A0
[ 7 (}) hy @)y (B (A W ((O 1))

a2 0 B0 1
14 14 =1

1

x <wﬁ3' B W) Y(x) dx d*(4) d*(x) d*(B).

Then following the same idea as above
x v
Jic (z) V) dx = k@),

Thus our integral reduces to one of the form

[ X)X ()X, (B)E, (4, @, B) d*(4) d*(2) d*(B)
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where F,(4, a, B) is a C® function on compact sets {s| |s — s,| < &} x
11 = 20l <8} x {al lx — ol < &) x {Bl 1B — Bol < &} with 4, # 0,
o, # 0, and B, # 0. In such an instance we can_choose the X, X,, and
X; with compact support in {i| |4 — 4| < ¢}, {of |« — | < ¢} and
{Bl IB — B,| < ¢} respectively, so that the above integral is analytic and

nonvanishing at s = s,. We note here that the choice of 4, is also
necessarily K, finite (by the choice of the ¢, given above)!
We note similar proofs work for the remaining cases! Q.E.D.

Appendix 1 to §3

The proofs of §3 are given for the case when the local field K is non
Archimedean. However some statements remain valid for the Archimedean
case also. We point out which of the statements in §3 are true in such an
instance.

Indeed we consider the cases when K = R or K = C. Then when we
calculate (3-3) we find that

Suls, 2y B) = Vol [ xR + Al + B+ AF}O dx
where

1zl, if K=R
Izl = I
|Z-Z% if K=C

and

eV ? if K=R

w@)z{wﬁmﬂifx=c

Thus we see using the above formulae combined with (3-3) that Propositions
3.2 and 3.3 remain valid for K = R or C.

REMARK. The calculation of (3-3) for unramified data (for K = R or C)
cannot be done at the present moment but probably with some care it is a
reasonable classical calculation involving Whittaker type functions (see
Appendix 3 to §3).

We consider the problem of showing the analyticity of the zeta integral
(3-1) for the case when K is an Archimedean field.
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We use the following coordinates in the space Z + M\ GL,(K)": {((} ),
GOGMAe K- {(6 D G20 @ 2Dl Be K} - {5 D (6 1)

(4 T))Ix € K}. Then the integral (3-1) equals a finite linear combination of
terms of the form

1 x\ [« O (1 x\ (B O (1 x)
J"X"‘+*"‘+f‘<0 1)°\0 «'/\0o 1) \0o pg')\0 1
A0 Ja 0 B0
el )5 2wl )
w7 o1 0 o 0 B!
x e21t\/__](l+a2+ﬁz)).x'j‘|s/2+ldx(/1)} dx dx(a) dx(ﬂ) (3_17)

Here W, e w,(I1,), W, is K, finite, and f is also K, finite (K, = the
maximal compact subgroup of GL,(K)").

The problem here is to analyze the analytic properties of the above
integral. In the very procedure of this analysis, we show that the analytic
continuation of (3-17) depends in a continuous way on the parameter f;.

We study first

A0 A2 0 AP0
J W W, W, e/ T(1+o? +ﬂ2)/1x|,1|(l/2)s+1 d*(2).
+ 0 1 0 1 0 1

Then we assume that since I, is generic and unitary,

x 0
W(O 1) = Y $)x)x" (log |x|)"

is a finite sum, m; > 0, y, is a unitary character, w; € R and ¢, € S(R).
Thus the first integral above equals terms of the type

s 1 (D02(i02)p, (4) TP OB A (0g JAY"dA, (3-18)

where 4, is some specified complex number depending on the IT,.
The first reduction is to employ integration by parts in the above integral.
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We deduce that (3-18) equals

=4 w( dY
z Q.(9) |, (a)
[, (A5 (A02)ps (A?) ¥ =T0+a+BIA] || A+AE™ (o6 )Y dA.

Here Q, is a rational function in s.
We find that the term (d/dA)”[. . .] = a sum of terms of the form

P(a, B, x)al(i)@(/laz)@(,l&) @2/ = T(1+a2 + f2)ix

where P is a polynomial in a, f, and x (which has degree bounded by m).
We note in these calculations we are using the fact that for fixed «, f§, and
x, the function

L= ¢ (DA )y (A7) T+ 4 Aix

is a Schwartz function!
Thus the next integral we analyze is

(AP (A02)py (AB?) e ~TU+= + B 21D+ X (Jog | Ay dA
Ry 7L

(where X and m are given numbers) in terms of a, f and x. We must consider
the behavior of such an integral when a« — {% ., f - {% . and x - oo.

We consider @ = rcos 6, f = rsinf with r > 0 and 0 < 0 < 7/2.
Then the above integral equals

[ F1(DF;( cos? 0)F; (4 sin? ) e/ 3AD+X (log ||y d.

The first analysis required is the determination of the function

1 x r cos 0 0 1 x
(r, 0, x) ~— f, , 1 ,
0 1 1
r cos 0
r sin 0 0 1 x
I 1

rsin 0
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as (r, 6, x) approach the various boundary data, i.e.,r - {%,6 - {J,, and
X — +o00.

We are required to study f; in a more geometric way. Indeed we recall that
Z - M\GL(K)’is an open set in P;\ GSp,. The differentiable variety P;\ GSp;
can be realized as a closed submanifold of the projective space P(A’R®)
(A’ = the third exterior power of R®). Indeed P,\GSp; is the set of all
“subspaces” in P(A’R®) which are “isotropic” relative to a fixed alternating
form on R®. Moreover P;\GSp; is the closed orbit in P(A’R®) of the unitary
group U, acting on P(A’R®) (i.e., P,\GSp, =~ U, n P;\U, =~ O(3)\U(3) by
means of the standard identifications). Thus the differentiable structure on
P;\GSp; is inherited from the projective space P(A’R®). For instance, a
typical coordinate patch in P(A’R®) has the following structure. If we have
fixed a global system of coordinates {z,, } on A’R°®, then a typical coordinate
patch M, = {Z € P(N°R®)|z, ,,(Z) # 0} has as coordinate {z,;/z,,, }- In
practical terms we identify the global coordinates on the space A’R® as the
linear space spanned by all 3 x 3 minors {z,, } of a 3 x 6 matrix (i, j, k
denote the columns of the given matrix in M,¢). Then if we have a given map
¢: M —» P,\GSp, (where M is a given C* manifold), then ¢ is differentiable
at pe M if ¢: M - P(A’R°) is differentiable at p.

We consider the subspace Z in P,\GSp, given by Kle,, ¢,, €,) +
{(xe,, Pe,, ye))le + B + y = 0}. Then we choose {(e,, €, &), (¢;, —e,, 0),
(0, e,, —e,)} as a basis of Z. Relative to the standard basis {(e,, 0, 0),
(0, ¢, 0), (0, 0, &), (e;, 0, 0), (0, e, 0), (0, 0, e,)} of R, the above basis in
matrix form is

1 1 1(0 0 0

0 0 0|1 -1 01].

0 0 0fO0 1 -1
When we apply

1 x r cos 6 0 1 x r sin 0 0 1 x
0 1| 0o (@coso)'|[0 1] 0 (sin®|l0o 1

to the above matrix, we get
[1 rcosf rsin® x rxcos® rxsin@]]
—1
r cos 0

1 -1
i rcos® rsinf |

0 0 0 0




70 L. Piatetski-Shapiro and S. Rallis

Then, for instance, if r, x are large and 6 is away from 0 and 7/2, the above
matrix equals

1 cosf sinf

rx 0 O — — cosfB siné6
rx X X r
—1
0O 1 O 0 0 0 0
r cos 6
1 —1

cos 0 sin 0 |

1 x rcos 0 0 1 x
& 0 1| 0 (cos®)'| |0 1/

rsin 0 0 I x
N R
0 (rsin®)~" {0 1

where K(r, x, 0) € U(3) and has the property that Z - K(r, x, ) is the sub-
space spanned by the rows of the matrix (given as the second term in the
product above).

On the other hand, it is possible to verify that the mapping (w, ¢, ) ~~—
OB)K(1/w, 1/t, 0) is a C* mapping from {w| |w| < &} x {1 || < &} X
{6] 10 — 6, < ¢} into O(3)\U(3) = P;\GSp,. Indeed we show that the
mapping (w, t, ) — Z - K(1/w, 1/t, 0) is a C* mapping into P(A’R®) (here
use the fact that the image of the above mapping for ¢ small enough lies in
a fixed coordinate patch in P(A’R®) given above).

From these comments we deduce the mapping (s, w, ¢, 8) ~—
f.(K(1/w, 1/¢, 0))is a C* mapping and in fact is analytic in the first variable.

The goal here is to determine the analyticity of the integral

2 (s/2)+m+ A
e

© 2 1
{J‘o ¢, (}‘1 v >¢2< w200320>

X ¢, (,1 1 +1 — sin’ 0) |A|erDFmEA 20/ =T ) dw dx d6.
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Here A" = {w| |w| < &} x {x| |x| < ¢} x {0] |0 — 0,] < ¢}. Here r, 1/,
r’, and r"” are nonnegative integers bounded by m.

The first point to observe is that the inner integral as a function of (s, w, 6)
is C* in the region {s € C| Re (s) > —2(1 + m + A)} x {w| |w| < ¢} X
{6] 10 — 6,] < ¢}. The main point is to analyze the behavior in x at 0 of

[ ¢ (4 Y N (41— cosa
o TIATT 4+ wr )T\ 4w

1 . ,
X ¢3 (l : n W2 smz 9) Ml(s/2)+m+A esz—_IA(l/x) d/l

Here we let

_ w? 1 s 1 -
AA, w, 0) = ¢1<11 n w2>¢2</11 n 3 ¢os 0)(1)3(/11 n — sin 9).

