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SUPERSINGULAR CURVES OF GENUS TWO AND CLASS
NUMBERS

Tomoyoshi Ibukiyama *, Toshiyuki Katsura ** and Frans Oort

§0. Introduction

An abelian variety A over an algebraically closed field k of characteristic
p > 0 is called supersingular if there exists an isogeny A ~ E”", where E is
a supersingular elliptic curve (cf. Oort [17], Section 4); we say a curve C
is supersingular if its Jacobian A = J(C) is supersingular. A supersingu-
lar abelian variety has no points of order p, and the converse holds if
dim A is at most 2. Let A4, ; be the coarse moduli scheme of principally
polarized abelian surfaces over k. We like to study the set of principally
polarized supersingular abelian surfaces

VcAa,,

for every characteristic. It is known that every component of ¥ has
dimension one (cf. Koblitz [11], Theorem 7 on page 163), and that every
component of V is a rational curve (cf. Oort [17], p. 117). Our final
results (cf. Katsura and Oort [10]) will be

V is irreducible & p < 11.

Moreover, we can explicitly calculate the number of irreducible compo-
nents of V (cf. Remark 2.16). To this end, we first study all curves of
genus two; these appear as the polar part of a principal polarization on
an abelian surface. In the fundamental paper by Igusa (cf. [9]), we find a
complete list of all possible automorphism groups for a curve of genus
two. Of course, the prime numbers p with p <5 need special attention.

In Section 1 we recall these results, we use properties of the Hasse-Witt
matrix, and we describe which curves with “many automorphisms” (i.e.
| Aut(C)| > 2) are supersingular.

In Section 2 we give the link between the geometry (polarizations) and
the number theory (class numbers) involved. We show that the class
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128 T. Ibukiyama, T. Katsura and F. Oort [2]

number of the principal genus in B” with B, the definite quaternion
algebra over the rational number with discriminant p, is equal to the
number of isomorphism classes of principally polarized abelian varieties
(A4, ©) with principal polarization 0, such that A is isomorphic to a
product of n supersingular elliptic curves. This enables us to compute
explicitly the total number of supersingular curves of genus two whose
Jacobian varieties are isomorphic to a product of two supersingular
elliptic curves (cf. Corollary 2.10). We also examine the class number of
the non-principal genus in B? (cf. Theorem 2.15). It gives us the tool to
relate the number of irreducible components of V' with the explicit
formula by Hashimoto and Ibukiyama (cf. [6] (II) and (III)); this
connection will be given in a subsequent paper (cf. Katsura and Oort
(10)).

In Section 3 we finish the study of the supersingularity of various
types. We will determine explicitly the number of supersingular curves of
genus two with fixed reduced group of automorphisms whose Jacobian
varieties are isomorphic to a product of two supersingular elliptic curves
(cf. Theorem 3.2).

We might remark that it seems interesting to study the stratification
by p-rank of moduli spaces of abelian varieties of dimension g in
characteristic p. This stratification is completely known in case g=1.
The next case p-rank=0 for g=2 is the one studied in this and
subsequent paper. Our results seem rather complete, and the description
in this case already turns out to be more involved than in the case of
elliptic curves.

The second and the third author would like to thank Professor K.
Ueno for his stimulating conversation. The first and the second author
would like to thank Professor K. Hashimoto for valuable conversation.
They would also like to thank University of Utrecht for warm hospitality
during their stay in Utrecht.

§1. Jacobian varieties of curves of genus two

1.1. The Hasse-Witt matrix

Let k be an algebraically closed field of characteristic p > 3, and let C
be a non-singular complete algebraic curve of genus two defined over k.
By a suitable choice of the coordinate system (x, y), the curve C is a
non-singular complete model of the curve defined by the equation

yi=f(x), (1.1)

where f(x) is a polynomial of degree 5 or 6 which has only simple zeros.
We mean a curve C defined by an equation a non-singular complete
model of the affine curve defined by this equation. We denote by € the
Cartier operator on the k-vector space H°(C, Q) of regular 1-forms on
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C. We fix the following basis of H°(C, QL):

dx/y, xdx/y. (1.2)

We consider the following expansion

N
f(x)(P—l)/z _ Z ijj (1'3)
j=0

with N=5(p—1)/2 if deg f(x)=5, N=3(p—1)if deg f(x)=6, and
¢, €k, j=0,1,..., N, where deg f(x) denotes the degree of the poly-
nomial f(x). Using (1.2) and (1.3), we have the following representation
by a matrix of the Cartier operator %:

€(dx/y, xdx/y)=(dx/y, xdx/y) M7, (14)

where M is the 2 X 2 matrix with elements in k given by

P P
-1 Cp—2 Ver-1 Vr-2

M= and M1/P = (1.5)

P P
Cip-1 Cap-2 VC€2p-1 V€2p-2

(cf. Manin [13], p. 78, Shioda [20], p. 159, and Yui [23], p. 381). The
matrix M /7 is called the Hasse-Witt matrix of the curve C defined by
(1.1). The following lemma is well-known.

LemMmA 1.1:
(i) The Jacobian variety J(C) of the curve C defined by (1.1) is
supersingular if and only if MPM = 0, where

p p

c?_ cP_
M= | Pt e

» .

Cip—1 C2p-2

(it) The Jacobian variety J(C) is isomorphic to a product of two
supersingular elliptic curves if and only if M = 0.

(iii) The Jacobian variety J(C) is ordinary if and only if M has rank
two.

For the proofs, see Manin [13], p. 78, Nygaard [16], Theorem 4.1, Yui
[23], Theorem 3.1, Theorem 4.1.