Then the integral becomes

() = 7 AGL w, O 4 T g,

However the function (d/dA)* A(4, w, 0) vanishes for A large (i.e., ¢,, d)2: and
¢, are Schwartz functions). Thus we can apply integration by parts several
times to get that

k=N d k
() = 3 el (a) A0, w, 0)

o d\"
+ .[o <a> A4, w, Oh_y(4, x, 5) dA.

Here ¢, (s) is a meromorphic function in s. The function

=1
h_N(i, X, S) — L’;O (u _ A)Nlul(s/m’"“ eZnJ—_Iu(l/x) du.

By a contour argument we also know that

h_y(4, x, 5) = (= AV [u]eD A 2 TTwi) gy

§{u= A+ioc,g >0

2n /= T(4/x) J“=+°° N — (5/2)+m+A —2n(a/x)
e vo O A+ —1d] e do.
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We note here that Re (s + m + A) > — 1isrequired for the convergence
of the above integral. This is also the region in s where the asymptotic
expansion of (*) is valid as stated above!

Finally we note by change of variables that

J‘;O 0.N|,1 + \/_—_IO'I(S/Z)+M+A e~2n(a/x) do
= xN+! j:’ o.N[/{ + \/——_TO'X](S/Z)+M+A e~ dg.

Moreover we note that (d/dA)f A(4, w, 0) has the form of a linear com-
bination of terms

w (1 + w?)~“(sin ) (cos 0", (/l %) é, </1 ! 00829>

1 + w?
X ¢ l;sinZG
N1+ w

with £, ¢/, ¢”, ¢” > 0 and ¢, € S(R).
Then we use the asymptotic expansion of () to analyze the analyticity of
(3-17). The first term is of the form

€ (s) Lﬁ (K <l’ 316’ 9)) (sin 0)2(cos ) |w|s+2m+24+e’

w

X (1 + WZ)A(S/Z)—(meA)—g”’|x|(33/2)+m+A+k—r”’ de dW dx.

n

Hereg > 0,9" > 0,9” > —m and ¢” > 0. In any case we can verify that
the above integral has a meromorphic continuation to all of C (in s) and has
the required continuity properties in f,. We recall here the differentiable and
analytic properties of the map (s, w, x, ) ~~— f.(K(1/w, 1/x, 0))!

On the other hand, the second term (the Remainder term) has the form

Klle(ﬁa————’”z(zal 29
Lx[o,oo]x[o,oo]fs ;’ ;’ 1 1 + w? 2 1 + w? cos

1 . .
X @, (l T sin? 0) eWTIN e=2m0 () 4 jgx)$D+m+A (gin §)e

X (COS 0)g”|wls+2m+2A+g”(1 + w2)—(s/2)—(m+A)-Q”’le(3s/2)+m+A+N~r”’

x " dw dO dx dA do.
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Here g, ¢/, 0”, and @ are as above. In any case we have that for m and N
large enough the above integral is absolutely convergent and the required
continuity properties of the integral follow automatically!

We note here that if in the inner integral in (3-17) we have a term of the
form (log |A|)", then a calculation similar to the above works to prove
meromorphicity and continuity (in terms of f;) of (3-17).

Also the same arguments as above will work in the cases of other sin-
gularities (i.e., r large, x large, and 6 near 0 or 7/2 etc.).

Thus we have established the required analyticity of the integral (3-1) and
the continuity properties (dependence on f).

REMARK 1. We note that from Proposition 3.3 and the above proof we can
find a function F, e I,,, which is U(3) finite and F e Il so that the zeta
integral Z_ (F,, F) has a meromorphic continuation to C and Z_(F,, F) is
nonvanishing (with a possible pole) at the point s = s,. Here F, and F
depend on s,. Indeed there exists (by Proposition 3.3) a function 4, € I, ; so
that Z(h,, F) is nonvanishing at s = s,. However there exists a sequence
(h,), of U(3) finite functions such that (h,), converges to h, in the C*
topology on /. But this implies that there exists an n, such that Z((4,,),, F)
is nonvanishing at s = 5,! We use here the fact that Z(f;, F) depends
continuously on f;. This means in particular that each coefficient of the
Laurent expansion of Z(f,, F) at s = s, defines a continuous linear func-
tional on 7, ,, (in the C* topology).

1,1,59

REMARK 2. If we assume only that the function f, is C* and the Whittaker
functions W, are C* (not K finite), then it is possible to extend the above
arguments to show that the zeta integral (3-1) has a meromorphic continu-
ation to C (for such C* data). Moreover, a given term in the Taylor
expansion of (3-1) at a value s = s, has the property that it defines a
continuous linear functional on indﬁf"’(. .) ® 1T, ® I1, ® I, (taken rela-
tive to the C® topologies in these spaces). The key step in proving such a
point is to analyze the dependence of W((} {)k) as k varies in SO(2, R).
Indeed we know it is possible to choose ¢ € S(R?) so that

P 0
W((O 1)k) = " [ @lle 1] < K] T i da .

Then the Mellin transform

A0
J W((o 1)") I Q@) = [F@ L AR ) @)
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with F a certain partial Fourier transform on S(R?. Thus we choose
Schwartz functions {¢,} and {y,} so that the function

Ay k) = z (i) + AP z VDB K)

has a Mellin transform whose poles at the values s = — (% — 7)) — r,
s = —(& + y,) — r (r = 0) agree with the poles of | W((§ )k)IAF d*(2).
We let N be very large here. Then W((¢ 9)k) — Ay(4, k) has all its der-
ivatives at A = 0 (for each k e SO(2)) vanishing up to a large order.
Then we can apply the above proof to 4y and W — A, separately. We note
that a similar proof works in the case where we replace |4 by |4 sgn (1)
in the above.

Appendix 2 to §3

At this point we consider any representation ¢ of G(C) (with G, a reductive
group) on a finite dimensional space V,. We consider the corresponding
representation of G(C), on S(¥,) = the symmetric algebra of V,. We know
that the Poincaré polynomial

>t (0 (e)X" = det (1 = o(£)X) "

where g, = the representation of G(C) on S™(V,).

We consider the case where G = GL, x GL, x GL, and ¢ the rep-
resentation given by a(g,) ® d(g,) ® a(g;) (g, &2, &) € G) with o, the
unique irreducible two dimensional representation of GL,(C).

We must determine g, in this case. For this we require the low dimen-
sional isogeny between GL, x GL, and O(2, 2).

Explicitly we consider the space M,,, 2 x 2 matrices, provided with the
form X — det X. This defines a (2,2) form. Then we consider the
map A(g,, g): X - g 'Xg, with (g,,8,)€GL, x GL, and X e M,,.
Then det (g;' Xg,) = (det g,/det g,) det X implies that A(GL, x GL,) <
GO(2, 2) (GO = similitude group). By dimension and connectedness argu-
ments we have that A(GL,(C) x GL,(C)) = GO(2, 2)(C). Thus we note
that the standard 4 dimensional representation V* of GO(2, 2)(C) is equi-
valent (via A) to the tensor product ¢ ® o (we note that Kernel(1) =
(A - L, ALY)).
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Thus we apply the above considerations to the group G = GO(2, 2) x
GL, and the representation ¢ = V* ® o.

However in this case we note that such a task can be accomplished by use
of the oscillator representation.

Namely we consider the dual reductive pair O(4) x Sp, over R, the reals.
We assume O(4) is a compact group. In such a case O(4) x Sp, embeds into
Sps and we consider the corresponding oscillator representation n acting
on L*(M,(R)) (M, = 4 x 2 matrices). To decompose = restricted to
O(4) x Sp,we use the trick of the Fock model #, i.e., a unitarily equivalent
representation to n. In such an instance we take the K-finite vectors J#y
in s and note that the corresponding infinitesimal representation of
LA(O(4) x Sp,) on #y is equivalent to a certain algebra of polynomial
coefficient differential operators acting on the space 2 of polynomials on
My (©).

In particular we note O(4) x GL,(C) acts linearly on M,,(C) via (g,, g,):
Z — g7'Zg, with Z € M,,(C). When we differentiate this action on the
space we deduce that this action is equivalent to the action of the
LA(O(4) x U(2))(C) acting through the oscillator representation on 2 (note
that U(2) is the maximal compact subgroup of Sp, and LA(U(2) ® C) =
LA(GL,(C))).

Thus the problem becomes one of decomposing ¢ explicitly under
LA(O(4) x U(2)). This has been done in [K-V]. In particular we decompose
LA(Sp,) ® C = LA(UQR)) ® (C) ® p, ® p_ (as complex spaces) where
p. and p_ span the holomorphic and antiholomorphic tangent spaces to the
symmetric space U,\Sp, (at the point U,{e}). Then we consider U(p, ) and
U(p_), the associated enveloping algebras of p, and p_. We let
H = #"* = space of functions in ¢ annihilated by p, (“pluriharmonics”).
Then H is O(4) x U(2) stable (via the action defined above). Let 6 be an
irreducible module of O(4). Then if #(6) # 0 we have that H(6) # O.
Moreover H(d) is GL, irreducible and the space 2(d) is a free U(p_ ) module.
That is, 2(8) =~ U(p_) ® H(d) (as GL,(C) modules). Also since U(p_)
acts as multiplication by polynomials on £ then the equivalence
P(0) = U(p_) ® H(J) is preserved relative to degrees (‘“‘degree” defined
in 2).

We can make the above statements more explicit by recalling the results
of [K-V]. In particular an irreducible representation ¢ of O(4) occurring
in ¢ is parametrized by a pair of integers (m,, m,) with m, > m, > 0.
We know that this representation occurs in H™*™ and the correspond-
ing infinitesimal representation of GL, x GL, has highest weight
0, —(m, + m,)) ® (m,, my). We note that the highest weight of
H(m,, m,) as a GL,(C) module is (—m,, —m,).
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Thus we note that 2(m,, m,) (the isotypic component of GL, x GL,
of the form (0, —(m, + m,)) ® (m,, m,)) must be decomposed under
GL,. This is equivalent to decomposing the GL,(C) tensor product
U(p_) ® H(m,, m,). First we must determine the GL, representation on
the space U(p_). This again is a separation of variables problem. The action
of GL, on p_ is the unique three dimensional representation (adjoint rep-
resentation) of GL,. Then the representation of GL, on S*(p_) is equivalent
to

A=[t/2)

Y (2t — 24, 22).
A=0
Then we deduce that as a GL, module U(p_) ® H(m,, m,) has the form

t=00 (A=[t/2]
Xm|+mz Z { lgo (2[ — 2},, 2).) ® (_m2’ _ml)} X2r

t=0

Thus the next problem is to decompose the tensor product (2¢ — 24, 24) ®
(_ m,, —m )

However we note that any representation of GL,(C) of the form (¢,, £,)
is equivalent to (¢, — £,, 0) ® |det+|>. Thus (2t — 24, 24) ® (—m,, —m,)
is equivalent to (2t — 44, 0) ® (m, — m,, 0) ® |dets]* ™.

We can analyze (2t — 44, 0) ® (m; — m,, 0) via the Clebsch Gordan
formalism. Namely we have that

(2,0 ® @B, 0 = > (J» 0)

{jl le — Bl <j < a + B, j has the same parity as a + B}

At this point we are interested in restricting the representation on the
space #(m,, m,) to SL,(C). Moreover we want to compute the ‘“modified”
Poincaré polynomial of the SL,(C) action on Z(m,, m,), i.e.,

2 @y (DY *

(with x € SL,(C).
The calculation of () is given in the following lemma.
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LEMMA (i). (%) equals the series

1 Jj=2-2 1 — Y2i+D ) 0
= — — Y,
V;(Y) 1 - Y4 |:j=0,j.=_vmod2 l - Y2 (j )
1 _ Y2(v+l) k=
+ <——-—2 ) Y Yo +k, 0)] S ym
1 -Y k=0,k = 0mod2

where v = m;, — m,.

Proof. The proof proceeds by induction on v. Welet ¥,(Y) = V,(Y)/Y™*™
and (xx) = (¥)/Y™*"™,
Indeed let v = 0. Then we see easily that (*x) equals

1 0
X%*(2k, 0).
1_X4k§0 2k, 0)

Then let v = 1. Again it is direct to verify that (x*) equals

1-(1 — X4 ©
T ek 1O,

Thus to prove the general case we assume that the validity of the identity
in the above Lemma for v = 2/. We then consider the case v = 2¢ + 2.

Indeed we consider the tensor product U(p_) ® (2¢, 0) ® (2, 0) in two
different ways. On one hand by induction hypothesis U(p_) ® (2¢, 0) ®
(2,0) = ¥,(X) ® (2, 0). On the other hand U(p_) ® (2¢,0) ® (2, 0) =
Ulp-)® (27 +2,0) @ (2£,0) ® (27 — 2,0)) = (U(p-) ® (24 + 2,0)) ®
V,,(X) @ V,_,(X). Thus we must prove the identity:

I72/(X) ® (2,0) = I72/+2(X) @ sz(X) @ I72/—2(X)-

This can be checked directly!
The proof when v is odd is similar and is omitted! QE.D

COROLLARY TO LEMMA (i). The SL, x SL, x SL, module P(m,, m,)
decomposes via the Poincaré polynomial

(ml + my, 0) ® (ml — hny, 0) ® Vm,—mz(X)'
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At this point we consider certain other Poincaré polynomials. In par-
ticular let ¢ and ¢ be the permutations given by #(v; ® v, ® v;) = v, ®
v, ® v and '(v, ® v, ® v3) = v, ® v; ® v;. We are interested in deter-
mining the Poincaré polynomials

1) = 3 15 oo 830 8)° X"
and
@ = 3t (@lel(er: £ 8) X"

where (g,, g,, g;) € SL, x SL, x SL, (embedded in GL, x GL, x GL,).

We observe that the only possible SL, x SL, x SL, irreducible
components that give nonzero contributions to (i) have the form
“,0) ® (¢/,0) ® (¢, 0). Hence, using Lemma (i) and Corollary to Lemma
(i), (1) equals

1 — X i (X )2+ X((/,0) ® (£,0) ® (£, 0))

Similarly we note that the only SL, x SL, x SL, irreducible com-
ponents that give nonzero contributions to (2) have the form (¢, 0) ®
(¢, 0) ® (v, 0) where v is arbitrary. Thus (2) equals

= L 0@ €0 ® V)

Appendix 3 to §3

At this point we prove the rationality of the local zeta integrals in the case
of the Rankin triple product (ie., K = K ® K @® K). Here we make
the assumption that o = " = 1 and ®,,, = f,. Moreover we have that
O, O, O, = 1.
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We express the zeta integrals (3-1) in such a case as follows:

1 0 1 0 1 0
Z(f. F) = LKX)Z\Kx fM\SszSszst(K)fs & 0 i > &2 0 i » &3 0 4

i=3 1 0

X ﬂl Wil e 0 4 dg, dg, dg, dA.

But we know that (K*)*\ K* is a finite set. Thus the zeta integral becomes
a finite sum of terms of the form

1 0 1 0 10
fM\SszSszSLz‘f; & 0 1 > &2 0 i > &3 0 4
1 0
X HWI’I’: i 0 J dg, dg, dg;.

But then we can express the above integral as an iterated integral of the
form

WE(x) WE(»)

J.Nx N\SLy x SL;

{fmfs(x, ¥, IWE(2) dZ} dx dy.
Thus our first problem is to compute the integral
o0, £:xs . WL (@) diz.

We consider the decomposition of the space K? x K* x K* (see
Lemma 1.1) relative to the form 4; @ A; @ A;. In this context we then
consider Sp(A47) x Sp(4; ® A3) =~ Sp, x Sp, @ SL, x Sp,embedded in
Sp(4] @ A; @ A4;) = Sp;.

The problem then becomes one of determining

[, /81, GYWE(g)) dg,

as a function of G € Sp,.
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We recall that f, e Ind; (. . .) where P is the parabolic subgroup of GSp,
stabilizing the 3 dimensional isotropic subspace M spanned by {(e,, ¢, €,),
(e1, —e, 0), (0, ¢, —e,)}. Then we let 0 = Staby, {A(0, e;, — ¢,)}. Then O
has the form GL, x Sp, x U,. In such an instance we consider the
basis {X,, X,, X3, X,} of {0} x K* x K*> where X; = (0, ¢,, —¢y), X, =
0, e, ), X5 = (0, ¢,, —e,), X, = (0, ¢, ;). Then relative to this basis

1 x ' Yy z
z
U, = 0 |x,y,ze K,
0 ’
00 —x 1
A
1
GLI = |1€KX b
0 A7
|
and
SL, ~ Sp, = lwd — By = 1

We can show that

a B
Stabsp] x Spa (M) = )
y 0

x{(l,u*2)ue U, ze GL,}.

Then we consider an element ¢ of Q having the form g = u, - ¢ - z with
u; € U;, t € GL, and z € Sp,. From the invariance property of f, we have
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that
[o1, /18, 312G)WE(g) dg = 1172 [ .(z7'g, G)WE(g) dg

= 1ib** [, fi(g. GYWY(zg) dg.
On the other hand, we proved in [P-R-(II)] and [P-R-(III)] that
[s0,/:(8: 1) <gviwd, dg = H,(IL,, 5)* Uy (s)

where H,(I1,, s) is a fixed meromorphic function in s (with H, of the form
1/P(¢q,°) if v < ) and U, an entire function of s (U, € C[q, ¢q;°] if
v < 00). We note that if I, is an unramified principal series of GL,, that
H,(I1,, s) coincides with the symmetric square L, factor of II,.

Thus we have for F e I1,

[, g DI (x0) dg = H,(IT,, )&, (x)

where £ € Clg,, ¢,'] ® W1, ¥) if v < o0 or { € R, ® W(I1,, ) with
R, = space of entire functions in s if v = + o0.
Thus we deduce that the integral

_[Sszs(gl, g, &)W (g)) dg,
equals a finite linear combination of terms of the form

H,(I1;,, 9)|(g,, gS)GLllz-Hés((gZ’ g})SLZ)

where (g,, g3)¢,, and (g,, g3)s;, denote the GL, and SL, part of the element
(g2, g3) in Sp, relative to the decomposition Sp, = U; * GL, - SL, * Sp,(0,) =

Q : Sp2((9'v)‘
It suffices to make the calculation for g, = (7 ,%) and g; = (¢ %). In
1 2

such an instance we compute that in terms of the basis {X,, X, X, X,} the
matrix (g,, g;) is represented by

tl+t2 t]_tz

L—4nL 4L+

1
2 P B
0

R L LSS Sl
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Then we consider the Iwasawa decomposition of the element

tl+t2 tl‘_tz 1 u O( 0 k
-1t t+6| |0 1]|lo g| ™

Here o and f are uniquely determined elements in I1#; thus k, ) is uniquely
determined mod (§ {), u € O and a € O*.
We have that

{max (.0, 1) if v < oo

JILE + 16 if v = 0.
and
min (4,], [5)) if v < o0
« = 185, - 4o

VN + 16l

We note that the function on Sp, x GL, given by (g, g') ~~~

et
- 0| ‘)"

has the property of being invariant under (g, g') ~~~ (g(§ i)g’) for all
z€ K and a € ¢*. Thus it follows there exist matrix coefficients .# on the
maximal compact subgroup of GL, so that f.(g, k) = X f!(g, 1).#,(k) and
F((§ Dk) = A(k) for all u e O, « € 0%, and all k € the maximal compact
subgroup of GL, (this last condition holds if v < o0).

Thus it follows that (¢,, t,) ~~~ J(k, ) is a well defined function and
moreover is locally constant on K* x K*. (v < oo here).