1.2. Curves of genus two with many automorphisms (general theory)

In this section, we again assume char. k =p > 3. We recall results by
Igusa [9]. Every curve C defined by (1.1) is in a unique way a two-sheeted
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covering of the projective line P!. We denote by ¢ the automorphism of C
which is the generator of the Galois group of this two-sheeted covering.
We denote by (¢) the group generated by ¢. The group (i) is of order
two, and it is contained in the center of the group Aut(C) of automor-
phisms of C. We call the factor group Aut(C)/{¢) the reduced group of
automorphisms of C, and denote it by RA(C). We can consider RA(C)
as a group of automorphisms of the projective line P!. We call an
element of RA(C) a reduced automorphism. If RA(C) has at least two
elements, then we say that the curve C has many automorphisms.
According to Igusa [9], a curve C with many automorphisms is isomor-
phic to one of the following curves:

Q) C: yr=x(x—-Dx=A)(x—p){x—A1-A)"'A—-p)} with
RA(C)= Z /2, unless by specialization this case reduces to one of
the cases below,

Q) C yr=x(x—Dx-AN{x—A-DA '} {x=1-A)"'} with
RA(C)= S;, unless by specialization this case reduces to one of
the cases below,

(3) C: y*=x(x—1)(x+1)(x —A){x—(1/A)} with RA(C)=Z /2 X
Z /2, unless by specialization this case reduces to one of the cases
below,

@) (p#3,5 C: y*=x(x—1)(x+ 1)(x — 2){x — (1/2)} with RA(C)
= D,, (the dihedral group of order 12),

(5) C: y*=x(x?2—1)(x*+1) with RA(C)= S, if p # 5, and RA(C)
=PGL(2,5) if p=35,

6) (p#5) C: y’=x(x-D(x-1=¢x—-1-§=-P)x-1-§-
¢2—¢3) with RA(C)=Z /5, where { is a primitive fifth root of
unity.

It should be noticed that each curve in Class (2) or (3) is a specializa-
tion of a curve in Class (1), and that each curve in Class (4) or (5) is a
specialization of a curve in Class (2) and also of a curve in Class (3) (cf.
Igusa [9)).

Now, we consider the following automorphism ¢ of order two of the
curve in Class (1), (2), (3), (4) or (5):

.- {xw\(x—n)/(x—A), (16)

yo N2 =p)y/(x =),

where A*2(A — 1)>? is a root of the equation z2 =N (X — p)>. We set
T=0"1. (1.7)
Then we see that 7 is also an automorphism of order two of C. We set

E,=C/{s) and E,=C/(r). (1.8)
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By the Hurwitz formula, these are elliptic curves (cf. Igusa [9], Lemma 9).
The fixed points of o (resp. 7) are given by the equation

x=)\+(}\2—}\p,)1/2 (resp. x=)\—(}\2—}\p,)1/2). (1.9)
We set
t=x+A(x—p)/(x—A). (1.10)

Then, we see that ¢ is invariant under the actions of ¢ and 7. Considering
t as a coordinate of P!, we can express E, and E, as two-sheeted
coverings of this P'. Then, considering the ramification points of E, and
E, on P!, we have the following defining equations for E, and E,:

s= (1= )t = (1= Aw) /(1= A)}{r -2 AF (N = Ap)"?)}

(1.11)
with a suitable variable s. For the coordinate (¢, s), we set
t= (k-1 X/(A-1)+p,
32 12 (1.12)
s=(p—-1) Y/()\—l_) .

Then, we conclude E, and E, are respectively defined by the equations
V2= X(X-1){X-(1-A)(p—2r1 2N =Aw)?) (= 1)}
(1.13)

We consider a polynomial in u:
Y(u)=u? = {201 =N)(p—27)/(p=1)}u
+{(1-Mp/ (-1} (1.14)

Then, (1 —A)(p—2A+2(A2—Ap)?)/(p—1) are different zeros of
¥(u).

DEerINITION 1.2 (Legendre polynomial).
(p—1)/2

o(u)= Y ((p —Vl)/z)Zuy.

v=0
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PROPOSITION 1.3: For the curve C of genus two in Class (1), (2), (3), (4)
or (5), the following conditions are equivalent.
(i) The Jacobian variety J(C) of C is a supersingular abelian surface.
(ii) The Jacobian variety J(C) of C is isomorphic to a product of two
supersingular elliptic curves.
(iii) E, and E, are supersingular.

(iv) Y(u) divides ®(u).

PRrROOF: The equivalence of (iii) and (iv) is trivial (cf. Deuring [1], §8). By
Igusa [9], p. 648, we have the following mappings:

cSi(c)SE,XE,, (1.15)

where 7 -j is the natural morphism defined by the natural projections,
and 7 is an isogeny. Therefore, the equivalence of (i) and (iii) follows
from (1.15). Let H°(C, Q) be the vector space of regular 1-forms on C.
By a direct calculation, we see that dx/y + o*(dx/y) (resp. dx/y +
7*(dx/y)) generates the one-dimensional subspace consisting of in-
variant elements of H°(C, QL) under o* (resp. 7*). Moreover, it is clear
that {dx/y + o*(dx/y), dx/y + 7*(dx/y)} is a basis of H°(C, QL).
Since the natural projections C — E, and C — E_ are separable mor-
phisms of degree two we have isomorphisms

H(C, QL) f— H(J(C), Dc)) < H'(E,, 9 )e H°(E,, QL ).

This means that « is a separable isogeny. Hence, using the theory of Oort
[18], p. 36, we conclude that J(C) is isomorphic to a product of two
supersingular elliptic curves if both E, and E_ are supersingular elliptic
curves. This shows the equivalence of (ii) and (iii). Q.E.D.

REMARK 1.4: We write here the explicit equations of elliptic curves E,
and E_ for the classes (2), (3), (4) and (5).

@ y=x(x-D{x-A-MNAFN-N+1)?)?*},

() 2 =x(x = D{x+AF (N =132},

@) y2=x(x-D{x+2FV3)*)},

(5) y*=x(x=D{x - (1 Fv2)*).

1.3. Curves of genus two with many automorphisms (special cases)

In this section, we assume char. k = p > 3. We consider the following two
classes of curves of genus two defined by the equations

Ca:y2=(x3_l)(-x3_a),a¢0, 1, (a)

Gy =x(x*-1)(x*-8), B+#0,1, (b)
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where in the case of (a), we assume p > 5. Since the curves defined by (a)
have automorphisms of order three, any curve of genus two in Class (a) is
isomorphic to a curve in Class (2), (4) or (5). Conversely, it is easy to
show that any curve of genus two with automorphisms of order three is
isomorphic to a curve in Class (a) with a suitable element « € k. Since
the reduced groups of automorphisms of the curves in Class (b) contain
the Klein four group Z /2 X Z /2, any curve in Class (b) is isomorphic to
a curve in Class (3), (4) or (5). To prove the converse, we consider an
automorphism of P! defined by

xe (x+1)/(x-1), (1.16)

where x is a global coordinate of an affine line in P' which is used in the
equations in Classes (3), (4) and (5). Setting

B=(A+1)°/(A-1)° (resp. B=9, resp. = —1), (1.17)

and using the automorphism of P' given by (1.16), we see that any curve
C in Class (3) (resp. Class (4), resp. Class (5)) is isomorphic to a curve in
Class (b) with B as given in (1.17). For these curves, we have the
following:

LEMMA 1.5: Let C, and C,, (resp. G and Cg/) be curves in Class (a)
(resp. Class (b)). Then, the curve C, (resp. Cp) is isomorphic to C,, (resp.
Cp) ifand only if a =o' or a=1/a’ (resp. B=B" or B=1/8").

Proor: Let C, and C, be curves in Class (a). Assume that C, is
isomorphic to C,, say, ¢: C,— C, is an isomorphism. Since C, (resp.
C,) is a two sheeted covering of C,/(t) =P" (resp. C,./{1) = P"), the
isomorphism ¢ induces an isomorphism ¢ from P'=C,/(:) to P'=
C,./{¢). We have the following three cases:

() RA(C)=RA(C,)=S;,

(i) RA(C,)= RA(C,)= Dy,

(iii) RA(C,) = RA(C,) = S,.

Let o, (resp. g,) be the element of RA(C,) (resp. RA(C,)) defined by

o, (resp. 0,): x> wx, (1.18)
where w is a primitive cube root of unity. By the structure of the group
RA(C, ), the elements of order three in RA(C, ) are conjugate to each

other. Since ¢-0,- ¢! is an element of order three in RA(C,), we see
that there exists an element 6 in RA(C, ) such that

oy=0-¢-0,-@ 107" (1.19)
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Set y = 0 - ¢. Then, the isomorphism ¢ from P' = C, /(1) toP' = C,. /(1)
induces a bijection from the set of six branch points

3

S, = {1, w, wz, 3/04_, 3\l/&w, awz}

to the six branch points

Sy = {lww\/_\/—w\/_w}

The subgroup (o,) (resp. {0,/ )) generated by o, (resp. o,) acts on S,

33 3
(resp. S,). It has two orbits 0; = {1, w, wz} and 0, = {\/E, Va w, Va wz}
3— 3 3
(resp. 0;={1, w, @’} and 0} = {Va', V&’ @, V&’ w?}). Therefore, by
(1.19), the isomorphism ¢ induces a mapping either from @, to ¢; and
from 0@, to 03, or from 0, to O and from 0, to 0;. In the former case,
the isomorphism ¢, o, -y or o2-¢ is the identity from @; to 0;.
Therefore, one of them is the identity from P! = C, /(1) to P! = C,./{1).
Hence, we have a = o'. In the latter case, we consider the automorphism
0’ of P! defined by

8 x> x/Va . (1.20)

Then, the 1somorph1sm 6'-y, 0 -0,y or 8’02y is the identity from
(1, w, &*} to {1 w, 0}, hence the identity from P' to P'. Hence, the
isomorphism ¢, o, - or ¢2-{ is given by

x>V x. (1.21)

Since this isomorphism gives a mapping from @, to @, we conclude
aa’ =1.

Next, let C; and Cﬁ be curves in Class (b). Assume that Cg is
isomorphic to Gy, say, ¢: Gy = G, is an isomorphism. We denote by ¢
the isomorphism from P' = C,/(t) to P' = C3,/(¢) which is induced by
@. We have the following three cases:

(1) RA(G)=RA(G)=Z/2XZ)2,

(i) RA(Gg)=RA(Gp) = Dyy,

(iii) RA(Gy)=RA(Gy) = S,.

We set

Sg={0,00,1, -1, /B, —=VB}
(resp. Sp={0, 00,1, -1, /8", —‘/ET})
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Let og (resp. gg.) be the element of RA(Gy) (resp. RA(Cy)) defined by
op(resp. g5 ): x> —x. (1.22)

The subgroup (az) of RA(Gy) (resp. (g5.) of RA(Gy)) acts on Sy (resp.
Sp). It has four orbits ¢; = {0}, 0,= {0}, O;={1, —1} and O, =
(VB, —VB) (resp. 0;=(0}, 0;={o0}, O;={(1, —1} and 0O;=
{yB’, —yB’}). In Case (i), the element ¢, is the unique element of
order two in RA(GC,) which has two fixed points in Sg.. Therefore, we
have ¢ 0g;- p 1= g In Cases (ii) and (iii), we have three elements of
order two in RA(Cy/) which have respectively two fixed points in Sg.. By
the structure of the group RA(GCy), they are conjugate to each other.
Therefore, by a suitable choice of an isomorphism ¢, we can assume
®-0p o 1= og.. Hence, in any case, we can assume that the isomorphism
¢ maps either @, to 07 and 0, to 0;, or 0, to O; and O, to O;. Hence,
by the similar method as in the first part of this proof, we can conclude
B =B or B=1/B’". The converse is trivial. Q.E.D.

For a real number y, we denote by [y] the integral part of y.

DEFINITION 1.6:

B3 (-2 \[((p-1)2)
g(")‘Eo([(pH)/s]w)( j )

DEFINITION 1.7:

A (p-1),2 (p-1)/2)
h(x)—,§o([(p+1)/4]+j) j )x'

PROPOSITION 1.8: A curve C, in Class (a) is supersingular (resp.
ordinary) if and only if g(a) =0 (resp. g(a)+ 0).