If v = + o0 then (4, 1,) > S(k,,,,) has the form (|r,% + |5,]3)"""?
P(t,, t,) with P a homogeneous polynomial of degree r.

On the other hand, if we assume that ¢, and ¢, are both close to zero (i.e.
It,] < A4, |t,] < A with 4 small) then #(k, ,,) can be expressed as a linear
combination of the form

qu,.,((tl + 1)+ \/;:(tl — 1))

where y,  is a unitary character on the group K(\/e)*K(y/¢), the unique
unramified extension of K of degree 2).
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Thus we have that for (g,, g3) = ((§ ,?u), 6 ,2(-)1)), the integral (for
v < )

ff;(gl’ 825 g3)VV}f—'3(g3) dg;

is given as a linear combination of terms of the form
s+2 B 0
Hv(nv’ S)Ial 6& 0 ﬂ_l ‘}'i(k(tuz))'

More specifically if both ¢, and ¢, are small, then we may assume that
ki) = 1, (0 + 1) £ ety — ).

We recall that any Whittaker function WY (; ) = a linear combination
of terms ¢(x)y,(x) (¢ € S(K) and y,, a character on K*). Thus when we
compute the above data we have a sum of terms of the form H,(I1;,,, s) times

50 £ 0 B 0
J{( Wl < e < 4y VR Wi, lo**2&, )
tL.)lnl < 4,0l < O 1 0 1 0 B !

op (1)og, (t)
1,5,

. £ 0 . £ 0 » B 0
+f{('ldz)lllleorllzl>A} WF‘ 0 1 WFZ 0 1 I“l és 0 ﬂ_]

wﬁ,l ( )wﬁ; ()
1,8,

Xk, (1 + 1) * Velt, — 1)) d*(z)) d*(t,)

Ik 1)) d(1) d*(,).

We recall that & = X P(¢~°)W} with W} e W(II,, y) and P, € C[x].
Moreover, we recall that support (W, (; 1)) is compact in K. We observe
here that any integral of the form

J{(z.,zz)lltll=A.,|12|=Az} e

with the same integrands as in the above integral is a polynomial in ¢~°.
Then we analyze the first integral above and decompose the integration
as follows:

f{(umnulsmu} et -[{(tn,lz)lllzl<llxI<A}' e
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We analyze both integrals above; the method of calculating the second is
similar to the first. Then the first integral becomes a sum of terms of the form

2 0 (@ 0 g0
v 1 | A ()
{llna] < 4} 0 1 0 1 {nlln] < Inl} 0 1

X |tl|XXKm((tl +5) + \/E(tl - tz))wﬁ,l(tl)}

x d*(1)) og, (o, () — d* ().

Izl2

Here t;" = (fw)* = 7’ in the integral above. Since 4 is small we have that
W}r”l( %) = asum of terms of the form y(#}) with y, a character on K*. Thus
the inner integral equals

Lo 700 @I 2k, (@1 12) ety = 1) d* (1),

However, we note that

XK”,((ZI + 1)t \/E(tl — 1)) = XK‘,.,(IZ)XK(,) 1+ \/E) + (I F \/—8_) ?)
2

5

—_ 1
= XI\",,(IZ)XK(”(I + \/E)XK',, <1 + l_ I
2

)

We note that 1 F /e is a unit in O%,,- Then if |1, /6| < T (for T small) it
follows that

1 F e
XKm<1 +_21 $\/—> = 1.

Hence the integral above equals the finite sum of terms

|t2P)Ck(,_,(tz)V:f(Uﬂ,l (%) { Z T _l(n )

_ L L F A
J{».e@x} vion) (Wix, (1 TR \/E) d (tl)}

+ g ® Loy, ( R+ll2)XKm([2)é (y'wn' > 5).
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Then when we substitute the above expression in the integral

5 0 #y 0
lelllzléA} W;{!Z 0 1 W 0 1 { . } wﬁzl (tZ) wlil (t;)l '2 dx(tz)

we find a linear combination of terms of the form

J (( ; 0)) (( " O))
W, wy
(o] < 4} 0 1 0 1

x yiog'og () 1k, o )Ll d(b).

Noting that y,, is trivial in 70, and that oy op,0n, = 1 we see easily
that the above integral has the form of a polynomial in ¢~* times

Ly, s — 2)

(where y, and y, are characters appearing in the decomposition of W}, and
W} restricted to (§ 9)).
On the other hand an integral of the form

j{(tl,lz)lltnl<A|,IlzI=A|} e

with 4, small can be analyzed in a similar but easier fashion.

We note that in the remaining cases a similar proof for rationality of
(3-1) can be given.

Thus we have the following consequence of the above calculations.

THEOREM. Let v < o0. Then in the zeta integrals (3-1) Z,(f,, F) is rational
in q~* and admits a common denominator.

Remark. If T1; = indj (& 5) ~~ v/ (@)y2(B)lo/BI'?) we assume that a
Whittaker function Wg has an asymptotic expansion of the form
¢ 11"y + ¢,||"?77 near the origin. Then under the assumption that w; = 1
we can deduce from the proof above that Z (f,, F) can be expressed as a
rational function with a denominator which divides

Z ()0 3 GO, s + 1),

The key point here is to note that H,(IL,, s) = (,((»}), s + 1),
((¥?)?, s + 1){,(s + 1). We observe that the Rankin triple product for
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I1, ® I1, ® II,is contained in the second term above. That is, if all the data
is unramified (i.e. 7} is unramified), then { ((]'y2y3), s + 1) = [(1 —
MYV g~ N+ 9Ey (g I

The next case we consider is when v = + o0 and K, = R.

In such a case the basic zeta integral equals a finite sum of the terms of

the form

(5 Dl )70

x (%) o o (Nor! (JF F )

X

1 ’ 1
——— | P(x,y) —5 d"(x) d*(»).
JxX + |xy|

We expect by using the asymptotics of the W} that the above integral is
a meromorphic function in s. Moreover, we expect that the poles occur in
arithmetic progressions: that is, there exist values 4,, ... A, so that sis a
pole of the above integral if and only s = A, + k with k an integer >0.

§4. Intertwining operators

The basic object of study is the analytic properties of the Eisentein series
E(®,, ) on GSp;(A) constructed in §2. Indeed we analyze the constant term
of E(®,,,,) relative to the unipotent radical of the Borel subgroup of GSp;.

First we consider the more general case of GSp,(A). In such a case we
consider the induced representation

L, = indgn|[ AL 2
! 0| AA4!

~ |det AFTOTD2g?(det A)w =" (A)|A|~@PE+E+DR) }

Then we let f, € I, be an entire section. Then we form the associated

,s ,s

Eisenstein series

E(f,;, 8) = Y fos(v8).

v€(P)k\(GSpn)k

We recall (6) in the Notation Section for the hypotheses placed on f,, ;.



Rankin triple L functions 87

The constant term of E along the unipotent radical of the Borel subgroup
of GSp, is constructed in [P-R-(II)]. We have the formula

Ey,(foss 8 = 2 M,(f.)®)

weQ

where M, is a certain intertwining operator defined in I, (see [P-R-(I1I)] and
below).

We analyze the analytic properties of each M, separately. Basically we
know that M, can be factorized into a product of local intertwining operators

MW =’ ®1} (MW)‘U

where M), is given by the corresponding local integral.

Following the methods given in [P-R-(1I)] we recall the construction of
such M,,.

We let Uy, be the unipotent radical of a Borel subgroup B, of GSp,. Then
we have a Bruhat decomposition in the form

GSp, = WE‘J/H PwU,

where W, runs thru a certain set of representatives of Weyl group elements
in H. Then we have that

M,(fo)®) = [, fo, [wug] du

where U, is a subgroup which satisfies

1 0
{wuw ue U;} = 0 | X S € Sym;(A) and X has the form
1nl
[0 0 0 0]
0 0 0 *
0

= arbitrary

I
(=)
*lO
*
*

L
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We note that M, is an intertwining operator from [, to the space
Indz" (W™ Lus) ® O3}

where y,, is the character on the Borel group B given by

0 0 *

-

Aup! 1

O 0 - O *
Auy! 1

- - =

~> |:' n Iuils(n—l)/2+iw2(ui):| w—n(i)ll|~(ns)/2+n(n+1)/4
i=1

At this point we restrict to the case where w = 1. In such an instance
L, =1, f, = f, etc. Let ® be a factorizable function of the form ®,g
Dy ® (®,cs /) Where @y _is the unique GSp, (O,) fixed vector in [,(s) (so
that ®, (e) = 1) and f,, is an arbitrary “entire” element in I,(s).

We let

{=n

dy,(s) = < [T ¢@s+n+1 —/))c,,<s+"_3;—l>

(=2
¢=0mod 2
Then there exists a factor ¢, (s) (a ratio of factors of the form
(G ks + a;) .. )/, (ms + ;) .. .)so that M (D ) = ¢, (5)P, . Again
we note that ¢, (s) coincides with the calculation for the Sp, case in [L].
Then we have that

dy, (M, (f,) = [d5,()cu(s)] [l—l va(fw)]

veS

1
= [dy,(5)c, (5)] [ I1 2 e ® Mw,,(.f;),s)il .

veS

We know from [P-R-(II)] that d(s)c, (s) has a finite number of poles.
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Our goal is to show that the term

1

7y, (96, 0)

Jos M, (f.s)

is entire. This will then show that the set of poles of M, = ® (M,),isof a
global nature. Explicitly this means that the poles of M, are determined by
the poles of d,(s)c, (s)!

Thus starting with an arbitrary function f; in I, we must determine the
poles of M, (f,) (a local problem). We observe that such a calculation can
be facilitated by use of the following Lemma.