PrOOF: Using the notation in (1.5), we have

(p—-1)/6
g(a)(g" ‘ (1’) if p=1 (mod 6),

1)/6
—g(a)((l) P/ 0) if p=35 (mod 6).

M= (1.23)
Therefore, this proposition follows from Lemma 1.1. Q.E.D.

PROPOSITION 1.9: A curve Cg in Class (b) is supersingular (resp.
ordinary) if and only if h(B)=0 (resp. h(B)+ 0).
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ProOF: Using the notation in (1.5), we have

—)P 8L 9} it p=1 (mod 4),
e )y 9) itp=1(mod4) 20

(—1)“"3’/“h(ﬁ)((1) (1)) if p=3 (mod 4).

Therefore, this proposition follows from Lemma 1.1. Q.E.D.

PROPOSITION 1.10: For a curve C in Class (2), (3), (4) or (5), the
following conditions are equivalent.
(i) The Jacobian variety J(C) is a supersingular abelian surface.
(ii) The Jacobian variety J(C) is isomorphic to a product of two
supersingular elliptic curves.
(iit) E, or E_ is a supersingular elliptic curve.

PRrROOF: In these cases, the Jacobian variety J(C) is either supersingu-
lar or ordinary by Propositions 1.8 and 1.9. Therefore, if E, or E, is a
supersingular elliptic curve, then both E, and E. are supersingular
elliptic curves. Hence, this proposition follows from Proposition 1.3.
Q.E.D.

ExaMpLE: There exists a curve C in Class (1) such that E  or E_ is a
supersingular elliptic curve, and the Jacobian variety J(C) is not super-
singular. For example, we consider the curve C defined by the equation

yr=x%+3x*+4 (1.25)

over an algebraically closed field of characteristic 13. Then, using the
notation in (1.5), we have

=[5 o)

Incidentally, we have RA(C)=Z /2.

For the curves in Class (4), (5) or (6), we have the following proposi-
tions.

PROPOSITION 1.11: The Jacobian variety J(C) of the curve C in Class
(4) is isomorphic to a product of two supersingular elliptic curves (resp.
J(C) is ordinary) if and only if p=5 (mod 6) (resp. p =1 (mod 6)).

PrOOF: Since the reduced group of automorphisms of this curve
contains an element of order six, by the uniqueness of such a curve, this
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curve C is isomorphic to the one defined by
yr=x-1. (1.26)

Using the notation in (1.5), we have

((p~1)/2) 0
(p=1)/3 if p=1 (mod 6)
m={, (_1)(,,_1)/6((1:—1)/2) (1.27)
(p-1)/3
(g g) if p=5(mod6).

Therefore, this proposition follows from Lemma 1.1. Q.E.D.

PROPOSITION 1.12: The Jacobian variety J(C) of the curve C in Class
(5) is isomorphic to a product of two supersingular elliptic curves (resp.
J(C) is ordinary) if and only if p=S5 or 7 (mod 8) (resp. p=1 or 3 (mod
8)).

Proor: Using the notation in (1.5), we have

(_l)u-u/s(g:gﬁ)((l) (1’) if p=1 (mod 8),
M= (_1)(;’-3)/8(8:;;%)((1) _(1)) if p=3 (mod 8),
(g 8) if p=5or7(mod 8).

(1.28)
Therefore, this proposition follows from Lemma 1.1. Q.E.D.

PROPOSITION 1.13: For the Jacobian variety J(C) of the curve C in
Class (6), we have the following three cases.
(i) If p=1 (mod 5), then the Jacobian variety J(C) is ordinary.

(ii) If p=2 or 3 (mod 5), then the Jacobian variety J(C) is supersin-
gular and J(C) is not isomorphic to a product of two supersingular
elliptic curves.

(iii) If p =4 (mod 5), then the Jacobian variety J(C) is isomorphic to a
product of two supersingular elliptic curves.

ProoF: Since the curve C has automorphisms of order five, by the
uniqueness of such a curve, this curve C is isomorphic to the curve
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defined by
yr=x"-1. (1.29)

Using the notation in (1.5), we have

((p—l)/z) 0
(-1)" 10 (p-1)/5 (12 if p=1 (mod 5),
° ((p—l)/lo)
(r-1)72
M= (@0 ((p—Z)/S)) if p =2 (mod 5),
0 0
0 0
(_1)(p—3>/1o (Ep—lg/z ) 0) if p=3(mod>5),
p-3)/10
(g 8) if p=4(mod5).
(1.30)

Therefore, this proposition follows from Lemma 1.1. Q.E.D.
1.4. Simpleness of zeros of g(x) and h(x)
In this section, we prove the following proposition.
PROPOSITION 1.14: The zeros of g(x) (resp. h(x)) are simple.

ProOF: The method to prove this proposition is similar to the method
in Igusa [8]. First, we consider the hypergeometric differential equation

x(1—x)d*u/dx*+ {c—(a+b+1)x}du/dx —abu=0, (1.31)

where a, b, ¢ are rational numbers. It is well-known that this equation
has a solution

F(a, b, c; x)

= io(l‘(a+n)r(b+ n)T(c)/T(a)T(b)T(c+n))(x"/n?),

(1.32)
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where I'(x) is the gamma function. We set

G(x>=g(x)/((’"”/ 2 ),H(x)=h<x>/

[(p+1)/6] [((p+1)/4]

(p—1)2 )

F,(a, b, c; x)

p—1
=Y (F(a+n)T(b+n)T(c)/T(a)T(b)T(c+n))(x"/n!).
n=0
(1.33)
Then, by direct calculation, we have
F,(1/2,1/3,5/6; x) (mod p) if p=1(mod6),
F,(1/2,2/3,7/6; x) (mod p) if p=5(mod6),

F,(1/2,1/4,3/4; x) (mod p) if p=1(mod 4),
F,(1/2,3/4,5/4; x) (mod p) if p=3(mod4).