LEMMA 4.1. Let S = {¢ € I| support (¢) = Pw,P} (recall Pw,P = open
cell in P\GSp,). Then the analytic properties of the family

{M,()w,]p € S}

coincide with the analytic properties of the family

{M,, (f,)|f, varies as analytic “sections” in 1}

Proof. We consider the Laurent expansion of M, (f,) ats = s,, i.e.

M, (f) = Z /k(f:vo)(s - So)k-

k=>4

We know that there is a smallest integer 4 so that the map f; ~> Z,(f;)
defines a nonzero intertwining operator from I, to indg;"”(w“xso) (see
above).

We must show that there exists a function ¢ € S so that Z, (¢)[w,] # 0.

Thus we assume that Z,(¢)[w,] = 0 for all ¢ € S.

In particular this implies that the function Z,(¢) vanishes on the open cell
in B,\GSp,. Indeed the open cell is given by B w, B, which is included in
the set B w, P,. Thus since the open cell Byw, B, is dense in By\GSp, this
implies that Z,(¢) = 0 in the space indg>" (w™'x,)!

Hence we have that Kernel(Z,) = S.

But this implies that Kernel(Z,) = I . Otherwise we can find a proper
GSp, invariant subspace X in I,, which contains S (if K is Archimedean, then
we assume X is a closed subspace). By using the duality between I, and I_;
we see that this implies there exists a nonzero space X* in I__ so that if
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& e X, then

I X
0= Jymu & ™|, ||0@) X

for all ¢, € C*(Sym,(K,)).
But this says that £ = 0. Q.E.D.

Thus the basic problem will be to analyze the analytic properties of the
functional ¢ ~~ M, (p)[w,] for ¢ belonging to the space S. To analyze the
calculation of M, (¢)[w,] we first observe that by the support properties it
simply suffices to compute (wnw~')(ww,) in terms of the Bruhat decom-
position of the open cell Pw,P (here ne U, ). But we know that
{wnw~'ln € N, } has the form

=17]

Thus we arrive at the following integrals to analyze for the different
w € Q. We compute M, (¢)[w,] for ¢ having the explicit form

(=) SR

— |det A|s+(n+l)/2M|—(ns)/2M‘—(ns)/2f(n(n+l))/2¢(W)

Z, a subspace of Sym, (Kv)}.

with ¢ € C*(Sym,(K,)).
We first choose special w. Namely we let w = w; be the element in W,
having the form

I_, 0 0 0
0 0 -

0 I, 0

0 I 0 0

J

In such an instance Z, = {[; {lls € Sym;(K)}. Thus we have that for
Q€ s,

0 0

M, (o)w,] = szm,uo(b[o s

:| |det (s)|s+(n+l)/2—(j+l) dS

where @ is defined above.
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Then we consider the functions

‘=]

b, (s) =< I C,,(2s+n+1—/)>£v<s+n;1>

(=2
¢ =0mod2

and

e n+ 1 .
a,(s) = [T Ges+n=2+D0(s +—— —J).
£= {0+ 5.5 = {3 S

In particular we note that c, (s) = (a,(5))/(b,,(s)). Moreover we deduce
from the Appendix to §4 that the function

S ~>

1
i M)

]

is entire. Indeed we need only note the relationship

0 - 4o+ (7))

(here we use the notation a' to refer to which Sp, is being used).
Now we consider a general element w in W, . Using the element w;
above, it is possible to express M, as

M, (£u)®) = |, foslwuw™" wg] du

00 I 0
0 S X 1

ol ] o

I

= [fos

Here S and X run over the sets described above.
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But in simple terms M, has the form

7 —x wiwg | dX 4-1)

0 I

I 0
‘X I
J

M,
where M, is the intertwining operator associated to the element w; in Wj,.
First we note that M, maps the space I, to

A *
. GS 0 B * _ ; -
deL"" CGL XU’ Mldet Als+(n+l)/2|det BI s+j+1—((n+1)/2) i
e ‘A71 0
O * IB—I
Here A € GL, ;,, Be GL; and U’ = the appropriate unipotent radical of a

parabolic P’ of GSp, with GL, _, x GL, as Levi factor.
The next point is that the integration in the X variable also represents an inter-
twining operator on Sp,. This requires some care to explain in a precise manner.
Before we consider such a point we make certain preliminary remarks con-
cerning the operator M,,. We recall that our goal is to prove that

1
S e U

is an entire function in 5. We consider certain special w and apply an induction
assumption to prove the validity of the above statement.

Indeed let w satisfy the assumption that X has the form where the first row
consists entirely of zeroes. Then in such an instance the functional
@ ~~> M, (o)w,] (@ € S) can be viewed as a functional on the group Sp,_,. By
restricting ¢ € S to Sp,_, (embedded in Sp, via the map

o 0 | -1 0
a7 |04 | B
[CD]WIO o o |

e lD!
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we obtain an element of the corresponding S space for the group Sp,_,
(relative to the corresponding induced representation of Sp,_,).
Moreover we note that the elements {u~ ww,|u” € U, } are of the type

[0 0 1] 0o ]
o | A4’ o | B
1] 0 0| 0

o (7 o |

where [’CL,%] has the form {u=ww,_,lu” € U; n Sp,_,} (here we can view
w as an element of Sp,_, since it has the form

X OY)
_OZ oW_

Thus we can conclude that for w satisfying the above assumption, the
functional ¢ ~~ M, (p)[w,] coincides with the functional ¢’ —» M, (¢")
[w,_;]on Sp,_, (here ¢" belongs to the corresponding S space for the group
SPa-1)-

Thus we are in a position to apply an induction assumption. Indeed we
note that &/~ '(s + 1) = ¢ (s) and that

4 b i () {l if n odd
s+ 3) = N .
e : h {,2s + 1) ifneven

Thus in any case we deduce by induction that s — (1/dy (s)c,(s)) M, (f,) is
entire in s. In fact if n is even then the above function has a zero where
1/({,(2s + 1)) has a zero!

Now we analyze in (4-1) the integration in the X variable. Indeed we first
consider how to construct an arbitrary element in the space

A
104G 1 <[0 B] ~ [det A0 det Brs+<f+‘>-<"+‘>/2>).
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For this we let ¢ € S [M,_,;,(K)] and consider the zeta integral (G € GL,)

Z(¢. G, s) = |det G0 D002 [ o([X]0FG " )ldet X[ 0 (X).

Then an easy calculation shows that Z(¢p, G, s) defines an element in the
above induced representation of GL,. In order to assume that Z(eo, s)
determines an “‘entire” section we must have that

support(p) = {Zlrank (Z) = n — j}.

Thus by such a construction Z(¢, s) is an arbitrary “entire” section in

or - * 1)/2
Indg;) | xgr, o . — |det A+ det B|-s*+I-la+ D2l

REMARK 4.1. We can construct in another fashion an arbitrary “entire”
section in Ind¢;” . (.. .) by taking

Z(@, G, s) = |det GF***V5 [ (01X ]G)ldet X+ d*(X).

with support (@) = {Z| rank (Z) = j}.
Then we must compute the integral

fZ(<p, [Lf—o]s) dx = j{jﬂ @(Y]Y * X)|det Y|2s+<"—f>dy} dx.
x| 1

4-2)

The main problem that we must consider is to determine the poles of the
above integral.

For this calculation we decompose GL, ; as the maximal compact of
GL,_, times the lower triangular matrices. In such an instance (4-2) equals
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a sum of integrals of the form

ap, ay
. 0 0
J '[ ¢ a;; a;i
bij bij
_ 0 -
X l—[ la, [+ d*(a;;) dbij dx. (4-3)
L * 4

Since the set {Ze M, ,,(k)rank (Z) = n — j} is stable under the
GL, , x GL,action (given by T8, gr ' Tg,), then we may assume that
the ¢ above satisfy support(p) < {Z| rank (Z) = n — j}. On the other

hand when we write

(where A, are the rows of X'), then

a A
a” 0 114%1

b4, + ... +a;A4

{1k

it an —Jn—j
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In particular when we make the appropriate change of variables in dX =
d4,d4, . . .d4,_, we deduce that (4-3) equals

a A,
. ' A n i—n,
[¢]o - O 1% ] la,+ " d*(a,) db, p T d4,.
. . i=1
by R P

(4-4)

Here n, represents the number of nonzero entries in the ith row, A4;, of X
given above (recalln, < n, < -+ - < n,_;).
Thus we deduce easily that (4-2) has the form

i=n—j

[T &L@s+i—n)
=1

times an entire function in s (if v < oo, then we get a polynomial in ¢~*).

Now we note that if n, = 0 and v < oo, we can omit the term
(,2s + 1 — n)) (@ = 1, n;, = 0)above because of the support properties of
the function ¢. If v = + oo prime, then we must replace {,(2s + 1 — n,)
by {,(2s + 2 — ny).

Now we are at the point of determining the analyticity properties of a
general intertwining operator M,. Moreover we can assume that X (given
above) has the form where n;, > 0 (otherwise we use the inductive step given
above). We use the decomposition of M|, given above to get a first estimate
on the possible poles of M, . Indeed we see that

i=n—j

[T &@s +i-n)")a, ) 'M,

i=1

is entire in s. Finally when we normalize M, by dj, (s)c,(s) we note that

QU

1 (5) =il 2s + i — )
TR | Sy rar

dy (5)c,(s5) =
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Thus we have that (for f; € 1)

1

T e M)

equals

bu’] (s) l= " _j .
%m[gam+o]

times an entire function in s.
But the above product equals

[T ¢.@2s + i)

i€ Xy,
where X, | is the set
{aell,n — jlla = nmod 2} if jeven
and
{ae[l,(n —j) — 1]|la = nmod 2} if jodd
(note that X,,_, = J when n is even and X,, = (J in general).