G(x)E{

H(x)s{

(1.34)

Theretore, choosing suitable a, b, ¢ for G(x) (resp. H(x)) as above, we
see that G(x) (resp. H(x)) is a solution of a differential equation in
(1.31) in characteristic p. Since the zeros of G(x) (resp. H(x)) are
different from 0 and 1, the zeros of G(x) (resp. H(x)) are simple. Hence,
we conclude that the zeros of g(x) (resp. h(x)) are simple. Q.E.D.

ReEMARK 1.15: By Igusa [8], the zeros of the Legendre polynomial
®(x) are all simple. Using this fact and Proposition 1.10, we can also
prove Proposition 1.14. We omit the details.

2. Class numbers of quaternion hermitian forms and polarizations
2.1. Quaternion hermitian forms

First, we recall definitions by Shimura [19]. Let B be a definite quatern-
ion algebra over Q with discriminant D. We regard B” as a left vector
space over B. The definite quaternion hermitian form on B” is unique up
to base change over B, and it is given explicitly by ¥7_,x;y for row
vectors x = (x;), y=(y,) € B". Here, means the canonical involution
of B. For a valuation v of Q, we put B,=B®gQ,. By continuous
prolongation, we get a quaternion hermitian form on B;'. The groups of
similitudes of these forms are given by

G={geM,(B): gg'=A(g)1,, A(g) € @™}, o
or 2.1
G,={geM,(B,): gg'=A(g)1,, A\(g)€Q)},
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where Q@ (resp. Q,°) denotes the group of units of @ (resp. @Q,) and
where 1, is the identity matrix. Let @ be a maximal order of B. A
Z-module L in B” is called a left ¢-lattice if L is a left @-module and at
the same time a Z-lattice in B". Two (-lattices L, and L, are said to be
equivalent globally (resp. locally at p) if L,g= L, for some g € G (resp.
(L,®Z,)g=L,®Z, for some g € G,). A genus of (-lattices is a set of
(global) (-lattices in B” which are equivalent to each other locally at
every prime p. From here on, we treat only maximal lattices. We set
0,=0®1Z,. First, if B, = M,(Q,), then maximal @,-lattices in B, form
the unique local equivalence class, which is represented by

M, =0

Secondly, if B, is a division algebra, there exist exactly two local
equivalence classes, which are represented by

1

, 0
M,=0,; or Np=0p(0 'rrls)g’

where the integer r is given by r = [n/2], the scalar # is a prime element
of 0,, and the matrix § is an element of GL,(B,) such that

0 1t

For positive integers D;, D, such that D= D,D,, we denote by
£,(Dy, D,) the set of left ¢-lattices in B” which are equivalent to M, at
p if p does not divide D,, and to N, at p if p divides D,. The genus
Z(D, 1) is called a principal genus. When D is a prime number, we call
£(1, D) a non-principal genus. We denote by H,(D;, D,) the number of
global equivalence classes in %,(D,, D,). As is well-known, the class
number H,(D,;, D,) is finite. Now, we characterize some elements in
£ (D,, D,) more explicitly.

&' =

THEOREM 2.1: ( Eichler [3]). The class number of M, (B) is equal to one
for n>2.

COROLLARY 2.2: For every left O-lattice L in B" (n > 2), there exists
x € GL,(B) such that L = 0"x.

ProOF: This is rather well-known. Since Hom,(0", L) is a left
M, (0)-ideal, we can take as x a generator for this ideal. Q.E.D.

We denote by QX the group of positive rational numbers. For
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g€ GL,(0), we mean by g>0 that g is positive definite, that is,
ygy' >0 for all ye B”", y+0.

LEMMA 2.3: Let x be an element of GL,(B). Then, a lattice L= 0"x is
contained in L(D, 1) if and only if xx'=mg for some me Q% and
g € GL,(O) such that g=g"'> 0.

PROOF: If 0"x is contained in Z(D, 1), then we have 0,x = 0,'y, for
some v, € G,. So we have x =3§,y, for some §, € GL,(0,). Since the
mapping

X — X
0p Sa—ai€l,

is surjective, by changing §, if necessary, we can assume f = p°rl, with
an integer e,. Then, we see that m =T1,p* and g=m™ 'xX' satisfy our
requlrement The converse follows from the following lemma.

LEMMA 2.4: Any g=g' € GL,(0,) can be written as g = 88' with some
8 € GL,(0,).

PRrROOF: We write

a

with a,€Z ,, x,;€ 0, and x;,=X,;. First, assume that a; is not con-
tained in Zl;7< If some a; is contamed in Z, then changing rows and
columns, we get a matrix whose (1, 1)-component is contained in Z,’f. So,
assume that all a,’s are not contained in Z ;. Since g € GL,(0,), there
exists some j such that x,; & p0,, and besides if B, is a division algebra,
we have x,; & w0, for some j. For the sake of simplicity, we assume
Jj=2. It is easy to see that there exists an element y of @, such that
tr(x,, ) € Z,°. Considering the matrix

1 1

Ogyl, 0’ 22)
1 0 1

we see that the (1, 1)-component of this matrix is equal to a, + a, yy +
tr(x;, y), which is contained in Z;. Therefore, we can assume that a, is

o= =
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contained in Z ;. Now, we set

1

_al_lxlz 1 O
y=| - - . (2.3)

—a'%,, 0 1
Then, we have

aa 0 0 ... O

Yg? =1 . * . (2'4)

Therefore, by induction, we can assume that g is a diagonal matrix.
Hence, this lemma follows from the surjectivity of the norm mapping of
Oy toZ,;. QED.

Let L,=0"x, and L,=0"x, (x;, X, € GL,(B)) be two lattices in
Z£(D,1). By Lemma 2.3, there exist elements m;, m, of Q% and

elements g;, g, of G,(0) which satisfy g, = g; and g, = g5 such that
x,X] =m,g and x,X5=m,g,. Then, we have the following:

LEMMA 2.5: Under the above notations, two lattices L, and L, are
equivalent globally if and only if there exist vy € GL,(0) and m € Q7 such

that ¥'g,y = mg,.