REMARK 4.2. We let v be a finite prime. Then we observe that at those values
of s where 25 € X, ; (when X, , # (¥) the representation /; is irreducible (see
[Gu]). However we note that for any w

1

Mw((pl(,s ) = d—(s) D) * ¢
H,

1

dy,(5)c, (5)
(& € #(Sp,), Hecke algebra of Sp,). Thus for those values of s where 25 €
X, ,» the normalized intertwining map @, * & ~> [1/dy (s)c, ()] M, (@, * )
is entire in the s variable. However if f; ~~ [1/d} (s)c, (s)] M, (f;) admits a
pole (for s satisfying 2s € X,;), then we get a contradiction to the irreduc-
ibility of I, (i.e. on the subspace {¢,, * £|¢ € H#(G)} the normalized interwin-
ing operator given above is entire).
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Thus the basic problem is to show that for those s such that 25 € X, ; the
map s ~> [1/dy (s)c, (5)IM,, (f;) is entire. (We note if K, = R or C we must
show that the statement is true for all 2s € X, ; + Z_ with Z_ the non-
positive integers.)

At this point we consider specific values of #n. Namely we consider the
cases n = 1, 2 and 3.

The cases n = 1 and 2 follow from what has already been proved. We
thus consider the case » = 3. Using the above data we see that the relevant
w fall into three cases. Namely (i)j = 2,n, = 2, (ii))j = 2,n, = 1, and (iii)
j=1,n=1n =1

We observe first that case (iii) can be treated directly by using Z instead
of Z in Remark 4.1 above and then following similar ideas as above.

Then we consider (i) and (ii) above. Indeed we know that M, has a pole
ats = —1 + ¢ (ny/—1)/log (¢)]ifv < oo andats = —% — k/2 (with k
a nonnegative integer) if v = + o0. Now if ¥ < oo then the pole is simple
and in fact we have (see Appendix) with ¢, = 0 or 1

R IR |
residue M, (p)| w, = cop|w,
1 n\/—_l 0 I 0 7

2 T % log (q)

where ¢ € S and ¢, a nonzero constant independent of ¢. On the other hand
we note that the Sp, module

~ Ials”ldet BI—(s—l)

Sp3
IndGL| xGLy x U’

contains the space I, where

. i/ — 1

T T (g
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Indeed this is true since the GL, module

a *

Indgz oz o | | 0 B — laf**|det B~V
0

contains the one dimensional space {|det G|***|G € GL,} when
T/ —
“log (9) (q)

But from above, res,-;M,, carries the space S isomorphically to S. And
since Iy is the Sp, span of S (this follows from Lemma 4.1), then res,;—g M, ,
carries Iy Sp,-equivariantly into Iz! Thus a given A belonging to Image
res;—s M, (. . .) has the property that 4 restricted to GL; has the form

|det xl—3/2+£q(ﬂ\/—_l)/[|08(q)l x € GL,.

Then we consider the unique GL,(¢,) invariant vector in

s = s = —}+e¢

a ® ok

IndSp o, w0 | | © B — |a***|det B|~¢~V

0
given by @, normalized so that @ ,(¢) = 1. For such a vector we have that
1 00
. L(@2s — 1) .
J(Ps 4 I hdedn, = tos+ D ¢, (Wh)

where ¢ is the corresponding GL,(¢),) invariant in M,_, (IndGLl 6Ly xv (e - )
and W is the Weyl group element in GL, which maps the positive roots into
negative roots (M, _, is the corresponding intertwining operator associated
to the integral given above).

On the other hand we also have that

1 00
. LQ2s) . .
j ol e hldy = —="2 5. (Wh)
(25 + 1)
0 12

where @, and W’ are similar objects as in the previous case.
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The upshot of the above calculations is that the two intertwining oper-
ators M, and M, map ¢, to zero when s = s¥(moreover these operators are
holomorphic at such a point also).

Finally we note that

$y = |det| ™",

Thus we deduce that for cases (1) j = 2,n, = 2and (ii))j = 2,n, = 1, the
operator M, (f,) is entire at s = s5 (M, is the composition of M,,, and either
M; or M; ). From this we see that (for v < o0)

1

-

"7 Goew
is analytic at s = s§ (for cases (i) and (ii) above).

The reason for this is as follows. For f, e I, = indgf"-‘(. ..) which is K
finite, we note that (1/(s — s))M,,(f;) = Z a, (s)h, where h;is a finite family
of linearly independent K finite functions belonging to Indg”gl woyxv (- - 2)
(h, are independent of s), and the a,, are analytic functions in s. Moreover
we note that for s = s, the a, will be nonzero according to whether 4,
belongs to Iz (when embedded in Indé"[l «6L,xv- (- - -)). But then we note by
the comments above, the intertwining operators M, and M, when evaluated
ats = s¥annihilate @; (recall that both operators are analytic at that value
of s5). This implies that M; and M, annihilate 4, when 4, € I;. On the other
hand a,( ) vanishes at s = s§ if h; ¢ Iy. Thus the composite operators
M- M, and M; oM, are analytic at s = sg!

We now assume that » is an Archimedean prime. Indeed we note that
from the Appendix to §4

1 Z I Z
residue, _ 1, _4p M,, (@) | wy = c (@) %o | wy
i 0 1 0 I

where O represents the differential operator on the space Sym,(R) =
{(x,)lx = 'x} given by det [0°/(0x,;) — 0/(0x2,)0/(0x33)]. In any case this
shows that there exists an element W, of the enveloping algebra U(Sym,)
(here we identify Sym, as the Lie algebra of the group {(;42)|W = W} so
that

1 Z 1 Z
residue,_ _,, ;o M,,(¢) [Wn l: ]] = W, x o) |:WN[ ]:I
: 0 I 0 I
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We note here W, is acting on the left side of the function (that is, a degree
one element ¢ in U(Sym,;) acts via

XA = 3 filexp (—10)go0)

From the above calculation we deduce that for all g € Sp,

residue,__,, ;o M,,(0)(g) = (W, % ¢)g)

(for ¢ € S).

We note here that we can show that residue,_ _,,_,,(. . .) vanishes away
from the open Bruhat cell Pw, P.

Then by restricting W f_,,_,, to GL; we have

Wer foipoip () = (Ad(X) = W) 3 (f_1p—in(e))ldet x2~42.

But as x varies in GL, we know that 4d(x) - W, lies in U(Sym;) and in fact
generates a finite dimensional representation of GL,.
The upshot of the above statements is that

{residue,_ _,, »M,,(f)(8)g € GL,}
generates a finite dimensional subspace (GL, stable) of

a * *

GL 3/2—k/2 3/24k/2
Ind; cgryxo- | | © B — |a?~*?|det BI¥*+Y
0

Hence it follows that residue,__,,_;,M,,(f;) generates an Sp, submodule
equivalent to indg"jz@U(V x 1) where V is the unique, finite-dimensional
GL, submodule (given above) of indgﬁxmzxu»(. L)

The last point that we must verify is that the operators M, and M,
(defined above) annihilate the finite dimensional spaces given above. In fact
we show that the GL, modules

*
IndGLa B N |det B|(5+k)/2|a|—[(l+k)/2]

GLy xGLy x U” *

0 0 a
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and

a, * *
IndGLJ 0 a, % | > Ia 5/2+k/2|a |l/2—k/2|03|3/2+k/2
Bj 1 2

0 0 gq

do not contain any finite dimensional GL, submodules. These latter GL,
module representations are the ones which contain the image of M, (. . .)
and M, (. . .) respectively. Indeed we restrict each of the above GL, spaces
to

1 0 0 0
0 Ig geGL,» and gi 0 ||geGL,

0 0 0 1

We note that any GL, stable finite dimensional subspace of these GL,
modules must restrict to either one of the above subgroups in a nonzero
fashion. We then obtain the GL, induced modules

o 3
InngLz <|:0 ﬁ:l_’lal(5+k)/2w|[(l+k)/2]>

and

[0 A
Indgzl‘2 ([O ﬁ} — |a|(5+/c)/2 lﬁl(lvk)/z) )

Then it is an easy exercise to see that such GL, modules cannot contain any
finite dimensional GL, subrepresentations.
Then we deduce that (for v = + o)

1

* Y 4 9)e)

M, (f)

is analytic at those values of s = —1/2 — k/2 (k a nonnegative integer).
Thus we use the same type of argument as in the p adic case to conclude the
proof in the Archimedean case.

Thus we have established the following theorem.
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THEOREM 4.2. The function

1

S oa®

(fo)

is entire in s in the following cases:
(@) if v < oo and arbitrary n.
(®) ifv=o00andn = 1,2 and 3 (here K, = R).

The arguments above thus imply that the poles of the global intertwining
operator f; — [1/dy (s)c, (s)]M, (f;) are of a global nature if n < 3. We
expect that this also is the case if n > 3. Indeed from Remark 4.3, it suffices
basically to prove the validity of Theorem 4.2 in the Archimedean cases
when n > 3. The essential problem is apparently of a technical nature.
Namely we must determine the exact nature of the operator M, at the points
s = —m/2, m a positive integer.

We now consider the case n = 3. By simple calculation (using [P-R-(1I)]
we deduce that dy, (s)c,(s) has possible poles in the set of s belonging to
{—2, -1, -1,0,1,1,2}.

Thus the possible poles of the function

s~ d5,()Ey, (f.r )

occur at the values of s given above.

We note that some of the above values of s can be ruled out (as poles) for
other reasons.

For instance let s = 0. Then we know that the map s ~~ Ey_(f;,)
is holomorphic for all s such that Re (s) = 0. Moreover we know
that dj,(s) = (s(s + 2){s(2s + 2) is nonvanishing at s = 0! Thus
dg,(s)Ey,(f,, ) is entire at s = 0.

On the other hand we consider the point s = — 2. In such an instance the
only term dy, (s)M,(f,) which has a possible pole at s = —2 is when

w = identity. Then we note that dj;, (s)f, = (s(s + 2){s(2s + 2)f; has no
pole at s = —2.
Thus we can summarize our results so far in the following statement.