PROOF: Assume that L; and L, are equivalent globally. Then, there
exists an element g of G in (2.1) such that

0"x,8=0"x,.
Since we have the equality
GL,(0)={g<GL,(B):0"g=0"},
there exists an element y of GL,(®) such that
X8 =7",.
Therefore, we have
mA(g) g1 =A(8)x1 %] = x188'x] = ¥'x, X357 = m,¥'g,Y.

Conversely, assume that there exist Yy € GL,(0) and m € Q7 such that
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mg, =¥'g,y. Set g=x;'yx,. Then, we see that g€ G and L,g=L,.
Q.ED.

For each prime p which divides D, we denote by 3 the two sided
prime ideal of @ above p. By the same method as in Lemma 2.3, we have
the following lemma.

LEMMA 2.6: Assume that the discriminant of B is equal to a prime
number p. Then, a lattice L= 0%x with x € GL,(B) is contained in
%1, p) if and only if

— (pS r )
XX =m| -
r pt

for someme QX, s, t€Z, s>0,t>0 andr <P such thatpzst—r?=p.

Let L, =0"x; and L,=0"x, (x;, X, € GL_(B)) be two lattices in
% (1, p). By Lemma 2.6, there exist m;, m, of @ and two matrices

_ psy n d _ ps, n
&L= r ph and &= L,  ph

(5, t,€Z,5,>0,t;,>0,r;,€P and p’s;t; — 1,;f;=p (i =1, 2)) such that
X;X; =m,; g, and x,X5=m,g,. Then, by the same method as in Lemma
2.5, we have the following:

LEMMA 2.7: Under the above notations, two lattices Lattices L, and L,
in % (1, p) are equivalent globally if and only if there exist y € GL,(0)
and m € Q7 such that ¥'g;y = mg,.

2.2. The number of principally polarized supersingular abelian varieties

Let E be a supersingular elliptic curve defined over an algebraically
closed field k of characteristic p > 0. Then, it is well-known that B =
End(E) ®,Q is the definite quaternion algebra over Q@ with discriminant
p, and that 0= End(E) is a maximal order of B. Weset 4 = E" (n > 2).
For a divisor L on A, we denote by ¢; the homomorphism from A4 to the
dual A’ defined by ¢, (x)= T*L — L for x € A, where T, is the transla-
tion by x (cf. Mumford [14], p. 60 and Lang [12]). We set

X=E" 'X{0}+E" >X{0}XE+...+{0} XE"™1,

Then, the polarization X is a principal polarization on A. We define an
injective homomorphism j from the Néron-Severi group NS(A) to



144 T. Ibukiyama, T. Katsura and F. Oort [18]

End(A) as follows:
j: NS(4) - End(4)=M,(0).
U] w (2.5)
L i ox' 9L

For g € M,(B) such that g =g’, we denote by HNm(g) the Hauptnorm
of g. In case n=2, we have HNm(g) = det(g). The following proposi-
tion follows easily from Mumford [14], p. 150, p. 209, and the definition

of py.
PROPOSITION 2.8: The image of NS(A) by j is

{geM,(0):g=¢"},

and L"/n!=HNm(j(L)) for L € NS(A). The divisor L is ample if and
only if j(L) is positive definite. Moreover, the homomorphism j induces a
bijection from the set of principal polarizations on A to

{g€GL,(0):g=g"'>0}.

COROLLARY 2.9: Assume n=2. Then, for each positive integer d the
following map is bijective:

s r s, t€Z,
(CENS(4):C>0,C*=2d) > (F t)EM,,(Q):s>O,t>O, .
st—rr=d
U] w
C——m—— ¢y @ (2:6)

THEOREM 2.10 *: The number of principal polarizations on A = E"(n >
2) up to automorphisms of A is equal to the class number H,(p, 1) of the
principal genus of the quaternion hermitian space B".

PROOF: Let g be an automorphism of 4. For L,, L, € NS(A4), we
have g*L, =L, in NS(4) if and only if (9 'g'px)(Px'9. )8 =Px 9,
where g’ is the dual homomorphism of g. Therefore, this theorem follows
from Lemmas 2.3, 2.5 and Proposition 2.8. Q.E.D.

* The authors heard that Professor J.-P. Serre had also known this theorem (cf. J.-P.
Serre: Nombres de points des courbes algébriques sur F,, Séminaire de Théorie des
Nombres (Bordeaux), Année 1982-1983, Exposé n°22, where the result is mentioned in
the case of n=2).
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REMARK 2.11: The class number H,( p, 1) was explicitly computed by
Eichler [2], Satz 2 (see also [4]) for n = 1, Hashimoto and Ibukiyama [6],
(I), for n =2, and Hashimoto [5] for n = 3.

We set h=H,(p, 1) and H = H,(p, 1). As is shown in Deuring [1], p.
266, the number 4 is equal to the number of isomorphism classes of
supersingular elliptic curves over k. Let {E, },_,, , be a set of repre-
sentatives of isomorphism classes of supersingular elliptic curves. P.
Deligne proved that E, X E, is isomorphic to EX E for any i, j (cf.
Shioda [21], Theorem 3.5). It is easy to see that every supersingular
abelian surface with reducible principal polarization is isomorphic to
some E X E with polarization E, X {0}+ {0} XE, (i<j), and that
E, X E, with polarization E, X {0} + {0} X E, (i <j) are not isomorphic
to each other as principally polarized abelian surfaces. Using these
results, we have the following corollary to Theorem 2.10.

COROLLARY 2.12: The number of isomorphism classes of non-singular
irreducible curves of genus two whose Jacobian varieties are isomorphic to a
product of two supersingular elliptic curves is equal to H — { h(h+ 1)/2}.

REMARK 2.13: In case End( E) is isomorphic to the principal order of
an imaginary quadratic field Q(Y—m), the number of isomorphism
classes of curves of genus two whose Jacobian varieties are isomorphic to
E X E is explicitly calculated in Hayashida [7].