THEOREM 4.3. The possible poles of the Eisenstein series dy, ()E(f,, ) occur at
those values of s = +1, +1ands = 2.

REMARK 4.4. We know that E(f,, ) admits a nonzero pole at s = 2. Indeed
if we choose f; = ®,Py,, (with @, the unique spherical vector in (Z,),), then
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from [J]

res,,[dy, (DE(S,)] = ¢+ 1

On the other hand it also follows from [Ca] that if we take a function of the
form

fo= (8 ) ® (8, ()

where (f,), lies in a GSp, proper submodule of (Z,), (for all v € §), then

res, ,[d5, (E(f;. )] = 0.

Appendix I

We let K be a local field.

We consider the space Sym,(K) of n x n symmetric matrices and the
action of G7,(K) on this space via Z — gZ'g with Z € Sym, and g € G/,.
Moreover we know that such an action has a finite number of orbits. Let
2., ..., 2 be representatives of the open GL, orbits.

Let S(Sym, (K)) be the Schwartz space.

We define a zeta integral associated to the orbit . Namely let

— s—(n+1)/2
Zy(p,5) = J{XeSym,,(K)lxe?,} o(X)|det X| dXx.

This is defined for s such that Re (s) is large.
Moreover let

Z(p, s) = szmn o(X)|det X[~ +D2 dX.

Then the following facts can be easily established.

(1) The distribution ¢ — Z, (¢, s) satisfies the homogeneity property:
Zﬂ,(g;lfp, s) = |det gl-st@,((P, s).

(A similar formula holds for Z(g, s).
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(2) The function s — Z, (¢, s) has a meromorphic continuation to C and
there exists a functional equation of the form

v n+ 1
Z((P, S) = Z C?,(‘P) S)ZQ‘, (QD, —'_2_ - >
2,

where ¢ is the Fourier transform of ¢ taken relative to the character
T ~~» Y¥(tr (T)) (with ¥ some additive character on K). Moreover
c5 (¥, 5) is a rational function in g, * if v < oo (a ratio of factors of the
form (s + B;) .. )/ (y;s + 8,)...)if v = o0).

(3) If we take the Laurent expansion of Z(¢, s) at s = s,, we get

Z(p,5) = Y G(o)s — ).

k> A

Here ¢ — £,(¢) defines a distribution on S(Sym). Moreover if 4 is the
smallest integer so that /,(¢) # 0 and A < 0, then the distribution
@ — £,(¢p) is supported on the set {X € Sym,|det (X) = 0}. Locally
such a distribution has the following form. Let y, be the distribution on
the orbit {gAd;glg € G/,} (where A, has rank = k < n) which trans-
forms according to the character g — |det g|~*. This distribution is
unique up to scalar multiple. Then Z,(¢) = P[0/(0&)] ® u,(¢) where P
is some polynomial in the variables 0/(0¢) (with 9/(0&) the transvérsal
coordinates at a point X, on the orbit given above).

The problem is to determine the exact nature of the poles of Z(¢, s). We
will determine the poles by using an inductive technique and the points
mentioned above.

We recall that if w = w, (the big Weyl group element), then (see §4)

ay,(s)
Mo, (0r) = 2% Pk
Hy,
where
{=n
aH,.(s) = l—[ Cv(2s +n—2+ 2)
(’={[n/2]+€,,,e,,={;:;::;n}

Jel- ()

and dy (s) is given in §4 (here a; = a, ).
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Then we prove the following Theorem giving the exact analytic behaviour
of Z(op, s).

THEOREM. The function

S —

1
Z(op, s
" (0, 5)
is an entire function. Moreover for any given s = s, we can find a @, so that
[1/a,, (5)]Z(¢,, 5) is nonzero at s = s,!

Proofr. The proof is by induction on #. The case n = 1 is just Tate’s thesis.
That is, s — [1/{,(s)]Z(¢, s) is entire (for n = 1) and nonvanishing for
suitable choice of ¢.

Then we assume that the Theorem is true for /£ < n.

We look at the subspace in C*(Sym,,) given by

X Y
S, = {(pl support (¢) = {[' :Ie Sym,|X, Y arbitrary and W e GL,}}.
Y w

Then we consider the family of zeta integrals Z(¢p, s) as ¢ varies in
S,({[* %11X, Y arbitrary and W e GL,} is an open set in Sym,).

We note that the pole behaviour of (a,, (5)) ™' Z(¢p, s) ats = s, (as ¢ varies
in §,) is “less than” the pole behaviour of (a, (s)) ' Z(¢, 5s) at s = s, (as ¢
varies in CF(Sym,)). That is, from (3) above, the smallest k, so that
4, (@) # 0 (¢ € §)) satisfies k, > A.

The main problem is to determine when is it possible that k, > A. In such
an instance this means that the distribution ¢ — ¢,(¢) vanishes in S,. In
other words

u v
supp (¢ = Z4(9)) < {[,V W] [rank (W) < t}-

We aiso note that by (3) above
supp (¢ — Z,(9)) < {X|det X = 0}.

The set {X|det X = 0} is the union of a finite number of GL, orbits of the
form

effoee

where A4 is some £/ x ¢ symmetric matrix with £ < n.
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We also know that since the distribution ¢ — Z,(¢) is GL, homogeneous
we have that supp (¢ — Z,(¢)) is the union of a finite number of GL, orbits
of the above type.

We observe that the only possible GL, orbits of the above type that are
contained in {[{, },]lrank (W) < ¢) have the form

{(fned]

with B a nondegenerate symmetric matrix of rank <.

We apply the inductive situation to the case when t = n — 1. Then the
only possible GL, orbit in {[% |{]|U € Sym,_,(K), V arbitrary} is {0} itself.

Thus ¢ — ¢,(¢) is a homogeneous distribution supported at {0}.

If v is a finite prime, we deduce that Z,(p) = ¢(0); hence the distri-
bution ¢ — Z(¢p, s) has a possible pole at the values of s where 2s =

0 mod (2n,/—1)/[log (¢,)] (i.e. when s =0 or s = (n/—1/[log (¢,)]

mod (27/— 1/[log (g,)].
If v = + oo, then £,(¢) = [det (9/(0x;))]"(¢)(0) where m is some non-

negative integer. We observe that Z,(¢) transforms according to Z,(g~! ¢) =
(det g)*"¢,(p). In particular the distribution ¢ — (a,, (5))"'Z(¢, 5) has a
possible pole at those values of s where 2s = —2m (for all m > 0).

Thus we have located the values of s where the order of pole of Z(¢, s)
on the set S,_, is “less than” on the set C°(Sym,).

To analyze these values of s we use the functional equation given in (2)
above. In particular we observe that if Z(¢, s) has a pole at s = s, (of the
above type), then Z,, (@, (n + 1)/2 — 5) has no such pole at s = s, (recall
here Re (n+1)/2 — s,) = (n + 1)/2; this implies that for some ¥ and Z,,
c5 (¥, 5) has a pole at such s,.

Let X5 () = <disc (#)|> with (1), the Hilbert symbol of K and
disc (5 ) = discriminant of Z,.

However we can now use the explicit form of ¢, (¥, 5). Namely by direct
calculation we have that

ay(s) (M) if n even
ca(P,5) = ¢&,(¥,5) (d (—s)) ((Xp, 3+ 9)
: 1 if n odd

where &, (¥, s5) is an entire function in s without poles or zeroes.
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Thus in any case we deduce that s — [1/ay(s)]c, (‘P, s) has no pole at the
values of s = s, with s, = —m, m a nonnegative integer! This implies that
the function s — (a, (s))"'Z(¢, 5) cannot have poles at the values of
s = —m, m a nonnegative integer!

To finish the proof we must analyze the set {Z(¢, s)|¢ € S,_, } (this is the
inductive step).

Again we work with {Z(¢, )¢ € S,} for general ¢.

We observe that the set

u v )
|U, V arbitrary and W e GL,
4

is isomorphic to the product
M,_,(K) x Sym,_, x {4 € Sym,|det (4) # 0}

via the map

P 8 A B s [P b
v eme w0

'UB B

(here Ue M,_,(K), A€ Sym,_,, Be Sym, n GL,).
Then for ¢ € S, we can find functions ¢, € S[M,_,,(K)], ¢, € S[Sym,_,]
and ¢, € S(Sym, n GL,) so that ¢ = ¢, ® ¢, ® ¢,. Hence we have that

206.9 = ([, , 0 au) - ([, os@idet ap-ie-7 as)

. (fsym @,(B)|det Bs~+ DA+ dB),

Then we note the zeta integral with ¢, is entire since supp(¢;) = GL,. On
the other hand the zeta integral with ¢, is precisely a zeta integral of the type
we are analyzing (on the space Sym,_,). Then by induction we can assume
that fort = l and p € S,_,

1
S G = 1) 2@

is an entire function in s.
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Finally we note that

ay (s — 1/2) if nisodd
a S) =
() {,28)ay,_ (s — 1/2) if niseven

Thus we have established that for all ¢ € S

S —

1
an ) 209

is an entire function in s!
It is straightforward to verify that such a function is nonvanishing (for a
particular choice of ¢).

§5. Properties of Rankin triple L functions

At this point we collect together the results of §2, §3 and §4.

We let y be a nontrivial additive character on Ay /K.

Let K be a totally real field, i.e., K, = R for all Archimedean primes in X.

We let IT be an automorphic cuspidal representation of GL,(IK) (defined
in §2). We assume that if (i) K = cubic extension of K then wy = 1, (ii)
K = K, @ K (K, quadratic extension of K) then w; = wp, * oy, = 1,and
(i) K = K® K ® Kthen oy = wp, * o, " oy, = 1.