2.3. Polarizations and the non-principal genus

Let E be a supersingular elliptic curve defined over the finite field F,
with p elements. Let 4 be a supersingular abelian surface which is not
isomorphic to a product of two supersingular elliptic curves. Then, by
Oort [18], Corollary 7, there exists an exact sequence

€ ¥
0-a,—> E>>A4-0. (2.7)

Let i, j be elements of k such that (i, j) defines the inclusion ¢ of «,
into @, X a, C E X E in (2.7). An abelian surface 4 is not isomorphic to
a product of two supersingular elliptic curves if and only if j# 0 and
i/j € F,: (cf. Oort [18], Introduction). Let B be the two sided ideal of
0= End(E) over p. Then, by our choice of E, the ideal B is principal,
that is, 8 = 70 for some 7 € 0. We consider the composition of injective
homomorphisms:

NS(A) = Hom(A4,A4') - End(E?) = M,(0),
w w

w w (2.8)
C » ¢ = ex' Y-y
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where X=E X {0} 4+ {0} X E as before and where v’ is the dual homo-
morphism of . Using this homomorphism, we have the following
proposition.

PROPOSITION 2.14: Let A be a supersingular abelian surface with j # 0,
i/j &€ F,2. Then, the set of principal polarizations on A is naturally bijective
to

ps r 5
A={(_ pt):s,tel,s>0,t>0,r€w0,pst—r?=p}.

(2.9)

PROOF: Let C be a principal polarization on A. Then, we have the
following commutative diagram:

Pyec ?x'
EXE > (EXE) > EXE.

vl (R (2.10)
A - A

Pc

Since we have 1 =dim,Hom(a,, 4) = dim,Hom(a,, 4") (cf. Oort [18],

Theorem 2), the subgroup schemes which are isomorphic to a, are

unique in 4 and A’ respectively. Since @, and ¢, are isomorphisms, we
have by (2.7)
Ker ¢x' - @yuc=Ker guc=Ker ¢/ gy =a, X a,. (2.11)
Let Z Z be the image of C by the homomorphism in (2.8). Since
(Y*C)* = pC?=2p, by (2.10) and Corollary 2.9, we have
a,d€Z,a,d>0,c=band ad — cb=p. (2.12)

By (2.11), we have a, b, ¢, d=0 (mod 7@). Since a and b are integers,

we conclude that a and b are divisible by p. Hence, the matrix (Z Z,)
is contained in A. Conversely, let (‘Cl Z) be an element of A. Then, by

Corollary 2.9, there exists an effective divisor D such that (g Z ) =

@x! o @, with D?=2p. By the definition of A, we have
Ker ¢, = Ker 3 ' - pp D a, X a,.
On the other hand, we have deg(Ker ¢,) = (D?/2)* = p?. Therefore,

Kerpp=a,Xa,.
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Therefore, using the descent theory in Mumford [14], Corollary to
Theorem 2 on page 231, we see that there exists an effective divisor C
such that D = y*C. Since 2p = D? = (deg ¢)C?, we have C*> =2, that is,
the polarization C is a principal polarization on A. It is clear that the

image of C by the homomorphism in (2.8) is (? Z) Q.E.D.

THEOREM 2.15: The group Aut(E*)= GL,(0) acts on the set of prin-
cipal polarizations on A by

A>gm—¥'gy for ye GL,(0). (2.13)

The number of orbits under this action is equal to the class number H,(1, p)
of the non-principal genus in B>.

ProoF: This follows from Proposition 2.14, Lemmas 2.6 and 2.7.
Q.E.D.

REMARK 2.16: This theorem will be used to show that the number of
irreducible components of the locus of supersingular abelian surfaces in
the coarse moduli scheme A4, ; of principally polarized abelian surfaces is
equal to H,(1, p) (cf. Katsura and Oort [10]).

ReEMARK 2.17: By Hashimoto and Ibukiyama [6], (II) and (III), we
have the following explicit formula for H" = Hy(1, p):
If p=2,30r5, then H =1, and if p > 7, then

H =(p*- 1)/2880+(p+1)(1 —(%}))/64
+5(p— 1)(1 +(—71))/192+(p+ 1)(1 -(”73))/72
+(p— 1)(1 +(—_;1))/36

N 2/5...p=2 or3(mod5)
0 ...p=1 or4(modS5)

N 1/4...p=3 or5 (mod 8)
0 ...p=1 or7 (mod?8)
N 1/6...p=5  (mod 12)
0 ...p=1, 7orll (mod12),

where (%) denotes the Legendre symbol.
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Finally we give a remark on the structure of the endomorphism ring of
an abelian surface 4 with j#0, and i/j &F,. First, we need the
following general lemma.

LEMMA 2.18: Let E be a supersingular elliptic curve. Assume that A is
an abelian variety of dimension n > 2 which is isogenous to E". Then, we
can choose an isogeny @: E" — A such that for any a € End(A), there
exists B € End(E") which satisfies a o o= ¢ o B.

PrROOF: By tensoring with Q, the group Hom(E", 4) can be em-
bedded into M,(B). Since Hom(E", A) is a right End(E")-ideal, by
Theorem 2.1 we can find an element ¢ of Hom(E", A) such that

Hom(E”", A)=¢ End(E"). (2.14)
Hence, for any a € End(A4), we have a- ¢ € ¢ End(E”"). Q.E.D.

Now, let E be a supersingular elliptic curve defined over F, such that
End(E) is defined over the finite field F,. (for the existence of such an
elliptic curve, see Waterhouse [22], Theorem 4.1.5), and let A be an
abelian surface with j # 0, and i/j & F ,+. Then, we can take ¢ in (2.7) as
¢ in Lemma 2.18.

PROPOSITION 2.19: Under the above notations,

¢ End(4)g~' = {(g Z) e M,(0):b,c,a— dew}. (2.15)

b

PROOF: Let g = a ) be an element of End( E?). Then, there exists

c
an element A of End(4) such that ¢ -4 =g- ¢ if and only if g(e(a,))C
¢(a,). On the other hand, the endomorphism g induces a homomor-
B

5 € M,(F,2) (cf.
Oort [18], Lemma 5). Therefore, we have g(e(a,)) C &(a,) if and only if

(: 8'8)(;) = }\(;) with a suitable element A of F,s. By assumption, we
have j#0 and i/j&F,. Hence, we have a=8=A and B=y=0.
Q.E.D.

phism on a, X a,, and it is given by a matrix

p°

§3. Supersingular curves of genus two
3.1. The mass formula

Let k be an algebraically closed field of characteristic p >0, and E a
supersingular elliptic curve. Let {®, (i=1, 2,..., H,(p, 1))} be a set of
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representatives of isomorphism classes of principal polarizations on E”.
We denote by I, the group of automorphisms of a principally polarized
abelian variety (E", ©,). The formula for

H,(p, 1)
X (/1L

i=1

is known as the mass formula for general n. In case n =1, we have

h
L (/1T = (p~1)/24 (1)

(cf. Eichler [2], Satz 1, and Deuring [1], §5, §10). In case n =2, we have

H
; (/1L = (p—1)(p*+1)/5760 (3.2)

(cf. Hashimoto and Ibukiyama [6], (I), Section 3, and see also Katsura
and Oort [10], Theorem 5.6).

PROPOSITION 3.1: (mass formula for curves of genus two).

;(1/IRA(C)|)=(P—l)(p—2)(p—3)/2880,

where C runs through isomorphism classes of non-singular irreducible curves
of genus two whose Jacobian varieties J(C) are isomorphic to a product of
two supersingular elliptic curves.

PROOF: In case n =2, the group of automorphisms of a principally
polarized abelian surface (E X E, ®) is isomorphic to the group of
automorphisms of ©. Using the notations in 2.2, we see that the order of
the group of automorphisms of a principally polarized abelian surface
(E; X E;, E;X {0} + {0} XE)) is given by |Aut(E))||Aut(E))| if i+,
and by 2 |Aut(E,)|? if i =. Therefore, we have

Y (1/1Aut(E) | |Aut(E;) )+ ¥ (1/2|Aut(E;) |?) =

i>j i=1

h
= (Z1/1au(E) 1) /2= (p=1/24) /2. (3.3)

Therefore, subtracting this from the mass formula in (3.2), we complete
our proof. Q.E.D.
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3.3. The number of supersingular curves of genus two

In this section, we examine the number of isomorphism classes of
supersingular curves of genus two with reduced group I' of automor-
phisms. First, we need the following proposition.

PROPOSITION 3.2: Assume char. k = p > 5. The number of isomorphism
classes of curves of genus two with T such that S;CT (resp. Z/2 X Z /2 C
I') whose Jacobian varieties are isomorphic to a product of two supersingu-
lar elliptic curves is given by [([ p/3]1+1)/2] (resp. [(({ p/4]+ 1)/2)).

PROOF: Since the degree of the polynomial g(x) (resp. #(x)) is equal
to [ p/3] (resp. [ p/4]), this proposition follows from Lemma 1.5, Proposi-
tions 1.8, 1.9 and 1.14. Q.E.D.

THEOREM 3.3: The number of isomorphism classes of curves of genus two
with reduced group T of automorphisms whose Jacobian varieties are
isomorphic to a product of two supersingular elliptic curves can be listed as
follows:

MHp=T7

©) (p—1)(p*-35p+ 346)/2880—(1 —(_—1))/32
A )5))
N 0 ... p=1,20r3(mod5)

-1/5 ... p=4(mod5),
if T={(1),

1) (p——l)(p—17)/48+(1—(_71))/8+(1—(72))/2
+(1—(_73))/2, ifT=2/2,
Q) (p—l)/6—(1—(—_;%))/2—(1—(_73))/3, if T=Ss,
3 (p—l)/8—(1—(’71))/8—(1 —(’72))/4
~(1—(—73))/2, ifT=2/2%x2/2,

4 (1 ~ (_73 /2, if T = D,,, which is equal to 0
if p=1 (mod 6)
(resp. 1 if p =5 (mod 6)),

5) (1 - “72) /2, if T = S,, which is equal to 0

if p=1 or 3 (mod 8)
(resp. 1 if p=5 or 7 (mod 8)),
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o ... =1,2o0r3 ds) .
) P or3(mod3) . r_zs

1 p=4(mod 5).

(1I) p=>5.
There exists only one such curve, and its reduced group T" of automor-
phisms is isomorphic to PGL(2, 5).

(III)p =2 or 3. No such curves.

ProoFr: (II) and (III) follow from Corollary 2.12 and Proposition 1.12.
Using Propositions 1.11, 1.12 and 1.13, we have the numbers in (4), (5)
and (6). Using Proposition 3.2 and the above results, we have the
numbers in (2) and (3). We denote by a (resp. b) the number of
isomorphism classes of curves of genus two with reduced group I' = {1}
(resp. I' = Z /2) of automorphisms whose Jacobian varieties are isomor-
phic to a product of two supersingular elliptic curves. Then, using
Corollary 2.12 and Proposition 3.1, we have two equations with respect
to a and b. Since we have the explicit formulas for # and H (cf. Deuring
[1], p. 266, Igusa [8], Hashimoto and Ibukiyama [6], (I)), solving these
equations we have the numbers in (0) and (1). Q.E.D.

REMARK 3.4: As for the number of isomorphism classes of curves of
genus two with reduced group I' whose Jacobian varieties are isomorphic
to a product of two supersingular elliptic curves, we have the following
list for small p.

7
—
—

z/2 S, Z/2xZ/2 Dy, S, 175 H-{h(h+1)/2)

7 0 0 0 0 0 1 0 1
11 0 0 1 0 1 0 0 2
13 0 0 1 1 0 1 0 3
17 0 1 2 1 1 0 0 5
19 0 1 3 2 0 0 1 7
23 0 5 2 1 1 1 0 10
29 1 9 3 2 1 1 1 18
31 2 10 4 3 0 1 0 20
37 5 16 5 4 0 1 0 31
41 8 21 6 4 1 0 0 40
43 10 23 7 5 0 0 0 45
47 14 31 6 4 1 1 0 57
53 23 41 7 5 1 1 0 78
59 35 52 9 6 1 0 1 104
61 40 56 9 7 0 1 0 113
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