We consider the decomposition IT = ®, I1,, when I1 is a representation
of GL,(Ag). We let S; = {v € K|v archimedean and II, not an unramified
principal series representation of GL,(K,)}. If I1 is a similar such represen-
tation of either GL,(A,) or GL,(A), then we can define the corresponding
Sy set (recall here that the GL,(Ay,) or GL,(A) are defined by restriction
of scalars.)

Then we define the restricted Rankin triple Lg function of I1 as given in
(0-1) and (0-2). Indeed we let the S be as follows: (i) I = cubic extension
then § = S; U S}, (i) K = K, @ K then § = S, U Sy, U S and (iii)
K=K®K® K then S = Sy, U S, U Sy,. Here S, = {v e K] either
residual char(K,) # 3 or y,(trg  ( )) is not of order zero when w|v}.

THEOREM 5.1. Let I1 satisfy the hypotheses given above (Theorem 2.1.). The L
Sunction Ly(I1, 6’, s) admits a meromorphic continuation to all of C with a finite
number of poles. Moreover the possible poles are located at s = 0, %, 3 or 1.

Proof. The idea is to use here Theorem 2.1, Theorem 3.1, and Proposition
3.3. Indeed we let w = o’ = 1 and choose @,,, = f, = ®, f,, in such a
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way that Z((f,),, F) = 1 (see Proposition 3.3) for all v € S;,. Moreover,
using Proposition 3.3 (and Remark 2 at the end of Appendix 1 of §3), we can
choose f,, and F both K finite relative to GSp; and GL,(K)°, respectively so
that Z(f,,, F) is nonvanishing at s = 5, (with a possible pole). This
implies that (2-2) equals a function ¢ (s) (nonvanishing at s = s,) times

, 1+ s
LS<H,O', > )

(s + 2)s(2s +2)

But then we note that dj (s) = {s(s + 2){s(2s + 2) and we apply the
results of §4 to deduce that A — Lg(Il, ¢’, A) has a meromorphic continu-
ation to C with a finite number of poles. However, from Theorem 4.2,
s ~> dj (S)E(f;, ) has its possible poles at s = +%, +1 and 2. But we
note from Remark 4.4 that res,_, dj (s)E(f;, ) is a multiple of the iden-
tity representation of GSp, (and hence of GL;(K)°); this implies
res;_;, Lg(IT, 0’,A) = 0. Q.E.D.

It is possible now to extend the definition of the Lg function above to
include the ramified primes (v € S, ).

For this we need to modify some of the above results.

The first step is to choose a correct family of sections f; as input data in
the family of zeta integrals (3-1). Our original choice of f; just requires
“holomorphic” data. For this we recall the space I, given in §4 for general
n. We assume v < oo. Then we consider a certain faimly of ‘“mero-
morphic” sections. That is, we say f; is a “‘good’ section if it belongs to one
of the following three families:

(@) dy, (){Px.* &I € H(Sp,(K,)) ® Clg,, ¢.°1}
(b) filsp,@,) 1s independent of s.
(©) f, = M} (g_,) where g_ belongs to (b).

Here M is the normalized intertwining operator

 _ dy,(—s)
" aH,,(S) "

Moreover H(Sp,(K,)) is the usual Hecke algebra on Sp,. We observe that
dy,(—3) dy,(5) ]'

ay,(s) ay,(—9)

Cw,,(s)cw,,(_ S) = I:

Thus M} satisfies M} o M* = I, the identity operator.
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With this data it is easy to verify that if f; is “good”, then M} (f_,) is also
a “good” section. Moreover any “good” section g, = M¥(f_,) when f is
a “good” section.

Then we consider the family of zeta integrals {Z(f,, F)|f, “good” and
F € IT} (see §3). We let I, be the fractional ideal of the ring C|g;, g, °] (in the
field C<{q5, q,°>) generated by the above family.

We know that any entire section f, in /, can be written as a finite linear
combination of the form X P,(q:)h; where P, € C[q;, q,°] and h, € I, has the
property that g, ., is independent of s.

Thus I; has a generator of the form 1/P(g~*) with P e C[X] and
P(0) = 1. (Here we use Proposition 3.3, where by construction the function
h 15lspy0,) 18 independent of s).

We let L,(I1,, o', (1 + s)/2) be the local factor associated to I1, given by
(1/P(g,*))-

Then from Corollary 1 to Proposition 3.1 we have the identity:

Z,(M} (f,), F) Z,(f F)
, 11— 1+
Lu (Hzn GsT) Lv <H'us g, 2 )

which holds for all F e IT and f, “good”. Here ¢,(II,, ¢’, s) is a rational
function of ¢} which has no zeroes or poles.
With the local L, (I1,, ¢’, s) defined above we now can define L;, as

= ¢,(I1,, 0/, 5)

Lﬁn(H9 g, S) = LS(H9 g, S) l_[ Lv(Hzn a, S).

vE Sfip

Then we can prove the analogue to Theorem 5.1 for Lg,.

THEOREM 5.2. Let Il satisfy the hypothesis given in Theorem 5.1. Then
L., (I1, o', s) admits a meromorphic continuation to C with possible poles at
s=20,% 2and 1.

Proof. Following the idea of the proof of Theorem 5.1 we must show that
the Eisenstein series

di,(DE(S,, )

(withf; = (®,¢s5 Pk, ;) (Ryes f,) With £, a “good” section for v € S, and
f.s “‘entire” if v = oo) has possible poles at s = +1/2 and +1. Again
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following §4 it suffices to show that

1
$ T g o) M)

(for the w defined in §4) is entire when f,  is a ““good” section.

Iff, (=/,,) satisfies (a) or (b) above then the statement above follows from
§4. Thus we can assume that f; = M (g_,) with g_ belonging to family (b).
We consider

1

S e M)

— 1 dy (5) M
=[dHn(s)cW(s):|[aHn(_s):| W(M,,, (g ).

However, we know that f, - M, (M, (f;)) defines an GSp, intertwining
operator from I to 1ndBf” "w () ® 5”2) But we know that the element
w' = y,w,w (where y, is the unique element of W, , the Weyl group of GL,,
that sends Af, to Ag, ) has the property that (w)™'(Af, ) = A" and the
associated intertwining operator M,, maps I, to deS"”(w“'(X ) ® 0)).
Thus by the general uniqueness principle of intertwining operators there
exists a rational function ¢&(s) so that

M, M, = &M,

TnWnW

But if we apply both sides of this identity to ¢, we see that

¢, (=9)c,,(5)

és) = T

Thus we have that

&(—s) _ ¢, (—9) 1

aH,,(_S)cw(s) B aH,,(_s)cy,,w,,w(s) B dH,,(_S)Cy,,w,,w(_s)‘

Hence we have the identity:

1

MM &) = T e (=)

dH,,(s)cw(s) MVanw(g~.v)'
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But using the results of §4 we know that the function

1

§ ~~>
dH,,(_ s)cy,,w,,w(_ S)

My,,w,,w(g—s)

is entire in s. Hence

1

P 4 96,6

M, (M3 (g_,))

is entire in s.

Then we note that if £, is a “good” section, that either f; or [dy, (s)]7'f; is
entire in s. This is clearly the case if f, belongs to family (a) or (b) above. If
fi = MX(g_,), then we know that [d, (9)]7'f, = [l/ay (—9)IM,, (g_,) is
entire in s (from §4).

Thus in any case we have that

dy,DE(f,, ) = dy,DE(S/, )

where f;’ is an entire section and S" = {v € Sy |f,, is entire} U S, .
With this fact it is now possible to apply the comments preceding Theo-
rem 4.3 to obtain the above Theorem. Q.E.D.

REMARK 5.1. We note that the assumption » = 3 is not used in an essential
way in the above proof. What we have in fact shown is that for all n the
“good” sections f, satisfy the property that the function (for each w)

1
$ e )

is entire (for v < o0).
With the definition of Lg, given above it is also possible to give a func-
tional equation for Lg,.

THEOREM 5.3. Let Il satisfy the hypothesis of Theorem 5.1. Then L, (I1, o’, s)
satisfies the functional equation:

L, 0,s5) = eI, o, s)Ls,(I1,0’, 1 — 5)
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where

«Il, o', s) = < 1—[ &I, o, 25 — 1))
V€ Sfin
( dy, (1 — 25)
% .

a1, 1,25 — 1)).
ves, Am,, (25 — 1) ‘

Proof. We let f; = (®,¢5Px,,) ® (®,csfe;) Where f, is a “good” section
for v € S, . Then from the general theory of Eisenstein series we have that
E(f,, ) = E(M, (f;), )- This implies that

(3, (91" L (n, 7, 1—;—5) (H Z.(1. F))

veS

s » , 1 — s\ [a,(s)
= [dH3(_s)] LS <H’ g, T) I:dli(s)jl (l_[ Zv(Mw,,(./;z,s)’ F)>

veS

From this we then deduce

, 1+ s zZ,(f,,, F
Lﬁn <H, g, ——2—) l_[ (f, 1 1_ P ( l—[ Zv(ﬁ),s’ F))
V€ Sfin L.U <H,,, O'/, 2 > VE Sy

B 1= s\[ an) Z,(ME(f..), F)
= Lﬁn <H,O', 2 >|:dH3(_S)j| ‘U!_S[ﬁnL <H 0/ 1 - S>
v v ’ 2

dy (—
x ( 1M %79 7 a1, (1), F)).

VES, aHM (S)

Then we establish the Theorem by using the functional equation of the
local zeta integral Z (. . .) given in Proposition 3.1 and in the above com-
ments (also a,, (s) = dy,(—s) globally). Q.E.D.

REMARK 5.2. We expect that the techniques used above will apply to the
study of the L functions defined in [P-R-(II)] and [P-R-(III)]. In particular
the method of defining local factors (using “good” sections) probably
coincides with the method given in [P-R-(III)].
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5.3. The assumption in this section that K be toally real may not

be necessary. We need it only to apply Theorem 4.2(b). Theorem 4.2(b)
should be valid for K, = C.
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